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Abstract

We continue the analysis started in [14] on a two dimensional rotating Bose-Einstein condensate
where we minimize a Gross-Pitaevskii energy defined in R? under the unit mass constraint. We
estimate the critical rotational speeds 24 for having d vortices in the bulk of the condensate and we
determine precisely their location. Our approach relies on an asymptotic expansion of the energy.

1 Introduction

Since its first experimental achievement in dilute alkali gases, the phenomenon of Bose-Einstein
condensation has given rise to a very active area of research in condensed matter physics. A Bose-
Einstein condensate (BEC) is a quantum object in which every atom is in the lowest quantum state, so
that it can be described by a single wave function. One of the most interesting feature of these systems
is the superfluid behavior (see [10]): above some critical velocity, a BEC rotates through the existence
of vortices, i.e., zeroes of the wave function around which there is a circulation of phase. When the
angular speed gets larger, the number of vortices increases and they arrange themselves in a regular
pattern around the center of the condensate. This has been observed experimentally by the ENS group
[16, 17] and by the MIT group [1].

We consider here a two dimensional model describing a condensate placed in a trap that strongly
confines the atoms in the direction of the rotation axis. In the nondimensionalized form (see [2]), the

wave function u. minimizes the Gross-Pitaevskii energy

F.(u) = /]R? {;]VU\Q + %52 [(Jul? = a(x))? - (a™ (2))?] — Qat-(iu, Vu)} dx (1.1)

/R2 lul> =1 (1.2)

under the constraint
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where € > 0 is small and describes the ratio of two characteristic lengths and Q = Q(g) > 0 is the
angular velocity. The function a(x) in (1.1) comes from the existence of a potential trapping the atoms,
and is normalized such that [p.at(xz) = 1. We will restrict our attention to the specific case of a
harmonic trapping, that is a(z) = ag — 22 — A%23 with ag = \/2A/7 for some constant A € (0, 1], which
corresponds to actual experiments (see [16, 17]).

Our goal is to compute an asymptotic expansion of the energy F:(u.) and to determine the number
and the location of vortices of the wave function u. according to the value of the angular speed §2(¢)
in the limit ¢ — 0. More precisely, we want to estimate the critical velocity 2y for which the dth
vortex becomes energetically favorable and to express the part of the energy governing the location of
the vortices (the “renormalized energy”).

We have started in [14] the analysis of minimizers of the functional F; under the constraint (1.2)
and we have determined the critical rotational speed 2y = %JRAQ” In e| of nucleation of a first vortex
inside the domain

D={zeR’: a(z)>0}.

Actually, the set D represents the region occupied by the condensate since in the limit ¢ — 0, the
minimization of F. forces |u.|? to be close to at. We proved that for subcritical velocities Q < Q; —

dIn|lne| with —6 < w} < 0 for some constant wy, there is no vortex in D and u. behaves as the

“vortex-free profile” 7.e**. Here, the phase function S : R? — R is given by
A% —1

and 7. is the positive solution of the minimization problem
Min {E.(u) : u € H, ||ull 22y = 1} (1.4)

where

E.(u) = /R? %|Vu|2 + 4%32 [(Jul* = a(z))® — (a"(2))*] and H={ue H'(R*C) : /R2 |z [?|ul? < oo}

In this paper, we push forward the study of the shape of minimizers u. started in [14]. We find the

following estimate of the critical speed €2y as e — 0,

1+ A2 V(14 A?)
Qg = 1 +(d—1)In]|l =t - 7
d o (|Ine| + ( )In|Inegl) 5

for any integer d > 1. We prove that for velocities ranged between 24 and €441, the wave function has

(|lne|+ (d—1)In|lnel)

exactly d vortices of degree +1 inside D and we obtain the asymptotic expansion of F;(u.) ase — 0. The
vortices are distributed near the origin in a regular configuration in order to minimize the renormalized
energy given by (1.5) below. We also improve the result stated in [14] for the nonexistence of vortices
in the subcritical case by showing that the best constant is wj = 0, that is subcritical velocities go up
to 1 —dln|Ing| for any 6 > 0.

Our main theorem can be stated as follows:
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Theorem 1.1. Let u. be any minimizer of F. in H under the constraint (1.2) and let 0 < § < 1 be

any small constant.

(i) If Q@ <Qy—dln|lne|, then for any Ry < \/ag , there exists g, > 0 such that for any € < €R,, ue
s vortex free in Bﬁo = {z e R? : |z|} = 2} + A%23 < R3}, i.e., u. does not vanish in B%O. In
addition,

F.(u.) = F.(7.e*¥) 4+ o(1).

(1) If Q4+ dln|lne| < Q < Qgy1 — dln|lne| for some integer d > 1, then for any Ry < ./ag, there
exists eg, > 0 such that for any € < eg,, ue has exactly d vortices x5, ...,z of degree one in Bﬁo.

Moreover,
25| < CQV? foranyj=1,....d, and |2t — x5 > CQ Y% foranyi#j

where C° > 0 denotes a constant independent of €. Setting &5 = \/ﬁxj, the configuration

(21,...,25) tends to minimize as € — 0 the renormalized energy
Ta d
0 2
w(bl,...,bd):—ﬂ‘agglnbi—bj|—|—1+A2j21’bj|A. (1.5)
1] =

In addition,

ra3d
1+ A2

(Q— ) + 220 (@ — d)In|Ine| + Min w(d) + Qg +o(1) (1.6)
2 beR24 ’

Fe(ue) = FS(ﬁaemS) -

where Qq p is a constant depending only on d and A.

These results are in agreement with the study made by Castin and Dum [11] which have looked for
minimizers in a reduced class of functions. More precisely, we find the same critical angular velocity €2y
as well as the regular distribution of vortices around the origin at a scale v/Q. Our approach relies on
the mathematical framework proposed by Aftalion and Du [2].

The minimizing configurations for the renormalized energy w(-) in the radial case A = 1 has been
studied by Gueron and Shafrir in [12]. They prove that for d < 6, regular polygons centered at the
origin and “stars” are local minimizers. For larger d, they numerically found minimizers with a shape
of concentric polygons and then triangular lattices as d increases. These figures are exactly the ones

observed in physical experiments (see [16, 17]).

Before describing the main ideas of the proof of Theorem 1.1, we shall recall some properties of any

minimizer u. and of the profile 7. proved in [14]. In the regime

2
Q§1+A

<|ln6| +wr ln|lns|> (1.7)

ao

for some constant w; € R, we proved the existence and smoothness of any minimizer u. of F. under

the constraint (1.2) and some preliminary results about their behavior: E.(u.) < C|Ine|?, |us| < Va™
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in any compact K C D and |u.| decreases exponentially quickly to 0 outside D. For every £ > 0, we
showed the existence and uniqueness of the positive minimizer 7. of E. under the mass constraint (1.2).

Moreover, the corresponding Lagrange multiplier k. € R satisfies
k| < C|Ine] (L8)

and we have E.(7.) < C|lng| for € small and 7. — Vat in L¥(R?) N C}

loc

(D) as ¢ — 0. Using a
splitting technique introduced by Lassoued and Mironescu [15], we obtained that for any u € H, the

energy F.(u) decouples into two independent parts: the energy of the “vortex-free profile” 7.e** and

a reduced energy of v = u/(7.€**9), i.e.,

ﬁ'ﬂz

F.(u) = F.(7.€"") + F.(v) + T.(v) (1.9)

where the functionals . and 7; are defined as follows

ﬁe(v):és(v) +Rs(v)a (1.10)
5 iz o, T 2 2 5 Q ool s
55(1;)_/]1%22%}; PP -1, Relo)= 1+A2/Rznav a-(iv, Vo),  (L11)
~ 1
T.(v) = 2/ (Q2|VS|2 - 20%2" - VS + k. )2 (Jv]* — 1). (1.12)
RQ

Now the vortex structure of a minimizer u. can be studied via the map

iQS)

Ve = ue/(7]ce )

applying the Ginzburg-Landau techniques to the weighted energy g}(ve). The difficulty will arise in
the region where 7. is small and we will require the following properties of v. inherited from u. and 7.
(see [14]): E-(v2) < C|lnel?, ‘7;(1)8)} < o(1), |Re(v.)| < C|lnel?, |Vou:| < Cge! and |v-| < 1 in any
compact K C D. Since 7} is close to \/aTF, it is more convenient to estimate the energies F, & and
Re (see Notations below) of v, inside D. In the regime (1.7), we computed in [14] some fundamental

bounds for the energy of v. in a domain slightly smaller than D:

Fe(ve,D:) < o(1), (1.13)
E(ve, De) < Cy | Ingl, (1.14)
E-(ve, D\ {|z]a < 2| Ine|Y6}) < Cy, In|Ing], (1.15)
where we denoted
D.={z €D : a(x) > v|lne| %2} (1.16)

and v, is a chosen parameter in the interval (1,2) (see Proposition 2.5). These estimates represent the
starting point of our analysis here. They allow us to characterize a fine vortex structure for v. inside D.
Now we proceed with the description of the proof of Theorem 1.1 while indicating the outline of

the paper. In Section 2, we describes the vortex structure of v, in Bé‘% CC D using the method of “bad
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discs” introduced by Bethuel, Brezis and Hélein [8]. We find that the number of bad discs is uniformly
bounded, all of them remaining close to the origin (see Theorem 2.1). The main ingredients are the
energy estimates (1.14) and (1.15) and a local version of the Pohozaev identity. Using the “clustering”
method of Almeida and Bethuel [3] (see also Bethuel and Riviere [9], Serfaty [20, 21, 22]), we obtain a
new family of disjoint discs {B(a:;, p)}jejs with p ~ &% for some « € (0,1) such that |v:| > 1/2 outside
these discs and v. has a nonzero degree D; on 0B (xj, p) (see Proposition 2.1). We identify vortices with
the points 2%. In Section 3, we find lower estimates of the energy taking into account the interaction
between vortices. Following similar methods to [8], we evaluate the energy carried by each vortex (see
Lemma 3.1)

E-(ve, B(a5, p)) > ma(5)| D 1n§+0(1) (1.17)
and the energy away from the vortices (see Proposition 3.1)
& (ve, B\ Use s B(a5, p)) >m Z DJZ a(z5)|Inp| + Wre((25, Dj)jejs) + Ogr(1). (1.18)
j€Je

Here, the radius R € (@, V/ao) is fixed and the error term Og(1) is computed as a function of R.

