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ABSTRACT. Suppose that A and B are closed subsets of a Euclidean space
such that AN B # &, and we aim to find a point in this intersection with
the help of the sequences (ap)nen and (b, )nen generated by the method of
alternating projections. It is well known that if A and B are convex, then
(an)nen and (b, )nen converge to some point in A N B. The situation in
the nonconvex case is much more delicate. In 1990, Combettes and Trussell
presented a dichotomy result that guarantees either convergence to a point in
the intersection or a nondegenerate compact continuum as the set of cluster
points.

In this note, we construct two sets in the Euclidean plane illustrating
the continuum case. The sets A and B can be chosen as countably infinite
unions of closed convex sets. In contrast, we also show that such behaviour
is impossible for finite unions.
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1. Motivation. Let X be a real Euclidean space, and let A and B be
closed subsets of X. Our aim is to find a point in A N B which we assume to
be nonempty. One classical algorithm is the method of alternating projections:
Given a starting point b_; € X, generate sequences

(1) (Vn € N)  ay, € Ps(b,—1) and b, € Pg(ay,)

where Pox := {c € C | ||z — ¢|| = dc(x) := infyec ||z — y||} denotes the projec-
tion of x onto C'. When A and B are convex, then the projectors P4 and Pg are
single-valued and the sequences (ay)nen and (by,)nen converge to some point in
AN B. This classical result goes back to Bregman [6], and it has found a huge
number of extensions (see, e.g., [3], [8], [10], [11]). In the general case, when A
and B are not necessarily convex, the situation is much more delicate. In their
1990 paper [9], Combettes and Trussell gave quite general sufficient conditions for
the following dichotomy: either (a,)nen and (b, )nen converge to a point in AN B
or the set of cluster points is a nondegenerate continuum. (For recent results in
the nonconvex case, see [4] and [5] and the references therein.)

The goal of this note is to explicitly construct two sets A and B illustrating
the continuum case.

The main ingredient of our construction is a spiral in the Euclidean plane
from which we pick points in an alternating fashion®.

The sets A and B may be chosen to be countably infinite unions of closed
convex sets. In contrast, we also prove that the continuum case cannot occur
when A and B are finite unions of closed convex sets.

The remainder of the paper is organized as follows. In Section 2, we lay
the ground work by studying a certain curve in the Euclidean plane. In Section 3,
we use this curve to construct a sequence of points in the plane that is crucial
in obtaining the sets A and B. Some remarks and the announced positive result
conclude the paper.

2. A useful spiral. We will mostly work in the Euclidean plane R2.
As usual, angles will be measured in radians, but sometimes we shall use degrees
as in writing 7/2 = 90°.

Let us recall that the distance d between (r cos(«), r sin(«)) and (s cos(f3),
ssin(f)), where r € R4 and o € R, satisfies

(2a) d* = ||(rcos(a), rsin(a)) — (scos(3),ssin(3))||* = 2 + s* — 2rscos(a — 3)
(2b) >r? 452 —2rs = (r — 5)%

!The reader is invited to take a peek at the figure below for an illustration of the location of
these points.
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hence,

(3) r—d<s<r+d.
Define the function p by

(4) p: Ry — Ryt — 1+ exp(—t).

This function will represent the distance of a point on the curve at time ¢ to the
origin. Clearly, p is strictly decreasing with p(0) = 2 and limy_, ;o p(t) = 1. Also
define

plt) = plt + 2m)

(5) e:Ry = Ryy:t— 5 .
Then &’ = —& and hence ¢ is strictly decreasing to lim;_ 1~ €(t) = 0. Note that
11— 2"
(6) Ry - Riy:ra— % = 514_% is strictly decreasing.
pla e
We now define the curve
(7) z: Ry = R?: a— p(a) - (cos(a),sin(w)).

Note that = describes a spiral traversing counter-clockwise; x is injective because p
is strictly decreasing. Now let « and ( be in R, and assume that ||z(a)—z(5)| <
e(a). By (3), p(a) —e(a) < p(B) < p(a) + e(a). Using the definitions, we solve
these inequalities for 3 and obtain

(8) a—040 ~ a+In(2) —In(3—e ) < B < a+In(2) —In(14+e™*") ~ a+0.69;

in degrees, this implies a — 24° < # < o 4 40°. To summarize,

(9) |lz(a) —z(B)|| <e(a) = a—24° << a+40°.
We will now discuss the monotonicity of the function

(10) fit e Jala+ 1) — 2@

Recall that

(11) te€]0,7/2] = sin(t) + cos(t) > 1.

One checks that

exp(2(a +t))

(12) (@) 5 = g1(t) + g2(t) + g3(?),
where
(13a) g1(t) = sin(t) exp(2t + a)(1 + exp(a)),

(13b) 92(t) = exp(a + t)(sin(t) + cos(t) — 1),
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(13c) g93(t) = exp(t)(sin(t) + cos(t) — exp(—t)).

