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Abstract

This paper is concerned with asymptotic and monotonicity properties of some
parameter dependent variational inequalities. The main part of the study deals with
inequalities modelling friction problems with normal compliance or Tresca’s conditions
in which the parameter stands for the friction coefficient. The corresponding inequali-
ties are (generalizations) of variational inequalities of the second kind. We then study
an inequality of the first kind representing the elastoplastic torsion problem where the
parameter represents the plasticity yield.
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1 Introduction

Problems written as weak formulations involving variational inequalities represent various
nonlinear phenomena which occur in mechanics and physics. The nonlinearity correspond-
ing to the inequality in the problem is located either in the entire domain of study (e.g.,
obstacle problem, elastoplastic torsion problem, Bingham fluid...) or only on the boundary
of the domain (e.g., Signorini or contact problems, friction models...). Generally we deal
with first and second kind classes of variational inequalities. We recall that a variational
inequality of the first (resp. second) kind is of the form:

ueC : a(u,v —u) > L(v —u), Vv e O,
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respectively,
ue X : a(u,v —u) + j(v) — j(u) > L(v — u), Yo e X,

where X is an Hilbert space, C C X is a nonempty closed convex set, a(-,-) is bilinear,
X-elliptic and continuous on X x X, L(-) is linear and continuous on X, j(-) is proper
convex and lower semicontinuous on X (with values in RU{+4o00}). More details concerning
variational inequalities of the first and second kind can be found in e.g., [1, 7]. Our aim in
this paper is to establish some properties for parameter dependent variational inequalities
of the first, second kind and also more general inequalities when the parameter varies. To
our knowledge the kind of estimates we prove have not been considered previously. An
outline of the paper is as follows.

Section 2 is concerned with variational inequalities modelling friction phenomena which
correspond to nonlinear boundary value problems. We first consider the well-known com-
pliance model in elasticity introduced in [19, 17] (see also [13]). The corresponding in-
equality is neither of the first nor of the second kind since it corresponds to a more complex
type. Denoting by u. the solution of the problem with a friction parameter €, we show
that e~ !(u. — ug) converges as ¢ vanishes and we characterize the limit as a solution of a
specific variational inequality. Then we consider an elementary friction model introduced
in [7] where the unknown of the variational inequality (of the second kind) is a scalar
valued function. We obtain similar results as in the previous case. Moreover we show
that a seizure property occurs when the friction is large enough. In addition we prove
in the scalar case a monotonicity result in which the solution decreases when the param-
eter increases. Finally we mention that some of the previous studies can be applied to
the so-called Tresca’s friction model involving the elasticity operator and vector valued
functions.

In Section 3 we consider a variational inequality of the first kind, the so-called elasto-
plastic torsion problem. The nonnegative parameter denoted e, stands for the plasticity
yield and wu. is the corresponding solution. We prove that u./e converges as € vanishes
towards a function which we characterize and which can be explicitly given in physical
meaningful cases. We end this section with a monotonicity result for u. /e.

2 Inequalities modelling friction problems

In this section we consider some inequality problems modelling friction phenomena. For
the derivation and the discussion of various friction models in a more general framework
we refer the reader to, e.g., [21].

2.1 A friction problem with normal compliance

We consider an elastic body that occupies a region €2 in R™ (n = 2,3). The body is held
fixed on a part I'p of the boundary 92 = I'p UT'¢, can come into contact with a reactive
foundation over the part I'c and is subject to volume forces f € (L2(€2))™. On the contact
surface we use a normal compliance condition (see [15, 16] and the references therein). Let
us denote by u = (u;)1<i<n the displacement vector and by o = (0y;)1<i j<n the stress
tensor such that

dup, . .
oij(u) = aijhkaixk, i,j,h,k € {1,...,n},



where the summation convention of repeated indices is adopted. The functions a;ni €
L*>°(Q) are the coefficients of a fourth order tensor, representing the elastic properties of
the material. As usual we assume that a;;nr = ajink = ankij and the ellipticity condition
aijnk&ijénk = €,V &5 = &, for some a > 0.

The frictional contact problem with normal compliance in elastostatics is to find the
displacement field u such that equations (1)—(3) hold:

divo(u)+f = 0 in(, (1)
u = 0 onlp, (2)

where div denotes the divergence operator of tensor valued functions. For each displace-
ment field v and for each density of surface forces o(v)n defined on 92 we adopt the
following notation (n stands for the outward unit normal on 0%2):

v=uvyn+vyr and o(v)n=oy(V)n+or(v).

