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The propagation of matter waves in curved geometry is relevant for ion transport, atomtronics
and electrons in nano-wires. Curvature effects are usually addressed within the adiabatic limit and
treated via an effective potential acting on the manifold to which the particles are strongly confined.
However, the strength of the confinements that can be achieved experimentally are in practice
limited, and the adiabatic approximation often appears too restrictive for realistic guides. Here, we
work out a design method for 2D sharply bent wave-guides beyond this approximation using an
exact inverse-engineering technique. The efficiency of the method is confirmed by the resolution of
the 2D Schrödinger equation in curved geometry. In this way, we realize reflectionless and ultrarobust
curved guides : even in presence of interactions, the transverse stability is improved by several orders
of magnitude when compared to circular guides of similar size.

Introduction - The development of quantum technolo-
gies builds up on the increasing level of control of both in-
ternal and external degrees of freedom of atoms. This has
motivated the design of quantum control protocols as key
ingredients for such technologies. Quantum control pro-
tocols are mostly developed for quantum observables as-
sociated to flat coordinate systems. However, the geome-
try can drastically affect the quantum properties [1, 2] :
for instance, any kind of bending produces a bound state
[3]. This suggests that geometry provides a powerful tool
to control quantum systems. For instance, new form of
wave localization have been proposed by combining cur-
ved potentials and topological protection [4].

Since the pioneering works of Costa [1, 2] and, Gold-
stone and Jaffe [3] to establish the framework of quantum
mechanics in curved geometry, the literature has focu-
sed on an effective 1D treatment relying on an adiaba-
tic approximation [5–11]. In this approach, the effect of
curvature is encapsulated in an effective attractive poten-
tial [3]. However, as explained below, the validity of quan-
tum control protocols based on such a treatment is res-
tricted to regimes of weak and slowly-varying curvatures.
Furthermore, many experimental situations such as elec-
trons in quantum nano-wires [12–17], propagation of ato-
mic wave in guides [18] or the transfer of ions between
different trap zones [19–23] often require to go beyond
this 1D approximation. In this letter, we consider the real
2D problem and set up a non-adiabatic quantum control
strategy valid in strongly curved geometry.

Such a study is relevant for the growing field of na-
nomaterials having complex geometries [12–14]. In the
field of atomtronics, many techniques have been investi-
gated to design guides [25–30]. The control of the exter-
nal degrees of freedom has also undergone an extraordi-
nary progress with the realization of atom lasers having
a high quality factor [31–38]. Guides with various shapes
including rings have already been demonstrated for the
development of guided matter wave interferometry [24–
30, 39–44]. The applications and the miniaturization of
matter wave circuits require a perfect control of matter

wave propagation in a bent guide. A sharp bending favors
compactness at the expense of a coupling between lon-
gitudinal and transverse degrees of freedom which may
have deleterious consequences for the control of the mat-
ter wave [45–47]. The necessity of a perfect control in
curved geometry is also an important pre-requisite to set
up quantum computer platforms based on ions [19, 20].

In the following, we first work out an inverse enginee-
ring strategy, inspired by shortcuts to adiabaticity (sta)
protocols [48–50], to shape a class of classical trajecto-
ries robust to a variation in the initial conditions and
free of residual transverse excitations after a bend. We
then validate those solutions by a numerical resolution
of the full 2D Schrödinger equation in curved space [51].
Our findings reveal how a proper guide design can drama-
tically reduce the transverse excitations after the bend,
when compared to circular guides of identical radius and
stiffness.

Schrödinger equation in curved geometry – The co-
ordinate of a material point using curvilinear coordi-
nates (s, y) associated to a path rc(s) are given by
r(s, y) = rc(s) + yn(s) where n̂(s) is the local normal
to the path. The variation with the curvilinear coordi-
nate of the local normal vectors reads : dt̂/ds = κn̂ and
dn/ds = −κt̂ where t̂(s) = drc/ds is the local tangent
and κ(s) = 1/R(s) the local curvature.

