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Abstract

This paper presents an a posteriori error analysis for the linear finite element
approximation of the Signorini problem in two space dimensions. A posteriori
estimations of residual type are defined and upper and lower bounds of the
discretization error are obtained. We perform several numerical experiments in
order to compare the convergence of the terms in the error estimator with the
discretization error.
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1 Introduction

The numerical simulation of problems governed by partial differential equations is very
often carried out using approximation methods such as finite element methods, finite
volume methods, finite differences... An important aspect for the user is to evaluate
the discretization errors due to the use of such approximations. This quantification
requires the definition of a posteriori error estimators.

In this work we propose and study an a posteriori error estimator of residual type
for the linear finite element approximation of the Signorini problem in two space



dimensions. Such a problem is represented by a variational inequality so that the def-
inition of an efficient estimator becomes more difficult than in the linear case. Several
studies dealing with a posteriori error estimators of residual type for finite element
approximations of variational inequalities have already been achieved. Nevertheless
it seems that most of the existing work is concerned with the obstacle problem (see
e.g., [1, 10, 9] and in particular the recent references [3, 7, 15] in which upper and
lower bounds of the error are established in the energy norm and the studies [12, 13]
dealing with the maximum norm). Let us recall that there are significant differences
in the finite element analysis (a priori and a posteriori) between the obstacle prob-
lem and the Signorini problem (since the seventies there exist optimal a priori error
estimates with linear finite elements for the obstacle problem whereas such results
are not available for the Signorini problem (see [2])). A specificity of the Signorini
problem comes from the location of the inequality conditions holding only on a open
part I'c of the boundary:

u >0, Opu >0, udp,u=0 on g,

whereas the inequality conditions hold on the entire domain for the obstacle problem
(this is also the case in the elasto-plastic torsion or in the Bingham fluid problems).
As far as we know there is no study yielding both upper and lower bounds of the
error for the Signorini problem (or the equivalent unilateral contact problem in linear
elasticity) written as a variational inequality (or as an equivalent mixed formulation).

An outline of the paper is as follows. Section 2 deals with the continuous setting
of the Signorini problem and its piecewise linear conforming finite element approxi-
mation in which u;, > 0 on I'¢. In section 3 an interpolation operator is introduced
which satisfies a stability property from H' into L?, exhibits optimal approximation
properties and preserves positivity at the nodes of I'c. In section 4 we present a resid-
ual error estimator which consists of the standard interior and jump residuals, a term
measuring the non-fulfillment of the condition d,u, > 0 on I'c and a nonstandard
term taking into account (roughly speaking) the non-fulfillment of the complemen-
tary condition uy d,up = 0 on ['c. A quasi-optimal upper bound of the discretization
error is proved in the energy norm. The bound is optimal when I'c is a straight line
segment which has no common nodes with the closure of the boundary part submitted
to Neumann conditions. Then a lower bound of the error is obtained which becomes
optimal when the above-mentioned nonstandard term vanishes. Finally section 5 is
concerned with the numerical experiments. We solve numerically three examples of
Signorini problems: a first one whose exact solution is not explicitly known, a sec-
ond one corresponding to a known solution and a third test in which the solution
is regular. From the numerical computations we observe that the estimator and the
discretization error have the same rate of convergence and therefore the effectivity
indexes remain quasi-constant. Therefore we can conclude that our estimator is reli-
able. Moreover the computations show that the nonstandard term in the estimator
is small in comparison with the standard term and that their convergence rates are
similar.

As usual, we denote by L?(.) the Lebesgue spaces and by H®(.), s > 0, the
standard Sobolev spaces. The usual norm and seminorm of H*(D) are denoted by



| - lls.p and | - |s.p. For shortness the L?*(D)-norm will be denoted by || - ||p. In the
sequel the symbol | - | will denote either the Euclidean norm in R?, or the length of a
line segment, or the area of a plane domain. Finally the notation a < b means here
and below that there exists a positive constant C' independent of a and b (and of the
meshsize of the triangulation) such that a < C' b. The notation a ~ b means that
a < b and b < a hold simultaneously.

2 Problem set-up and notation

Let €2 be an open subset of R?, with a polygonal boundary I'. Let us fix a “partition” of
I' into three open subsets I'p, I'y and ', where we will consider Dirichlet, Neumann
and Signorini boundary conditions respectively. Since I'p, I'y and I'c are open we
then assume that they are disjoint and that I' := I'p UTy UT¢. We further assume
that the measures of I'p and I'¢ are positive.

In this paper we consider the standard Signorini problem: for f € L2*(Q) let
u € H'(Q) be the variational solution of

—Au =f in €,

U =0 on I'p,
(1) Odyu =0 on 'y,

u >0,0,u>0,ud,u=0 onIg,

where 0,u means the outward normal derivative of u along the boundary. For the
sake of simplicity, in our theoretical analysis, we always assume that the Dirichlet
and Neumann boundary conditions are homogeneous. Nonhomogeneous boundary
conditions can be considered without any significant changes.
To recall the variational formulation of that problem, introduce the closed convex
cone K of H'(Q):
K:={uec H)Q):u>0onTc},

where H} () is defined as
HL(Q):={ue H'(Q):u=0o0nTp}.

Then the variational solution of (1) is the unique solution u € IC of (see for instance
[5])
(2) /Vu-V(v—u)de/f(v—u)dx,‘v’vElC.
Q Q

Recall that this problem is equivalent to u € K and

3) { Jo Vu-Vode > [, fode,Yv € K,

Jo Vu-Vude = [, fudz.

We approximate this problem by a standard finite element method. Namely we fix
a family of meshes Tj,, h > 0, regular in Ciarlet’s sense [5], made of closed triangles.
For K € Tj, we recall that hg is the diameter of K and h = maxger, hx. The
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regularity of the mesh implies in particular that for any edge FE of K one has hg =
|E| ~ hg.