The quantity Wg . is similar to the renormalized energy in [8] and involves the interaction between the
vortices (see Proposition 3.1). An asymptotic expansion of R.(v.) away from the modified discs (see
(3.15)) yields (see Lemma 3.2)

7

1+ A2 £~
j€Je

Fe(ve, D) > 55(1)5,31%) - a2(m§) Dj; + ogr(1). (1.19)

Section 4 is dedicated to the proof of Theorem 1.1. Combining (1.13), (1.17), (1.18) and (1.19), we
deduce that every vortex is of degree 1, i.e., D; = 1 (see Lemma 4.1), which allows us to improve the
above estimates and to obtain the result in the subcritical case (i) in Theorem 1.1. If Q4+ dln|Ine| <
Q< Qg1 —dIn|lng| for any small 6 > 0, we are led by the upper bound computed in Section 5 to the
exact number of vortices Card J. = d and to the following expansion of the energy (see Proposition 4.2)

~ ra3d

Felvd) = —1-05 (- ) +

e
14 A2 2

5 (d®> —d)In|Ine| + O(1).

Moreover, we find that the vortices are uniformly distributed at a scale Q=2 around the origin (see

Lemma 4.2). Then we compute an asymptotic formula of Wg, as ¢ — 0 and R — /ag (see (4.21))

ii_r)r(l) {Whre(af,...,a3) + mag Zln |5 — 25|} = —magd?l(A) +o(1) as R — \/ag
i#]
where ¢(A) is a constant defined in Appendix which only depends on A. Using again the upper bound
given by the test functions, we conclude that the rescaled configuration (5, ..., Z3) tends to minimize the
renormalized energy w and we also find the complete expansion of the energy (1.6) (see Proposition 4.3).
In Section 5, we construct appropriate test functions using a method due to André and Shafrir [5] and

we obtain the upper bound of the energy announced in Section 4.
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We emphasizes that our study concentrates on the vortex structure inside the domain D. An
interesting problem would be to analyze the vortices in the region where |u.| is small, which surely

requires other methods than energy estimates.

Notations. Throughout the paper, we denote by C a positive constant independent of ¢ and we use

the subscript to point out a possible dependence on the argument. For x = (x1,72) € R?, we write

|z = \/m and Bﬁ = {ZU € R?, 2| < R}

and for A C R?,

5 1 o 2 774 2,2 1 2 a? 212
E(v, A) = 37 Vol + —= (1 - |[?)", &A= §a|Vv| + 4—2(1 — |v[%)
A A €

4e2
R.(v, A) = {2 /ﬁvaa-(z’v Vo), Re(v,A) = 2 /avLa-(w Vo)
€ I 1+A2 A 9 9 € 9 1+A2 A 9
]:"E(U,A) = gg(v, A) + 7~€5(v, A), Fo(v,A) =E (v, A) + Re(v, A). (1.20)

We do not write the dependence on A when A = R2.

2 Fine structure of vortices

The main goal of this section is to define a fine structure of vortices away from the boundary of D.
The analysis here follows the ideas in [8] and [9]. The main difficulty in our situation is due to the
presence in the energy of the weight function a(x) which vanishes on 9D and it does not allow us to
construct the structure up to the boundary. Throughout this paper, we assume that € satisfies (1.7),
so that (1.13), (1.14) and (1.15) hold. We will prove the following results for v. = u./(7.e**):

Theorem 2.1. 1) For any R € (@, Vag ) there exists eg > 0 such that for any € < eg,
1 .
|U€|Z§ mB,’}z\B/}/TE—O.

2) There exist some constants N € N, \g > 0 and €9 > 0 (which only depend on wi) such that for any

€ < €9, one can find a finite collection of points {x;} - B% such that Card(J.) < N and
T

J€Je

. =A
lve| > in B@ \ (UjeJEB(.Z?, /\05)).
Remark 2.1. The statement of Theorem 2.1 also holds if the radius @ is replaced by an arbitrary
r € (0, R) but then the constants in Theorem 2.1 depend on r. For the sake of simplicity, we prefer to

ﬁxr:@.

In the next Proposition, we replace as in [20] the discs {B(z5, \o¢)}jes. obtained in Theorem 2.1
by slightly larger discs: B (xj ,p) (deleting some of the points 5 if necessary), in order to get a precise
information on the behavior of v. on 8B(ac§, p). The centers of the resulting family of discs will represent

the vortices of the map v..
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Proposition 2.1. Let 0 < 8 < p < 1 be given constants such that 7i := pN ! > 3 and let {25} jes. be
the collection of points given by 2) in Theorem 2.1. There exists 0 < £1 < &g such that for any e < &1,
we can find J. C J. and p > 0 verifying

(i) A0€§5“§p§€ﬁ<5ﬁ,
y 1T —=A .
(it) |ve| = 5 in B e \ Uje j, B(5,p),

(i) |ve| >1— on OB(x5,p) for every j € J.,

2
|Ine|?

1 ~
(iv) ’V'Ue’2 + @(1 - |Us‘2)2 < for every j € Je,

C(B; 1)
0B(x5,p) p
(v) |25 — 5[ > 8p for everyi,j € J. with i # j.
Moreover, for each j € J., we have

Ve

D; := deg( 83(;1:?,,0)) #0 and |D;|<C (2.1)

|ve|”
for a constant C independent of €.
Remark 2.2. We point out that each disc B (xj ,p) carries at least one zero of v, since D; # 0 for any
j€ Je.

2.1 Some local estimates

We start with a fundamental lemma. It strongly relies on Pohozaev’s identity and it will play a
similar role as Theorem III.2 in [8]. In our situation, we only derive local estimates as in [3, 9, 23].
Some of the arguments used in the proof are taken from [3, 9].

Lemma 2.1. For any 0 < R < \/ag and % < o < 1, there exists a positive constant Cr o such that

1
- (1—|v?)? < Cra for any xg € B}/%.
€% JB(xg,e®)
0y
Proof. Step 1. Set @. = u.e "*. We claim that
E (t:,D:;) < C|lng| (2.2)
where D, is defined in (1.16). Indeed, since @, = 7.v., we get that

Vi |? < C(2|Vve| + |vel?| Viie|?)

By the results in [14], we know that |v.| < C, 2 < Ca in D, and E.(7.) < C|In¢| and consequently,

/ Va2 < c</ a(:n)|Vv€|2—|—/ |w,€|2> < C|ne|
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by (1.14). On the other hand, we also have

5 [ o)~ < 5 [ (o) -2+t - Y]
< €C2</ (a(x) — 72)? + /D a?(x)(1 — |U€|2)2> < C|ln¢|

and therefore (2.2) follows.
Step 2. We are going to show that one can find a constant Cr, > 0, independent of ¢, such that for
any xg € B}/%, there is some 79 € (%, Ea/2+1/3) satisfying

We proceed by contradiction. Assume that for all M > 0, there is z; € Bé\% such that

M
E. (i, 0B(zpr, 1)) > —, for any r e (e%,e%/*F1/3), (2.3)
r

Obviously, for € small, B(zys,e®/?t1/3) € D,. Integrating (2.3) for r € (e®,e*/2T1/3)  we derive that

a/241/3

e d
E. (ii., D.) ZM/ 77“ = M(a/2 — 1/3)|In¢]

which contradicts Step 1 for M large enough.
Step 3. Fix xg € B and let rg € (¢%,£%/2+1/3) be given by Step 2. We recall that any minimizer u. of
F.in {u€H, |ull 22y = 1} satisfies

1
—Au, + 2iQzt - Vu, = E—Q(a(:r) — \ug\Q)ue +lu. in R?

where /. denotes the Lagrange multiplier. Therefore, we have

~Ad, = 6—12(a(x0) - |a5|2)a5+€i2(a(x) ~ al0))iie + 2Q(VS — 21) - Vi, (2.4)

+ (b + 2%z . VS — QYVS[P)a.  in B(xo, o).

As in the proof of the Pohozaev identity, we multiply (2.4) by (x — xg) - Vi, and we integrate by parts
in B(zg,ro). We have

- _ T . oa. |
/ —At - [(z — o) - V| = 20/ |Vu5]2 — 7"0/ 5 £ (2.5)
B(w0,r0) dB(xo,m0) dB(zo,r0) | IV
and
1 9y~ -
) (a(zo) — |Te|”) e - [(x — o) - Ve =
€ B(l‘o,To)

1 To

~ 1272 ~ 12)\2
= — a(xg) — |u - — a(xg) — |u 2.6
=3 CCORIUERr 3 SRR CCORLEY (26)
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(where v is the outer normal vector to B(x,79)). From (2.4), (2.5) and (2.6) we derive that

1 - - _ -
= NCCORIARE §C<7“0 [ warene? [ (et - Py
€ B(mo,’r’o) 83(330,7"0) 83(1‘0,7‘0)

T rge? / laz) — a(eo)|lie] [ Viie| + Qro / Ve
B(mo,’r’o)

B 330,7"0)

+ (2 + || /

B(xo,To)

|ag||va5|).

Then we estimate each integral term in the right hand side of the previous inequality. By the results in
[14], we have || < Ce™!|Ine| and |@i.| < C in R%. According to (2.2), we obtain

) = 1212 —2 a2 (ol — 122
£ /BB(xo,m)(a(m)_ |tc|”)” < Ce /83(%7“0) [(a(z0) — a(x))” + (a(z) — |a@:|*)?]

