TOPOLOGY OF SINGULAR HOLOMORPHIC FOLIATIONS
ALONG A COMPACT DIVISOR
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ABSTRACT. We consider a singular holomorphic foliation F defined near
a compact curve C of a complex surface. Under some hypothesis on
(F,C) we prove that there exists a system of tubular neighborhoods U
of a curve D containing C such that every leaf L of £|(U\2) is incom-

pressible in U \ D. We also construct a representation of the funda-
mental group of the complementary of D into a suitable automorphism
group, which allows to state the topological classification of the germ of
(F, D), under the additional but generic dynamical hypothesis of trans-
verse rigidity. In particular, we show that every topological conjugation
between such germs of holomorphic foliations can be deformed to extend
to the exceptional divisor of their reductions of singularities.

1. INTRODUCTION AND MAIN RESULTS

We consider a smooth complex surface M endowed with a holomorphic
foliation F having isolated singularities and a compact connected holomor-
phic curve C. To treat in a unified way the local setting we will also allow the
case that C reduces to an isolated singular point. There are two main results
in this paper under some hypothesis concerning the pair (F,C), which we
will precise in the sequel:

(A) The existence of a fundamental system of neighborhoods of C where the
leaves of F are incompressible in the complementary of an “adapted”
curve D containing C. Recall that a subset A of a topological space
V' is incompressible in V' if the natural inclusion A C V induces a
monomorphism at the fundamental group level for every choice of the
base point in A.

(B) The construction of a representation of the fundamental group of the
complementary of D into a suitable automorphism group, which allows
us to state the topological classification of the germ (F,D) of F along
D. When the curve C is smooth and invariant by JF, this object is
directly equivalent to the classical holonomy representation of 1 (C)
into the automorphisms of a transverse section.

A particular situation of this context occurs when the pair (M,C) is a
resolution of a surface singularity (S,0), see Example 1.6. In the general
setting it is well known that there exists a composition £ : M — M of blow-
ups such that the curve C := E~1(C) and the foliation F := E*F satisfy the
following properties:
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e C has normal crossings and all its irreducible components C;, i € J
are smooth,

e two different irreducible components of C are disjoint or intersect in
a unique point,

e F is reduced in the sense of [4], i.e. each singular point of F has
Camacho-Sad index in C \ Qs¢ and each component C; is either
F-invariant or C; N Sing(F) = () and F is totally transverse to C;.

All the notions that we introduce in the sequel are germified along D or D.
By definition the isolated separatrix set of F is the set S constituted
by invariant curves by JF, which are not contained in C and which intersect
some JF-invariant irreducible component of C. The image of the components
of § by E are called the isolated separatrices of F.

Let Gc be the dual graph associated to (M,C) having one vertex s;
for each irreducible component C; of C and one edge when two irreducible
components of C intersect. We also introduce a double weighting (g;, ;) in
each vertex s;, by giving the genus g; = g(C;) and minus the self-intersection
v; = —C; - C;. Tt is well known that we can topologically recover a tubular
neighborhood of C in M by a plumbing procedure from the data given by
the dual graph with weights G¢, see Section 2.1.

In the sequel we will need to consider a (not necessarily compact) holo-
morphic curve D C M containing C. We define the valence with respect
to D of an irreducible component D of D as the number v(D) of singular
points of D lying on D. A dead branch of D is a connected maximal union
of irreducible components of C of genus 0 with valence 2 with respect to D
except for one of them whose valence must be 1.

Making an additional iterative blowing down process if necessary, without
loss of generality we can also assume that

o there is no exceptional (i.e. having self-intersection —1) F-invariant
rational component of C of valence < 2 with respect to D.

Notice that an irreducible component D (not necessarily compact) of D
may be transverse to F. In that case we will say that D is a dicritical
component of F.

In order to state our first main result we must introduce some new notions.
Denote by Gp the dual graph associated to the divisor D.

e A breaking element of Gp is every vertex corresponding to a dicrit-
ical component of F and every edge corresponding to a linearizable
singularity of F.

e The break graph associated to (F, D) is the graph obtained from
Gp by removing all the breaking elements and the edges whose one
of its endpoints is a breaking vertex.

e An initial component of (F,D) is a F-invariant irreducible com-
ponent C' of C such that one of the following situations holds:

(a) g(C) = 0, there is a non-linearizable singular point py of F on
C' and every point p € Sing(D) N C, p # po, belongs to some
dead branch;

(b) g(C) > 0 and the holonomy of the boundary of every embedded
conformal disk in C' containing Sing(D) N C is not linearizable.
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We introduce two hypothesis on the pair (F,C). The first one is of local
nature and it concerns only the singularities of . The second one is global
and it also concerns the topology of C.

(L) The reduced foliation F has no saddle-nodes and each singularity
s € Sing(F) having Camacho-Sad index \s ¢ Q is linearizable.

(G) Each connected component of the break graph associated to (F,C) is
a tree, which contains at most one vertex corresponding to an initial
component C' of C of genus g(C) > 0.

Notice that Condition (L) is generic in the following sense: let B C C be
the set of Brjuno numbers, namely those complex numbers \ verifying that
the germ of every singular foliation defined by a 1-form of type (u+---)dv—
(Av+---)du is always linearizable. It is well known that C\ R C B and that
R~ \ B has zero measure.

If A € Ry then the singularity is a node. Because the reducedness of F
we have that A is necessarily irrational. If such a singular point s belongs to
the strict transform of a (necessarily isolated) separatrix Z of F we say that
Z is a nodal separatrix of F and s a nodal singularity. The topological
specificity of such singularity is the existence, in any small neighborhood
of s, of a saturated closed set whose complement is an open disconnected
neighborhood of the two punctured local separatrices of the node. We call
nodal separator such a saturated closed set. A nodal separator of M is
the image by F of a nodal separator in M.

If D is a dicritical component of F then for each singular point s €
Sing(D) N D we consider a conformal closed disk Dy C D containing s
in its interior such that their pairwise intersections are empty. A dicriti-
cal separator associated to D is a tubular neighborhood of the closure of

D\ U D, which is the total space of a holomorphically trivial disk
s€Sing(D)ND

fibration whose fibers are contained in the leaves of F. A dicritical separator

of M is the image by E of a dicritical separator of M.

On the other hand, Condition (G) is not generic and we do not know if
the incompressibility of the leaves of F in the complementary of some D O C
holds when it is not fulfilled. Even in the case that Condition (G) holds,
the first choice D = C does not work for instance by considering the case
that C is the exceptional divisor of the reduction of singularities of a germ
of foliation F in M = (C2,0) because M \ C = C?\ {0} is simply connected.
The next natural choice consists to add to C the isolated separatrices S of
F but this is not enough as the following example shows.

Exemple 1.1. Consider the dicritical foliation  in (C?,0) defined by the
y2—a3
x2

rational first integral f(x,y) = whose isolated separatrix set is the
cusp S = {y?> —2® = 0}. Let M be a Milnor ball for S. The composition E :
M — M of blow-ups considered in the introduction for this case corresponds
to the minimal desingularization of S. The exceptional divisor C = E~1(0)
has three irreducible components D;, Do, D3 which we numerate according
to the order that they appear in the blowing up process. Thus D} = —3,
D3 = —2 and D3 = —1. The strict transform S of S only meets D3. It turns
out that D; and Dy are two dead branches composed by a single irreducible
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component attached to D3. Moreover D1 a dicritical component. In fact, it
is totally transverse to F = E*F. Thus, CUS do not satisfy Condition (c)
in Definition 1.2. On the other hand, it is well-known that if a, b and ¢ are
meridian loops around D;, Dy and D3 respectively, with common origin,
then 71 (M \ S,-) = (a,b,c|a® = v* = ¢). We shall see that there exist
non-incompressible leaves of F inside M \ (C U S). Indeed, looking at the
situation after the first blowing-up, we immediately see that there are two
types of leaves of F: those that are near to the isolated separatrix set S,
which are disks minus two points and the others which are diffeomorphic to
D*. If L is a leaf of the first kind then m (L) = (a4, a_|—) is a free group of
rank 2. We claim that we can choose the generators so that the morphism
1: (L) — m (M\(CUS)) induced by the inclusion is given by 2(a4) = a and
a_) = b~ Lab. Tt follows that 2(a3 a”?) = a®b~'a~3b = 1 and consequently
L is not incompressible in M\ (CUS). In order to prove the claim we consider
the coordinate system (¢,x) on M \ (CUS) induced by the first blowing-up,
defined by E(t,x) = (z,tz) = (z,y). We have f(z,t) := (E*f)(x,t) =t —x
and the restriction of f to Uz := {|f| = ¢}, 0 < ¢ < 1, is a locally trivial
C*-fibration over the standard circle S! of radius ¢, whose fiber over ¢ is

F. := C\ {£+/c}. Since the pull-back of U, ER S! by the exponential map
exp : [0,27] — Sl exp(f) = e, is trivial, we obtain a trivializing map
T : F. x [0,27] — U, sending (z,6) into (t,z) = (zeig,(z2 —e)e'). We
consider the path 3 : s+ (2,6) = (0,s+ ), s € [0, 27], projecting by 7 into
the loop (¢, z) = (0, —€®) which is a meridian of Dy. Hence, we can take the
generator b € 71 (M \ (CUS)) as the homotopy class of 3. Let z(s) be a simple
loop in F; based on z = 0 having index +1 around 4,/ and index 0 around
—v/e. We define a_(s) = (2(s),0) and a4(s) = (z(s),2m). It is clear that
.y is homotopic to fa_ B~ in F. x [0,27]. Hence its respective projections
by T are also homotopic loops in U.. Notice that 7(a_(s)) = (2(s), 2%(s) —¢)
and (a4 (s)) = (—2(s), 2%(s) — ¢) are meridians around D; so that we can
choose the generator a € m (M \ (CUS)) = 71 (U;) as the homotopy class
of 7(ay). The fundamental group of the leaf L passing through the point
(t,z) = (0,—¢) is m1 (L) = (oy,a—| —) and the images of its generators by ¢
are given by 1(ay) = a and 1(a_) = b~ Lab.

However, if we define D := S UT UC, where T is the strict transform of
{z = 0}, we can directly see that all the leaves are incompressible in M \ D.
Indeed T meets D; transversely, then

T (M\D,-) = {a,b,c|b® =¢, [c,a] =1) = (a,b][a,b*] = 1)
and the elements ¢ and b~ 'ab are without relation in this group. O

Thus, we must make some additional “holes” in M \ (C U S) in order
to obtain a bigger fundamental group which could contain the fundamental
group of each leaf. This will be done by considering a new divisor D D CUS
obtained by adding some small curves transverse to C satisfying the following
technical properties.