Then the conditions of normal compliance with friction on I'c are:

on(u) = —en(un)v,
lor(u)] < cep(un)y”  if upr=0,

{ e if ur#0

ur = —Aor(u), A >0,

where (.)4 stands for the positive part so that (uxy)+ represents the penetration of the
body into the foundation. The constants my > 1, mp > 1 as well as the nonnegative
functions ¢y and ¢ in L*°(I'¢) stand for interface parameters characterizing the contact
behavior between the body and the rigid foundation. The set of admissible displacements

V={ve (HY Q)" : v=0on I'p}

is endowed with the norm of (H'(£2))". We denote by a(-,-) the standard bilinear form of
linear elasticity

a(u,v) = /Qa(u) ce(v)dz = Laijhk((?gggrz dz,
J

where € = (g45)1<i j<n stands for the strain tensor where ¢;;(u) = (Qu;/0z; + Ou;/0x;)/2.
If I'p has positive superficial measure it is well known that the bilinear form a(-,-) is

V-elliptic
a(v,v) > a/ Z
Q.

ij=1

2
d > B|vl[fnq), YV eEV.

8’Ui
8CCj
The previous boundary value problem leads to the following variational inequality (see,

e.g., [15, 16])

ueV :a(u,v—u)+jy(u,v—u)+jr(u,v) —jr(u,u) > Liv—u), VveV (4)



where the linear form L is given by L(v) = [, f(x ) dx and

in(u,v) = /F ex(un) ™oy dy(z), jr(u,v) = / er(un) I vy dy (o).

NG}

We assume that
1<my,mrifn=2 1<mpy,mr<3ifn=3. (5)
The hypothesis (5) allows us to use the imbedding
HY(Q) — LY(T¢)

for each ¢ € [1,+oo[ if n = 2 and for each ¢ € [1,4] if n = 3. If n = 2 we have for each
u, v, vy, vo € (H'(Q))?
NV < llen o T gy ¥l 2oy < Clulg Mlme  (6)
and
Frv) —grvsl < [ entun)Tin - varl dia) @
T'e
< lerllze ey Ml e o) V1 = Vall 2o
<

Ol g Vi = vallm o,

If n = 3 we obtain similar bounds. Indeed, consider p € [1,4] such that 1/p +my/4 =1
(which is possible since 1 < my < 3) and by Holder inequality one gets

v (w, V)| < Cllal[7 ) Ve ey < Cllall g1Vl ) (8)
and similarly
Jr(a,vi) = jr(u,vo)| < Cllal7ir ) [Ive = vallere) < Cllullyg)Ive = vallm ) (9)

Let us analyze now the continuity of the applications jy,jr with respect to the first
argument. If my, mpr =1 it is easily seen that

max{|jn (a1, v) — jn(ag, v)|, |7 (a1, v) — jr(uz, v)[} Cllur — 2|2y IVIL2(re)

<
< Cllar — w2l gy lvlia o)

When mpy, mpr > 1 we use the inequality

@7 = @7 < mla)s — )+ (@) + @) 1)
< mla—="b|(la" "+ o™ ") abeR,m>1.

If n = 2 we have for each uy,uz,v € (H'(Q))?

ljn (a1, v) — jn(ug, v)| (10)
< O [t (el ] (o)
e
< Cllur =l gy {Iw o +||uzwg47g;_l>(r F IVl
< Cllu —usllo) {lulfig) + luzllfig) | IVl
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If n = 3 we consider as before p € [1,4] such that 1/4+4 (my—1)/4+1/p = 1 and therefore
one gets

. . 1 1
v, v) = v (e, V)| < Cllur = usllpare) {alFes) + el 75 § IVl e

< Cllwy = i) {Iwillfiig) + lualfig) b Ivlm - (11)
Similar inequalities hold for the application j 7.

Remark 2.1 The above computations show that for each u,v € V the functions jn(u,-),
jr(u,-) and jn(-,v), jr(-, V) are continuous with respect to the strong topology of V.

Remark 2.2 [t is easily seen that the functions jn,j T are strongly continuous on V. x 'V
im (jn,J7)(ug, vi) = (v, jr)(u, v)
k—+4o00
for each sequences (ug, vi), converging strongly in V- x V towards (u,v).

Under the above conditions it has been proved in [15] that the problem (4) has solutions.
Moreover, uniqueness results are available for sufficiently small coefficients ¢y, cp. There-
fore, for € > 0 small enough, the problems associated to the coefficients ecy, ecr are well
posed:

u. €V :a(u,v—u)+ejn(u,v—u)+ejr(u,v) —ejr(u,u) > L(v—u.), (12)

for all v € V. It is easily seen by taking v = 0 and v = 2u. in (12) that the previous
problem reduces to

a(ug,ue) + ejn(ue,ue) + £ r(ue,ue) = L(ug) (13)
a(ug,v) +ejn(us,v) +ejr(us,v) > L(v), VveV. (14)
Observmg that jn(v,v) > 0 foreach v € V and j 1 > 0 we deduce that sup. |[uc|| 51 0) <

£l 12(q) since for each € > 0 we have
B e 21 ) < (e, ) < L(us) < 8] 2oy el 2oy
Let us consider ug the solution of the variational equality
u €V : a(uy,v)=L(v), VveEV. (15)