The quantum mechanical wave-function in curvili-
near coordinates (s, y) can be written as ψ(s, y) =

h−1/2(s, y)φ̃(s, y). The complex-valued function φ̃(s, y)
is given by a direct coordinate change in the car-
tesian coordinates wave-function φ(X,Y ) : φ̃(s, y) =
φ(X(s, y), Y (s, y)) where (X(s, y), Y (s, y)) are the carte-
sian coordinates associated to the classical point r(s, y)
defined above. The factor h−1/2(s, y) arises from the Ja-
cobian associated to the passage from cartesian to curvili-
near coordinates. The bending of the guide causes indeed
a local variation of the metric, captured by the definition
of a function h(s, y) = 1 − κ(s)y depending on the local
path curvature κ(s). Similarly to general relativity, this
inhomogeneous metric encodes the inertial forces. It is



2

also responsible for the coupling between longitudinal to
transverse degrees of freedom.

In its most general form, the curvilinear wave-function
ψ(s, y) satisfies the following time-dependent Schrödin-
ger equation in the presence of a transverse confining
potential V⊥(y) [3] :[
− h̄2
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To recover the widely used adiabatic approximation,
three criteria shall be fulfilled :

(a) σ|κ| � 1, (b) σ

∣∣∣∣dκds
∣∣∣∣� κ, (c) σ

∣∣∣∣d2κ

ds2

∣∣∣∣� κ2, (2)

where σ is the transverse size of the wave-packet. In this
limit, the Schrödinger equation becomes separable and
yields independent longitudinal and transverse motions.
Within the adiabatic approximation, the effect of curva-
ture is encapsulated in an effective attractive 1D poten-
tial Veff(s) = −h̄2κ(s)2/(8m), valid for sufficiently strong
transverse confinement.

Our aim is to design the shape of a guide that connects
two guides. To fix ideas, we consider a relative angle bet-
ween the guides equal to α = 90◦, the same transverse
confinement for each guide, V⊥(y) = 1

2mω
2y2, and an

initial and final guide straight (see Fig. 1). The harmo-
nic potential V⊥(y) is relevant for atomtronics and ion
circuits, but also for GaN or ZnO based nanowires [52–
55]. The generalization to initial and final wave guides
having a finite curvature radius and/or for another rela-
tive angle is straightforward [56]. The simplest candidate
is a quarter-of-circle of constant radius R connecting the
two straight guides. However, the abrupt change of cur-
vature at the entrance and exit of such a bend generates
a sudden centrifugal force that induces transverse exci-
tations. To circumvent this limitation, we show in the
following how to tailor the curvature profile κ(s) as a
function of the curvilinear coordinate s. At first sight,
the direct solution of this problem through Eq. (1) seems
very challenging. We overcome this difficulty by using a
class of properly tailored classical solutions.

Exact inverse engineering – The Newton law expressed
in curvilinear coordinates yields :

s̈(1− κy)− ṡ(κ̇y + 2κẏ) = 0 (3)

ÿ + ω2y + ṡ2κ(1− κy) = 0 (4)

with κ ≡ κ(s(t)). Combining Eqs. (3) and (4), we recover
the conservation of energy :

ẏ2 + ω2y2 + v2
κ = Cte =

2E

m
, (5)

where vκ = ṡ(1−κy) (v̇κ = ṡκẏ from Eq. (3)). The quan-
tity Kκ(ṡ, s, y) = 1

2mv
2
κ is nothing but the longitudinal

Figure 1: Problem statement : How to connect two straight
guides without inducing extra transverse oscillations in the
output guide (trajectory represented by a dotted red line) ?

kinetic energy in a straight guide, and encapsulates also
the potential induced by inertial forces in a curved guide.
An exact inverse engineering of the transverse motion is
worked out by imposing the desired smooth trajectory for
the transverse coordinates, y(t). From Eq. (5), we then
get vκ(t) from y(t). This latter quantity gives access to
both the longitudinal velocity from ṡ = vκ + ṡκy = vκ +
v̇κy/ẏ and the time-dependent curvature at the particle
position κ(s(t)) = v̇κ(t)/[ṡ(t)ẏ(t)] = v̇κ/(d(vκy)/dt). The
curvature profile κ(s) is eventually reconstructed by in-
tegration of the longitudinal velocity [56].