Definition 1.2. We say that a (generally not compact) divisor D C M is
adapted to (F,C) if the following conditions hold:
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(a) the adherence of D\ C is a finite union of conformal disks transverse to
C at regular points of C and D\ C does not contain any singular point
of F;

(b) the isolated separatriz set S is contained in D;

(c) for every irreducible components C and D of C we have C N D = ()
provided that C' is contained in a dead branch and D 1is dicritical;

(d) if D =C, then it contains at least two irreducible components which do
not belong to any dead branch;

(e) each connected component of the break graph associated to (F,D) con-
tains at most one vertex corresponding to an initial component of (F, D)

Adding to CUS one non-isolated separatrix over each dicritical component
of C having valence 1 and one transverse curve over certain initial compo-
nents of genus zero, we obtain a divisor D adapted to (F,C) provided it
fulfills Condition (G):

Proposition 1.3. If (F,C) satisfies Condition (G) then there always exists
a divisor D adapted to (F,C).

In the case that C is the exceptional divisor of the reduction of a germ
F at (C2,0), in the statement of Corollary A we will precise the “minimal”
divisor adapted to (F,C).

For A C B C M we denote by Satz(A, B) the union of all the leaves of 75
passing through some point of A. We fix a plumbing tubular neighborhood
W of C in M (see Section 2.1). The first main result of this paper is the
following.

Theorem A. Let D be a divisor adapted to (F,C). Assume that (F,D)
satisfies the assumptions (L) and (G) stated below. Then there exists a
fundamental system (Up)nen, Unt1 C Uy, of open neighborhoods of D :=
E(D) in M and there ezists a smooth holomorphic curve Y C M transverse
to F having a finite number of connected components, such that for each
n € N the open sets U} := U, \ D and V* := E(W)\ D satisfy the following
properties:

(i) the inclusions Uy, C Uy, C V* induce isomorphisms of their funda-
mental groups,

(ii) every leaf of Fyy. is incompressible in Uy,

(iii) each connected component of Y, := E(Y)NU} is a punctured topolog-
ical disk which is incompressible in U} and Satz(Y,",Uy) is the com-
plementary in U of a finite union of nodal and dicritical separators,

(iv) there does not exist any path lying on a leaf of Fus with distinct end-
points on Y\ which is homotopic in U} to a path lying on Y,’,

(v) the leaf space of the foliation induced by F in the universal covering
space of U} is a not necessarily Hausdorff one-dimensional complex
manifold.

Remark 1.4. It will follow from the proof that a curve T satisfying the
properties of Theorem A can be constructed in the following way. We choose
a vertex in each connected component of the break graph of (F, D), a reg-
ular point in the corresponding irreducible component of D and we take
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transversal disks through these points as branches of Y. Hence, the irre-
ducible components of this curve are in one-to-one correspondence with the
connected components of the break graph.

The following corollary of Theorem A completes the main result of [10].

Corollary A. Let F be a germ of singular holomorphic foliation in (C?,0)
which is a generalized curve such that all its singularities after reduction
whose Camacho-Sad index is not rational are linearizable. Then, there ex-
ists an open ball B centered at 0, an analytic curve Z closed in B containing
all the isolated separatrices of F, a fundamental system (Uy)nen of neigh-
borhoods of Z in B and a curve Y C B, transverse to F outside the origin,
such that the open sets U} = Up \ Z and V* := B\ Z satisfy Properties
(i)-(v) of Theorem A. Moreover, if F is not dicritical then we can take Z
as the set of all the separatrices of F. Otherwise, we can take Z as the set
of all the isolated separatrices of F jointly with one non-isolated separatrix
of F for each dicritical component containing a unique singular point of the
exceptional divisor of the reduction of F.

Remark 1.5. We point out some issues of each requirement of adapted
divisor in Definition 1.2:

(a) As we have already pointed out, roughly speaking, W \ D is obtained
from W\ C making some holes in order to that 71 (W \ D) be big enough
to contain the fundamental group of each leaf.

(b) As it was stated by R. Thom in the seventies, the separatrix set can be
viewed as the organization center of the topology of the foliation around
a singular point. Hence it is natural to study the topological embedding
of the leaves in the complement of it. In the dicritical case there is an
infinite number of separatrices, so the first natural candidate curve to
eliminate from the ambient space is the isolated separatrix set.

(¢) If m C C is an invariant dead branch of D then on a neighborhood
of m, the leaves sufficiently close to m are disks or rational curves. If
moreover m attaches to a dicritical component D, then Condition (c)
of Definition 1.2 is not satisfied. Near D the leaves L far away from m
are punctured disks with infinite cyclic fundamental group Zc, but we
can deform the loop ¢ C L in the ambient space so that it is conjugated
to a loop in a simply connected leaf close to m. Hence, in this case we
never have the incompressibility of all the leaves. On the other hand,
there exist counter-examples to the incompressibility of the leaves if we
admit some dicritical component contained in a dead branch, as we have
already seen in Example 1.1, where we have treated in detail the simplest
non-trivial dicritical foliation in (C?,0) showing this behavior.

(d) The radial vector field is a trivial counter-example for the incompress-
ibility of its leaves if Condition (d) of Definition 1.2 is not satisfied. On
the other hand, if C is an F-invariant divisor whose dual graph is a tree
and (F,D) do not satisfy Condition (d) of Definition 1.2, then the in-
tersection matrix (C; -C;j) can not be negative definite. Indeed, the main
result of [1] implies the existence of separatrices (which are necessarily
isolated because C is F-invariant) in that case. Hence D D SUC 2 C.
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Consequently, such divisors do not come from foliations on surface sin-
gularities. However, it would be interesting to study the topology of the
leaves in this context. The simplest situation occurs when D = C is a
chain. Since the restriction of the leaves to a neighborhood of a com-
ponent of valence 1 and 2 are disks and annuli respectively, we deduce
that the global leaves in the chain situation are topologically spheres,
hence simply connected.

(e) Condition (e) of Definition 1.2 is of technical nature and it comes from
the method of construction developed in [10] which is used in this work.

Exemple 1.6. Let (S, 0) the surface singularity

{z% = (@ + ) (@® +y")} € (C°,0)
considered in [1]. The desingularization (M, C) of (.S, O) is described by a tri-
angular graph whose vertex represent rational curves having self-intersections

—2, —2 and —3, cf. [8]. After [17], the fundamental group G of S\ {O} =
M \ C can be presented as

G = {(a,b,c|cac™t = a3V, cbc™' = a5, [a,b] = 1)

and it is solvable. By the synthesis theorem of [9] there exists a singular
holomorphic foliation F on (.9, O) such that after desingularization defines a
singular foliation F on M whose singularities are reduced and correspond to
the three intersection points of the precedent rational curves. By applying
the index theorem of [3] we deduce that the Camacho-Sad index of these

singularities belong to the list {— %i%, —l%i ‘{—2701, - % i@}. From Siegel
and Liouville theorems we deduce that all three singularities are linearizable.
By applying Theorem A we obtain that the fundamental group of each leaf
of F is solvable because it is a subgroup of G. Therefore all the leaves of F

are disks or annuli. O
The precedent arguments show a more general result.

Corollary 1.7. Let (S, O) be a surface singularity such that the fundamental
group of S\{O} is solvable. If F is a singular holomorphic foliation on (S, O)
without local separatrices then all the leaves of F are disks and annuli.

Proof. The classification of configurations with solvable fundamental group
given by [17] and the hypothesis about the non-existence of local separatrices
force all the Camacho-Sad indices to be algebraic numbers, hence of Brjuno
type. U

To deal with the second objective of the paper, the topological classi-
fication, we fix the topological type of C as embedded divisor in M, a
divisor D adapted to (F,C), a fundamental system (U, )nen of neighbor-
hoods of C fulfilling conditions (i)-(v) of Theorem A and a universal covering
q: Uo — Uy \ D. In the sequel we will use the following notations:

if ACUy then A*=A\D and A=q'(4%).

Thanks to Property (i) in Theorem A, we can take the restriction of ¢
to U, as universal covering of U}. The deck transformation groups of all
these coverings will be identified to I' := Aut,(Up). We denote by Q,, the
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leaf space of the foliation induced by F in U,. Clearly the holomorphic
natural maps Q,+1 — 9, form an inverse system denoted by 0L, As we
already pointed out in [12, §3] in the local setting, each deck transformation
factorizes through Q,, and allows us to consider the notion of monodromy.
To this end, we denote by A the category of inverse systems of objects
in some category A. We refer to [5, 12] for a precise description of the
morphisms in A.

Definition 1.8. The monodromy representation of F along D is the natural
morphism of groups

mZ T — Auta,(Q5),

where An is the category of pro-objects associated to the category An of
analytic spaces.

Consider now another foliation £’ defined in a neighborhood of a curve
C' embedded in a surface M’ and a divisor D’ adapted to (F',C’). In order
to state our second main result, we need to adapt to our new context some
additional notions that we have already considered in [12]:

e We say that a topological conjugation between the germs (F,D) and
(F', D) is S-transversely holomorphic if it is transversely holomor-
phic outside some nodal and dicritical separators. We have the same
notion for conjugations between the germs (F,D) and (F',D’). Notice
that if there are no dicritical components nor nodal singularities then a
S-transversely holomorphic conjugation is just a transversely holomorphic
conjugation.

e A S-conjugation between the monodromies mZ and mZ consists in
(¢, 3,h) where h : QF — QF is an isomorphism in the category Tﬂ)’
which is holomorphic outside the subset corresponding to the leaves of
some nodal and dicritical separators (we will say that h is a S-An iso-
morphism), ¢ : (U,D) — (U, D) is a germ of homeomorphism defined
in some neighborhoods of D and D’ and ¢ is a lifting of ¢ to the universal
coverings of U \ D and U’ \ D’ such that the following diagram commutes

r wr Aut(A_n(Qi) C Autrop(9L)
s | Lhy

' ™ Autan(QF) C Autrop(QF).

In addition, we say that (¢, @, h) is realized over germs of subsets > C M
and ¥/ C M, if p(2) = X' and the following diagram commutes:

IR E
Yy 2y

! !

of = oF

)
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where the vertical arrows are the natural morphisms. These notions also
apply to (F,D) and (F', D).

We define the cut divisor D as the disjoint union of the closure of each
connected component of the complementary in D of nodal singular points
and dicritical components of (F, D). Notice that the dual graph of D
is not the break graph of (F, D). These notions are independent.

A S-collection of transversals for F and D is a finite collection ¥ =
{(%4,pi)}i, where each (3;,p;) is the image by E : M — M of the germ
of a regular curve transverse to F at a regular point p; € D\ Sing(D)
not belonging to the exceptional divisor £ of F, the whole collection sat-
isfying that for each connected component DS C D of the cut divisor
there exists i € {1,...,m} such that p; € DS". The existence of a such
collection follows from the below lemma whose proof is just adapted from
that of the Strong Camacho-Sad Separatrix Theorem given in [14].

Lemma 1.9. There is no irreducible component of D contained in the
exceptional divisor € of E.