Let us define Ej, (resp. Np,) as the set of edges (resp. nodes) of the triangulation
and set B/ := {F € Ej, : E C Q} the set of interior edges of T}, (the edges are
supposed to be relatively open), B := Ej, \ Ei". We denote by EY := {F € Ej, :
E C Tn} (vesp. EP :={FE € E, : E C I'p}) the set of exterior edges included into
the part of the boundary where we impose Neumann (resp. Dirichlet) conditions, and
similarly E := {E € Ej : E C T'¢} is the set of exterior edges included into the part
of the boundary where we impose Signorini conditions. Set similarly ;™ := A}, NQ,
NN = NNTx, NP := N,,NTp (note that the extreme nodes of I'p belong to N}P).
Let S denote the set of vertices of Q2 and denote by ANF the set of nodes which belong
toCc Ny or to TeNS. Set finally N := (M, \ NF)NT¢ (NF contains the nodes
in I'c which are not vertices of ). For an element K, we will denote by Ef the
set of edges of K and according to the above notation, we set Fi** := Ex N E"™,
EY = ExNEYN, E$ = ExNEf.

For an edge E of an element K introduce nk g := (n,, n,) the unit outward normal
vector to K along E and the tangent vector tx g = ng p = (—ny,n,). Furthermore
for each edge E we fix one of the two normal vectors and denote it by ng and set
tg = ng.

The jump of some (scalar or vector valued) function v across an edge F at a point
y € F is defined as

)], = { lim, . ov(y +ang) —v(y —ang) VE € E™,
E v(y) VE € E;*t.

Note that the sign of [v], depends on the orientation of ng. However, terms such as
a gradient jump [Vv - ng]y are independent of this orientation.

Finally we will need local subdomains (also called patches). As usual, let wg be
the union of all elements having a nonempty intersection with K. Similarly for a
node z and an edge F, let w, := Ug.,ex K and wg := U cpws.

We introduce the spaces

Vi, = {"Uh S C(Q) tUpk € Pl(K),VK S Th}, W, = {Uh eV, :v,=0o0n FD},
and we define the closed convex cone
/Ch =KN Wh.

The finite element approximation u; of w is the unique solution u; € ICj, of

(4) / Vuy - V(v —up) de > / fop —up) dx, Yoy, € Ky,
Q Q

3 The positivity preserving interpolation operator

Inspired from [3] we introduce a new interpolation operator 7, that preserves posi-
tivity at the nodes belonging to N,©, which satisfies a stability property from H! into
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L? and exhibits optimal approximation properties. For any v € H'({), we define m,v
as the unique element in V}, such that:

TRHY 1= Z (V) Ag,

IGNh

where for any € NV, A, is the standard basis function in V}, satisfying A\, (z) = 0.4,
for all 2’ € N}, and «,(v) is defined as follows:

a,(v) = ﬁ/A v(x)dz, Ve € Ni" UNY,
az(v) = |1“1|/F v(z) do(x), Vo € N UNP.

The sets A, and I', are fixed in the following way: For z € N;™, the set A, is the
maximal ball centered at z such that A, C w, (see [3]); for z € N}V, we take the
standard patch A, := w,; for v € NF UNP, take the maximal ball A, centered at
such that A,NQ Cw, andset I', := A, NI'cforx € th, I', =A,NI'pforz e /\/',f).
For =z € ./\/,{E , fix an edge E, € Ej containing x and included into I'c. Let z,
be the node of E, different from x and let m, be the midpoint of E,. Note that z,
belongs to N, (the mesh is supposed fine enough). Now for z € NP, we set

1
mpo(my) :

= Vo] . v(x) do(x)

and we define m,v at = by extrapolation using m,v(m,) and «a,, (v), namely
o, (v) 1= 2mpv(my) — o, (v), Vo € NF.

Remark that the mesh regularity assumption implies that the diameters of A,
I', or E, are equivalent to h., h, being the diameter of w,.

It is easy to see that 7 is linear and that 7, (H5(Q)) C Wj,. Note also that the in-
terpolation operator is of Clément/Chen-Nochetto type in QUI'y and of Scott-Zhang
type in '\ 'y, this last modification being made as in [3] to guarantee the following
properties:
1) Positivity preserving: if v > 0 on w, (x € N}, \ N}F), then m,v(z) > 0. Moreover
if v € K, then myv(x) > 0, for all z € NE (this means that m,v is almost in Kj, the
exceptional nodes are the ones in AF for which the nonnegativeness is not guaran-
teed).
2) Optimal approximation property: if v € Pj(w,), then mu(x) = v(z), for all
z € N UNF.

Let us now show the stability property from H' into L? of m:

Lemma 3.1 For allv € H'(2) and all K € T, E € Ej, such that KNNE =10,
ENNF =0 one has

(5) Imnoll
(6) 7] e

[0llwre + iVl

<
—1/2 1/2
S B0l + RV
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If there is a node x € NF which belongs to K or to E then the sets wi and wg in
(5)-(6) have to be replaced by Upep, .cp Wr-

Proof: For z € N/™ UN}N, by Cauchy-Schwarz’s inequality we have
s (0)] < 1A 0]l

and since |A,| ~ h2 we deduce

(7) o (0)] S bz v, + 1V, -

Similarly for x € N¢ UNP, we have
| (V)] < [Tl 2 follr,

and using the standard trace inequality

(8) lolle < b lollx + hig* | Vol VE € Ex,

we still obtain (7) since || ~ hy.
Finally for 2 € NV}F one has
e (v)] - < 2fmpo(ms)] + [z, (v)]
S he (Il +110le) + (V. + [VlL,)
Sy 0llos, + 1V,

by the standard trace inequality (8) and the estimate (7) already obtained for |a, (v)].
The conclusion follows from the fact that | \;||x < hg, for any node x of K and

el S hzﬂ, for any node x of E. =

Lemma 3.2 For any v € H'(Q) we have

9) v —molle < hrl|VUlloe, VK € T, such that K " NE =0,
(10) o —molle < L2 Volloy, VE € Ej, such that ENNF = 0.

