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Building convex sets onRn ×R
n

PROPOSITION. Let C ∈ Γ0(R
n) and let

g : Rm → {−∞} ∪ [0,∞) be a proper concave function.
Then, the set

Cg :=
⋃

y∈dom g

(
g(y) · C × {y}

)

is a convex subset ofRn+m.
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Remarks

(1) A similar reasoning shows thatCg is convex if
C ⊂ 0+C andg : Rm → [0,∞] is a proper convex
function.

(2) A desirable property:

C, g closed =⇒ Cg closed.

This can failonly in the case whereC = 0+C and
g is closed proper convex.

– p. 15/51



Example

C = [0,∞) ⊂ R and g(y) =
1

y
, y > 0

– p. 16/51



Example

C = [0,∞) ⊂ R and g(y) =
1

y
, y > 0

Cg

– p. 16/51



Final definition

Let C ∈ Γ(Rn) and letg be an extended real valued
function onRm.

– p. 17/51



Final definition

Let C ∈ Γ(Rn) and letg be an extended real valued
function onRm.

(1) If C ∈ Γ0(R
n) andg is proper concave and

non-negativeon its domain, we denote byC △ g the
subset ofRn+m defined by

C △ g :=
⋃

y∈dom g

(
g(y) · C × {y}

)
.

– p. 17/51



Final definition

Let C ∈ Γ(Rn) and letg be an extended real valued
function onRm.

(2) If C ∈ Γ+(Rn) andg is proper convex and
non-negative, we denote byC △ g the subset of
R

m+n defined by

C △ g :=







⋃

y∈dom g

(
g(y) · C × {y}

)
if C 6= 0+C,

C × cl dom g if C = 0+C.

– p. 17/51



Final definition

Let C ∈ Γ(Rn) and letg be an extended real valued
function onRm.

(2) If C ∈ Γ+(Rn) andg is proper convex and
non-negative, we denote byC △ g the subset of
R

m+n defined by

C △ g :=







⋃

y∈dom g

(
g(y) · C × {y}

)
if C 6= 0+C,

C × cl dom g if C = 0+C.

With this definition,C △ g is closedwheneverC andg
are closed.

– p. 17/51



Characterizing Γ̄(Rn)

C◦ := {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 1}

– p. 18/51



Characterizing Γ̄(Rn)

C◦ := {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 1}

(if C is acone, C◦ = {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 0})

– p. 18/51



Characterizing Γ̄(Rn)

C◦ := {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 1}

(if C is acone, C◦ = {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 0})

THEOREM [PM, 2005]. Let C ∈ Γ(Rn).

(1) If C ⊂ 0+C, thenC◦ = (0+C)◦, so thatC◦ is a
convex cone containing the origin.

– p. 18/51



Characterizing Γ̄(Rn)

C◦ := {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 1}

(if C is acone, C◦ = {ξ ∈ R
n | ∀x ∈ C, 〈ξ, x〉 ≤ 0})

THEOREM [PM, 2005]. Let C ∈ Γ(Rn).

(1) If C ⊂ 0+C, thenC◦ = (0+C)◦, so thatC◦ is a
convex cone containing the origin.

(2) If C is closed, thenC ⊂ 0+C if and only if C◦ is a
cone.

– p. 18/51



Characterizing Γ̄(Rn)

C

C◦

0+C

– p. 19/51



Remark

– p. 20/51



Remark

One can show that, ifC is closed convex, then

0+C ⊂ C ⇐⇒ 0 ∈ C.

– p. 20/51



Remark

One can show that, ifC is closed convex, then

0+C ⊂ C ⇐⇒ 0 ∈ C.

Let C ⊂ R
n be closed convex.

(1) [Rockafellar, 1970]If 0 ∈ C, then

0+C =
⋂

ε>0

εC.

– p. 20/51



Remark

One can show that, ifC is closed convex, then

0+C ⊂ C ⇐⇒ 0 ∈ C.

Let C ⊂ R
n be closed convex.

(1) [Rockafellar, 1970]If 0 ∈ C, then

0+C =
⋂

ε>0

εC.

