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O(n)-invariant functions

Definition

Definition
A function f: M,(R) — R is said to be O(n)-invariant if

VE € Ma(R), VU,V eO(n), f(UEV) = F(€).
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O(n)-invariant functions

Definition

Definition )
A function f: My(R) — R is said to be O(n)-invariant if

VE € Mp(R), VYU,V e€0(n), fULV)=1(¢).
Notation

The vector of singular values of A is denoted by
o(A) = (o1(A),...,on(A)). They are ordered increasingly.
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O(n)-invariant functions

Definition

Definition )
A function f: My(R) — R is said to be O(n)-invariant if

VE € Mp(R), VYU,V e€0(n), fULV)=1(¢).
Notation

The vector of singular values of A is denoted by
o(A) = (o1(A),...,on(A)). They are ordered increasingly.

o Mp(R) — K:={xeR"0<x;<...<Xxp}
A —  o(A)
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O(n)-invariant functions

O(n)-invariance and SVD

Pierre Maréchal On SO(n)-invariant functions



O(n)-invariant functions

O(n)-invariance and SVD

Proposition

Let f: Mp(R) — R. The following are equivalent:

(a) fis O(n)-invariant;

(b) f=fo diagoo.

In this case, g := f o diag is the unique [(n)-invariant function
suchthat f=goo.
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O(n)-invariant functions

O(n)-invariance and SVD

Proposition

Let f: Mp(R) — R. The following are equivalent:

(a) fis O(n)-invariant;

(b) f=fo diagoo.

In this case, g := f o diag is the unique [(n)-invariant function
suchthat f=goo.

xx 0 ... 0

0 x 0
diag x = . .

0 O Xn
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O(n)-invariant functions

O(n)-invariance and SVD

Proposition

Let f: Mp(R) — R. The following are equivalent:

(a) fis O(n)-invariant;

(b) f=fo diagoo.

In this case, g := f o diag is the unique [1(n)-invariant function
suchthat f=goo.

xx 0 ... 0
0 x ... O
diagx = | . . :
0 0 ... Xxp

I(n) is the group of signed permutation (n x n)-matrices
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O(n)-invariance and convexity
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O(n)-invariant functions

O(n)-invariance and convexity

Theorem

Let f: Mp(R) — R be O(n)-invariant, and let g: R” — R be the
unique M(n)-invariant function such that f = g o 0. Then the
following are equivalent:

() fis closed proper convex;
(i) the restriction of f to Dy(R) is closed proper convex;
(iii) g is closed proper convex.
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O(n)-invariant functions

O(n)-invariance and convexity

Theorem

Let f: Mp(R) — R be O(n)-invariant, and let g: R” — R be the
unique M(n)-invariant function such that f = g o 0. Then the
following are equivalent:

() fis closed proper convex;
(i) the restriction of f to D,(RR) is closed proper convex;
(iii) g is closed proper convex.

D,(R) is the subspace of M,(RR) of diagonal matrices
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O(n)-invariant functions

Elements of a proof (I)
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O(n)-invariant functions

Elements of a proof (I)

Theorem (Von Neumann)
Let &,n € My(R). Then

n

T T
omax {tr(QER™ ")} = j;a, €)oj(n)

Consequently, tr(¢n ") < >°7 1 a;(£)oj(n).
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O(n)-invariant functions

Elements of a proof (I)

Theorem (Von Neumann)
Let &,n € My(R). Then

n
T T
R (" OET) = 2 (E)0)
Consequently, tr(én") < 374 0j(€)o;(n).

Theorem (Lewis)
Let f: Mp(R) — R be O(n)-invariant, and let g: R” — R be the
unique r(n)-invariant function such that f = go o. Then

f*=g" oo.
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Elements of a proof (ll)
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O(n)-invariant functions

Elements of a proof (ll)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.
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O(n)-invariant functions

Elements of a proof (ll)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.

