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Abstract

The convex feasibility problem asks to find a point in the inter-
section of finitely many closed convex sets. It is of basic impor-
tance in various areas of mathematics and physical sciences, and it
can be solved iteratively using the classical method of cyclic projec-
tions, which generates a sequence by projecting cyclically onto the
sets. In his seminal 1967 paper, Bregman extended this method to
non-orthogonal projections, using the notion of the Bregman distance
induced by a convex function.

In this paper, we present a new algorithmic scheme which also ex-
tends the method of cyclic projections. Based on Bregman distances,
we introduce a new type of non-orthogonal projection, the forward
projection. The energy and the negative entropy allow forward projec-
tions — the former yields the classical orthogonal projection whereas
the latter gives rise to a type of projection used implicitly in a manifes-
tation of the Expectation-Maximization algorithm. We provide useful
properties of forward projections, and a basic convergence result on
the method of forward projections.
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1 Introduction

Various problems in mathematics and physical sciences can be recast in terms
of the conver feasibility problem:

Given closed convex intersecting sets C1, ..., Cy,
find a point in C':=C;N---NChy.

Here, the points in the intersection are thought of as the set of solutions
for a given problem, and the sets C,...,Cy represent some constraints.
Assuming it is possible to compute the orthogonal projection P; onto each
constraint Cj, the classical method of cyclic (orthogonal) projections gener-
ates, given a starting point o, a sequence (y,) by projecting cyclically onto
the constraints:

P Py Py Py Py
y0|_)y1|_>y2...|_>yN|_>yN+1|_)... .

The method is known to work in Euclidean space (and even in Hilbert space):
indeed, the sequence (y,) converges to a point in C. This result is due to
Bregman [7]; see also [1, 10, 12, 20] for recent pointers to numerous exten-
sions.

In 1967, Bregman [8] generalized his result to non-orthogonal projections,
which can be constructed as follows: for a sufficiently well-behaved convex
function f, define the so-called Bregman distance between two points x and
y by

Dy(z,y) = f(=) — f(y) — (f'(¥), 2 — y).

Dy is not a distance in the sense of metric topology; for instance, Dy is
1

generally not symmetric. However, if f = 1||-||?, then Dy(z,y) = ||z —y||%,
and one essentially recovers the orthogonal case. By taking infima, distances
between points induce naturally distances between points and sets. Further,
these distances to sets give rise to corresponding Bregman projections. In the
method of cyclic Bregman projections, each orthogonal projection is simply
replaced by the corresponding Bregman projection. For classical convergence
results, see [8, 9]. This result has also found various extension; however, here
we will be concerned with a variant of the following result, taken from [2]:
there is no need to visit the sets in a cyclic fashion when generating the
sequence (y,); it suffices to pick up each constraint infinitely often — the

resulting algorithmic scheme is the method of random Bregman projections.



In this paper, we extend the method of orthogonal projections in a new
direction. The approach is similar yet different to the framework of Bregman
projections: the similarity is the construction of a non-orthogonal projection
using the Bregman distance; the difference is that our new type of projection
is truly distinct from a Bregman projection. To explain this further, let
us fix a set S. The classical Bregman projection of a point z onto the set
S is the set of minimizers of the problem mingcg D¢(s, z). In contrast, we
propose the forward projection of z onto S, defined as the solution of the
optimization problem min,eg Dy(z, s). Existence and uniqueness of forward
projections requires suitable assumptions on the underlying function f. As
before, orthogonal projections can be recovered by setting f = 3| - [[*. (In
fact, this is essentially the only way to make Dy symmetric.)

The aim of this paper is to analyze forward projections, and to provide a
basic convergence result for the method of random forward projections.

The paper is organized as follows. In Section 2, we formulate our as-
sumptions on f, followed by a discussion on verifiability. Covered by these
assumptions are the perhaps two single most important functions in convex
analysis: the energy and the (negative) entropy. One particular assumption
on f, namely joint convexity of D, will imply that the Bregman distance
of the Bregman distance is nonnegative, a quantity crucial to our analysis.
Forward projections are defined and studied in some detail in Section 3. Our
main result — the sequence generated by the method of random forward
projections is convergent to a solution — is proven in Section 4.