(2) [PM, 2005]If C ⊂ 0+C, then

0+C = cl
⋃
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Definition 2

• f : Rn → (−∞,∞] is properconvexwith f ≥ f0+

• g : Rm → [0,∞] properconvex

We say that the pair(f, g) is of type II and, iff 6= f0+,

(f △ g)(x,y) :=







g(y)f

(
x

g(y)

)

if g(y) ∈ (0,∞),

f0+(x) if g(y) = 0,

∞ if g(y) =∞

and iff = f0+,

(f △ g)(x,y) :=

{
f(x) if y ∈ cl dom g,

∞ if y 6∈ cl dom g.
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Theorem

(1) Assume that(f, g) is of type I, and thatf andg are
closed. Then((−g)⋆, f ⋆) is of type II, and

(f △ g)⋆(ξ, η) =
(
(−g)⋆△ f ⋆

)
(η, ξ),
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)⋆
(y,x) = (f △ g)(x,y).
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Theorem

(1) Assume that(f, g) is of type I, and thatf andg are
closed. Then((−g)⋆, f ⋆) is of type II, and

(f △ g)⋆(ξ, η) =
(
(−g)⋆△ f ⋆

)
(η, ξ),

(
(−g)⋆△ f ⋆

)⋆
(y,x) = (f △ g)(x,y).

(2) Assume that(f, g) is of type II, and thatf andg are
closed. Then(g⋆,−f ⋆) is of type I, and

(f △ g)⋆(ξ, η) =
(
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Left and right scalar multiplications

(αf)(x) := αf(x) and (fα)(x) := αf
(x

α

)

LEMMA . Let f : [−∞,∞] be any function. Then

(αf)⋆(ξ) =
(
f ⋆α

)
(ξ),

(fα)⋆(ξ) =
(
αf ⋆

)
(ξ).

(αf)⋆(ξ) := sup
{
〈ξ,x〉 − αf(x)

}

= sup
{
α
(〈

α−1ξ,x
〉
− f(x)

)}

= α sup
{〈

α−1ξ,x
〉
− f(x)

}

= αf ⋆(α−1ξ)
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{

〈ξ,x〉+ 〈η,y〉 − g(y)f

(
x

g(y)

)}

= sup
y

{
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{
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(
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)
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{

〈η,y〉+
(
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)
(ξ)
}
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y

{

〈η,y〉+ f ⋆(ξ)g(y)
}

= sup
y

{
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(
f ⋆(ξ)(−g)

)
(y)
}

[f ⋆(ξ) ≥ 0 if f(0) ≤ 0]
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- f : Rn → [−∞,∞) properconcavewith f(0) ≥ 0

- g : Rm → {−∞} ∪ [0,∞) properconcave

We say that the pair(f, g) is of type I’ and

(f▽g)(x,y) :=







g(y)f

(
x

g(y)

)

if g(y) ∈ (0,∞),

f0+(x) if g(y) = 0,

−∞ if g(y) = −∞.
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Definition 2’

• f : Rn → [−∞,∞) is properconcavewith f ≤ f0+

• g : Rm → [0,∞] properconvex

We say that the pair(f, g) is of type II’ and, iff 6= f0+,

(f▽g)(x,y) :=







g(y)f

(
x

g(y)

)

if g(y) ∈ (0,∞),

f0+(x) if g(y) = 0,

−∞ if g(y) =∞

and iff = f0+,

(f▽g)(x,y) :=

{
f(x) if y ∈ cl dom g,

−∞ if y 6∈ cl dom g.
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Theorem

(1) Assume that(f, g) is of type I’, and thatf andg are
closed. Then(g⋆,−f⋆) is of type II’, and

(f ▽ g)⋆(ξ, η) =
(
g⋆▽−f⋆

)
(η, ξ),

(
g⋆▽−f⋆

)

⋆
(y,x) = (f ▽ g)(x,y).

– p. 30/51



Theorem

(1) Assume that(f, g) is of type I’, and thatf andg are
closed. Then(g⋆,−f⋆) is of type II’, and

(f ▽ g)⋆(ξ, η) =
(
g⋆▽−f⋆

)
(η, ξ),

(
g⋆▽−f⋆

)

⋆
(y,x) = (f ▽ g)(x,y).

(2) Assume that(f, g) is of type II’, and thatf andg are
closed. Then((−g)⋆, f⋆) is of type I’, and

(f ▽ g)⋆(ξ, η) =
(
(−g)⋆▽ (f⋆)

)
(η, ξ),

(
(−g)⋆▽ (f⋆)

)

⋆
(y,x) = (f ▽ g)(x,y).
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Associativity

(f, g) of type I

(f △ g) closed proper convex

Additionnal assumption:0 ∈ dom g. Then:
(f △ g)(0,0) ≤ 0

If h is closed proper concave nonnegative, we may form
(f △ g)△ h

Sinceg(0) ≥ 0, g▽ h is closed proper concave.

