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Abstract

This paper is concerned with the unilateral contact problem in linear elas-
ticity. We define two a posteriori error estimators of residual type to evaluate
the accuracy of the mixed finite element approximation of the contact prob-
lem. Upper and lower bounds of the discretization error are proved for both
estimators and several computations are performed to illustrate the theoretical
results.
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1 Introduction

The finite element method is currently used in the numerical realization of contact
problems occurring in several engineering applications (see [24, 19, 18, 25, 30]). An
important task consists of evaluating numerically the quality of the finite element
computations by using a posteriori error estimators. There are two important diffi-
culties in developing such tools for contact problems in elasticity: the first one comes



from the inequality (unilateral) conditions in the model and the second one is due
to the location of these inequality conditions which hold on (a part of) the bound-
ary. For the linear elasticity system with standard boundary conditions (leading to
a variational identity), many different approaches leading to various error estimators
have been developed and a review of the different a posteriori error estimators can
be found in [29]. Some of these approaches have been chosen and studied for fric-
tionless or frictional unilateral contact problems, in particular in [31, 7, 26] (residual
approach using a penalization of the contact condition or the normal compliance law),
in [12, 10] (equilibrated residual method) and finally in [14] (residual approach for
BEM-discretizations).

Besides, let us mention that many studies dealing with residual estimators for
scalar variational inequality problems of the first kind have been achieved in other
contexts than elasticity. In particular a great effort was devoted to the obstacle
problem (see e.g., [6, 8, 27| and the references therein). Moreover a residual type
estimator for the Signorini problem in its standard formulation can be found in [21]
(note that the Signorini problem could be seen as a simplification in the scalar case
of the unilateral contact model). For residual estimators dealing with variational
inequalities of the second kind we refer the reader to [5] and the references therein.
We recall that a variational inequality of the first (resp. second) kind is of the form:
u € Ca(u,v —u) > Llv—u),Yv € C (resp. u € X,a(u,v—u)+ jv) — jlu) >
L(v —u),Yv € X) where X is an Hilbert space, C' C X is a nonempty closed convex
set, a(.,.) is bilinear, X-elliptic and continuous on X x X, L(.) is linear and continuous
on X, j(.) is proper convex and lower semi continuous on X (with values in RU{+o00}).
More details concerning variational inequalities of the first or second kind can be found
in e.g., [2, 17].

In the present work we are interested in developing residual estimators for the
two-dimensional unilateral contact model in linear elasticity. This problem can be
written as a variational inequality of the first kind but also (among others) as a mixed
formulation where the unknowns are the displacement field and the contact pressure.

The paper is organized as follows. In Section 2 we introduce the equations mod-
elling the frictionless unilateral contact problem between an elastic body and a rigid
foundation. We write the problem using a mixed formulation where the unknowns
are the displacement field in the body and the pressure on the contact area. In the
third section, we choose a classical discretization involving continuous finite elements
of degree one and continuous piecewise affine multipliers on the contact zone. Section
4 is concerned with the study of a first residual estimator which can be seen as the
natural one arising from the discrete problem. We obtain both global upper and
local lower bounds of the error. In section 5 we consider a second estimator resulting
from another discrete model where the displacement field is the same as in the first
model but where the multiplier is modified. The main novelty of the second discrete
model is that the multipliers have a constant sign. As in Section 4, we obtain global
upper and local lower bounds of the error. Finally in section 6 we implement both
estimators and we compare them on several examples.

Finally we introduce some useful notation and several functional spaces. In what



follows, bold letters like u, v, indicate vector valued quantities, while the capital ones
(e.g., V,K,...) represent functional sets involving vector fields.

As usual, we denote by (L?(.))¢ and by (H*(.))%, s > 0,d = 1,2 the Lebesgue
and Sobolev spaces in one and two space dimensions (see [1]). The usual norm of
(H*(D))% is denoted by || - ||s.p and we keep the same notation when d = 1 or d = 2.
For shortness the (L?*(D))%norm will be denoted by || - ||[p when d =1 or d = 2. In
the sequel the symbol | - | will denote either the Euclidean norm in R?, or the length
of a line segment, or the area of a plane domain. Finally the notation a < b means
here and below that there exists a positive constant C' independent of a and b (and
of the meshsize of the triangulation) such that a < C' b. The notation a ~ b means
that a < b and b < a hold simultaneously.

2 The unilateral contact problem in elasticity

Let Q represent an elastic body in R? where plane strain assumptions are assumed.
The boundary 0 is supposed to be polygonal, i.e., it is the union of a finite number
of linear segments. Moreover we suppose that the boundary consists in three nonover-
lapping parts I'p, I'y and I'c with meas(I'p) > 0 and meas(I'¢) > 0. The normal
unit outward vector on 0f2 is denoted n = (n1,n) and we choose as unit tangential
vector t = (—ng,n;y). In its initial configuration, the body is in contact on I'c and
we suppose that the unknown final contact zone after deformation will be included in
['c. The body is clamped on I'p for the sake of simplicity. It is subjected to volume
forces £ = (f1, f2) € (L*(R2))? and to surface forces g = (g1, ¢92) € (L*(Ty))2.

The unilateral contact problem in elasticity consists in finding the displacement
field u : Q — R? verifying the equations and conditions (1)—(6):

(1) dive(u)+f= 0 in Q,

where div denotes the divergence operator of tensor valued functions and o =
(0ij), 1 < 4,7 < 2, stands for the stress tensor field. The latter is obtained from
the displacement field by the constitutive law of linear elasticity

(2) o(u) = Ae(u) in €,

where A is a fourth order symmetric and elliptic tensor and e(v) = (Vv +'Vv)/2
represents the linearized strain tensor field. On I'p and I'y, the conditions are as
follows:

(3) u= 0 on I'p,
(4) clun= g on ['y.

Afterwards we choose the following notation for any displacement field v and for any
density of surface forces o(v)n defined on 92

v=v,n+uyt and o(v)n=o,(v)n+ oi(v)t.



The conditions modelling unilateral contact on I'c are (see e.g., [15, 16, 13]):
(5) u, <0, on(u) < 0, on(u)u, =0.

Finally the condition

(6) o(u) = 0

on I'c means that friction is omitted.

In order to derive the variational formulation of (1)—(6), we consider the Hilbert
space

HE (Q) = {v e H'(Q): v=0on PD},
equipped with the H'(2)-norm. We further use the Hilbert space
V = (Hp, Q)"
For our next uses, we introduce the trace space H %(FC) as follows:
H:(To) = {¢ € L*(Te) : Ju € HE (Q) such that ¢ = yu on T},
equipped with the norm

= inf U
I6lcc = 86, Nl

where v is the standard trace operator from H(Q) to Hz(99) (see [1]). The topo-
logical dual space of H2(I'¢) will be denoted by H~2(T'¢:), whose norm is

(V,9)_
Il spe = sup
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where the notation (., .) represents the duality pairing between H _%(Fc) and

H2(T¢).
The forthcoming mixed variational formulation uses the following convex cone of
multipliers on '

11
_§7§7FC

M = {,u € H_%(Fc) (TR

Define

b >0 forall € H2(T),h >0 ace. on FC}.

