UNIVERSITY OF ZURICH (UZH) FALL 2012
MAT532 — REPRESENTATION THEORY

Exam

Exercise 1. |[The Fourier transform| Let G be a finite group and G the set of (isomorphism classes
of) its irreducible representations. If p : G — GL(V)) is a representation in G and ¢ is a function on
G, define the Fourier transform ¢ : G — End(V,) as

= @9)r(g)

geG

e The convolution ¢ % v of two functions ¢, ¢ : G — C is given by:

(x)(9) = > p(h)(h )

heG

Prove that ¢+ $(p) = $(p)d(p)

e For ¢ : G — C, prove the Fourier inversion formula:
#(9) = a1 Zdlm (p(g™") - 2(p))
pEG
which is indeed an expansion of ¢ over matrix coefficients of irreducible representations.
e For ¢,1 : G — C, prove the Plancherel formula:

> el ‘G, >~ dim(V,) Tr (2(0)(p) )

geqG pGG

Solution of exercise 1.



e Fix g e G:

|é| D dim(V,) Tr (p(g ™) - 2(p))

peCG
= ‘é’ Y e(h) Y dim(V,) Tr (p(g~") - p(h)
heG pe@
- ‘(1;, S e(gh) 3 dim(V,) T (p(h))
heG peC
= w(gh)|cl;| > xe(@)xp(h)
he@ peG
= (gh)one
heG
= »(9)

The next to last step being obtained by orthogonality of columns in the character table.

e Using the previous questions:

D elg () = (px) (e)

geG

_ |é’ > dim(V,) Tr (0 + ()

peG

= |C1¥] Zdim(vp) Tr <
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Exercise 2. |On the dicyclic group| Let n > 1. Define the dicyclic group as:
G := Dic, = (z,a | a®" = 1,2° = a", 2z 'ax = a7 1)

(Fact) Every element in G can be written in the form a¥2%, 0 < k < 2n, ¢ € {0,1}.
The goal is to fill the following character table:

Conj. classes | C(id) | C(a¥) [ C(a™) | C(z) | C(ax)
Cardinality

Triv
15

XVe
U

U/

e (G has an abelian subgroup:
I'={(a)~7Z/2n7Z

Prove that I' is normal.

e Give the irreducible representations that are trivial on I'. They will be denoted T'riv and €.

e If we denote C(g) the conjugation class of an element g € G, we have the following n + 3
conjugation classes:
Ca®),0<k<n

C(x),C(ax)

Describe all the elements in each conjugation class and deduce its cardinality.



e Define what is an induced representation.

e Let xy be the character of I' such that:

xe (a) = o’

T

w=e€en

Define the induced representation V; = Ind? X¢, 0 < £ < n. Compute the characters xy, and
show that:
VI</{<n,V,= Vo

e Prove that for 1 < /¢ <n —1, V} is irreducible, while V{j and V;, are not.

e Prove that there are only two one dimensional representations U and U’ left to find. Complete
the character table - one has to distinguish between n even and n odd.

Solution of exercise 2.
e [t suffices to check that conjugation by x stabilizes I, which is straightforward.

e G/T has two classes:
G/T = {T,aT}

Hence G/T" ~ Z/27Z. The representations of G trivial on I' are in correspondence with those of
Z]2Z. There is the trivial one T'riv and ¢ such that:

e(a®) =1
e(afz) = -1
C(id) = {e}
C(ak) = {ak,a_k},l <k<n-1
C(a™) ={a"}
C(z) = {z,d’z,...,a* *z}
Claz) = {ax, az,. .., a2”_1x}
e Course definition.

e By definition, for the induced representation, there is a basis (1, 1) - by choosing a representative
of each element in G/I" - such that:

V; = Ind¥ x, = Spang (1,21)

with action:

a® 1 =uwk

a2l =w M1

(ak:c) 1 =wMr1

(akx) szl = adf M = (-1



Hence the matrices:

= (4 %)
= (1 )

4
xv, (a¥) = 2 cos <7T>

n

And the characters:

XV, (akx) =0

Since a character completely determines the representation:
VI</{l<n, V= Vo
We see that, for now, the interesting ones are the Vp for £ =0,...,n

e Compute character norms:

Hence n — 1 representations of dimension 2.

e Using the formula:

G =3 dim V2
peG

we find that the two representations left have dimensions n; and no such that:

n% + n% =1
Therefore both have dimension 1.
Let x be a character. Necessarily:
()t =1
x(a)? =1

x(a)" = x(z)*

Depending on the parity of n, one finds two more characters.

Exercise 3. |On sly| Recall that

sly = {.%' € Mg(@) ‘ Trax = 0}

It is a Lie algebra generated by X = <8 é) and Y = <(1) 8) We write H = [X,Y] = (é _01>

The Lie bracket is given by:
[H,X]=2X,[H,Y]=-2Y,[X,)Y]=H

Define the differential operators, acting on polynomials in two variables z and y:

And let £ be the Lie algebra generated by P and @ - with the commutator bracket.



e Prove that slo and £ are isomorphic as Lie algebras. In order to do so, exhibit a Lie algebra
isomorphism between the two and specify the images of X, Y and H.

e Consider the space of homogenous polynomials in two variables of degree n:
V,, = Spanc (mkyn_k,() <k< n)

Prove that V,, is an irreducible representation of £ and isomorphic to a highest weight represen-
tation of sls.

e For which (r,s,t) € N3, do we have:
PT[P, Q]SQt$kyn_k -0

It is strongly advised to use the fact that V), is a representation of £ ~ sls.

Solution of exercise 3.

e Define the linear map ¢ such that:
p: X — P
Y — Q
In order to prove it is a Lie algebra morphism, check that:

Va,b € sly x sy, ¢ ([a,b]) = [p(a), p(b)]

By bilinearity, it suffices to do it for {(X,Y), (H, X), (H,Y)}, hence checking:

[[P,Q],P] =2P
The fact it is an isomorphism comes from the fact it is surjective between spaces of same dimen-

sion.

e First, notice that V,, is a representation because the operators P and () stabilize homogenous
polynomials of given degree.
Seen as a representation of sly, we recognize the highest weight representation with highest weight
n. The highest weight vector is y™.

e Use the fact that the operators X,Y (P, @) change weight spaces, while H ([P, Q]) does not.

Exercise 4. |On sls|

e Let V = C? be the canonical representation of sl3. V* is its dual. Give the highest weight, the
weight diagram and a weight space decomposition for V and V*.

e Same question for Sym?V and Sym?2V*.

*

e Decompose the tensor product Sym?V @ Sym?2V* into irreducibles.

Solution of exercise 4. Done in class.



