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Given a convex operator ¢: E—Fu{x] and a concave operator
y:E—> Fu{—}, both defined an a locally convex Fréchet space and having
values in an ordered locally convex vector space F with the least upper bound
property, and satisfying ¥ < ¢, we ask for conditions ensuring the existence of a
continuous affine mapping h: E — F satisfying ¥ </ < ¢. Besides this continuous
sandwich problem we discuss the problem of existence of continuous linear support
mappings for partially defined sublinear operators, by reducing it to a sandwich
problem. €1 1990 Academic Press, Inc.

INTRODUCTION

Let C, D be convex sets in a real vector space E, ¢ a convex function
defined on C, Y a concave function defined on D, both having values in an
ordered real vector space F. Suppose ¥/(x) < ¢(x) holds for every xe Cn D.
The sandwich problem consists in finding an affine function h: E— F
satisfying

h(y)=y(y) forall yeD,
h(x) < o(x) forall xeC.

In [Z,], Zowe has investigated this algebraic sandwich problem in the
case where F is an ordered vector space with the least upper bound
property. The outcome of this investigation is that a sufficient (and also
reasonable) condition to ascertain the existence of an affine separator 4 is
that 0 be an algebraic relative interior point of C— D, ie.,

0e(C— D).

Usually, infinite-dimensional vector spaces are endowed with (natural)
locally convex topologies. This makes it desirable to find solutions 4 for the
sandwich problem above which are continuous with respect to these

53

0022-247X/90 $3.00

Copynight ¢ 1990 by Academic Press, Inc.
All rights of reproduction in any form reserved



54 DOMINIKUS NOLL.

topologies. In [Z,]. Zowe has established such a continuous sandwich
theorem under the assumption that F is a normally ordered locally convex
vector space having the least upper bound property. It states that

(1) the continuous sandwich theorem is valid if ¢ is continuous at
some x,€int Cn D.

This provides an answer in many cases, and the method of proof it relies
on has been refined by several authors (see, e.g. [B]). Nevertheless, it is
not fully satisfactory in the light of its algebraic counterpart. The existence
of a topological interior point in one of the sets C, D is a rather strong
restriction. In our paper [N,] we therefore asked for conditions of a
different nature in which a continuous sandwich theorem is valid without
this request. We have obtained the following result.

(2) The continuous sandwich theorem is valid if E is a separable
Fréchet space, C, D are convex Borel sets in E such that 0 is an algebraic
interior point of C—D, ie, 0e(C—D)’, and there exist weakly Borel
measurable ¢,: C > F, y,: D — F satisfying ¢ < ¢, on C, Y =y, on D.

This result maintains the symmetry of its algebraic counterpart, and
moreover covers all cases of practical relevance in the case of a separable
space E, since the measurability assumptions on ¢, ¥ are quite natural. Of
course we would like to avoid separability in statement (2). We do not
know whether this is possible in general. In [N,] we obtained a partial
answer.

(3) The continuous sandwich theorem is valid if F is a Fréchet space
and there exist closed convex sets Coc= C, D,=D having 0e(C,— D),
and weakly Borel measurable maps ¢,: Co— F, yo: D,— F satisfying
@ <@g on Co, Y Zyq 0on Dy,

In the present paper we shall, in particular, prove a generalization of state-
ment (3). We introduce the notion of pseudo-complete convex sets and we
prove that statement (3) remains valid for such pseudo-complete sets C,,
D,. Since the class of pseudo-complete convex sets in a Fréchet space is
fairly large—in particular it contains as a proper subclass the CS—closed
sets in the sense of Jameson and therefore, by a result of Fremlin and
Talagrand, all convex G;—sets—we obtain a satisfactory version of the
continuous sandwich theorem which again covers all cases of a practical
relevance.

The sandwich theorem bears some relation to the support problem for
partially defined sublinear operators. Recall that the problem of existence
of (continuous) linear support mappings for partially defined sublinear
operators— in contrast with the case of fully defined operators—does not
admit a solution in general. In [N,] we have outlined a method for
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producing solutions to the support problem in the partially defined case
under some mild measurability assumptions by reducing the support
theorem to the sandwich theorem. This method is based on a boundedness
result for convex operators with measurability condition. In the present
paper we give another application of this method. Roughly speaking we
show that lower semi-continuity of convex operators is a one-dimensional
property, if a weak measurability assumption is made.

The structure of the paper is as follows. In Section 1 we introduce the
concept of pseudo-completeness for convex sets and prove some basic facts.
Section 2 presents our main sandwich theorem generalizing statement (3)
above. In Section 3 we establish a result on the existence of continuous
linear support mappings for partially defined sublinear operators. The final
Section 4 presents an application of the support theorem. We prove that a
convex function ¢ defined on a pseudo-complete convex set C in a Fréchet
space E which is dominated by a Borel measurable function is actually
lower semi-continuous as a mapping E — Ru {0} if for every one-dimen-
sional linear manifold L in E the restriction @{L: L - Ru {oc} is lower
semi-continuous.

NOTATIONS AND PRELIMINARIES

We assume that E, F are real locally convex vector spaces and that F is
ordered by a normal cone F,, which means that F has a base of
neighborhood of O consisting of order-convex sets. F is said to have the
least upper bound property (lubp) if every subset of F which is order-bounded
below has an infimum.