=

1
279

a(uv) = /Q o) e(v) dQ  b(uv) = (i)

L(v) = /f-de+/ g-vdl,
Q Tn

for any u and v in V and g in H—2(I'¢).



The mixed formulation of the unilateral contact problem without friction (1)—(6)
consists then in finding u € V and A € M such that:

a(u,v) +b(\,v) = L(v), Vvev,
(7) {

b(p — A, u) <0, Ve M.
An equivalent formulation of (7) consists in finding (A, u) € M x V satisfying
L{p,u) < LA u) <L(Av), VeV, Vuel,

where L(p,v) = fa(v,v) — L(v) + b(p, v). Another classical weak formulation of
problem (1)—(6) is a variational inequality: find u such that

(8) uc K, a(u,v—u) > L(v—u), VveK,

where K denotes the closed convex cone of admissible displacement fields satisfying
the non-penetration conditions:

K={veV: wv,<0o0nl¢}.

The existence and uniqueness of (A, u) solution to (7) has been stated in [19]. More-
over, the first argument u solution to (7) is also the unique solution of problem (8)
and A = —o,(u).

3 Mixed finite element approximation

We approximate this problem by a standard finite element method. Namely we fix a
family of meshes T},, h > 0, regular in Ciarlet’s sense [9], made of closed triangles. For
K € T}, we recall that hy is the diameter of K and h = maxger, hx. The regularity
of the mesh implies in particular that for any edge E of K one has hg = |E| ~ hg.

Let us define Ej, (resp. N},) as the set of edges (resp. nodes) of the triangulation
and set Ei"™ = {E € E), : E C Q} the set of interior edges of T}, (the edges are
supposed to be relatively open). We denote by EY = {E € E, : E C 'y} the set
of exterior edges included into the part of the boundary where we impose Neumann
conditions, and similarly EY = {E € Ej, : E C I'c} is the set of exterior edges
included into the part of the boundary where we impose unilateral contact conditions.
Set NP = N;,NTp (note that the extreme nodes of I'p belong to A}P). Let S denote
the set of vertices of Q2 and denote by N¥¢ the set of nodes which belong to T'c Ty
and by NC the nodes belonging to I'c N'S. Set finally N = (N, \ NF°) NT¢
(N contains the nodes in I'c which are not vertices of 2). For an element K, we
will denote by Ex the set of edges of K and according to the above notation, we set
Ent = ExNEM EY =ExnEYN ES = Ex NEY.

For an edge E of an element K, introduce ng g = (n1, ng) the unit outward normal
vector to K along E and the tangent vector tx p = ng 5 = (—ng,n1). Furthermore
for each edge E we fix one of the two normal vectors and denote it by ng and we set



tg = ng. The jump of some vector valued function v across an edge E € Ei™ at a
point y € FE is defined as
Vlgly) = hlilov(y +ang) —v(y —ang), VE € E™.
Note that the sign of [v], depends on the orientation of ng. Finally we will need
local subdomains (also called patches). As usual, let wx be the union of all elements
having a nonempty intersection with K. Similarly for a node x and an edge F, let
Wx = UK:XEKK and WE = Uxefwx.
The finite element space used in €2 is then defined by

V;, = {Vh c(C)?: VeeT,, i€ (Pi(r)? vilr,= 0}-

We suppose that the contact area consists in several straight line segments, that we
denote by T',,1 < ¢ < ¢ such that Te = U,I't.. In order to express the contact
constraints by using Lagrange multipliers on the contact zone, we have to introduce
the space

9) W, = {,uh UTE — R,

@6 C(E),th € Vp s.t. vp-n =y on Uiﬁ }

The choice of the space W), allows us to define the following closed convex cone:

MhZ{MhEWhi / pnthyn dI' > 0, Vl/)hGWhﬂ/JhZO}.
I

C

Remark 3.1 [t is easy to check that My, ¢ M.

The discretized mixed formulation of the unilateral contact problem without fric-

tion is to find u, € V;, and A\, € M, satisfying:

( ) { a(uh,vh) + b()\h,Vh) = L(Vh), Vv, € Vh,

10
b(pn — A, up) <0, Y pun € My,

Problem (10) consists in finding (Ay,up) € M;, x V), satisfying
L(pn, up) < L(An,up) < L(An, Vi), Vv € Vi, Yup € My,

where L(pn, vi) = 3a(Vh, Vi) — L(vi) + b(pn, vi). In order to prove that there is a
unique solution to Problem (10), and since we are in the finite dimensional case, we

only have to check (see [19], Theorem 3.9 and Example 3.8) that
b
sup (:uhv Vh)
VRhEV R, vp#0 ||Vh||1,Q

is a norm on Wj. So we have to verify that

{,uh e W, : b(ph,vh) =0, Vvy, € Vh} = {0},

which is satisfied according to the definition of W}, in (9). As a consequence, we
obtain the following statement:



Proposition 3.2 Problem (10) admits a unique solution (An,up) € My X Vi,

Proposition 3.3 If (Ay, uy) is the solution of (10), then uy, is also the unique solu-
tion of the variational inequality: find u;, such that

(11) u, € Kh, a(uh,vh — uh) > L(Vh — llh), VVh € Kh,

where K, denotes the discrete closed convex cone of admissible displacement fields
satisfying the non-penetration conditions, i.e.,

Kh:{VhEVhZ U}mSOOTLch}.

Proof: Taking u;, = 0 and p;, = 2A, in (10) leads to b(A\y, u,) = 0 and to
b(pen, up) = / PnUpn dI <0, YV up € My,
Te

The latter inequality implies by polarity that u,, € —M; (the notation X* stands for
the positive polar cone of X for the inner product on W), induced by b(.,.), see [22],
p. 119). Let Qn = {un € Wy pp, > 0}, We have My = (Q5)" = Q) since @y, is a
closed convex cone. Hence uy, € —Q), and u;, € K;,. Besides (10) and b(\,,u,) =0
lead to

(12) a(up,up) = L(uy)

and for any v, € Ky, we get
(13) a(uh,vh) — L(Vh) = —b(/\h,Vh) = —/ )\hv;m dl’ Z 07
o]

owing to A\, € Q}.
Putting together (12) and (13) implies that uy is solution of the variational in-
equality (11) which admits a unique solution according to Stampacchia’s theorem.
]

Remark 3.4 A priori error analyses for this discretization of the unilateral contact
problem can be found in [{, 11, 23]. The a priori error estimates are of order h(1*")/?
ifue (H¥*(Q)% 0 < v < 1/2 (see [4, 11]). If an additional assumption dealing
with the finiteness of transition points between contact and separation is added then
an optimal error estimate of order h'/**V is obtained (see [23]).