Proof. By contradiction, let DS be a component of DU contained in €
and denote by 7 its dual graph. As in [14, Section 3] the vertices s; of
T are weighted by the self-intersection of the corresponding component
D; multiplied by —1 and to each edge a;; (joining s; and s;) is associated
the pair (pij, pji), where —gp;; is equal to the real part Camacho-Sad
index CS(F, D;, si;) and {s;j} := D; N D;. At the singular points s of
D lying in the regular part of D% the Camacho-Sad index of F are not
negative real number. Indeed, it is zero if s is the attaching point of a
dicritical component and it is positive if s is a nodal singularity. Then
the index formulae give the inequalities Zj 9ij = D; - D; and, using the
terminology introduced in [14], 7 is a fair quasi-proper tree. We also
have the inequalities p;;9;; < 1 and 7 is well-balanced. This cannot
occur because of Lemma 2.1 of [14], which asserts the no existence of
well balanced fair proper tree, is extended to quasi-proper trees in [14,
Section 4]. O

Remark 1.10. The method developed in [14] immediately give a lower
bound for the number of isolated separatrices for dicritical foliations in
terms of the number of nodal singularities and dicritical components.

We say that a foliation F is S-transversely rigid if every topological con-
jugation between F and another foliation F' is necessarily S-transversely
holomorphic. There are many situations in which we have this property.
For instance, an extended version of the Transverse Rigidity Theorem of
[15] already used in [12] asserts that the following condition implies the
S-transversal rigidity:

(R) Each connected component of the cut divisor contains an irreducible
component with non-solvable holonomy group.
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e We call D-extended divisor every curve DT O D such that DT \ D con-
sists in the union of pairs of non-isolated separatrices, one pair for each
dicritical separator of F.

e A germ of homeomorphism ¢ : (M,D) — (M',D’) is excellent if it
satisfies the following properties:
(a) outside some neighborhoods of the singular locus of D and D', ¢
conjugates the smooth disk fibrations 7; and 7} given by Lemma 2.1;
(b) ¢ is holomorphic in a neighborhood of the singular set of D.

Theorem B. Let D (resp. D') be a divisor adapted to (F,C) (resp. (F',C)).
Assume that (F, D) and (F',D') satisfy the assumptions (L) and (G). Then
the following statements are equivalent:

(1) (F,D) and (F',D') are S-transversely holomorphic conjugated;

(2) (F,D) and (F',D') are S-transversely holomorphic conjugated by an
excellent homeomorphism;

(3) there exists a S-conjugation (@, @, h) between the monodromies represen-
tations of F along D and F' along D', which is realized over S-collections
of transversals, such that:

(a) there exist a D-extended divisor D' such that o(D) is a D'-
extended divisor; in addition, for each irreducible component D of
D we have that D is F-invariant if and only if p(D) is F'-invariant;
(b) for each singular point s of F and each invariant local irreducible
component of D at s we have the equality of Camacho-Sad indices

CS(Z, D, s) = CS(£/’£(D)7£(S))’

(4) there exists a S-conjugation (@, $, h) between the monodromies represen-
tations of F along D and F' along D', which is realized over S-collections
of transversals, such that:

(a) for each irreducible component D of D we have that D is F-invariant
if and only if (D) is F'-invariant;

(b) for each invariant local irreducible component D C D at a point
s € DN Sing(D) we have CS(F, D, s) = CS(F', (D), p(s));

(c) ¢ is excellent.

Moreover, if F satisfies Condition (R) (more generally if F is S-transversely
rigid) then the precedent properties (1)-(4) are also equivalent to:

(1’) (F,D) and (F',D') are topologically conjugated;
(2°) (F,D) and (F',D’) are topologically conjugated by an excellent homeo-
morphism.

Remark 1.11. The proof of Theorem B shows in fact that the conjugations
in (1) and (2) (or (1’) and (2’)) are homotopic in the complementary of the
corresponding divisors.

Corollary B. Let F be a germ of singular holomorphic foliation in (C?,0)
which is a generalized curve such that all its singularities after reduction
whose Camacho-Sad index is not rational are linearizable. Assume that F
satisfies Condition (R) below. Let F' be another germ of singular holo-
morphic foliation in (C2,0). Then for every topological conjugation germ
¢ : (B,F) — (B, F') there exists a new topological conjugation germ @ :
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(77 Y(B), 7*F) — ('~ (B'),n*F') defined after the reduction processes T
and 7' of singularities of F and F' such that

(1) @ is holomorphic at a neighborhood of Sing(m*F),

(2) there exist germs of invariant curves Z C B and Z' C B’ satisfy-
ing conclusions of Corollary A such that ¢(Z) = Z', p(n=1(Z2)) =
7'~ Z") and the restrictions ¢ : B\Z — B'\Z' and ¢ : 7~ 1(B\ Z) —
7'~1(B'\ Z') are homotopic.

In particular, the analytic type of the singularities of m*F and its projective
holonomy representations are topological invariants of the germ of F at 0.

Theorem B with D reduced to a point and Corollary B generalize The-
orems I and II of [12] to the case of dicritical foliations. Moreover, the
topological conjugations considered in [12] are assumed to send nodal sep-
aratrices into nodal separatrices preserving its corresponding Camacho-Sad
indices. In this paper we have used the following result of R. Rosas [16,
Proposition 11] which allows us to eliminate this constraint and to extend
our results to general topological conjugations.

Theorem 1.12. Fvery topological conjugation ® between two germs F and
F' of holomorphic foliations in (C2,0) maps nodal separatrices into nodal
separatrices preserving its corresponding Camacho-Sad indices.

The idea of the proof is the following.

(a) Let Z be a nodal separatrix of F. Any tubular neighborhood of Z \
{0} retracts into a 2-torus 7" whose first homology group is endowed
with a natural Z-basis given by monomial coordinates after reduction of
singularities of the foliation, cf. [12, Definition 6.1.2].

(b) Up to a foliated isotopy we can assume that ® preserves the 2-tori T'
and T” corresponding to Z and Z’ := ®(Z). It is possible to prove that
o, : Hi(T,Z) — H1(T',7Z) conjugates its corresponding canonical basis,
see [16, Theorem 10] and [12, Theorem 6.2.1].

(c) We can canonically identify 7" and T" with the standard 2-torus and Fjp
and f"T, with 1-dimensional linear irrational foliations. It remains to
see that the slopes of two linear foliations on the torus are equal once
we assume that they are topologically conjugated by a homeomorphism
homotopic to the identity.

2. LOCALISATION

2.1. Plumbing. The following result is well known in the literature, cf. for
instance [13, 7, 17, 19]:

Lemma 2.1. There exist an open tubular neighborhood W of C in M and
a decomposition W = ;5 W; satisfying the following conditions:
(i) each W; is a tubular neighborhood of an irreducible component C; of C;
(ii) each W; admits a smooth disk fibration m; : W; — C; over C; whose
FEuler number —v; is the self-intersection of C;; moreover each non-
empty intersection C; N W, @ # j, is a fiber of m;;
(iii) there exists a differentiable function h : W — R which is a submersion
on W\ C, such that h=1(0) = C and {h=1([0,¢))}es0 is a fundamental
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system of neighborhoods of C, which do not meet the boundary of W
mn M;
(iv) there exists a simplicial map 7 : W — C having connected fibres whose
restriction to W; \ U W; coincides with m;, i € J.
J#i
Furthermore, we can endow W with a riemannian metric so that the flow
of the gradient vector field of h preserves the level hypersurfaces h = ¢. In
particular, all the neighborhoods h~1([0,¢)) are homeomorphic. Moreover,
we can topologically recover W by making the plumbing procedure described
in [13, 7] of the fibrations m; : W; — C; obtained from the data given by the
dual graph with weights G.

Remark 2.2. We point out some considerations.

(a) If additionally the intersection matrix (C;-C;); ; is definite negative then,
after Grauert’s theorem, there exists a complex structure on the plumb-
ing W such that the quotient W/C becomes a complex surface with an
isolated singularity.

(b) The existence of the simplicial map 7 : W — C having connected fibres
implies the existence of a epimorphism

T (OW) — 71 (C) 2 71 (G) * m1(C1) * - - - x 71 (Cp),

where G is the dual graph associated to (W,C) and Cy,...,C, are the
irreducible components of C, cf. [17].

(¢c) We can assume that the fibrations m; : W; — C; are holomorphic in a
neighborhood of Sing(C) N C;. Moreover, if C; is a dicritical component
of (F,C) then we can assume that the fibers of m; are the leaves of the
restriction Fyyy, .

2.2. Boundary assembly. Let V be a smooth manifold endowed with a
regular foliation F of class C! and let A be an arbitrary subset of V. By
definition, a leaf of F|4 is a connected component of L N A, where L is a

leaf of F. For every A C V we define the boundary of A as 04 := A\ ;1,

where A is the interior of A. The definitions and results of this section are
borrowed from [10].

Definition 2.3. If A C B C V we will say that A is 1-F-connected in B
(denoted by AQ;B) if for every leaf L of F|p and for all paths a : [0,1] — A
and b : [0,1] — L with the same endpoints mg, my, which are homotopic
(with fized endpoints) in B, there exists a path ¢ : [0,1] — AN L with
endpoints mg, my, which is homotopic to a inside A and to b inside L.

Definition 2.4. Let (V;);er a finite or numerable collection of submanifolds
(with boundary) of V' of the same dimension that V.. We will say that V; is
a F-adapted block if it satisfy the following properties:

(B1) OV; is incompressible in V;,

(B2) 0V; is a transversely orientable submanifold of V' transverse to F,
(B3) 0V; is 1-F-connected in V;,

(B4) every leaf of Fy, is incompressible in V;.

We will say that V is a boundary assembly of the blocks V; if for all i € I
Condition (B1) and the following property hold:
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(B5) for all different i,j € I either V; N\ V; = 0 or V; NVj is a connected
component or OV; and a connected component of OV.

We will say that V' is a foliated boundary assembly if each block V; is
F-adapted and if V is a boundary assembly of V.

Theorem 2.5 (Localisation). If V' is a foliated boundary assembly of V;
then every leaf of F is incompressible in V' and for every I' C I, the union
V' = U V; is incompressible and 1-F-connected in V.
el’
Remark 2.6. If V = |J V; and each block V; satisfy Condition (B5) in pre-
iel

vious Definition 2.4, thzn we define its dual graph Gy by putting one vertex
for each element of I and one edge between vertex ¢ and j for each common
boundary component of V; and V;. We can give an explicit presentation
of the fundamental group of V uniquely from 7 (Gy) and the morphisms
m (Vi NV;) — m(V;) thanks to the following generalization of the classical
Seifert-Van Kampen theorem (r = 0).