2 Assumptions and some facts

The standing assumptions

From now on, we will assume that

f:R? = ]—o0, +00]

satisfies the following:
A1l fis a convex function of Legendre type;
A2 f" exists and is continuous on int dom f;

A3 Dy is jointly convex;



A4 Dy(z,-) is strictly convex on intdom f, Vz € int dom f;
A5 Dy(z,-) is coercive, Yz € intdom f.
Remark 2.1. Some comments on the assumptions are in order.

A1 The notion of a Legendre function is due to Rockafellar; we refer the
reader to [23, Section 26] and also to [2] for basic properties and exam-
ples.

A2 In practice, this condition almost always holds.

A3 The joint convexity of Dy is discussed in detail in [3]; see also Re-
mark 2.11 below.

A4 This is needed to make (forward) projections uniquely defined. In the
usual separable setting, this is essentially a consequence of A3! See
Remark 2.15 below.

A5 Since f is Legendre (assumption A1), we can state an equivalent con-
dition [2, Corollary 3.1]: dom f* is open.

The most important examples are the energy and the entropy — we state
this now; however, we postpone the proof until a little later.

Example 2.2. The following functions satisfy A1-A5:
(i) f(z) = 5llzl* = § 32j_, |a;|* (energy);
(i) f(z) =Y, z;In(z;) — z; (entropy).

The Bregman distance

Definition 2.3 (Bregman distance). Suppose ¢ : X — |—o00,+00] is
differentiable on int dom g # (). Then the Bregman “distance” [8] is the map

— _ ! _ -f E . td .
Dy: X x X :(z,y) = {g(:c) 9(y) = (g'v),z — ), ify € intdomy;
+00, otherwise.

Example 2.4. Suppose x and y both belong to int dom f.

(i) If f is the energy, then Ds(z,y) = 3|z — y||*
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(ii) If f is the entropy, then Dy (z,y) = Z‘j]:l zjln(z;/y;) —x; + y;.

Remark 2.5. In the entropy case, the Bregman distance (restricted to the
simplex) is widely known as the Kullback-Leibler Information Divergence;
see, for instance, [18].

The next facts are basic and useful.

Fact 2.6. [23, Theorem 25.5] Suppose g : X — |—00, +0o0] is differentiable
on intdomg # 0. Then ¢’ is continuous on intdom g. In particular, D, is
continuous on (int dom g)?.

Fact 2.7 (Three-Point Identity). [11, Lemma 3.1] Suppose z € dom f and
y,z € intdom f. Then Dy(x,y)+Ds(y, z) —Ds(x, z) = (f'(y) — f'(2),y — ).

Proposition 2.8. Suppose g : X — |—00, +0o0] is differentiable on int dom g.
Suppose further that x,y are two points with [z, y] C int dom g. Then:

(i) 9liz,y is convex < Dy(z,y) > 0.
(ii) gl is affine < Dy(z,y) = 0.
Proof. This is essentially [22, Theorem 42.A]; see also [3, Section 2. O

The Bregman distance of the Bregman distance

Assumption A3 on joint convexity of D; makes the Bregman distance of
the Bregman distance meaningful. The following two results are new and
important to our analysis.

Lemma 2.9 (Key identity). The map Dp, is nonnegative and continuous
on (intdom f)*. Given four points z, ¥y, To, yo in int dom f, we have:

DDf ((-T,y), (a:O:yO)) = Df(.T,y) + Df(xaCCO) - Df(ﬂ?,yo)
+ (f"(y0)-(zo — 1), ¥ — Yo)-

Proof. Because Dy is jointly convex, the nonnegativity of Dp, on (int dom f )4
is clear from Proposition 2.8.(i) (with ¢ = Dy). Note that the derivative of
Dy at (zo,y0) is (f'(zo) — f' (o), f"(v0)-(yo — 0)); this and Fact 2.7 yield
immediately the key identity. Now D; is continuous on (intdom f)? (by
Fact 2.6), and f” is continuous on intdom f (by assumption). The desired
continuity of Dp, thus follows from the key identity. O
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Lemma 2.10. Suppose ¢, 7,y are in intdom f with Dp, ((c, c), (:L',y)) =0.
Then x = y.