< (e / (a(z) — [@e|?)? + Credot,
OB (z0,r0)

and
Qm/ ]Vﬁ€]2 < QroEe:(u:,D:) < Cgr 50‘/2“/3] 1n€]2,
B(zo,r0)
and
e [ Jale) alw) |Vl < Carge? [ (il
B(IO’TO B(Io,?“o)
<Cg T% 5_2[E€(a€aps)]l/2 <Cgr E%a_1| 1n5]1/2,
and
(@ + Jec)ro / || Viie| < Cre™"Ine| 12 [Be(iie, De)|V/? < Cpe® 5| Inef?/?
B(xo,r0

(here we use that |a(x) — a(zo)| < Crro for any x € B(xg,70)). We finally get that

1

= (a(w0) — |u:*)* < Cra(1 + 1o E: (iie, 0B(x0,70)) )
€2 JB(zo.r0)
Zo,To

for some constant Cr , independent of €. By Step 2, we conclude that

1

= (a(zo) — |@*)? < Cria- (2.7)
€ B(l‘o,a“")

Since |7 — \/aHCl(Bﬁ) < Cre?|Ine| by [14] , we have

1 Cgr _ -
oy e G  Elapy
z0,e% x0,e*
<[ ()~ P o)
€ B(mo,&‘o‘)
Cr

<G / (alo) - Ee®)? + o(1) < Cra
€ B(wo,&‘o‘)
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and we conclude with (2.7). [ |

The next result will allow us to define the notion of a bad disc as in [§].
Proposition 2.2. For any 0 < R < \/ag, there exist two positive constants A\g and pugr such that if

1 Jao — R
= > Ap and [ < YO
€% JB(xo,21) 2

then |ve| > 1/2 in B(xo,1).

(1—|ve/)? < pr with zo € By,

o | =~

Proof. In [14], we proved the existence of a constant Cr > 0 independent of ¢ such that

Cr .
Vo] < ?R in B n.

2

Then the result follows as in [8], Theorem III.3. [ |

Definition 2.1. For 0 < R < /ap and x € Bﬁ, we say that B(z, Are) is a bad disc if
1

) (1 - ’%’2)2 > UR.
€% JB(x,2)ge)

Now we can give a local version of Theorem 2.1. We will see that Lemma 2.1 plays a crucial role in

the proof.
Proposition 2.3. For any 0 < R < \/ag and % < a < 1, there ewist positive constants Ng . and
ER,a Such that for every e < epq and xg € Bg, one can find x1,...,xN. € B(xg,e") with N. < Npq
verifying

1 - o
lve| > 5 B(zg,e%) \ (Uff;lB(a:k,/\Re)) .

Proof. We follow the ideas in [8], Chapter IV. Consider a family of discs { B(z;, A RE)}i 7 such that

x; € B(zp,e%), (2.8)
AR€ ARe . .
B Tiy =~ NB Tj =4 =0 fori#j, (2.9)
B(xg,e%) C U B(x;, Age).
1€EF

Obviously, the discs {B (x4, 2\ Re)}

constant) and

;c; cannot intersect more that C' times (where C' is a universal
| Bz, 2Are) € B(xo, )
v
with o/ = $(a+ Z). We denote by F’ the set of indices i € F such that B(z;, Age) is a bad disc. We
derive from Definition 2.1 that

1 C
pg Card(F') < Z 62/ (1- |Us|2)2 < 52/ / (1- |v€|2)2'
icF B(xi,Q)\RE) B(IEQ,EO‘ )

The conclusion now follows by Lemma 2.1 and Proposition 2.2. ]
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Remark 2.3. By the proof of Proposition 2.3, it follows that any family of discs {B(x;, )\Rf)}i oF
satisfying (2.8) and (2.9) cannot contain more than Ng . bad discs.

We will need the following lemma to prove that vortices of degree zero do not occur. The main

ingredients in the proof come from [3, 9].

Lemma 2.2. Let D >0,0< 8 <1 and v > 1 be given constants such that v3 < 1. Let 0 < R < \/ag

and 0 < p < €8 be such that p¥ > \re. We assume that for xo € Bg,
_ 1 D
(i) ‘VUE‘Q‘FiQ(l_ ve?)? < =,
OB (x0.0) 2e p

1
(i) |ve| > 5 on 0B(zo, p),

Ve

(iii) deg< 8B(x0,p)) = 0.

Then we have

|U€|’

1 .
|Us| > 5 m B(anp’y)'

Proof of Lemma 2.2. We are going to construct a comparison function as in [3] or [9] to obtain the

following estimate:
1
[ e g0 PR < Can (2.10)
B(wo,p) €
Since the degree of v, restricted to dB(xo, p) is zero, we may write on 0B(xg, p)
ve = |v.|e?*
where ¢. is a smooth map from dB(xg, p) into R. Then we define 9. : R? — C by
Ve = Xseiwe in B(an /0)
Ve = Ve in R?\ B(xo, p)

where 1), is the solution of
Ay =0 in B(zg,p)
Ye = ¢ on 9B(z,p),

and y. has the form, written in polar coordinates centered at xg,

X=(r,6) = (|v=(pe)| = 1)é(r) + 1

and ¢ is a smooth function taking values in [0, 1] with small support near p with £(p) = 1. By the
results in [14], we know that |v.(z)| < 14 Ce'/? for z € D with |z|y > /ap — /8 and we deduce
that 0 < y. < 1+ Ce'/3. Arguing as in [7], proof of Theorem 2, we may prove that

/ Vol < Cp / O
B(zo,p) 0B(zo,p)

2
< Cp/ V|2 2.11
or 9B(x0,0) Ve 210
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and
1 1
/ Vxel? + 5 (1 =x2)?* < Cp / Vel + 55 (1= [ve])* + O(p). (212)
B(o,p) € 0B(z0,p)
From (2.11), (2.12) and assumption (i), we infer that
1
/ \WE\?JF— 1— o} <C. (2.13)
B(zo,p)
We set 9. = m_ ' . with m. = [|7.0¢ 12(r2). Clearly, 7.¢***0. € H and [|7.e" 0, || 22y = 1. Since

ue = 7.€**v, minimizes the functional F. under the constraint (1.2), we have Fi(u.) < F.(7.€**9%,)

and by (1.9), it yields

Fe(ve) + Te(ve) < Fu(@) + T (02). (2.14)
We claim that
Fol5) < Fulo) + Cpllnel and  |Tofvn) — To(0)] = O(p?| lnef?). (215)
Indeed, we proved in [14]
E(ve) < Cllnel* and  |Re(v:)| < C|lnel? (2.16)

so that, using (2.13), [[7zve[|L2@2) = 1, 9 = ve in R?\ B(zg,p) and (2.16), we obtain

it [ QP -v+ [ Rl
B(zo,p) B(xo,p)
=1+0(pe|lnel). (2.17)

From (2.13), (2.16) and (2.17), we derive

/ IV = m22 / 2IVo.[? = / 2IV6. + O(pe] Inef?) (2.18)
R2 R2 R2

and
Re(02) = mZ2Re(9.) = Re(0:) + O(pe| Inel?). (2.19)

Since u. remains bounded in R? and E.(u.) < C|Ing|? by the results in [14], we infer from (2.16),

1 1 2(1—m*2) N . .
775(1_|U€| )? 52/ 775(1— 10-1%)% + 25/]R2 A2 (1 — 9] ) |7 0c |

+ Cp?|Inel?
1 -

<= | A1 —[0:*)? + Cp|Inel’, (2:20)
9 R2
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Finally, we obtain in the same way,

|1 Te(ve) — To(0e)| < | Te(ve) — Te(ie)| + | Te(0:) — Te(3e)| (2.21)
<l lnsF( [ aslpien-m [ o+ \$|2)77§|65|2)
B(zo,p) R2
< Cp?|lnel’ (2.22)

From (2.18), (2.19), (2.20) and (2.21), we conclude that (2.15) holds.
Since 9. = v. in R?\ B(zo, p), we get from (2.14) and (2.15) that

Fo(ve, B(xo, p)) < Fe(te, B(xo, p)) + Cp|Inel?.

y (2.13), we have & (9., B(zo, p)) < C and therefore,

[Relies Ban, )| < 9 [ VS Ol p gy = Ole]). (223
Zo,pP

Hence, F. (0., B(xo,p)) < C and we conclude that

fa(va’ B(x07p)) < Cﬁ‘

As for (2.23), using (2.16) we easily derive that |R.(ve, B(zo,p))| = O(p|Ine|?) and we finally get that
&:(ve, B(wo, p)) < Cg which clearly implies (2.10) since 72 — a™ uniformly as ¢ — 0 (see [14]).
We deduce from (2.10) that

P 1
/ (/ |Vue|? + (1 - v |?) ) ds < CgR.
2p7 0B (x0,s) 2¢2
ds

Since f;m Tz 2 C,|Inel'/2, we derive that for small & there exists so € [2p7, p] such that

1
Ve + o5 (1= 0e[!)? < —"705
/<93(mo,so) : 2e2 ‘ 50‘ In 50|1/2

Repeating the arguments used to prove (2.10), we find that

1 Csr
Vo> + — v < < BR
/B(xo,é‘o)| : 2¢? 22t~ s | In so|1/2

In particular, we have

1
= (1= [vef?)? = o(1)
g2 B(z0,2p7) :

and the conclusion follows by Proposition 2.2. |

We now obtain as in [9] Proposition IV.3 the following result which gives us an estimate of the

contribution in the energy of any vortex.
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Proposition 2.4. Let 0 < R < \/ag and % <a<l. Letxg € B]% and assume that |v:(xo)| < % . Then

there exists a positive constant Cr o (which only depends on R, o and wy) such that

/ IVve|> > CrolInel.
B(z0,e®)

Proof. Let Ng o and z1,...,zN. € B(zo,e) be as in Proposition 2.3. We set

al’? — o

So = e
3(NR,Oc + 1)

and for k =0,...,3Ng, + 2, we consider
g =a? —kby, TIp = [, e+ and Cj = B(xg, ™)\ Blxg, ).
Then there is some kg € {1,...,3Npo + 1} such that
Cio N (U;-V:EIB(J:‘J', )\Re)> =. (2.24)

Indeed, since N. < Np o and 2Age < |Z| for small ¢, the union of N. intervals of length 2Ape

Ne
U (|w — zo| — Agre, |27 — 20| + Age)
j=1

cannot intersect all the intervals Zj, of disjoint interior, for 1 < k < 3Np, + 1. From (2.24) we deduce
that

|ve(x)| > for any x € C,.