(i)=>(ii) obvious
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O(n)-invariant functions

Elements of a proof (ll)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.

(i)=-(ii) obvious
(if)=(iii) immediate consequence of the fact that g = f o diag
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O(n)-invariant functions

Elements of a proof (ll)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.

(i)=-(ii) obvious
(if)=(iii) immediate consequence of the fact that g = f o diag
(iii)=(i)

e g closed proper convex = g** = g

o *=g* oo =goo =f,thus fis closed proper convex.
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SO(n)-invariant functions

Definitions
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SO(n)-invariant functions

Definitions

Definition _
A function f: My(R) — R is said to be SO(n)-invariant if

Ve € Ma(R), YU,V €SO(n), F(UEV) = f(¢).
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SO(n)-invariant functions

Definitions

Definition _
A function f: My(R) — R is said to be SO(n)-invariant if

Ve € Ma(R), YU,V €SO(n), F(UEV) = f(¢).

Definition

The signed singular values of A are defined as follows:
o 11(A) = sgn(det A) - 71(A);
o forall k > 2, uk(A) = ok (A).
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SO(n)-invariant functions

Definitions

Definition _
A function f: My(R) — R is said to be SO(n)-invariant if

Ve € Ma(R), YU,V €SO(n), F(UEV) = f(¢).

Definition

The signed singular values of A are defined as follows:
o 11(A) = sgn(det A) - 71(A);
o forall k > 2, uk(A) = ok (A).

p: Mp(R) — Ke:={xeR"||x]| <...< X}
A — (A= (11(A),- ., 1k(A))
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SO(n)-invariant functions

SO(n)-invariance and SSVD
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SO(n)-invariant functions

SO(n)-invariance and SSVD

Proposition

Let f: Mp(R) — R. The following are equivalent:

(a) fis SO(n)-invariant;

(b) f=fodiagopu.

In this case, g := f o diag is the unique g (n)-invariant function
suchthat f = gopu.
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SO(n)-invariant functions

SO(n)-invariance and SSVD

Proposition

Let f: Mp(R) — R. The following are equivalent:

(a) fis SO(n)-invariant;

(b) f=fodiagopu.

In this case, g := f o diag is the unique [N¢(n)-invariant function
suchthat f = gopu.

lMe(n) is the group of signed permutation (n x n)-matrices
having an even number of entries equal to —1
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SO(n)-invariant functions

SO(n)-invariance and convexity
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SO(n)-invariant functions

SO(n)-invariance and convexity

Theorem

Let f: M,(R) — R be SO(n)-invariant, and let g: R” — R be the
unique Me(n)-invariant function such that f = g o u. Then the
following are equivalent:

(i) fis closed proper convex;
(i) the restriction of f to Dy(R) is closed proper convex;
(iii) g is closed proper convex.
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SO(n)-invariant functions

SO(n)-invariance and convexity

Theorem

Let f: M,(R) — R be SO(n)-invariant, and let g: R” — R be the
unique Me(n)-invariant function such that f = g o u. Then the
following are equivalent:

(i) fis closed proper convex;
(i) the restriction of f to Dy(R) is closed proper convex;
(iii) g is closed proper convex.

e B. Dacorogna & H. Koshigoe (1993): n=2
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SO(n)-invariant functions

SO(n)-invariance and convexity

Theorem

Let f: M,(R) — R be SO(n)-invariant, and let g: R” — R be the
unique Me(n)-invariant function such that f = g o u. Then the
following are equivalent:

(i) fis closed proper convex;

(i) the restriction of f to Dy(R) is closed proper convex;
(iii) g is closed proper convex.

e B. Dacorogna & H. Koshigoe (1993): n=2

e F. Vincent (1997): general case
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SO(n)-invariant functions

SO(n)-invariance and convexity

Theorem

Let f: M,(R) — R be SO(n)-invariant, and let g: R” — R be the
unique Me(n)-invariant function such that f = g o u. Then the
following are equivalent:

(i) fis closed proper convex;

(i) the restriction of f to Dy(R) is closed proper convex;
(iii) g is closed proper convex.

e B. Dacorogna & H. Koshigoe (1993): n=2
e F. Vincent (1997): general case
e B. Kostant (1973)
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SO(n)-invariant functions

Convex conjugacy (l)
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SO(n)-invariant functions

Convex conjugacy (l)

epif :={(x,y) e R" xR|y > f(x)}
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SO(n)-invariant functions

Convex conjugacy (l)

epif == {(x,y) € R" x Rly > f(x)}
f convex < epi f convex
f lower semi-continuous < epi f closed

epi (sup, fa) =, epifa
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SO(n)-invariant functions

Convex conjugacy (l)

epif :={(x,y) € R" xRy > f(x)}
f convex < epi f convex
f lower semi-continuous < epi f closed
epi (sup, fo) =, epi fa
Definition )
A function f: R” — R is said to be proper convex if
e fis convex;
o £ o0

o f> —o0.
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SO(n)-invariant functions

Convex conjugacy (1)
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SO(n)-invariant functions

Convex conjugacy (1)

Definition )
The convex conjugate of a function f: R” — R is the function *
defined on R” by

F7(€) = sup {{x,&) — f(x)}.

xXeR"
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SO(n)-invariant functions

Convex conjugacy (1)

Definition )
The convex conjugate of a function f: R” — R is the function *
defined on R” by

F7(€) = sup {{x,&) — f(x)}.

xXeR"

f* = sup {(x,-) — f(x)}

XeR"
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SO(n)-invariant functions

Convex conjugacy (1)

Definition )
The convex conjugate of a function f: R” — R is the function *
defined on R” by

F7(€) = sup {{x,&) — f(x)}.

xXeR"

f* = sup {(x,-) — f(x)}

XeR"

epi f* = (epi ((x,-) — f(x))
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SO(n)-invariant functions

Convex conjugacy (1)

Definition )
The convex conjugate of a function f: R” — R is the function *
defined on R” by

F7(€) = sup {{x,&) — f(x)}.

xXeR"

f* = sup {(x,-) — f(x)}

XeR"

epi f* = (epi ((x,-) — f(x))

f* is convex lower semi-continuous
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SO(n)-invariant functions

Convex conjugacy (lll)
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SO(n)-invariant functions

Convex conjugacy (lll)

Definition
The bi-conjugate of a function f is the function f := (f*)*.
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Convex conjugacy (lll)

Definition
The bi-conjugate of a function f is the function f := (f*)*.

7 = sup {(£,-) = F*(£)}

£ERN
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SO(n)-invariant functions

Convex conjugacy (lll)

Definition
The bi-conjugate of a function f is the function f := (f*)*.

7 = sup {(£,-) = F*(£)}

£ERN

fr = sup {(¢,) —a}

£ERN
azf*(£)
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SO(n)-invariant functions

Convex conjugacy (lll)

Definition
The bi-conjugate of a function f is the function f := (f*)*.

7 = sup {(£,-) = F*(£)}

£ERN

fr = sup {(¢,) —a}

£ERN
azf*(£)

a>f (¢ & YXeR" a>(x¢& —f(x)
& VxeR” (x,&) —a < f(x)
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SO(n)-invariant functions

Convex conjugacy (lll)

Definition
The bi-conjugate of a function f is the function f := (f*)*.