We adjoin two new elements oo, —oo to F, imposing the rules
X+0o=0, X+ (—w)=—00, —0<x<0, 0+ =00, (—0)+(—0w0)
=—w, 0o=0(—w)=0, loo=w, A(—0)= ~x¢, (—1)(—x)=ow for

all xe F, 2> 0. An operator ¢: E —~ Fu {0} is called convex if for x, y € E,
0<A<1 we have p(Ax+ (1 — 1) ) < do(x) + (1 — A) (), sublinear if it is
convex and satisfies @(Ax)= Ap(x) for all 1=0. ¢ is called concave if —¢
is convex, and it is called superlinear if — ¢ is sublinear. The set of xe E
with ¢(x) € F is noted D(¢). Observe that D(¢p) is convex when ¢ is convex
or concave, and it is a cone when ¢ is sub- or superlinear.

Let X be a subset of E. A function f: X — F is called weakly Borel
measurable if go f'is Borel measurable on X for every ge F/, | i.e., for every
continuous and positive linear functional g on F. f: X — F is called weakly
Baire if for every ge F), go f is a mapping with the Baire property (see
[Ku, p. 399]).

Finally we need a topological notion. Let X be a topological space. A
pair (9, T') consisting of a tree T= (7, < ;) of height X, and a mapping 3
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from T to the topology of X is called a web on X if the following conditions
(1), (ii) are satisfied :

(1) {M2):1e T} is a base for the topology of X;

(ii) For fixed te T {3(s):t1<,s5€T} is a base for the topology of
9(1).

Moreover, a web (3, T') on X is called p-complete if the following condition
(i11) is satisfied:

(iii) If (z,) is a cofinal branch in T (ie., t,<;t,,,) such that
Ht,)# F for all n, then () {H¢,):neN} # & as well.

Various concepts related with the notion of a web have been discussed. See
for instance [CCN] for the concept of a sieve, [DW] for the notion of a
sifter. Following [N,], a topological space X is called p-complete if it
admits a p-complete web. Note that the class of p-complete spaces is
invariant under products, continuous open images and is G;-hereditary.
Moreover, every p-complete space is a Baire space.

1. Pseudo-Complete Convex Sets

In this section let C be a convex cone with vertex 0 in a separated locally
convex vector space E. Let T denote the topology on C inherited from E.
Observe that 7 is not invariant under the translations x —» x+ y, yeC,
preserving C. This suggests introducing different topologies on C which are
invariant under translations x — x + y, y € C, and at the same time preserve
most of the information about the original topology . One special
topology of this kind may be defined by taking as a base of neighbour-
hoods of x e C the sets

x+(UnC),

where U varies over the neighbourhoods of 0 in E. This topology, which
we agree to call ¢, has been defined by Saint Raymond [SR] in the special
case E=/', C=1",, and it has been further investigated in our paper [N,].
The following properties of ¢ are easily stated:

(1) The translations x —» x + y with y e C map (C, ¢) homeomorphi-
cally onto its open subspace (C + y, g), respectively;

(2) o is invariant under homotheties x - ix, 1>0;

(3) o is locally convex;

(4) o is finer than the original topology t.
In the following, every topology v on C satisfying conditions (1) to (4) will

be called an invariant topology on C. The special invariant topology o
defined above will be called the cone topology of C.
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Let us consider an example. Let E=R, C=R,. Then 7 is the euclidean
topology on C, while ¢ is the topology generated by the intervals [a, b),
0<a<b, on C, sometimes called the Sorgenfrey topology. Clearly in this
case o is the only invariant topology on C.

In the general case, suppose there exists x € C having —x ¢ C. Then every
invariant topology y on C induces the Sorgenfrey topology on the ray
{Ax: 420}, whereas v naturally induces the euclidean topology. This
implies that t itself is not an invariant topology on C unless C is a vector
subspace of E.

DerFINITION 1. Let C be a convex cone with vertex 0 in a separated
locally convex vector space E. C is called pseudo-complete if there exists an
invariant topology ¥ on C such that (C,y) is a p-complete topological
space. If, in addition, the topology y may be chosen to be the cone
topology o, then C is called o-pseudo-complete.

This definition will be clarified in an instant, when we will become aware
of the fact that CS-closed sets are pseudo-complete. Recall that a convex
set K in a locally convex vector space E is called CS-closed (see [J]) if
every convergent series ».>° , A,x, in E having x,€K and 0<4,<1,

~_1 A, =1 actually converges to an element of K.

PROPOSITION 1. Every CS-closed convex cone C with vertex 0 in a
locally convex Fréchet space E is o-pseudo-complete. In particular, every
convex Gs-cone with vertex 0 in E is a-pseudo-complete.

Proof. The second part of the statement follows from the first one
together with a result of Fremlin and Talagrand [FT] stating that convex
Gs-sets in Fréchet spaces are CS-closed. So let us prove the first part of the
statement.

Since C is a cone, its CS-closedness may be expressed equivalently by
saying that every convergent sequence (x,) of vectors from C having
X,+1—X,€C in fact converges to an element of C (see [J, Section 2,
p. 381]).

