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Chapter 1

Introduction

1.1 Inverse problems

Let F and G be normed spaces, and let A: F — G be a continuous linear
application (in short, an operator). Consider the following problem:

Given g € G, find f € F such that g = Af.
The problem is said to be well-posed if
(1) Vge G, I fe F:g=Af;
(2) the solution f depends continuously on g.

In other words, the problem is well-posed if A is invertible and its inverse
A7': G — F is continuous. Existence and uniqueness of a solution for
all g € G (Condition (1)) is equivalent to surjectivity and injectivity of A,
respectively. Stability of the solution (Condition (2)) amounts to continuity
of A=!. Conditions (1) and (2) are referred to as the Hadamard Conditions.
A problem which is not well-posed is said to be ill-posed.

Note that a ‘mathematically’ well-posed problem may be ill-posed in prac-
tice: the solution may (exist, be unique and) depend continuously on the
data but still be very sensitive to small perturbations of it. An error dg
produces the error § f = A~! §g, which may have dramatic consequences on
the interpretation of the solution. This can be understood by considering
the inequality

1851 < 1A~ lI5g])

in which ||A~!|| denotes the spectral norm of A=1. We see that, if | A7 is
very large, errors may be strongly amplified by the action of A~
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In order to regularize an ill-posed problem, it will be necessary to restate
the problem in such a way that the Hadamard conditions be satisfied. The
preceeding remark also indicates that one should be able to estimate the
effective sensitivity to perturbations of the data. Restating the problem
always implies reducing one’s ambition: one should give up restoring all the
information which an ideal solution would carry. The difficulty is then to
find the right trade-off between the quantity of information to be retrieved
and its accuracy. (This is why the concepts of information theory plaid such
an important role in the history of inverse problems.)

In each area of the applied sciences where ill-posed problems occur, strate-
gies for obtaining licit solutions have been developped. Many of them result
from rather empirical approaches. Each of these methods can be described
by means of an algorithm only, and the solution itself is not clearly defined:
it is merely ‘the point towards which the algorithm converges, or seems to
converge’. In these lecture notes, we deal instead with methodologies that
lead to solutions which are precisely defined as minimizers of functionals.
They have the advantage of being more transparent: they allow for sensi-
tivity analysis, and thus for a priori calibration of all the parameters which
control the regularization.

1.2 Regularization heuristics

For simplicity, we assume here that
F=R", G=R™, and A€ Mpx(R).

We use the same notation for the linear applications from R” to R and
their matrix representations in the canonical bases of R™ and R™.
Consider the following problem:

Given y € R™, find x € R" such that y = Ax.

Suppose first that A is injective but not surjective. The data y may not
belong to the range of A. It seems natural to replace y by its projection
onto the range of A. This amounts to replacing the original problem by that
of finding the vector T which minimizes, over R™, the function

f(a) = [ly — Az|*.
Equivalently, T is the unique solution of the normal equation:

A%y = A* Ax.
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We have denoted by A* the transpose of A. Note that, since A is assumed
to be injective, A*A is invertible. This reformulation of the problem clearly
satisfies the Hadamard conditions. The vector T is called the least square
solution.

Suppose now that A is surjective but not injective. Then all vectors in the
affine subspace A~ ({y}) are solutions, and we are facing the problem of se-
lecting a meaningful one. We need to compensate for the lack of constraints
on the unknown object x, and therefore to add constraints in a way or an-
other. This amounts to introducing a priori information, which involves the
choice of some inference principle. For example, the minimum norm solu-
tion is, needless to say, the unique vector which minimizes, over A= ({y}),
the function f(z) := ||z/>. In the case where the unknown vector can be
regarded as a probability distribution, information theoretic considerations
may lead to the maximum entropy solution. The latter is the (unique) vector
which maximizes, over A71({y}), the entropy:

flx) :=— ij Inz;.
k=1

This has been extensively used in image science, even in contexts where the
interpretation of x in terms of probability is not entirely natural. Many
other functions can be designed, as attests the abundant litterature on the
subject.

If A is neither injective nor surjective, we may combine the preceeding strate-
gies, and thus define the solution to be the vector T which optimizes some
entropy-like function over the affine subspace A=1({f}), where § is the pro-
jection of y onto the range of A. For example, the minimum norm least
square solution is defined to be the vector which solves the optimization
problem:

minimize F(z) := ||z||?

P) subject to = € A~ ({g}).

Exercise 1.1 [Characterization of A~1({7})] Prove that the following state-
ments are equivalent:

(a) 2’ solves § = Ax;

(b) 2’ minimizes ||y — Az||?%;

(¢) ' solves the normal equation A*y = A*Ax.
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Exercise 1.2 Prove the following relationships:
(ker A)t =ran A* =ran A*A and (ker A*)T =ran A = ran AA*.

As we shall see later on, the results of Exercises 1.1 and 1.2 remain true in
general Hilbert spaces.

The solution 2 to Problem (P) depends linearly on y. It is the image of y
by the pseudo-inverse AT of A. As a linear mapping from R™ to R", AT
is, of course, continuous. However, if the norm of AT is very large, small
perturbations of y may give rise to large perturbations of 7. It can be
shown that the choice of any other inference principle won’t improve the
situation. Sensitivity of a solution to perturbations of the data is inher-
ent to the constraint equation (namely, the normal equations, which itself
stems out from the least square principle). It appears that, in this case,
the constraints need to be relaxed. In other words, some inertia has to be
introduced in the reformulation of the problem. A standard strategy for
doing so is to replace the original problem by that of finding the solution to
an optimization problem of the form:

minimize F(z) := ||y — Az||* + ap(x)
(P)
s. t. xzeC,

in which « is a regularization parameter, p is a regularization function (also
called an entropy) and C' is a constraint set which incarnates part of the a
priori knowledge on x, such as nonnegativity. The fit term (here, ||y — Az||?)
can be regarded as a tolerant expression of the constraint equation. Of
course, one may replace ||y — Az||?> by some other function attracting Az
to y.

In these notes, we intend to give an answer to the following question: How
should we choose «, p (and C') so that the problem is adequately reformu-
lated ? By ‘adequately reformulated,” we mean that Problem (P) should be
such that

1. a unique and stable solution exists (Hadamard conditions);
2. the solution is ‘physically relevant;’
3. the solution is computable.

We restrict our attention to problems of image reconstruction or restoration.



Chapter 2

Hilbert spaces

2.1 Inner product spaces

Definition 2.1 Let F' be a vector space over the field of complex numbers
(in short: a C-vector space). An inner product on F' is a mapping

(w): FxF — C
(r,y) — (2,9)
which satisfies the following axioms:
(1) for all fixed y € F, (-,y) is linear;
(2) for all z,y € F, (y,z) = (2,7);
(3) forall z € F, (z,x) > 0 and (x,z) = 0 if and only if x = 0.
The pair (F,(-,-)) is called an inner product space.

Example 2.1 The space [? of complex sequences = (7)ren+ such that
3" |ox|? is convergent, with (z,y) = > 24 7k.

Example 2.2 The space L?(R") of complex-valued square-integrable func-
tions on R", with (f,g) = [ fg.

From now on, unless we explicitly indicate otherwise (F,(-,-)) will be a
complex inner product space.

Theorem 2.1 [Schwarz’ inequality| For all z,y € F,

[(z,9)> < (z,2)(y,y).
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Corollary 2.1 The mapping x — /(x,z) is a norm on F.

Definition 2.2 If F' is complete relatively to the norm induced by (-,-), F'
is said to be a Hilbert space.

The spaces [2 and L?(R") are examples of Hilbert spaces.

Proposition 2.1 Let (F,(-,-)) be a complex inner product space. Then,
(1) Yo,y € F, [l +ylI* = [[z]> + 2Re((z, ) + Ily]|*;
(2) Yo,y € F, [l +yll” + |z — ylI* = 2(|l=]1” + ly]1?);
(3) Yo,y € F, 4z,y) = llo +ylI* — ||z — ylI* + illz + iy)|* — illz — iy|>.

The first and second equalities are referred to as the polarization identity
and the parallelogram law, respectively. As for the third equality, it shows
that inner products are entirely determined by their associated norms.

Definition 2.3 A linear manifold is a non-empty subset M of F' which is
stable under linear combination. A subspace of F'is a closed linear manifold.

It is readily seen that the intersection of any family of linear manifolds (resp.
subspaces) is a linear manifold (resp. a subspace).

Definition 2.4 Given a subset S of F, the intersection of all subspaces
which contain S is called the span of S. It is denoted by span.S. The set
of all linear combinations of elements of S is called the linear hull of S. It
is denoted by vect S. In the particular case where S is a singleton {z}, we
shall write: vect{z} = (z).

Theorem 2.2 Let S be a non-empty subset of F'. Then span.S = clvect S.

Definition 2.5 A family (z4)aca C F of vectors is said to be linearly
independent if every finite subfamily of (z,) is linearly independent.

2.2 Orthogonality

Throughout this section, F' will be some inner product space.
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Definition 2.6 The vectors z,y € F are said to be orthogonal if (z,y) = 0.
Notation: x L y. The subsets Fq, EFo C F are said to be orthogonal if
x1 L xo for all x1 € F1 and x5 € 5. Finally, the orthogonal complement of
a subset S C F is the set

St.={zecF|VyeS z Ly}

Definition 2.7 A family (z,)aca C F is said to be orthogonal if for any
two distinct o, o € A, x, L 2., and orthonormal if in addition every vector
n (z,) has unit norm.

Theorem 2.3 [Bessel’s inequality] Let {e1,...,e,} be a (finite) orthonor-
mal family and x be any vector in F'. Then,

n
> lzen))? < Jal?
k=1

Theorem 2.4 [Pythagorean Theorem| Suppose x,y € F are orthogonal.
Then ||z + y||? = ||=||* + ||y||?. Similarly, if {x1,...,2,} is orthogonal, then
21 + -+ zal? = [zl + -+ [zl

Theorem 2.5 Let (eq)aca C F be an orthonormal family. Then (e,) is
linearly independent.

Exercise 2.1 Let S be any subset of F. Prove that S+ is a subspace of F.

Theorem 2.6 Let £ C F be a linear manifold. Then E++ := (E+)+ =
cl E. Consequently, if E is a subspace, then E+ = E.

The sum of closed sets of a normed space is not, in general, a closed set,
even if these sets are subspaces. However, for orthogonal subspaces of an
inner product space, the following holds.

Theorem 2.7 Let E1, F» be orthogonal subspaces of F'. Then Fy + FEs is
closed.

Theorem 2.8 Let E be a subspace of F'. Then F is the direct sum of E
and EL, which we write: F = E@® E+.

Definition 2.8 An orthonormal basis of F' is an orthonormal family (z4)
such that F' = spanU,(z4). If F' is a Hilbert space, we say that (z,) is a
Hilbert Basis of F.
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The next theorem provides a constructive method for obtaining an orthonor-
mal sequence from any linearly independent sequence.

Theorem 2.9 [Gram-Schmidt orthonormalization] Let {e;, e2, ...} be alin-
early independent sequence in F. Then, there exists an orthonormal se-
quence {e1,€9,...} such that, for all n € N, {e1,...,e,} is a basis of
vect{ey,...,en}.

2.3 Infinite sums

Definition 2.9 [Summable families] Let F' be a Banach space. A family
(a)aca C F is said to be summable to z if for all € > 0, there exists a finite
subset I of A such that for every finite superset J of I,

x—Z:L‘j <eE.

jeJ
We then write: z = Z Tq-
acA
Theorem 2.10 The following statements are equilvalent:

(1) (zq) is summable;

(2) Ve > 0, there exists a finite subset By of A such that, for every finite
subset C' of A, C'N By = 0 implies || Y cc ol <.

Theorem 2.11 The set of all non-zero elements of a summable family is at
most countable.

Theorem 2.12 Let F' be a Hilbert space. Suppose that (z,) is an orthog-
onal family. The following statements are equivalent:

(1) (zq) is summable;
(2) (||zall?) is summable.
Furthermore, if x = Y__ .4 Za, then ||z]|? =Y 4 [|zal?.

Example 2.3 A sequence {z1,x9,...} in F'is summable if and only if there
exists ¢ € F' such that

n
3
k=1

2

—0 as n — 00.
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Definition 2.10 [Infinite sums of subspaces] Given a family (Ey)aca of
subspaces of F', the sum of (E,) is defined to be the set

Z E, = {Z T ‘ To € Eo,y (x4) is summable} .

a€cA

The sum is said to be direct if for each x € ) E,, the representation x =
> o (With 24 € E,) is unique.

Theorem 2.13 Let (E,) be a family of subspaces of F. then
span U E,=cl Z E,
(6% «

Furthermore, if (F,) is orthogonal (that is, if £, L E, whenever o # o),
the closure operation in the above equation can be ommitted and the sum is
direct. In this case, (E,) is called an orthogonal decomposition of span UE,,.

Theorem 2.14 Let (e,) C F' be an orthonormal family. The following for
statements are equivalent:

(1) (eq) is a basis of F
)
(3) for all z,y € F, (z,y) = Sz, ea) (Y, €a)
(4) forallz € F, ||z|?> = 3 [(z, ea)|?.