7 = sup {(£,-) = F*(£)}

£eRN

fr = sup {(¢,) —a}

£ERN
azf*(£)

a>f (¢ & YXeR" a>(x¢& —f(x)
& VxeR” (x,&) —a < f(x)

f** is the supremum of all affine functions that are below f
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SO(n)-invariant functions

Convex conjugacy (1V)
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SO(n)-invariant functions

Convex conjugacy (1V)

Theorem

Let f: R” — R be proper convex and lower semi-continuous.
Then f** = f. Conversely, if f** = f, then either f is proper
convex and lower semi-continuous or f = oo or f = —oc.
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SO(n)-invariant functions

Convex conjugacy (1V)

Theorem

Let f: R” — R be proper convex and lower semi-continuous.
Then f** = f. Conversely, if f** = f, then either f is proper
convex and lower semi-continuous or f = oo or f = —oc.

Remark
The functions that are convex and lower semi-continuous are
said to be convex closed.
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SO(n)-invariant functions

Overview of the proof (l)
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SO(n)-invariant functions

Overview of the proof (l)

Theorem (Refined Von Neumann)
Let &,n € My(R). Then

max {tr( (Q¢R™y ")} = Zﬂ/(ﬁ i(n

Q,ReSO(n

Consequently, tr(¢n") < ST 14(€)u(n).-
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SO(n)-invariant functions

Overview of the proof (l)

Theorem (Refined Von Neumann)
Let &,n € My(R). Then

max {tr( (Q¢R™y ")} = Zﬂ/(ﬁ i(n

Q,ReSO(n

Consequently, tr(¢n") < ST 14(€)u(n).-

Theorem _ _
Let f: My(R) — R be SO(n)-invariant, and let g: R” — R be the
unique Ig(n)-invariant function such that f = g o ;.. Then

f*=g opu.
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SO(n)-invariant functions

Overview of the proof (Il)
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SO(n)-invariant functions

Overview of the proof (Il)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.
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Overview of the proof (Il)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.

(i)=>(ii) obvious
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SO(n)-invariant functions

Overview of the proof (Il)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.

(i)=-(ii) obvious
(if)=(iii) immediate consequence of the fact that g = f o diag
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SO(n)-invariant functions

Overview of the proof (Il)

(i) fis closed proper convex;
(i) the restriction of f to D,(R) is closed proper convex;
(iii) g is closed proper convex.

(i)=-(ii) obvious
(if)=(iii) immediate consequence of the fact that g = f o diag
(iiiy=-(i)

e g closed proper convex = g** = g

o *=g%opu=gou="f, thus fis closed proper convex.
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

Lemma

Let D € M,(R) be diagonal, with diagonal entries whose
absolute values are pairwise distinct. If M € Mp(R) is such that
both MD and DM are symmetric, then M is diagonal.
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

Lemma

Let D € M,(R) be diagonal, with diagonal entries whose
absolute values are pairwise distinct. If M € Mp(R) is such that
both MD and DM are symmetric, then M is diagonal.

D := diag(dy, ..., dn)
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

Lemma

Let D € M,(R) be diagonal, with diagonal entries whose
absolute values are pairwise distinct. If M € Mp(R) is such that
both MD and DM are symmetric, then M is diagonal.

D := diag(dy, ..., dn)
MD? = (MD)D = (DMT)D = D(MT D) = D(DM) = D*M
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

Lemma

Let D € M,(R) be diagonal, with diagonal entries whose
absolute values are pairwise distinct. If M € Mp(R) is such that
both MD and DM are symmetric, then M is diagonal.

D := diag(dy, ..., dn)
MD? = (MD)D = (DMT)D = D(MT D) = D(DM) = D*M

D? is diagonal and has pairwise distinct diagonal
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

Lemma

Let D € M,(R) be diagonal, with diagonal entries whose
absolute values are pairwise distinct. If M € Mp(R) is such that
both MD and DM are symmetric, then M is diagonal.

D := diag(dy, ..., dn)

MD? = (MD)D = (DMT)D = D(MT D) = D(DM) = D*M

D? is diagonal and has pairwise distinct diagonal
vi,j€{1,...,n}, (MD?); = M,-,-dj2 and (D?M);; = d?M;

Pierre Maréchal On SO(n)-invariant functions



SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

Lemma

Let D € M,(R) be diagonal, with diagonal entries whose
absolute values are pairwise distinct. If M € Mp(R) is such that
both MD and DM are symmetric, then M is diagonal.