Let (U,) be a base of convex and open neighbourhoods of 0 in E
satisfying U,,,+U,,.,cU,. For xe(C we define $(x)=x+ (U, nC),
which is a g-open set in C. Suppose now we have already defined o-open
sets $(xy, ..., x,,_,) for all sequences x,, .., x,_, of length n— 1 consisting
of elements of C. Then define

X, + (Up,nC), if x, € $(xy, ..., x,,_) and where

k,, is the smallest integer = » having

Xt (U, + U, + U ) C)c 8(xy, oy X, ()5
,if x, ¢ 3(xy, ., X, ).
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Let T denote the tree of all finite sequences of elements of C ordered in the
obvious way. We claim that (3, T) fullfills the conditions (i)-(iii} of a
p-complete web on (C, ). Since conditions (i) and (ii) are clear from the
construction, we have the check condition (iii).

Let (x,) be a sequence in C having 9(x, .., x,)# & for every n. By
construction we find y,e U, nC with x, ., =x,+ y,. In view of x,, , —
x, € U, the sequence (x,) converges to some x e E. By the above descrip-
tion of CS-closedness we actually have xe C. We conclude by proving
xed(xy, .., x,) for every n. So let n be fixed. For k> 1 we have

n+k -1
xn+k=xn+ Z y:-
t=n
Therefore the sequence (x,,,— x,) lies in C and converges to some v,
which, in view of

(xn+k+1 _xn)—(xn+k—xn)=xn+k+l _xn+k€C

and the CS-closedness of C must lie in C. This means v,=Y*, y,€ C. But
on the other hand we have

n+j

vieUg+ -+ U, cU,+ U,

i=

giving

Y yvieU,+ U, +U,,.
This readily implies x=x, + >, y,ex, + (U, + Uy, + U, )n C)c
Hxqs e X,)

Proposition 1 tells that the class of pseudo-complete convex cones in a
Fréchet space is fairly large. The following example shows that, although
the description of pseudo-completeness relies on the concept of Baire
category, there exist pseudo-complete sets which are of the first category in
themselves.

ExampPLE 1. Let E=/'and let C be the order cone of the lexicographic
ordering on E. Then C is CS-closed and hence pseudo-complete. But C is
of the first category, since C=J;,,_, C, .. where C, ,,={xel':x, = ...
=x, =0, x,=1/m}, and the sets C, ,, have no interior points relative
to C.

We continue our investigation with the following invariance properties of
the class of pseudo-complete cones.
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LeMMA 1. Let E, E, be separated locally convex vector spaces.

(1) Let CcE, C,cE, be (6-) pseudo-complete cones. Then Cx C, is
again (o-) pseudo-complete;

(2) Let CcE be a pseudo-complete cone and let f: E— E, be a
continuous linear operator. Then f(C) is pseudo-complete:

(3) Let C,DcE be pseudo-complete cones. Then C+ D is again
pseudo-complete;

(4) Suppose E is metrizable and let C, D < E be (0-) pseudo-complete.
Then Cn D is again (0-) pseudo-complete.

Proof. Consider (1). Let y,y, be invariant topologies on C, C, such
that (C,y), (C,,y,) are p-complete spaces. Then y xy, is invariant and
p-complete on C x C,. This proves the non-bracket part of the statement.
Since the product of the cone topologies on C, C, is again the cone
topology on Cx C,, the bracket part follows as well.

Next consider (2). Let y on C be invariant and p-complete. We define an
invariant topology 7,=f(y) on C,=f(C) by taking as a base of
neighborhoods of yeC, the sets y+ f(W), W varying over the
neighborhoods of 0 in (C, y). This provides in fact an invariant topology
on C,. Since f|C:(C,y})—(C,,v,) is by construction a continuous open
surjection, we deduce that y, = f(y) is a p-complete topology.

Clearly statement (3) follows from (1) and (2). So let us finally consider
(4). Let y, é be invariant p-complete topologies on C, D, respectively. We
define a new invariant topology y v é on Cn D by taking as a base of
neighborhoods of xe Cn D the sets x+ (V' W), V a neighborhood of 0
in (C, ), W a neighborhood of 0 in (D, ). Note that in the case where y,
¢ are the cone topologies on C, D the new topology y v ¢ is again the cone
topology on C n D. It therefore remains to prove that y v é is p-complete.

Let (3, T) and (p, R) be given on (C, y), (D, §) in accordance with the
definition of p-completeness. Considering property (4) of an invariant
topology, we may assume that the sets §(r), p(r) are metrically bounded
and that for cofinal branches (z,) in T, (r,) in R the relations
lim, , . diam $(¢,)=lim, _,  diam p(r,) =0 are valid.

Let S denote the tree of height 8, consisting of all finite sequences
((ty,ry)s s (£, 7,)) having 1, <,--- <y t,, r{<g--- <gr,, and give S the
natural order. Define a mapping y on S by setting

Xt 1)y (£, 1,)) = 9(L,) 0 p(r,).

Then (y, S) fulfills the requirements of the definition of a p-complete web
in the space (Cn D,y v ). Since properties (i), (ii) are clear from the
definition, we check condition (iii). So let (r,,) and (r,) be increasing
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sequences having x((fy,r,), .., (t,.r,))# for every n. This implies
1 )# DB, plr,)# for every n, so there exist xe () {Hz,):neN],
veN {p(r,):neN}. But note that we have d(x, v)<diam 9(z,)+
diam p(1,) = 0, so x = y. This proves the result. |

ExXaMPLE 2. Let E=/"' and let C be the cone consisting of all vectors
x=(x,) in E having x, 20 and |x,| <x,/n for n22. It is easy to check
that C is CS-closed hence pseudo-complete. Let f:/' — ' be the left-shift
operator. Then f(C) is a pseudo-complete cone in /' by Lemma 1. But note
that f(C) is no longer CS-closed. This follows from the fact (proved in
[J, Cor. 1]) that any dense CS-closed set must be the whole space. Indeed,
S(C) is clearly dense in /" but it is not all of /'.