The latter equality is referred to as Parseval’s identity.

forallz € F, x =) (z,eq)eq;

2.4 Separable inner product spaces

Definition 2.11 An inner product space is said to be separable if it contains
a dense countable subset. A separable Hilbert space is a separable complete
inner product space.

Theorem 2.15 Every orthonormal family of a separable inner product
space is at most countable. In particular, every Hilbert basis of a sepa-
rable inner product space is at most countable. Conversely, every separable
inner product space possesses a countable orthonormal basis.

Theorem 2.16 Let F' be a separable Hilbert space and {ej,es,...} be a
Hilbert basis of F'. Then,

F= {Zakek ‘ Z|ak|2 < oo}
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2.5 Projections

Lemma 2.1 Let (F,(-,-)) be an inner product space, let x,y,z € F, and
let m := (y + 2)/2. Then

1
2 2 2 2
lz = ylI” + llz = 2] = 2[lz = m[" + 5 lly — =[I"-

Theorem 2.17 Let (F,(-,-)) be an inner product space, K C F be a com-
plete convex set and = be a vector in F'. Then, there exists a unique xg € K
such that

|z — zo|| = inf {||z —2'|| | 2" € K}.

This vector x is called the projection of x onto K. Furthermore, x( is the
unique vector of K satisfying

Vy € K, TRe({zx—z0,y—yo)) <0.

If ' is a Hilbert space, a sufficient condition for K to be complete is that
it be closed. In the particular case where K is a vector subspace, the next
theorem holds:

Theorem 2.18 Let (F, (-,-)) be an inner product space, E be a complete
linear manifold of F' and x be a vector in F'. The following are equivalent:

(1) xo is the projection of x onto E;
(2) 20 € E and x — xg € E*.

Furthermore, the mapping P which maps x € F to its projection onto F
enjoys the following properties:

(a) P is linear;
(b) for all = € E, |P(z)] < |al];
(c) PoP = P;
(d) ker P = E+ and ran P = E.

Theorem 2.19 Let {ej,...,e,} C F be an orthonormal set and P be the
orthogonal projection onto the subspace vect{ey,...,e,}. Then,

n

Ve e F, P(z)= Z (x,ex) eg.

k=1
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Theorem 2.20 [Riesz-Fischer] Let F' be a Hilbert space and u be a con-
tinuous linear form, that is, a continuous linear mapping from F' into C.
Then there exists a unique a € F such that, for all x € F, u(z) = (x,a).
Furthermore, the norm of w in the space L(F,C) of all continuous linear
forms on F' is given by

lullL(rcy = sup {lu(@)] | |lz]] < 1} = [lal|-
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Operators

3.1 Hermitian operators

Throughout this section, F' and G will be separable Hilbert spaces, with
inner products denoted by (-,-). and A a continuous linear application (in
short: an operator) from F to G. Recall that continuity of A is equivalent
to boundedness:

JA]l == sup [[Az]| = sup || Az]| < oc.

=<1 flzf|=1

Using the Riesz-Fischer Theorem, the reader may show that there is a unique
continuous linear application A*: G — F such that

VeeF, YyeG, (Azx,y)= (z,A%y).
This operator is called the adjoint of A.
Proposition 3.1 Let A, B: F' — F be operators. Then the following holds:
1) for all o, 8 € C, (aA + BB)* = aA* + 3B*;
2) (AB)* = B*A"

(1)
(2)
(3) A= (A)" = 4
(4) if A is invertible, then so is A%, and (4*)~! = (A~1)*;
(5)

5) on denoting by || - || the spectral norm of L(F) := L(F,F), one has
IA]? = [[A*[|* = [|A*A]|.

17
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Proposition 3.2 Let A: ' — G be linear and surjective. Then, the fol-
lowing statements are equivalent:

(1) A has a continuous inverse A~;
(2) p = inf{[|Az|?|||2]| = 1} > 0.
The spectral norm of A~! then satisfies: [|A~1|%2 = p~ 1.

Definition 3.1 An operator A: F' — F is said to be Hermitian (or self-
adjoint) if A* = A and nonnegative Hermitian if, in addition, (Az,z) > 0
for all x € F.

Theorem 3.1 Let A: F — F be a Hermitian operator. Then, the spectral
norm of A satisfies

[All == sup [[Az]| = sup |[(Az,z)|.

[l]l=1 [lz]l=1

PROOF. Since A is hermitian, we have:
(Alx +y),z+y) = (Az,z)+2Re((Az,y)) + (Ay,y)
(Alx —y), v —y) = (Az,z) = 2Re((Az,y)) + (Ay,y) -

Thus 4Re((Az,y)) = (Alx +y),z +y) — (Alx —y),z —y). Let M =
SUp||z(=1 [(Az, z)|. It is clear that M < ||Al|. Let us prove the opposite
inequality. For all x € F, |(Az,x)| < M||x||?, so that

ARe({Az, y)) (Al +y),x + )| + [(Alz —y), 2 — )|
M ([l +yl” + llz = ylI*)

2M (J|lz)* + [lyl*) (see Proposition 2.1).

<
<

Thus Re((Az,y)) < M for all z,y of unit norm. Consequently, |(Az,y)| <
M for all z,y of unit norm. The choice y = Az/||Az|| then shows that
|Az|| < M for all x of unit norm, which says that ||A|| < M. a

3.2 Compact operators

Theorem 3.2 Let F' and G be Banach spaces and A: F — G be a linear
application. Then, the following statements are equivalent:
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(1) the image by A of every bounded set is precompact;

(2) for all bounded sequence (x) C F, the sequence (Azxy) has a conver-
gent subsequence.

In this case, A is bounded, and A is called a compact operator.

It is easy to see that linear combinations and products of compact operators
are compact.

Exercise 3.1 Let F' and G be Banach spaces and A: F' — G be a bounded
linear application. Prove that, if dimran A < oo, then A is compact.

When rk A := dimran A < oo, A is said to have finite rank.

Theorem 3.3 Let F' and G be Banach spaces and (Ay) be a sequence of
compact operators from F' into (G. Suppose there exists an operator A such
that ||A — Ag|| tends to 0 as k — co. Then A is compact.

Theorem 3.4 Let F' and G be Banach spaces and A: F' — G be a bounded
linear application. Then, the following statements are equivalent:

(1) A is compact;
(2) A* is compact;

(3) there exists a sequence (Ag) of finite rank operators such that ||A —
Ag|l — 0 as k tends to infinity.

3.3 Spectral theorem

The results of this section are crucial to the theory of linear inverse problems
in Hilbert spaces. Throughout, F' will be a separable Hilbert space and
A: F — F will be a Hermitian operator.

Definition 3.2 A vector subspace E of F' is said to be A-stableif AE C E.
A vector x € F' is said to be an eigenvector of A if x # 0 and Az = Az for
some A € C. The complex number A is then said to be an eigenvalue of A,
and the set of all eigenvalues of A is denoted by A(A).

Proposition 3.3 Let A be as above and F C F be a linear manifold.
(a) if E is A-stable, then so is E*;
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(b) If E is A-stable, then so is cl F;

(c) A(A) C

(d) if = is an eigenvector, then (x) and (az:>l are A-stable;
(
(

)
)
)
e) for all A € A(A), the eigenspace Ey := {x € F' | Az = Az} is closed;
f) if A; and Ay are two distinct eigenvalues, then Ey, L E),;

)

(g) if E is a finite-dimensional A-stable subspace of F', then the restric-
tion Ag of A to E is a Hermitian operator and there exists an or-
thonormal basis of F which consists of eigenvectors of A.

PROOF. Assume that F is A-stable. Given z € E, we see that
Vye E, (y,Az)=(Ay,z)=0

(since Ay € E). Thus Az € E*, and (a) is established. As for (b) it follows
immediate from (a) and the fact that cl E = E+. Next, let A\ € A(A) and
let « be a nonzero vector in the corresponding eigenspace. Then

Mz, x) = (Ax,z) = (x, Az) = X (z, 2),

so that A = A, which proves (c). Statement (d) is immediate from (a). Let
A€ A(A), let x € cl E) and let (x) C E) converge to . We have:

| Az — Aa|| < || Az — Aay| + [ Ay — A < (4] +A) lx — ]

Since ||z — x| — 0 as k — oo, we must have Az = Az, and (e) is established.
Let A1, A2 be as in (f), and let 1 € Ey,, 2 € E),. Then

M (21, 22) = (Axy, x2) = (1, Axe) = A2 (z1,22) .

Since A1 # A2, we must have (x1,x2) = 0. Finally, let E be as in (g). From
the theory of hermitian matrices, F contains an eigenvector x of unit norm.
We may then consider the orthogonal complement of (z) in E, and proceed
by induction to produce an orthonormal basis of E. =

Lemma 3.1 Assume F' is non trivial (F # {0}) and let A: FF — F be
a Hermitian compact operator. Then either ||A|| or —||A]| belongs to the
spectrum of A.
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PrROOF. By Theorem 3.1, there exists a sequence (z) in the unit sphere
such that [(Axg,zr)| — ||A||. Taking a subsequence if necessary, we can
assume that (Azy, ) — «, where o := || A|| or @ = —||A||. We then have:

Az — axil|” = [[Azg|® — 20 (Awp, 2x) + o |||

< 202 — 20 (Axy,, ;)

= 2a(a— (Azk, zr)).
Since A is compact, we see that, taking a subsequence if necessary, (Axy)
converges to some vector y. Since o — (Axy,xk) tends to 0, the above
inequalities show that (axy) converges to y as well. If o = 0, then ||A]| =0
(that is to say, A = 0) and we are done. If  # 0, then (x) converges to
x :=y/a, and we have
|Az — Azg|| + [[Azy, — axg| + [Jazy, — az||
(1Al +lel) 2 = @kll + | Azy, — azy]

[Az — az|| <
<

which shows that Az = az. =

Theorem 3.5 Let A: F — F be a Hermitian compact operator. Then

F = span U Ey = Z E.

AEA(A) AEA(A)

In other words, {E) |\ € A(A)} is an orthogonal decomposition of F.

PROOF. The space F’ := clvect{E) |\ € A(A)} is clearly A-stable. By
Proposition 3.3(b), F'* is also A-stable. Thus A induces a compact hermi-
tian operator on F” * which has no eigenvalue. Lemma 3.1 then implies that
F'* = {0}. Since F' is closed, F' = F'*+ = F. .

Corollary 3.1 There exists an orthonormal basis that consists of eigenvec-
tors of A.

Observe that, if A is a nonzero eigenvalue, then dim F) < oco. For otherwise
there would be an orthonormal sequence (ej) whose image (Aer) = A(eg)
has no convergent subsequence. The same argument will show that, if u is
any positive number, only finitely many eigenvalues A are such that [A| > pu.
Therefore, the following holds:

Corollary 3.2 Suppose dim F' = oco. Then 0 is an accumulation point of

A(A).
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3.4 Hilbert-Schmidt Operators

Throughout this section, F' and G will be separable, infinite dimensional,
Hilbert space. Recall that separability implies existence of Hilbert bases.

Theorem 3.6 Let (fj)jen+ and (gx)ren+ be Hilbert bases of F' and G, re-
spectively, and let A € L(F,G). Then

DAL= 1Al

jEN* keN*

PrOOF. By Parseval’s identity, we have:

SALe = Y (z r<Afj,gk>\2)

JEN* JEN* \keN*
= D[ DA
keN* \ jEN*
= > [A%)*
kEeN*

Theorem 3.6 shows that 3, [|A f;lI? is independent of the choice of the
Hilbert basis (f;). The quantity >, [ Af; ||? is referred to as the trace of A*A
and is denoted by tr A*A.

We say that A € L(F,G) is a Hilbert-Schmidt operator if tr A*A is fi-
nite. The Hilbert-Schmidt operators of F' into G form a vector subspace of
L(F,G), denoted by HS(F,G). Note that

(Vgs: HS(F,G?* — C
(A,B) +— Z<Afj,ij>

is an inner product, which turns HS(F,G) into a Hilbert space. Since the
corresponding norm, namely

Illgg: HSF,G) — R4
A — ||Allgg = Vir A*A,

is independent of the choice of the Hilbert basis, so is (-,-)gs (see Propo-
sition 2.1(3)). We now focuse on the case where FF = L% (R") and G =
L?%,(R™), in which V and W are subsets of R".
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Proposition 3.4 Let (f;);en+ and (gx)gen+ be Hilbert bases of L, (R") and
L%, (R™), respectively. Then (f;gk);ken+ is a Hilbert basis of LVxW(R2n)'

Proor. By Fubini’s Theorem, we have:

G fidm) = /V @@ ) ddy

- /fj Vi) dx/ 9 (¥ (y) dy

= (f5 J) (Gm> 9x) -

This shows that (f;jgk)jken+ is an orthonormal family. In order to show
that the family (f;g%)jken+ spans Ly, (R?"), we shall prove that, if h €
L%y (R?™) is orthogonal to vect(f;gx), then necessarily h = 0.