Proof. By Proposition 2.8.(ii), Dy is affine on [(c, c), (z, y)] This means

Df((l —t)(¢, c) + t(x, y)) = (1 —-1t)Dy(c,c) +tDs(x,y)
= tDy(z,y),

for every t € [0,1]. By definition of Dy, we have

Di((1 =t)(c,¢) + t(z,y)) = Dy ((1 = t)e + tz, (1 — t)c + ty)
=f((1=t)c+tz) — f((1—t)c+ty)
— (f'((1=t)e+ty), tz —y)).

Altogether, we obtain
tDf(z,y) = tf(z) = tf(y) = ([ (y).x —y)
= [fle+tz—0) = 1] = [ (c+ty = ) - £()]
—t(f'(c+tly =), (z =)
Now divide by ¢ € ]0,1[ and let tend ¢ to 0 from above. We deduce

Dy(z,y) = fl(c)(z—c) = f(c)(y—c) = f(c)(z —y) =0.
Therefore, x = y, and the proof is complete. O

Remark 2.11. The joint convexity of Dy is discussed in some detail in [3].
If f is (separable, or even) of the form f(z) = ijl ¢(z;), then the problem
is essentially one-dimensional. Assume that ¢ is four times differentiable.
Then, by [3, Theorem 3.3.(i)],

Dy is jointly convex
", _n

& " > 2"
S P(s)+¢"(s)(s—r)> (gp”(s))Q/(p"(r), for all 7, s in int dom .

It is straight-forward to see that the energy and the entropy pass the con-
dition involving ¢™'; moreover, as pointed out in [3, Remark 3.6], these two
functions are limiting cases in the class of convex functions with jointly con-
vex Bregman distances in the sense that they make the inequality even an

equality!



For the energy and the entropy, this can be made short and explicit:

Example 2.12. Suppose z, ¥y, g, 3o all belong to intdom f. Then:
(i) If f is the energy, then Dp, ((x, ), (o, yo)) = Dy (x,y + (zo — yo)).

(ii) If f is the entropy, then Dp, ((z,v), (zo, %)) = Ds(z,y - z—g)

Remark 2.13. We note that Example 2.12 yields — in conjunction with
Proposition 2.8 — the joint convexity of the Bregman distance induced by
the energy and the entropy with a proof distinct from the characterization
mentioned in Remark 2.11. Furthermore, since both the energy and the
entropy are strictly convex on the interior of their respective domains, Ex-
ample 2.12 also results in a direct proof of Lemma 2.10.

Strict convexity of D;(z,-)

Proposition 2.14. Suppose the map intdom f — X : y — f"(y).(y — x) is
strictly monotone, for all z € intdom f. Then Dy(z, ) is strictly convex, for
every x € intdom f.

Proof. Fix z € intdom f. The derivative of the map y — Dy(z,y) is easily
seen to be y — f"(y).(y — z), which is strictly monotone by assumption.
Strict convexity thus follows (from [22, Theorem 42B], for instance). O

Remark 2.15. It is worthwhile to visit the (separable) case when f(z) =
ijl ¢(z;), for some function ¢ defined on R. Assume that ¢ is even three
times differentiable. The strict monotonicity condition of Proposition 2.14 —
and hence strict convexity of Dy(x,-) — then boils down to strict positivity
of the derivative of the map s — ¢"(s)(s — r):

(Vr € intdom ¢)(Vs € intdom ) " (s)(s — 1) + ¢"(s) > 0.

Now we notice something immensely convenient: in this separable setting,
the last strict inequality is always satisfied because of joint convexity of Dy
(assumption A3) and Remark 2.11! In passing, we note that one can thus
view A4 not only as less restrictive than joint convezity of Dy, but also
as more restrictive than separate convezity of Dy (by [3, Theorem 3.3.(ii)]).
Moreover, these observations apply to the energy as well as the entropy, and
they yield A4 for these two functions.



More examples

Example 2.16. The following functions satisfy the assumptions A1-Ab5:
(i) the energy f(z) = Z‘;:l 3
(ii) the entropy f(z) = Z}']:1 zjIn(z;) — z;.