For the connection between two orthogonal straight
guides (see Fig. 1), we proceed in two symmetrical steps
(dashed line at 45◦). The connection is performed in a
total time 2T . To design the guide on the first segment
of duration T , we impose the following boundary condi-
tions : ysta(0) = 0, ysta(T ) = ∆y, ẏsta(0) = ẏsta(T ) = 0
and ÿsta(0) = ÿsta(T ) = 0. The conditions at t = 0 trans-
late the absence of transverse excitation at the entrance
of the bend. The conditions at t = T are required for two
reasons : it ensures the continuity of the position and
velocity in the middle of the guide and it enforces the
stability of the trajectory against the final time 2T , and
as such it improves the resilience against a small disper-
sion in the longitudinal velocity [50]. This latter requi-
rement is relevant for the propagation of a matter wave
since the wave packet has finite size and thus a finite velo-
city dispersion. To accommodate for the boundary condi-
tions, we choose a trajectory in the form of a polynomial
ysta(t) = P (t/T ) with P (x) = ∆y(10x3 − 15x4 + 6x5).
Many other choices could be made for this interpolating
function depending on the relevant constraints as discus-
sed in [57, 58].

The free parameter ∆y is fixed by the choice of the
maximum curvature, κm, reached at t = T : ∆y =

− 1
4κ
−1
m

(√
1 + 8ṡ(T )2κ2

m/ω
2 − 1

)
. The time T is deter-

mined self-consistently by the choice of the rotation angle

α′ = 〈t̂(s(0)), t̂(s(T ))〉 =
∫ T

0
dt κ(s(t))ṡ(t) (α′ = π/4 for

our example) :

α′ = −
∫ T

0

dt
ÿsta(t) + ω2ysta(t)√

2E/m− ẏ2
sta(t)− ω2y2

sta(t)
. (6)

By symmetry, the solution for T ≤ t ≤ 2T reads :
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ysta(t) = P (1− t/T ).
To quantify the compactness of the tailored bend, we

define the effective radius of curvature Req as the radius
of the largest quarter-of-circle enclosed within the engi-
neered bend. Figure 2a gives an example of engineered
curvature profile with Req = 10 µm for typical experi-
mental parameters ṡ0 = 20 mm/s and ω/2π = 1705 Hz
[59]. Figure 2b shows the engineered bend together with
the effective radius of curvature Req.
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Figure 2: (a) Inverse-engineered curvature profile κ(s) (so-
lid blue line) and the corresponding effective circular bend
of radius Req = 10 µm (red dashed line) as a function of
the longitudinal coordinate s. (b) View from above of the
inverse-engineered path (blue) shape and of the equivalent
circular path (red). Parameters : initial longitudinal velocity
of ṡ0 = 20 mm/s, trapping frequency ω = 2π × 1705 Hz, and
a maximum curvature κm = 0.22 µm−1. The total length is
sf ' 16.6 µm corresponding to a total time 2T ' 0.88 ms.

Robust cancellation of the transverse excitations - For
a bend defined by a quarter-of-circle, the curvature is
a step function that drives transverse oscillations that
generally persist beyond the bend. Their amplitude de-
pends on the particle parameters at the entrance of the
guide and on the phase of the transverse oscillation at the
exit of the bend. As a result, there exists a set of discrete
radius values for which there is an exact cancellation of
the oscillations of the outgoing particle [45, 59].

Nevertheless, even in these most favorable circum-
stances, it turns out that the 2D inverse-engineered guide
outperforms the circular path when one considers the
average transverse stabilisation achieved over a finite ve-
locity interval. As already explained above, a desirable
feature of a matter wave guide is indeed to suppress trans-
verse excitations over a finite range of longitudinal velo-
cities and not only for isolated values. To quantify the ro-
bustness of the guide, we consider an uniform distribution
of initial velocities over the interval [(1− ε)ṡ0, (1 + ε)ṡ0],
where ṡ0 is the incident longitudinal velocity used in the
inverse-engineering procedure and with ε = 5%. Each
initial velocity v yields oscillations at the exit of the
bend of finite amplitude ac(v) and asta(v) for the cir-
cular and the inverse-engineered guide respectively. We
measure the robustness by computing the dimensionless

quantities αc,sta = (2εṡ0σ)−1
∫ ṡ0+ε

ṡ0−ε ac,sta(v)dv, corres-

ponding to the ratio between the averaged oscillation
amplitudes and the width σ =