Therefore, for every p € I,
dy, = deg (Us GB(on,p)>

|ve|’

is well defined and does not depend on p. We claim that
dy, # 0. (2.25)

By contradiction, we suppose that di, = 0. According to (1.14), it results that

1
[ VP o PR < Calinel.
B

Vao+R
2

Using the same argument as in Step 2 of the proof of Lemma 2.1, there is a constant C'r , such that

1 C
/ |Vve|? + 51— lve%)? < ZE2 for some py € Try -
9B (z0,p0) 2e Po

ak0,1 1

According to Lemma 2.2 (with 8 = ag,41 and v = —2—), we should have |v-(x)| > 5 which is a
0

contradiction.
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By (2.25), we obtain for every p € Zy,,

/ 1 (v A 81)5)
OB (zo0,p) ‘UE‘Q : or

(we use that |vz| > 5 in Cy,). Then Cauchy-Schwarz inequality yields

1
1< |dio| = o=

5 <C |Vue|

OB (z0,p)

C
/ IVv|? > = for any p € Ty,
0B (z0,p) p

and the conclusion follows integrating on Zj,. |

2.2 Proofs of Theorem 2.1 and Proposition 2.1

The part 1) in Theorem 2.1 follows directly from Lemma 2.3 below.

Lemma 2.3. There exists a constant eg > 0 such that for any 0 < € < ep,
L oA\ pA
]1)5]25 mBR\B@.

Proof. First, we fix some a € (%, 1). We proceed by contradiction. Suppose that there is some
Ty € B]/}i \ B% such that |v-(xg)] < 1/2. Then for any e sufficiently small, we have B(zg,e®) C

5
D\ {|z|a < 2|Ine|~/6} and therefore, by (1.15), we get that
/ V|2 < Cr & (ve, D2\ {|z|a < 2|Ine|Y%}) < Crln|lne|
B(a:g,aa)

which contradicts Proposition 2.4 for € small enough. |

Proof of 2) in Theorem 2.1. We fix some % < a < 1. As in the proof of Proposition 2.3, we consider a

finite family of points {z;},c 7 satisfying

A
:L‘]eBm
2

A A
B(mi,ZE>OB(:1;j,Z€> =0 fori#j,

A
B@ C U B($J,>\0€),
> jeg
where \g := A ag (defined in Proposition 2.2 with R = @) and we denote by J. the set of indices
2
j € J such that B(xj, \oe) contains at least one point y; verifying

1

5" (2.26)

0= (y;)| <
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Obviously, B(zj, Aoe) is a bad disc for every j € J.. Applying Lemma 2.3 (with R = 3\{1%), we infer
that there exists g such that for any 0 < & < &g,
B(zj,\oe) C B for any j € J.. (2.27)
T

Then it remains to prove that Card(J:) is bounded independently of €. Using Proposition 2.4 (with
R= \ﬁ) we derive that for any j € J. and any point y; satisfying (2.26) in the ball B(z;, Aoe),

/ \V%Pz/a IVve|? > Cy|Ing] (2.28)
B(x;,2e%) B(yj,e)

for some positive constant C,, which only depends on a. We set for € small enough

W = U (x,2e%) C B/\\/j
Jjede ?
We claim that there is a positive integer M, independent of € such that any y € W belongs to at
most M, balls in the collection {B(x},2¢%)} e .. Indeed, for each y € W, consider the subset K, C J.
defined by
Ky={je€J::ye B(zj,2")}.

We have for every j € Ky,

2y (2.29)

/ 1
xj € B(y,2e%) C B(y,e“) C B/\\/Ta—o with o/ = 5(04 + 3

Since the family of discs {B(x;, Aog)}jek, is a subcover of B(y,e®) satisfying (2.8) and (2.9), we
conclude from Remark 2.3 that
Card(Ky) < M,

with Mo = Nyag ,. From (2.28), we infer that
2 )
/ Vol > / Vol > Z / Vool > CoCard(.L)| Inel. (2.30)
B/\\/(T w B(x;,2e%)
0
2
On the other hand, we know by (1.14),
/ W%P<0/ (2)|Voe|* < O|lne] (2.31)
BY
2

for a constant C' independent of €. Matching (2.30) and (2.31), we conclude that Card(J;) is uniformly
bounded. |

In the following, we will prove Proposition 2.1. We proceed exactly as in [20], using Theorem 2.1
and an adaptation of Theorem V.1 in [3]. Before starting our proof, we need to recall the following
result obtained in [14] by a method due to Sandier [18] and Sandier and Serfaty [19]:
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Proposition 2.5. ([14]) There exists a positive constant Ko such that for e sufficiently small, there
exist ve € (1,2) and a finite collection of disjoint balls {Bi}z‘el = {B(pi’”)}z‘efg satisfying:

(i) for everyi€ I, B; CCD.={z€R? a(z)> v 1115\73/2},
(i) {z €D, [ve(z)| <1— |ln5|_5} C Ujer. B,

(iii) Y i <|Ing|1,

1€l

1
(iv) 2/ a(z)|Vo.|* > ma(p;)|di| (| Ine] — KoIn|Inel),

f
Ve

where d; = deg <,

|ve |

BBi) for every i € I..
Proof of Proposition 2.1. By Theorem 2.1, we have for € small enough,

A
3

From (74) in Proposition 2.5, there exists a radius r. € (@, @] such that
B; N 8311}5 =( foreveryie L. (2.32)

Hence we have
lve] > 1—|lne[™ on 9B..

The existence of a subset J. C J. satisfying (i)-(v) can now be proved identically as Proposition 3.2
in [20] and it remains to prove (2.1). From the proof of Theorem 2.1, we know (by construction) that
each disc B(z§, Aog), k € J, contains at least one point yx such that |v.(yx)| < 1. Therefore each disc
B(25,p), j € J., contains at least one of the y;’s with |25 — yk| < Aoe. Assume now that D; = 0. By
Lemma 2.2 with v = p~%/2, it would lead to |v.| > 1 in B(x5,p7) and then [ve(yx)| > 1 for € small

enough, contradiction. We also find a bound on the degrees D;:

1

Dl = —
’ ]‘ 21

1 ov
/8 (v= A 52)| < ClIVeell2 08z Ve < ©

B(x%,p) |v€|2

by (iv) in Proposition 2.1. [ |

3 Some lower energy estimates

In this section, we obtain various lower energy estimates for v. in terms of the vortex structure
defined in Section 2, Proposition 2.1. We start by proving a lower bound on the kinetic energy away
from the vortices which brings out the interaction between vortices. The method that we use is based

on the techniques developped in [3], [8] and [20]. As in the previous section, the main difficulty is due to
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the degenerate behavior near the boundary of D of the weight function a(x). To avoid this problem, we
shall establish our estimates in B]/}z for an arbitrary radius R € [\/ag/2, \/ap ). To emphasize the possible
dependence on R in the “error term”, we will denote by Or(1) (respectively or(1)) any quantity which
remains uniformly bounded in ¢ for fixed R (respectively any quantity which tends to 0 as e — 0 for

fixed R). In the sequel, we also write J. = {1,...,n:}.

Proposition 3.1. For any R € [@,\ﬁ) let ©, = B} \ Uje, B(25, p). We have

1 o
2/@ a(x)|Vo|? > WZ ng a(25)|Inp| + Wre((27, D1), ..., (25, Dn.)) + Or(1) (3.1)
P j=1
where
Wre((@1,D1), ..., (25, Dy,)) = =7 Y _ D;iDja(a5)In|af — 5| — 7Y D;Tp(x5)

i#]

and Vg is the unique solution of

(1 - 1 ‘
i (5 ) = = Dyete V(1) Sl 55 i
Upe=— ZD a(x5)In |z — 5] on 8B£.

Moreover, if ﬁ — 0 as e — 0 for any i # j then the term Or(1) in (3.1) is in fact or(1).
i

Remark 3.1. We point out that the dependence on R in the interaction term Wg. only appears in
the function W .. Moreover, for ¥ . to be well defined, 1/a(z) has to be bounded inside Bﬁ so that

we can not pass to the limit R — /ap in (3.1) without an a priori deterioration of the error term.

Proof of Proposition 3.1. We consider the solution ®, of the linear problem

1
div< vq>p> —0 in ©,,
a
$,=0 on ('?B]/}z,
®, = const. on 0B(x5, p),
109
/ 787—271']_) forj=1,...,n,
(9B(m ) a Ov

and ®p . the solution of

(1 .- .
div <QV<I>R75> =27 Z D; 5;1:; in B}/%
j=1
Pp. =0 on OBY

(3.3)
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For z € ©,, we set w.(z) = ﬂiggl and

S— (_ws A ow: 109, Ow, 1&{>p> .

871'2 E 8951 » We 8:r1 E 81‘2
We easily checlithat divS =0 in ©, and faBﬁS v = faB(xj,p) S-v =0. By Lemma L1 in [8], there
exists H € C! (©,) such that S = V- H and hence we can write the Hodge-de Rham type decomposition

1
we AVwe = — Vo, + VH.

Consequently,

1
| el = [ vepaz [ vie, Vi [ a@)vaP
o, e, a(z) e, 0,

1
2/ |v<1>p2+2/ Vie, - VH.
0, a(z) 0,

We observe that the last term is in fact equal to zero since it is the integral of a Jacobian and ®, is
/ o) [ Vwe? > / v,
e|© > .
0, 0, a(z) g

Since Vo |2 > |ve|*|Vwe|? in ©,, we derive that

constant on JO,. Hence

1
/ a(x)]Vv€]22/ L \ve, P+ 1 42T
o, o, a(z)

with 1
. /,, (vl? 1) s [V, and T3 = /p (Joe2 = 1) V&L . V.