(iii) the Fermi-Dirac entropy f(z) =7

=1 Tj In(z;)+ (1 —z;) In(1 —z;).

Proof. We start by noticing that every function is separable and infinitely
differentiable on its domain — this will make life much simpler: A2 clearly
holds, for instance.

A1: Legendreness of (i), (ii), and (iii) is known, see [2, Section 6].

A3: Joint convexity of D; was established in [3].

A4: Clear, since our setting is separable and so Remark 2.15 applies.

A5: In view of Remark 2.1, we need only to check that dom f* is open.
But this is clear for the three functions [2, Section 6]: the conjugate of f in
(i), (ii), and (iii) respectively is (the separable extension of) (i) r — 2r?, (ii)
exp, and (iii) 7 +— In(1 + exp(r)). So the domain of each conjugate is the
entire space (which is open). O

We conclude this section by collecting some properties that will be useful
later.

Fact 2.17. Suppose z € intdom f and (y,) is a sequence in intdom f. If
(D 7z, yn)) is bounded, then the sequence (y,) is bounded, and all its cluster
points belong to int dom f.

Proof. [2, Theorem 3.7.(vi) and Theorem 3.8.(ii)]. O

Fact 2.18. Suppose y € intdom f and (y,) is a sequence in int dom f. Then:
yn, — y if and only if Ds(y,y,) — 0.

Proof. “=": [2, Proposition 3.2.(ii)] or an easy direct verification.

“<”: By Fact 2.17, the sequence (y,) is bounded and has all its cluster
points in int dom f. Now suppose to the contrary that (y,) does not converge
to y. After passing to a subsequence if necessary, we may and do assume
that y, — 2z € intdom f. Since Dy is continuous on int dom f X int dom f, it
follows that 0 <— D¢(y,yn) — Dy (y, z). Hence, by essential strict convexity
of f, y = z and the proof is complete. O



Fejér monotonicity with respect to Dy

The classical notion of a Fejér monotone sequence (taken with respect to
the Euclidean metric) has been found tremendously useful in the analysis of
algorithms [1, 10, 13, 14]. We will need the following variant, tailored for the
Bregman distance:

Definition 2.19. Suppose S is a set with S Ndom f # 0 and (y,)n>0 is a
sequence in int dom f. Then (y,) is Fejér monotone with respect to S if

(Vs € S)(Vn > 0) D¢(s,yn) > Ds(S, Ynt1)-

Lemma 2.20. Suppose S is a set with S Nintdom f # (), and (y,) is a
sequence in int dom f that is Fejér monotone with respect to S Nintdom f.
Then (y,) converges to some point in S Nint dom f if and only if all cluster
points of (y,) lie in S Nintdom f.

Proof. The “only if” part is clear. To prove the “if” part, observe first that
(yn) is bounded and all its cluster points belong to int dom f (by Fact 2.17).
Let s; and sy be two cluster points of (y,), both belonging to S Nint dom f.
It suffices to show that s; = s;. By Fejér monotonicity, the sequences
(Df(sl,yn)) and (Df(SQ,yn)) converge; hence, so does the sequence of dif-
ferences, whose terms we can write (using Fact 2.7) as

Di(s1,Yn) = Ds(s2,Yn) = (f'(51) = f'(yn), 51 — 52) — D (52, 51).

It follows that A := lim,{(f'(s1) — f'(yn), s1 — s2) exists. Taking the limit
along the subsequence converging to s; (resp. sg) yields A = 0 (resp. A =
(f'(s1) — f'(s2),81 — s2)). (This step is justified by the continuity of f’; see
Fact 2.6.) Altogether,

(f'(s1) — f'(s2),81 — s2) = 0.
Consequently, by essential strict convexity of f, s; = s, as required. O

Remark 2.21. Imposing that f be Bregman [9, 10] or Bregman/Legendre [2],
we could extend Lemma 2.20 to the case where the sequence (y,) converges
to a point in dom f \ int dom f.