We consider the quasi-interpolation operator m,: for any v € LY(Q), we define m,v

as the unique element in V}, = {v, € C(Q) : V& € T}, vp|x € P1(k), vp|r, = 0} such
that:

(14) THU = Z ax (V) Ax,

xeN} \NhD



where for any x € N}, \ VP, A\, is the standard basis function in V}, satisfying A\, (x') =
dxxry for all X' € M, \ NP and ay(v) is defined as follows:

1

|wx|

ax(v) =

/ v(y)dy, Vx €N, \NP.

The following estimates hold (see, e.g., [29])

Lemma 3.5 For any v € H}_(Q) we have

lo=mvllc S hiclVollug, YK € Th,
lo=molle S BV, VE € Ep.

Since we deal with vector valued functions we can define a vector valued operator
(which we denote again by 7, for the sake of simplicity) whose components are defined
above. Consequently we can directly state the

Lemma 3.6 For any v € V we have

(15) ||V - 7ThV“K 5 hKHVHl,va\V/K € T,
(16) v=mvlle < hf2[V]iws VE € En.

4 A first error estimator: n

4.1 Definition of the residual error estimators
The element residual of the equilibrium equation (1) is defined by
divo(u,) +f =f on K.

As usual this element residual is replaced by some computable finite dimensional
approximation called approximate element residual

fre € (Pp(K))2

A current choice is to take fx = [, f(x) /| K] since for £ € (H'(2))?, scaling argu-
ments yield ||f —fx||x < hi||f]|1,x and is then negligible with respect to the estimator
n defined hereafter. In the same way g is approximated by a computable quantity
denoted gg on any E € E.

Definition 4.1 (First residual error estimator) The local and global residual er-
ror estimators are defined by

6 1/2
Nk = (Z 77121(> )
i=1

Mk = hKHfKHKy



1/2
1/2
mx = WY Weaw)lE |
EcEMUEY
1/2
1/2
= | D0 e o)lE ]
E€ES
1/2
1/2
Mk = hK/ Z loe () 1% ;
E€EY,
1/2
mr = | D / —AntUnn |
rerg ' P
1/2
mx = [ D IwlB |
EcES
1/2
n = Zni) :
KeTy

where the notations Ay and A\, denote the positive and negative parts of Ay, respec-
tively; Jgn(up) means the constraint jump of uy, in normal direction, i.e.,

B lo(up)ng],, VE € E™,
(17) Tn(un) = { o(w,)npg — gp,VE € E}.
The local and global approrimation terms are defined by

1/2

1/2
(18) ¢k = |hk > If—fwlli+he > lg—geli| .¢= (Zcﬁ) :

K'Cwg EcEﬁ KeTy

Remark 4.2 In the Definition 4.1, we could also set instead of N5k :

1/2

N5k = Z /E—Ah—uhn

E€E¢

since ch Mt Upy, = ch An—tpn. Note that sk # nsx although 3 e, Mer = doker, n2..

4.2 Upper error bound

Theorem 4.3 Let (A, u) be the solution of (7) and let (A, uy) be the solution of (10).
Then we have
la—upllre + A=Al _1 e S0 +C



Proof: Afterwards we adopt the following notation for the displacement error term:
€y, =Uu— uy.

Let v, € V. From the V-ellipticity of a(.,.) and the equilibrium equations in (7)
and (10) we obtain:

||eu”i§z S a(u—up,u—uy)
a(u—up,u—vy) +a(u—uy, vy, —u)
= L(u—vy) — b\, u—vy) —alup,u—vy) +b(A\y — A\, v, — uy,).

Integrating by parts on each triangle K, using the definition of Jg ,(u) in (17) and
the complementarity conditions b(A, u) = b(Ap, up) = 0 yields:

mmhzstéfohww+mem+mxm Zj/g gr) - (u—vy)

EcE}

(19) — Z/ o(uy)n) - (u—vy) — Z /JEn uy) - (u—vy).

EGEC EGE”’"UEN

Splitting up the integrals on I'¢ into normal and tangential components gives:
leuli S [ £+ (u=vi)+ b0 )+ B\ )

+Z/)\h+0n up)) (Vpy — Up) Z/Utllh (Unt — uy)

EEEC EGEC
(20) - ) /JEnllh (w—wvs) Z/g gr) - (u—vy).
EGEzntuEN EGEN

We now need to estimate each term of this right-hand side. For that purpose, we take
(21) vy =up, + m(u— uy)

where 7, is the quasi-interpolation operator defined in Lemma 3.6.
We start with the integral term. Cauchy-Schwarz’s inequality implies

[t @ < 3 el vl
Q

KeTy,
and it suffices to estimate ||[u — vy||x for any triangle K. From the definition of vy,
and (15) we get:

[u—villx = [lew — Theullx S hrclleal|r oy

/Qf-(u—vh)

As a consequence

(22) < () leullr0-

10



We now consider the interior and Neumann boundary terms in (20): as previously
the application of Cauchy-Schwarz’s inequality leads to

> st @)<Y el ville
EcE"UEY E EcE"UEY
Therefore using the expression (21) and estimate (16), we obtain
la=ville = llew—mieulls < hipllewll o

Inserting this estimate in the previous one we deduce that

(23) 3 / Ten(un) - (@ —vi)| S nlleal

EcE"UEY
Moreover
(24) > [ &g (= vi)| £ Cleala
BepN " F

The two following terms are handled in a similar way as the previous ones so that

(25) 3 /E e+ 7)) (08 — )] < 7l

EeEf
and
(26) S / o1 () (one — )| S nlewllin
E€EY E

Noting that uy, < 0 on I'¢, we have
(27) b(\,u,) <0,

and it remains to estimate one term in (20). Using the discrete complementarity
condition b(As, up) = 0 implies

b(Ap,u) = /FC MU, = /FC A (U — Upy)
= /FC<)\h+ — A=) (Un — Uhn)

< —/ )\h+uhn_/ A= (Un — Unn)
I'c T'e
(28) < 172—/ A (U — Upp,)-
Ie

11



The last term in the previous expression is estimated using Cauchy-Schwarz’s and
Young’s inequalities:

/ )\hf (un - uhn)
e

peg 7 E
< ) e llellun — e
EcE{
g , 1 2
< Z Oé”un_uhnHE‘i‘EH)‘h—HE 5
E€EY

for any a > 0. A standard trace theorem implies the existence of C' > 0 such that

/ )\h— (un - uhn)
INe]

1
< 04||un—uhn||%c+@ Z oy

EcEY
2 Uk
(20) < Caflealiio + L.
Estimates (28) and (29) give
1
(30) b0w,w) < Calealta + 7 (14 4 )

for any o > 0.
Putting together the estimates (22), (23), (24), (25), (26), (27) and (30) with «
small enough in (20), and using Young’s inequality, we come to the conclusion that

(31) u—upllo S0+

We now search for an upper bound on the discretization error A— A, corresponding
to the multipliers. Let v € V and v, € V;,. From the equilibrium equations in (7)
and (10) we get:

DA =An,v) = BNV = Vi) = b(An, v = Vi) + b(A = A, V)
= L(v—vy) —alu,v—vy)—bA,v—vp)+alu, —u,vy)

= L(v—vy) —alu—upv)—aluy,v—vy) —b(A, v —vyp).