We wish to extend the notion of pseudo-completeness to arbitrary
convex sets. This will be achieved by making use of the following standard
construction. Given any convex set C in the separated locally convex
vector space E, we denote by C the convex cone with vertex (0,0) in Ex R
generated by the set Cx {1}, ie, C=R,(Cx{1}).

DeriNITION 2. Let C be a convex set in the separated locally convex
vector space. Then C is called pseudo-complete if the cone C associated
with C in Ex R is pseudo-complete in the sense of Definition 1. Moreover,
C is called o-pseudo-complete if C is a g-pseudo-complete cone.

Note that Definition 2 makes sense also in the case where C is already
a convex cone with vertex 0, for then C=Cx R, , and thus (s-) pseudo-
completeness of C in the sense of Definition 1 is equivalent to (o-) pseudo-
completeness of C.

PROPOSITION 2. FEvery CS-closed convex set in a locally convex Fréchet
space is o-pseudo-complete. In particular, every convex Gy-set in a Fréchet
space is g-pseudo-complete.

Proof. This follows from Proposition 1 when we observe that the cone
C associated with a CS-closed convex set C is itself CS-closed. [

2. Sandwich Theorem

Let C, D be convex cones with vertices 0 in a locally convex vector space
E. The pair (C, D) is said to induce an open decomposition of E if for every
neighborhood U of 0 in E the set

U=(UnC)—(UnD)

is again a neighborhood of 0. A classical result of Banach tells that in a
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Fréchet space E every pair (C,D) of closed cones C, D satisfying
E=C— D induces an open decomposition. This has been generalized to
the CS-closed case in {J]. Here we present the following pseudo-complete
version.

THEOREM 1. Let E be a locally convex Fréchet space and let C, D be
pseudo-complete convex cones with vertices 0 in E having E=C—D. Then
(C, D) induces an open decomposition of E.

Proof. Let y, 6 be invariant and p-complete topologies on C, D. Then
C x D is p-complete with the invariant topology y x d. Let « be the image
of the topology y x é under (x, y) » x — y, i.e., =7 — 4, then « is invariant
and p-complete on E, where p-completeness follows from the fact that
(x, y)— x— y is continuous and open with respect to the topologies y x J
and «.

Let —a be the image of « under x > —x, then —a is again an invariant
and p-complete topology on E. Let f=a v —u be defined as in part (4) of
the proof of Lemma 1, then f turns out to be once more an invariant and
p-complete topology on E. But note that § has a base of neighborhoods of
0 consisting of symmetric sets. So f is actually a vector space topology.

Let us consider the identity mapping i: (E, §) — (E, t), where t denotes
the original Fréchet topology on E. Then i is continuous and by [K6,
p. 24, (1)] is nearly open. Since (E, ) is p-complete, we may apply our
open mapping theorem from [N, Theorem 3], and this implies § = 7. But
note that for every t-neighborhood U of 0 the set U is a neighborhood of
0 with respect to « and so with respect to B. This finally proves that U is
a neighborhood of 0 with respect to 7. |

As we shall see next, Theorem 1 is an important tool in order to estab-
lish our main Sandwich Theorem.

THEOREM 2. Let E be a locally convex Fréchet space and let F be a nor-
mally ordered locally convex vector space with lubp. Let ¢: E— Fu {0} be
a convex, Y. E— Fu{—ow} a concave operator satisfying y < . Suppose
there exist pseudo-complete sets C< D(¢p), Dc D(y) having 0e(C— DY
such that @ on C and — on D are majorized, respectively, by weakly Borel
measurable maps. Then there exists a continuous affine function h: E— F
such that for all xe E

Y(x) < h(x) < (x)
is satisfied.

Proof. Let us first consider the case where ¢, ¥ are sublinear, resp.
superlinear, and where C, D are pseudo-complete convex cones with

409/146,1-5
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vertices at 0 having £E=C— D and C < D(¢), D< D(y) and such that ¢,
—y are weakly Borel measurably dominated on C, D, respectively.
Define a sublinear operator y: £ — F by setting

y(o)=infle(x)—yY(y)ic=x—1r}

Note that y is well-defined in view of the fact that £=C— D and hence
E=D(p)—D(y) and since F has the lubp. Now the Hahn-Banach
theorem provides a linear support mapping f for y, which consequently
satisfies ¥ < f < ¢. It remains to prove that f is continuous. F being nor-
mally ordered , we are led to prove that g- f'is continuous for every ge F'
with g > 0. So let g € F’ positive be fixed. We prove that gy and hence g f
is continuous.

Let y, d be invariant p-complete topologies on C, D. In particular, this
implies that (C, y), (D, J) are Baire spaces. This permits us to apply the
following

LEMMA 2. Let C be a convex cone with vertex O in a separated locally
convex vector space E and let y be an invariant topology on C such that
(C,v) is a Baire space. Let ¢: C — R be a convex function and suppose there
exists a Borel measurable function : C— R having o(x)<¥(x) for all
xeC. Then there exists a dense Gs-subset G of (C,y) such that ¢|G:
(G, y)— R is continuous.