Combining (12) written with v = ug and (15) written with v = u. — up implies

B ||ue - u0H12L11(Q) < EjN(uey Up — U—e) +ej T(u€7 U—O) —€J T(ue, ua)- (16)
By the inequalities (6), (8) we have

v (e, ao — ue)| < Cllucl| 5 oy l[ue = woll 1) < Cllue — uoll 1 (q)- (17)
Similarly (7), (9) imply

77 (e, w0) = (v, we)| < Clluc i) lue = woll (o) < Cllue —wollpe).  (18)
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Therefore we deduce by (16), (17), (18) that

U: — 4
p lue — wollme) _ +o0. (19)

e>0 £

In particular one obtains the strong convergence lim.\ ou. = ug in V, saying that u. =
ug + O(e). But in some applications the parameter € > 0 is not too small and in such
cases the above approximation is not satisfactory: we need to determine the first order
correction r such that u. = ug + er + O(¢2?). In what follows we establish the strong
convergence in V of the fluctuations e !(u. — ug) towards r and we characterize the first
order correction r as the unique solution of a variational inequality on some convex set.
We denote by K the set

K={aeV : alq,v—ug)+jn(ug,v—ug)+jr(ug,v) —jr(ug,up) >0, Vv eV}

Observe that jy(ug,-),jr(ug, ) are convex and therefore the set —K coincides with the
subgradient of jxn(ug, )+ j7(ug, ) at ug, with respect to the inner product a(-,). There-
fore I is a non empty closed convex set in V.

Theorem 2.1 For eache > 0 letr. = ¢~ (u.—ug) where u. solves (12). Then lim\gr. =
r strongly in 'V where r is the unique solution of the variational inequality

rek :a(lr,g—r)>0,Vqek. (20)

Proof. By (19) we know that (r;).>0 is bounded in V and thus there exists r € V and a
sequence (g ), converging towards zero such that (rg) := (re, )i converges weakly towards
r in V. Combining (14) and (15) one gets for each v e V

a(ug,v) +ejn(ue, v) + ejr(us,v) > L(v) = a(ug, v)
and therefore we obtain for each k, with the notation u; = u,
a(r, v) + jn(ug, v) + jr(ug, v) > 0.

Passing to the limit for ¥ — +o0o we deduce by Remark 2.1 and by using the weak
convergence of (ry)x that

a(r,v) + jn(ug,v) + jr(ug,v) >0, veV. (21)
Combining now (13) and (15) we obtain
a(ug,ue) + ejn(ug,ue) + ej r(ug, u:) = L(ue) = a(ug, u.)

and therefore
a(rk, uk) —I—jN(uk, uk) —l—jT(uk, uk) =0, Vk. (22)
Since (r)r converges weakly in 'V and (ug); converges strongly in V we deduce that

limy_. 1 o0 a(rg, ug) = a(r,up). Notice also that by Remark 2.2 we have

lim (jn,Jj7)(ug, ur) = (jn, 7 1) (10, ug).
k—+o00



Passing to the limit for ¥ — 400 in (22) yields
a(r, o) + jn(uo, ug) + j r(u, ug) = 0. (23)
We deduce by (21), (23) that
a(r,v —ug) + jn(ug, v —ug) + jr(ug,v) — jr(ug,ug) >0, ¥vv e V (24)
saying that r belongs to the set . Using now (12) with v = ug and (15) implies
a(ug,up—u:)+ejn(ue,up—ue)+¢jr(ug, ug) —ej r(us, ue) > L(ug—u.) = a(ug, up—ue)

and therefore, replacing ¢ by € one gets after division by 6%

1

a(rg,ri) < —jn(ug,ry) + " (j r(ar,wo) — jr(ug, ug)), V k. (25)
Taking now v = uy, in (24) yields
. 1. .
a(r,rg) > —jn(ug,rg) + o (j (o, u0) — jr(uo,ug)), Vk. (26)

Since the positive part function is non decreasing we have for each k

Iyt = jn(ug, k) — jn(uo,ry) (27)
1 m m
= — | en ((uen)? = (uon)™) (upn — uon) dy(x) > 0.
ek Jre

We compute now the limit [ = limg_, 4 o Jéﬁ where

1. ) ) )
Jf = . (j (g, ug) — jr(ug, ug) + jr(ug, ug) — jr(ug, uy)).
We have for each k
Ji = / CT(uk:N)TT—’ukT‘ — fuor| dy(z)
T'c €k

Ugr| — |QoT
- / CT(UON)TTM dy(z)
I'c €k

m m u — |
— / er ((uen) ™ = (uon) 7 [ugr| — [uor| dy(z)
I'c €k

and therefore we obtain as before (see for example (10), (11)) that

C g |(urn )T = (uon) 77| |rk| dy(2)
C

< Cllug — ol g1y lirellz

IN

| J7]