An integration by parts on each element K gives

0= v) = [fvmv)—eumen = Y [ ) v -

- ZC /E(>\h + 0 (un)) (Vn — Van) —h Z:[E%(uh)(vt — Unt)
+ ZN/E(g_gE)'(V_Vh)'

12



Choosing v, = 7, v where 7, is the quasi-interpolation operator defined in Lemma
3.6 and achieving a similar calculation as in (22), (23), (24), (25) and (26) we deduce
that

b = A, VIS (04 ¢+ [[lu —wflio) Ve
for any v € V. As a consequence

(32) IA=Anll 3 pe S0+ ¢ lu—upfhie.
Putting together the two estimates (31) and (32) ends the proof of the theorem. n

4.3 Lower error bound
Theorem 4.4 For all elements K, the following local lower error bounds hold:

(33) mr S lu—ullx + (k.

(34) M S llu— w1, + (k.

Assume that X € L*(T'¢). For all elements K such that K N ES # 0, the following
local lower error bounds hold:

(35) mr S Y WA= Nlls + o — sl i +
E€E¢
(36) mr S lu—unllix + Cx,
(37) w50 30 (A= Ml + = wnlls + 1A = Al £
EcES
1/2 1/2
= w1,
(38) mx S D A=l
EcES

Proof: The estimates of 75 and 79k in (33) and (34) are standard (see, e.g., [28]).

We now estimate nsx. Writing wg = wg,n + wg,t on E € EI(’; and denoting by
br the edge bubble function associated with E (i.e., by = 4\, Ay, when aq, as are the
two extremities of F; we recall that A, is the standard basis function at node x in V},
satisfying Ax(Xx') = dxx for any node x’, see (14)), we choose wg, = (A + 0,(un))bg
and wg; = 0 in the element K containing F (here we made a slight abuse of notation
to simplify) and wp = 0 in Q \ K. Therefore

D+ on(un) [z~ / (e + 0 (W))W
E

= b(An,wWg) +/ o(uy) : e(wg)

K

(s W) — /K o(u—w,): e(wp) + /K o(u) : e(wp)

b(An, — A\, wg) + L(wg) — /K o(u—uy):e(wg)

IA=Mllellwelle + IfllxllwWellx + [[u—unlx[Well &

A

13



An inverse inequality and estimate (33) imply

i w4 on(un)lle S RIN = Malls + = il + BlIE i

~

S RPN = Ml + la = wpllg + e

This estimate gives the estimate of 73, in (35). The bound of 1y in (36) is obtained
as previously by choosing wg, = 0 and wg; = 04(u,)bg.

We now consider 5. If E € EY, let F C E be the part of the edge where
)\h = )\h+- So

/_)\h—l-uhn = /_)\huhn
E F
= /()\h—/\)(un—uhn)—/)\hun—/)\uhn
F F F

= [ n =M= ) = [ =N = [ N =)

SO = Mllellau—=wlle + 1A= Allelluale + la—ap| el &

The last estimate implies (37) by taking the square root.
The estimate on 7gx is obvious. Since A > 0 then we have 0 < \,_ < |\ — A| on
Fc. So
[An—lle < IA = Anlle

and (38) is proved. "

Remark 4.5 Assume that u € (H2(2))? (so A € H2(I'¢)), and that optimal a priori
error estimates hold (note that the question of optimality remains open in the a priori
error analysis since the known a priori error estimates are not optimal) and define:

1/2
= (> k), 1<i<6

KeTy
Then one would have my < h, 1o < h, 15 < hy na < hy, n5 < W4 ng < Y2 So

S htt

5 A second error estimator: 7

The analysis of this error estimator requires a nonstandard definition of the error
(in comparison with the already known results in the literature dealing with contact
problems). We begin with some preliminaries.

5.1 Preliminaries

For any py, € W), and v, € V, we define the bilinear form ¢(.,.) such that

q
c(ptn, vi) = Z/ In(pnUnn)
i=1 /Tc

14



where [}, is the linear Lagrange interpolation operator at the nodes of ﬁ (to simplify
the notations we write I, instead of I}). Let W, be the closed convex cone of

nonnegative functions in Wj. We define the following discrete problem issued from
(7): find uy, € Vy, and A, € W' such that

{ a(uh,vh) =+ C(S\h, Vh) = L(Vh), \V/Vh - Vh,
(39)

c(pn — An,up) <0, Vo € Wy
The following proposition establishes the link between problems (39) and (10).

Proposition 5.1 (i) Problem (39) admits a unique solution (A, up,) € W, x V.
(i1) The displacement field u, in (39) coincides with the displacement field solving
(10) (and also with the one solving (11)).

(iii) The link between the contact pressures N, and N, solving (39) and (10) is:

(40) C(/N\h, Vh) = b(/\h, Vh), Vv, € V.
More precisely, if w; denotes the (scalar) canonical basis function at node x; in %\

o

(41) Anlx) = e Vi, Vj.
¥;

I'e

I'p, we have

Proof: (i). As for problem (10) and according to [19] (Theorem 3.9 and Example
3.8), it suffices to verify that

C(/th Vh)
sup ————%
VREV, VR #0 thHLQ

is a norm on Wj,, which reduces to the condition {uy, € W, : ¢(un, vp) =0, Vv, € Vi } =
{0}. The latter condition is fulfilled according to the definition of W), in (9).

(ii). The discussion is the same as in Proposition 3.3 noting that ¢(.,.) induces an
inner product on W, and that W," is a closed convex cone.

(iii). Equality (40) is straightforward. Let us show that dim(W}) = #NC +
HNNC + 2#NEC where the notation # stands for the cardinal of a set. We denote
by Qﬁ; the ”canonical basis function” at node x; in F_’C\E (i.e., @/}3 is defined on U,I',
the support of @Z); lies in ﬁ, w; is continuous and piecewise of degree one on F_’é, and
Vi(Xk) = Op g, VXp € E \ Tp). Note that ¥ is not continuous if x; € M€,

If x; € NCUNNC it is straightforward that ¢} € W,.