Arguing as in [3] (see Step 4 in the proof of Theorem 6), it turns out that 773 = or(1) and To = or(1)

and therefore

/@ a(x)|Voe|? 2/@ a(lx)\V(I)p|2+oR(1). (3.4)

On the other hand, integrating by parts we obtain

1 1 0% s
—— VO |2:/ —— L%, =27 D;d,(2)
/@ P 90 a(:z:) v P ; J =pP\~)

, (@) ,

for any point z; € 0B(x5, p). Since ne and each D; remain uniformly bounded in € by Proposition 2.1,

we may rewrite this equality as

1 =
/ —— V&, > = =27 > " D; ®r(2) + O(|Pre — Pyll~(e,))- (3.5)

o, a(z) =
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Using an adaptation of Lemma 1.4 in [8] (see e.g. [6], Lemma 3.5), we derive that

Ne
|q>R,E—q>p|yLoo(@p)§Z< sup ®r.— inf &g ) (3.6)
j=1

OB(z,p) 9B(x5,p)

To estimate the right-hand-side term in (3.6), we introduce for x € BB,
VUpe(z) =Pre(x ZD a( ln :c—xj\

Since ®p . solves (3.3), we deduce that U . may be characterized as the solution of equation (3.2).
By elliptic regularity, we infer that ]\\IIR@HWM( BY) < Cgyp for any 1 < p < 2 (here we used that
{5}z, C BA by Theorem 2.1). In particular, ¥p. is uniformly bounded with respect to € in

CO1/2(BY) and hence

sup Ype — ng Vre < Cryp = or(1).
OB(5,p) OB (x5.p)

Since |25 — x| > 8p, we derive from (2.1),

Sup (Zpa 1nyg;—x|> inf (ipm( )ln|x—x|>

€
Ne

<p a(r;) sup
i=1, i 8B(z35,p)

| Dil
) |z — 7]

< 0(1),

(respectively < o(1) if ‘57’15_' — 0 as ¢ — 0 for any i # j). Coming back to (3.6), we obtain that
J

[®re — Ppllro(o,) < Or(1) (respectively < og(1) if foﬂ — 0 as € — 0 for any i # j). Inserting this

estimate in (3.5), we get that

1
—— |V®,?
/@p&(l’)| p|

—9r3 D () + On(1) (37)
j=1

Ne
= —2r Z DjVp(z)— 271'2 DiDja(x$)In|z; —
j 1 i#]

+27rZD2 ) Inp| + Og(1)

(respectively +op(1) as € — 0). Since ¥p. is uniformly bounded with respect to e in C%1/2(B%), we
have W g (2) — YR (75)| < Cry/p = or(1). Moreover, using (2.1) and |25 — x§| > 8p, we derive that

g
xj
£
7

ZDDa J(n|z; —
i#]

z‘_

In Jof —xﬂ)\ <3 |Di{1D;] In
i#j
< YD1 2 < 00
]

Z_
14 -2
x5 —
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(respectively < o(1) as € — 0). Hence (3.7) yields

1
/@ @W@”’L —27rZD Upe(a5) —2r Y DiDja(af)In |25 — a5
, Jj=1 i#]
+27rZD2 ) Inp| + Or(1)

(respectively +or(1) as e — 0). Combining this estimate with (3.4), we obtain the announced result.l

Estimating the contribution in the energy of each vortex, we may easily deduce the following lower
bounds for & (v.):

Lemma 3.1. For any R € [@, Vao ), we have

Ec(ve, BR) > 7Y _Dia(a5)|Inp| + 7> |Dj|a(xf)In g + Whre + Og(1) (3.8)
j=1 Jj=1
and .
E(ve, BY) > 7T2|Dj|a(x§)ln§ +o(1). (3.9)
j=1

Proof. In view of Proposition 3.1, it suffices to show that
& (ve, B(a5, p)) > 7| Dj] a(:cj)lng +0(1) forj=1,... ne,

which is equivalent to

1 a(xt
2/ IWEI2+;g)(1— o[22 > #|D;| m 2 +0(1) forj=1,... n (3.10)
B(z5,p) € €

we used that |a(z) — a(zf)| < Cp for = € B(x%, p) and E.(ve, BY) < Cr|Ine|). Setting
J J R

(y) = v(py +a5) fory e B(0,1) and &= ——r,
pyJ a(5)
we infer from Proposition 2.1 that o > 1 — ﬁ on 0B(0,1),
[Vl V|2 a(zS) .
+ (1*||) + (I=Jv[?)"<C (3.11)
/33(0,1) 2 4é2 aB(mi’p) 2 4e2 €

and

1
/ \Vo|? +
2 /B,

As in the proof of Lemma VI.1 in [3], (3.11) yields for € small enough,

1
/ |Vo|? +
2 /B0,

(b= [ 9 T e

£
z%,p)

1 . . P
922 (1= [0*)? > #|Dy| | né| + O(1) = 7| Dj| In =t O(1)
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and hence (3.10) holds. [ |

As in [14], we may compute an asymptotic expansion of R.(ve, D;) in terms of vortices which leads,

in view of Lemma 3.1, to lower expansions of F. (v, De):

Lemma 3.2. For any R € [@, Vao ), we have

- (v, D >WZD2 |1np\+7rZyD\a *)In g 1+AQZ“ £)Dj + W + Op(1) (3.12)
j=1
and
- (ve, D >7rZ\D]a g HAQZa £)Dj +O(1). (3.13)

Proof. We consider the family of balls {B;}icr. given in Proposition 2.5. As in the proof of Proposi-
tion 2.1, we can find r. € [R, (R + /ag)/2] such that (2.32) holds. Setting

I;{ = {z € I, |pilp > re and d; > O} and I = {z € I, |pilp > re and d; < 0}, (3.14)

we have B; C D, \E:}E for any ¢ € I;g U I. By Theorem 2.1, Proposition 2.1 and Proposition 2.5, we

infer that for € small enough,

l\’)\r—t

Ne
|ve| > in Z;:=D,\ ( U BﬂJUB(mZ,p)).
i€lful, j=1
Arguing exactly as in [14], we obtain that

T - 5 ) 2 2 -3

j=1 i€lfUl,

RE(UEa Es) =

We recall that we have showed in [14] that Re(ve, U, rtur, B;) = o(1). In the same way, we may prove
that Re(ve, Ui, B(25, p)) = o(1). From (iv) in Proposition 2.5 and (3.15), we deduce that

Fe(ve, De) 2 & (ve, De \Uz€I+UI Z / (2)[Ve]* + Re(ve, Ee) + or(1)
iel{uly

> E.(ve, BY) — 1+A22a S)Dj+7 Z a(p;)|di| (| Ine| — KoIn|Inel)

i€lful,

Z (a*(pi) — v2|Ine|~3)d; + or(1). (3.16)

i€lful,

T
14+ A2

Since p; ¢ Eﬁs for i € I;g U I, we have a(p;) < ap and we deduce that for ¢ small enough,

T Z a(pi)|d;| (| Ine| — KoIn|Inel) 11(12 Z (a2(pi)—y52|ln5|—3)di20

i€lfUl, ielful,
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which leads to
Fe(ve, D.) > E(ve, BY) — HAQZQ ) D; + og(1). (3.17)

Combining (3.8) and (3.17), we obtain (3.12). Similarly, the inequality (3.17) applied with R = \/ag/2,
and (3.9) yield (3.13). |

4 Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1 in terms of the map v.. We start by proving that
vortices must be of degree one. This yields a fundamental improvement of the estimates obtained in
the previous section.

4.1 Vortices have degree one

Lemma 4.1. Whenever € is small enough, D; = +1 for j =1,...,n,

Proof. By the results in [14], we have F.(ve, D) < o(1). According to (3.13), it yields

- p mapfl s
W;\Dj|a(x§)ln6—1+/\2 > a(a5) D; <7rZ|D | a(as g 1+A2Z ) D; < O(1).

D;>0 j=1

From (1.7), we derive that
Z\D | a(af mf < > Dja(a5)|Ine| + o] Inel).
Dj>0

Since p > ¢#, it leads to (we recall that D; # 0)

p) > IDjla(z5)|Ine| < p > Dyl a(z5)|Ine| + of|Inel).

D;<0 D;>0
By Theorem 2.1, a(z5) > ag/2 and consequently,
C
3 \D|<7M 3" IDj| +o(1 <7M+0(1)
D;<0 " 5o H

Choosing p sufficiently small, it yields D; > 0 for j = 1,...,n. whenever ¢ is small enough. Since

|z5| < C and D; > 0, we may now assert that

—7 Y D;Dja(z5)In |25 — 25 > O(1)
i#j
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and thus W\ﬁ > —my 52, Dj \I/f _(z5) = O(1). Hence the inequality (3.12) (applied with R =
Vao/2) together with F.(ve, De) < 0( ) leads us to

0 Q0 <
ZD? ]1np|+7rZDa = — 1+A2Z £)D; < O(1).
7=1

As previously, we derive from (1.7), Z?il(D? — Dj)a(z5)|Inp| < o(|Ine|). Since p < e and a(x5) >

ap/2, we conclude that
_ Ne

% > (D} —Dj) < o(1)

J=1

which yields D; = +1 whenever ¢ is small enough. |

As a direct consequence of Lemma 4.1, we obtain the following improvement of Lemma 3.2:

Corollary 4.1. For any R € [@, Vao ), we have
- (ve) >7rZ ) Inel - HAQZa )+ Wre((a5,+1),..., (25, +1)) + Or(1).