√
h̄/mω of the trans-

verse ground state wave-function. For an oscillation am-

plitude a, the outgoing particle has a transverse mecha-
nical energy E which compares to the energy quantum
as E/h̄ω = 1

2 (a/σ)2. Figure 3 shows the oscillation am-
plitudes αc,sta as a function of the effective radius. The
engineered guide yields transverse excitations that are at
least one order of magnitude (and for some radii more
than two orders of magnitude) smaller than that of the
circular guide.
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Figure 3: Averaged oscillation amplitudes αsta for the engi-
neered guides (triangle) and αc for the circular guides (square)
after a right turn as a function of the guide radius. Same ini-
tial longitudinal velocity and trapping frequency as for Fig. 2.

Comparison between 2D and 1D curvature designs -To
facilitate the comparison between our 2D treatment and
the 1D effective approach [5–11] we define in the following
manner the 1D-adiabatic design.

The adiabatic limit yields an independent longitudinal
motion driven by an attractive bending potential Veff(s).
The longitudinal velocity is thus expected to increase
with the local curvature as ṡcl =

√
ṡ2

0 − 2Veff(scl)/m with
ṡ0 the longitudinal velocity of the atomic wave-packet
before the bend. From the classical equation (4) we infer
the expression of the curvature κ1D(s) as a function of
the transverse trajectory ysta(t) defined previously with
T = T1D whose value is determined by the desired ro-

tation angle π/4 =
∫ T1D

0
dt ṡcl(t)κ1D(scl(t)). We use this

determination of the curvature in 2D simulations perfor-
med either with classical equations or the Schrödinger
equation (1).

The 2D-curvature design is obtained from the proce-
dure explained in the previous section. It relies on a si-
milar transverse trajectory ysta(t) but defined with the
time T2D to get the desired angle (see (6)).

We work out here a concrete example with the parame-
ters : ṡ0 = 20 mm/s and ω = 2π×1705 Hz. We find T1D =
0.334ms for κ1D(s) and T2D = 0.295ms for κ2D(s), corres-
ponding to the respective bend lengths sf 1D = 13.36 µm
and sf 2D = 10.37 µm, and to the effective radii of curva-
ture Req 1D = 8.37 µm and Req 2D = 6.47 µm. The initial
wave-function is a cigar-shaped Gaussian wave-function
of widths σy = σs/10 = (h̄/mω)1/2 initially centered on
the axis y = 0, at the normalized longitudinal position
s/sf = −0.5 and with an average velocity ṡ0 (see Fig. 4).
With this initial position, the wave packet is at t = 0
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entirely outside the bent.

The effectiveness of the two methods is analyzed
through both the classical 2D Newton equations and the
numerical resolution of the full 2D Schrödinger equa-
tion (1) for both curvature profiles κ1D(s) and κ2D(s)
[51]. The results are summarized on Fig. 4 where the
transverse position and longitudinal velocities of the pa-
cket are plotted as a function of the normalized longitu-
dinal coordinate s/sf for both curvature designs.

For our choice of parameters, the curvature κ(s) varies
considerably on the width of the wave-packet as σs/sf ∼
0.2 for both guides. This contributes to the clear diffe-
rence between the classical (dot-dashed lines) and quan-
tum trajectories (solid lines). With the 1D adiabatic-
design bend, we observe strong transverse oscillations
that persist in the output straight guide (s/sf ≥ 1)
(see Fig. 4a). This design therefore fails to provide a
reliable connection between the two straight guides for
both classical and quantum simulations. A totally dif-
ferent behavior is obtained with the 2D-curvature de-
sign : the transverse oscillations in the output channel
are almost completely suppressed. As a figure of me-
rit, we evaluate for each guide the excess of transverse
energy of the wave-packet once in the output straight
guide with respect to the ground state energy scale
∆Et. = 〈 1

2mp
2
y + 1

2mω
2y2〉 − 1

2 h̄ω = nh̄ω. We obtain
the respective average number of transverse excitations
quanta n1D = 1.4 and n2D = 5.1 × 10−3 for the 1D-
adiabatic and 2D designs respectively. With our 2D pro-
tocol, we reach a fidelity up to 99.6 %. These results
validates our strategy.