D := diag(dy, ..., dn)

MD? = (MD)D = (DMT)D = D(MT D) = D(DM) = DM
D? is diagonal and has pairwise distinct diagonal

Vi,j € {1,....n}, (MD?); = M;a? and (D2M); = a?M;
i;éj=>d,.27£dj2:>M,-j:O
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Proof of the Refined Von Neumann Theorem
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (u1(n), - .., n(n))
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (u1(n), - .., n(n))

Suppose that the result is proved in this case, and let ¢ € M,(R).
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (u1(n), - .., n(n))

Suppose that the result is proved in this case, and let ¢ € M,(R).
¢ = UMVT with M := diag (11(€), - .., 1n(¢)) and U, V € SO(n)
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (u1(n), - .., n(n))

Suppose that the result is proved in this case, and let ¢ € M,(R).
¢ = UMVT with M := diag (11(€), - .., 1n(¢)) and U, V € SO(n)
tr(QERT(CT) = (QERTVMU ) = e ((UT Q)E(RT VM)

Pierre Maréchal On SO(n)-invariant functions



SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (u1(n), - .., n(n))

Suppose that the result is proved in this case, and let ¢ € M,(R).
¢ = UMVT with M := diag (11(€), - .., 1n(¢)) and U, V € SO(n)
tr(QERTCT) = (QERTVMUT) = e ((UT Q)E(RT VM)

T T _ T
Qﬂfggé(n){tr(Q&‘? ()} = thggo(n){tr(@fﬂ M)}
= > QM)
j
= > m©m()
j
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (x1(n), - - -, n(n))
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (x1(n), - - -, n(n))
STEP 2: w.l.o.g. |u1(n)| < p2(n) < ... < pn(n)

Pierre Maréchal On SO(n)-invariant functions



SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (x1(n), - - -, n(n))

STEP 2: w.l.o.g. |u1(n)| < p2(n) < ... < pn(n)
(continuity argument)
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (x1(n), - - -, n(n))
STEP 2: w.l.o.g. |u1(n)| < p2(n) < ... < pn(n)
(continuity argument)

STEP 3:

sup  {w(Q¢R™n")} =t(QuéRyn")
Q,ReSO(n)

with Qq, Ry € SO(n) such that QuéR, is diagonal
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Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (x1(n), - - -, n(n))
STEP 2: w.l.o.g. |u1(n)| < p2(n) < ... < pn(n)
(continuity argument)

STEP 3:

sup  {w(Q¢R™n")} =t(QuéRyn")
Q,ReSO(n)

with Qq, Ry € SO(n) such that QuéR, is diagonal
STEP 4: Qu, Ry are such that Qy¢R] = diag (u1(€), . .., un(€))
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SO(n)-invariant functions

Proof of the Refined Von Neumann Theorem

STEP 1: w.l.o.g. n = diag (x1(n), - - -, n(n))
STEP 2: w.l.o.g. |u1(n)| < p2(n) < ... < pn(n)
(continuity argument)

STEP 3:

sup  {w(Q¢R™n")} =t(QuéRyn")
Q,ReSO(n)

with Qq, Ry € SO(n) such that QuéR, is diagonal

STEP 4: Qu, Ry are such that Qy¢R] = diag (u1(€), . .., un(€))

If [y1| <yo <...<ypand (xy,...,%n) € R", then the maximum
value of (Mx, y) for M € Mg(n) is obtained for M such that

(Mx)1| < (Mx)2 < ... < (Mx)p.
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Proof of STEP 3:
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SO(n)-invariant functions

Proof of STEP 3:

SO(n) x SO(n) compact

(Q7 R) — tr(QfRTnT) continuous } = the sup I1s attained
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SO(n)-invariant functions