Proof. 1t follows directly from (3.12) and Lemma 4.1 that for any R € [@, Vo ),

- (ve,D.) > WZ )| Ine| — Za )+ Wre((af,+1), ..., (25, +1)) + Or(1).
On the other hand, we have proved in [14], that |F.(ve, D.) — F.(ve, D:)| = o(1) and F.(v.,R*\ D.) >
o(1). Hence we have F.(v.) > F.(ve, D:) + o(1) and the conclusion follows. [ |

4.2 The subcritical case

We are now able to prove (i) in Theorem 1.1. By the results in [14], it suffices to show the following

proposition.
Proposition 4.1. Assume that (1.7) holds with wy < 0. Then for e sufficiently small, we have that
lvel =1 in L35.(D) ase — 0. (4.1)

Moreover,

Fo(ve) =o0(1) and E.(ve) = o(1). (4.2)
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Proof. We fix some @ < Ry < \/ag . In [14], we have proved that .7:"5(115) < o(1) so that Corollary 4.1
applied with R = @ leads to

Q" =
WZ Hline| - 7205 <7TZ line| - HAQZ (1).

7=1

Since a(z5) > ag/2 and wy < 0, we deduce that

aO'““'”E In|lne| < wlz “)In|lne| < O(1)

and then n. < o(1) which implies that n. = 0 whenever ¢ is small enough. Using the notation (3.14),
we derive from (3.16) that

Q
c(ve, D) > Z a(pi)|di|(|Ine] — KoIn|Ine|) — 1j—A2 Z (a*(pi) — v2|Ine| %) d;

ielt OUI Ry ZGI UI

By the results in [14], we have F.(v.,D:) < O(|Ing|™1). Since a(p;) < ag for i € IEO U Ig,, we infer
that exists ¢ > 0 independent of € such that

c Z a(pi)|di||Ine| <7 Z a(p)|d| (| Ine| — KoIn|Inel)
i€l Ulg, i€l Ulg,

sy B -
T11A2 Z (a®(pi) — vZ|ne|~?)d; < O(|Ine| ™).

ZEI U17
Since a(z) > |Ine|=3/2 in D., we finally obtain

S ldil < O(me ),

iely Ulg
Hence } It Ul |d;| = 0 for ¢ sufficiently small and we conclude from (3.15),
0 0
Re(ve, De \ Uielgou@o B;) = o(1).
By [14], we also have R.(ve, Yiert ury B;) = o(1) so that R.(ve,D:) = o(1). Consequently,
0 0
E(ve, D:) = Fe(ve, D:) + 0(1) < o(1).

Then the rest of the proof follows as in [14]. [
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4.3 The supercritical case
In this section, we will prove (4i) in Theorem 1.1. Writing

2
Q:1+A

(|Ine| + w(e) In|Inel), (4.3)

we assume that

d-1)+5<w(Ee)<d—26 (4.4)

for some integer d > 1 and some positive number § < 1 independent of €. We start by proving that, in

this regime, v. has vortices :

Proposition 4.2. Assume that (4.4) holds. Then, for ¢ sufficiently small, ve has exactly d vortices of
degree one, i.e. n. =d, and

Feo(v) = —magdw(e) In | Ine| + %ao(dQ —d)In|lne| + O(1). (4.5)

Proof. Step 1. We start by proving that n. > 1 for € sufficiently small. By Theorem 5.1 in Section 5
(with d = 1), there exists @i € H such that ||tc|/z2g2) =1 and

F.(i) < Fe(7i.e™¥) — magw(e) In|Ine| + O(1).
By the minimizing property of u. and (1.9), we have

Fx(ue) = Fe(n-e™%) + Fe(ve) + To(ve) < Fe(iie)
and since |7z (ve)| = o(1) (see [14]), we deduce that

Fe(ve) < —magw(e) In|lne| + O(1).

From here, it turns out by Corollary 4.1 applied with R = @ (recall that Wa _ > O(1)),
2

5 Ne Q Ne
—magw(e) In|Ine| + O(1) > Fe(ve) > 7 Y a(x5)|Ine| — 1”7A2 Y a*(z§) + O(1)
j=1 AT
= Q)53
> 7rj21 a(z) | —w(e)In|lne| + TrA? +0(1)

> —magw(e)ne In|Ine| + O(1).

Hence n. > 1+ o(1) and the conclusion follows.

Step 2. Now we show that

Felve) > —magnew(e)In|Ine| + %(ng —ne)In|Ine| + O(1). (4.6)
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In the case n. = 1, we have already proved the result in the previous step. Then we may assume that
ne > 2. Since ||V yag _|loo = O(1), we get from Corollary 4.1 applied with R = @,
2 K

- (ve) >7TZ <|lnz—:| Zlnx — 5 ( )> +0(1)

Z#J
> Wia(:ﬁ) —w(e)In|lne| — iln |25 — 25| + Q]xj]% +0(1) (4.7)
- ’ i=1 T 1+A
i#]

Since F:(v:) < o(1), we derive that

Q
— ; In |xf —x€]+1+A2 E |x€|A<Cln|1n5]
i#j

On the other hand — >, ,;In|zf — 25[ > O(1) so that |x§|2 < C(In|lnel)|lne[~" and hence

., QR
WZ ( e)ln|Ine| — Zln|x — 5| + 1+A2> - (4.8)

1=1

7]
L el — 1 B 7Ta0S2 .
= —mapgnew(e) In|Ine| — wag E n|z; — 5 1 — E |5 12+ of

i#]

Setting 7 = max; |5/, we remark that

QA%2r2  n2—n
—;mm —x€y+1+AQZ\ 2SR > —(n? —n.)In2r + YT SIn|lne|+0(1). (4.9)

Combining (4.7), (4.8) and (4.9), we obtain (4.6).

Step 3. We start by proving that n. > d. The case d = 1 is proved in Step 1 so that we may assume that
d > 2. By Theorem 5.1 in Section 5, there exists for € small enough, @. € H such that ||t 2ge) =1
and

Fu(iis) < Fo(i.¢*) — mag dw(e) In | Ine| + %(cﬂ —d)In|lne| + O(1).

As in Step 1, F.(u:) < F.(t.) yields
Fo(v.) < —mag dw(e) In |Ine| + %(cﬁ —d)In|Ing| + O(1) (4.10)
Matching (4.6) with (4.10), we deduce that

—ng d? —

2
De 5 < —w(e)d+

—w(e)ne +

+o(1)

and it yields
(d—ne)(d+n.—1)
2

w(e)(d—mne) < + o(1). (4.11)
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If assume that n. < d — 1, it would lead to

d+n.—1

- <
(d=1)+5<—

+o(l)<d—1+40(1)

which is impossible for € small enough.
Assume now that n. > d + 1. As previously we infer that (4.11) holds and therefore

d_5>d+n5—1

> 5 +0(1) > d+o(1)

which is also impossible for ¢ small. Hence n. = d whenever ¢ is small enough which leads to (4.5) by
(4.6) and (4.10). [ |

By Proposition 4.2, we may now assume that v. has exactly d vortices. We follow with a first

information on their location:

Lemma 4.2. We have
|25 < O ne|™2 forj=1,....d andif d>2, |5 — 25| > C| Ine|~Y2  fori#j.

Proof. Matching (4.5) with (4.7) and (4.8) and using that n. = d, we deduce that

d
mapf? 2 2 1/2
—WaOZln 2f =5l + T he Z |25[% < mag(d®* — d)In (| Inel'/?) + O(1).
i#] j=1
Hence
Qlas|?
S| = (Ve —w5l) + <o(1)
J=1 \  i#i
and the conclusion follows. |

Since ﬁ = o(1) by Lemma 4.2, we may now improve the lower estimates obtained in Lemma 3.1
i

following the method in [20, 21], proof of Proposition 5.2.

Lemma 4.3. For any R € [@, Vao ), we have

Tapd
20 Inag + aodyo + or(1)

d
& (ve, BY) > ﬂaOZa(:L‘jﬂ Ine| + Wge(zf,...,z5) +
j=1

where v is an absolute constant.

Proof. Since =o(1) and D; = 1, Proposition 3.1 yields

a5 7]

d
/@ a(x)| V> > 7 Z a(x5)|Inp| + Wre(25,...,25) + or(1) (4.12)
p =1

| =
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and it remains to estimate & (v, B(25,p)) for j = 1,...,d. We proceed as follows. Since D; = 1, we

may write on 0B (x5 5 p) in polar coordinates with center x5,
’Ua(l') = "Ua(l')’ ei(0+¢j(0))7 0 € [07 27T]

where 1; € H'([0,27],R) and 1;(0) = v;(27) = 0. Then in each disc B(x5,2p), we consider the map

0. defined by

ve () if z € B(x5, p),

(552 4+ 252 o (a5 + pe) Jexp i (6 + 45 (0) 257 +,(0)25" ) if & € B(x5,2p) \ Bz, ),

Then o, = exp i(6 + ;(0)) on 0B(x5,2p). Exactly as in the proof of Proposition 5.2 in [20, 21], we

prove that

Ue(x) =

}EE(@E, B(x5,2p) \ B(z5,p)) — ma(x5) 1n2| = o(1). (4.13)

Since |a(z) — a(25)| = O(p) in B(z5,2p), we may write

£.(on, B 20) = 5 [ A A 1 102 + 001, (4.14)

Now we shall recall a result in [8]. For £ > 0, we consider

1 1
I(8) = Min - Vu|> + — (1 — [ul*)?
@ =g [ V6l gm0 )

where

C= {u e H'(B(0,1),C), u(z) = ’% on 9B(0, 1)} .

Then we have
lim (I(€) + 7 1né) = . (4.15)

E—0

Since () = |I wsl ei(0) on dB(x5,2p), we obtain by scaling

1 a(xt

- Vi |2 + ( )(1—\5\ =aln? + 72+ Zlna(zd) + 40 + o(1).

2 262 2 j
B(a5,20) € 2p4/ e

With (4.13) and (4.14), we derive that for j =1,...,d,

£.(0e, Bl ) 2 malas) 0+ " naas) + ae5)o + of)

> ma(z5) In Ly %ao Inagp + apyo + o(1).
£
Combining this estimate with (4.12), we get the result. [ |

We are now able to give the asymptotic expansion of ]}E(ve) which will allow us to locate precisely

the vortices. This concludes the proof of Theorem 1.1.
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Proposition 4.3. Setting T = \/ﬁfcj for 3 = 1,....d, as € — 0 the I5’s tend to minimize the

renormalized energy w : R?*? — R given by

d
Tago
w(by,...,bg) = —mag » _In|b; — 1+A2Z]bj|i.
i#] =1
Moreover, we have
Felv:) = —mapdw(e)In|Ine| + "0 (@ — d)In|Ine| + Min w(®) +Qua+o(1)  (416)
€
Tao , o 9 Tapd? 9 o
where Qpq = 7(d —d)In(1 + A%) 4+ mapdInag — Inag + apdyy — mapd“l(A) and €(A) is given

by (A.2).