Proof of the Lemma. This is just Lemma | in [N,], where the argu-
ment has been presented in the case y = g. Since only properties (1)-(4) of
an invariant topology y have been used in [N,], the present result holds
as well. |

Let G be a dense Gjs-subset of (C,y) so that go|G:(G,y)-> R is
continuous and let H be a dense G;-subset of (D, d) so that gey|H:
(H,d)— R is continuous. Fix x,eG and y,e€ H and choose some open
neighborhood V of 0 in (C,y) and some open neighborhood W of 0 in
(D, 0) such that

glel(xo+ V)N G)) e glo(x )+ -1, 1]
gW((yo+ W)nH) e gW(yo)+[—1,1]

are satisfied. Let U= (xo,+ V) — (¥, + W), then U is an open neighborhood
of xo— yo in E in view of the fact that (C, D) induces an open decomposi-
tion of E (Theorem 1) and hence (x, y) —» x — y is continuous and open
with respect to the Fréchet topology on E and y xd on Cx D.

Since (x,+ V)N G is residual in x4+ V and (yo+ W) H is residual in
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¥o+ W and since the restriction of (x, y) = x— y to (xo+ V) x (yo+ W) is
again continuous and open onto U, Lemma 4 below tells us that

R=((xo+V)nG)—((yo+ W) H)

is a residual subset of U.
We claim that goy (and hence ge f) is bounded above by 2 on the set
R. Indeed, let ve V, xo+veG, we W, yo+ we H, then we obtain

gx((xo+0) = (yo+w))) < glo(xp+0))— gW(yo+w))
<l+1=2

Let us define a mapping £,: U— R by setting £, (z)=2 in case zeR,
£.(z) = g(x(z)) in case ze U\R. R being a residual subset of U, we deduce
that {,: U — R has the Baire property and, moreover, majorizes g y on U.
Therefore the following Lemma 3 implies the continuity of goy, and this
ends the proof of Theorem 2 in the sublinear case.

LEMMA 3. Let E be a locally convex Fréchet space and let ¢ E - R be
a convex function. Suppose there exists a nonempty open set U in E and a
mapping. : U — R with the Baire property such that \ majorizes ¢ on U.
Then ¢ is continuous on E.

Proof of Lemma 3. This is essentially Theorem 3 in [N,]. |

Before stating the announced Lemma 4, let us indicate the proof of
Theorem 2 in the general case. First of all we may, if necessary, shift the
whole situation such that 0e C n D. Now let us define a sublinear operator
@: ExR— Fu {00} by setting @(Ax, 1) = dp(x) whenever xe D(p), 1=>0,
@(y, p) = oo otherwise, and a superlinear operator : ExR— Fu {—c0}
by setting J(Ax, 1)=AY(x) in case xeD(y), 120, ¥(y, u)=—o0
otherwise. Then D(@)= D(¢)~ and D(§)=D(y)~ and § < @ are satisfied.
Moreover, we have C < D(¢), D= D(), and C, D are pseudo-complete
cones having ExR=C—D, the latter in view of 0e(C— D) and
0e Cn D. Clearly @, — are weakly Borel measurably dominated on C, D,
and therefore we may apply the first part of our proof. This provides a con-
tinuous linear mapping f: E x R — F satisfying ¥ < 1< ¢. Setting h= f(, 1)
finally provides the desired continuous affine separator h for ¢, . This
ends the proof of Theorem 2. |

LEMMA 4. Let X be a p-complete ropological space and let  be a
continuous and open surjection from X onto a metrizable space Y. Then [
maps residual subsets of X onto residual subsets of Y.
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Proof. Let G be a dense Gysubset of X, G=() {G,:neN] for dense
opensets G,, , =G, in X, Let (3, T) be given on X according to the defini-
tion of p-completeness. We may assume that (3, 7') satisfies the following
sharpened versions of conditions (i), (ii):

(i) {8():teT,} is a base for X;
(ii") For fixed te T,{H}s): t<,s5€T,, } is a base for 9(r).

Here T, denotes the set of elements ¢ in T having height n in the tree.

We define a new mapping y on T by recursion. For 1€ T, let y(¢) = 3(¢)
in case f(8(¢z)) has metric diamater <1 and 3(¢)=G,. Otherwise let
%(t)= . Suppose y(z) has been defined for te T, _,. Let se T, t<,s. If
y(1) # & and if f(3(s)) has diameter <1/(n+ 1) and 3(s) is contained in
G, .., then define y(s)= 9(s). In all other cases let y(s}= . This defines
x on the level n.

Suppose y has been defined along these lines. Let Hy=1) { f(x(?)):
teT,}, then H, is open dense in Y. By transfinite induction define a
mapping ¢ on T, such that either {(7)=f(x(z)) or ((¢1)=F so that
U {&(1):1e Ty} is dense in Hy and ¢, t'€ T, t # ' implies £(1) N E(1') = .
Now let re T, be fixed. Define ¢ for the immediate successors s of 7 by
setting &(s)= f(x(s)) or &(s)= ¢ in such a way that {J {&(s):t<,s5¢eT,}
is dense in &(t) and, moreover, ¢t <,s and s#s  implies E(s)NE(s" Y= .
This defines ¢ on the level 1. Continuing in this way, we obtain a nested
sequence of disjoint open coverings {&(¢):t€ T, for dense open subsets
0,= {&(t):teT,} of Y. Since (} {O0,:neN} is a dense Gs-subset of ¥
contained in f(G), the proof of Lemma 4 is complete. |

Remarks. (1) In [N,] we have obtained Theorem 2 in the case where
C, D are closed convex sets. In this situation we were able to apply another
method, namely we brought into action the Michael selection theorem.
This is no longer possible in the present more general context.