Proof of STEP 3:

SO(n) x SO(n) compact _ _
(Q,R) — t(Q¢RTT) continuous = the sup is attained

3Qo, Ry € SO(n): tr(QoéRy 1) = o ,gég())((n){tr(QfRTnT)}
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Proof of STEP 3:

SO(n) x SO(n) compact
(Q,R) — tr(Q¢R™ 1) continuous
. RT T — t RT T
3Qo, Ro € SO(N): tr(Qo&Ryn ) Qy,;ggé(n){ r(QER ')}
Vt e R, Q(t) :=e”Qy, and R(t) = eBR,
with A and B skew-symmetric

} = the sup is attained
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SO(n)-invariant functions

Proof of STEP 3:

SO(n) x SO(n) compact
(Q,R) — tr(Q¢R™ 1) continuous
. T Ty T, T
3Qq, Ry € SO(n). tr(QofRo n ) = legég())((n){tr(QfR n )}
VteR, Q(t):=e"Qy, and R(t):=e®R,
with A and B skew-symmetric
Q(t), R(t) € SO(n) and p(t) := tr(Q(H)ER(t) ') is
differentiable

} = the sup is attained
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Proof of STEP 3:

SO(n) x SO(n) compact
(Q,R) — tr(Q¢R™ 1) continuous
AQp, Ry € SO(N): tr(QofF?oTnT) = of mg.())( {tl‘ QfRT T)}
S
VteR, Q(t):=e"Q, and R(t):=e®Ry
with A and B skew-symmetric

Q(1), R(t) € SO(n) and (1) = tr(Q(H)¢R()Tn ") is
differentiable

} = the sup is attained

t = 0 maximizes ¢
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Proof of STEP 3:

SO(n) x SO(n) compact
(Q,R) — tr(Q¢R™ 1) continuous
. T Ty T, T
3Qq, Ry € SO(n). tr(QofRo n ) = legég())((n){tr(QfR n )}
Vt e R, Q(t) :=e”Qy, and R(t) = eBR,
with A and B skew-symmetric
Q(1), R(t) € SO(n) and (1) = tr(Q(H)¢R()Tn ") is
differentiable

} = the sup is attained

t = 0 maximizes ¢

0=¢'(0) = tr(AQu¢Ry ") + tr(QuéRy B™n ")
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Proof of STEP 3: (end)
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Proof of STEP 3: (end)

VA, B skew-symmetric,
tr(AQoéRy ") + t(QoéRy BTn™) = 0
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SO(n)-invariant functions

Proof of STEP 3: (end)

VA, B skew-symmetric,
tr(AQoéRy ") + t(QoéRy BTn™) = 0

{ tr(AQoR 1) = (A, (QutRgn")T) =
tr(n' QoéRg BT) = ((n' QuéRy ). B) =
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Proof of STEP 3: (end)

VA, B skew-symmetric,
tr(AQoéRy ") + t(QoéRy BTn™) = 0

tr(AQoéRgn") = (A, (QsRgn")") = 0
tr(n’ Qo€Ry BT) = ((n' QuéRg), B) = 0

M,(R) is the orthogonal direct sum of S;(R) and An(R)
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Proof of STEP 3: (end)

VA, B skew-symmetric,
tr(AQoéRy ") + t(QoéRy BTn™) = 0

tr(AQuéRyn") = (A, (QéRyn")") = 0
tr(n" QoéRy B") = ((n' QuéRy ), B) = 0

M,(R) is the orthogonal direct sum of S;(R) and An(R)

QoéRy n' and n" Qu¢R) must be symmetric
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Proof of STEP 3: (end)

VA, B skew-symmetric,
tr(AQoéRy ") + t(QoéRy BTn™) = 0

tr(AQoéRgn") = (A, (QsRgn")") = 0
tr(n’ Qo€Ry BT) = ((n' QuéRg), B) = 0

M, (R) is the orthogonal direct sum of S,(R) and Ax(R)
QoéRy n' and " Qp¢R) must be symmetric

QuéR, is diagonal by the lemma
(n" is diagonal, with entries pairwise distinct in absolute value)
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From Von Neumann to the conjugacy relationship (l)
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SO(n)-invariant functions

From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.
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From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.