= Ceplrall?pq)-

Since (ry) is bounded in V we deduce that limg_, . J& = 0. Combining (25), (26), (27)
yields
a(r,ry) — a(ry,ry) > J& + JE > Jk



and after passing to the limit for £ — 400 one gets

a(r,r) > limsup(a(ry, ry) + J5) = limsup a(ry, r1,).
k—-o00 k—-+o00

Since (ry)x, converges weakly towards r in V we have also

a(r,r) < liminf a(rg, rg)
k—+o0

implying that limg_, o a(rg,rx) = a(r,r), which says that (ry); converges strongly to-
wards r in V. Take now any element q € K. By the definition of K (with v = uy) we
have

a(q, ) + jn(ug, Ty) + ;jT(an uy) — Elij(uo, ug) > 0.
Using one more time (25) we deduce that
a(q,ry) —a(rp,re) = jn(ug,re) — jn (a0, Tx)
a(j r(ag, uk) = j (g, wo) — j (o, ug) + j r(uo, uo))
= JN+JE> Tk Yk
Passing to the limit for & — 400 yields

a(g—r,r) >0, qe K.

Therefore the sequence (ry)x converges strongly in V towards the solution of the variational
inequality (20). Since this solution is unique, all the family (¢~ (u. — ug)).>0 converges
strongly in V towards this solution, as € goes to zero.

(|

2.2 A simplified friction problem

Now we consider a simplified friction model introduced in [7] (see also [4, 8]) involving a
variational inequality of the second kind. Let 2 C R™, n > 1, be a bounded domain with
a smooth boundary denoted T'. Let V = H(Q) and set:

u. €V : a(ug,v —ue) +ej(v) —ej(ue) > L(v — ue), VoelV, (28)

where ¢ is a nonnegative constant representing in some sense the friction coefficient (see
subsection 2.3 hereafter) and

a(u,v):/Vu-Vvdx—i-/uvdx,Vu,vEV,
Q Q

LeV,

i) = /F jo(2)| dy(), ¥ v € V.



It is easy to check (when L(v) = [, fv) that the strong formulation corresponding to (28)
is —Aue +ue = fin Q, |Oue/On| < € if u. = 0 on 9N and Ju./On = —eu./|u.| if us # 0
on J9. The inequality (28) is equivalent to the two following conditions:

u €V : a(ug,v) +¢ej(v) > L(v), YvelV, (29)
a(ue, ue) +ej(ue) = L(ue). (30)

It is easily seen that j is convex and continuous on V' (thanks to the trace theorem). Thus,
Lions-Stampacchia’s theorem ensures the existence of a unique solution to (28), see, e.g.,
[7, 14].

The main aim of the present section is to study the asymptotic behavior with respect
to € for the solutions of (28). Let us first mention a straightforward property dealing with
the behavior of the solution when the loads increase:

Proposition 2.1 Let Ly, Lo € V' such that:
Ll(’()) > LQ(U), YoveV, v>0.

Let uy ¢ be the solution to (28) with L = Ly and let ug . be the solution to (28) with L = L.
Then

Ule = Ue.

Proof. As here, ¢ is fixed, for simplicity we denote the solutions of (28) corresponding to
Ly, Ly by uq,ug respectively. Taking L = Ly and v = uj + (u; — ug)— in (28), we get

a(ur, (u1 —ug)-) +ej(ur + (v —ug)-) —ej(ur) = Li((u1 —ug)-). (31)
Similarly, with L = Lo and v = ug — (u1 — u2)_ in (28) we obtain,
a(uz, —(u1 —ug)-) +ej(ug — (ur —u2)-) —ej(uz) = Lo(—(u1 —uz)-).  (32)
Since
Jur + (ur —ug)-) + jug — (w1 —u2)-) —j(u1) — j(uz) =0,
we get by adding (31) and (32):
a(ur —ug, (ur —u2)-) > (L1 — L2)((u1 —u2)-) = 0,

and thus
—a((u1 —ug)—, (ug —uz)-) >0,

which proves the announced result. O

2.2.1 Asymptotic behavior for small friction coefficient

When ¢ = 0, the variational inequality (28) simply reduces to the equality

u €V : a(ug,v) = L(v), VoeV. (33)



Choosing v = ugp in (28) and v = u; — ug in (33) we get
a(ue,up — ue) + &j(up) — j(ue) > L(ug — ue),

and
a(up, ue — up) = L(ue — ugp).
By addition, we obtain

elT 2 lus — wol| 2¢r)
C(Qellue — uollrr(e):  (34)

lote — woll 3 < d(uo) — e(ue) < ej(ue — o)

IN A

where Cauchy-Schwarz inequality and the trace theorem have been used, and where |T|
denotes the measure of I'. Hence u. converges towards ug in V' as e vanishes. Now we
prove the following theorem.