Figure 4b shows the evolution of the longitudinal velo-
city along the bend for both guides. For the 1D-guide,
the final longitudinal velocity obtained from quantum
simulations is noticeably below its initial value, which
witnesses the transfer of energy between the longitudi-
nal and transverse degrees of freedom. A common fea-
ture of both bent guides is that the longitudinal velocity
significantly decreases when the wave-packet is expelled
from the bend center. This is a fingerprint of angular mo-
mentum conservation, even though with the considered
position-dependent curvature profile angular momentum
is not rigorously conserved. This correlation is a signature
that the propagation occurs beyond the adiabatic regime,
for which the longitudinal and transverse motion are ex-
pected to be independent [3, 5–11]. It is remarkable that
the longitudinal velocity obtained from the 2D Schrödin-
ger equation is indeed minimal in the region of strong cur-
vature, where it should be maximal according to the 1D
adiabatic approach. This suggests that the convergence
of the longitudinal velocity profile towards the adiabatic
limit is slow. Indeed the considered 2D curvature profile
κ2D(s) presents rapid variations which violate the adia-
batic criteria (2b) and (2c), as σ|dκ2D/ds| ' 0.6κ and
σ|d2κ2D/ds

2| ' 5κ2 in the vicinity of the strongly curved
region of the bend. In this regime, our procedure clearly
outperforms previous methods based on an effective 1D
potential. Our method only breaks down when the condi-

tion 2(a) is violated. Indeed, in this extreme limit, the
classical/quantum correspondence fails down since the
inertial force strongly varies over the wave-packet size.

Interestingly, our design protocol remains valid in the
presence of interactions (see [51]). Over a wide range of
nonlinear couplings g2D well-beyond the perturbative re-
gime (−0.95 < g2D/g0 < 0.75 with g0/m = 1 µm4ms−2),
the quantum fidelity remains larger than 99 % when we
compare the propagation in the curved guide (same pa-
rameter as for Fig. 4d) with that in a straight guide for
the same propagation time. We have propagated matter-
wave solitons [60, 61] and found a regime of interactions
(−0.5 < g2D/g0 < 0) with a fidelity almost equal to the
interaction-free value. This extra-robustness is attributed
to the quasi-particle behavior of solitons.
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Figure 4: (a) and (b) : Transverse position, 〈y(s/sf)〉, and
longitudinal velocity, 〈ṡ〉(s/sf), of the wave packet as a func-
tion of the normalized longitudinal coordinate, s/sf . The
curves are obtained from 2D classical simulations using ei-
ther the 1D-adiabatic design (red dot-dashed line) or the 2D-
optimized protocol (black dot-dashed line), or from the 2D
Schrödinger equation (1) using either the 1D-adiabatic de-
sign (red solid line) or the 2D-optimized protocol (black so-
lid line). Color plot of the modulus square of the 2D wave-
function |φ(s, y)|2 (in µm−2) after propagation at the position
s = 1.5sf for the 1D-adiabatic design (c) and 2D-nonadiabatic
design (d). Parameters : initial Gaussian wave-function of

widths σy = σs/10 = (h̄/mω)1/2 centered on axis (y = 0)
at s = −0.5sf and with a velocity ṡ0 = 20 mm/s.

To conclude, we have presented a systematic procedure
to design reflectionless strongly curved 2D matter wave
guides with unprecedented quantum fidelity. Our study
has also revealed the pitfalls of 1D effective potential,
and the very slow convergence of a real system towards
this type of adiabatic limit. Our approach provides a new
strategy for quantum control in curved geometry beyond
the adiabatic regime, and is a step forward towards the
realization of highly stable complex matter wave circuits
and of portable guided matter-wave interferometer [18,
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25–30, 39–44, 59, 62] including with soliton [63].

Acknowledgments

We thank Xavier Marie, Xavier Bouju and Rodrigo
Capaz for their useful comments about the manuscript.

This work is part of INCT-IQ from CNPq. It was sup-
ported by the Brazilian agencies CNPq (Grant Universal
No.409994/2018-9), CAPES, and FAPERJ (Grant APQ1
No.210.296/2019) and the Agence Nationale de la Re-
cherche research funding Grant No. ANR-18-CE30-0013.