Proposition 2.7. Let A be a connected simplicial complex with connected
sub-complexr Ag and Ay such that A = AgUA; and AgNA; = BgU---UB,,
where each B; is a connected sub-complex of A; for each i = 0,...,r and
J=0,1. Let p;; : m(B;) — m1(A;j) be the morphisms induces by the natural
inclusions B; C Aj. Then m(A) is isomorphic to the quotient

(m1(Ag) * w1 (A1) * Z(ug) * - * Z(uy)) /K ,
where K is the normal subgroup generated by the relations ug =1 and
0io(bi) =u; i1 (b)us, Vb € mi(B;), i=0,...,r

Proof. See the proof of Proposition 2.1. of [17] for the case r = 1. The case
r > 1 is completely analogous. O

2.3. Decomposition of D and boundary assembly of Milnor tubes.
We consider the function b : W — R* given by Lemma 2.1 with 2~1(0) = C.
If f: W — C is a reduced holomorphic equation of D \ C then we consider
the product H := h-|f| and we define the open 4-Milnor tube of height
n > 0 associated to D as 7, := H~1([0,n)). We also denote

T, =T, \ D= H~((0,7))

and we remark that if » > 0 is small enough then the closed 3-Milnor
tube M,,, defined as the adherence of H ~1(n) in W, is transverse to W .
The set of open 4-Milnor tubes associated to D is a fundamental system of
neighborhoods of D C W. In [19] it is shown that there exists a vector field
¢ such that £&(H) > 0, by gluing suitable local models with a partition of
the unity. The flow of £ allows to define homeomorphisms between the open
4-Milnor tubes of different height, provided they are small enough.

For each irreducible component D of D we also consider the disk fibrations
7p : Wp — D given by Lemma 2.1 if D C C and trivial ones if D c D\ C.
After Point (c) of Remark 2.2 we can choose the tubular neighborhoods Wp
and the fibrations 7p in such a way that for each singular point s € Sing(D)
the following properties hold:
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(a) If {s} = DN D’ then Wy := Wp N Wps admits holomorphic local coor-
dinates (xs,ys) : Ws — Dy x Dy such that the germ of F at s is given
by a 1-form of the following type:

o r.dy, — Asysdxs with Ay € C, if s is a linearizable singularity;

o r.dys — (Asys + Tsys(- -+ ))dzs with Ay € Qco, if s is a resonant
singularity;

e dxs (resp. dys) if D (resp. D’) is a dicritical component of (F, D).

(b) DNWs ={ys =0}, D'NW,s = {zs = 0} and the restrictions of 7p and
wpr to Ws N {]zs| < %} and W, N {|ys| < %} coincide with (zs,ys) — s
and (xs,ys) — ys respectively.

For each irreducible component D of D we denote X p := Sing(D) N D and
(1) Ds:=Dn{lzs| <1, |ys| <1} for seXp.

For each irreducible F-invariant component D of D of genus g(D) > 0 we fix
a smooth real analytic curve I'p which is the boundary of a closed confor-
mal disk Dr,, containing ¥p such that the holonomy of I'p is linearizable,
provided that D is not an initial component, see the introduction. Notice
that Xp # () because of Condition (e) in Definition 1.2. If D contains a
unique singular point s of D then we shall take I'p = 0D, and Dr,, = D,.
Otherwise we can assume that every two closed disks Ds and Dy, 5,8’ € Xp,
are disjoint and contained in the open disk Dr,, \ 0Dr,, when g(D) > 0. We
also denote

(2) D*:=D\ |J D,, if g(D)=0
SEXD

and

(3) D*:=Dr,\ |J Ds, if g(D)>0.
SEXD

Consider the union J C D of all the Jordan curves of the form I'p with
g(D) > 0 and all the curves 0D, with s € D N Sing(D). Let A be the
set of elementary blocks of D defined as the adherence of the connected
components of D \ J. There exists an uniformity height 7; > 0 such
that for all n € (0,71] the set {7,(A)}4 composed by the adherence of the
connected components of

,\ U 7'@nD)
DCD

is in one to one correspondence with 21. More precisely, for each A € 2
there is a unique connected component of 7, \ | 7r51 (3 N D) containing
DCD

A C D and whose adherence we denote by 7,,(A). Notice that for each ele-
mentary block A C D we can construct a vector field £4 whose flow induces
deformation retracts between (7,7(A),07,"(A)) and (7, (A), 07, (A)) for all
n € (0,m], see Theorem 5.1.5 and Proposition 9.3.2 of [19]. If B = U;A; C D
is an arbitrary union of elementary blocks of D we also adopt the following
convenient notation

(4) T,(B) == UT(A4) and T;(B)=T,(B)\D.
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Definition 2.8. We will say that an inclusion v : A C B between two
subspaces of a topological space is rigid if 1. : 1 (A,p) = w1 (B,p) is an
isomorphism for all p € A. We will say that @ is 0-rigid if 0A C 0B and

the two inclusions A C B and 0A C 0B are rigid. Recall that 0A = A\ A

Proposition 2.9. Consider a subset B C 7T,". If for each elementary block
A of D the inclusion BN T} (A) C 7,7 (A) is 0-rigid, then the inclusion
B C T, is also rigid. In particular the inclusion T, C T" is rigid for all
n € (0,m].

Proof. This assertion follow immediately from Remark 2.6 and the following
(trivial) result. O

Lemma 2.10. Let A C B C C be topological spaces. If two of the three
inclusions A C B, B C C and A C C are (0-)rigid then the third one is
also (0-)rigid.

Notice that the collection {7,"(A)} sca does not define a boundary assem-
bly of 7, because Condition (B1) in Definition 2.4 is not always verified.
More precisely, if C' is an irreducible component of C having genus 0 and
valence 1 then the boundary of 7,*(C') is not incompressible. This situation
leads us to consider bigger blocks of D as we have already done in [10].

Definition 2.11. The fundamental blocks of D are the unions of ele-
mentary blocks of D described below:

(a) For each F-invariant irreducible component D of D not contained in a
dead branch, we consider the aggregate block defined as

mp U D*U ( U Ds) ,
sempnD
where mp is the union of all the dead branches meeting D, D* is defined
by Equations (2) or (3), and Ds is given by (1).

(b) For each singularity s € Sing(D) belonging to different irreducible com-
ponents D and D' of D, we consider the singularity block Ds U D,
provided that s do not belong to any dead branch.

(¢) For each F-invariant irreducible component D C C of genus g(D) > 0,
we consider the genus block D \ Dr,,.

(d) For each dicritical irreducible component D of F, we consider the di-
critical block

pu J D,
(s,D")eRp
where Rp is the set of pairs (s, D’) constituted by a singular point s of
D lying on D and the irreducible component D' # D of D meeting D
at s.

An initial block of D is either an aggregate block containing a single sin-
gular point of D which do not belong to any dead branch, or a genus block
associated to an initial component D of D of genus g(D) > 0 such that
the holonomy of I'p is not linearizable. A breaking block of D is either
a singularity block associated to a linearizable singular point or a dicritical
block.
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Proposition 2.12. For every n € (0,m1], T, is a boundary assembly of the
blocks {7,/ (B)}pes defined by (4), where B is the set of fundamental blocks
of D.

The proof of this proposition will be based on explicit descriptions of
the fundamental groups of 7,7(B), by generators and relations. But before
we must give some preliminary information about the topology of tubular
neighborhoods of dead branches. Let m = U D; be a F-invariant dead

1=

branch with v(D;) = 1, v(D;) =2 for i = 2,. E For each j =1,...,¢ the

J
intersection matrix of |J D; is

i=1
egc 1 0 0
1 e 1

Aj = 0 1 e3 0
. ]
0 0 1 e

whose determinant is denoted 0; = det(A;). Assume that the attaching
component C' of m is also F-invariant according to Condition (c) in Defini-
tion 1.2 and that m can not be blow-down according to the initial assump-
tions stated in the introduction. Let d; € 71(7,"(m)) be a meridian of D;
and let ¢ € 71(7,7(m)) be a meridian of C.

Lemma 2.13. There exist coprime positive integers p > 2 and q > 1 such
that df = 1.

Proof of Lemma 2.13. By assumption C' U m is F-invariant and the singu-
larities of F are reduced and they are not saddle-nodes. Then classically
the Camacho-Sad indices

N = CS(F,Di,si), i=1,....0

are rational strictly negative numbers. By Camacho-Sad formula follows
that \; = ¢; — - . On the other hand, by developing the determinant of
A1 by the last row we have the equality ;41 = €;410; — d;—1. We claim
that \; = 56 for i = 2,...,¢. Indeed, this is trivially the case for i = 2
and the mductlve stepi =1+ 1:

1 0i—1  €i110; —0;i—1 _ Oip1
PV 0; 5

completes the proof of the claim. Since A\; < 0 for all¢ =1,...,¢ and §; =
e1 < 0, it follows that (—1)!6; > 0 and, by Silvester’s criterion, the matrix
Ay is definite negative. We take p = (=1)%; > 1 and ¢ = (—1)*"16,_1 > 1.
By Grauert’s criterion, m can be blow-down if and only if A, is definite
negative and §; = 1. Hence p > 2 by the assumption on m. Moreover we
have

ged(p, q) = ged (6, 6¢—1) = ged(0p—1,0p—2) = - - - = ged(d2, 01) = ged(er, —1).

Aigl = €41 —
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Hence ged(p,q) = 1. It only remains to prove that dzg = ¢?. This equal-
ity follows directly from the fact that (A, ')y = 6%—;1 and from the rela-

tion Agv +w = 0 in Hi (7, (m),Z), where v = ([d1],--- ,[d])" and w =
(0,...,0,[c])t. This relation being a matrix reformulation of the Camacho-
sad index formulae along the components of m. O

The following result is well-known in combinatorial group theory.

Lemma 2.14. If p; > 2 and q; > 1 are coprime integers then every element
v of the group I' presented by

(e,dy,...;dm|le,di] =1, dV' =cti=1,...,m)

can be written in a unique way as v = uy - - - upCc® with u; = dj;, 0<e <p;
and s € 7.

Proof of Proposition (2.12). By construction the family {7,"(B)}pes sat-
isfy property (B5) in Definition 2.4. In order to check Condition (B1) for

each block 7,*(B), we will distinguish four cases according to the type of
B € B:

(a) If B is the aggregated block associated to an F-invariant irreducible com-
ponent D of D then, after [17], we obtain a presentation of m(7,(B))

by considering the generators ay,...,ag,b1,...,bg,¢,d1,...,d, and the
relations
g v
(5) [e,x] =1, - H[ai,bi] . de =1, d&F=c"* k=1,...,m<uv,
i=1 j=1

where g, v and v are respectively the genus, the valence and the self-
intersection of D, m is the number of dead branches contained in B
and pg, qx are the positive coprime integers given by Lemma 2.13. Each
connected component of the boundary of 7,*(B) is a torus whose funda-
mental group is (¢, d;|[c, d;] = 1), j = m+1,...,v. The incompressibility
of the boundary is equivalent to the following implication

(6) (j > m and d?‘cﬁ =1in m(7,(B))) = a=3=0,

which is trivially true if m = v. Hence, in the sequel we will assume
that m < v — 1. Notice that m (’Z;;"(B)) = I"xc G where I is the group
considered in Lemma 2.14, G is defined by

G :=(ai,...,aqg,b1,...,bg,c;dmyi1,...,dy—1|[c,*] =1) = 729 tv—m-l g7

and C' = (c|—) = Z. Trivially C injects in G. On the other hand,

because p; > 2 for i« = 1,...,m, C also injects into I'. Seifert-Van

Kampen Theorem implies that G can also considered as a subgroup of

m1(7,7(B)). Thus, for j < v — 1 implication (6) can be considered in

the subgroup G, where it is trivially true. It only remains to treat the
g v—1 o

case of j = v. But d®c? is equal to | [][as,bi] [1 dj> 5@ and
=1 j=1

this expression can not be simplified using the relations (5), if ¢ > 0 or
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v —m > 2 provided (a, 3) # (0,0). It remains to consider the situation
g=0and v —m = 1. In this case G = C' and the element of I" given by

docP = (dy---dp) - (dy - dp) 772

—Q

is written in the unique reduced form stated in Lemma 2.14. Conse-
quently it is trivial if and only if a = 8 = 0.