If there is a node x € NF which belongs to K or to E then the sets wx and wg in
(9)-(10) have to be replaced by Upcp, .ccr Wr-

Proof: The proof is relatively standard and is based on the above stability properties
and the fact that 7, preserves the constant functions (see [6, 14], or [3, Coro 3.1]).
Let us give the proof for the sake of completeness. Let be given an arbitrary constant
function c(r) = c,r € , then from the definition of 7, we may write for any
ve H(Q):

v—mpv =v—c—m(v—oc).

Therefore by Lemma 3.1 we get

(11) o —molle S 1[0 = cllog + hicl|VOllwy, Ve € R,
(12) lo —molle S B2 v = cllos + B[V, Ye € R.

The conclusion follows from a standard interpolation property choosing in (11), (12)
c:= [yv(x)dz/|X]| where X := wg, X :=wpg or X 1= Upcp, .crwr (see [5]). -
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We will now exploit the maximal approximation property to deduce the next
result:

Lemma 3.3 For any v, € W), we have

(13)  Jon(e) —mpon(2)| SHP Y 1 (vn) | 2, Yo € NG U N,
EcE™UEYN xeE
(14) on(x) = mon(@) S > [ ea(on)|e Vo € M,

EcEint:z, €E

where Jg,(vy) means the gradient jump of vy, in the normal direction, i.e.,

[2e] VE € Ei™,
JEn = onp B
) { e By,

Proof: If z € N/™ the estimate (13) is proved in Lemma 3.3 of [3], we adapt this

proof for z € NiF UNF.
If z € N, denote by Ej, j = 1,2 the two edges of Ef having z as node. Since vy,
is continuous at x and is piecewise Py, for j = 1,2, we may write

vp g, (1) = vn(2) + (Opong,)(t — ) on K.

Integrating this identity on I', N E;, using the definition of m,v,(2) and denoting by
2p the diameter of I',, we get

T+p
vp(z) — mpop(z) = vp(z) — 1 / vp(t) dt

2p P
1 /0 L[
_ _2_/)/ (&thl)tdt—%/o (Orvnim, )t dt

—p

- g(atvhwl — OwvpiE,)-

Using the estimate p < h, and using the fact that = is not a vertex of {2, we obtain

v (2) — ThvR(@)] S helOrvne, — Ovnss| < he [Vorx, — Von,

I

where K (resp. K,) is the triangle containing F; (resp. E;). We then conclude
using Lemma 3.4 below and Cauchy-Schwarz inequality.
Now fix z € NF. Since v, is a polynomial of degree < 1 on FE,, we have

1
vp(my) = |E_z| . vp(z) do(x).

Consequently by the definition of 7, we have vj,(m,) = mv(m,) and
vp(x) — o (x) = 2(vp(my) —ThvR(me)) — (Vp(22) = ThoR(22)) = —(Vn(22) — TRUR(22))-

As z, belongs to N, the estimate (13) already proved for z, leads to the conclu-
sion in (14).



It is easy to see that the result (13) is generally false when x € N} and that (13)
is trivially true when z € N}P.

Lemma 3.4 Let x € N}, \ Nj™ and denote by K;, i = 1,---,n the set of elements of

Ty, having x as node and such that K;NK;y1 = E; (E; € Ey),i=1,---,n—1. Then
for any vy, € Wy, and all k =1,---,n — 1, we have

n—1

\Vonk, — Vour, | < Z

=1

0
2]

E;

Proof: For an arbitrary edge £; = K; N K,.1, there exists a matrix of rotation B;
such that

Oy K; K14
— 8nEZ~ . _ 8nEi
VUh|K,- = B; vk, 7vvh|Kz’+1 = B; Ovp|r; 4
6tEi 8tEi
: : . . O’Uh‘Ki o 8vh‘Ki+1 .
The continuity of v, through F; implies that = and therefore by differ-
8tEi 8tEi

ence we get
[one]
vUhUQ - vvthi+1 = B; 0 "B, .

Summing this identity from ¢ = k to n — 1, we obtain

n—1 [[aavh ]]
VUMKk — VUh|Kn = ZBi 0 "E; " E, .
i=k

The conclusion follows from the property ||B;||2 = 1 where ||.|| denotes the matrix
2-norm. ]

Corollary 3.5 Let v, € Wy, and E € E), such that ENTy = (. Set
Xg = U G.
GEEIMUEN :GNE#)
Then
(15) [on = mhonlle < he > [T (vn) || -

FeE™UE] :FNXp#)
Proof: The corollary directly follows from Lemma 3.3 and the equivalence
lonlle ~hi® D7 Jon(@)]. Fon € Wi
xGNh:mGE
We finally mention that if ENNF = () (and also ENTy = ) then the estimate (15)

merely becomes

lon = monlle S he > [T (vn) | -

FeEMUEY :FNE#(



4 Error estimators

4.1 Definition of the residual error estimators

The exact element residual is defined by
Rg = f+ Aup, = f on K.

As usual this exact residual is replaced by some finite dimensional approximation
called approximate element residual

Tk € Pk(K)

A current choice is to take rg = [, f(x)dz/|K| since for f € H'(), scaling ar-
guments yield ||Rx — ||k S hi|flix and is then negligible with respect to the
estimator 7.