Let h € L}y (R?™). Clearly, h(-,y) € LE(R") for almost all y. Thus

/f] h(z,g) dz = (f;, h(-y)) (3.1)

is defined for almost all y. The Schwarz inequality then says that |p;(y)[* <
Il £il121R (-, y) || for almost all y. Consequently,

/W o) dy < 111 /W ( /V () dx) dy = 1517 A2

so that ¢; € L%, (R™), and we have, by Parseval’s identity,
Y3 w

2 2
lesl? = > gk i)l

keN*

= Y /ng(y)saj(y)

keN*

= S| ot ([ seng@a) a

keN*

= > /wah(%y)fj(w)gk(y)dxdy

keN*

= >l fig)l* (3-2)

keN*

2

2

2

Suppose now that h L f;g,, for all j,k € N*. Then ||¢;]|*> = 0 for all j € N*
by Equation (3.2) above. Consequently, (f;,h(-,y)) = 0 for all j € N* and
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almost all y. Since (f;) is a Hilbert basis of F', this shows that h(-,y) =0
in L2, (R™) (for almost all y), that is, that h = 0 in L, (R?"). »

Theorem 3.7 Let o € L%, ;,(R*"). Then, for all f € L? (R™), the integral

F(y) = /V a(z,y)f(z) dz (3.3)

is well-defined for almost all y € W. The function F' (defined almost every-
where in W) belongs to L#,(R™). Moreover, the linear transformation

4 BBERY — IR
f — Af:=F

is bounded and satisfies ||A|| < |||

PROOF. It is clear that ¢(y) := ([, la(z, y)|* dz) 1/2 i finite for almost all Y,
and that ¢ belongs to L?,(R™). In fact, |¢||* = ||a||?. Since a(-,y) € L% (R™)
for almost all y, we see that F(y) := (a(-,y), f) is well-defined for almost all
y € W. Clearly, F' is measurable, and the Schwarz inequality reads

[E @) < llaC )l 1A= @) 1F1-

Consequently, F' is square integrable, and

IF)2 = /W Fy)P dy < I/ /W ) dy = £ ol

The operator A defined in the previous theorem is called the integral operator
of kernel a, and we write: A = Int a.

Theorem 3.8 Let A € L(L% (R"), L?,(R™)). The following statements are
equivalent:

(1) A is a Hilbert-Schmidt operator;
(2) there exists o € L2, 1;,(R?") such that A = Inta.

Furthermore, we then have: [|A||gs = |||
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PROOF. Suppose A = Int «, where a € L%/Xw(R%). By Fubini’s theorem,
we have, for all j, k € N*,

) = [ ([ s a) s
= [ el @) dedy
Vxl/l/
Now, Parseval’s identity shows that

STHALIE = > KAf g6

JEN* j,kEN*
= > KeFyom)l
J,kEN*

2
= laf”.

Thus (2) implies (1). Conversely, suppose that >, || Af; I? = > ik (AL gr) K
is finite. By Theoreln 2.16, Zj’k<Afj, gk)fjgk converges to some a € L}, (R*™),
which satisfies (o, f;g9x) = (Afj,gr). Let A" := Inta. By the first part of

the proof, (A’ f;, gx) = <a,?jgk). Consequently, (A’ f;, gx) = (Af;, gi) for all
J.k € N*, so that A'f; = Af; for all j € N*, which implies that A’ = A.
Finally, the Hilbert-Schmidt norm of A satisfies:

1/2
1Al g = (br AXA)2 = | S |JAS)1? = [l .
J

Theorem 3.9 Let A € L(L? (R"), L?,(R™)) be a Hilbert-Schmidt operator.
Then A is compact.

PROOF. By the previous theorem, A = Int o, where a € L%, ;;(R*™). Let
us write

o= Z ozjkjjgk and «p = Z ajkfjgk,

JleN* Jk<p

and let us denote by A, the integral operator of kernel cy,. Then

(Apf)(y) = / > apfi@ge)f@)de =Y oy (£, £) ge (W),

Jk<p Jk<p



26 CHAPTER 3. OPERATORS

which shows that rk A, < p. On the other hand, Theorem 3.7 implies that
|A — Ay|| < ||a — apl|. Since the latter quantity tends to 0 as p tends to
infinity, we see that A is the norm-limit of a sequence of finite rank operators.
The result then follows by Theorem 3.3. =

Theorem 3.10 Let o € L% ;,(R*) and let A € L(L? (R™), L%, (R™)) be
the integral operator of kernel a. Then A* = Int o* where o*(y, z) = a(z, y).

PrROOF. By Fubini’s theorem, we have:

= /W </va(x’y)f(x) dx) 9(y) dy
- /‘/Xwa(x’y)f(fv)g(y) da dy

- /Vf(x) (/W a(z,y)g(y) dy> da

_ /V f(:c)/w a(z,y)g(y) dy da.

By identification, we see that (A*g)(z) = [, oz, y)g(y) dy. =




Chapter 4

Convolution and
approximation

4.1 Useful facts from integration theory

Theorem 4.1 [Holder’s Inequality] Let p,q be conjugate exponents, with
p € (1,00) (and thus ¢ € (1,00)). Let (X, A, 1) be a measure space and let
f,9: X — [0,00] be measurable. Then

/ngdué</Xf”du>l/p</xquu>l/q-

Theorem 4.2 [Minkowski’s Inequality] Let p € (1,00). Let (X, A, u) be a
measure space and let f,g: X — [0, 00] be measurable. Then

(o) ()" (fr)”

Theorem 4.3 [Fubini| Let (X, A, ) and (Y, B, v) be o-finite measure spaces,
and let f be an (A x B)-measurable function on X x Y.

(1) Suppose that f takes its values in [0, 0], and let

o) = /Y f(r.y)du(y) and W(y) = /Y ) du(z). (4)

Then ¢ is A-measurable, 1 is B-measurable, and we have:

/X o) du(z) = /X @) dlex () = /Y by) du(y). (4.2)

27
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(2) Suppose that f takes its values in C, and that h(z) := [, |f(z,y)|dv(y)
is integrable. Then f is integrable.

(3) Suppose that f is integrable. Then f(z,-) is (measurable and) inte-
grable for almost all z and f(-,y) is (measurable and) integrable for
almost all y. Furthermore, the functions ¢ and i defined by Equa-
tion (4.1) are integrable and satisfy Equation (4.2).

Theorem 4.4 [Minkowski’s Integral Inequality] Let p € [1,00). Let (X, A, u)
and (Y, B,v) be o-finite measure spaces, and let f: X x Y — R™ be mea-
surable. Then

(/X (/deV)p du)l/p < /Y (/X Fid du> v dv. (4.3)

PROOF. Let p(z) := [y f(z,y)dv(y) and let ¢ (y) = [y fP(x,y)du(z).
By virtue of Fub1n1 S Theorem both ¢ and % are measurable Therefore,
the integrals in (4.3) are licit. If f = 0 (u x v)-almost everywhere, the result
is clear. Let us then assume that f is positive on a set of positive measure.
This implies in particular that

/ () du(z) > 0
X

as may be easily checked. We first assume that the left hand side of (4.3) is
finite, that is, that [, ¢”(z)du(x) < co. We have:

| e@at = [ ( / f<x,y>du<y>) () dp(a)
-/ ( / f(w,y)sopl(af)dV(y)) )
= [ ([ st @aw) aw)

by Fubini’s Theorem. Now, Holder’s Inequality shows that

/ f(@, )P (z) du(x)
X

</X fP(z,y) du(:v)>l/p </X £1P=1) (g) dﬂ(l’)>1/q.
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Since ¢(p — 1) = p, we obtain:

([;qf($)du(x)

< A(Aj%awwmﬂm(éy%wwwﬁwUmw@»

Dividing both sides of the above inequality by (fX ©P(x) d,u(a;)) (=1)/p gives
rise to (4.3). We now assume that [ ¢P(x)du(z) = oo. We shall use
a monotone convergence argument. Let (M) be a sequence of positive
numbers converging to infinity, and let fa;, be defined by

0 otherwise.

ka(x,y) = {

Since (X, A, ) and (Y, B,v) are o-finite, we can find increasing sequences
(Ag) € X and (By) C Y such that X x Y = Ug(Ag x By) and
(1 x v)(Ag x By) = p(Ag) - v(Bg) < 0.

We then let fi, := 14, xB, - fum, for all k. The first part of the proof shows
that, for all k,

</X (/Y I dV>p du) . < /Y </X 1P du> Up dv. (4.4)

It is clear that, for all (z,y) € X x Y and all k, fx(z,y) < frr1(x,y), and
that fix(z,y) — f(z,y) as k — oo. By virtue of the Beppo-Levi Theorem,

@WW=A&@M®@—HAﬂ%w®@=w@

for all € X. Now, for all z € X and all k, ¢} (z) < ¢} (z) by monotony
of the integral, and ¢% (z) — ¢P(x) as k — oo. By the Beppo-Levi Theorem
again,

[ @ auta) — [ o) dute) = .

We proceed likewise for the right hand side of (4.4). For all (z,y) € X xY
and all k, f2(z,y) < [7,1(x,9), and f2(z,5) — fP(z,y) as k — oo, so that

W@:AWMMW%HAWMWMFMW
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For all y € Y, 4,/"(y) < /% (), and v,/* (y) — ¥V/7(y), so that

/wi/p(y)dV(y)%/ PP (y) du(y)
Y Y

Passing to the limit in (4.4) then yields the result. a

4.2 Convolution of P functions

Let f,g: R™ — C be measurable functions. Whenever the function y —
f(z —y)g(y) is integrable, we write:

(F+9)@) = [ Fla =gty (4.5)

We remark immediately that y — f(z — y)g(y) is integrable if and only if
y+— g(x —y) f(y) is integrable, and that

/ oz — ) f(y) dy = / f(z - y)g(y) dy

in this case. In other words, (f * g)(x) exists if and only if (g * f)(x) exists
and both numbers are equal.

Under certain circumstances to be specified later on, (f % g)(x) exists for
almost every x € R". Equation (4.5) then defines a function almost ev-
erywhere. Note that the function F(x,y) := f(x — y)g(y) satisfies F' =
(f ou)(g ov), where u(z,y) := z —y and v(z,y) := y. Since f,g,u and v
are Borel functions, so are (f ou),(gov) and F.

Theorem 4.5 Let f € L'(R") and g € LP(R"), where p € [1,00]. Then,
the function ¢, : y — f(z —y)g(y) is integrable for almost all z € R™. The
function f * g defined for almost all x by

(F9)@) = [ 1=ty

belongs to LP(R™) and satisfies || f * g|, < || f][1]|9|lp-

PRrROOF. We first consider the case where p = 1. Since the function
F(z,y) := f(x —y)g(y) is measurable, Theorem 4.3(1) shows that h(z) :=
[ |F(z,y)| dy is measurable, and that

[r@ae= [[ 1@ -9 deay= [low) [ 11— )| dra
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Since the Lebesgue measure is invariant under translations, we obtain:

/ W) dz = £l Il -

This shows that h is integrable. Theorem 4.3(2) then implies that F(z,y)
is integrable, and Theorem 4.3(3) shows that ¢, = F(z,-) is integrable for
almost all z. Finally,

1f % gl < /Ifas— rdydx—/h<x>dx,

and the desired result follows.

Suppose now that p € (1,00), and let hy(z) := [|f(z — y)||g(y)[’ dy. Then
hy is measurable and

[mt@as = [ [1r@=nllor ar) as
= [lswr ([ 1i-nia) o

= Il lglly (4.6)

in which we have used again the invariance under translations of the Le-
besgue measure. This shows that h, is integrable (so that h, is almost
everywhere finite). Note that y — |f(z — y)||g(y)|P is measurable, which
shows that y — |f(x —y)||g(y)| is measurable, which implies in turn that ¢,
is mesurable. Furthermore, Holder’s inequality gives rise to:

[156@ =9 ay= [ 1t =" (5 =)l lo))" ay

([176-wl dy)l/q ([ 1= nitsr dy)w

= |IFIY® - ()7,

IN
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so that ¢, is integrable for almost all . Now,

ireat, = ([ re-nat ypdx)l/p
(oo )"
(11 hytorao) "

e ([ o p<x>dw)1/p

= Al - gl -

Finally, suppose that p = co. Clearly,

IN

IA

/If:v— 9 dy < gl /\ffc— )l dy = llgll - 171l < oo,

Thus, for all z € R™, ¢, is integrable and

‘/f iy dy\ < llgl - 1£1

whence the inequality |11 # glloc < [lgllocll/ 1 =

Given any function f, on R", we shall denote by f[,) the translate of f by x:
f)() == fly — 2).

Theorem 4.6 Let f € LP(R"), where p € [1,00), and let f|,) be the trans-
late of by z: fi(y) == [y — ). Then || — fllp — 0 as |l — 0.

PROOF. We first prove the theorem for functions g in the space Co(R"™) of
all continuous functions having compact support. Recall that such functions
are uniformly continuous:

ve>0,3In>0: ||y —y||<n=l|9()—g(y)| <e (4.7)

Fix € > 0. Let = be such that ||z|| < n, where 7 is provided by (4.7). Then,
for all y € R™, |g51(y) — g(y)| < e. Let Ko := supp(g). Then the set

K :=supp(gpy — 9) C (Ko + {z}) U Ko
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is compact. Thus

1/p
92 — ng = (/ |91a] — g\p> < (e” meas K)Y/P < ¢ (2meas Ko) /7.