(b) If B is a singularity block then 7*(B) = T x [0,1] and 97,7 (B) =
T x {0, 1}, so that each connected component of its boundary is incom-
pressible.

(c) If B is a genus block (¢ > 0) then

m1(7,(B)) = (a1, ...,ag,b1,...,bg,cllc,x] = 1)

contains m (T (B)) = ([ [as bil, ¢ [, 4] = 1).

i=
(d) If B is the dicritical block associated to some dicritical component D
of D of genus g > 0 and valence v > 1 then D is not adjacent to any
dead branch of D by Condition (c) in Definition 1.2 and consequently
m1(7,(B)) is the group G considered in case (a) taking m = 0. Each
connected component of 97,"(B) is a torus whose fundamental group
(dj,c|c,dj] = 1) injects into G.
O

2.4. Existence of adapted blocks. In order to control the topology of
the foliated blocks that we will construct in Section 3 we must consider
the notions of size and roughness of a suspension type subset introduced in
[10]. First of all we recall the notion of suspension type subset. Let P be
a regular point of F lying on an irreducible component D of D, let A be
a subset contained in the fibre 7r51 (P) and let 1 be a path contained in D
with origin P.

Definition 2.15. The suspension of A over u along the fibration mp is
the union
Vau = U luml,
meA
where [y, denotes the path of origin m lying on the leaf of F passing through
m which lifts the path p via Tp, i.e. Tp © iy = 1 and fiy,(0) = m.

This notion is well defined provided A is small enough. In [10] we have
also introduced the notion of roughness ¢(¢) of an oriented curve £ C C*.

e}

Here we will say that Q C C is of infinite roughness if @ = Q \ Q is not
a piecewise smooth curve. Otherwise we will define the roughness of 2
as ¢(Q) = inf{(©1),(©7)}, where OF and ©~ are two curves of opposite
orientations parameterizing ©. The finiteness of the roughness is equivalent
to the starlike property with respect to the origin.

Since every open Riemann surface is Stein, each fibration n7p : Wp — D
is analytically trivial over every open set D’ C D. Fix on W' := 7;'(D’)
a trivializing coordinate zp : W' — C, i.e. (zp/,7p) is a biholomorphism
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from W’ onto the product of the unit disk of C times D’; we define the
roughness of a subset E of W’ with respect to zp/ as

¢.,, (E) :=sup{e(zp (£ N 75t (m))), m € D} € RT U {co}.

We also define the size of E with respect to zps as

1El=p, = max{|zp/(m)[, m € E},

and we denote ¢(-) = max{e._,(-),| - [|-, } called control function.

Now we present an existence theorem of F-adapted blocks having con-
trolled size and roughness, which we will prove in next section. In Section 4
we shall prove Theorem A by gluing inductively these F-adapted blocks and
using Localization Theorem 2.5. We keep the notation 7,7(A) for the blocks
of the boundary assembly given in Proposition 2.12.

Theorem 2.16. Fiz e >0 and n € (0,m].

(1)

(1)

(111)

Let A be an initial fundamental block of D. Then there exists a holo-

morphic regular curve T4 C T transverse to F and there exists a

subset By(A) of T,7(A) satisfying the following conditions:

(1) forn' > 0 small enough the inclusion T3 (A) C By(A) is 0-rigid;

(2) B,(A) is a F-adapted block;

(3) the connected components V1, ..., Vo, of 0B,(A) are of suspension
type over the connected components of OA;

(4) ¢(V;) <e foreach j=1,...,n4;

(5) the intersection Y 4, := Y 4 N By(A) is incompressible in B,(A)
and it satisfies Satr (Y 4.y, By(A)) = B, (A) and TAWQ;B},(A).

Let A be a fundamental block of D which is not an initial or breaking

block. Then there exists a holomorphic regular curve Y4 C 7,7 trans-

verse to F, there exist a constant C4 > 0 and a function ps : Rt —

RT with lI_I% pa(c) = 0, such that for every suspension type subset

V C T,7(A) over a connected component of 0A satisfying ¢(V) < Cy,

there exists a subset B,(A) of 7,7(A) satisfying Properties (1), (2),

(3) and (5) of Part (I) as well as

(3°) Vi%2V;

(4°) ¢(V;) < pa(e(V)) for each j =1,...,n4.

Let A be a breaking block of D. Then for every choice of suspension

type subsets Vi,...,Va, C ’]:7*(/1) over the connected components of

ng
OA such that the inclusion \J Vi C 07,7(A) be rigid, there exists a
=1

subset By(A) of 7,7 (A) satisfgjmg Properties (1) and (2) of Part (I),
such that the connected components Vi, ...,V , of 0B, (A) are of sus-
pension type and they satisfy

(37) Vi%V;

(47) (Vi) < e

foreach j=1,...,n4.

We will prove this theorem in the following section.
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3. CONSTRUCTION OF FOLIATED ADAPTED BLOCKS

Theorem 2.16 is proved in [10, Theorem 3.2.1] when the fundamental block
A is an aggregated block or a singularity block. Thus, it suffices to consider
the cases of genus blocks and dicritical blocks which we treat separately in
sections 3.1 and 3.2 respectively.

3.1. Genus type foliated adapted block. In the sequel we will assume
that the genus of D is ¢ > 0. In order to simplify the notations in this
section we will denote

.= FD, DF = DFD, and D, ::D\DFD.

3.1.1. Preliminary constructions. We fix a normal form for D given by
e a closed regular polygon P C C of 4g sides of length 1 centered at

the origin;

e arc-length parameterizations a1, b1, a}, b}, ..., a4, by, ag, by, of the ad-
jacent sides of P positively oriented according to 0P such that
a1(0) € RY;

e a continuous map ¥ : P — D such that the restriction of ¥ to
each side |a;j| or |b;| is a smooth immersion and the compositions
aj :=Voay; Bj :=W¥obj, j=1,...,g, are simple loops having a
same origin mx which only meets each other in that point; moreover

= Voaj and 5{1 =Vob, forj=1,...,9;

e VU has an extension to an open neighborhood of P into C which is a
local homeomorphism and its restriction to P \ P is a homeomor-

phism onto D \ A, where

@

U || U |35

is a wedge of 2¢ circles.
We fix an open disk D, C P centered at the origin of radius € < cos (2 g)

Up to modifying slightly ¥ we can assume that ¥(ID.) = Dr so that the loop
6 :[0,1] — T = @D’ given by 0(s) = ¥(ee?™) is a simple parametrization of
I". We consider the pull-back 7 : pr — P’ by the restriction of ¥ to P’ :=
P\ D of the fibration 7p : Wp — D', where Wp := 7, (D’) \ D. Thus,
7 is a continuous D*-fibration which is globally trivial. Let U sz — Wpr
the continuous map which make commutative the cartesian diagram

~

17 v
W’])/ h— WD/

7/'&\'l O lﬂ'D
r L D,

Clearly U is a local homeomorphism whose restriction to 7 1(P’\ OP) is a
homeomorphlsm onto 7' (D'\ A)\ D. The foliation Flw,, lifts to a regular

foliation F on Wp/ transverse to the fibres of .

We fix a conformal pointed disk T' C 7, Y(my) whose size and roughness
is bounded by a constant C'p > 0 small enough so that all the constructions
we shall done in the sequel lead us to sets having finite size and roughness.
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By construction there exists 7' C #~1() such that 7' = (T, where i is
the vertex of P lying on RT. The image by T of the suspension VAﬁ of T
via 7 over the loop fi := ajvbivayvbyv - - - vagvbgvagyvby can be considered as
the suspension of T' via mp over the loop

(7) w:=Voju= alvﬁlvaflvﬁflv s vagvﬁgvaf;lvﬁg_l.

The subset B := \Tf_l(\fl(Vf ﬁ)) of #71(OP’) is not necessarily a multisus-
pension set in the sense of [1’0, Definition 4.2.1] because over each vertex of
‘P this set is the union of 4g pointed disks, two of them are contained in the
adherence of B\ 77(Sp), where Sp is the vertex set of P, but the other
two could not satisfy this condition. We put

Ba’p = ﬁ\%_l(Sp), BA = \I/(Bap).

The following diagram is commutative but not necessarily cartesian

s T
Bop — Ba

7| o |7p
or L. AL

Now we will precise the geometry of By. Let us denote by hq, (resp. hg,) the
holonomy transformations of F along the loops «; (resp. f3;), represented
over the transverse section 7r51 (mp). If Cp > 0 is small enough then the
following pointed 4¢g disks are well defined

To:=T, Tij11="ha,(Tj), Tajy2=hg(Tajs1),
Tyjys = ho, (Tujr2), Tijpa = thl (Thj+3) 5
7=1,...,9. We have a decomposition
BA:BlUBQU--'ng,
of By in 2g pieces of suspension type

BQj—l = VT4j—4, o UVT4J 9, @ VT4J 4UTy5 1, aj >

By := VT4j73, ;U VT4J~,1, 5;1 = VT4]'73UT4;‘7 Bj

j=1,...,g, with finite roughness. Moreover, 7p(B; N B;j) = {ma}. From
this description follows:
() If A:[0,1] — L is a simple pammetrizatian of a leaf L of Fip,, k =
-,2g, then there exists a unique path A [0,1] — Bgp such that
\I’ o /\ A and the orientations of T o X and OP coincide.

Lemma 3.1. If x is a path lying on a leaf L of Ba such that wo x = p”
then there exists a unique path X : [0,1] — Bap lying on a leaf of]: such
that ¥ oy = x.