Definition 4.1 (Residual error estimator) 7The local and global residual error es-
timators are defined by

M = T + Mosics
2 2 2 oup \ 2
e = hi | hellrlic+ Y0 [ealw)ll+ D | o) lE]:
E€EPtUEY E€E§ E
(9uh +
2 ~
s = Z /Whuh (—) )
E€EY E Ong
o= ) g,
KeTy

where Tpuy is defined as the unique element in ICp, defined at each node as follows:
Fhun(r) = muup(z), Vo € Nj, \ NF,
ﬁhuh(:c) = uh(x),Vx S NhE
Moreover we set
1/2 1/2
Ns = (Z 773[() and Tns = <Z 771215K> :
KeTy KeTy

The local and global approzimation terms are defined by

=0k Y |Rx—riclic, =)

K/ CLUK KETh

In the above definition we used the indexes s and ns to underline the fact that the
estimator 7,k is quite standard, while 7,k is not. Recall that the estimator 7,k
measures the non fulfillment of the complementary condition ud,u = 0 on T

9



4.2 Upper error bound

Theorem 4.2 Let u € KC be the solution of (2) and uy, € ICp, the solution of (4), and
denote the error by
€:=1u— up.

Then we have
el S (14 C(h)(n+ <),
where C'(h) = 0 if N)F =0, otherwise C'(h) = \/—In(h) (h is supposed small enough,).
Proof: Applying (2) with v = u;, we have
‘eﬁ,g = (Vu,V(u—un)) = (Vup, V(u—up)) < (f,u—up) — (Vup, V(u — up)),

where from now on (-,-) means the L?*(2) inner product (for scalar or vector-valued
functions according to the context). Therefore for any v, € K, we may write

lelf g < (fou—up) — (Vun, V(u— ) = (Vag, Vv, — up)).
Applying the inequality (4) we obtain
el o < (fyu—vn) = (Vun, V(u = vp)), Yoy, € Kp.

Now applying elementwise integration by parts we arrive at
(16) lelia < (f,u—wn)

ou
_ Z /JEnuh (u—vp) — Z /an;u—vh ), Yo € Ky,

EeE EcENUEY

At this stage we fix the choice of v,. Namely vy, is the unique element of Cp,
defined at each node x as follows:

mhu(r) if z € Njmt,

on(z) = up(z) + mhe(x) if z € ./\/',fv,
' moun(z) + mret (x) — mre(z)  if 2 € NE,

up () if v € NF,

where for v € H*(Q) and z € N we define

*o(x) := min 7Tva:L o 1
rio(a) : {h”’w [ vty dnto). o [

E;,j = 1,2 being the two edges of I'c having x as extremity. We then set mjv(z) =
mpv(z) at the nodes in Nj, \NF. From the nodal values 7jv(z) we may define miv € V,
(note that 7} is not linear). Note that the following positivity preserving property
holds: v > 0 on I'c = mw(z) > 0,Vx € NF. With this choice we deduce that
vp(x) > 0 for all z € N because for such a z

(o) do(a) .

e (x) < me () < mup(x).
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This last estimate follows from the estimate e~ < uy, on I, which is a consequence of
the non negativeness of u and wuy on ', and from the positivity preserving property
of m;, at the nodes in Nf. Remark furthermore that 7fe*(z) > 0 for all x € NF.

With the above choice we are able to estimate each term of the right-hand side of
(16). We start with the integral term. Cauchy-Schwarz’s inequality implies

(17) ((fru—w) < D Ikl — ol

KeTy,

Therefore it remains to estimate ||[u — vy||x for any triangle K. From the definition
of v, we have

(18) Uu—v, = U-— Z Thu(T) Ay

zeNj"aeK

- Z (up(z) + mhe(z)) s

zeNN:zeK

— > (mun(e) + mhet (@) — e (2) A

J:ENhC:xEK

- Z up(x) A on K.

zeNF ek

This identity may be equivalently written

(19) u—v, = e—me+ Z (un(x) — mhun(x)) Ay

xGNﬁ"t:xEK
+ Z (up(z) — 2mpup(2) + mu(x) — mret (x) + mre (7)) A\,

xGNhC:zEK

+ Z (mhu(z) — mpup(z)) A, on K.

mGNhE:xEK

By the triangular inequality and the fact that |A;||x ~ hx for any node x of K,
we then obtain

lu—vnllx < lle —mhellx + hi > lun(z) — mpun ()]
xENﬁ"tuNg:xEK

+ hk Z \mhu(z) — mup(x) — mret (x) + mre” (o)
wGNhC:IEK

+ hg Z |Thu(z) — mhup ()|, VK € T.

zeENE xeK

Using Lemmas 3.2 and 3.3 as well as Lemma 4.4 below, we obtain

(20)  llu—vnllx S hellVella, +hi Y naer + Crcher/=In(h) || Vel o,

K'Cwgk

11



where Wx 1= Upep,.mnrzowe, Ck = 0 if K NNF =0, otherwise Cx = 1.
Using estimates (20), (17) and the fact that a node in A;¥ belongs at most to a
bounded number of elements (independently of h) leads to

(21) ((fsu=wn)| S L+ C(R)n+ O+ ¢+ [[Vella).

Let us now pass to the estimate of the interior boundary terms in (16): as before
the application of Cauchy-Schwarz’s inequality leads to

(22) > /EJE,n(Uh)(U—Uh) < > I ea(wn)lsllu = vnlle.

EcEint EcEint

Therefore using the expression (19) of u — vy, the triangular inequality and the fact
that ||A\.||z ~ h]lE/2 for any extremity x of E, we then obtain

lu=wnle S lle—mele+h” > Jun(e) — mhun(a)|

TeNJMUNE z€E

+ b2 > maule) — maun(z) — mhet(z) + mhe” (a)]

Z‘GNhC::EEE
+ Y Z \mhu(z) — Thun ()|, VE € E™.
zeNFE zeE

As before using Lemmas 3.2 and 3.3 as well as Lemma 4.4 below, we arrive at

lu=wnlls S P Vellag + R D" nox + Cuhyl*/=n(he)|[Ve|o,

KCwg

where Wg 1= Upep, . rnpz wr, Cp = 0 if ENNFE =0, otherwise Cp = 1.
Inserting this estimate in (22) we arrive at

(23) Z /E Tin(un) (= )| S (14 CR) 0+ O+ ¢ + [ Vel).