Suppose now that f is any function in LP(R™), and let € > 0. Since Co(R"™)
is dense in LP(R™), there exists g € Co(R"™) such that ||f — g||, < /3. By
the first part of the proof, ||g,) — gllp < &/3 if ||z[| is small enough, so that

[ fiw) = FIL, < (i) = 9L, + [l9g) = 9ll,, + llg = £Il, <& »

Theorem 4.7 Let ¢ € L}*(R") and a := [ ¢(x)dx. For all € > 0, let ¢ be
defined by

pe(z) = ginw (g) :

For all f € LP(R™), where p € [1,00), one has

If*¢e—afl,—0 as e—0.

PROOF. Using the change of variable z = 2/, we obtain

/906(:6) dz = /go(x')dx’ =aq.

We have:

(Fro)@) —af@) = [ fa-yrew)dy- [en)dy f@
— [ =) - ey
— [ =e) - f@)et) ay
— [ = D@0ty
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where we have used the change of variable y = ey’. Consequently,

75 =afl = ([|[thor = Dret/) 0 pdx>””
(/ < / |(fey = D@)ely)] dy,)p dx>1/p
/ ( / |(Fey — D@ )] dx) 1/p y

- /lw(y’)\ ' (/\(fsy/—f)(m)‘p dx>1/p Ny

= [l Ity = 11, .

in which the second inequality results from Minkowski’s integral inequality.
On the one hand, (/)| - [ oy — fllp < 2IIf], - ()], and on the other
hand [¢(y')| - || fer — fllp goes to zero as € — 0 for almost all 3. Lebesgue’s
Dominated Convergence Theorem then implies that

J 1) ey = 1], 4 — 0 as= 0.

The theorem follows.

IN

IN

Theorem 4.8 Let ¢: R" — R, satisfying
a) [¢(z)dr =1;
(b) for all n > 0, sup|z|>y Yalr) — 0 as o — 0, in which ¥, (z) =
a "p(x/a).
Let f: R™ — C be integrable and continuous at x. Then (f*vy)(z) — f(x)
as a — 0.

Proor. We have:

( *b) (2 \</Uw— — J(@)] Yaly) dy

Let € > 0 be fixed. Since f is continuous at x, there exists > 0 such that
|#" — x| < implies |f(2') — f(z)| < e/(3a). We then have:

/Ux— - >wa>@=ﬁi @) — 1)) daly) dy
yl[<n

+ [ e - f@ ey < S D+ I
llyll>n
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in which I = [, f(z — y)la(y)dy and I = [, |F(2)[¢a(y) dy. On
the one hand,

< sup daly)- / =)y < s vl
i n

lyll>n llyll>n

and (b) implies that I} < e/3 for a sufficiently small. On the other hand,
E=1f@) [ vady=ls@l- [ w)a,
llyl>n ly'I>a1n

in which the last integral tends to 0 as @ — 0 by (a), so that I < ¢/3 for «
sufficiently small. =

Remark 4.1 The function 9 given, for all x € R", by ¥(x) = el
satisfies the requirements of the last theorem, with a = 1.

The Schwartz space S(R™) is the set of all functions ¢ in C*°(R™) such that,
for all a, 8 € N,
sup {

or, equivalently, such that P(z)Q(D)¢(x) is bounded for all polynomials P
and Q. Here, we have defined: D := (9/0x1,...,0/0x,). For all p,q € N,

J:O‘Dﬁgp(:v)‘ ) x € R"} < 0o

1f1lp,q = sup {1+ |2[)"D*f ()] | € R”, |af := a1 +-- -+ an < g}

is finite, and || - ||,4 is @ norm on S(R™). A sequence (f;) C S(R™) and a
function f € S(R™), we say that (fx) converges to f in S(R™) if

vp’q6N7 ||fk2_f||p7q—>0 as k — o0.
The function x — exp(—||x||?) is a well-known example of function in S(R"™)
which is not in C§°(R™), the space of all compactly supported infinitely
differentiable functions on R™. For all p € [1, 00], S(R™) C LP(R™).

Theorem 4.9 Let ¢ € S(R") and f € LP(R"), where p € [1,00). Then
f*¢ € C®(R") and for all multi-index «,

D(f x @) = f*x D%. (4.8)
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Proor. By Holder’s inequality, we have:

/me—4»|0a¢@ndy

< (/ [f(z—y)l dy>1/p (/ [D%p(y)|* dy>1/q

= I71, - 1D%ll,

Since D%p € S(R™) C LI(R"™), the above inequality shows that the function
y — f(z —y)D%(y) is integrable for all z (and all & € N™). This shows
that the right hand side of Equation (4.8) is well-defined for all a. The
assumption on f and ¢ allow to interchange differentiation and integration
as follows:

fxD%(x) = /D%(w —y)f(y)dy
Da

/w@—vaﬁm
= D(f o)) s (4.9)

Theorem 4.10 Let f,g € Co(R™). Then supp((f*g)) C supp(f)+supp(g).
In particular, f * g has compact support.

PROOF. Let x € supp((f * g)). By definition of supp((f * g)), we have:
Ve > 0,32" € B(x,e): (f *g)(z") #0.

Clearly, we must have g(y) # 0 and f(z' — y) # 0 for some y, which shows
that 2’ = 2/ — y + y € supp(f) + supp(g). This shows that x belongs to
cl(supp(f) + supp(g)), where the closure operation can be omitted since
supp(f) and supp(g) are compact subsets of R". =

Theorem 4.11 The space C°(R") of all compactly supported C*°-functions
on R" is dense in LP(R™) for all p € [1,00).

PrROOF. Let f € LP(R™), and fix § > 0. Since Cyp(R™) is dense in LP(R"),
we can find g € Co(R"™) such that || f — g||, < /2. We shall prove that there
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exists h € Cg°(R™) such that ||g — h||, < §/2, which will complete the proof
by the triangle inequality.
Let ¢ € C5°(R™) be nonnegative and such that [ ¢(z)dz = 1. For example,

exp ( 1> if x € B(0,1),

- 2
1—lz|
0 otherwise,

o(x) =

where ¢ is chosen so that the normality condition is satisfied. For ¢ > 0, let
e be defined as in Theorem 4.7. By Theorems 4.9 and 4.10, g * ¢, belong
to C°(R™). By Theorem 4.7, ||g * ¢ — gl[, = 0 ase — 0.

Corollary 4.1 The space S(R") is dense in LP(R"™) for all p € [1, 00).

The latter density result can be strengthened. The following theorem will
show that functions which belong to several LP-spaces can be approximated
by Cg°-functions with respect to all the LP-norms in question, simultane-
ously.

Theorem 4.12 Let f be a measurable function. Then there exists a se-
quence (fx) C C3°(R™) such that

Vp € [1,00): f € LP(R™), || fi — fl, — 0.

PROOF. Suppose P := {p € [1,00)| f € LP(R™)} # ( (for otherwise, the
theorem holds vacuously). Let ¢ and ¢, be as in the proof of Theorem 4.11.
For all £ € N* and all p € P, flg, belongs to L” and has compact support.
Since ¢y, € C5°(R™), the function fi := (flp,) * ¢y, belongs to C§°(R")
by Theorems 4.9 and 4.10. In addition, f ¢y € LP(R¥) by Theorem 4.5.
For all p € P, we have:

1= Fll, < [|(fliB,) *prjw— f* @1/ka + ||f * o1 n — pr
|(f1B, — f) = <P1/ka + || f * o1 — pr-

Theorem 4.5 implies that [[(f1s, — f) * @1/kllp < (/15 = fllpller/kll, in
which [[¢q/][1 = 1. We therefore have:

1=l < 10, — £l + (1= e — 1]
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Now, || f1p, — fllp — 0 as k — oo by Lebesgue’s Dominated Convergence
Theorem, ||f * ¢/, — fllp — 0 as k — oo by Theorem 4.7, and the result
follows. =

We now give a generalization of Theorem 4.5.

Theorem 4.13 Let f € LP(R™) and g € LY(R"™), where p,q € [1,00] are
such that r=! := p7! 4+ ¢71 — 1 € [0,1]. Then, the function ¢,: y —
f(z—1y)g(y) is integrable for almost all x € R™. Furthermore, the function A
defined for almost all x by

) i= (7 + 9)w) = [ (o~
belongs to L"(R™) and satisfies ||h||, < || flpllgllq-

PROOF. In the case where ¢ = oo, the conditions p~! € [0,1] and ! €
[0,1] imply that » = oo and p = 1, and the result is then contained in
Theorem 4.5. By symmetry, the case where p = oo is also clear. From now
on, we assume that p and ¢ belong to [1,00).

Observe that, if r = oo, p and ¢ are conjugate exponents. By Hélder’s
inequality, we then have:

1/p 1/q
1= el ay < ( 1=y dy) ( ek dy)
R (4.10)
Thus, for all z, ¢, is integrable and
|</\fﬂ:— W)l dy < [I£1, ],

Suppose now that r € [1,00). Let s := p(1—¢~!) and let ¢’ be the conjugate
exponent of g. We then have:

1 1\ !
d=p(1-1)(1-;) =»

By Holder’s inequality, we have

/If(x—y)g(y)\ dy—/!f(w—y)\l_s g | f(z —y)|° dy

< (1=l g ay) v (f156 = a) My
1/q
o)

_ ( [ 1=l g ay) 51
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In order to prove that ¢, is integrable for almost all x, we need only prove
that [|f(z — y)|*=*)9|g(y)|?dy is finite for almost all x. This will be a
consequence of the inequality

r/q a/r
(/ ([176 == gy ay dx> <M gl (@12

which we now establish.
Since r=! € (0,1], we see that p~' + ¢! > 1, so that 1 — s > 0. By
Minkowski’s integral inequality, we have, for all a > 1,

([ ([ 1=l g an) " ao) "
< / ( / [F@ = )| "7 |g(y) | dx> " dy
[t ( JECET dx)l/a dy

_ q
= A6 - gl

-1

Since r¢g™! = 1 +r — rp~! and since p > 1, we see that r¢~' > 1, and

we can chose a = rq~!. Inequality (4.12) then follows from the fact that
(1—s)ga=p.
Finally, let us establish the inequality |||, < Hf\|p||g||q. We have:

Juaras = [|[ 5= nawa

d:v

(s
r/q
< - [ ( [1s@ =l dy) da
< 1Al (1.13)

in which the second and third inequalities result from Inequalities (4.11)
and (4.12), respectively. Thus, |[hll, < || £IIS" """ - ||g|l,, where

rs+ 1 1 1
p:p<1—>+p=p<1—|——)=1.-
T q T T q
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Chapter 5

Fourier transforms

5.1 Fourier transforms of integrable functions

Let f € L'(R"). The function x — e~ 27 f(x) is, needless to say, inte-
grable for all £ € R™. We then define the functions f and f by

f(§ = /eQm(x’@f(m) dz and f(¢):= /62”<x’5>f(:1:) dz, =z e€R".

The functions f and f will also be denoted by U f and U f, respectively. It
is clear that f(¢&) = f (—&). For that reason, every statement concerning f
gives rise to a similar statement about f, which will be assumed tacitly
throughout.

Clearly, the transformation U acts linearly on L!(R"):

VYa,8€C, Vf,geL', Ulaf+3g)=aUf+(Ug.

Theorem 5.1 Let f,g € L'(R"). Then f * g € L'(R") (by Theorem 4.5),
and

U(f+9)=Uf Uy

41



42 CHAPTER 5. FOURIER TRANSFORMS

Proor. We have:
v = [ ([ - naway) a
= [[ e s - e ayas
= [[ermet g -y ey ayas

= [ermgey ([ ermend o - pac) ay
= f(©)-4(&). (5.1)

Lemma 5.1 Let ¢ € S(R™). Then
(1) for all multi-index o, UD%p(&) = (2im&)* - Up(€);

(2) for all multi-index 8, DU (&) = U((—2irz) ) (§), in which (—2inz)
stands for the function x — (—2inx);

Proor. For simplicity, assume n = 1. Integrating by parts yields
/e—inngaSO(x) dz
. o0
— [B_QZﬂ—nga_lgﬁ(fL‘)}

= (2imE)UD*p(8),

and (1) follows by induction. On the other hand we have:

- /(—2i7r§)e_2im5Da_lcp(x) dz

U ((—2i7r:17)ﬁcp) & = /e_%mf(—%ﬂx)ﬁcp(a}) dzx
= /D(e%”g)(—%ﬂx)ﬁlgp(x) dz
= D/e_zi”g(—%ﬂw)ﬁ_lcp(x) dz

= DU ((~2ir2)""'9) (©),

and (2) follows again by induction. =
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Theorem 5.2 Let ¢ € S(R™). Then Up € S(R™).

PrROOF. Let a and 8 be two multi-indices. Then,

&0 ((2im2)%) (€)]

= |@im) el @ine)eu ((-2im2)) (©)|
— (2n)7le )UD‘“ ((—Qim)%) (5)‘ .