Proof. We decompose x = x1v - - vxn With |x;| C By;. By property (x) each
X; possesses a unique lift X; with the same orientation as 0P. We must prove
that all these lifts glue in a unique continuous path y. Fix j € {1,...,n}
and notice that the point x;(1) possesses exactly 4g pre-images by \Tl, one
over each vertex of P. To prove that x;(1) = X;+1(0) it suffices to see that
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moX;(1) =7 oXx;+1(0). But oY is the unique lift of m o x; with the same
orientation as 9P and theses lifts glue because 7o x lifts, by hypothesis. [

Remark 3.2. Since Cp > 0 is small enough so that the roughness of B; is
finite, we have that for every 1/ > 0 small enough B, retracts onto 7, (A),
which has the homotopy type of a product of a circle by the wedge of circles

4g
A. More precisely, for all mg € |J T the map
k=1

1 dz
(8 x:m(Bam) > mAm) 0Z, Way- (oA 5= [ F)
iy 2
is an isomorphism.
Lemma 3.3. There exist a neighborhood ggf 72’ m WD/ and two retractions
by deformation r: D" — A and R : Bp := VU(B) — By such that

(i) BN7~Y(0P) = Bop, Bp' N 75t (A) = By and the following diagram is

commutative:
= T
B —  Bp
Tl o lmp
Y p.

(ii) R and r commute with the fibration mp, i.e. Tpo R=romp;

(iii) for every leaf L of FiB,,» the restriction R, is a retraction by defor-
mation of L onto L N By;

(iv) every path vy on Bpr with endpoints lying on the fibre 5t (mr) of a
point mp € I is homotopic inside Bp: to a path contained in Br :=
Bpnap!(T) if and only if the element [rpoRov] s of w1 (A, ma) belongs
to the subgroup generated by the loop p defined in Equation (7);

(v) a path v lying on a leaf L of Fp,, with endpoints on Wl_)l(mr) is ho-
motopic inside L to a path lying on Br N L if [tp o Ro~v|p belongs to
the subgroup (u) of w1 (A, my).

Proof. Let ®(t, 2) the flow of the radial vector field R = z£ on C. If z € P’
we define ((z) = inf{t € R | ®(t,2) ¢ P'}. The map

h:P x[0,1] — P,  h(zt):=d(t<(z), 2)

is a homotopy defining a retraction by deformation 7 := h(-,1) : P — OP.
Its restriction to 9D, x [0, 1] is a homeomorphism sending each segment
{z} x [0,1] onto the intersection of the half line R>q - z with P’. We define

r=Wofo (¥;r)~%. The vector field R lifts (via 7) to a unique vector
field R tangent to the foliation F. Let ®(¢,m) be its flow and denote
J(2) :=inf{t € Ryg | ®(—t,2) € D}. The map (m,t) — ®(—ts’(7(m)), m)

define a homeomorphism of Byp: x [0,1] onto a neighborhood B of P’ in
Wpr. Consider now the homotopy

H:Bx[0,1 — B, H(m,t):=®(s(7(m)),m), FoH=hor,
which lifts E, and the homotopy
H' :Bx[0,1] — B, H'(m,t):=®(—t'(7(m)),m), coH =h'oxr,
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which lifts the homotopy
B OD x [0,1] — P, B(zt) = (—t(2), 2) .

Clearly the restrictions

\/t?apx[o,ll Bop x [0,1] = B and ﬁlga]meX[O,l} Bon, x [0.1] = B,
are homeomorphisms which conjugate the product foliations ]?‘ By % [0, 1]
and ]ﬁgme x [0,1] to the foliation F, where Byp, = ¥~1(Br) c 7 (D).
The maps

R:=H(-,1):B— Bypp and R :=H'(-,1): B — Bap,

are retractions by deformation inducing retractions by deformation on each
leaf of F lifting respectively 7 and

7i=h(,1):P — OD,.

Since the restriction of ¥ to B \ g@me is a homeomorphism onto Bp/ \ By,
the map W o Ro U™l : By \ By — By is well defined and it extends to a
map R : Bpr — Bj by being the identity on Bp. Indeed, the restriction
of U to each subset By := BN 7?*1({% < arg(z) < %jl)}) and B, :=

BN 7o ({arg(z) = % ), k = 0,...,4g — 1, is a homeomorphism onto
their image. Moreover R(B),) = By N Bap, E(gfg) = gfﬁ N Byp. Therefore
the restriction of ¥ o R o U~ to each subset U(By), \Tl(l?%) is well-defined
and continuous. All these restrictions coincide with the identity map on By
because R = Id on \TJ_I(BA) = [3;373. Thus R : Bpr — By is a retraction by
deformation satisfying Properties (ii) and (iii) of the lemma. We shall see

now that R also satisfies Property (iv).

Let v : [0,1] — Bpr, 7(0),7(1) € 75t (mr), mr € T, be a path homotopic
to another path =, lying on Br. It follows from (8) that we can take for
ooy apower ' of the simple parametrization f‘(t) = U(ee?™) t €1]0,1]
of I which satisfies r o I' = u. Hence tpo Roy=rompo~y=pu”.

Conversely, let v : [0,1] — Bp, (0), v(1) € 75! (mr), be a path such that
mp o Ro~y =romp o~ is homotopic to p¥. We consider a path & contained
in Br having the same endpoints as v and such that 7p o £ ~ I'. The loop
d == yv& Y satisty [rp o Rod]p = 0. Consequently R o ¢ is homotopic in By
to a loop lying on the fibre 7751 (mp). Since R is a retraction by deformation
commuting to the projection mp, we obtain that § is homotopic inside By
to a loop d7 lying on 7r51(mp). Hence v is homotopic inside Bps to the path
d1v€~Y which is contained in Br.

Now, we shall prove Property (v) from the following assertion:

(x) Let d be a path lying on a leaf L of Fjz, such that 7p o d is homotopic
to p”. Then there exists a path y homotopic to § inside L such that
mpox = p.

We can apply this property to the path  := R o~ because mp o Ro 7y
is homotopic to p” for some v € Z by hypothesis. Thus we obtain a path
x homotopic to R o« inside L N By such that mp o x = p¥. By applying
Lemma 3.1 to it we get a continuous U-lift ¥ lying on the leaf L = \Tlfl(L)
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of . On the other hand, by using the foliated retraction R we construct
two paths o, &1 : [0,1] — L such that §(0) = 7(0), &(1) = R o ~(0),
£1(0) = Roy(1), &i(1) = (1) and

v~ Eov(R oY)~ Eovxvér = W o (EgvivEr)

for the unique continuous T-lifts 50, & of o and & respectively. Moreover
\50\ and ]51] are contained in orbits of R and clearly &yvxv&; is homotopic
in L to R/ oX. Then ~ is homotopic in L to \I’ox which is contained in BrN L.

In order to prove Assertion (x) we consider a path § : [0,1] — L satisfying
the hypothesis of this assertion. Without loss of generality we can assume
that § is smooth and transverse to the fibre 75! (m). We get a subdivision
t1 =0 <ty < -+ <tyy1 =1 of the interval [0, 1], such that each curve
6([tj,tj41]) is contained in a single block B, ;). The endpoints m; := d(t;)
and mji1 = (tj41) of the path §; = dy, 4., project by mp onto the
point my and the image of d; is the closed segment L; of the leaf L (of real
dimension one) delimited by the points m; and m;41. The projection of the
path d; by 7p is a loop based on my with image |a,(;)| or |3;(;)| depending
on the parity of 7(j). Moreover, the equality mp o §;(t) = ma only holds for
t =tj and t = tj41. Thus, if we assume that mp o §; is not null-homotopic
then there exists a homotopy inside |Tp o d;| between mp o d; and one of the
loops a., ) s Br(j) or ﬂ . Clearly this homotopy lifts to a homotopy
inside L between 0; and a new path p;. Finally, there exists ¢ < ¢’ such
that is homotopic inside L to the path

pi=prvecupgs DO =t in(g) € Loy 0y Briy By b
Let us consider the word

M(8) = pr(1) Br(2) "+ Hr(q)
composed by the signs of the alphabet

o —1 -1 —1 -1
A-—{alval ,...,Oég,Oég aﬁlvﬁl 7"'aﬁgaﬁg }
By a sequence of moves of type
—1
(9)  wr- - URVUT T Upgrc UN UL U Ukl UN uj, v €A,

—1
UL UL VU U] - UN — UL~ Uf U1 -~ UN uj, v €A,

we can transform the word M () in a unique word M (§)™4, called the re-
duced word associated to M (§), which do not contain any sub-word of
length two of type vo™!, v € A. The uniqueness of M (§)™? follows from
the solution of the word problem in a free group, cf. [6]. More precisely,
every element of the free group

w1 (A, ma) =5 (G, gy B, B | =)

can be written in a unique way in the form M = dqv--- vily, where M :=
Ui -+ - Up, uj € Ais a reduced word. Now we use the hypothesis that 7p o ¢
is homotopic inside A to a loop of type u”. We have equality of reduced
words:

M) =m", [:=anfrog Bt agbyag Byt



TOPOLOGY OF SINGULAR HOLOMORPHIC FOLIATIONS 25

Notice that we pass from M (8) to M(5)*? by a sequence of suppression
moves of type (9)

Mon(é)—>---—>Mq:M(5)red, Mk:uk71-~uk7nk, uk’jGA.
To finish the proof it suffices to remark that
- to any suppression move we can associate a homotopy inside A between
the loops M := up 1v - vug, n, and My q = Upqq,1v--- VUEAT, gy s
- if one of the paths p; composing p satisfies i ;1) = ,uT_(ljJrl), then there
exists a homotopy inside L between pjvpji1vpjr2 and a path p;ye such
that mTp O ﬁj-&—? = :U’T(j)‘
(]

3.1.2. Checking the properties of Theorem 2.16. First of all, we will pre-
cise the construction of the foliated block B, (A) associated to the genus
fundamental block A = D’. In the construction made in the precedent sec-
tion we take a conformal disk T C 75" (ma) of size small enough so that
it is contained in the open 4-Milnor tube 7,. Since Br is a subset of type
multi-suspension we can apply to it the rabotage procedure described in [10,
Definition 4.3.5] in order to obtain a subset Rp of Br of suspension type
such that the inclusion Rpr C Br is rigid and verifies RFQ;BF. Then we

define
BH(A) = (BD/ \ BF) URr.
Clearly the inclusion B,(A) C Bpr is 0-rigid.

We begin checking the properties of the part (I) in Theorem 2.16. In
order to see the point (1) we consider the following commutative diagram
induced by the natural inclusions:

m(T(A) — m(Ty (D)

! !
m(Bx) —  m(Bp)

Remark 3.2 implies that the first vertical arrow is an isomorphism. The
bottom horizontal arrow is also an isomorphism because the map R in
Lemma 3.3 is a deformation retract. By lifting conveniently the retrac-
tion r to Z,/(D’) we see that the top horizontal arrow is also an isomor-
phism. The fourth arrow is also an isomorphism. Consequently the inclu-
sion 7,y (D') C Bpr is rigid. The inclusion 7,/ (D’) C B, (A) is also rigid. The
fact that it is also O0-rigid follows immediately from the construction.
In order to show (2) we must prove Properties (B1)-(B4) of Definition 2.4:
(B1) 9B,(A) is incompressible in B, (A) because the inclusion 97,5(D") C
9B, (A) is rigid and 97;(D’) is incompressible in 7,5(D’) thanks to
Proposition 2.12.
(B2) The boundary 0B,(A) is transverse to F because it is of suspension

type.