If x; € NP then x; € F_’C U TS It suffices to show that there exists vj, =
(Un1,vn2) € Vy such that ¢) = vj, - n on ULy and wy, = (wp, wh2) € V) such
that ¢;+1 = wy, - on U ['S. Without loss of generality we can assume that the unit
outward normal vector along I';, is equal to (0, —1) and then the unit outward normal
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vector along I'd! is equal to (—sin 6, cos 0), for some 6 €]0,2n[ such that 6 # 7 (¢
being the interior angle between I', and '), Since vy, - n is linear on I'y, and ' ?,
it suffices to show that vj - n coincides with ¢§' at the nodes. Therefore we take vy,

equal to zero at each node except x; and for the values at x; we get

vi(x;) - (0,=1) = —upa(x5) = 1,
vi(x;) - (—sinf,cosf) = —upi(x;)sinb + vpe(x;) cosd = 0.
As sinf # 0, this system has the unique solution: wvpi(x;) = —cosf/siné and
vp2(x;) = —1. The solution wy, is obtained similarly and is characterized by
1
w (X)) = ==, wn2(x;) =0,

wj, being zero at the other vertices.

Equality (41) follows from (40) and the previous discussion. "

Remark 5.2 The a priori error estimates for the discretization (39) of the unilateral
contact problem are given in [20]. The obtained estimates are the same as for the
discretization (10) (see Remark 3.4).

5.2 Definition of the residual error estimators

As for the first estimator the element residual is defined by dive (u,)+f = f on K and
this element residual is replaced by some computable finite dimensional approximation
called approximate element residual: fx € (Px(K))%. Similarly g is approximated by
a computable quantity denoted gg on any E € E.

Definition 5.3 (Second residual error estimator) The local and global residual
error estimators are defined by

5 1/2
ﬁK = (Z ﬁ?K) )
=1

mr = hkllfxlk,
1/2
o = hil’ Z 1.0 (n) [ ;
EcEWMUEY
1/2
mx = b YD o)l ]

E€EY
1/2

e = b Y lledwlln ]

EcES
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1/2

sk = Z / — MU ;

EeES

1/2
o= (Z ﬁi) ,
KeTy,

where we recall that Jg ., (ay) is the constraint jump of w, in normal direction defined
by (17).

As in the previous section, the local and global approximation terms (x and ¢ are

defined by (18).

Remark 5.4 From the previous definitions we have Mk = Mk, Nox = Nk and
M = Marc- We mention that there is no term as ng in the second estimator since the
multipliers N, are of constant sign (note that a similar approach was adopted in [27]
for the obstacle problem,).

5.3 Upper error bound

Theorem 5.5 Let (\,u) be the solution of (7) and let (A, wy) be the solution of (39).
We have .
lu—wnflio + A=Al re S7+C

Proof: We adopt the following notations for the error term in the displacement:
ey = u—uy. Let vy, € V. According to the V-ellipticity of a(., .) and the equilibrium
equations in (7) and (39) we obtain:

leullie S a(u—upu—u)
= a(u—up,u—vy) +alu—u, vy, —uy)
= Lu—vy) — b\ u—vy) —a(uy,u—vy)+ by — A, v, —uy,)
—l—c(S\h, Vi, —uy) — b(S\h, Vi, — uy).

Integrating by parts on each triangle K, using the definition of Jg,(u;) in (17) and
the complementarity conditions b(A,u) = b(An, up) = (A, up) = 0 gives:

i 5 [ £ @=vi)+ b+ v+ Y [ (g ge)- (0w

EcE}

— Z / o(up)n) - (u—vy) — Z /JEn u) - (u—vp),

E'EEC E'GE'””UEN

which is the same inequality as in (19) according to (40). Splitting up the integrals
on I'¢ into normal and tangential components yields:

lealZa < / E+ (0= va) 4 B(h wn) + b0, 1) — b, Vi) + (s Vi)

17



+Z/)\h+0n u)) (Vnn — Un) Z/Utuh (Une — )

EeEf¢ EeEf¢
(42) — Z /JEnuh (u—wvp) + Z / g—gp) (u—vp).
EeElntuEN EEEN

As before to estimate each term of this right-hand side, we take vy, of the form (21).
We start with the integral term. As in the case of the first estimator we deduce
from (21) and (15) that

/ fow—vi)| < S el — vl
Q KeTy,
< Y [kl o
KeTy
(43) < (74 0lealle.

We now consider the interior and Neumann boundary terms in (42): as previously
the application of Cauchy-Schwarz’s inequality and (16) lead to

/JEnuh amv)l € Weaw)lelu - vie

EcE"UEY E€E"UEY
<S> Weatw)lleh el ws

E€E™UE}

(44) S lleullio.

Besides we get

(15) S / g—gr) - (u—vi)| S Clleullio

EcEN

The two following terms are handled in a similar way as the previous ones so that

(46) 3 / (o 00 () (0 — )| S llewll

EeE¢

and

(47) > [ tun) o= w)| S ilealon

EeEf¢

Noting that uy, < 0 and )\h > 0 on I'c, we have

(48) b\ u,) <0, b(Ap,u) <0
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and it remains to estimate two terms in (42), namely

Oy vi) = b, vi) = —b(n, un) + (M, Thew) — b(An, Thew)
(19) < i+ [ BOumenn) — humed
I'e

The integral term in the previous expression is estimated as follows using a basic error
estimate of numerical integration (trapezoidal formula):

= Z /[h )\h 7rheu n )\ (Wheu)n

EeEf¢

/F Ih<5\h(7rheu)n) - 5\h(7rheu)n

S > EE(w(mhen)n)”]

EeE¢

> b IN(mhew)n)|

EeEf¢

> HalNllel (Thew)a) |le

EeEf¢

3/2
ST RLIN el mheal|ws

EeEf¢

ST rLINeleal s

EeEf¢

= 2 W10+ onw)) e llelli e,
E€Ef
S 2 It on(w)zlleull o
E€Ef
(50) < lleu|lr0-
Above we have used the H! stability of 7, proved in Lemma 3.1 of [8] (see also [28])
and the trace inequality on an element (see [28]).
Putting together the estimates (43), (44), (45), (46), (47), (48), (49) and (50) in

(42) and using Young’s inequality, we come to the conclusion that

(51) u—upllo S 7+

A

N

N

N

Next we search for an upper bound on the discretization error A—\; corresponding
to the multipliers. Let v € V and v, € V,,. From the equilibrium equations in (7)
and (39) we get:
b()\ — S\h,V) = b()\, vV — Vh) — b(j\h,V — Vh) + b()\ — )\h,Vh) + b()\h — S\h,Vh)
= L(v—vy) —alu,v—vy)— b(j\h, v —vy) +a(u, —u,vy)
+b(An — A, Vi)
= L(v—vy) —a(u—uuv) —alu,, v —vy) — b, v —v3)
+b(>\h — S\h, Vh).

19



An integration by parts on each element K yields

DA — A, v) = /Qf-(v—vh)—a(u—uh,v)— > [EJE,n(uh)-<v—vh)

-y [E(Xh+o—n<uh))(vn—vhn)— 3 /Eat(uh)(vt—vht)
+ (M, Vi) = b(hn, Vi) + Z /E(g—gE)'(V—Vh)-

Choosing v, = m,v where 7, is the quasi-interpolation operator defined Lemma 3.6
and achieving a similar calculation as in (43), (44), (45), (46), (47) and (50) we deduce
that

B = 2, v)| S G+ ¢+l = wnllae) Vil
for any v € V. As a consequence
(52) A= Ml S+ C+ = wilve.