One can show thatg▽ h is actually nonnegative (on its
domain), so we can also considerf △ (g▽ h)

Both (f △ g)△ h andf △ (g▽ h) are closed proper
convex
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THEOREM [PM, 2005].With the above assumptions,

(f △ g)△ h = f △ (g▽ h).
[
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](
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)
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Commutative laws

Infimal convolution
(f1 ∨ f2)(x) := inf {f1(x1) + f2(x2) | x1 + x2 = x}

Supremal convolution
(g1 ∧ g2)(x) := sup {g1(x1) + g2(x2) | x1 + x2 = x}

−(g1 ∧ g2) = (−g1) ∨ (−g2)

Roughly speaking, addition and epigraphic sum are dual
operations.
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- f1, f2 : Rn → (−∞,∞] closed properconvexwith
f1(0) ≤ 0, f2(0) ≤ 0

- g : Rm → {−∞} ∪ [0,∞) closed properconcave

Then(f1 + f2, g) is of type I, and

(f1 + f2)△ g = (f1△ g) + (f2△ g).
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Theorem [PM, 2005]

- f1, f2 : Rn → (−∞,∞] closed properconvexwith
f1 ≥ f10

+, f2 ≥ f20
+

- g : Rm → [0,∞] closed properconvex

- dom f1 ∩ dom f2 6= ∅

Then(f1 + f2, g) is of type II and

(f1 + f2)△ g = (f1△ g) + (f2△ g).
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- f : Rn → (−∞,∞] closed properconvexwith
f(0) ≤ 0

- g1, g2 : Rm → {−∞} ∪ [0,∞) closed properconcave

- ri dom g1⋆ ∩ ri dom g2⋆ 6= ∅

Then(f, g1 ∧ g2) is of type Iand

f △ (g1 ∧ g2) = (f △ g1) ∨ (f △ g2).
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Theorem [PM, 2005]

- f : Rn → (−∞,∞] closed properconvexwith
f ≥ f0+

- g1, g2 : Rm → [0,∞] closed properconvex

- ri dom g1
⋆ ∩ ri dom g2

⋆ 6= ∅

If f 6= f0+, or if f = f0+ and the setsri dom gk
⋆0+ have

a point in common, then(f, g1 ∨ g2) is of type II, and

f △ (g1 ∨ g2) = (f △ g1) ∨ (f △ g2).
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Minimize κ(A)

s.t. A ∈ Ω

Ω compact convex subset ofS+
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(not containing the null matrix)

κ(A) condition numberof A

κ(A) =




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Minimizing condition numbers (with Jane Ye)

(P)

∣
∣
∣
∣
∣

Minimize κ(A)

s.t. A ∈ Ω

Ω compact convex subset ofS+
n

(not containing the null matrix)

κ(A) condition numberof A

κ(A) =







λ1(A)/λn(A) if λn(A) > 0

∞ if λn(A) = 0 andλ1(A) > 0

0 if A = 0

λ1(A) ≥ . . . ≥ λn(A) eigenvalues ofA
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Properties ofκ

- κ is nonconvex

- κ is not everywhere differentiable

- κ is quasiconvex (i.e. has convex level sets)

- κ is difference-convex

- κ is pseudoconvex[PM & Jane Ye, 2009]
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∑
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, c ∈ R
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Q is constrained to belong to some polytopeP
∣
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∣
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λ1 is convexonS+
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λn is concaveonS+
n

κp
p(A) :=







λp+1
1 (A)/λp

n(A) if λn(A) > 0

∞ if λn(A) = 0 andλ1(A) > 0

0 if A = 0
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λ

p+1

p

1 (A)

λn(A)

κp(A)→ κ(A) pointwise asp→∞

κp andκp
p have the same minimizers !
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by the surrogateconvexproblem

(Pp)

∣
∣
∣
∣
∣

Minimize κp
p(A)

s.t. A ∈ Ω

and letp→∞.

Question: can we approach a solution to Problem(P)
with solutions to the surrogate problems(Pp) ?
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Main results [PM & Jane Ye, 2009]

THEOREM 1 [Exact approximation].Let(pk)k∈N⋆ ⊂ [1,∞) be a

sequence which tends to infinity, and, for everyk ∈ N
⋆, let Āpk

be a

solution to problem(Ppk
). Then every cluster point̄A of the

sequence(Āpk
) (there is at least one) is a global solution of

problem(P).
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1 · · · y
βn
n

, x ≥ 0, y > 0

Kn(x,y) :=
g(x)1+α

yβ
, x ∈ R

n, y > 0

whereg is any nonnegative convex function with
g(0) = 0

THEOREM [PM, 2010].The functionKn is convex.
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1 · · · y
βn
n
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ln f(y) = −β1 ln y1 − · · · − βn ln yn

f is log-convex, thusconvex and nonnegative

f0+(y) = δ(y|Rn
+) thus f ≥ f0+

(f, g) is of type II

(f △ g)(x,y) =
g(x)1+|β|

yβ
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Thank you for your attention !