Proof. From Lemma 4.3 and (3.17), we infer that for any R € [@, Vao ),

<(ve, D Z Snel — AZZa )+ Wge +

ISH

d
Inag + apdyo + or(1).

As in the proof of Corollary 4.1, this estimate implies

d
aod
Z S| Inel — 1+A2Za +WR€+7lnao+aod70+oR( ).

Expanding 2 and a(z5), we derive that

513

- d . Qlx
fs(va)ZW;a(mj) )ln]lne\—&— A2 —|—WR€+

aod
Inag + apdyo + OR(I)

and by Lemma 4.2, it yields

Fe(ve) > —mapdw(e) In|lne| + 1

d
d
aiz S QR+ Wre + o lnag + agdyo + og(1).  (4.17)
j=1

By Lemma 4.2, we also have

d
Whre = —mag Z Infz; — 25| — 7 Z VRe(r5) +o(1). (4.18)
i# i=1

Since D; = 1 for all j, the function Vg . satisfies the equation

d
et 1 .
div <aV‘I’R,5> = - Z a(x3) V <a> -V (In|z - 1:§|) in BA,
p =t (4.19)
Upe=—> a(f)In|z — 5| on OBY.
j=1
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We infer from Lemma 4.2 that for j =1,...,d,
1 —2ap|z|3 ,
a(x5)V (a) -V (ln |z — a:j]) = W + fl(x).
where f/ satisfies HfstLp(Bg) = op(1) for any p € [1,2) and Hao In[z| —a(z) In |z — 25| ”Cl(aBg) =o(1).
Letting Ui to be the solution of the equation
1 —2|z|3
div <V\I/R> = % in BY,
a a?(z)|x| (4.20)
Vg =—In|z| on OB,
it follows by classical results that [|[¥p . — aod\I'RHLoo(B%) = opr(1). Hence we obtain from (4.18),
?3(1) {Wre(2,...,25) + mag ;ln |25 — 25|} = —magd? U R(0). (4.21)
i#]

Combining (4.17) and (4.21), we are led to

d
. ~ Tag
h%lf{ L (ve) + mapdw(e) In | Ine| +7Ta0§ln|xf — 15| - e ;ij\i} >
17£) =

d
> a1, ao + apdyy — Waon\IlR(O).
Setting 5= \/ij , it yields
CE T Tao 9 ~€ ~€
hm%lf < (ve)+mapdw(e) In|Ine| — T(d —d)In|lne| —w(z,...,25) p >
e—

2
> %(aﬂ —d)In(1 + A?) + wapdInag — maod

In ag + agdyy — Traon\IJR(O).
Since Wr(0) — ¢(A) as R — /ag by Lemma A.1 in Appendix A, we conclude that

limionf {.7:"5(06) + mapw(e)dIn|Ine| — %(al2 —d)In|lne| —w(z],. .. ,5:2)} > QA4 (4.22)
e—

and hence

limi(])af {fa(va) + mapw(e)dIn|Ine| — @(dz —d)In| ln€|}
e—

5 > Min w(b) + Qa q- (4.23)
b

eRQd
By Theorem 5.1 in Section 5, for any ¢’ > 0, there exists . € H such that ||.||;2(g2) = 1 and
y L2(R?2)

lim sup {Fs(ﬁg) — F.(77.€"%) + magd w(e) In | Ine| a0

e—0

5 (d? —d)In| ln5|} < Min w(b) + Qpaq+ ¢
beR2d

As in the proof of Proposition 4.2, F;(u.) < F.(u.) implies

lim sup {fg(vg) + mapdw(e)In|Ine| o

e—0

(d? —d)1n | 1ngy} < Min w(b) + Qpq+ 0. (4.24)
2 beR2d
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Matching (4.23) with (4.24), we conclude that

lim {]}E(vs) + mapdw(e) In|lne| — 7TTCLO(CZQ —d)In]| lngl}

e—0

= Min w(b) + Qaq
beR2d

since ¢’ is arbitrarily small. Coming back to (4.22), we are led to

Min w(b) + Qa ¢ — limsup w(zT,...,27) > Qa4

e—0

and therefore lim w(z9,...,z5) = Min w(b) which ends the proof. [ |
e—0 beR2d

Remark 4.1. In the case d = 1, the expansion of the energy takes the simpler form

Fe(ve) = —mapw(e) In|lne| + Qa1 + o(1)

and the renormalized energy w(-) reduces to w(b) = (wao|b|3)/(1 + A?). In particular, if 2° denotes the

single vortex of v., we have vV/Qzf — 0 as € goes to 0.

5 Upper bound of the energy

In this section, we give the construction of the test functions used in the previous sections. We
assume that (1.7) holds. Using notation (4.3), the result can be stated as follows:

Theorem 5.1. Letd > 1 be an integer. For anyé > 0, there exists ()0 C H verifying ||| 22y = 1

and

lim sup {Fa(aa) — F.(7.6%) + ragw(e)dIn |Ine| — %(CF —d)ln| ln5|} < Min w(b) + Qaa+0
beR

e—0

where the constant Qp q 1s defined in Proposition 4.3.

The proof of Theorem 5.1 is based on a first construction given by the following proposition. Here,

some of the main ingredients are taken from André and Shafrir [5].

Proposition 5.1. Let d > 1 be an integer. For any 6 > 0, there exists (Uc)->0 such that n:0. € H and
lim sup { F.(.) + maw(e)dIn | Ing| — 7r—ao(dz —d)In|lne| p < Min w(b) + Qaq + 9.
e—0 2 beR2d ’

Proof. Step 1. Let 0 > 0 and x > 0 be two small parameters that we will choose later. We consider the

function a, : D — R given by

a(z) if |z|p < Vag — o,
—2\/ay — o |z|pn +2a9 — o otherwise
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It turns out that a, € Cl(f), as > a and a, > Co? in D for some positive constant C. Since a, does
not vanish in D, we may define ®, : D — R the solution of the equation
1
div(—V®,) =2nddy in D,
Qo (5.1)
b, =0 on 9D.
By the results in Chap. I of [8], we may find a map v € C?(D \ {0}, S!) satisfying

1
0§ A Vg = a—viq>(, in D\ {0}. (5.2)

Set ©,. =D\ B(0,x7'Q7/2). By (5.1) and (5.2), we have for ¢ small enough,

1 10®
/ aq | Vog|? :/ —|V®,|* = _/ 2%
Op,e Op.e Ao 9B(0,x—1Q-1/2) @ ov

272
agd” 0¥, 1
= — + —) (¥, +1 5.3
/E)B(O,H_lﬂ_l/Q) ( v |x|)( n|x\) (5.3)

a

where W, (z) = (agd)"'®,(x) — In|z|. Notice that ¥, € C1*(D) for any 0 < o < 1, since it satisfies
the equation
1
div (—VV¥,) = f,(z) inD,
(0%

(5.4)
U, =—In|z| on 0D
with
—2|z[} :
! Balp  HEVeoe
x
fo@)==V(——=) 5=1 "
ag(z)” || —2y/ag — o |z|s )
3 otherwise.
ag (x)|z|?

From (5.3), we derive that

1 1
lim sup {2/ a|Vu§|? — magd? ln(/ﬁlﬂl/2)} < lim {2 / as |V |> — Tagd? ln(ﬁﬂl/Q)}
@n,a @K,E

e—0 e—0
< —7magd*V4(0).

By Lemma A.1 in Appendix A, ¥,(0) — ¢(A) as 0 — 0 where the constant ¢(A) is defined in (A.2).

Consequently, we may choose o small such that

e—0

1 d
lim sup {2/ a|Vug|* — magd? ln(nﬂl/Q)} < —magd?¢(A) + 7 (5.5)
Ok,e
In R?\ B(0, s 1Q71/2), we define
vd (x) if x € O,
g (YOTY i 4 e B2\ D,

|z[A

O () =
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By the results in [14], we have [|72||f®2\p,) = o(1). Since @. does not depend on & in R? \ D, and
|oc| = 1 in R?\ D;, we derive that
lim E(0.,R*\ D.) = 0. (5.6)
£—

We also proved in [14],

=2
Sl < Cel/3 (5.7)
e lLee(De)

and hence (5.5) remains valid if one replaces a by 7?2 in the left hand side. Since v is S'-valued, we
deduce that
5 o
lim sup {Sa(f[)a, R?\ B(0, k'Q71/2)) — wagd? ln(an/Q)} < —magd*l(A) + 7 (5.8)
e—0

Step 2. We are going to extend 9. to B(0,x~'Q~1/2). As in [8], we may write in a neighborhood of 0

(using polar coordinates),
vf (z) = exp(i(df + o (x)))

where 1), is a smooth function in that neighborhood. Let (b1,...,bs) € R?? be a minimizing configura-
tion for w(-), i.e.,

w(by,...,by) = Min w(b 5.9

(b1 a) = Min w(b) (5.9)

(note that we necesarily have b; # b; for i # j). We choose « sufficiently small such that max |b;| < 1/4k

and we set b;s) = Q~1/2b;. Following the proof of Lemma 2.6 in [5], we write

d ()
) T —b
O T] =L = exp(i(d0 + 6=(2))) for & € Ay = BO,597Y2)\ B(0, (26) 107 1/2)
j=1

j — 0|

where ¢, is a smooth function satisfying |Ve.(z)| < Cy k2QY/2) and |¢. ()~ (0)| = Cy w2 for x € A, ..
We define in A, ,
Ve() = exp(i(df) + <(2)))

with
@E(m) = (2 — 2/{91/2|x|)¢5(33) + (2/{91/2|:17| — 1)1/)0(1‘).