Putting together the two estimates (51) and (52) ends the proof of the theorem. "

5.4 Lower error bound

Theorem 5.6 For all elements K, the following local lower error bounds hold:

(53) i S la—unllix + Cr,

Tor S |lu— sl w, + (k-

Assume that X € L*(T'¢). For all elements K such that K N ES # 0, the following
local lower error bounds hold:

(54) ULV SN Z W2 I = Aulle + a = wlli ke + Cx,
E€EY
MKk S Hu_uh”LK‘FCKa
~ ~1/2 1/2
(55) s S s lunlly -

Proof: According to Remark 5.4 and Theorem 4.4 we only need to estimate 735 and
sk

We first estimate n3x. Writing wg = wg,n + wgit on E € Eg and denoting by
bg the edge bubble function associated with E (i.e., by = 4\, \g,, when aq, as are the
two extremities of F), we choose wg, = (A, 4+ 0,(u3))be and wg, = 0 in the element
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K containing E (here we made a slight abuse of notation to simplify) and wg = 0 in

Q\ K. So
I+ autwnlfs ~ [ G+ o),
E

= b(S\h,wE) —l—/Ka'(uh) ce(wg)

= b\, Wg) —/ o(u—u,):e(wg) +/ o(u):e(wg)
K K
= b — A wa) + L(wg) — / o(u— ) : £(wp)
K
S I =Nllelwelle + [Elxlwelx + lla = wlh,wlwelk
An inverse inequality and estimate (53) imply

W2+ anw)lle S A2 = Nl + [u — wallixe + llf] x

~Y

S RPN = Nalle + la = willg + e

This bound gives the estimate of 73k in (54).
We finally consider 7j5x. If E € ES, one has

/ _S‘huhn
E

/ In(Antinn) — Mt
E

Rl (Anttnn)|

I Ny

h%?HS‘EzHEHu;mHE

Wl (A + on(un))' || 2l 2
hil| M + o)l el 2
il | L

3x || a1,k -

[P VAR TANRIAN

AR AN A

The last estimate implies (55) by taking the square root.
n

Remark 5.7 Assume that u € (H2(Q))? (so that X\ € H2(T'¢)). Then the integral
term in N5 can be bounded as follows:

/_S\huhn = /Ih(:\huhn)_j\huhn
E E
hp| (Antin)"|

I bl 21 ()

h%EH:\Z(U;m —up)|| ey + h?gHNZU%HLI(E)

AN A

IN
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N

RN i = 00) N+ BN o e

W A+ o (@n) Y |2l (o — ) |2 + hE/all(An + 0 (an))'l

AN

ot gyl

~ q=2 ~
hil| A + on () |zl (unn = un)' e+ hphg” Val (A + on(an))l|sllall20

il Tisic [t — w5 + hey/— (he) s [ ull2.0,

where 1 < q¢ < 0o (we choose ¢ = —In(hg), hg is supposed small enough) and we
have used the following embedding (see [3]): for any real number p € [1, 00|,

IZANRZA

1
[ollzrve) < CVBIl 3y Vo € HETE),

where C' is independent of p. Define

1/2
= (Y k) 1<i<s.
KeTy,

Assume that optimal a priori error estimates hold (this requires additional assump-
tions, see Remark (5.2)). Then the previous result leads to the following bounds: 7; <
h,1<i <4 ands < h¥4(—1In(h))*. Therefore i < h¥*(—1In(h))*. If we use only
the known a priori error estimates (see Remark (5.2)), we get: 7j; < h3/4,1 <i <4
and 75 < hY/3(—1n(h))/4. Therefore 1 < h**(—1n(h))Y* and our result is not far
away from “optimality” since we have a loss of convergence of only h'/3(—In(h))~1/4.

The second error estimator allows us to obtain improved upper and lower bounds of
the error in comparison with the one in the previous section. Note that the definition
of the discretization error was modified in this section where we compare ||[u—uyl|1,0+
IIN— 5\h||_%7rc with 7) (whereas in the previous section we compare ||[u—uy||1.0+ [|A —
Anll Ire with 7). The forthcoming numerical experiments will help us to compare
the performances of both estimators and suggest us that 7 is more appropriate than
n for the unilateral contact problem.

6 Numerical experiments

This section is concerned with the numerical implementation of both estimators. We
suppose that the bodies are homogeneous isotropic materials so that Hooke’s law (2)
becomes:

Ev
(1—-2v)(1+v)

(56) o(u) = tr(e(u))I + e(u)

14+v
where I represents the identity matrix, ¢r is the trace operator, £ and v denote
Young’s modulus and Poisson’s ratio, respectively with £ > 0 and 0 < v < 1/2.

Our main aim is to validate our theoretical results by computing the different
contributions of the estimators n and 7 and their orders of convergence for different
meshes. We also compute some effectivity indices and show that the estimator can be
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determined in more general cases than the theoretical framework. In our numerical
experiments we do not consider optimized computations obtained from the estimators
and a mesh adaptivity procedure which are beyond the scope of this paper. In the
following we denote by N¢, the number of elements of the mesh on I'c. Since we use
uniform meshes (made of triangular elements), this parameter measures the size of
the mesh.

6.1 First example: comparison of the error terms in both
estimators

We consider the domain © =]0,1[x]0,1[. We choose a realistic physical example.
Namely we suppose that the body is an iron square of 1m? whose material charac-
teristics are £ = 2.110" Pa,v = 0.3 and p = 7800kg.m 3. The body is clamped on
I'p = {1}x]0, 1], it is initially in contact with I'c = {0} x]0, 1] and it is acted on by
its own weight only (with ¢ = 9.81m.s72). Moreover 'y =]0, 1[x ({0} U {1}). We
begin with achieving computations involving criss-cross meshes (this means that the
body is divided into identical squares, each of them being divided into four identical
triangles).

Figure 1: Initial and deformed configuration with N = 50 (deformation is amplified
by a factor 2.10%).

