1D Examples

[Bolza, Young, etc.]

Example ?:
W(F) Energy density W,
/\ W(F) = (F? —1)?
_ for F' € R.
(M) Minimize

1
E(u) = /O W(u')dz over ue AC W4(0,1).

0.5

0.3

Theorem A.1: There exist | \ /
infinitely many minimizers .| < . <

weA:=Ww3*0,1)
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characterised by v/ = +1.
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Theorem A.2: There exists a unigue minimizer wu
of (M) in
A= {uewh40,1) ‘u(O) =0,u(1) =2},
namely u(z) = 2z for = € (0,1).
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Cont. 1D Examples

Example B: W (F') as before.
(M) Minimize

E(u) := /01 W/ (z)) de + /01 u(z)?dr over A.

Theorem B: Let W;'*(0,1) € A C W14(0,1).
Then there exists no minimizer of (M).

Proof: (a) inf E(A) > 0.
(b) inf E(A) = 0.

In fact, for each ¢ > 0, design u. € A with v, = +1
for a.e. x € Q and |us(x)| < €.
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O < E(Ug) < 82 0.05[
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Then, for e = 0, inf E(A) < 0. [ ]

(c) Infimal energy inf E(A) < 0 is not attained.
In fact, given v € Wh4(0,1) with E(u) = 0 yields

/1u(:c)2dx =0=u=0a.e. = W) =WwW(0) =1.
0

Hence E(u) = 1. This is a contradiction. [ ]



Cont. 1D Examples
General Observations

e EXistence and uniqueness of minimizers depend
on boundary conditions in A and on low-order terms
in E.

e Infimizing sequences (u;) do exist in A, are
bounded and weakly convergent,

uj —u in wiP(Q)
converge in weaker norms,
uj —u in LI(2),
but are not strongly convergent in W1P(Q),
uj A u N wlr(Q).

e \Weak limit u describes macroscopic displacement,
D uw models averaged strain.

e Microscopic oszillations of Duj are not passed to
average D wu; their limit is @ measure rather than a
Sobolev function.



Cont. 1D Examples

Fundamental Theorem of Young Measures
(Ball):  If (ug) bdd in WLP(Q)™ then a subse-
quence (Duj) generates gradient Young Measure
(GYM) (vy : x € Q2), i.e. for a.e. z € 2, vy IS pro-
pability measure, and, given sample w C €2 and a
function f € Co(R™*™),
lim /f(Duj)dx:/ (ve, f) d.
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Example: In 1D Example B (m=n=1)

Ve =— 1/2(5_1+5_|_1), l.e.

(va, f) = 1/2 f(=1) +1/2 f(+1).
Remark:
‘= lim lim v*; (weak-* in measure :
= 60—0 k—o00 Vz,0 ( * )
1/’;,5 = distribution of u}(y), when y from

B(x,d) uniformly at random.



Cont. 1D Examples

[Tartar's Broken Extremal Example]

Example C (Tartar): W(F) as before and
f(z) =—3/128 (z — 1/2)°> — (z — 1/2)3/3,

521 1y — 97,

A= wh4(0,1) : v(0) = ,
{ve (0,1) = v(0) = 5555 192

Minimize

B(u) = /01 (W(u’(m)) u— f|2> dz over A

(M) has no solution, (Q) has solution

[ () if0<a<1/2,
W@ =) 2124 (- 1/2)3/24 iflj2<a<1

with oszilations (microstructures) in (0,1/2) and
classical solution (i.e. vy = 5u,(w)) in (1/2,1).

Numerical examples in 1D involve a shifted version
where u(x) is replaced by u(x + 7/100) etc.