EcEint

The estimate of the exterior boundary term is split up into terms on I'y and on
I'c. The term on I'y is estimated exactly as interior boundary terms so that

(24) 3 / Jin(un) (1 —m)| S (L4 C) (0 + O+ ¢ + | Vella):

EeEY

On the contrary the terms on I'c are more carefully analyzed. Namely we write

(25) =S /E%(u—vh)zh—l—f,
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where

v ) wew

E€EY

SR WACH

EeEf¢

The term I_ is estimated exactly as the interior boundary terms where Jg ,(up)

is replaced with (a:j; > . So we obtain

(26) (]S A+ C(h)(n+ QO+ ¢+ [[Vella).

To estimate the term I, we consider an edge E € Ef. Using the expression (18)
and since 7re”(z) > 0, Vo € NF, we get

vp—u = —u-+ Z (mpun(z) + mret(x) — mhe™ () A\e + Z up () Az
xGNS:mEE’ IL‘GNhEZxGE
< —u+ Z (mpun(z) + mret (2))A\, + Z up(x)\, on E.
mGNhC:xEE' ﬂcGNf:xGE

If ENNE =0 then

(27) vp —u < Tpup + mret

—uon F|

where we have set
* + * 4+
e E e (z) g

2EN}:z€E

If ENNF =z, then denote by 2’ = ENNF. Therefore we have on £
(28) vp —u < —u+ (mpup (') + mret (7)) A + (un(z) + 7het (') As,

since mre™ (2’) > 0. Integrating the above estimates (27) (resp. (28)) and using the
properties

1
(29) /7The+ </ + (resp. mret(z) < —/ et

which follow from the definition of 7fe™ (x), we deduce that for any F € E:

/E(Uh_u)S/E(ﬁhuh+€+—u).

Now using the property et = e + ¢~ and the estimate e~ < uy on I'c we arrive at

/E(Uh —u) < /Eﬁhuh.
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_l’_
Using this estimate and the fact that (8“1’;> is a nonnegative constant on each edge
E of T'c, we conclude that

auh 2
(30) 0<I; S Z /Whuh <8nE> = s

EeEf¢

Going back to the identity (16), using the estimates (21), (23), (24), (26) and (30),
as well as the identity (25), we conclude that

lefia S (1+C(R)n+¢)n+ ¢+ [Vela).

The conclusion follows from Young’s inequality. [

Remark 4.3 This remark is concerned with the choice of v, on I' in (16). From the
above proof, the following three main properties have to be satisfied:
1. wp(z) >0, for all z € NF UNFE,
2. estimation of uy,(z) + mu(z) — mup(z) — vi(x), for all z € N,
3. for all E € EY, estimate the quantity / (vn —u) by a term representing the error
estimator.

The first idea is to choose v, = m,u but this choice does not guarantee point 1
at NJF, point 2 at NV} since Lemma 3.3 is not available in this case, while point 3
seems not possible. The second possibility is to take v, = uj, + e (since uy, + Te =
up+mpu—mhuy is close to mpu). This latter choice guarantees point 2 for N,{V, but does
not fit point 1 for NFUNF. Point 3 suggests to use a new operator 7} which satisfies
[ mv —v < 0 for almost all edges in Ef (see (29)) but also the edge approximation
property as in Lemma 3.2. After some tentatives, an appropriate choice seems to be
vy = mTpuy, + Thet — mre”, since it guarantees points 1 and 2 at V)¢ and point 3. For
the exceptional nodes NP, we choose v, = wy, since points 1 and 3 are satisfied and
point 2 is almost optimal (see Lemma 4.4 below).

Lemma 4.4 The next estimates hold:
i) For any x € N, one has

(31) [mhun(z) — mhu(e) + mhet(x) = mhe” (2)] S I Vellw,,

where E € ES is such that v € E and ENNF = ).
i) For any x € NiF, one has

(32) |mhun(z) — mou(z)] < /= In(h)|| Vel q.

Proof: Fix z € N and E € EY such that x € F and ENNF = (). From a scaling
argument and since all norms are equivalent on any finite dimensional space, we have

|Thun(x) — mu(z) + mret (x) — mre (x)] S h;;l/QH — e+ et — e || B
By the triangular inequality we get

[mtun (@) —mu(@)+miet (@) —mhe” (@)] S b (le=mnell g+l —mretls+le” —mhe [[g)-
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By Lemma 3.2 and since |Ve™| < |Vel, [Ve™| < |Ve| we conclude that
[mhun(x) — mu(z) + et (z) — mie ()] S Vel

recalling that if 7jj(v) = > .\, a5(v)Ae we have for any z € N, |aj(v)] <

Y

h [v)lw, + [[VVlw,. Since 75 preserves the constant functions (because for ¢ € R,
7y (v+c)(z) = mrv(x) 4 c and therefore 7} (v+c¢) = v +¢) we come to the conclusion
that ||v — mfv||g < h}E/QHVvaE. Hence estimate (31) holds.

Let us now fix € NF and denote by E an edge in I'c such that x € E. Then by
the fact that all norms are equivalent on any finite dimensional space, we have

[mnun(@) — mhu(z)| = |mue(@)] S hig'?|lmnelle.
Introducing e artificially and using the triangular inequality we obtain
[mvun(x) = ()| S ' (lle = mnellw + el ).
The first term is estimated using Lemma 3.2:
(33) hille = miell s < [|Vels.
where W, := Upcp, »cpwr. To estimate the second term we remark that by Holder’s

inequality we have

el < H€||LP(E)h115/q,

for any p,q > 2 such that 1/p+1/q = 1/2. Since E is a subset of I'c we write

lells < llell ey hn?.