(&) = sup {{(&X)—f(X)}

Xe Mn(R)
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SO(n)-invariant functions

From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.

(&) = sup {{(&X)—1(X)}

XeMn(R)

(&)= sup {{&X)—(gou)(X)}

XeMn(R)
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SO(n)-invariant functions

From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.

(&) = sup {{(&X)—f(X)}

Xe Mn(R)

(&)= sup {{&X)—(gou)(X)}

XeMn(R)
change of variable: X «— QXR" with Q, R € SO(n)
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From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.

(&) = sup {{(&X)—f(X)}

XeMn(R)

(&)= sup {{&X) —(gou)(X)}

XeMn(R)
change of variable: X «— QXR" with Q, R € SO(n)

)= sup {{&.(@xRT)) - g(u(QxR"))}
Q,ReS0(n)
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From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.

(&) = sup {{(&X)—f(X)}

XeMn(R)

(&)= sup {{&X)—(gou)(X)}

XeMn(R)
change of variable: X «— QXR" with Q, R € SO(n)

)= sup {{&.(@xRT)) — g(u(QxR"))}
Q,ReS0(n)

(€)= sup { sup {<£,(QXRT)>}—Q(M(X))}

XeMn(R) | Q,ReSO(n)
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SO(n)-invariant functions

From Von Neumann to the conjugacy relationship (l)

Theorem
Let f be SO(n)-invariant, that is, f = g o u with g = f o diag
Me(n)-invariant. Then f* = g* o p.

(&) = sup {{(&X)—f(X)}

XeMn(R)

(&)= sup {{&X)—(gou)(X)}

XeMn(R)
change of variable: X «— QXR" with Q, R € SO(n)

)= sup {{&.(@xRT)) - g(u(QXR"))}
Q,ReS0(n)

(€)= sup { sup {<£,(OXRT)>}—g(u(X»}

XeMn(R) | Q,ReSO(n)

Pierre Maréchal On SO(n)-invariant functions



SO(n)-invariant functions

From Von Neumann to the conjugacy relationship (ll)

(&)= sup { sup(n){<5,(o><HT>>}—g(u(X))}

XeMn(R) | Q.ReSO
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From Von Neumann to the conjugacy relationship (ll)

F(€)= sup { sup ){<f,(QXHT>>}—g<u(X))}

XeMn(R) | Q,ReSO(n

(¢, (QXRT)) = r(¢TQXRT) = tr(QXRT¢T)
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From Von Neumann to the conjugacy relationship (ll)

F(€)= sup { sup {<5,(QXHT>>}—g<u(X))}

XeMn(R) | Q,ReSO(n)

(¢, (QXRT)) = r(¢TQXRT) = tr(QXRT¢T)

()= sup { sup {tr(QXRTsT)}—g(u(xn}

XeMn(R) | Q,ReSO(n)
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From Von Neumann to the conjugacy relationship (ll)

(€)= sup { sup ){<§,(QXRT)>}—g<u(X))}

XeMn(R) | Q,ReSO(n

(¢, (QXRT)) = r(¢TQXRT) = tr(QXRT¢T)

()= sup { sup {tr(QXRTsT)}—g(u(xn}

XeMp(R) | Q.ReSO(n)

(€)= sup {Zuk (M(X))}

XeMn(R)
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From Von Neumann to the conjugacy relationship (ll)

(€)= sup { sup ){<§,(QXRT)>}—g<u(X))}

XeMn(R) | Q,ReSO(n

(¢, (QXRT)) = r(¢TQXRT) = tr(QXRT¢T)