We observe (see Figure 1) that T'c is divided into two parts: an upper part where
the body remains in contact with the axis x = 0 and the lower part of I'c where it
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separates from this axis. We determine the convergence of all the terms involved in
both estimators n and 7 and we report the results in Table 1 and Table 2 where we
adopt the notations of Remarks 4.5 and 5.7:

1/2 _ ~ N 1/2 .
771':(2773[() 1<i<6, 773‘:(Z77a2‘f<> 1<5<)

In these tables we compute the average convergence rates by averaging the rates
between No = 4 and No = 128 and we give the limit rates if we observe that the
rates seem to converge (this is not always the case). Note that the convergence rate

of the terms: 1 = 1 = h(X ke, IfxllF)? ~ his 1.

| Estimatorn [ me [ w3 | [ ms [ ns ]
Nec =1 94716 35788 29586 3.20112102 13771
Neo =2 102670 23307 14128 1.96822102 12322
Nc =4 78460 9240.6 5989.7 5.024111073 820.96
Ne =8 50672 3150.8 2429.3 3.322071073 1562.1
Nc =16 30376 1108.1 938.10 4.314191077 53.836
Ng =32 17806 389.83 356.38 1.6743310~% 31.015
Nc =64 10424 138.49 134.19 6.30827107° 17.193
Ng =128 6142.2 49.502 50.194 2.39545107° 9.8331
Convergence:
Average rate 0.74 1.51 1.38 1.54 1.28
Limit rate 0.76 1.48 1.42 1.40 0.81

Table 1: Contributions in the estimator n (criss-cross mesh)

[ Estimator 7 [ 72 [ 73 | | 75 \
Ne =1 94716 11959 29586 3.39530 1072
Ne =2 102670 9536.6 14128 1.04538 102
Ne =4 78460 5014.3 5989.7 6.93578 1073
Ne =8 50672 2270.7 2429.3 2.16306 103
Ne =16 30376 900.17 938.10 7.61047107%
Ne =32 17806 339.23 356.38 271989102
Ne =64 10424 125.04 134.19 9.6937910~°

Ne =128 6142.2 45.618 50.194 3.46036 10~
Convergence:
Average rate 0.74 1.36 1.38 1.53

Limit rate 0.76 1.45 1.42 1.49

Table 2: Contributions in the estimator 7 (criss-cross mesh)

From the experiments we see that the terms ny = 79, 13, 73 and 74 = 74 converge
towards zero and that 3 is close to 73 (1 is the term converging the slowest towards
zero and we observe that the main part of the error in n and 7 is located near the
singular points (1,0) and (1,1)). The error terms measuring the non fulfillment of
the complementary condition (i.e., 15 and 75) show a convergence rate close to 1.5
which is much higher than the ones expected from the theoretical part (see Remarks
4.5 and 5.7). Moreover 75 and 75 are small in comparison with the other terms: this
is not surprising since these terms are the only ones which depend on the Young
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modulus E. More precisely, if u(F) solves the elasticity problem in Figure 1 with
a Young modulus F then it is easy to check from (56) that u(£)/k solves the same
problem with a Young modulus kFE (if we had nonhomogeneous Dirichlet conditions,
this would not be true) whereas o (u(E)) = o(u(kFE)). This implies that 75 and 75
behave as E~/? and maybe a normalization of 75 and s would be necessary to avoid
this phenomenon. The term 75 whose theoretical convergence rate is also not optimal
shows a non uniform decay towards zero, but faster than 7,. So we can reasonably
expect that 7, is the greatest term when No — +o00.

If we choose more general unstructured quasi-uniform meshes (instead of criss-
cross meshes) on €2 we obtain the following results reported in Tables 3 and 4:

[ Estimatorn [ m2 [ ms [ ma [ us | 6 \
Ne =1 88542 31184 32591 2.24674102 9851.5
N =2 99918 21238 13833 1.70126 1072 10315
Ne =4 95846 10861 5703.5 2.50567 103 737.97
N =38 69987 4082.7 2448.9 3.274111073 1502.8
N¢o =16 44123 1494.5 981.63 3.8353810~* 144.18
Ne =32 26776 505.22 373.78 1.072010~ % 42.542
N¢o =64 15548 158.77 145.82 2.5331110°° 9.1921
Neo =128 9296.4 54.193 53.902 3.5867510C 0.72587
Convergence:
Average rate: 0.67 1.53 1.35 1.89 2.00
Limit rate: 0.74 1.55 1.44 no limit rate no limit rate

Table 3: Contributions in the estimator n (unstructured mesh)

[ Estimator 7 [ 72 | 73 | E \
Neg =1 88542 19751 32591 2.38302102
Ne =2 99918 10687 13833 1.06738102
Ne =4 95846 7155.9 5703.5 5.95065 10~3
Ne =38 69987 3387.7 2448.9 2.207421073
Ne =16 44123 1288.3 981.63 6.7656510~%
Ne =32 26776 453.06 373.78 2.45212107%
Ne =64 15548 143.92 145.82 8.87555107°

Ne =128 9296.4 49.590 53.902 3.17811107°
Convergence
Average rate: 0.67 1.43 1.35 1.51

Limit rate: 0.74 1.54 1.44 1.48

Table 4: Contributions in the estimator 7 (unstructured mesh)

The main conclusions are similar to the ones when criss-cross meshes are used
and we notice that the terms 75 and ng converge rapidly but with a non uniform rate
towards zero.

From this test we conclude that the implementation of 7} is simpler than for 7: there
is one term less in the computation of 77 and the terms 75 and 7g involve negative parts
of A, (this would be more difficult to compute, especially in the three-dimensional
case). Besides it seems that the convergence rate of 75 is more uniform than the ones
of 15 and ng and that there are very few elements (near the transition points from
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contact to separation) where the error of 75 is located and this is not the case for 7;
and 7.

6.2 Second example: a more regular case

We consider the geometry € =]0,2[x]0, 1[ of area 2 square meters. We adopt sym-
metry conditions (i.e., u, = 0,04,(u) = 0) on I's = {1}x]0, 1] and we achieve the
computations on the square Q =]0,1[x]0,1[. We set I'c =]0, 1[x{0} and I'y is the
remaining part of the boundary of 2. A Poisson ratio of v = 0.2 and a Young modu-
lus of E'= 1Pa are chosen (the latter value is of course not realistic from a physical
point of view). A density of surface forces g of magnitude 1N.m 2 oriented inwards
Q is applied on {0} x]|1/2,1[ and ]1/2,1[x{1}. Such a configuration corresponds to
a K-elliptic case (see [19], Theorem 6.3) and the problem admits a unique solution.
We use criss-cross meshes in this example. Figure 2 depicts the initial and deformed
configurations of the body. Here again I'c shows a contact and a separation part.

Figure 2: Initial and deformed configuration with No = 50 (deformation is amplified
by a factor 0.1).