£ DP(6)|

Since the function D® ((—2imz)?¢) belongs to S(R") (and is therefore inte-
grable), we can write

s [ D7(0)| = (21 [ emmeane ((<2in)e) (@) do
(2m) 1 / ‘Da ((—2i7r:c)”8<p) ($)’ dz

= (2n)7 | D> ((—2i7rx)ﬁg0> H1 .=

IN

A function h on R™ is said to vanish at infinity if h(z) — 0 as ||z| — oo.

Exercise 5.1 Let (h,) be a sequence of functions on R™ which converges
uniformly to a function h. Show that if h,, vanishes at infinity for all n, then
so does h.

Theorem 5.3 [Riemann-Lebesgue] Let f € L*(R"™). Then
(1) fis a bounded function, and || f|les < ||f|1;

(2) f is continuous and vanishes at infinity.

PRrROOF. By definition, we have, for all £ € R™,

7o) = | [ 2 (sw) as

< [1#(@)) aa.

This proves (1). Note that, if f belongs to S(R™), then so does f by the
previous theorem. Thus (2) is certainly satisfied in this case. If f is any
member of L'(R"), then we can find a sequence (fi) in S(R"™) such that
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| fx—flli — 0as k — oo. By (1), || fx— fllec — 0. Therefore f is continuous,
as the uniform limit of a sequence of continuous functions. Finally f(£) — 0
as ||€]| — oo by Exercise 5.1 above. a

We shall denote by I'(R™) the set of all continuous functions which vanish at
infinity. Members of I'(R™) are, of course, measurable functions. As such,
each member of I'(R"™) identified to its almost everywhere-class. However,
given ¢ € I'(R™) and =z € R", the expression ¢p(x), which is meaningless
if  is considered as a class, will always be understood as the value at x of
the original (continuous) member of the class. Conversely, if ¢ is a priori a
member of some LP-space, a statement such as ¢ € I'(R™) will be understood
as: ‘p is almost everywhere equal to a continuous function on R™ which
vanishes at infinity.’

Exercise 5.2 For all function f on R", let T, f, M, f (where y € R") and
Saf (where a € R*) be defined by

(Tyf)(@) = fz—y).  (Myf)() = 2™V (), (Sof)(@) = f(az).
Let f € L'(R"). Prove that, for all £ € R®,

(1) UT,f(§) = MyUf(8);

(2) UMy f(&) = T-yUf(8);

(3) USaf(§) = lal™"S51/aU f(£)-

77T$2

Exercise 5.3 Let p: R—> R, z— ¢
(1) Show that [ ¢(z)dz = 1;
(2) Prove that ¢ satisfies the differential equation y/'(§) = —2m&y(&);

(3) Deduce that ¢ = ¢ and that, if : R - R, x +— e~z then ¢ = 1.

Theorem 5.4 Let f,g € L'(R™). Then fg and fg are integrable, and

[ F@g@)ds = [ r@i() ds.
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Proor. By Theorem 5.3, f and g are bounded, which shows that both f g
and f§ belong to L!(R™). On the other hand, by Fubini’s Theorem,

[i@a@ras = [ ([0 0)ay) goraa
_ /f /—%”y g(z) de dy
- / F(2)g(z) dz. =

Theorem 5.5 Let f € S(R™). Then, for all z € R",
flo) = [ 70 fe)ac.

Otherwise expressed, U: S(R") — S(R") is bijective, and U~! = U.

PROOF. By Theorem 5.2(3), f € S(R"), so that the integral is well-
defined. Let ¢(z) := e‘””“””2, and let g(€) := e2™@8))(ag). By Lebesgue’s
Dominated Convergence Theorem,

Jratas o[-

as a — 0. But Theorem 5.4 shows that [ ¢(£)f(£)d¢ = [ §(y) f(y) dy, where
9ly) = UM_3Sat(y)
= TUSa¥(y)

To(a "8/, U) ()
o "Y((y — 2)/0) = Palz — 1),

in which 9, (2) := a ™ (x/a) as usual. Thus [ §(y)f(y)dy = (f*va)(z) —
f(x) as a — 0, by Theorem 4.8. =

Remark 5.1 The mapping
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turns S(R™) into an inner product space. Relatively to this inner product,
U and U~! are adjoint to each other, since

Uf.g) = /(/FQWWQﬂm)a@dg
=L/ﬂw</'””$ @MM)
- [ L/lﬁﬂf 9(¢) d€ da

in which the second equality results from Fubini’s Theorem. =

Recall that, if f € L _(R") is such that [ f(z)¢(z)dx = 0 for all p €
Ci°(R™), then f = 0 almost everywhere. This will allow us to prove the
following Theorem.

Theorem 5.6 Let f € L'Y(R") be such that f € LY(R"). Then f = Uf
almost everywhere.

PROOF. Since S(R") is dense in L'(R"), we can find a sequence (fx) C

S(R™) such that ||f — f|li — 0 as k — oo. By Theorem 5.5, f = f for
all k. Let ¢ € S(R™). For all k, we have

[ feareta do = [ i@e@)ds = [ filn)ot

by Theorem 5.4. On the one hand,

[ @@ an [ f@e@as) < [146) - 1@l o
< sgp lo(@)] - fk = £y
which shows that [ fi(2)¢(z)dz tends to [ f(z)¢(z)dx as k tends to infin-
ity. On the other hand
[iwswa- [iwema] < [|iw-fo)] s

IN

sup
Yy

) - fw) [ ew
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so that [ Fe(y)@(y) dy tends to i f(y)3(y) dy as k tends to infinity by The-

orem 5.3. But the latter integral is equal to [ f(y)¢(y) dy by Theorem 5.4,
since both f and ¢ belong to L'(R™). Thus we have shown that

[ @@ as = [ faota)as
for all ¢ € S(R™), which implies that f and f coincide almost everywhere. =

Theorem 5.7 Let f € L'(R™) be such that f € LY(R"). Let ¢ € L'(R")
be such that [ (x)dz =1, and let ¢, be defined by

1 x n
Then f * 1, — f uniformly on R" as @ — 0.

PrROOF. Clearly, f * 1, € Ll(IAR”) and U(f x o) = Uf - Uthy (see The-
orem 5.1). On the other hand, ¢ € I'(R") by Theorem 5.3. Consequently,
the function f - (a-) satisfies:

(a) |f - ¥(a)| < K|f], where K := sup || < oo;
(b) for all € € R™, f(&) -1h(ag) — f(£) as a — 0.

Lebesgue’s Dominated Convergence Theorem then implies that || f-d(a) —
fll1 — 0 as @ — 0. By Theorem 5.3, this implies in turn that

HU(f.@Z(a-))—ﬁme—m as a— 0.

Note that U f = f almost everywhere by Theorem 5.6. Now, f * 1), belongs
to L' (R™) and so does U(f *14) = f- () (see Theorem 5.1). This implies
that f % o = UU(f * ¢a) = U(f - (o)) by Theorem 5.6 again, and the
result follows. =

Our aim is now to show that the convolution of two functions of S(R™)
belongs to S(R™) (see Theorem 5.8 below). In order to achieve this goal, we
shall establish a few technical results.

Lemma 5.2 [Multinomial Formula] Let n € N*, let a := (a4,...,a,) € C",
and let N € N. Then
N!
I
la|=N

in which, as usual, |a| ;== a1 + -+ a, and a! == aq! - - apl.
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ProoOF. We have: (a1 +---+a,)"N = >_laj=N Yaa®, in which

Vo = ijicfl C]ctfaal ... Czo\‘fn—(a1+---+an,1)
. N! (N—Oél)! '”(N—(ozl—&—---—kan,l))!
arl!(N —a)! agl(N — (a1 + a2))! ap! 0!
N!
N 041! ce Ozn! .

Lemma 5.3 For all z € R” and all o € N*, [z%] < ||z||1*.

PRrROOF. For all a,b,u,v in R, the inequality

U

a—+ b<a+b
U+ v u—+v

is obvious. Since the function In is concave and increasing, we deduce that

u v
Ina +
u—+ v u—+v

lnb§1n< + b)gln(a+b),

a
U+ v u—+v

so that (u+v)In(a +b) > ulna + vinb. We conclude, using a continuity
argument, that

Ya,b,u,v € Ry, (a+b)""" > a"b". (5.3)

Now, if we substitute x%,x%,al/Q and ay/2 to a,b,u and v, respectively,
in (5.3), we obtain:

+a

o1
Vzi,z2 € R, Vaj,as € Ry, (x% + l’g) 2 > |:111‘a1 ]a:2|a2 .
The result follows by induction. =
Lemma 5.4 Let v: R” — [0, 00| be any function. The following statements
are equivalent:
(i) sup,epn{|z®|¥(2)} < oo for all a € N™;

(ii) supyepn{|lzl|Vy(z)} < oo for all N € N.
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Proor.  The fact that (ii) implies (i) is immediate from Lemma 5.3.
Suppose that (i) holds. Then sup,cgn{||z[|Vv(z)} = max{S, S2}, in which

Sp:= sup {HxHN’y(x)} and S := sup {HiUHN’Y(x)}'
[z <1 [l]|>1

On the one hand, S; < supj,|<17(®), latter number being finite under
Condition (i). On the other hand,

N!
Sy < sup {Jz|*V (@)} < D> = sup {a™*y(x)}
)| >1 = ¢ llel>1

by Lemma 5.2 and the fact the supremum of a sum is less than or equal
to the sum of the suprema. Thus Ss is also finite under Condition (i), and
Condition (ii) is established. =

Theorem 5.8 Let f,g € S(R™). Then f*g € S(R™).

PrROOF. Let a and § be two multi-indices. By Lemma 5.3, we have:
20| = |0 ( [ 1o - matnav)|
< [1a°|D2f - v)o)] ay

< [l

Now, given any 3 € N, the function z — z? is convex on R, so that

DI f(@ = y)g(y)| dy

Ya,b € RT, (a—i—b)ﬁ < 20-1 (aﬁ —i—bﬁ) ,

from which we deduce that ||z||!] < 2lel=1 (Hq:—y|]‘°‘|+\|y|||°‘|). Consequently,
|z DP(f * g)(z)| < 2101=1(1y + I) where

Bi= [ o=yl D2~ )| lo(w)]
and L= [ 1yl [D2f(@ - )| law)| .

Clearly, I < supz{||z|||°‘|]Dﬁf(z)|} - [lg(y)| dy. The latter supremum is
finite by Lemma 5.4 and the fact that f belongs to S(R™), and so is the
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integral of |g|. On the other hand, Is < sup, ‘Dﬂf(z)| - Iyl (y)| dy.
Again the supremum is finite, and so is the integral, since

/ Il o)l dy = /” Il o)l v+ /” ol gt ay

[ sty [l gt d,
lyll<t lyll>1

in which y — ||y||2*lg(y) belongs to S(R™) and is therefore integrable. Thus
both I; and Iy are bounded above by finite numbers which are independent
of . Since o and (8 were arbitrary, we see that f x g belongs to S(R™). =

IA

Remark 5.2 Let - denote the product R x S(R) — S(R"™), (A, f) — Af.
Then (S(R™),+,-) is obviously a vector space. Theorem 5.8 shows that
the convolution product * is internal for S(R™). Furthermore, the following
properties hold:

(1) Vf, 91,92 € SR™), f (g1 +g2) = f+g1+ f*g2 and
Vfi, fa,g € SR™), (fi+ fo)*xg=fi*xg+ faxg;

(2) VA€ C, Vf,g € SR"), A(f*g) = (Af)xg = f*(Ag).

All these properties turn (S(R™),+, -, *) into an algebra, which is commu-
tative and associative, since

(3) Vf,g € S(R™), f+xg=gx*f;
(4) Vf,g,h € S(R"), fx(gxh)=(f*g)*h.

Note that Property (4) is immediate from Theorem 5.1 and the associativity
of the standard product of functions. Finally, since the standard product
of functions, denoted here by X, is dual of * by the Fourier transformation,
and since the Fourier transformation is a bijection of S(R™) onto itself (The-
orem 5.5), (S(R™),+, -, X) is also a commutative and associative algebra.

5.2 The Fourier operator on L?(R")

We shall now define the Fourier operator on L?(R™), as an extention of the
Fourier transformation on the Schwartz space.
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Proposition 5.1 Let F, G be Banach spaces whose norms are both denoted
by || - ||, and let E be a dense subspace of F. Let A: E — G be a linear
mapping such that:

Ik, K > 0:Vz € B, k|z| < ||Az| < K ||z]. (5.4)

Then, there exists a unique continuous linear mapping A: F' — G also
denoted by cl A, whose restriction to F coincides with A. Furthermore, the
following holds:

(1) Vo € F, kllz|| < [[Az]] < Kll];
(2) the range of A is the closure of the range of A;

(3) A: F — ranA is bijective and bicontinuous, and (cl A)~! = cl(A~1).