At this stage we use the trace theorem H'(Q2) — H'/?(I'¢) and the following embed-
ding (see [2]): for any real number p € [1, 0o,

1
ol ooy < CVBlloly ) Yo € HE(TC),
where C' is independent of p. As a consequence

—1 1/2
lells < llellioy/p by /Phil?.

Choosing p = —In(hg) (hg is supposed sufficiently small) we finally get the estimate

lells < I Vello hi? /= In(hp),

by using Poincaré’s inequality. This last estimate and (33) lead to (32). "
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4.3 Lower error bound

Theorem 4.5 For all elements K, the following local lower error bound holds:
(34) Nsx S IVellug + Cx-

Proof: The estimates of the element residual

(35) hilrellx S [IVellx + k.

for K € T}, and of the normal jump

(36) hig | n(un) |2 S (| Vellog + C

for £ € E? U EY are standard [16] since for any w € V := {v € HY(Q) : v = 0 on
I'pUT¢}, wand —w belong to K and therefore

/Vu~dex:/fwdx, Yw e V.
Q Q

We slightly modify this argument to estimate the negative part of the normal deriva-
tives on I'c. Namely for an arbitrary edge E € EY, we introduce the edge bubble func-
tion bp associated with F defined on the element K containing F (i.e., bg := 44X, Ao,
where ay, ay are the two extremities of E). Then we set by := 0 on Q\ K. We recall
that (Qup/0Ong)~ € Po(E) and set

Wg = (%) bg € ,C,

anE

We first remark that

2
dup _/%%b__/ Qun )y,
Using an integration by parts on K such that £ C K we have

0
/ Vuh-VwE :/ ﬂwE.
K E anE

The last two identities lead to

N2
E ong K

or equivalently

o () ) b v f o v

16



Besides as wg € K by the inequality (3) we may write

K K
This inequality in (37) yields

H(ENEET AR

Applying Cauchy-Schwarz’s inequality we obtain

2
i -
i~ [ ((37) ) b < Vel Vgl + £ iclwe

From a standard inverse inequality [16] we arrive at

8uh B
W12 ) Lo % el + el e

Writing f = Rk — ri + rx and using the estimate in (35) we finally conclude that

0
(38) ”2||( ) le < IVellx +C.
ong

We obtain (34) by putting together the estimates (35), (36) and (38). n

For the non standard residual estimator we may prove the following non optimal
estimate:

Theorem 4.6 For all element K such that K N ES # 0, the following local lower
error bound holds:

(39) B S 2 ((IVellow + G Fnuns

EeES

0
Il (15 32 (19ellon + ) + lelz) ).

KCog
where Wg := Upcg, . pniLp WF-

+
Proof: We only need to prove (39) if <6uh> > 0 on E, and in that case (%) —

8nE
gnLZ. Therefore using the equivalence of norm in any finite dimensional space, we may
write

8uh - (‘3uh - 8uh - 6uh -
5 TRUp = |—7Thuh’ ~ ’—Whuh\bE— — Tpup bg,
g \Ong g Ong

17



where bp stands for the edge bubble function defined on the triangle K containing
E. Let x be the node of K which is not located in £. We define ,u;, € Py(K) such
that Tpup(x) := 0 and 7puy := Tpuy on E. Setting v := 7puy, be, which belongs to
H'(K) and applying Green’s formula we obtain

[, (Gre) 7o~ |
e TrUp ™~ Vuh-Vv.
g \Ing K

Again Green’s formula on K yields

/Vu-Vv:/fv—l—/anuv.
K K E

The last two identities show that

+
/(gﬂ) ﬁhuhw—/Ve-Vv+/fv+/8nuv.
E nE K K E

Now we transform the last term in the previous expression as follows:

/&mv = /6nu(7~rhuh—uh)bE+/8nu(uh—u)bE,
E E E

reminding that ud,u = 0 on I'¢. This identity in the previous one yields using a
standard inverse inequality

duy, T -1/2
Ony ) T S Vel + hxllfllg)hg " |7nunll &
E

+ 0wl (| Thun — unlle + |lun — ullp).

Since we readily CheCk that
|| huh_uhHE || huh_uhHEu
7 \/_ 7

by Corollary 3.5 and Theorem 4.5, we get

IFvun —wnlle S 02> nae Shi® Y (IVellu + Cx)-

KCog KCog
This estimate in the previous one leads to the conclusion. [
Corollary 4.7 The following global lower error bound holds:

1/2

gesl X (S UvelR, + @) |+ Ioulrclelre,

KET): KNES#0 K'Cox
where W := Upep, . pnk£0 WE-
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Proof: Summing the estimate (39), using discrete Cauchy-Schwarz’s inequality we
come to the conclusion since one readily sees that

|Trunllre S lunlve S 11 fllo-

S Picllull2w

~

Remark 4.8 If theoretically one has ||Ve|x < hillull2w, and |le]x

~

then the previous Corollary gives the rough estimate

(40) Ms S 02|l

~Y

where By, is a small neighbourhood of I'¢ satisfying |By| ~ h. If we suppose that the
H?-norm is uniformly distributed in Q then (40) guarantees the convergence to 0 of
the estimator 7,,, (quicker than h'/?). We finally mention that the following numerical
experiments show that the convergence rates of 7,5 and 7, are similar and that 7, is
small in comparison with 7, independently of the regularity of w.

