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On one-parameter subgroups

Exercise 1. [(8.31) [1]] Show that if p : R — G is a homomorphism from (R, +) to (G, ), then it is
of the form ¢x with X = p'(0)

Exercise 2. Let (X,Y) € g2 be two elements in the Lie algebra of G, a Lie group.

o Show that:
Vg € GVt € R, gox (t)g™" = @ ad(g)x)(t)

e Prove that for every Y € g:
t = Ad(ey (1))

is a one-parameter subgroup in GL (g).

e Deduce that, if [X,Y] = 0, then the one-parameter subgroups ¢x and ¢y commute:

(s, t) € R?, ox(s)ey (t) = oy ()ex(s)

On the exponential map

Exercise 3. [(9.10) [1]| Let G be a Lie group and g its Lie algebra. The subgroup of G generated by
exponentiating the Lie subalgebra

Z(g) ={X € g|VY € g,[X,Y] =0}
is the connected component of the identity in the center Z(G) of G.

e Prove that fact in the case where G is a linear group i.e a subgroup of GL,(R) using the
Campbell-Hausdorff formula.

e Give an intrinsic proof, using the previous exercise.
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