PrOOF. Let z € F and let (z,) C E be a sequence converging to x.
The image sequence (Axy) is a Cauchy sequence, since ||[Ax, — Ax,| <
K|y — xp]||. Since G is complete, (Axy) converges to some y € clran A.
Now, if (2],) C E is another sequence converging to x, then

|y — Ay || < lly — Azp| + ||Azn — Azl || < [ly — Azp|| + K ||2n — 2|

/ /
n n

by the triangle inequality, which implies that Ax], — y. We then define

{ Azx ifz e FE;
Ax =

lim Ax,, otherwise,

in which (x,,) is any sequence converging to x. Let us show that A is linear.
Given o, € C, z,y € F and (zy,), (yn) C F such that z, — x and y,, — v,
we have:

A(OZZE + ﬁy) = hmA(O‘xn + ﬁyn)
= «lim Az, + Glim Ay,
= oAz + fAy. (5.5)

The continuity of A will follow from Statement (1), which we now establish.
Let x € F and let (x,) C E be any sequence converging to x. For all
n € N, we have k|jz,| < ||Az,| < K|z,||. By continuity of the norm,
we can pass to the limit in the last inequalities, and (1) follows. Suppose
now that A’ is another continuous linear mapping whose restriction to E
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coincides with A. Let x,(x,) be as above. By continuity of A and A/,
Az, — Az and A’x,, — A’z. Since A'z,, = Az, = Az, and since the limit
of a converging sequence is unique, we must have: A’z = Ax. Next we prove
that ran A = clran A. Suppose y € ran A. There exists * € F such that
Az = y, and we can find a sequence (z,) C F such that z, — z, so that
Ax, = Az, — y. This shows that ranA C clran A. In order to obtain
the opposite inclusion, let y € clran A. There exists (y,) C ran A such that
Yn — y. Since A is injective (see Condition (5.4)), A~!: ran A — E exists.
Let z, := A~ y,. Then k||z,, — Zm|| < ||Yn — Yml|, so that (x,) is a Cauchy
sequence. Thus (z,) converges to some x € F. We have:

Az = lim Ax,, = lim Az,, = limy, = y.

Thus y € ranA, and (2) is established. The fact that A: F' — ranA is
bijective and bicontinuous results immediately from (1). Finally, if y €
ran A, we can find a sequence (y,,) C ran A which converges to y, so that

A7y = A limy, = lim Ay, = lim Ay,

which proves the last part of (3). a

Theorem 5.9 The Fourier transformation U: S(R") — S(R™) can be ex-
tended to a unique continuous linear mapping U: L?(R") — L%(R") such
that, for all f € L2(R"), |Uf|| = ||f|| (i.e. U is an isometry).

PrROOF.  In Proposition 5.1, take E = S(R"), F = G = L*(R"), and
A = U. We shall prove that £k = K = 1 in the present case, that is, that
14]12 = [|||? for all ¢ € S(R™). Let ¢ € S(R™) and let 1) € S(R™) be defined
by ¢ (x) := p(—z). Clearly, ¥ € S(R™). We have

ol = [ e@ip@ids = [ @pis(-o)dz = (o 0)(0)
Note that ¢ * 1) € S(R™) by Theorem 5.8, so that
(% 1)(0) = TU(p % )(0) = T(0)(0) = / HOD(E) de.

Now, for all £ € R™, we have

D(E) = / e Pt o(—z) dr = / e~ S (') da’ = B(8),
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where we have used the change of variable 2/ = —z. We finally obtain:

loll? = / SO dé = / HOB© de = [ o) de = ||5])* . =

The fact that U™! = clU = S_1U is straightforward. Note that the Fourier
operator U turns out to be a Hilbert space isomorphism, since

Vf, g€ L*(R"), {f,g) = (Uf,Ug).

It should be stressed that, for functions in L?(R™) which are not integrable,
the Fourier integral
/6_2”<$’€>f(x) dx

may be undefined, as a Lebesgue integral. What is then the explicit link
between the Fourier operator U and the previously defined integral trans-
formation ? In the particular case where f € L'(R") N L?(R"), do we have
Uf= f ? The following theorem adresses these questions.

Theorem 5.10 (1) Suppose that f € L'(R") N L%(R"). Then Uf = f,
in which f is identified with its class in L?(R").

(2) Suppose now that f is any member of L?(R"), and let ®r and Fg be
defined, for all R > 0, by

Bal§) = [ fa)da
lzlI<R

and  Fr(x) = / 2@ (U £) (€) de.

I€l<r

Then ||®r — Uf|l2 — 0 and ||Fr — f]l2 — 0 as R — oo.

PrOOF. Let f € LY(R™) N L?(R™). By Theorem 4.12, one can find a
sequence (f) C Cg° such that || fr — f|l1 — 0 and || fr — fll2 — 0 as k — oc.
On the one hand f;, — f uniformly (and thus pointwise) as k — oo (see the
proof of Theorem 5.3), and on the other hand || fy — Uf||2 — 0 as k — oo by
Theorem 5.9. Statement (1) follows. Let now f be any member of L?(R™).
By the first part of the proof, ®p = U(f1p,,), where Br denotes the (closed)
ball of radius R centered at the origin. Thus

1P = Uflly = 1U(f s = Ny = 1/ 1Br =
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by Theorem 5.9, and the first half of (2) follows. Now, if we substitute U~ f
to f in the definition of ®r, we obtain:

[ @t e £ as R .

Clearly, (U™1f)(¢) = (Uf)(—£), and the change of variable ¢ = —¢ shows
that

[, W) e = [ T, (€)UAE) dE = Fa).

The second half of (2) follows. =

The use distinct notation for U and U is superfluous in general, and both
linear transformations will be denoted by U from now on.

5.3 Compactly supported functions

Functions with compact support have the important property that their
Fourier transforms are analytic (see Theorem 5.20 below). We start with a
survey of the theory of analytic functions.

Let K be R or C, and let F' be a Banach space on K. Let {2 be an open
subset of K", where n € N*, and let zg € . A function f: Q — F'is said to
be K-differentiable at x if there exists a linear mapping L: K" — F such
that

1f(x) = f(@0) — L(z — z0)|| p = o([|z — zol])- (5.6)

In the particular case where K = C, n = 1 and F' = C, the variable of f is
denoted by z, and the complex number

o £G) = o)

z—z20 2 — 2
whose existence is provided by (5.6), is called the C-derivative of f at zy. We
say that f is holomorphic at zy if f is C-differentiable at every point of some
neighborhood of zgp, and that f is holomorphic on € if f is C-differentiable
at every point of ). The set of all functions which are holomorphic on 2 is
denoted by H(€2). We say that f is entire if f € H(C).
On writing z = z + iy with (x,7) € R?, every function f(z) can be regarded
as a function on R?. Its partial derivatives with respect to # and y are de-
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noted, when they exist, by f, and f,, or by 0f/0x and 0f /0y, respectively:
f(@ +iyo) — f(wo +iyo)

fa(z0) = folzo +iyo) = lim

T — X0
) . o +1y) — flxzg +1
and £, (20) = £, (0 + iyo) = lim [z +iy) — f(xo yo).
Y=o Y—Y

Theorem 5.11 Let 2 be an open subset of C, and let f: Q — C.

(1) If f is C-differentiable at zy € Q, then fy(z0) and fy(z0) satisfy the
Cauchy-Riemann condition: fy(20) = ifz(20).

(2) Conversely, suppose that f, and f, exist in some open neighborhood
of zg, that f, and f, are continuous in it, and that f, = if,. Then f
is C-differentiable at zj.

Let again K be R or C, and let F' be a Banach space on K. An n-dimensional
power series (or merely a power series) is a family of monomials (cyz*)genn
in which ¢ € F for all k and = = (21,...,2,) € K" The series (cx2")renn
is also denoted by 3 cpz*. The set of summability of (cpz*)penn» is, by
definition, the set of all z € K" such that the family is summable. For
such values of z, the sum is denoted by »; xn cpr®. Given z € K" and
r € (R%)", the set

D(z,r) ={uveK" | Vje{l,...,n},|u; — x| <r;}
is referred to as the open polydisc of radius r centered at x.

Theorem 5.12 Let ) cxz” be a power series, and let  be the interior of
its set of summability, which is assumed to be nonempty. For all x € €, let

f(x) = Z cpa®.
keNn
Then, for all & € N”, the power series

(D*(cxt™)) pse = (Ugﬁlc)é)!ckgck_a) k>a

is summable at every x € 2. Moreover, f is infinitely K-differentiable on €2,
and for all @« € N” and all z € ),

1 _
aDaf(w) = Z C?Ckxk %
k>«

in which Cf = C} ... Cp". In particular, (1/a!)Df(0) = ¢, for all @ € N,
so that f determines uniquely the family (cx)genn.
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Theorem 5.13 Let > cxz®, Q and f be as in the previous theorem. Then,
for all & € N”, the power series

k! k+a>
——— LT
<(k: + a)! eNn

is summable at every x € Q. Its sum g(x) satisfies D%g = f. Furthermore,
if r € (R%)™ is such that D(0,r) C Q and if zp € D(0,7), then the power
series

(2" o) = o))

is summable to f(z) for all € K" such that |x; — xq;| < 1j — |2o;| for all
jed{l,...,n}.

keNn

Let now f: Q — F, and let 29 € Q. We say that >_ cx(x — x0)* is a power
series development of f about xg if there exists a neighborhood V of zg in (2
such that 3" c,(z — 20)¥ is summable to f for all z € V. We say that f is
analytic if, for all zg € 0, f has a power series development about zg. The
set of all function f:  — F which are analytical is denoted by A(£2, F').

Theorem 5.14 The set A(Q, F') is a K-vector space.

Theorem 5.15 Let f € A(Q2, F'). Then f is infinitely K-differentiable, and
Def € A2, F) for all o« € N™.

Theorem 5.16 The sum of a power series is analytical on the interior of
its set of convergence.

Theorem 5.17 Let f € A(Q, F) and let 29 € Q. Then f has a unique
power series development about xg, namely,

1
> ngf(xo)(x — a9)".
The following two theorems are of crucial importance.

Theorem 5.18 Let f € A(Q, F), where Q) is connected, and let y be in the
range of F. If f is not identically equal to y on €, then f~!(y) has empty
interior.

Corollary 5.1 Let f,g € A(2, F'), where Q is connected. If f and g coin-
cide on an open subset 21 of €2, then they coincide on 2.
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PROOF. By Theorem 5.14, f — g € A(2, F). Since (f —g)~(0) D Qy, the
function f — g must be constant on ) by Theorem 5.18. Thus f =g on (). =

Theorem 5.19 [Osgood] Let © be an open subset of C" and let F' be a
Banach space on C. Let f: Q — F. The following statements are equivalent:

(1) fe A, F);
(2) f is C-differentiable;

(3) f is continuous on  and, at every z = (z1,...,2,) in £, the partial
derivatives 0f/0z1,...,0f/0zy, exist.

Remark 5.3 According to a Theorem due to Hartog, the continuity as-
sumption in Condition (3) of the above theorem can be omitted. =

Let now f € L%/(R”), where V' is compact. For all ( = £ 4 in in C", the
function z — e~ 27 {@8) 2m@M) £ (1) is integrable. The function

Q) = f(€ +im) = / ¢ f () da

coincides with f for real values of the argument.

Theorem 5.20 Let V be a compact subset of R and let f € Li,(R").
Then f € A(C,C).

Proor. For all j € {1,...,n} and all ¢ € C", we have:
of
9¢;
of
on;

€)= /(—2i7ra:j)e_2m<m’§>e27r<m’">f(:z:) dx

and

) = /(27ra:j)eQi“@’@e%(”’")f(m) dz.

Clearly, 0 f /0&; and O f /0n; are continuous on C", and the Cauchy-Riemann
conditions 5 5
of . .of

74-_@7(7 ]E 17"'7”
o O =ige (@, el n)
are satisfied at every ( € C". By Theorem 5.11, the partial C-derivatives

0 f /0¢; exist. Now, there is no doubt that f is continuous on C". Therefore,
Theorem 5.19 implies that f € A(C",C). u
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Corollary 5.2 Let V be a compact subset of R” and let f € L},(R"). Then
f € A(R",C). Consequently, if © is an open subset of R™, the mapping
A: LLY(R"Y) — Li(RM)
f —  Af = 1lof

is injective.

Proor. The fact that f is analytic is immediate from the theorem. Now,
suppose that Af = 0, that is, that the function f agrees with the function
identically equal to 0 (which is obviously in A(R"™,C)) on €. Corollary 5.1
then shows that f = 0 on R"”, and the result follows.



Chapter 6

Ill-posedness and
regularization

We now return to the study inverse problems. Following the reformulation
heuristics of Section 1.2, we first consider the least square solutions of the
problem.

6.1 Least squares

Proposition 6.1 Let F' and G be Hilbert spaces and let A: FF — G be an
operator. Then

(1) ker A and clran A* form an orthogonal decomposition of F'.

(2) ker A* and clran A form an orthogonal decomposition of G.

PrROOF. Since A is continuous, ker A is closed. Theorem 2.8 then shows
that F' = ker A® (ker A)*. Let us prove that (ker A)* = clran A*. We have:

z € (ran A*)* Vu € ran A*, (z,u) =0
Vy € G, (z,A%y) =0
Vy € G, (Az,y) =0
Az € G+ = {0}

z € ker A.