5 Numerical experiments

In this section, we solve numerically three examples of Signorini problems with linear
triangular finite elements. As previously mentioned we denote by e := u — uy the
exact error and by 7 the estimator. Among others we are interested in computing the
convergence rates o and [ of the errors n and |e|; . We compute these convergence
rates by considering families of uniform meshes made of triangular elements and
supposing that 7 and |e|; o behave as Ch® and Dh? respectively, where C, D denote
positive constants. We are especially interested in determining the effectivity index

Ui
1,0

V=

e

This ratio measures the reliability of our proposed estimator.

We skip over the study concerning optimized computations obtained using to-
gether the error estimator and a mesh adaptivity procedure which is beyond the
scope of this paper.

In the following we denote by Ng, the number of elements of the mesh on I'¢.
Since we use uniform meshes, this parameter measures the size of the mesh.

5.1 Test 1 : an example where the exact solution u is not
explicitly known

We consider the problem depicted in Figure 1 where € is the square ]0, 1[x]0, 1[. The

Dirichlet condition v = —1 is applied on the left edge {0} x]0, 1] and the condition

u = 1 is applied on the right edge {1} x]0, 1[. The part I'¢ of the boundary submitted
to Signorini conditions is ]0.25,0.75[x{0}. The remaining boundary parts of I" = 052
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o| I'm I'c 'y =

Figure 1: The geometry of the problem

are submitted to homogeneous Neumann conditions d,u = 0. We further take f =0
in Q.

As far as we know this problem does not admit an explicit solution. Consequently,
in order to obtain error estimates for |e|; o, we must compute a reference solution
denoted by u,.y corresponding to a mesh which is as fine as possible. The most
refined mesh comprises 66049 nodes, 131072 triangles and 256 elements on each edge
(128 on I'¢r). It furnishes the reference solution u,; which is represented in Figure 2.
Therefore we assume in the computations that e = e — up.

We observe numerically on I'c that u = 0 (and d,u > 0) on ]0.25,z¢] x {0} and
that d,u = 0 (and u > 0) on [xg,0.75[x {0} where x( is approximately 0.37. From this
observation, we may expect that the exact solution u belongs to H*(Q2), for all s < 3/2,
since u may be considered as a solution of a mixed (Dirichlet-Neumann) problem [§]
(see also [4, 11] for Signorini problems). By classical a priori error estimates for finite
element methods we may then expect that |e|; o < Ch*~!, for all s < 3/2. Note that
if the Signorini condition is replaced by an homogeneous Neumann condition then
the solution becomes u(x,y) = 2z — 1, V(x,y) € €. Since this function is negative
on ]0.25,0.5[x{0} we see that the Signorini conditions modify the latter solution, in
particular on the left part of I'¢.

In Table 1 we report the square of the estimator n? together with the standard and
nonstandard contributions (we recall that 7% := KeT, iy Mo =3 KeT, n2.; and
n* = n?+n2,). In this table we see that the contribution n?, corresponding roughly
speaking to the non-fulfillment of the complementarity condition u d,u = 0 on ' is
always negligible (lower than 2%) in comparison with 2 and that 7,,/n converges
(approximately towards 0.08) as h vanishes. Moreover we note that the norm terms
included in 7, involving the negative part of duy,/0On are always equal to zero, at
least in this example. If we compute the convergence rates of 7,7, n,s respectively
on the two most refined meshes (N = 32 and N¢ = 64) we find 0.508,0.508,0.521
respectively which seems to indicate that the convergence rates of ny and 7, are
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close. We also remark that if instead of 7,u, we take uy in the computation of 7,
the values of this modified nonstandard term are similar.

The "exact” error |e|; o, the estimator n and the effectivity index v are reported
in Table 2. The average convergence rate « for the estimator n and the average
convergence rate [ for the exact error |e|; o are o = 0.567 and § = 0.588 and are
therefore very close. Note that the convergence rate for |e|; o is even better than
“theoretically” expected. We also observe that the effectivity index varies between
3.9 and 5.3 and more precisely between 3.9 and 4.3 for the intermediate meshes (the
value 4.9 corresponds to the coarsest mesh with only 4 elements on each edge of ()
and the value 5.3 is obtained with the finest mesh comprising 128 elements on each
edge of 2. One can reasonably think that the latter value is a bit overestimated since
the finite element solution is in this case ”artificially” closer to the reference solution
Uyer. Of course we cannot compute the effectivity index for No = 128 since |e|;,o = 0
in this case). Finally, Figure 3 depicts both the exact and the a posteriori errors as
a function of 1/h, this figure confirms the equivalence between |e|; o and 7.

Figure 4 represents the distribution of the local indicators ng for a specific mesh
comprising 32 elements on each edge of 2. We see that the local indicators 7k increase
near the singularity located at (0.25,0).

MIN = -1.00E+00
MAX = 1.00E+00
-0.98
-0.89
-0.80
-0.70
-0.61
-0.52
-0.42
-0.33
-0.23
-0.14
-4.69E-02
4.69E-02

0.14

0.23

0.33

0.42

0.52

0.61

0.70

0.80

0.89

0.98

D 7 JKLM P

<KCHWITVOUVOZZIr’X«e -~ IOMMOUO®>

Figure 2: The reference solution (256 x 256 finite element mesh) and its corresponding
isovalues
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I 7 | ? | 2, | n2./n*(in %) |

Neg =2 3.6742 3.6245 4.97046 102 1.352%
Nec =4 1.2940 1.2789 1.51296 102 1.169%
Nc =38 0.60746 0.60233 5.13779 103 0.846%
Nc =16 0.29630 0.29424 2.06056 10~ 0.695%
Ng =32 0.14556 0.14462 9.45764 10~* 0.649%
N¢ =64 0.07198 0.07152 4.59264 10~% 0.638%