3 Forward projections

Definition 3.1 (Forward projection). Suppose S is a closed convex set
with S Nintdom f # (), and = € dom f. Then the set

arginf  Dy(z,y)

y€SNint dom f

is called the forward projection of x onto S and denoted ?S(x) If ﬁs(:v) is

a singleton, say {y}, we will write Pg(z) = y in a slight (but convenient)
abuse of notation.

Remark 3.2. The direction of the arrow points forward (to the right), this
is meant to help the reader remember that we vary over the right-hand vari-
able y in Dy(z,y) when we compute the projection. The arrow notation
is required to distinguish the new projection from its cousin, the classical
Bregman projection [8]: given S with SNdom f # () and y € int dom f, the
set
arginf Dy(z,y)
rz€SNdom f

is the (backward) Bregman projection of y onto S and denoted Ps(y). See,
e.g., [2] and [10] for further properties and examples.

Is the notion of a forward projection really a new one? The answer is
affirmative, as the next result shows.

Proposition 3.3 (Reid). [21] Let f be the entropy on R. Then there is no
function g : R — |—00, +00] such that Ds(z,y) = Dy(y,x), for all z,y > 0.

Proof. We argue by contradiction and thus assume that there exists a func-
tion g with
() (V&>0)(vy>0) g(y) —g(z) —g'(@)(y —2) =zhn(z/y) -z +y.

Taking the derivative with respect to y yields ¢'(y) — ¢'(x) = 1 — z/y, for
all z,y > 0. Assume y # z, and divide the last equality by ¥ — z. Then
(g’(y) — g'(:c))/(y — x) =1/y. Fix > 0 and take the limit as y tends to x.
Then ¢"(z) = 1/x, Vo > 0. On the other hand, consider again (x):

(Vz > 0)(Vy >0) g(y) =g()+9¢'(x)(y—2) +zn(z/y) —z +y.

Take the derivative with respect to z yields 0 = ¢"(x)(y — =) +In(z/y). Now
taking the derivative with respect to y results in 0 = ¢”(z). Altogether, we
obtained the absurdity 0 = ¢"(z) = 1/x. O
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Remark 3.4.

(i)

(i)

(iii)

We discovered Proposition 3.3 first in Maple by arguing also by contra-
diction: if g exists so that (*) holds true, then fix y = 1. The resulting
differential equation has the solution

g9(x) = g(1) — zIn(z) + (1 — z) dilog(z) + c¢(1 — x),

where c is a real constant, and dilog(z) = [ % dt. By construc-
tion, Dy(1,z) = D¢(x,1), Vo > 0. However, the difference D,(2,z) —
D¢(z,2) = dilog(z) + zIn(2) + 7% /12 — In(4) is zero only when z = 2.
Therefore, there is no function g with the desired properties.

Greg Reid’s proof of Proposition 3.3 is much preferable to our previous
reasoning; nonetheless, the function

g(x) = g(1) — zln(z) + (1 - 2) dilog(x) + ¢(1 — z),

just encountered has some quite intriguing properties (which we state
here without proof as they are not needed elsewhere in the paper):
D, is actually jointly convex, but g is not Legendre. In contrast, the
(alternating) derivatives (—1)"-¢™ appear to be Legendre, but without
generating a jointly convex Bregman distance. The simplest explicit
case is ¢ (z) = ¢"(z) = In(z) /(z — 1).

Greg Reid pointed out to us that his proof can actually be reproduced
entirely in Maple using Allan Wittkopf’s package rifsimp, which de-
tects that the corresponding PDE system is inconsistent — this output
means that the argument is actually rigorous!

Lemma 3.5 (Existence and uniqueness). Suppose S is a closed convex
set with S Nintdom f # @, and z € intdom f. Then Pg(x) is a singleton.

Proof. Pick a sequence (y,) in S Nintdom f such that

Dy(@,yn) = yESﬂlirrlltfdomf Dy(z.9).

Clearly, (Df(x, yn)) is bounded. By Fact 2.17, the sequence (y,) is bounded
and all its cluster points belong to SNint dom f. It follows that () # 1_3>5 (z) C

int dom f. By joint convexity of Dy, Pg(x) is convex subset of int dom f. Fur-
thermore, we assumed that the map Dy(z,-) is strictly convex on intdom f.