1eoee

Thus (ran A*)* = ker A. Consequently, (ker A)* = (ran A*)*+ = clran A*,
and (1) is established. Since A* is continuous and A*™* = A, (2) is immediate
from (1).

59
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Exercise 6.1 Prove that ker A*A = ker A and ker AA* = ker A*.

SOLUTION. The fact that ker A C ker A*A is obvious. Conversely,
A Az =0 = (2, A*Az) = 0 = ||Az||* = 0 = Az = 0.

The second equality follows by symmetry. =

Theorem 6.1 Let F' and G be Hilbert spaces and let A: ' — G be an
operator. Let P denote the orthogonal projection onto clran A. Let y € G
and let ¢ := Py. Then the following statements are equivalent:

(1) g = Axo;
(2) xo minimizes ||y — Azx||;

(3) g solves the normal equation: A*y = A*Ax.

PROOF. Note first that the existence of such an xg, which is not assumed
here, is pending the condition § € ran A. Let us prove the equivalence of (1)
and (2). We have:

y=Azry <= |y— Axo| =inf{|ly —z| | z € clran A}
< |ly— Azol| =inf{|ly — 2| | z € ran A}
= |y = Azl = nf {[ly — Az|[ | 2 € F}

in which the second equivalence results from the continuity of the norm. Let
us now prove the equivalence of (1) and (3). Recall that, by Theorem 2.18,
y = Py if and only if

geclranA and y— 7 € (clran A)* = ker A*.

Thus Axg = ¢ if and only if y — Az € ker A*, and the result follows. a

Note that if y € ran A 4 (ran A)*, then Py € ran A. In this case, A~!(Py)
is nonempty. According to the previous theorem, it is given by

AN Py) ={z € F| Ay = A*Az}.

Therefore, A~'(Py) is an affine manifold parallel to ker A*A = ker A.



6.2. A CLASS OF ILL-POSED PROBLEMS 61

Theorem 6.2 Let y € ran A + (ran A)*. Then there exists a unique z* €
clran A* minimizing ||- || over A~!(Py). Moreover, A~!(Py) = {z 7} +ker A,
and the mapping

AT: DAY — F

y — Afy:i=a",

in which D(A%) := ran A + (ran A)*, is linear. It is referred to as the
generalized inverse (or pseudo-inverse) of A.

Remark 6.1 If Aisinjective, then sois A*A (see Exercise 6.1), and A*A: F
ran A*A is invertible. In this case, for all y € ran A+ (ran A)+, (A*A)~1A*y
is the unique solution to the normal equation, so that

ATH(Py) = {(A"A)" A%y}
In the case where A is invertible, then AT = A~!. a

The preceeding discussion shows that the reformulation of the inverse prob-
lem under consideration which consists in searching for ‘the’ minimum norm
least square solution may not be successful. As a matter of fact, the lat-
ter may not be defined for every y € F: if the range of A happens to be
not closed, A~!1({§}) may be empty. Furthermore, the linear mapping A™
may not be continuous, which will result in the violation of the stability
condition. In the next section, we study a class of inverse problems that
are subject to both pathologies. The problem of Fourier synthesis, which is
central to image science, pertains to this class.

6.2 A class of ill-posed problems

To begin with, let us recall the so-called Open Mapping Theorem. For all
r > 0, let B, denote the open ball of radius r centered at the origin.

Theorem 6.3 Let F, G be Banach spaces and let A: F' — G be a surjective
operator. Then
Je>0: AB; D B.. (6.1)

In particular, if A is bijective, then A~! is continuous. As a matter of fact,
Condition (6.1) then says that

Vyed, |yl<l= A7yl <
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Theorem 6.4 Let F' and G be separable Hilbert spaces, where dim F' =
400 and let A: F' — G be an injective Hilbert-Schmidt operator. Then

(1) A7!: ran A — F is not continuous;
(2) A(A*A) is a subset of R* and has 0 as accumulation point;
(3) ran A is not closed, so that D(A1) = ran A 4 (ran A)* C G.

PROOF. Let (fx) be a Hilbert basis of F. The fact that tr A*A =
>k JAfE|I? < oo implies that || Afi| tends to 0 as k tends to infinity. This
shows that
nf A1 =0,

and (1) is established. Now, it is clear that A*A is hermitian, compact, non-
negative and injective. Therefore, (2) follows immediately from the spectral
theorem for compact hermitian operators (see Theorem 3.5 and its corollar-
ies). Finally, if ran A were closed, then ran A would be a Banach space, and
A~1': ran A — F would be continuous by the Open Mapping Theorem, in
contradiction with (1). Thus (3) is clear. =

More precisely, the spectral theorem says that the Hilbert basis exhibited in
the above proof can chosen in such a way that

Vk e N*, A Afi = Mo fr,
in which the sequence (\y) is positive, decreasing and converging to 0. We
may then consider the following system of equations:
1
gk = \/T—k

f 1

k pr— —_—
VK
in which the second equation is immediate from the first one. The above
system is referred to as a Singular Value Decompostion of A (in short, SVD),
and the numbers /A are called the singular values of A.

Afk,

A% gy,

Proposition 6.2 The sequence (g) forms a Hilbert basis of clran A.

Proor. For all k,l € N*, we have:

1 - 1 N B ﬁ B
Sy (Afe, Afi) = Ny (fu, A¥Af)) = \/)\:Uk,fﬁ = O,

(Gr> 1) =
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in which dj; denote the Kronecker symbol. Thus (gx) is an orthonormal
subset of G. Let us prove that clvect(gy) = clran A. Clearly, vect(gx) C
ran A, so that

clvect(gg) C clran A.

On the other hand, recall that F = {3, arfr| D) |ak|? < oo}, so that

ranA:{gkjakmgk ;akﬁ@o}:{zmgk Z’ﬂk‘ }

Since the condition Y, |Bk|?/Ax < oo implies the condition >, |8k]* < oo,
we see that

ran A C {Z Ok
k

and the result follows. =

S 182 < oo} = clvect(gy),
k

Remark 6.2 In Theorem 6.4, we have seen that the range of A fails to be
closed. We can easily exhibit vectors g in clran A \ ran A. Since A is a
Hilbert-Schmidt opeartor,

D lASIP = Z (fu, A*Afy) = Zxk < co.
k

If (By) is any sequence such that |3x|?> = Mg, then clearly g := >, Brgs
belongs to clvect(gy) = clran A. But 3, |82/ = oo, which shows that
gZranA. =

Theorem 6.5 Let F, G and A be as in Theorem 6.4, and consider the above
Singular Value Decomposition of A. Then

(1) Vf e F, Af = Sy N o
(2) Vge G, A*g=>", A;1/2(&6/,&6110]%;

(3) Vg € D(AT), Atg =3 A (g, 98) fi-

PrOOF. Let f € F. By continuity of A,

AF = f) Afe =V (f Fi) o
k k
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Let now g € clran A. By continuity of A*,

A% =g, 9k) A9k = > Ve 9, 91) Fie
k k

Since G = clran A @ ker A*, the formula remains true for all g € G. Finally,
let g € D(AT) =ran A+ (ran A)*. Then g = Af + g+, in which f € F and
gt € (ran A)*+ = ker A*. We have:

(9, 9r) = <Af+gL,gk> = (f, A*i) = VA, ) -

Therefore, f = >, (f, fx)fr = D )\,:1/2<g,gk>fk. In particular, the latter
series is convergent. Let us now check that f satisfies the normal equation.

By continuity of A*A,

AAf = SN lg.ge) AT Af

k
1/2
= > o) fe
k
= A*g.
Thus (3) follows from the fact that the normal equation has at most one
solution, since ker A = {0}. =

Corollary 6.1 Under the previous assumptions, AT is unbounded.

PRrROOF. For all g € D(A™), we have

A% gl = 3" A g an)?
k

by Parseval’s identity. In particular, ||A* g% = /\l_1 — oo asl— 00.m

6.3 Regularization of A"

Let again F' and G be separable Hilbert spaces with dim FF = 400 and
A: F — G be an injective operator, such that tr A*A < oo. In the preceed-
ing section, it appeared that the corresponding inverse problem together
with its ‘minimum-norm-least-square’ reformulation were ill-posed. In or-
der to cope with these difficulties, we introduce the notion of regularization

of AT.
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Definition 6.1 A family (7},)q>0 of continuous linear applications from G
to F is called a regularization of AT if

Vg € D(AT), |Twg — Atgll — 0 as o — 0.
Exercise 6.2 Prove that ||T,| — oo as « — 0.

Proposition 6.3 Suppose that (g:)->¢ is such that ||g: — g|| < e. Then
there exists a function a(e) such that

[Toe)9e — ATgll — 0 as e —0.

Exercise 6.3 Define (T,,) by

Tog = J}k@,gm.

k

IN

Q=

(1) Prove that, for all a > 0, Ty, is continuous.

(2) Compute the adjoint T} of T,, the spectrum of T}T,. Deduce the
value of ||Ty]|.

3) Show that, for all ¢ € D(AT), T,g tends to ATg as a tends to 0.
( g g g
Conclude.

Another example of regularization of A" is provided by Tikhonov’s regular-
ization principle.

Recall that A is assumed to be injective. Therefore, if g € D(A™) = ran A+
(ran A)*, then Atg is the unique solution to the normal equation: A*g =
A*Af. Since ker A = ker A*A = {0}, the linear application

A*A: F — ran A*A
is invertible. Consequently, A*g € ran A*A and
Atg = (A*A)~1A*g.

Clearly, (A*A)~! is not continuous, for otherwise A* would be continuous.
The spectrum of A*A (is a subset of R’ and) has 0 as accumulation point.
A rather natural idea is then to ‘shift’ the spectrum to the right, so that it
accumulates to a positive number. This amounts to define

T = (A*A+al) 'A%,

Obviously, for all a > 0, Ty, is bounded.
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Theorem 6.6 The family T, defined above is a regularization of A™. It is
called the Tikhonov regularization.

Exercise 6.4 Show that T,g¢ is the unique minimizer of the functional

1
F(f) = 5llg = AfIP + S £



Chapter 7

Fourier Synthesis

7.1 Fourier extrapolation

Let V and W be bounded subsets of R™, where W is assumed to contain
some open subset, and let

A: LE(RY) — L% (RY)
;oo Af=1wf
More explicitly, the function Af is given by
(AN = [ e @) do -ty
= [ @)l (0) ) do

Since V and W are bounded, the kernel a(z,y) := e~ 2 @9 1y (z)ly (y) is
in L?(R?"). Therefore, A is a Hilbert-Schmidt operator. By Theorem 3.10,
the adjoint of A is given by

Arg(x) = /a(ﬂs,y)g(y) dy
= / AT Iy () Iy (y)g (y) dy
— () [ () dy.
w
Since g vanishes (almost everywhere) outside W, we see that A* = 1y U =
1y UL Thus A*A = Iy U~ 1y U. Furthermore, since L (R") C Li,(R"),

Corollary 5.2 implies that A is injective.

67
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Consequently, the problem of Fourier extrapolation is ill-posed:
(1) A7': ran A — L% (R") exists but it is not continuous;

(2) the range of A is not closed, so that the domain of A" is a proper
subset of LZ,(R");

(3) A*: ran A + (ran A)* — L2 (R") is unbounded.

Proposition 7.1 The largest eigenvalue A; of A*A satisfies A} < 1, so that
A(A*A) is actually contained in (0,1) and ||A*A| < 1.

PrROOF.  The spectral theorem attests the existence of an orthonormal
sequence (fx) and an decreasing sequence A; > Ag > - - of positive numbers
such that (fx) is an orthonormal basis of L, (R") and the \j runs through
the spectrum of A*A. Here,

A=At
= |A*Af)

_ / (O U f) (@) da
1%

< [
:/n

Consequently, \? < fW| fl(y)\z dy < 1, for otherwise f; would vanish
on W€ which would imply f; = 0. =

dx

A 2
(U~ f1) (@)

(w )| dy

We may, of course, adopt one of the strategies of Section 6.3 to regularize
this problem. The study of the problem of Fourier interpolation will suggest
another approach.

7.2 Fourier interpolation

Let again V' be a bounded subset of R", and let W be a subset of R™ such
that W€ :=R"™\ W is bounded and contains an open subset. Let

B: L} (R") — L% (R")
fo— Bf=1wf
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Then B* = 1y U~! and
B*B = lyU 'lyU = Iy U NI — Nye)U =T — Iy U HyeU,

where I denotes the identity of L% (R™). On denoting by A the opera-
tor Iyy<U, we see that B*B = I — A* A, where ||A*A|| < 1 by Proposition 7.1
(since W€ satisfies the assumptions of the set W involved in the problem of
Fourier extrapolation).