Since each g; is strictly positive on |0, 7/2], it follows from the mean value theorem
that

(14) f is strictly increasing on [0, 7/2].
Combining with (9), we deduce?

(15) (VaeRy) (318 > a) [[z(8) — z(a)| = ().
Furthermore, denoting the unit sphere by S, we have

(16) (Vo e Ry)  ds(z(a)) = pla) =1 = exp(—a) > &(a).

3. A useful sequence. We now construct a sequence (z,)nen in the
Euclidean plane with remarkable properties. Let us initialize

(17) ag:=0, x9:=z(ag), po:=plag), eo:=c¢e(ag).

In Cartesian coordinates, xg = (2,0), and €g =~ 0.5. Now suppose n € N and ay,,
Tn, Pn, and &, are given. In view of (15), there exists a unique § > «,, such that

(18) [2(8) — z(ow)|| = én.
We then update
(19)  ant1:= B, Tnt1 = 2(n41), pot1 = plant1), and enp1 = e(ant1).

(The picture illustrates the beginning of the spiral and xy, ..., z15 along with the
radii used to construct the next iterate.) We also set

(20) Op 1= Qpi1 — Q.

By construction,

n

(21) (Yn €N) |[[zp —2p1ll =en and Z Ok = Qnt1 — Q.
k=0

Note that

(22) (an)nen is strictly increasing, and (e, )nen is strictly decreasing

because the function ¢ is strictly decreasing. Set

(23) Qoo 1= 71115\11 ay €10, 400] .

24317 gtands for “there exists a unique”
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Since p is strictly decreasing we also note that

(24) (pn)nen is strictly decreasing, with lilf% Pn =: poo € [1,2].
ne

Hence the corresponding sequence of quotients satisfies

(25) 1> gy, = Prtl 1,

n

Using (2a) and the half-angle identity for sine, we have

2
268) = (pn - pn+1)2 + 4pnpn+1 SiIl2 (571/2)

Dividing by p? and recalling (6), we obtain

(262) (¥ €N) €2 = [lzn — znsa?

(26D) = P+ Pri1 — 2pnpnt1 cos(6,)

(26¢) = (pn = Pnt1)” + 200011 (1 - COS(5n>)
1 — cos(d,

(26d) =:(pn—-pn+1)2+4pnpn+1———————(——2

(

0n) tmeny (FETTY Z 2 g, sind(5,/2)
n 2 1+€(Xn - p% - QTL QTLSI n .

Taking limits, we learn that

11—e2m\>
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Since 6y, in degrees, belongs to |0°,40°] by (9), we deduce that (dp,)nen is con-
vergent as well. If ay, = 400, then d,, — 0 by (28); however, if ay < 400, then
On = Qpa1 — Qp — Qoo — Qoo = 0. Either way,

(29) 5 — 0.
Again by (28), we have
(30) Qp — Qg = +00,
which by (21) implies
(31) D 6 = +oo,
neN
(32) en — 0,
and
(33) Pn — Poo = 1.
Note also that in view of (26), we have
(34) e2 > 4sin%(5,/2) > % eventually,
where we used (29) and the Taylor estimate
(35) sin(t/2) > %t - %tg' = %(1 - 21—4752) > 2 for ¢ sufficiently close to 0.

Combining with (31), we record that
(36) (VneN) |zn = znpal > [2nt1 — zniall — 0,
and Z |Xn — Zpt1|| = +00.

neN
Furthermore, (30) and (33) imply that
(37) the set of cluster points of (x,)nen is the unit sphere S.
Define
(38) (VneN) C, :={xo,z1,...} ~ {xn}
We claim that
(39) (Vn eN) Po,xy, = {Tps1}

Let n € N. Since D,, := {p41,ZTny2,...} C :L‘(]ozn,+oo[), it follows from (9),
(14), and (15) that Pp,z, = {xn4+1}. We show that there is no k£ € N such
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that £ < n and ||z — x| < ||xn — Znt1||. Suppose the contrary. Then, by (9),
ap —24° < ap < a,. Hence o < ap, < ag + 24°. By (14), ||lzx — zg41|| =

lz(an) = z(ar)l| < llz(ar) —z(om)|| = llok —znll < ll2n — 2ol < llze —zrgall;
which is absurd. This verifies (39). Furthermore, by (16),
(40) (Vn e N) ds(xn) > [|n — Tpta])-

Let us summarize our findings.

Theorem 3.1. The sequence (Tp)nen and the set Y = {xn | ne N}
satisfy the following:

(i) ([|zn — ®nr1l|)nen is strictly decreasing.
(i) @y — zpy1 — 0.
(i) > pen len — Tpia|| = +o0.
(iv) (Vn € N) Psuy){en)}Tn = {Tn+1}-
(v) The set of cluster points of (Tn)nen is the compact continuum S.
)

(vi) SUD is closed, where D is an arbitrary subset of Y.

