Effective density energy: Quasiconvex envelope

For vector nonconvex variational problems

quasiconvexity of W (x, u, Du) < seq. wls.c. of E(u) = [o W(Du(z)) dz

Quasiconvex envelope

1
WI(F) = inf — / W (Dy(x))dx
Y € Wi, ‘w‘ w
y = Fxondw

Quasiconvex envelope known only for few energy densities

Restrict y = y(x) only to some microstructural patterns = Laminates



Finite laminates and microstructures
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Numerical lamination: algorithm

Algorithm 2 (Numerical lamination) [Bartels 04, Dolzmann 99]
@k=0,ROW =W

(b) For each F, foreach a, b € IR3, g =convexify R"®)W (F +ta®b)
c) REFTDW = g, compare with R™ W tostop, else k = k+1 —(b)

Y

F5R F+oR

wl e Define discrete set of matrices N . = 67,373 N T(O)
e Define discrete set of rank-one directions
W(Fﬂwcm = {JR€ R>®:R=a®b, witha,b c Z?}
£ F __, e Define lrs ={l€Z:F+URE¢c m}

Solve

REFDW(F)Y = inf inf 0. RSV W (F + 6(R) : 0, > 0, 0, =1
o7 RER; 9cR?*R,s 66%1;5 ﬁ;’g }

Convergence if: W Lipschitz, W = W7 on IR**3\ B,.(0), IL €N : R(L)W Wre(F



Numerical Example: Single-slip elastoplasticity
Kinematic assumption: I' = Fo by, F, = I + vs0 ® qo, s = I'sg, ¢ = Fqo
Reduced density energy [C, Hackl & Mielke 02]:
Se0—rn | 5|2 |— Terit —aP0 132
Wred :U(detF)—l—%(trFTF—i—2fyos'q—|—’y§s-s—(l olsl] a— )

21 a
Y0,P0 |s[2 4%

a = p(cosa, sina), n = (cosf3, sinf3)

1 red = red red

RMWred (z, F) =inf{(1 = \)WZ (F — Xa®n) + AW (F+ (1 —Xa®n)}
z = (\p,a,B)

Algorithm 3 (Clustering method) [Neumaier

04]

5 ( 5
Input £, initial starting points, tolerance : ; :

(a) Sampling and reduction @
(b) Clustering 1

(c) Center of attraction

0.5 1 1.5 2 2.5 3

(d) Local search

Output the value of R() wred (F).



Plane strain elements
Periodic BCs

SDV1

(Ave. Crit.: 75%)
+1.572e-01
+1.310e-01
+1.048e-01
+7.861e-02
+5.242e-02
+2.623e-02
+3.860e-05
-2.615e-02
-5.234e-02
-7.853e-02
-1.047e-01
-1.309e-01
-1.571e-01

e Orientation not sensitive to FE mesh

e \olume fractions not sensitive to FE mesh

Minimize |,

sSDV1

(Ave. Crit.: 75%)
+1.768e-01
+1.432e-01
+1.097e-01
+7.612e-02
+4.255e-02
+8.988e-03
-2.458e-02
-5.814e-02
-9.170e-02
-1.253e-01
-1.588e-01
-1.924e-01
-2.260e-01

YW (D) dx over A




A sufficient condition for quasiconvexity: polyconvexity

T:F e IR — T(F) = (F,cofF,detF) € IR>*3 x IR3*® x IR,
g : IR3*3 x IR3*3 x IR — IR convex

[W polyconvex if W (F') = g(T'(F')) foreach F' € Rst]

Polyconvex envelope of W

19
Wre(F) = inf {) O NW(A) 2 A >0, Z)\ =1 ZAT T(F)}
A; € R3%3 1

Numerical Polyconvexification[Roubicek 96, Bartels 04]

WE(F)= it { Y 0aW(A) 1 04>0,) 0a=1, Y 0aT(A)=T(F)]
04 R7Ns,r AENs., AENs

W € CH(IR33) with a € (0,1] = [ngﬁ(F)HWpC(F)]as 5— 0

loc

)\gr € IR'? Lagrangian multiplier, [)\gr o DT(F) — 0 := DWpC(F)]




Numerical Example: Ericksen-dJames energy density
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Algorithm 4 (Steepest descent method)

()eéset]—O

(a) Evaluate g}(lj), =/, am Duy, dx + L(vp)

(b) If Hg(J)H < ¢ stop else setr(j) = gfbj).

(d) Compute ¢; = EY°(uy ) 4 ¢ 7“(3)) < Epc(u(j))

(e) Set’aL(jJr ) — ugf) + ¢ rm 7 =7 + 1 and goto (a).

Input u

W =k (TrC—a_6)2+k2012+k3(011—04)2(022—(
W no rank-1 convex = W no quasiconvex

Minimize [, W§' (Du)dz + [, fudz over A
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