(2) We de not know whether our separable Sandwich Theorem (2)
from the introduction carries over to the nonseparable case without
imposing stronger conditions on the sets C, D. In [N;] we therefore
presented another nonseparable version of {2) where the sets C, D are
chosen to be weakly K-analytic and where the functions ¢, ¥ are required
to satisfy some mild measurability condition involving weak K-analyticity.

We end this section with an application of Theorem 2 to semi-
continuous functions ¢, . Note that Corollary 1 below is not presented
in its possibly strongest form, since we have chosen a version of more
practical interest.

COROLLARY 1. Let E be a locally convex Fréchet space and let
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¢:E->RU {0} be convex and lower semi-continuous and let : E— Ry
{—o0} be concave and upper semi-continuous. Let Y < ¢ be satisfied and
suppose 0 (D(@)— D(Y))". Then there exists a continuous affine functional
h on E having y <h< .

Proof. Let xoe D(¢) D(y) be fixed and define closed convex sets C,
D in E by setting
C={xeE:p(x)<|o(xo)l + 1},

D={xeE:y(x)> —l(xo) —1}.

Clearly C < D(¢), D<= D(y) and ¢ is dominated by a constant map on C
while —y is dominated by a constant map on D. In view of Theorem 2 it
therefore remains to show that 0 e (C— D).

Let ze E be fixed. Choose xeD(¢), ye D(yy) and A>0 such that
z=A(x— y) is satisfied. Let u=max{1, |p(x)|, |¥(y)|}. Then we have

1 1
- x+<1 _—> XQED((p),
p u

ly+(1 —1—) xo€ DY),
u M

and the difference of these two vectors is just (1/Au)z. Moreover, we have

o(Ext(1-1) x0) <xot+(1-2) ot <1+ ot
1 K 2 K

v (1 y+(1 —1) xo>>1w<_v)+(1 —1) W(x0)> —1— [(xo)l.
§ u u u

This proves 0e (C— D). |

ExaMPLE 3. Let E be an incomplete normed space and let C be a
closed convex cone with vertex 0 in E such that E=C - C but C does not
induce an open decomposition of E. Then there exists a non-continuous
linear functional g on E such that g| C: C — R is continuous. Define ¢ by
setting @ |C=g{C, @(x)=o for x¢ C and ¥ by setting ¥ |C=g|C,
Y(x)= —oo for x¢ C. Then ¢, y fulfill the requirements of Corollary 1, but
clearly there does not exist a continuous linear f satisfying ¥ < f < ¢, for
this would imply g = f, contradictory to the fact that g is not continuous.
This proves that the completeness assumption on E in Corollary 1 is
essential.

3. Support Theorem

In this section we establish a result on the existence of continuous linear
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support mappings for partially defined sublinear operators satisfying a
weak measurability assumption. First we need the following preparatory
proposition which generalizes [N,, Lemma 3] as well as the result given
in [SR].

PROPOSITION 3. Let E be a locally convex Fréchet space and let F be u
normally ordered locally convex vector space with an order-unit. Let C be a
a-pseudo-complete convex cone with vertex 0 in E and let ¢:C— F be a
sublinear operator which is dominated by a weakly Borel measurable function
on C. Then ¢ is order-bounded below on some neighborhood U of O in E.

Proof. Let (U,) be a base of neighborhoods of 0 in E. Suppose that ¢
is not bounded below on any of the sets U,nC, n=1,2, ... Choose
vectors x,e U, C with ¢(x,)  —ne, where ¢ denotes the order-unit
on F. There exist continuous positive linear functionals f, on F satisfying
f.(e)=1 and

falo(x,)) < f —ne)= —n,

n=1,2,.. Setting ¢, (x)= (l/ﬁ)fn((p(x)), n=1,2, .., we therefore define
a sequence (¢,) of sublinear functionals on C which pointwise converges
to 0. It suffices to prove that (¢,) is uniformly bounded below on
a neighborhood of 0, for then ¢,(x,)< —\/r; provides the desired
contradiction.

By assumption, ¢ is weakly Borel measurably dominated, hence each ¢,
is majorized by a Borel measurable function on C. By Lemma 2 there exists
a dense Ggssubset G of (C,o) such that each ¢,|G:(G,0)—>R is
continuous.

ForkeNlet F,={xeG:sup, .- |0.x)—@,(x)] <%}, then the F, are
closed in (G, ¢). Let X=1{) {0F,: ke N}, where the boundary ¢ refers to
the space (G, ¢), then X is a first category subset of G and G'=G\X is a
dense G -set in (C, o).

Let xe G’ be fixed. Since ¢,(x)— 0, there exists £ having x € F,, hence
xeint, F, (in view of x ¢ X), where int, refers to the interior operator in
the space (G, o). Consequently, there exists a neighborhood V of 0 in E
such that

(x+(VnC))nGcF,.