As in [5], we get that (using (5.7))

- 1
lim sup {55(175, Age) — mapd? In 2} < lim sup {2/ ag|V@g|2 — mayd? 1n2} < C, K. (5.10)
Age

e—0 e—0

Next we define 0. in Sy = B(0, (26) 12 Y/2) \ UL B!, 26071/2) by
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Once more as in [5], we have (using (5.7))

35

~ 1 1
limsup & (g, Ex ) < limsup 2/ s | Vo> < mag(d? + d) In 5, ~ a0 Zln |bi —bj| + Cy k. (5.11)
= K

e—0 e—0

i#]

Finally, in each B](-E) = B(b;g), 2/&9_1/2), we set

(e)

. [ x—0b;

“ _ e (0),~ J
e(a) = oDl (2&91/2)

where Wl realizes

1
Min / |Vv|2+
2 /B,

1 2Ky + b;

1i

= (= lol) H|2/€y+b —b|
with

A g
ST onyag Q2

As in the proof of Lemma 2.3 in [5], we derive

1 1
lim / | V! | 4 (1—|w]| )2 —m|Iné| p =0 + X (k)
e=0 | 2 J/B(0,1) 262

where vp is defined in (4.15) and X (k) denotes a quantity satisfying X (k) — 0 as kK — 0. By scaling,

we obtain

e—0

Notice that in BJ(.E),

as(z) = a(x) < ap— (|Ing| +wiln|lng))™"  min

) 1 . a R 2%9_1/2 ™
lim {2/&5) Ve |* + ﬁu — |0:]%)? —mln———¢ = Slnao + 0 + X(x).
J

0’2/‘?\

yeB(b;,2k) 1+ A2

and consequently,

1 2x0)—1/2
lim sup / o | Ve |? + aoag(l — |9:]?)* — mag o
e—0 2 B](f:) 25

Tagy
< TIHGO + aovo —

By (5.7), it yields

e—0

mao|b; |5
1+ A2

. 2kQ1/2 b;|3
lim sup {S (UE, B¢ )) — Waolnmg} < 7%Olmao + agyo — m + X (k).

+ X (k).

(5.12)

on dB(0, 1)} (5.13)

(5.14)
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Combining (5.8), (5.10), (5.11) and (5.14), we conclude that for £ small enough,

lim sup {é (0c) — maod] 1ne|—%(d2 —d)In| lns\} <

e—0

d
™a
< —magy Wb = bl — =5 > b + Qua+0.
j=1

1+ A2
i#] * J=

Step 3. Now it remains to estimate R. (0g). Cauchy-Schwartz inequality yields

1/2
Re (8, R?\ D.)| < CQ (/ \xr%ﬁ) (E-(6.,R2\ D)) >

R2\D.

By the results in [14], Q2 fRQ\DE |z|?72 — 0 as € — 0 and according to (5.6), it leads to

lim ‘RE (0s) — Rg (0s, D, } =0.

e—0

36

(5.15)

(5.16)

(5.17)

By the results in Chap. IX in [8], for € sufficiently small and each j = 1,...,d, there exists exactly one
disc D! ¢ B(0,1) with diam(DZ) < C¢ such that |[@Z] > 1/2 in B(0,1) \ DL. By scaling, we infer that

exist exactly d discs D;, . ,Dg with DI ¢ BJ(.E) and diam(Dg) < Ce such that

in D\ U, DI.

l\D\H

|De| >

We derive from (5.14) that

d
’ﬁs(@s,ngng” < CQEZ (gg(@E’BJ(E)))l/Q 0,
=1

e—0

and by (5.17), it leads to lim.—o |Re(0:) — Re(dz, D: \ U, D)| = 0. From (5.7), we infer that

lim |Re (b, Dz \ Uj—y DI) — Re (e, De \ Uj_, DI)| = 0

and hence
il—r{(l] ‘Rs(ﬁe) - RE({)E’DE \ UleDé)\ =0.

(5.18)

To compute R (0, D\ U?Zng), we proceed as in [14] (here we use that & (9.) < C|Ine| by (5.15)). It

yields

d
lim (RE(ﬁE,DE \ U DI) +
e—0 —1

T a0)) =0

since deg(d./|0c|,0D!) = +1 for j =1,...,d. Expanding a (b(-e)) and €2, we deduce from (5.18) that

J

~ 2
lim <R5(f}5)+7m0d|ln€|+7ra0w(5)dln\ln5|) = ”“0 Z\ bjl3.

e—0

(5.19)
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Combining (5.9), (5.15) and (5.19), we obtain the announced result. [ |
Proof of Theorem 5.1. We consider the map 9. given in Proposition 5.1 and we set

be =m; 0. and @ = 7.0, with  me = ||feic]| 2 (re)-
We are going to prove that the map @. satisfies the required property. By Lemma 3.2 in [14], we have

Fe(te) = F(ﬁz—:eiQS) + j—s(@s) + ,ZN:-:({)E)'

In view of Proposition 5.1, it suffices to prove that |.7:'5(f15) - .7}5(@5)‘ — 0 and 7:(9.) — 0 as ¢ — 0. We

first estimate m.. Since |0.] = 1 in R?\ U?ZIB](E) and |7 || 2r2) = 1, we have
mi= [ [ BRGP-v=1 [ (e
R? Ui, B° Ui, By

Using Cauchy-Schwarz inequality, we derive from (5.12), (5.13) and Theorem III.2 in [8] that

1/2
| / i (|o:)* = 1)| < C lns|_1/2</ (|6e]* — 1)2> < Cellne|”'2 (5.20)
d g d g
U]’:lBj Uj:l J
and thus
m? =1+ O(e|Ine|7/?). (5.21)

Using [0:] = 1 in R?\ UL, B, |VS| < Clzl, [k-| < C|Ine], (5.20) and (5.21), we derive that

17-(5.)| scune\2<|1—m;2|/ Qe+ [ =m0 - @ﬁ)))
R2 ud B

Jj=1"7
< Ce|nel*?.
Now we may estimate using (5.15), (5.19) and (5.21),
[ var =m? [ @ik = [ @ViP s Ol el ) (5.22)
R2 R2 R2
and
Re(0:) = mZ2Re(b:) = Re(d2) + O(e| Ing]/?). (5.23)
We write
1 4 ~2v2 L 4 oy, 2(0—mZ?) -4 A 2V1A |2
62/R2 776(1 - ‘Us‘ ) :(Q:Z/RQ 776(1 - |Us| ) + 452 € U?II J(s) 775(1 — ’U€| )|’U€|
1— m—2 2 e
s oy > ) / 7z [0c . (5.24)
g R2
We infer from (5.15) and (5.21) that
1— —2)\2
Qome ) i ) / 0" < Cllne| ™, (5.25)
9) R2
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and from (5.20) and (5.21),
|1 —m_?| 41512 S 2 -1
—— 72| Ve | ’1 — |0¢] | < Cllng|™". (5.26)
€ ud_ B
J=1"7

Combining (5.22), (5.23), (5.24), (5.25) and (5.26), we finally obtain that F.(¢.) = F+(¢.) + o(1) and
the proof is complete. |

A Appendix

In this appendix, we prove that the functions ¥ and ¥, defined by (4.20) and respectively (5.4)

converge to the same limiting function as R — /ag and ¢ — 0.

Lemma A.1. For any 0 < R < \/ay, respectively any o > 0, let i be the solution of equation (4.20),
respectively W, the solution of (5.4). Then Vg — W, as R — \/ag , respectively ¥, — ¥, as o — 0, in
CL (D) where U, is the unique solution in C°(D) of

loc
1 2|z|3
aiv (tvw,) = AA G p
a a?(z)|z| (A1)
U, = —In|z| on OD.
In particular,
lim Wx(0) = lim ¥,(0) = ¥,(0) =: £(A). (A.2)

R—./ao o—0

Proof. Step 1: Uniqueness of ¥,. Assume that (A.1) admits two solutions ¥l and ¥2 in C°(D). Then
the difference W} — U2 satisfies div(2V(¥! — ¥2)) = 0 in D and ¥} — ¥? = 0 on OD. By elliptic
regularity, we infer that Ul — W2 € C%(D) N C%(D). Hence it follows ¥l — U2 = 0 by the classical
maximum principle.

Step 2: Existence of V. We set for y € D,

Taly) = %(fﬂo) () + n(R/ V)

where ( is the solution of
AC=0 in D,
(=—Inly| on dD.

Since Vg solves (4.20), we deduce that Y is the unique solution of

v (L _Jw
¢ (aR(y)VTR) ag(y) P (A.3)

TRZO on 9D.
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where ag(y) = a3/R?* — |y|3 and

2
fly) = 2||yy,’2A + 2(y1, A%y2) - V().

We easily check that y — Kag(y), respectively y — —Kag(y), defines a supersolution, resp. a subso-
lution, of (A.3) whenever the constant K satisfies K > ||f||Loo(D)/(A2a0). Hence

|ITr| < Car inD (A4)

for a constant C' independent of R. By elliptic regularity, we deduce that T remains bounded in
WP (D) as R — /ag for any 1 < p < oco. Therefore, from any sequence R,, — \/ag, we may extract a

loc

subsequence, still denoted by (Ry), such that Yg, — T, in CL (D) where T, satisfies

1
—div <VT*> = Tf in D.
a(y) a*(y)

We infer from (A.4) that [Y.(y)| < Ca(y) for any y € D and hence T, € C°(D) with T,9p = 0.

Consequently, the function W, := T, + ¢ defines a solution of (A.1) which is continuous in D.

Step 3. By the uniqueness of ¥,, we have that Yp — ¥, — ( in CL (D) as R — /ag which clearly
implies Vg — WU, in CL (D) as R — /ag. To prove that ¥, — ¥, in CL (D) as ¢ — 0, we may

proceed as in Step 2. Indeed, we may show as in Step 2, that |¥, — (| < Ca, in D for a constant C'
independent of o. n
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