Altogether, ?s () must be a singleton. O
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Lemma 3.6 (Characterization of forward projection). Suppose S is
a closed convex set with S Nintdom f # (), and let x¢, 1y, be in intdom f.
Then:

Yo = Ps(.’l}o) = Yo € S and <S — Yo, f”(yo).(l'() — y0)> < 0.

Proof. The derivative of the map y — D¢(xo,y) isy — f"(y).(y—z0). Hence
the characterization is nothing but the optimality condition for a constrained
optimization problem; see [23, Theorem 27.4] or [6, Section 2.1] O

The following result is crucial.

Corollary 3.7 (Key inequality and continuity). Suppose S is a closed
convex set with S Nintdom f # (), and let s € S. Suppose further z, Z both
belong to int dom f. Then

Dy(x,5) + Dy(x, %) > Dy(z, Ps(z)) + Dp, ((z,5), (7, Ps(%))),

and all terms in this inequality are nonnegative. Moreover, the map ?5 is
continuous on int dom f.

Proof. The inequality follows from Lemma 2.9 and Lemma 3.6. The nonneg-
ativity of the Dy terms is clear (by convexity of f and Proposition 2.8.(i)).
And the nonnegativity of the Dp, term was already observed in Lemma 2.9.
Now let (z,,) be a sequence in (without loss of generality) int dom f converg-
ing to Z. For simplicity, set 5 := ]_3)5(:7:) and s, := Pg(z,), for all n. Fact 2.18
and another application of Lemma 2.9 and Lemma 3.6 yield

Dy(Z,3) + D4(,3) + Dy(Z, )
> D§(%, 5n)) + Dp, ((Z,3), (Tn, 51))
> Dy(Z, sn).

Hence (Df (z, sn)) is a bounded sequence. By Fact 2.17, the sequence (s,) is
bounded, and all its cluster points lie in int dom f. We must show that s, —
5. We argue by contradiction: after passing to a subsequence if necessary,
we assume that s, — § € SNintdom f with § # 5. Clearly, D(Z,-) is
continuous on int dom f. Thus the displayed inequalities yield, after taking
limits, the inequality D(Z,5) > Dy(Z,§). By uniqueness of ﬁg(a_c) =3, we
conclude § = s, which is absurd. The proof is complete. O
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Remark 3.8 (forward vs backward projection). Fix = € intdom f and
s € Snintdom f. If y denotes the forward projection of z onto S, then (by
Corollary 3.7)

Df(sam) = Df(say) +DDf((S’ s), (xay))'

In contrast, if § denotes the backward projection of z onto S, then (see, for
instance, [2, Proposition 3.16]):

Df(sﬂx) 2 Df(sﬂg) +Df(gax)'

Thus both types of projections have similar inequalities for their respective
projections.

Remark 3.9. It is instructive to view the question on continuity of ?5 in
the context of wvariational inequalities or well-posed optimization problems
— the results from these two areas yield continuity of Ps under additional
assumptions such as compactness of S. For further information, we refer the
reader to [16, Section IX.1] and [17, Section 5.

Remark 3.10. Corollary 3.7 is not only interesting in its own right, but
also useful in other contexts involving forward projections. For example, the
Ezxpectation-Mazximization algorithm for a particular Poisson model can be
viewed as an alternating backward/forward projection algorithm (see [15]
and also [19]); Corollary 3.7 then yields new asymptotic results [4].

Forward projections onto hyperplanes

Assume now z € intdom f, H = {z € X : (a,2) = 8} is a hyperplane, where
a € X and 8 € R, and assume further that H N intdom f # (.

How do we find Pg(z)? Using Lemma 3.6, it is easy to see that y = ﬁH(x)
precisely when

(H) f'y).(x—y)=ra and (y,a) =5,

for some r € R.
Solving (H) in general appears to be difficult. However, for the energy
and the entropy, much more can be said.

Example 3.11. Suppose z € intdom f and H = {z € X : {(a,2) = S} is a
hyperplane with H N int dom f # ().
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(i) If f is the energy, then

— a,x) —b
Py(z) =2 — %a.