It is easy to see that the symmetry conditions on I'g lead to supplementary error
terms similar to the ones in 74 = 7, and we add these terms to 7, and 7j,. Moreover
we have n; = 77 = 0. The results concerning both estimators are reported in Tables
5 and 6.
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|

[ Estimator n [ 13 | m | s 16
Ne =2 0.93715 0.16483 5.46634 102 5.77944 102 7.914101072
Ne =14 0.56976 7.1715710~2 3.63730102 2.32941 102 4.26924 102
No =8 0.33391 2.276441072 1.53814102 1.67857102 1.6269710~2
N =16 0.19152 1.0006510~2 7.7936010~3 473869103 7.69676 103
Ne =32 0.10682 3.66909 1073 3.24986 1073 2.445471073 5.90999 103
No =64 5.8467210~2 1.170721073 1.247251073 8.1137510 % 1.447931073
No =128 3.15747102 4.8537310~* 5.05263 10~* 3.1255510~% 1.389741073
Convergence:
Average rate 0.83 1.44 1.23 1.24 0.99
Limit rate 0.89 1.27 1.30 1.38 no limit rate
Table 5: Contributions in the estimator n
[ Estimator 7 [ 72 | s | | s \

Ng =2 0.93715 0.10459 5.46634 102 7.89660 102

Ne =4 0.56976 5.0114110~2 3.63730102 1.4128210 2

Nc =38 0.33391 1.84373102 1.53814102 1.30765102

Ne =16 0.19152 7.52496 103 7.7936010~3 2.7988710~3

Ne =32 0.10682 2.858271073 3.24986 103 1.04594 1073

Ne =64 5.84672102 1.035221073 1.247251073 6.2338810~%

Ne =128 3.15747102 4.0112010% 5.05263 10~% 1.50507 104

Convergence:
Average rate 0.83 1.39 1.23 1.31
Limit rate 0.89 1.37 1.30 no limit rate

Table 6: Contributions in the estimator 7

As in the previous example, 7y is the main term in the estimators with the lowest
(but greater then in the previous example) convergence rate. We observe that the
error is mainly located near the transition point between contact and separation and
near the singularities (0,1/2) and (1/2,1) due to the jumps of the density of surface
forces at these points and also, due to the very small Young modulus. As in the
previous example the error terms 75 and 75 measuring the non fulfillment of the
complementary condition converge with an higher rate than theoretically expected.
The term 74 shows a slow convergence rate in comparison with n; and 7.

If we denote by (a(u —u,, u—uy))"/? the energy norm of the discretization error
(which is equivalent to the (H'(Q))?- norm of the error), we compute the convergence
rates o, & and (3 of 1, 7 and (a(u — uy, u — uy))"/? respectively. Moreover we are
interested in determining the effectivity indices:

n
(a(u —up,u—uy))/2

o n
7= (a(u —up,u—uy))'/?

and =

These ratios measure the reliability of our estimators.

To our knowledge this problem does not admit an explicit solution u. So, in order
to determine (a(u —u;,u—uy))"/?, we need to compute a reference solution denoted
by u,.s corresponding to a mesh which is as fine as possible. The most refined mesh
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corresponds to Ngo = 128 and it furnishes the reference solution u,.; which is the
chosen approximation for u.

| [ | i | (-wu—w)?] v [ 5 |
No =2 || 095823 | 0.94784 | 0.20249 328 324
Ne =4 | 057746 057320 0.17068 3.33 | 3.36
No =8 || 0.33585 | 0.33503 | 9.6668810 2 347 347
Ne =16 | 019215| 0.19185 | 53232410 7 3.61 | 3.1
Ne =32 | 010712| 010691 | 281764102 3.80 | 3.79

Table 7: Estimators, error in the energy norm and effectivity indices

The results are reported in Table 7 where the errors are computed from Ngo = 2
to No = 32 (the value No = 64 would give a underestimated error in the energy
norm since the field uy, is then too close to the reference solution). The average
convergence rates (between No = 2 and Ng = 32) are the following: a = 0.79,
a = 0.79 and § = 0.84 and are therefore close. We also observe that the effectivity
indices vary between 3.24 and 3.80 which correspond to reasonable values.

In this example the term ng converges slowly whereas the terms 73 and 73, 75 and
75 are similar. Concerning the convergence rates of n and 77 we find that there are
similar and that the effectivity indices are also very close. So we conclude that there
is no reason to choose 7 instead of 1 which is simpler to implement.

6.3 Third example: a Hertz type problem

In this test we consider the contact problem between an elastic disc (of 1m in diam-
eter) and a rigid half plane which corresponds to a Hertz type problem. A Poisson
ratio of 0.4 and a Young modulus £ = 10000Pa are chosen. The aim of this example
is to extend the range of applicability of the estimator 7 to a more general case involv-
ing a curved contact zone with an initial gap between the foundation and the elastic
body and an increasing contact area. Initially in the unconstrained configuration, the
contact part between the disc and the half-plane is a single point. A density of surface
loads g = (0, —200)N.m~2 is applied on the upper quarter part of the boundary so
that the problem becomes symmetric. We use quasi-uniform unstructured meshes.
Note that the unilateral contact conditions in (5) have to be changed to take into
account the gap between the contacting bodies. The conditions modelling unilateral
contact on I'c become:

u, — & <0, on(u) < 0, on(u) (u, — &) =0,

where £ = £(x) is the distance from x € I'¢ to the rigid foundation. As a consequence
the definition of 75 in Definition 5.3 has to be changed into

1/2

sk = Y /E_/N\h(uhn_£>

E€E
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Figure 3: Initial and deformed configuration (deformation is not amplified).

The initial and a deformed configuration are depicted in Figure 3. The results con-
cerning the implementation of 7 are reported in Table 8.

[ Estimator 7 [ 7 [ s | s | s \
h=1/10 236.36 48.899 41.727 0.20734
h=1/20 138.60 17.341 20.835 6.25309 102
h=1/40 89.959 10.645 10.912 2.98565 102
h=1/80 42.857 2.2564 4.3787 1.6811110~2
h=1/160 22.865 1.1549 2.5559 4.500741073

Convergence:
Average rate 0.84 1.35 1.00 1.38

Table 8: Contributions in the estimator 7

As previously explained and observed in the first example, the term 75 is small
and it admits a convergence rate which is really more important than theoretically
expected. We obtain for this example results which are similar to the previous ones.

7 Conclusion

In this work we propose and analyze two estimators (1 and 77) of residual type associ-
ated with two mixed finite element approximations of the two-dimensional frictionless
unilateral contact problem in linear elasticity. For both estimators we obtain upper
and lower bounds of the discretization error. From the numerical experiments we come
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to the conclusion that the results given by the two estimators are roughly speaking
similar and that all the terms converge towards zero with satisfactory convergence
rates (the slowest convergence is observed for the classical terms denoted by 7, and
72 which measure in particular the constraint jumps across the interior edges, and all
the terms coming from the contact approximation converge better). Nevertheless 7
has one term less to evaluate in comparison with 7 and its numerical implementation
is (a bit) simpler. We also observe that the supplementary term in n (i.e., 1) does
not admit in the general case a uniform convergence rate. Our conclusion concerning
the comparison of both estimators is that  could be more promising than 7. Besides
we see that the error terms measuring the non fulfillment of the complementarity
condition (i.e., 75 and 7j5) converge much faster than theoretically expected; this al-
lows us to expect that some improved theoretical estimates for these terms could be
obtained.

This work is partially supported by ”1’Agence Nationale de la Recherche”, project
ANR-05-JCJC-0182-01.
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