– p. 51/51


	Outline
	Outline

	ptsize {14} Multiplicative barrier
	ptsize {14} Multiplicative barrier
	ptsize {14} Multiplicative barrier
	ptsize {14} Multiplicative barrier

	Perspectives
	Perspectives

	An inductive argument
	An inductive argument
	An inductive argument

	Remark
	Remark
	Remark

	Outline
	Classes of convex sets
	Classes of convex sets
	Classes of convex sets
	Classes of convex sets

	$C subset 
ecc {C}$
	$
ecc {C} subset C$
	A fundamental and easy result
	A fundamental and easy result
	A fundamental and easy result
	A fundamental and easy result

	Building convex sets on $Re ^n	imes Re ^n$
	Buiding $C_g$
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition
	Proof of the proposition

	Remarks
	Remarks
	Remarks

	Example
	Example

	Final definition
	Final definition
	Final definition
	Final definition

	Characterizing $GGG (Re ^n)$
	Characterizing $GGG (Re ^n)$
	Characterizing $GGG (Re ^n)$
	Characterizing $GGG (Re ^n)$

	Characterizing $GGG (Re ^n)$
	Remark
	Remark
	Remark
	Remark

	From sets to functions
	From sets to functions
	From sets to functions
	From sets to functions
	From sets to functions
	From sets to functions
	From sets to functions

	Definition 1
	Definition 1
	Definition 1
	Definition 1
	Definition 1

	Definition 2
	Definition 2
	Definition 2
	Definition 2
	Definition 2
	Definition 2

	Outline
	Theorem
	Theorem
	Theorem

	Left and right scalar multiplications
	Left and right scalar multiplications
	Left and right scalar multiplications
	Left and right scalar multiplications

	Sketch of a proof
	Sketch of a proof
	Sketch of a proof
	Sketch of a proof
	Sketch of a proof
	Sketch of a proof
	Sketch of a proof
	Sketch of a proof
	Sketch of a proof

	Definition 1'
	Definition 1'
	Definition 1'
	Definition 1'
	Definition 1'

	Definition 2'
	Definition 2'
	Definition 2'
	Definition 2'
	Definition 2'
	Definition 2'

	Theorem
	Theorem
	Theorem

	Outline
	Associativity
	Associativity
	Associativity
	Associativity
	Associativity
	Associativity
	Associativity
	Associativity

	Associative laws
	Associative laws
	Associative laws
	Associative laws
	Associative laws
	Associative laws
	Associative laws
	Associative laws

	Commutative laws
	Commutative laws
	Commutative laws
	Commutative laws
	Commutative laws

	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]

	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]

	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]

	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]
	Theorem [PM, 2005]

	Outline
	ptsize {14} Minimizing condition numbers (with Jane Ye)
	ptsize {14} Minimizing condition numbers (with Jane Ye)
	ptsize {14} Minimizing condition numbers (with Jane Ye)
	ptsize {14} Minimizing condition numbers (with Jane Ye)
	ptsize {14} Minimizing condition numbers (with Jane Ye)
	ptsize {14} Minimizing condition numbers (with Jane Ye)

	Properties of $kappa $
	Properties of $kappa $
	Properties of $kappa $
	Properties of $kappa $
	Properties of $kappa $
	Properties of $kappa $

	ptsize {14} Example: Markovitz model for portfolio selection
	ptsize {14} Example: Markovitz model for portfolio selection
	ptsize {14} Example: Markovitz model for portfolio selection
	ptsize {14} Example: Markovitz model for portfolio selection
	ptsize {14} Example: Markovitz model for portfolio selection
	ptsize {14} Example: Markovitz model for portfolio selection

	An auxiliary function
	An auxiliary function
	An auxiliary function
	An auxiliary function
	An auxiliary function

	An auxiliary function
	An auxiliary function
	An auxiliary function
	An auxiliary function
	An auxiliary function
	An auxiliary function

	An auxiliary function
	An auxiliary function
	An auxiliary function

	An optimization strategy
	An optimization strategy
	An optimization strategy

	ptsize {14} Main results [PM & Jane Ye, 2009]
	ptsize {14} Main results [PM & Jane Ye, 2009]
	ptsize {14} Main results [PM & Jane Ye, 2009]
	ptsize {14} Main results [PM & Jane Ye, 2009]

	ptsize {14} Back to multiplicative functions
	ptsize {14} Back to multiplicative functions
	ptsize {14} Back to multiplicative functions
	ptsize {14} Back to multiplicative functions

	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)
	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)
	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)
	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)
	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)
	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)
	ptsize {14} The ultimate short proof (case $alpha =mod {�eta }$)

	ptsize {14}Some references