[1] R. C. T. da Costa, Phys. Rev. A 23, 1982 (1981).
[2] R. C. T. da Costa, Phys. Rev. A 25, 2893 (1982).
[3] J. Goldstone and R. L. Jaffe, Phys. Rev. B 45, 14100

(1992).
[4] Chun-Yan Lin, Giulia Marcucci, Gang Wang, You-Lin

Chuang, Claudio Conti, and Ray-Kuang Lee, e-print
arXiv :2002.03091 (2020).

[5] I.J. Clark and A. J. Bracken, J. Phys. A : Math. Gen.
29, 4527 (1996).

[6] G. Cantele, D. Ninno and G. Iadonisi, Phys. Rev. B 61,
13730 (2000).

[7] P. Leboeuf and N. Pavloff, Phys. Rev. A 64, 033602
(2001).

[8] X. Duan, C. Niu, V. Sahi, J. Chen, J. W. Parce, S. Em-
pedocles and J. L. Goldman, Nature 425, 274 (2003).

[9] A. del Campo, M. G. Boshier, and A. Saxena, Sci. Rep. 4,
5274 (2014).

[10] P. Grivickas, J. F. Geisz and Y. M. Gupta, Appl. Phys.
Lett. 113, 072101 (2019).

[11] C. Schindler, C. Wiegand, J. Sichau, L. Tiemann, K.
Nielsch, R. Zierold and R. H. Blick, Appl. Phys. Lett.
111, 171601 (2019).

[12] H. Shima, M. Sato, K. Iiboshi, S. Ghosh and M. Ar-
royo, Phys. Rev. B 82, 085401 (2010) ; B. Novakovic, R.
Akis and I. Knezevic, Phys. Rev. B 84, 195419 (2011) ;
F. Santos, S. Fumeron, B. Berche and F. Moraes, Nano-
technology 27, 135302 (2016).

[13] C. Ortix and J. van den Brink, Phys. Rev. B 81, 165419
(2010).

[14] S. Tanda, T. Tsuneta, Y. Okajima, K. Inagaki, K. Ya-
maya and N. Hatakenaka, Nature 417, 397 (2002) ; J.
Gravesen, M. Willatzen and L. C. L. Y. Voon, J. Math.
Phys. 46, 012107 (2005).

[15] A. V. Zampetaki, J. Stockhofe, S. Krönke and P. Schmel-
cher, Phys. Rev. E 88, 043202 (2013).

[16] T. Thitapura, W. Liewrian, T. Jutarosaga, and S. Boon-
chui, Plasmonics 12, 1439 (2017).

[17] Run Cheng, Yong-Long Wang, Hao-Xuan Gao, Hao
Zhao, Jia-Qi Wang, and Hong-Shi Zong, J. Phys. :
Condens. Matter 32, 025504 (2020).

[18] L. Amico, G. Birkl, M. Boshier, and L.-C. Kwek, New J.
Phys. 19, 020201 (2017).

[19] D. Kielpinski, C. Monroe and D. J. Wineland, Nature
417, 709 (2002).

[20] J. P. Home, et al., Science 325, 1227 (2009).
[21] R. Bowler, J. Gaebler, Y. Lin, T. R. Tan, D. Hanneke, J.

D. Jost, J. P. Home, D. Leibfried, and D. J. Wineland,
Phys. Rev. Lett. 109, 080502 (2012).

[22] A. Walther, F. Ziesel, T. Ruster, S. T. Dawkins, K. Ott,
M. Hettrich, K. Singer, F. Schmidt-Kaler, and U. Po-
schinger, Phys. Rev. Lett. 109, 080501 (2012).

[23] Shuoming An, Dingshun Lv, Adolfo del Campo and Kih-

wan Kim, Nature Comm. 7, 12999 (2016).
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Nature 413, 498 (2001).

[44] D. Müller, D. Z. Anderson, R. J. Grow, P. D. D. Schwindt
and E. A. Cornell, Phys. Rev. Lett. 83, 5194 (1999).

[45] M. W. J. Bromley and B. D. Esry, Phys. Rev. A 69,
053620 (2004).

[46] G. L. Gattobigio, A. Couvert, B. Georgeot and D. Guéry-
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