Note that in view of the continuity of ¢, |G, ¥ may in addition be chosen
such that ye (x+ (V' n C)) n G implies

lor(x)— @u(y)l <.

We claim that for every n > k and every ve V' n C ¢,(v) = —2, which finally
provides the desired contradiction. So let # >k and ve V'~ C be fixed. Let
G"={zeC:z+3veG}, then G” is a dense G,-set in (C, o) since it is the
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preimage of G~ (C + 4v) under the g-homomorphism x — x + jv mapping
(C, 6) onto (C+ 3v, a). Consequently the set

x+EVnCHYAGAG"

is nonempty and we may choose y within. This means ye (x+ AV n C))n
Go(x+(VnCHNGc F,, giving

loa(y)—@r(PN <

On the other hand y+ e [x+ GV OY+ GV C)InGc(x+ (VN C))
N G implies y + ve F,, hence

l@u(y+30) — @il ¥+ 30) < 5.
Finally, y + sve (x + (Vn C)) n G yields
lou(x) — @y + 30) <3,
hence in view of [@,(x) — @.( )| <} we deduce
l@x(¥) — oy +30)[ < .
This proves the result in view of

—1<9,(y+30)—9,(»)<i0.0). 1

THEOREM 3. Let E be a locally convex vector space and let F be a nor-
mally ordered locally convex vector space with lubp and having an order-unit.
Let 9: E— Fu {0} be a sublinear operator. Suppose that either

(i) D(¢) is o-pseudo-complete and ¢ is weakly Borel measurably
dominated on D(p), or

(i) There exist o-pseudo-complete subcones C, D of D(¢) having
E=C—D such that ¢ is weakly Borel measurably dominated on C, D,
respectively.

Then ¢ admits a continuous linear support function f: E — F.

Proof. First consider case (i). By Proposition3 ¢ is order-bounded
below on a closed convex neighborhood U of 0 in E, ¢ = —e, say for some
order-unit ¢ on F. This implies ¢ > —ge, when ¢ denotes the Minkowski
functional of U. Indeed, let xe E be fixed. If g(x)>0, then g(x) ‘xe U,
hence ¢(g(x)” 'x) > —e, giving ¢(x) > —g(x)e. On the other hand suppose
we have ¢(x)=0. This implies R, x = U, so ¢(ix)> —e for all 1>0. We
claim that this implies ¢(x)>0, hence @(x)= —g(x)e as well. Assume
¢(x) % 0. Then there exists ge F', having g(e) =1 such that g(e(x))<O0.
This implies g(@(ix))—> —o0, A — o, a contradiction since g(p(ix))>=
g(—e)= —1. So ¢(x)=0 is proved.
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We may now apply the Sandwich Theorem of Zowe (see (1) in the
Introduction) to ¢ and the concave ¢ = —ge. This provides us with a
continuous linear operator f satisfying f < ¢.

Next consider case (ii). Here we obtain a closed convex neighborhood U
of 0 in F such that ¢ is bounded below on U D, ¢ > —e say for an order-
unit e on F. Let p denote the Minkowski functional of U~ D. Then p is
sublinear with domain the cone D. Let ¥ be the concave operator —pe. We
claim that ¢ = ¢. Indeed, this may be established as above.

To conclude we observe that p is Borel measurable and hence ¥ is
weakly Borel measurable. Since £=C— D, we may apply our Sandwich
Theorem. This provides a continuous linear operator f with ¢y < f <. |

Remark. The existence of an order-unit in F is essential in Theorem 3.
This was indicated in [N,, Example 1].

4. Lower semi-continuity

In this section we prove a somewhat surprising result stating that lower
semi-continuity of partially defined convex functions satisfying a mild
measurability assumption is essentially a one-dimensional property.

THEOREM 4. Let E be a locally convex Fréchet space and let
@ E—>Ru {0} be a convex function. Suppose there exist a-pseudo-complete
subsets C, D of D(p) with 0 (C— DY such that ¢ is Borel measurably
dominated on C, D, respectively. Suppose that for every one-dimensional
linear submanifold L of E the map o|L:L—>RuU {0} is lower semi-
continuous. Then @ itself is lower semi-continuous.

Proof. First we treat the case where ¢ is sublinear and where C, D are
o-pseudo-complete cones contained in D(¢) and having E=C— D such
that ¢ is Borel measurably dominated on C, D.

Let x € E be fixed. We prove that ¢ may be approximated from below at
x by continuous linear support functionals. First we consider the case
where ¢(x)= —@(—x). This means that ¢ is linear on the line Rx. By
Theorem 3 part (ii) there exist a continuous linear support functional f for
¢. Clearly this must satisfy the equality f(x) = ¢(x). So let us now consider
the difficult case where ¢(x)# —@(-—x). Let < ¢(x). We have to find a
continuous linear f < ¢ with f(x)> f. First of all we choose an « having
B <o < @(x) such that —a < ¢(—x). This is possible since ¢ is not linear
on the line Rx.

We define a mapping y: E— Ru { —o0, o0} by setting

Y(z) =inf{@(z + Ax) — Aa: Le R}.