Theorem 2.2 Let
D={zeV : a(z,v—up)+jw)—jlug) >0, YveV},

(—D is the nonempty closed convex set of subgradients of j at ug with respect to the inner
product of V). Then, when & goes to zero, (us — ug)/e converges strongly in V to the
unique solution of

yeD : a(y,z —y) >0, VzeD. (35)

Proof. Let y. = (uc — up)/e. From (34) we deduce that sup,g |||/ g1 () < +oo. Hence
there exist y € V' and a sequence (ex); \, 0 such that (yx)i := (ys, ) weakly converges in
V to y. From (29) and (33) we get that

a(ye,v) + j(v) >0, VoeV.
Taking € = ¢} and passing to the limit, we obtain an inequality satified by y:
a(y,v) + j(v) >0, VvelV. (36)
Besides, subtracting (33) (with v = u.) from (30) yields
a(ye, ue) + j(ue) = 0.

We take € = ;. From the strong convergence of (u, ), and the weak convergence of (ye, )
we get:
a(y,uo) + j(ug) = 0. (37)

Combining (36) and (37) we deduce that y satisfies the following inequality:
a(y,v —uo) +j(v) —j(uo) 20,  VwveV, (38)
saying that y € D. Now, from (33) and (28) we have

a(ug, ue —ug) = L(us — ugp),

10



a(ue, ug — ue) +€j(uo) — €j(ue) > Luo — ue).

By addition and division by £? we obtain

a(Ye, Ye) < et (j(uo) — j(ue))- (39)
Taking now v = u, in the limit problem (38) and dividing by ¢, one gets
ay,ye) > et (j(uo) — j(ue)). (40)

Putting together (39) and (40) written with € = e we deduce

lim sup a(ye,, ye,) < limsupa(y, ge,) = aly,y) < liminf alye,, ve,.).

k—-+00 k—-+00
Thus (a(ye,,, Ye, ) )k converges to a(y, y) and therefore kEI—&I-loo Yz =yl (@) = 0. And finally
let z € D. Then, by the definition of D (with v = u.) we have
a(z,ye) > €7 (j(uo) — j(ue)).
Together with (39) the last inequality implies
a(z,Ye) = a(ye, ye).

Taking € = ¢, and passing to the limit for & — 400 we obtain that y solves (35). And
since (35) admits a unique solution, the proof is complete. O

2.2.2 Asymptotic behavior for large friction coefficients

We consider now the behavior for the solutions of (28) when the friction coefficient goes
to infinity. Let f € L?(2) and denote by s the solution of the Dirichlet problem

{ —Auso () + uso(z) = f(x), x € Q,
uoo(x) =0, zel.

Proposition 2.2 Assume that f and Q are such that ag—;" € L>®(T") where n represents
the unitary outward normal to Q. Consider the linear application L € V' given by L(v) =
Jo f(z)v(z) dz for each v € V. Then for each & > Hag—;;" the solution of (28)

coincides with Uee.

oo ry

Remark 2.3 A similar blocking phenomenon (in the entire body and not only on the
boundary) occurs in the case of a Bingham fluid when the external loads are small enough
(which corresponds in a certain sense to a large yield limit, see [3]).

Proof. (of Proposition 2.2) Let v € V. We have us, € V and note that j(us) = 0, thus
a(Uoo, U — Uso) + (V) — € (Uoc)
= / Voo - V(v — U )dx + / Uoo () (V(x) — Uso ())dx + £ (V)
Q

Q

= ag;o (0(x) — oo (x))dy(x) + L(v — uso) + €5 (v)
r

- /F <3g;o v(z) +5|v(x)|> dy(z) + L(v — uso)

> L(v — uso).
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Hence, by the uniqueness of the solution, u. = us for each ¢ > H%HLW(F)' O

2.2.3 Monotonicity of the solution with respect to friction

In this subsection we prove that the solution of (28) increases when e decreases, namely,
that
0<er <= Usy > Ugy. (41)

We prove this result for nonnegative solutions. Observing that the solution of (28) with
L =0 is u. = 0 and applying Proposition 2.1 we deduce that nonnegative solutions are
obtained for instance if L is such that L(v) > 0 for each v € V, v > 0.

Let us first consider the regularized problem

ug cV : a(u6 v — ug) +ejs(v) — sjg(ug) > L(v — uﬁ), YveV, (42)

€9

where for each v € V and § > 0 the convex function js is given by

js(v) = /F Vou(x)? 402 dy(z).

The following proposition shows that it is sufficient to prove (41) for each regularized
problem (42) with ¢ > 0.

Proposition 2.3 For each fized € > 0, when 6 \, 0, (us)s strongly converges in V to ue,
the unique solution to Problem (28).