Table 1: Standard and nonstandard contributions in the estimator

| | 7 [ el | v=n/lele]
No =2 || 1.9168 | 0.38004 | 4.9269
No—4 | 1.1375 | 028701 | 3.9634
No =8 || 077879 | 0.19894 | 3.9146
No =16 | 054433 | 0.13475 | 4.0395
No =32 038152 | 0.08777 | 4.3468
No =64 026829| 0.05054| 5.3084

Table 2: The estimator, the exact error and the effectivity index

Errors

0.1;

Convergence rate: 1/2

0.01

4 8 16 32 64 128
1/h

Figure 3: The exact and a posteriori errors |e|; o and 7 as a function of 1/h (log-log
scale)
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Figure 4: The map of local indicators nx (case of the 32 x 32 finite element mesh)

5.2 Test 2 : an example where the exact solution u is explic-
itly known

We consider the domain €2 as the 3/4 of the unit disk, whose geometry is suggested
in Figure 5. It corresponds to the unit disk in which a quarter (the lower right part)
has been removed. We suppose that I'c =]0,1[x{0}, 'y = {0}x] — 1,0[ and I'p is
the remaining part of the boundary. On I'y we set d,u = 0 and impose the non-
homogeneous Dirichlet condition wu(r, #) = cos(20/3) on I'p, where (r, 6) stand for the
polar coordinates. Moreover we take f = 0 in (2.

I'p

Ly

Figure 5: Problem set-up
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It can be checked that the exact solution of this Signorini problem is

2 20
u(r,0) =13 cos 3

and that d,u = 0 and v > 0 on I'c. Such a solution belongs to H*(£2), for all s < 5/3.
Therefore |e|; o < Ch*™!, for all s < 5/3, thanks to classical a priori error estimates
for finite element methods.

We compute the exact (here it is not necessary to determine a reference solution)
and the a posteriori errors and we report these quantities together with the effectivity
index in Table 3. For this example the contribution 7?2, is always zero, a phenomenon
that we cannot explain but which confirms that 7,s seems to be negligible. We observe
that the average convergence rates a and [ for the estimator 7 and the exact error
le1.o are given by: o = 0.652 and # = 0.662, and are still very close in this example.
Note that 3 is close to 2/3 as theoretically expected. Moreover the effectivity indexes
show few variations since they stay between 10.5 and 11.1. We finally observe that
these values are greater than those from the previous example. Figure 6 represents
both the exact and the a posteriori errors as a function of 1/h, where we still see their
equivalence.

Figure 7 represents the distribution of the local estimators 1 for a specific mesh.
Again we see that the estimator increases near the origin in which a singularity is
located.

| I | lehe | v=mn/leha]|
Neo =10 0.47541 0.043546 10.917
Nec =20 0.30731 0.029029 10.586
N¢o =40 0.19165 0.018050 10.617
No =80 0.12246 | 0.010990 | 11.142

Table 3: The estimator, the exact error and the effectivity index

5.3 Test 3 : a more regular example

We consider the triangle Q of vertexes A = (0,0), B = (1,0) and C' = (1/2,1/2) and
we define I'p =|B,C|, I'y =]A, C|, I'c =]A, B[. The Dirichlet condition u = 0.05 is
applied on I'p, the Neumann condition d,u = 0 holds on I'y and we choose f = 1
in Q. The solution (approximated with a fine mesh) is depicted in Figure 8 and we
observe that it is more regular in comparison with the two first tests. As in the first
example ['c is divided into two parts: the right side where v > 0 and the left one
where d,u > 0. So we determine the convergence of all the terms involved in the
global estimator 1 and we report the results in Table 4 where we set

mo= (0 Y Weawl) "

EcEint
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Errors

0.11 Convergence rate: 2/3

\6\1‘9

0.01

10 100
1/h

Figure 6: The exact and a posteriori errors |e|; o and 7 as a function of 1/h (log-log
scale)

/
mo=(h Y Weawnl})

EcEN

wo= (0 () )"

EcES

Note that the convergence rate of the term: h(}_rcq, 7 ||%)Y? = h/2is 1.

| [ | m | m [ s |
Ne =20 3.40463 1072 | 2.75369 1073 | 4.115451073 | 1.18376 1073
No =40 1.66169 102 | 9.8187310~*| 1.54214107%| 6.03231 10~
N¢o =80 8.67974 1073 | 3.4943910~1| 5.64690 10~*| 3.15263 10~
Nec = 160 4.39990 1073 | 1.3381110~%| 1.8585910~*| 1.76036 10—

‘ Convergence rate H 0.98 ‘ 1.45 ‘ 1.49 0.92

Table 4: Contributions in the estimator

We first observe that neither 73 nor n,s vanish in this test (in the first example
we had 3 = 0 and in the second one 7,s = 0). From these results we see that the
convergence rate of 7y is near 1 and that 73 is close to 7, (the convergence rates around
1.5 for n, and n3 are due to the fact that the number of edges on the boundary parts
is ~ 1/h whereas the number of edges in 2 is ~ 1/h?). The interesting phenomena
are that the nonstandard error term admits (as 75) a convergence rate close to 1 and
that it remains small in comparison with 7, while it is of the same size than 7, and
73, SO it is not negligible.

We also remark that the nonstandard error term is located on a small area (whose
length does not really depend on h) near the transition point (i.e. the point where
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Figure 7: The map of local indicators 7y (case Ng = 10)

u > 0 at right and d,u > 0 at left); the number of elements in which 7, # 0
is 2,3,5,9 when Ng = 20,40, 80, 160 respectively and we observe that the values of
Nnsie are of the same order on the triangles of the little area. Besides the number
of elements K where (9,up,)~ # 0 in EY is 9,17,34,67 when N = 20,40, 80, 160.
These elements are located on the right part of I'c and (0,up)” grows when one
reaches point B.

In conclusion, the above experiments show that our estimator is reliable, as the-
oretically expected. It is furthermore appropriate for adaptivity since it detects the
region of large errors.
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