(€)= sup { sup ){tr(QXRTgT)}—g(u(X))}

XeMa(R) | Q,ReSO

(¢ :Xesl\l/'ll,gR {Zuk —g(p (X))}

(€)= sup {(m(X), u())—9g(u(X))}
XeMn(R)
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From Von Neumann to the conjugacy relationship (ll)

F(€)= sup { sup {<§,(OXRT)>}—g<u(X))}

XeMn(R) | Q,ReSO(n)

(¢, (QXRT)) = r(¢TQXRT) = tr(QXRT¢T)

(€)= sup { sup ){tr(QXRTgT)}—g(u(X))}

XeMn(®) | 0,Res0

(¢ :XGSAljnFZR {Zuk (H(X))}

(&)= sup {(n(X), (&) —g(u(X))}
XEMn(R)

f*(é)—sup{<xu )) —9(x)}

xele
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From Von Neumann to the conjugacy relationship (lII)

*(&) = sup { {x, u(&)) — 9(x)}

xele
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From Von Neumann to the conjugacy relationship (lII)

f*(€) = sup { (x, (€)) — 9(x)}

xele

VM € Ne(n)
(x, w(€)) < (Mx, u(€))
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From Von Neumann to the conjugacy relationship (lII)

f*(¢) = sup {{(x,m(&))—9(x)}
VM € Mg(n)
(x, mu(€)) < (Mx, p(€))
9(x) = g(Mx)
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From Von Neumann to the conjugacy relationship (lII)

*(&) = sup { {x, u(&)) — 9(x)}

xele

VM € Me(n)
(x, 1(&)) < (Mx, u(€))
g(x) = g(Mx)

{Mx| x€Te, MeNg(n)} =R"
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From Von Neumann to the conjugacy relationship (lII)

*(&) = sup { {x, u(&)) — 9(x)}

xele

VM € Me(n)
(x, 1(&)) < (Mx, u(€))
g(x) = g(Mx)

{Mx| x€Te, MeNg(n)} =R"

(&) = sup {{x, (&) —9(x)} = g*(u(&))
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A final remark (1)
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A final remark (1)

w(én’) < (o(&), o(n))
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A final remark (1)

tw(én") < {a(€), o(n))
5 — —5 ylelds
—tw(en") < (o (), o(n))
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A final remark (1)

tw(én") < {a(€), o(n))
5 — —5 ylelds
—tw(en") < (o (), o(n))

[u(n ™) < (a(€), a(n))

Pierre Maréchal On SO(n)-invariant functions



SO(n)-invariant functions

A final remark (1)

tw(én") < {a(€), o(n))
5 — —5 ylelds
—tw(en") < (o (), o(n))

[u(n ™) < (a(€), a(n))

nis even = det(—¢) = deté = u(—¢€) = u(§)
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A final remark (1)

w(én') < (a(€), a(n))
¢ «— —¢ yields
—tw(én") < (a(&),a(n))
[tr(&n )| < (a(&), o))

nis even = det(—¢) = deté = u(—¢€) = u(§)

lte(én 1) < (u(€), u(n))
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A final remark (1)
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A final remark (1)

nis odd # det (—¢) = det¢
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A final remark (1)

nis odd # det (—¢) = det¢

[te(en™)| £ (&) p(n)) in general
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A final remark (1)

nis odd # det (—¢) = det¢

[te(en™)| £ (&) p(n)) in general

100 1.0 0
¢=| 0 10| and n=|0 -1 o0
0 0 1 0 0 -1
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A final remark (1)

nis odd # det (—¢) = det¢

[t(En ") £ (w(€), p(n)) in general
-1 0 0 1 0 O
¢=| 0 10| ad y=|0 -1 0
0 0 1 0O 0 -1
tr(én') = -3
N(f) ( 171’1) andﬂ( ):(17171)T
(&), u(m)) =1
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