
Stabilization for convergence of iterative solvers
• In general,Ec(u) with multipla minima andD2Ec positive semidefinite

• Need for stabilization⇒ Ec
γ(v) = Ec(v) + γ‖∇v‖2

L2(Ω)

• Global convergence for the damped Quasi-Newton scheme
For any u, u0 ∈ V ,
(a) Input u0, j := 0
(b) Solve a(uj − uj+1, v) = (DEc

γ(uj), v)
(c) Set j := j + 1 and goto (a)

with a elliptic and continuous,Ec
γ uniformly convex, andDEc

γ Lipschitz.

Theorem [Bartels et al 04] There holds

Ec
γ(uj+1) − Ec

γ(u) ≤ α(Ec
γ(uj) − Ec

γ(u)) and ‖u − uj‖2 ≤ β(Ec
γ(uj) − Ec

γ(uj+1))

with α < 1 provided some side restrictions are met.

• For u minimizer of Ec
γ in V ⇒

limEc
γ(uj) = Ec

γ(u) lim‖u − uj‖ = 0



Stabilization for strong convergence of gradients
• (uh) infimizing sequence forEc :=

∫
Ω W ∗∗(Du) dx + L(u) such that

uh ⇀ u inW 1,p with uh → u in Lp butDuh ⇀ Du in Lp

• For each h > 0, let uh minimizeEc + Jh overAh ⇒ Duh → Du in Lp (for some Jh)

• Sketch of the proof for p = 2, u ∈ H2(Ω; IRm) with
Jh(v) = h2/2‖∆v‖2

L2 andDL uniformly monotone.

Monotony ofDL, Galerkin orthogonality, and standard arguments give
h2‖∆e‖2

L2 + ‖e‖2
L2 ! h2 (1)

Since e = 0 on ∂Ω, Green formula gives
‖De‖2

L2 = −
∫
Ω e · ∆e dx

Use Cauchy, Young inequalities and (1)
‖De‖2

L2 ≤ ‖e‖L2‖∆e‖L2 ≤ h/2‖∆e‖2
L2 + 1/(2h)‖e‖2

L2 ! h

• Proof in [Bartels et al. 04] for the following stabilization terms for standard low-order FEM

" Jh(vh) =
∑

E∈EΩ
hγ

E

∫
E |[Dvh]|2 ds

" Jh(vh) =
∫
Ω hγ−1

T |Dvh −ADvh|2 dx

" Jh(vh) = hγ
∫
Ω |Dvh|2 dx