(B3) Since 0B, (A) has been obtained by the rabotage procedure from a
multi-suspension type subset Br, in order to prove the 1-F-connected-
ness of 0B, (A) inside B, (A) it suffices to show that BFQ;BD/ because

aBn(A)qf—»Bp. In order to prove this, we consider a leaf L of Bp, and
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two paths a : [0,1] — Br and b : [0,1] — L which are homotopic in
Bp: By point (3) of Lemma 3.3 we deduce that [rp o Rob] € (u) C
m1(A,mp). By applying point (4) of Lemma 3.3 we obtain a new path
¢ :10,1] — LN Br which is homotopic to b inside L. By transitivity, ¢
is homotopic to a in Bpr. Since |a| and |b| are contained in Br which
is incompressible in Bps we conclude that a is homotopic to ¢ in Br.
(B4) After point (2) of Lemma 3.3 we know that every leaf L of B,(A) is a
deformation retract of L N By, which outside of the fibre 71'51(771/\) is a
suspension type subset. We deduce that every leaf L N Bj of Fip, is
incompressible.
Properties (3) and (4) of Part (I) are trivial because in this case ng = 1. To
see (5) we define first Y as the holonomic transport of 75, (my) N 7. (D")
along the oriented segment joining the point mp to mp. It is clear that
Tp N B,(A) is incompressible in B, (A) and that Sat}“Bn(A>(TD/, B,(A)) =
B,(A). On the other hand, Yp/ N BW(A)QgﬁBn(A)C\;Bn(A) because 0B, (A)
is of suspension type.

To prove Part (II) of Theorem 2.16 we recall that if A = D’ is not an initial
block then the holonomy transformation hr associated to I' is linearizable.
Therefore, there exists a conformal disk ¥ C 7' (mr) such that hp(Z) C ¥
or hy 1(E) C X. We define V; = Vy 1 and we begin the precedent construc-
tion with the conformal disk 7" C 7751 (my) obtained by holonomic transport
of V1N wBl (mp) along the segment joining mr to my, choosing mp as the
breaking point of V;. Indeed, from this choice the precedent construction
shows that V; is of suspension type and 0B,(4) = Vﬁ;V. Thus, we have

proved point (3’). Since ng = 1 we can take pa(c) = ¢ to obtain trivially (4’).

Finally, by definition a genus block is not a breaking block, so Part (III)
do not apply in this case.

3.2. Dicritical type foliated adapted block. We fix a fundamental block
A C D associated to a dicritical irreducible component D of F of genus g
and valence ngq > 1, given by Definition 2.11. Condition (c) in Definition 1.2
implies that there are no dead branches adjacent to D.

Each connected component of 0A is the boundary of a closed disk D( D
contained in an adjacent component D@ of D and DN D® = {s;}, i =

1,...,n4. Let V; be the given suspension sets over aD;). Since the ho-

lonomy of 8D(i) is the identity we can choose a saturated subset V! C V;
having ¢(V]) < e, i.e. satisfying Condition (4”). The saturation condition
of V! inside V; implies that each V! is of suspension type and satisfies Prop-
erty (37).

Next we define By, as the saturation of V! C V; by F inside 7TD(Z (D(Z)),
where Tpa) is the Hopf fibration over the component D;. We put By :=
U BVZ{ and we finally define

i=1

By(A) = (5" (D\ Bu) N T,/ (4)) U By \ D).
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Recall that we have choose Hopf fibration mp to be constant along the leaves
of Flw,, see Point (c) of Remark 2.2.
In order to prove Part (III) of Theorem 2.16 it suffices to show Asser-

n
tions (1) and (2) of Part (I) because 0B,(A) = Lj V! is automatically sat-
i=1

isfied by construction. It is clear that B,(A) is a tubular neighborhood of
A so that B,(A) contains 77(A) for n > 0 small enough. This inclusion
is O-rigid because the inclusions 0B, (A) C 97,7(A) and 97 (A) C 07,7 (A)
are rigid and, on the other hand, we can easily see that 7,/(A) C B, (A) is a
retract by deformation and consequently this last inclusion is also rigid.

To prove that B,(A) is a F-adapted block it suffices to observe the fol-
lowing assertions concerning properties (B1)-(B4) of Definition 2.4:

(B1) By using Proposition 2.12,
m(0B,(4)) = m (DT} (A)) — (T (4)) = m (By(4))
after the O-rigidity of B,(A) C 7,7(A) that we have seen before.
n
(B2) The boundary 0B,(A) = 'Lj\ V! is a suspension type subset over 0A

=1
and consequently it is transverse to F.

(B3) Each connected component of |J (LNOB,(A)) is diffeomorphic to the
LeF
product D* x D* endowed with the horizontal foliation. Consequently,

we have that aBn(A)q;Bn(A).

(B4) Every leaf L of Fip, (a) is diffeomorphic to D* and a generator of m (L)
is sent to the element ¢ contained in the center of the group 7 (B, (A))
which is isomorphic to the direct sum of Zc¢ and a free group of rank
2g+mnys — 1.

4. PROOFS OF THE MAIN RESULTS

4.1. Proof of Theorem A. Recall that the break graph associated to
(F,D) was obtained by considering the complement of the breaking ele-
ments R inside Gp, see Introduction. We consider the graph G obtained by
eliminating the part of the break graph associated to (F,D) corresponding
to the dead branches of D. After Condition (e) in Definition 1.2 and Hypoth-
esis (G) on (F, D), each connected component A of G is a tree with at most
one vertex corresponding to an initial component C' C C. We apply Part (I)
of Theorem 2.16 to the initial block A associated to C. If A does not con-
tain any initial element then we begin the construction from a fundamental
block A associated to an arbitrary element of A by applying Part (II). To
do that we choose some suspension type initial boundary V with ¢()’) small
enough. Since the fundamental blocks A # A corresponding to elements
of A are not initial blocks we can apply to them by adjacency order Part
(IT) of Theorem 2.16 from the suspension type boundary obtained in the
precedent step. Since A is finite this procedure stops. In this way we obtain
a JF-adapted block for each fundamental block of D except for the break-
ing blocks of D. The size and roughness of the boundary of the F-adapted
block obtained at each step of this inductive process is controlled by those
of the block constructed in the precedent step. If we choose the size and
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roughness sufficiently small at the beginning then we have finite roughness
at each step of the induction, see [10, §3.2] for more details. We make the
boundary assembly of these F-adapted blocks obtaining a connected subset
B, (A) of 7,7 (A) for each connected component A of G.

In order to make the boundary assembly of all these sets B, (A) we need
also to consider F-adapted blocks associated to the breaking elements p € R
adjacent to two connected components A and A’ of G, which we construct
from the suspension type boundaries of B, (A) and B, (A’) by using Part (IIT)
of Theorem 2.16. Notice that the case A = A’ is not excluded. In fact, this
situation could happen when 98,(A) is not connected.

In this way we obtain a foliated boundary assembly

B, = U By(A) U U By(p) C T,
ACg PER

We take Uy = E(B;,) UD. There exists 7 > 0 such that 7,7 C By, and
we define Uy = E(B,,) UD C U;. By induction we construct a decreasing
a sequence (7)) tending to zero such that U, := E(B,,) UD C Up—1. Put
T := UaY4, where A varies in the set of fundamental blocks of D which
are not breaking blocks. To finish it suffices to remark the validity of the
following assertions:

(i) The inclusion U}, C Uy is rigid by Remark 2.10, Corollary 2.9 and
Property (1) of Theorem 2.16.

(ii) Every leaf L of F|y. is incompressible after Property (2) of Theo-
rem 2.16 by using Localization Theorem 2.5.

(iii) Thanks to Property (5) of Theorem 2.16 each irreducible component
of Y,* is incompressible in the corresponding F-adapted block, which
is incompressible in U}y by Localization Theorem 2.5. Hence Y, is in-
compressible in U}. Let 2 be the union of all the F-adapted blocks
associated to non-breaking fundamental blocks of D. Thanks to Prop-
erty (5) in Theorem 2.16 we have Satz(Y N B,,2) = Q. Clearly, the
connected components of 92 are exactly the connected components of
the boundary of all F-adapted blocks associated to breaking funda-
mental blocks of D. Finally, for each F-adapted block B associated to
a fundamental breaking block A of D we have that B\Satz(0B, B) is a
nodal or dicritical separator according to whether A is a dicritical block
or a singularity block (necessarily associated to a nodal singularity).

(iv) Property (iv) of Theorem A is equivalent to the relation Y’ R U.

This follows from Lig YT AQ;Bn because T AC\;B,](A) by Theorem72.16,
Bn(A)q;Bn by Localization Theorem 2.5 and the transitivity of the
relation Q;

(v) Let U, be one of the open sets that we have constructed. We still
denote by fUn the the pull-back by the universal covering g, : 67,1 —
U* of the foliation F restricted to U* and we denote Q, its leaf space.
It is easy to see that the open subset of QUn corresponding to leaves
of J%Un projecting onto an open fixed separator has a natural structure
of Hausdorff one-dimensional complex manifold. To obtain a complete
holomorphic atlas on Qy;, we proceed as follows. From the fact that V,*
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is incompressible and 1-F-connected in U} follows that each connected
component Y, 2 I of q(}i(Y; ) intersects every leaf of J’EUn in at most
one point. Consequently, the open canonical maps 7, : Y, — @Un,
sending each point p € 17@ to the leaf L, of ﬁUn passing through p,
are injective. Hence the inverse maps 7, ' are holomorphic charts on
Qu,. We achieve the proof by noting that U, \ Satz(Y;*,U¥) is a
disjoint finite union of nodal and dicritical separators and that the
transition functions induce the holonomy pseudo-group of F; hence
they are holomorphic.

4.2. Proof of Corollary A. We must check that the total transform of Z
by the minimal reduction map 7 of F is an adapted divisor of (7*F, 7=1(0)).
Conditions (a) and (b) of Definition 1.2 are obviously fulfilled. Condition (d)
can not occur by the existence of local separatrices.

To prove Condition (c) notice that on a neighborhood of a dead branch
with branching point lying on a dicritical component all the leaves are com-
pact. This situation can not happen because it does not exist compact
analytic curves in C2.

To prove Condition (e) we will use the well-known fact that the total
divisor of the desingularisation of a germ of curve (X,0) contains at most
one irreducible component of the exceptional divisor adjacent to at least two
dead branches. We take for X the union of the isolated separatrices of F
and two non-isolated separatrices for each dicritical component of 7*F. We
can easily check that the minimal desingularisation morphism of X coincide
with 7, see [2, Theorem 2]. Then there exists at most one initial component
of (m*F,7~1(0)).

4.3. Proof of Theorem B. As we have already point out in the introduc-
tion, the equivalences (1) < (1’) and (2) < (2) follow from the main result
of [15] thanks to Condition (R). Since the implication (2) = (1) is obvious
it only remains to prove implications (1) = (3) = (4) = (2). To do that we
will make a strong use of the notions and statements introduced in [12].