Proof. Since ¢ is fixed in this proposition, we use the simplified notation u’ := ug and
u := u.. From (42) and (28) we have for each § > 0 :
a(ul,u—ud) + ejs(u) — ejs(u®) > L{u — ud),
and
a(u,u® —u) + ej(u’) — ej(u) > L(u® — u).
By adding the two previous inequalities we get
afu—ul u—u®) < ejsu) —ejs(u®) +ej(ud) — ej(u)
< ejs(u) —ej(u)
52
S (Y G —
/r (\/u2 + 02 + |u>

< edlr),

where |I'| denotes the measure of I'. Hence the result. O

We prove now the monotonicity property of ug with respect to € for each fixed ¢ > 0.

Proposition 2.4 Consider 1,2,0 € R such that 0 < g1 < g9, 6 > 0. Assume that the

solutions ugl,u‘; are nonnegative. Then we have the inequality

> ul

u eo-

1
€1
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Proof. We use the notations u; := ugl, Ug 1= qu. Choosing v = u; + hw in (28), with

h € R and w e V we get for i € {1,2}
a(u;, hw) + g;js(u; + hw) — £;4s(u;) > L(hw).

For h > 0 we obtain

a(u;,w) + ghz/p <\/(u1 + hw)? + 02 — yJu? + (52) dy(z) > L(w).

Letting A ™\, 0 we deduce using Lebesgue’s theorem

a(u;, w) —i—ei/ ———dy(x)
\JuZ + 62

Similarly, considering h < 0, one gets

;W
a(u;, w) + 51-/ ————dy(z) < L(w)
T\ Ju? + 62

Then we obtain for each w € V and i € {1,2}

alu; w)%./wdm) _
’ L\ Ju? + 62

We introduce the increasing application t — o(t) = ﬁ, t € R. The above formulation

can be written
a(u;, w) —i—ai/ o(u))w dy(z) = L(w), weV,ie{l,2}.
r
Taking as test function w = (u; — ug2)_ we obtain

a(ur — ug, (u1 —ug)-) + /F(fw(m) —eap(uz))(u1 — uz)— dy(z) =0,

implying that
a((up —ug)—, (U1 —uz)-) = /F(51<P(Ul) —e20(uz))(u1 — ug)— dy(z)
< e [ (o) = pluz)) s ua)- dr(a).
I

By the monotonicity of ¢ we deduce that (p(u1) — ¢(u

2)
a((ur —ug)—, (u1 —uz)-) <0,

saying that u; > us. O

)(u1 — u2)— < 0 and therefore

Combining now the Propositions 2.3, 2.4 we obtain the following result

Proposition 2.5 Let 1,69 € R such that 0 < g1 < €9 and assume that L € V' verifies
L(v) > 0 for each v € Vv > 0. Then ue, > u., where us, and u., are the solutions of
(28) corresponding to 1 and 2, respectively.

Proof. Applying Proposition 2.4 we have u5 > u‘S for each > 0. Passing to the limit
when § \, 0 we obtain by Proposition 2.3 that Ug, 2 Ugy- ]

13



2.3 Application to Tresca’s friction model

In this subsection we show that the result obtained in Theorem 2.2 can be extended to
a more physically relevant case dealing with the elasticity operator and vector valued
functions. More precisely, let us consider an elastic body 2 in R” withn =2 orn =3
where plane small strain assumptions are made. The regular boundary I" of € consists in
two nonoverlapping parts I'p and I'c of positive measures. The normal unitary outward
vector on I' is denoted by n. In its initial stage, the body is in contact on I'c with a rigid
foundation (the extension to two elastic bodies in contact can be easily made, at least
for small strain models) and we suppose that the body slips on I'c with friction. The
body is clamped on I'p and it is subjected to volume forces f € (L%(Q2))". We assume
that the normal constraint S = S(x) > 0 is given on I'c and p > 0 denotes the friction
coefficient between the body and the rigid foundation (this corresponds to a so-called
bilateral contact model with Tresca friction).

The frictional contact problem in linear elasticity consists in finding the displacement
field u :=u, : Q@ — R” verifying the equations and conditions (43),(44):

{ divo(u)+f =0 in €, (43)

u =0 on I'p.

The conditions describing bilateral contact with Tresca friction (using the same notation
as in section 2.1) on I'c are:

uy =0,
lor(w)| < pS, if up=0, (44)

u .
or(u) = —pS——, if ur#o0.
lur|

The variational inequality issued from (43),(44) is: find u, € V such that

/ o(u,):e(v—u, dx+u/ S|vr|dy(z / S|(ay)r|dy(z) > / ((v—uy)dz, (45)
Q
for all v.€ V where

V:{VE(Hl(Q))" : v=0onIp, UN:OonI‘C}.

For each nonnegative u there is a unique solution u, of (45) and the results in Theorem
2.2 hold straightforwardly in this case.

In addition it is easy to check that the results of Proposition 2.2 can be applied to the
inequality (45) dealing with the elasticity operator. More precisely, let f € (L?(2))" and
let uy, denote the solution of the problem

—div o(uy) =f in Q,
Uy =0 onI.