Theorem 7.1 Let F' be a Banach space and let T € L(F) be such that
IT]] < 1. Then ran(f —T') = F, the inverse of I — T exists and belong
to L(F), and

I-7)"'= i T"
k=0

(in which the series converges in the topology of the norm of L(F')). Fur-

thermore,
1

L= |7

I -1)7 <

PRrOOF. Since ||T| < 1, the series > ||T||* converges. But | T%| < ||T|*,
so that S_T* converges in L(F), since the latter space is complete. Let
R =32, T" We have:

TR:RT:ZT’M:R—I.
k=0

Thus I =R—TR=(I—-T)Rand I = R— RT = R(I — T'). Consequently,
I — T is invertible and (I — T)~! = R. Finally,

> 1
<3 - =iy
kz_o L — |7

[y = HZT’“
k=0

The last theorem shows that B*B has a continuous inverse, and that

.1 1 1
L e I




70 CHAPTER 7. FOURIER SYNTHESIS

Remark 7.1 The operator B: L (R") — ran B C L#,(R") is injective and
surjective, so that B~!: ran B — L% (R") exists. However, B: L?,(R") —
L%,(R™) is not surjective and thus not invertible. As a matter of fact, for all
fe L%,(R"), f is analytic on any open subset €2 of W, and we can certainly
find g € L%, (R™) such that the restriction of g to € is not analytic. =

Proposition 7.2 With the previous notation and assumptions,
(1) B7!: ran B — L% (R") is continuous;
(2) ran B is a closed subset of L%, (R"™);

(3) A(B*B) can be arranged to form an increasing sequence p; < pg < ...
such that 1 > 0 and pr — 1 as k — oo.

PROOF.  Since B: L (R™) — ran B is invertible, the restriction of B*
to ran B, also denoted by BT, satisfies: Bt = (B*B)~!B* = B~Y{(B*)"'B* =
B~1. Therefore, the continuity of B* implies that of B~!, and (1) is proved.
Now, let (g,) C ranB be converging to an element ¢’ € L%, (R"). Put
fi == B7lg}. Since B~! is continuous, (f;) is a Cauchy sequence, and
since L}, (R") is complete, (f},) converges to some f' € L (R™). By conti-
nuity of B, Bf] = g, — Bf’. By uniquenes of the limit, ¢' = Bf’. Thus
¢ € ran B and (2) is established. Finally, there exists a Hilbert basis (f%)
of L (R") and a decreasing sequence (\;) C R% which converges to 0 such
that, for all k, A*Afr, = Agfr. Thus

Vk, B*Bfi, =1 —A"A)fr = (1= X\p) fr,

which shows that the eigenspace of B*B are the same as those of A*A, and
that A(B*B) =1—A(A*A). =

As a conclusion, the inverse problem of Fourier interpolation fails to be well-

posed only by the fact that B is not surjective. Its reformulation in terms
of least squares is well-posed. In other words, the equation

B*Bf = B*g

has a unique solution for all g € LZ,(R™), which depends continuously on g.
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7.3 Fourier regularization

In order to regularize the problem of Fourier extrapolation, one may invoke
Tikhonov’s regularization principle. The last paragraph suggests another
approach.

Let Wp :=R"\ BB, where B denotes the unit ball centered at the origin.
Since W' is bounded, WNWjy = ) for § small enough. In any case, (WUW3)°
is a bounded subset of R™. We then define

Bg: LH(R") —  Lipuw, (R")
f —  Baf == lwuw, [,

and T = (BjBs) ™' Bj. For all g € Ly, (R"), Tsg minimize the functional

1
Folf) = 5lg—Bafl?

1
_ 2 /WUWB l9(y) — (Baf)(w)|* dy

- /rg — (Baf)(w)? dy+§/w (BsH) W) dy
B

= *Hg AfIIP + 5 HCﬁfH
in which ) )
Cp: Ly(R") — Liy,(R")
f — Ay, f.

Furthermore, using the obvious identification of L%VUWB (R") with L, (R") x

L%, (R”) we can write
Bg: L{(R") — L (R") x Ly, (R")
f = (Af,Csf).
We then have:
(Af,Csf); (9, h))
Af.g) +(Csf,h)

(
(Af

= (f,A*q)+ ([, C}h)
(f, A*q + C5h).
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Thus Bj(g, f) = A*g + Cjh for all (g, h) € L%, (R™) x L%,Vﬂ (R™), so that
BiBsf = B5(Af,Cpg) = A*Af + C5Csf = (A*A+ C5Cs) f-

This shows that T = (A*A+ CgCg)_lA*. This makes the comparison with
Tikhonov’s regularization easier. Recall that the corresponding family of

operators is given by
T, = (A*A+ o) 'A%

Notice that Tikhonov’s regularization amounts to the minimization of

1 a 1 a
Falf) =5 llg = AfIP + 5 I = 5 g — A" + 5 IUFIP-

We see that Tikhonov’s regularization term acts everywhere in the Fourier
domain. The restriction of f to W is requested to fit to g by the first
component of F, and to 0 by the second component. Thus, in this particular
case, Tikhonov’s regularization introduces constraints which are in conflict
with the experimental constraints.

7.4 Deconvolution

In essence, the problem of deconvolution is the same as that of Fourier
synthesis.

Exercise 7.1 Let V be a bounded subset of R, and let k € L?(R") N
LY*(R™). Let U denote the Fourier operator in L?(R™). We assume that
supp(Uk) contains an open set.

(1) Show that
A: L3R — L*R")
is a well-defined operator, and that ||A| < ||k||:.

(2) Show that A = UAy, where Ag: L% (R") — L?(R") is an operator to
be specified.

(3) Show that Ag and A are Hilbert-Schmidt operators.

(4) Show that A is injective. Conclude.
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SOLUTION.

(1) Since k € L*(R") and f € L% (R") C L*(R"), we have: kx* f € L*(R")
and [[Afll2 = |[k* fll2 < [Ell1][fll2- Thus [|A[]} < &[]

(2) Since V is bounded, L% (R") C L'(R"), so that f € L'(R™). Since
both k and f belong to L'(R"), so does k * f, and

Uk f)=Uk-U}J.
Thus Af :=kx f=UU(kx* f)=UUk -Uf) =UAyf, where
Ag: LY(R") — L*(R")
fooo— Aof=k-f.
(3) We have:

?yo

(Aof)(y) = k(y

iy

= / ~2in(@ ) dz

= [P @) (@) do
[ ot

?

where a(z,y) := e~ 2@ k(y) 1y (). Since k belongs to L2(R™), so
does k. Consequently,

/|oz(:v,y)|2 dz dy = meas(V) - / ‘l%(y)r dy < o0.

Thus o € L?(V x R") and Ag is a Hilbert-Schmidt operator. Now,
A*A = AZUU Ay = A§Ag. Thus tr A*A = tr A§Ag < oo, and A is also
a Hilbert-Schmidt operator.

(4) Let €2 be an open subset of supp(Uk). Observe that IAfN? = | Ao f|? =
[1kf|?. Consequently,

Af =

o2
— ‘k: f ‘ = 0 almost everywhere

A2
— ’ f ‘ = 0 almost everywhere in {2
— f=0.
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Recall indeed that,
Aq: L3 (R") — LZ(R")
f — lof

is injective. We conclude that the problem of deconvolution, which
consists in recovering f from the knowledge of Af, is an ill-posed
problem. =

The reader is invited to write explictly the Fourier regularization of the
problem.

7.5 Sampling theorems

Recall that the sinc function is defined, in dimension 1, by

) sinz/z if x # 0,
sincz :=
1 itz=0.

If 2 = (x1,...,2,) € R™, we define: sincx := sincxy ...sincx,. For all
r > 0, we define:

B, :={eR"| ¢ <r/2} and C,:=[-r/2,7/2]".
Let a > 0. For all k = (kq,..., k) € Z™, we define the function ¢y, by:

—n/2e=2im(Ek/a) it ¢ € O
a e 1 as
oK) = { 0 otherwise.

It is easy to check that (¢k)kezn is an orthonormal set in the Hilbert space
L%a (R™). We shall admit the following result, which is a consequence of the
Stone-Weierstrass Theorem.

Theorem 7.2 The set (¢x)rezn is a Hilbert basis of L%a (R™).

Definition 7.1 A function f € L?*(R") is said to be band-limited if there
exists b > 0 such that its Fourier transform f vanishes (almost everywhere)
outside Bp. The smallest such b is then called the band-width of f.

Notice that a band-limited function must be analytical, since it is the (in-
verse) Fourier transform of a compactly supported function.
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Example 7.1 Let n = 1. The function x — sinc 7z is band-limited, with
band-width equal to 1. As a matter of fact,

/2
sincmz = / T 4¢ = Uﬁlll[_ 1y(x). =
-1/2 2

[N

Lemma 7.1 For all a > 0, U g, (x) = a"sinc rax.

Proor. We have:

UM e)@) = [

n a/2
eQiﬂ'(x,f} df — H/ 62i7rxj§j d§]
Ca j=1 —a/2

If x; # 0, then
a/2

a/2 2wz iTax; —iTaz; :
s e“!mris 1 7% —e J sin rax;
/ 6217T1‘J§J dé‘] — [ } — = Q J .

—a/2 2imx —aj2 T 21 Tax;

If 2; = 0, then ffé% 228 d¢; = a. Thus (U g, )(z) = [[; asincraz; =
a"sincTax. =

Theorem 7.3 [Shannon’s Sampling Theorem] Let f € L?(R") be band-
limited, with band-width b € (0, a], where a is some positive number. Then f
is entirely determined by the samples f(k/a), k € Z™. More precisely, f is
given by the following interpolation formula:

AR k
flx) = Z f <a> sinca <$ - a) . (7.1)
kezm
Furthermore, f is given on C by
- 1 k |k
O =0 X 1 (5) e |-2in (.6)]. (7.2
kezn
and if g is another band-limited function with band-width b, then

o= [ s =2 (Ha(E). 0

kezr
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PROOF. Note that L2-convergence is meant in Equations (7.1) and (7.2),
and that the analytical member of the class of f is assumed in expressions
such as f(x). We first prove Equation (7.2). By Theorem 7.2,

F=> <f,90k>s0k-
kezm

We have:

in which the third and fourth equalities are due to the fact that f €
L%a (R™) C L¢, (R™). Consequently,

O = X (B) o |ain (L))

kezm
1 k .|k
= a”kgz;f <a> exp [—2@7r<a,§>] .

Next, we prove Equation (7.3). Since U is an isometry,
<f>g>:: <fag>:: ji: <fa¢k><g7¢k>
kezZm
by Parseval’s theorem. Consequently,
k k 1 k k
— —n/2 N —n/2- (M) _ 1 KY_ (KR
o= 3ot (S)wosa (B 2 L5 5 (B3 (%).
kGZn keZn

Finally, let us prove the interpolation formula. The function f is given by
f(z) = Utf(x), where

O =0 X £ () ew [ -2in (2.6)] - 1060

kezn
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By continuity of U~!, we can write:

i b3 1 (B0 (1o [ e ()]

Ul (ﬂca exp [—2m <’; >D (z)

- [1e©e0 [—m <’“g>] exp [2i (z,€)] dé

= e @ exp |2in (o - F eV ae
Jreesn o (L)

= (U 'g,) (37 - S)

= a smcma\xr — —
a

by Lemma 7.1. Therefore,

f(z) = ain Y of (i) - a" sinc ma <a;— :)

kezn

But

and Equation (7.1) is proved. =

In the case where b is strictly less than a, the rate of convergence of the series
in Equation (7.1) may be improved, as shown in the following theorem.

Theorem 7.4 Let f € L?(R") be band-limited, with band-width b € (0, a),
where a is some positive number. Let v be a C'°°-function such that

(i) 7(§) = O if [|€]] = (a —b)/2;
(i) [~(€ds=1.
Then f is given by the following interpolation formula:

fay=> (i) 5 <x - D sinc Ta <:r — ’;) : (7.4)

keZn

PRrROOF. Notice first that, since v belongs S(R"™), so does %, and the
interpolation function x — (x) sinc max decays at infinity much faster than
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x + sincwax. Therefore, then series in Equation (7.4) must converge faster
than the series in Equation (7.1). Let ¢ := v ¢, and let ¢ := 2a — b.
By Theorem 4.9, ¢ is a C*°-function. If £ € Cy and ||n]] < (a — b)/2, then
& —n € C,. Thus, for all ¢ € Cp, we have:

v = [ 101, €~ man= [+ dn=1,
Similarly, if £ € R™ \ C; and ||n]| < (a —b)/2, then £ —n € R™ \ C,, so that
vl = [ ). (€ ~n)dn =0,
By Theorem 7.3, the formula

O =0 X (5 ) ow |-2in (5.6)]

keZnr

holds for all £ € C,. The a-periodic extension of f has support in the set
Ukezn (ka + Cp). Therefore, the formula

for=— > () exp | -2in (£.6)| wio

holds for all ¢ € R™. Taking inverse Fourier transforms yields:

fla) = ain S s (5) Ut (wexp [—227T<IZ>]> (2).

keZm
But

)
= [ae1e)@ew {—m <ks>} exp [2ir (2, €)] dé

_ /(v*ﬂca)(f)exp [2” <$_ igﬂ 4

= (U (y*1g,)(€)) <~”£ - S)

k
a
= Y| — —|)-a sIncTma -1,
a a

whence the result. »