(4) = (2): Conditions (a) and (b) in (4) imply that if D C D is a dicrit-
ical component of (F,D) then ¢(D) is a dicritical component of (F',D’)
and if s € D is a nodal singularity of F then ¢(s) is a nodal singular-
ity of F’'. Consequently ¢ sends connected components of the cut divisor
DU defined in the introduction into connected components of D'"*. On
the other hand, by assumption (w,zz, h) = (go‘g,(ﬁ@, h) is a realization of

the S-conjugation (o, @, h) between the monodromies mZ and mZ over S-
collections of transversals (X, ') in the sense of [12, Definition 3.6.1]. More-
over, by definition it satisfies trivially the additional condition

Ve = Po : () — mo(2')
required in the Extension Lemma of [12, Lemma 8.3.2], whose proof is also
valid for genus blocks. If DU is not a tree we choose singularity blocks B,
such that D := D\ |J B, does not contain any cycle of components.

Let B/, be the singularity block of D'“"* corresponding to B, by ¢ and
put D'tre¢ ;= D't \ | JB/.. By applying iteratively the Extension Lemma
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beginning by (TP,TZ, h) we obtain a realization (1/10,{/;0, h) of (¢, @, h) over a
union W of foliated adapted blocks covering D¢ and D’t*ee,

Now we fix transversal disks T, © to the local separatrices associated to
the singularity block B, contained in the boundary of W. Extension Lemma
implies that 10 is excellent and that ¢/ and ¢ coincide over D. Consequently,
Y = 9(T) = p(T) and O := ¢°(0) = ©(O) are transversal disks to the
local separatrices associated to the singularity block B’,. Let (¢!, {/;1, h) be
the restriction of the realization (¥°,4°, h) to Y.

Applying again Extension Lemma to the realization (1/)|0®, TZ|O(:3’ h) for the

block B, we obtain a new realization whose restriction (wZ,JQ,h) to T
satisfies ¥2(T) = 1/,

e = Go = 03 s mo(T) — mo(T),

and the commutativity of the following diagrams

Ta — Q£
@ ! Lh

/ Vald
Yo = €

for all @ € mp(Y) and ¢ = 1,2. Since the horizontal arrows of these diagrams
are monomorphisms we deduce that (1!, ot h) = (¢?, V2, h). Consequently,
we can glue these realizations to obtain a new realization (¥, 0, h) defined
in a union of adapted foliated blocks covering D%,

Finally, it only remains to extend ¥ to the dicritical components and the
nodal singularities in order to obtain a global realization of (¢, @, h) which
will be the desired S-transversely holomorphic conjugation between (F, D)
and (F,D’). In fact, the extension to nodal singularities has been described
in [12, §8.5].

Now we fix dicritical components D C D and D" := (D) C D’. On neigh-
borhoods of these components the foliations F and F’ are disk fibrations.
Because D and D’ have the same self-intersection number, we can identify
two tubular neighborhoods of D and D’ endowed with the restriction of the
foliations F and F’ with a tubular neighborhood of the zero section of the
normal bundle of D in M endowed with the natural fibration. Thus, we can
consider the realization to be extended as a map from a disjoint union K of
closed disks contained in D to Auto(ID,0). We can extend it to a union K’
of bigger disks containing K, being a constant automorphism of the fibres
over 0K’ and consequently to the whole dicritical component D using the
connectedness of Auty(ID,0).

(1) = (3): Let g : (U,D) = (U’,D') be a S-transversely holomorphic conju-
gation between (F,D) and (F',D’) and g : U — U’ alifting to the universal
coverings of U \ D and U’ \ D'. By [12, Remark 3.6.2] there exists a S-An
isomorphism h : Q€ — OF such that (9,9, h) is a S-conjugation between
the monodromies mZ and mZ . Consider ¥ a S-collection of transversals
for F and D" a D-extended divisor. Using [12, Proposition 3.6.4] and by
composing ¢ by a suitable F'-isotopy ©;, having support on a neighborhood
W' of g(¥), we obtain an homeomorphism ¢ := ©7 o g such that ¥/ := ¢(X)
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is a S-collection of transversals for 7 and D’. Now we choose D'" as p(D™).
On the universal covering U we also consider the lifting @ of ¢ which coin-

cides with g on the complementary of w'. Again by the same proposition,
we see that (¢, ®,h) is a S-conjugation of the monodromies realized over
the S-collections of transversals ¥ and Y. It remains to check properties
(a) and (b) of Point (3). First remark that ¢ maps isolated separatrices of
F into isolated separatrices of F because we have the following topological
characterization:

S is a non-isolated separatriz if and only if there is a family {S;}jen of
pairwise disjoint separatrices such that every i,j € N we have that S; is
topologically conjugated to S and S;US; is topologically conjugated to SUS;.

We deduce that D't is a D'-extended divisor. The last assertion of Condi-
tion (a) is trivially satisfied by the topological conjugation . In (b) equality
of Camacho-Sad indices follows from Theorem 1.12 of R. Rosas if D is a nodal
separatrix of F. Otherwise, ¢ is transversely holomorphic in a neighborhood
of D and the desired equality is proved in [12, §7.2].

(3) = (4): We apply the following result which will be proved later.

Lemma 4.1. Under the hypothesis of Point (3) there exists a germ of home-
omorphism ¢ : (M, D) — (M', D) sending the strict transform of DT into
the strict transform of D' and a there is a lift & of o to the universal cover-
ings of the complementaries of D and D' satisfying the following properties:

(i) at each singular point of D' the actions of @ and @ on the set of local

irreducible components of DT coincide;
(i) ps = P and o5 = Pss
(iii) g =p, : ' = T;
(iv) ¢ is excellent.

Properties (ii) et (iii) trivially imply that (p,$,h) is a S-conjugation
between the monodromies m” and m”" realized over the S-collections of
transversals ¥ and ¥'. From property (i) easily follows Condition (a) of
Point (4) because the strict transforms of D" \ D and D'" \ D allows to
identify the dicritical components of (F,D) and (F',D’). Condition (b) of
(4) follows from Condition (b) of (3) for local separatrices D C D which are
not contained in the exceptional divisor £ of £ : M — M. Since the dual
graph of £ is a disjoint union of trees we can apply the same argument of
[12, §7.3] to the F-invariant part of D in order to obtain the equalities of all

Camacho-Sad indices corresponding by ¢ from those of the local separatrices
of F and F'. Finally (iv) gives (c) in Point (4).

Proof of Lemma 4.1. Following the notations of Section 2.3, for 0 < n <
7' < e < 1 we consider an open 4-Milnor tube 7, (resp. 7,,) associated to
the divisor Dt := E~1(D") (resp. D'T := E'"}(D'")) and we denote by T
(resp. 7') the image by E (resp. E') of its closure in the neighborhood W
(resp. W') considered in Lemma 2.1. It is worth to notice that the bound-
ary of T is constituted by the closed 3-Milnor tube M = E(M,) and a
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finite union of solid tori whose boundaries are the connected components of
OM. The same property holds for 7/ and M’. In the neighborhood of each
singular point s of DT (resp. D'T) we consider an euclidian metric given
by holomorphic coordinates. The boundaries of the closed balls B(s,r) cen-
tered at s with radius r are transverse to M if 0 < r < 2e. We define a
collar piece of 7 or M as the intersection of B(s,2¢) \ B(s,¢) with 7 or M.
The connected components of the adherence of the complementary of the
collar pieces of 7 or M are called essential pieces of 7 or M. A continuous
map between M and M’ or 7 and 7’ will be called piece-adapted if the
image of a piece is contained in a piece and the image of the boundary of a
piece is contained in the boundary of a piece.

First step. ~ Without loss of generality we can assume that o(7) C 7'
and that any essential piece 7, of 7 containing a singular point s of DT is
mapped into an essential piece 7/, of 7 containing also a singular point s’
of D'*. Using the local conical structures of the divisors at their singular
points and the retraction 7* := 7 \ Dt — M defined by the vector field ¢
considered in Section 2.3, we can adapt the constructions of [11, Section 4.1]

and a variant of [11, Lemma 4.6] to obtain a piece-adapted continuous map
W T* — M’ C T'™ such that

a) ¢ is homotopic to as maps from 7* into 7™ by a homotop
P p y y

preserving all essential pieces associated to the singularities;

(b) the restriction of 17 to each connected component of a piece of M is
a homeomorphism onto a connected component of a piece of M’ which
respect the circle fibrations considered in Lemma 2.1.

We define 9 as the restriction of ¢ to M.

Second step. For any essential piece M, of M, the part of the proof of the
main result of [11] corresponding to Sections 4.2 to 4.4 gives us a homotopy,
which preserves the boundaries, between the continuous map 9, and a
homeomorphism 1, : My — M/, = 1)(M,) such that

(a) 1, extends to a homeomorphism ¥, : 7, — 7. between the correspond-
ing pieces of 7 and 7’ containing M, and M.;

(b) W, is excellent in the sense of [11, Definition 2.5]; in particular, the
restriction of W, to 07, conjugates the disk fibrations considered in
Lemma 2.1.

Third step. Using the product structure, it is straightforward to construct
homotopies on the collar pieces of M gluing the previous homotopies defined
in the essential pieces of M. In this way we obtain a piece-adapted contin-
uous map ' : M — M’ whose restriction to each essential M, coincides
with the homeomorphism 1), but whose restriction to any collar piece is
not necessarily a homeomorphism. However, up to deforming v’ by suitable
homotopies with support on the collar pieces provided by [18, Theorem 6.1]
we can assume that v’ is a piece-adapted global homeomorphism.

It remains to extend )’ _to an excellent homeomorphism ¥ between 7
and 7' possessing a lifting ¥ to the universal coverings of 7\ D and 7'\ D/
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fulfilling properties of Lemma 4.1. On each essential piece 7, we define
¥ as ¥, constructed in second step. Since the restriction of ¥, to the
boundary of the essential pieces conjugates the disk fibrations, we can apply
the techniques given in [11, Sections 4.4.2 and 4.4.4] to obtain the desired
extension W. In addition, it is not difficult to modify ¥ by an excellent
isotopy in order to have ¥y = Py ¥ — Y/, Classically there exists a

lifting U to the universal coverings T and T’ of 7\ D and 7'\ D' such that
U, = o, T — I’

Moreover, since the restriction of » and V¥ to each singular piece M, are
related by a homotopy localized in M, it follows that

P, = U, : Wo(i&) — Wo(’j;f).

Thanks to this last equality we can apply the procedure described in [12,
Section 8.4] in order to modify (¥, ¥) by Dehn twists to obtain a new pair
(¢, @) which satisfy the same properties (iii) and (iv) and fulfills also the
equality
@, = Pe 1 m0(X) — mo(X).
Up to making an additional Dehn twist if necessary we obtain that @5, =
@\i’ showing Property (ii).

Since Property (i) follows from our construction, the proof of the lemma
is achieved. 0
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