Then, if pS(x) > |or(us(z))| a.e. © € T'c then u, = ux.

14



2.4 Some open questions

A first open question is concerned with the study of the widespread Coulomb friction
model in linear elasticity. It is well known that this problem admits a solution if the friction
coefficient is small enough (see e.g., [18, 12, 5, 6] and the references quoted therein). Note
that uniqueness does not hold in the general case, at least for large friction coefficients,
see [10, 11]. More recently a first uniqueness result has been obtained in [20] with the
assumption that a ”regular” solution exists (with some additional technical assumptions)
and that the friction coefficient is sufficiently small. This uniqueness result could be the
starting point of a asymptotic analysis similar to the one achieved in this work.

Another line of research would consist of obtaining the higher order corrections and
searching ry, ..., o such that u. = ug +ery + ... + &%, + O(*t1) for the previous models.

In the problem with normal compliance, one could also study the asymptotic behavior
in the case where only the friction term involving cr vanishes and the normal contact term
remains unchanged: the so-called lubricated contact (see [2] and the references therein).
Note that this nontrivial study is not a direct consequence of the results obtained in this
paper. The symmetrical asymptotic study (when ¢y vanishes and ¢z remains unchanged)
corresponds to a foundation which becomes completely soft and disappears is also an open
problem.

A large amount of open problems are obtained when trying to generalize all these
results to the quasistatic case (see [9]) when the forces very slowly in time.

Finally let us mention that we are not able to extend the results dealing with compar-
ison of solutions such as positivity and monotonicity to the vector valued case involving
the elasticity operator.

3 The elastoplastic torsion problem

Now we consider a simple variational inequality of the first kind modelling the elastoplastic
torsion of a cylinder.

3.1 Problem set-up

Let Q C R™, n > 1, be a bounded domain with smooth boundary I'.  We consider the
variational inequality modelling the torsion of an infinitely long elastoplastic cylinder of
cross section 2 and plasticity yield » > 0 : find the stress potential v such that

ue K, : a(u,v —u) > L(v —u), Voe kK, (46)

where a : H}(Q) x H}(2) — R is the bilinear form given by:
a(u,v) = / Vu - Vodr, Vu,v € Hy(Q),
Q

and L € H1(Q) = (H}(2))'. The notation K, represents the nonempty closed convex set
of admissible stress potentials:

K,={ve H}(Q) : |[Vv| <7, ae. in Q}.
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From Stampacchia’s theorem we deduce that Problem (46) admits a unique solution (see
also, e.g., [1, 4, 7, 8, 14]). More generally, for € > 0 let u. be the unique solution of the
variational inequality:

u. € K, : a(ue,v —u:) > L(v —ue), VoveK,, (47)

where
K.={ve HY}(Q) : |[Vv| <e, ae. in Q}.
When the solution of
u € HN Q) - a(u,v) = L(v), Yo e HHQ),
lies in W1°°(€2) then it is easy to see that u. = u for each € > [[Vu||foo(q). For € > 0 we
set
Ue

We =
£

Our aim is to study the behavior of w. as ¢ tends to zero. According to (47), we see that
for each positive €, w, is the unique solution of

we € Ky ea(we,v — we) > L(v — w,), Voue K. (48)

3.2 Asymptotic behavior for small plasticity yield

In this paragraph we establish the convergence of the family (we).>0 as € goes to zero. We
introduce the problem

ue Ky : L(v—u) <0, Voe Ky, (49)
and we denote by C' the set of all the solutions of the above problem

C={ueK; : Llv—u)<0,Vove K}
Proposition 3.1 The set C is nonempty, closed in H} () and convex.

Proof. By definition K; is bounded in H}(£2) and therefore {L(v) : v € K1} is bounded
in R. We denote by M the supremum

M =sup{L(v) : v e K},

and let us consider (v,), C Kj a maximizing sequence for M

1
M——<L(v,) <M, ¥Vn>1. (50)

n
After extraction of a subsequence we can assume that v, — © weakly in H}(2) and
therefore limy_, 4 oo L(vy, ) = L(?). Since K is closed and convex, it is also weakly closed
implying that © belongs to K;. Passing to the limit in (50) we obtain that M = L(0) and
therefore v € C, saying that C' is nonempty. It is easily seen that C' is closed and convex.

|
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Theorem 3.1 The family (w.)e>o0 converges strongly in Hg(Q) as e goes to zero towards
the element of minimal norm of the set C
lim we = w, strongly in Hg(Q),
eN\0
where
weC: [Vulpae) = min [[Voll2q). (51)

Remark 3.1 As L is linear and K1 is not a strictly convez set (a convex set K is said to
be strictly convex if for each uy,ug in K, uy # ug and X €]0,1[, Auj + (1 — N)ug lies in the
interior of K ) uniqueness to Problem (49) is not guaranteed in general. Let for instance
Q2 =]0,1[ and L(v) = 01/4v(:c)dx; then the set of solutions to (49) is precisely the set of
u € K1 such that u(x) = x in [0,1/4]. Amongst all these solutions, a calculation shows
that the one which solves (51) is given by w(z) = (1 —x)/3 in [1/4,1].