We now obtain the announced example concerning an instance of the
method of alternating projections whose set of cluster points is a nondegenerate
compact continuum.

Corollary 3.2. Set
(41) A= {xzn ‘ n e N} us, B:= {x2n+1 | ne N} U.s, and b_q := x.

Then A and B are nonempty compact subsets of R?. The corresponding sequences
of alternating projections satisfy

(42) (VYn e N) a, = Paby—1 = x2,, and b, = Ppa, = Top41.

Moreover, a, — by,—1 — 0, b, —ay, — 0, and S s the set of cluster points of
(an>n€N and Of (bn)nEN-
Remark 3.3. Some comments on Corollary 3.2 are in order.

(i) We note that Corollary 3.2 is the first example constructed where the set
of limit points of alternating projections is a nondegenerate compact con-
tinuum. This complements the analysis of Combettes and Trussell [9] who
conceived this case.

(ii) If the starting point b_; is an arbitrary point, then either ag € S or ag €
A~ S. In the first case, we have (Vn € N) a,, = b,, = ap; in the second case,
the sequences (an)neny and (by)nen are tails of (zon)neny and (Top41)nen
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respectively. A more involved analysis shows that if b_; is outside the
closed unit disk, then Pab_1 € A~ S and we are in the second case. Hence
one obtains a nondegenerate compact continuum of cluster points exactly
when b_; lies outside the closed unit disk.

(iii) Suppose that, in (41), we replace S by the closed unit disk and we consider
all possible orbits, i.e., the starting point b_; ranges over the entire space
X instead of being pinned at xy. Then the corresponding union of the sets
of cluster points of (ay)nen and (b, )nen is the closed unit disk. Note that
in this case, both A and B are countably infinite unions of convex sets. In
the following result, we show that a degenerate continuum cannot occur as
the set of cluster points when A and B are finite unions of nonempty closed
convex sets.

Theorem 3.4 (finite unions of convex sets). Suppose that I and J are
nonempty finite index sets, let (A;)ier and (Bj)jer be families of nonempty closed
convex subsets of a Euclidean space X, and set A :=|J;c; A; and B := UjeJ B;.
Consider a sequence of alternating projections (ap)nen and (by)nen generated by
A and B: b_y € X, and (Vn € N) a, € Pab,—1 and b, € Ppa,. Suppose that
(an)nen and (by)nen are bounded, and that b, —a, — 0 and an+1 —b, — 0. Then
there exists a point ¢ € AN B such that a,, — ¢ and b, — c.

Proof. After relabeling and considering the tails of the sequences if
necessary, we assume that

(43a) (Vi € I) A; is projected upon infinitely often
and that
(43b) (Vj € J) B, is projected upon infinitely often.

The pigeonhole principle gives (i4,jy) € I x J and subsequences (a, )nen and
(bk, Jnen lying in A;, and Bj, respectively. After passing to further subsequences
if necessary, we also assume that there is ¢ € A;, N Bj, such that a;, — c and
be, — ¢ Set I_:={iel|c¢ A}, Iy =I~1_,J_:={jeJ|c¢ B},
Jy = J N J_, 0 :=min{min;e;_ da,(c), minje;_dp;(c),1}, A = ,;c;_ Ai, and
B_ :=;c; Bj. Now assume that there exists m € N such that [|am — || < /2.
Then dp_(am) > dp_(¢) = ||lam —¢|| >0 —0/2 =6/2 > ||am — || > dpp_(am).
Hence (Vj € J_) by, ¢ Pp;(am), and thus b, € {PBj(am) { j € J+}. Since
projectors are nonexpansive, it follows that ||b,, —c¢|| < ||am, —c¢|| < 6/2. Therefore,

(448)  llam —cl <6/2 = |bm —cll < 6/2 and (V5 € J_) by & P (am),
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and a similar argument yields
(44b) ||bm — || <6/2 = |lams1 — || < 6/2 and (Vi € 1) ams1 & Pa,(bm).

Since ag, — ¢, there does exist M € N such that ||ay — ¢|| < §/2. But then (44)
has two consequences. First, starting with iteration index M, (Vi € I_) A; is
not projected upon and (Vj € J_) Bj is not projected upon. In view of (43), we
conclude that I_ = J_ = @, ie., ce€(),c; AN ﬂjeJ B;. The second consequence
of (44) is (Vm > M) |lam — c|| > ||bm — ¢|| > ||am+1 — ¢||. Finally, since c is
a cluster point of (an)nen and (by)nen, it thus follows that |la, — ¢|| — 0 and
b, — || — 0. O
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