It suffices to prove that Y does not actually assume the value — 0.
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For then i is a sublinear functional whose domain is the cone
D(y) = D(p) + Rx. Since § < ¢ and since ¢ is Borel measurably dominated
on C, D, we may then apply the Support Theorem (Theorem 3) to i, and
this provides a continuous linear functional f <. The latter implies /< ¢
and

f(—x)<YP(—x)<o(—x+x)—a,

hence f fulfills the requirements.
Let ze E be fixed. We check $(z)> —oo. Let us define a function
p*:R*>RuU {oo} by setting

@*(4, py= @(uz + Ax) — Aa.

@* is sublinear, and consequently there exists a neighborhood of (0, 0) in
R? on which ¢* is bounded below, i.e., there exists d € (0, 1) and y > 0 such
that |A|, |u| < implies @*(4, u) = —7.

By the choice of « we have ¢*(0,1)>0 and ¢*(0, —1)>0. By
assumption ¢ is lower semi-continuous on the lines L* =x+ Rz and
L~ = —x+Rz. Consequently, the functions 4 — ¢*(4,1)and 4 - ¢*(4, — 1)
are lower semi-continuous as well. Hence there exists ¢ (0, §) such that
|4} < ¢ implies p*(4, +1)>0.

We claim that

¢(2)=#ig“g o*(1, u) = —y/oe.
Let neR be fixed. We consider two cases, |u| = /¢ and |u| < 1/e. First
assume |u| = 1/e. Then we have

1 1
<p*<1,u)=<p*(|m -(—,i))=|u| qo*<—, i1>>0.
[l |ul lul

Now let {u| < 1/¢, then we have
1 1 y
O*(1, p) = @* | = (Je, deu | | == @*(Je, Sep) > — -,
¢ Oe o¢

the latter in view of |dg|, |deu| < 3. This ends the proof of our claim and
therefore of part 1.

(2) Let us now prove the convex result under the additional assump-
tion that F is a Banach space and D(¢) is a bounded set and C, D = D(¢)
are (bounded) o-pseudo-complete sets satisfying 0 (C— D)y and 0e C~ D
such that ¢ is Borel measurably dominated on C, D. Now let ¢ be the
sublinear function associated with ¢ on Ex R and let C, D be the convex
cones associated with C, D. Then we have ExR=C—-D, C, D are
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o-pseudo-complete and ¢ is Borel measurably dominated on C. D. It
remains to prove that @|L is lower semi-continuous for every line L in
ExR. For suppose this has been established. Then @ is globally lower
semicontinuous by part 1 of our proof, and consequently the same is true
for o =@(., 1).

Let L be a line in ExR. Then D(@)n L is either all of L or a ray, an
interval, or a single point. The first and the last case are clear, so it remains
to consider the two other cases. Clearly here problems may arise only at a
boundary point of L n D(§). So let (x, 1) be such a boundary point and let
(x, A)+ p,(y, 1) be a sequence in L tending to (x, 4), ie., p, — 0. The case
where (x, A)+p,(y, u)¢ D(¢) bears no difficulty, so let us assume
(x, A)+p,(y, nyeD(@). By the definition of & this means that
(A+p,.1) "(x+p,y)e D(¢). By assumption the set D(¢) is bounded and
therefore we must have A#0. This implies (1 +p,u) '(x+p,y) =i 'x
By assumption ¢ is lower semi-continuous on every line, so we obtain

lim inf @((A+ p, 1) "(x+p, ) =04 'x). (%)
If <0 then A+ p,u<0 eventually, so that (x, A)+p,(y, ) is not an
element of D($). Consequently, we must have 1>0, giving A+ p,u>0.
But now we may multiply the inequality (*) with the factors A+ p,u, and
this gives lim inf, , , @((x, 1)+ p,(», )) = @(x, 1). This ends the proof in
case (2).

(3) Let us finally consider the general case. Let x< E be fixed and
let (x,) be a sequence in E converging to x. We have to prove
liminf, , ., ¢(x,) = @(x). We choose a closed circeled convex set B in E
such that the x, and x are contained in B and such that (x,) converges to
x in the Banach space E; generated by B (see [K&6, p.71] for the
possibility of finding such B). We claim that for sufficiently large ne N the
set (CnnB)— (D nnB) is absorbing in E,. Indeed , let x,e C~ D be fixed
and choose n with x, e int(nB). Then 0€ ((C A" nB)— (D N nB)).

We claim that the assumptions of part 2 of our proof are now satisfied
for y: Eg>Ru {cc} defined by ¥(x)=e(x) in case xenB, y(x)=
otherwise. Clearly y is convex and lower semi-continuous on every line,
since B is a closed convex set. Moreover, y has a bounded domain in the
Banach space E; and is majorized by Borel measurable functions on the
sets CnnB and D nnB. Here we make use of the fact that the Banach
space topology on Ej is finer than the original topology, and hence Borel
measurability with respect to the topology of E implies Borel measurability
with respect to E5. Now part 2 of the proof applies, yielding the result. ||

ExampLE 4. Define ¢: R> - R uU {oc} by @4 u) =4 for u>0,
¢(0,0)=0, ¢(4, 1) = oo otherwise. Then ¢ is sublinear. Moreover, on each
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one-dimensional linear subspace of R* ¢ is lower semi-continuous. Since ¢
itself is not lower semi-continuous, it follows that we may not weaken the
assumption in Theorem 4 to the extent that ¢ be lower semi-continuous on
every line passing through 0.
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