Proof. (of Theorem 3.1) Since |[Vw.| < 1 a.e. in 2, (Vw,). is bounded in L?(£2) implying
that (we)e is bounded in H}(2). Hence, there exists a sequence (gx)) converging to zero
and w € H(Q), such that (wy) = (we, )r weakly converges in H}(Q) to w. As K is
closed and convex, w € Kj. Taking ¢ = ¢ in (48) and passing to the limit as k — +oo we
obtain that w solves (49). We claim that the sequence (wy); converges strongly in HE(Q).
As a(-,-) is symmetric, an equivalent formulation for (48) is

we € K, %a(we,we) — L(we) < %a(v,v) — L(v), Voue K. (52)
Taking € = ¢ and v = w in (52), we deduce from (49) that
VEk>0, %a(wk,wk) - %ﬂ a(w,w) < L(wg —w) <0.

Hence, we obtain the inequality

lim sup a(wg, wy) < a(w,w),

k—4o00
while the weak convergence of (wg)r and the lower semicontinuity of a(-,-) with respect
to the weak topology of H} () imply

a(w,w) < liminf a(wg, wy).

k—+o0
Therefore we have the convergence a(wy, wi) — a(w,w) as k — +o00. This in turn implies
that (a(wg —w,wg — w)) converges to zero and thus the convergence of (wy ) to w holds
strongly in HE(Q).
Since generally (49) does not admit a unique solution (see Remark 3.1), we need to

characterize w amongst the solutions of Problem (49). Let z € C be a solution of (49).
Taking € = ¢} and v = z in (52), we obtain as before

2
Vk>0, a(wg, w) —a(z,z) < ;L(wk —2) <0.
k
Hence, passing to the limit as k — 400 yields
Vzel, a(w,w) < a(z, z).

In other words w is the unique solution of Problem (51). As w is unique, the whole family
(we)e converges to w as € goes to zero. The proof is complete. O
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Let dr denote the distance function with respect to I’

dr(z) = inf |z —y|, Vo € Q,
yel’
where || stands for the euclidian norm in R™. It is straightforward to check that dp € Kj.
The following additional result holds:

Proposition 3.2 Let w be the solution of (51) and assume that the linear application L
satisfies
L(v) >0, Vo€ H(Q), v>0. (53)
Then we have
L(U) - dr) = 0.

In particular, if L(v) = [ f(z)v(z)dz for each v € HF(Q) with f € L*(Q) and f > 0,
then lime\ o we = dr strongly in H(Q). If in addition there is some positive constant fy
such that f > fy, then

. -1 .

lim e lldr — wel|£1(q) = 0.

Proof. To prove the first part of the proposition, it suffices to take v = dr in (49) to
obtain
L(dr —w) <0.

Asdr—v > 0 for each v € K1, we deduce by (53) that L(dr—w) > 0 and thus L(dr—w) = 0.
In particular if f > 0 then w = dp. Assume now that f > fo > 0 for some constant fj.
Choosing v = w in (48) one gets

1 1
Byl < 2ot —w) = L) < ),
and therefore lim.\ o e t|ldr — we |1y = 0. -

Remark 3.2 1. Let us mention that calculations similar to those in Proposition 3.2 were
achieved in [7] to prove that the solution of (46) converges to dr when f(= constant) tends
to infinity.

2. The case f = constant corresponds to a physically meaningful model in which
w = dr according to the previous proposition.

We end this section with a monotonicity property of (w.)s>o with respect to e.

Proposition 3.3 Let 0 < g1 < ey and L € H1(Q) satisfy L(v) > 0 for each v € H}(S),
v > 0. Then we have the inequality

u u
We, = —+ > —2 = w,,.
€1 €2
Proof. We use the notations w; = w,,,ws := w.,. We intend to use the variational

inequality (48) with ¢ = ¢; and v; = w; 4+ (w1 — wa)— (the notation (-)_ stands for the
negative part). We need to check that v; belongs to Kj. For this observe that

v = wll{w12w2} + wzl{w1<w2},
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and therefore v1 € H}(Q), |[Vu1| < max{|Vw|, [Vws|} < 1. We obtain
era(wy, (w1 —wy)—) > L((wy — we)_). (54)
Taking now € = g9 and v = wy — (w; — wy)_ one has
e2a(w2, —(w1 — wz)-) = —L((w1 — wz)-). (55)
Combining (54), (55) yields
e162a(w1 — wa, (w1 —w2)-) > (e2 — 1) L((w1 — w2)-) > 0,

implying that a((w; — we)_, (w1 — wz)—) < 0. Therefore we deduce that (wq —ws)— =0
saying that
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