(ii) If f is the entropy, then ?H(x) can be found in two steps:

1. Solve >, a;x;/(1+ra;) = B forr € R
2. Set Yj = .73]/(1 + Ta]-), VJ

Proof. Let y = ?H(x)

(i): for the energy, we have f” = 1. By (H), y =  — ra. Take the inner
product of this equality with a, use (a,y) = /3, and solve for r to obtain the
desired formula.

(ii): for the entropy, f”(y) is the diagonal matrix with entries 1/y,. Hence
(H) yields

1 X

—(z; —y;) =ra;; equivalently, y; = )
yj(] Y5) J ! Ys Ys 1+ra;

for every j. Since y € H, we have (a,y) = [ or

J a;x;
7] _
Zl—i—raj ﬁ

=1

The result follows. O
Remark 3.12 (More on the entropy projection onto a hyperplane).

(i) Simple calculus shows that the function S(r) := ;. a;z;/(1 + ra;) is
strictly decreasing. Also, from Step 2 of Example 3.11.(ii), the sought-
after r is bounded by

-1 -1

sup — <r < inf —,
jia;>0 Gj J:a;<0 @y

where we use the usual convention inf () = +o00 and sup ) = —oc. Hence
even a simple bisection algorithm can be used to determine r efficiently.
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(ii) While there is in general no closed form for ﬁH(:c), the “inverse pro-
jection” is explicit: fix y € H. Then, for every = € int dom f, we have
(from Step 2 in Example 3.11.(ii)) the characterization Py (z) = y if
and only if ; = (1+ra;)y; > 0, V4. Thus the inverse projection results
in lines. (In contrast, the “inverse backward projection” is generally a
nonlinear curve.)

(iii) It is not hard to see that ﬁH(x) can be computed ezplicitly in two
cases: when a € R1; or when J = 2, i.e., we work in the Euclidean
plane (so that Step 1 of Example 3.11.(ii) becomes solving a quadratic
equation).

Remark 3.13 (Forward projection of a smooth set). Suppose S is a
closed convex set with int S Nintdom f # 0. Recall S is smooth at a point
y € bdry S, if the tangent cone of S at y is a halfspace. Two equivalent
conditions are: the normal cone of S at y is a ray, or there exists a unique
supporting hyperplane to S at y. Now suppose S is smooth, i.e., smooth at
every boundary point. Let x and y both belong to int dom f, where = & S.
Using Lemma 3.6, it is not hard to show that

Y= PS(:L") Sy = ?H(x), and H supports S at y.
(An analogous result holds for the backward Bregman projection.)
The combination of Remark 3.13 and Remark 3.12 results in the following:

Remark 3.14 (Inverse entropy projection of a smooth set). Suppose
f is the entropy, S is a closed convex smooth set with int SNint dom f # 0,
and y € bdry S Nintdom f. Then the inverse projection of y can be found
as follows:

(i) Find the (unique) supporting hyperplane H to S at y.

(ii) Let a be the (unique) unit vector that is normal to H and points out-
wards S.

(iii) Then z € intdom f satisfies ﬁs(:v) = y if and only if
zj =y;(1+raj), Vi,

for some r > 0.
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In passing, we mention the analogous result for the inverse (backward) pro-
jection: the backward projection of a point z € int dom f is equal to y if and
only if

z; = y;exp(ra;), Vi,

for some r > 0. Thus the inverse projection is a curve, nonlinear in general.

4 Main result

From now on, we assume that C},...,Cy are finitely many closed convex
sets such that

C:=NX,C; and CNintdom f # 0.

Let 7 : N — {1,..., N} be a random map: r is onto and it assume each
value in {1,..., N} infinitely often.
The method of random forward projections generates a sequence (y,) by

yo € intdom f,  and y,q = ?Cr(nﬂ) (yn), Vn>0.

Theorem 4.1. For an arbitrary starting point g, the sequence (y,) gener-
ated by the method of random forward projections converges to some point
y € CNintdom f.

Proof. We proceed in several steps.

Claim 1: Df(C, yn) > Df(C, yn—H) + DDf ((C’ C), (yna yn+1))a
Vn >0, Ve € Cyng1y) Nint dom f.

This follows from Corollary 3.7 (with S = Cy(n41), © := 5 := ¢, and zg := yn)-

Claim 2: (y,) is Fejér monotone with respect to C N int dom f.

This is immediate from Claim 1.

Claim 3: (y,) is a bounded, and its cluster points belong to int dom f.
Pick ¢ € CNintdom f. By Claim 2, the sequence (Dj(c,yy,)) is decreasing
and thus bounded. Claim 3 thus follows from Fact 2.17.

Next, suppose that

g is a cluster point of (y,), say vy, — -

Claim 4: g € intdom f, and D¢(7, yk,) — 0.
Clear from Claim 3 and Fact 2.18.
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After passing to a subsequence if necessary, we may assume that r(k,) =
pe{l,...,N}, and thus g € C,.

We now define

Ly ={i:y€C}and I, :={i: 7y ¢ C;}.

Claim 5: I,y = 0.
We prove this by contradiction and thus assume that I, # 0. After
passing to another subsequence if necessary, we may further assume that
{r(kn),r(kn+1),...,7(kny1—1)} ={1,..., N} — this is possible, because r
is a random map. Since p € I, we can pick my, in {k,, k, +1,..., k1 — 1}
maximal with r(m,,) € I;;,. By repeated use of Claim 1, we obtain

Df(gaymn) < Df(ﬂ,ykn), Vn.

This, together with Claim 4, yields D(¥, ym,) — 0. Hence, using Fact 2.18,
Ym, — Y. After passing to a final subsequence if necessary, we assume that
r(mnp+ 1) = 0 € Iy and that y,, 1 — z € C, Nintdom f (using Claim 3
and closedness of C,). Fix ¢ € C Nintdom f. By Claim 1,

DDf ((C’ C), (ymrm ymn—{—l)) — 0.

In Lemma 2.9, we observed the continuity of Dp, on (int dom f)*. Thus

Dp, ((c, c), (7, 2)) =0.

Consequently, by Lemma 2.10, y = z. But this implies the absurdity o € I;,.
Claim 5 is thus verified.

Conclusion: We have shown that (y,) is Fejér monotone with respect to
C Nintdom f (Claim 2), and that all its cluster points lie in C N int dom f
(Claim 5). Therefore, by Lemma 2.20, the entire sequence (y,) converges to
some point in C'Nint dom f. O

Remark 4.2.

(i) The proof is modeled after the proof of [2, Theorem 8.1], which in
turn is standard for random methods; see [2, Remark 8.3]. The new
approach is Corollary 3.7, which relies upon the joint convexity of Dy
and which resulted in (see Claim 1 in the proof of Theorem 4.1) the
crucial inequality

Df(C, yn) 2 .Df(C, yn—l—l) + DDf ((C’ C), (yna yn-l—l))-
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(i)

(iii)

It is instructive to compare this to the key inequality for the sequence
(¥n) generated by the method of backward projections (see [2, Proof of
Theorem 8.1]):

Df(ca gn) Z Df(C: gn—kl) + Df(gn—H: gn)
See also Remark 3.8.

For applications, it would be desirable to have a convergence result
allowing for C' N intdom = (). In the standard (backward) Bregman
projections setting, this case can be accommodated by imposing fur-
ther properties on f, for instance, that f be Bregman [9, 10] or Breg-
man/Legendre [2]. Unfortunately, this technique is not applicable here:
the stumbling block in the proof appears to be Claim 5, which relies
on Lemma 2.10 to obtain uniqueness of the cluster points. However,
Lemma 2.10 in turn requires the points to lie in int dom f. In essence,
this is closely related to the previous item (i): for backward projections,
the crucial term Dy (n+1,9n) is independent of ¢; however, this is not
true for the corresponding term Dp, ((c, ¢), (Yn, Ynt1)) in the forward
projections context.

Preliminary numerical experiments (using two lines intersecting in the
positive orthant, using forward entropy projections; see Section 3) in-
dicate that the qualitative behavior of forward entropic projections is
similar to orthogonal (energy) projections. A more detailed numerical
study would be an interesting topic for further research.
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