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ative barrier

rlto plta

x’y) = — ’ :I:Z()) y>0
y:B ylﬂl...ygn

convex ifar > |B| := >, 5;



Multiplicative barrier

1+« 14+«

T 7
5= & s 20, y>0

%($, Y) F=

convex ifa > 8] := > 3

H. Imai (1988):On the convexity of the
multiplicative version of Karmarkar’s potential
function Mathematical ProgrammingQ, 29-32

(Computation of the hessian)
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Multiplicative barrier

1+« 1+«

T 15
5= & s 20, y>0

%(ZB, Y) F=

convex ifa > 8] := > 3

J. Borwein (1998)A generalization of Young’s
Inequality Mathematical inequalities and
Applicationsl, 131-136

(Computation of the bi-conjugate)
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Perspectives

LEMMA. Let f: R" — [—o0, co]. Then, the functiorf
defined by

v X )
f(va)yf(g)v XERn7y€R+

IS convexX If and only Iff Is convex.
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Perspectives

LEMMA. Let f: R" — [—o0, co]. Then, the functiorf
defined by

; X n *
focn) =uf (3). xeR.yer;
IS convexX If and only Iff Is convex.

The functionf is referred to as thperspectivef f.

—p. 4/51



ductive argument

xl—l-oz

e%/n_pl(x, yly S 7y’n—|—l) — [31 ﬂn+1
Y1 " YUnia

(positively homogeneous of degree
vyi=1+a—|[8]=1)



An Inductive argument

$1+a

%+1(x7 y17 * 7yn‘|’1) — 51 677,—}—1
Y1 7 Unta

(positively homogeneous of degree
vi=1+a—|8]=1)

ot i
T 7
<%/n—|—1(x7y17'“7yn—|—1) — B Brni1
Y

Y Y
1 " Yn+a
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An Inductive argument

$1+a

%+1($7 y1) * 7yn‘|’1) — 51 671—}—1
Y1 7 Unta

(positively homogeneous of degree
vi=1+a—|8]=1)

1ta &
T 7
Hon 1 (T, Y1, Ynt1) = | 5 Brt1
Y Y
Y1 " Ynt
| S —
( )l_g
a5 Y
Yn+1 ygj_l G
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Remark

Imai also proved the convexity, far > |3|, of
X X
vB B 6. ¥ >0, y€n

whereY, :={yeR"” | y1+---+y, =1}

—p. 6/51



Remark

Imai also proved the convexity, far > |3|, of

X X

whereX, .={yeR"” | 1+ ---+y, =1}

x>0, ye,
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Remark

Imai also proved the convexity, far > |3|, of

X X

whereX, .={yeR"” | 1+ ---+y, =1}

w(i—0) y(1—y) (y(lxy>>2, x>0,

; (ﬁ) ?

x>0, ye,

—p. 6/51
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Classes of convex sets

['(R") nonempty convex subsets Bf

['(R") nonemptyclosedconvex subsets di”

—p. 8/51



Classes of convex sets

['(R") nonempty convex subsets Bf

['(R") nonemptyclosedconvex subsets di”

0"C={xeR"| C+{x} CcC}

—p. 8/51



Classes of convex sets

['(R") nonempty convex subsets Bf

['(R") nonemptyclosedconvex subsets di”

0"C={xeR"| C+{x} CcC}

I (R") = {CeT(R") | CcC0*C}

I (R") = {Cel(R") | CcC0C}

—p. 8/51



Classes of convex sets

['(R") nonempty convex subsets Bf

['(R") nonemptyclosedconvex subsets di”

0"C={xeR"| C+{x} CcC}

I (R") = {CeT(R") | CcC0*C}
r.(R") = {Cel(R") | CCc0C}

To(R") = {CeT(R") | 07C cC}
To(R") = {CeT(R")|07C cC}
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A fundamental and easy result

oaC 1If >0,
a-C =
0tC ifa=0

PROPOSITION Let C be a convex subset &". Then
(1) the mappingy — « - C is increasing if and only i6~C C C;

(2) the mappingy — « - C'is decreasing if and only if' c 07 C.
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A fundamental and easy result

aC 1If a >0,
a-C =
0TC if a=0

PROPOSITION Let C' be a convex subset &". Then
(1) the mappingy — « - C'is increasing if and only i6*C' c C;

(2) the mappingy — « - C is decreasing if and only if* C 07 C.

&

0o+C —p. 11/51




Bullding convex sets onR” x R”

PROPOSITION LetC € I'y(R"™) and let
g: R™ — {—00} U0, 00) be a proper concave function.
Then, the set

Co= | ) (9(y)-C x{y})

yedom g

IS a convex subset g,
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(X1,¥1), (x2,¥2) € C;, and X € (0,1)
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of the proposition

(X1,¥1), (x2,¥2) € C;, and X € (0,1)

Yi,Y2 € domg
x1 € g(y1)-C and x; € g(yq)-C



of the proposition

(x1,¥1), (x2,y2) € Gy and A€ (0,1)
yi,y2 € domg
x1 € g(y1)-C and x; € g(y2) - C
Ay1+ (1 = A)y2 € domyg



Proof of the proposition

(X17YI)7 (X27YQ) ~ Cg and A\ < (07 1)

yi,¥Y2 € domg
X1 € g(yl) -.C' and x9 € g(yg) - C
Ay1+ (1 —N)y2 € domg

A1+ (1= AN)xo € Ag(y1)-C+ (1 —XNg(y2)-C



Proof of the proposition

(x1,¥1), (X2,y2) € C, and X e (0,1)
yi,¥Y2 € domg
x1 € ¢g(y1)-C and xy € g(y2) - C
Ay1+ (1 —N)y2 € domg

A1+ (1= AN)xo € Ag(y1)-C+ (1 —XNg(y2)-C
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Proof of the proposition

(x1,¥1), (x2,¥2) € C, and X € (0,1)
yi,¥Y2 € domg
x1 € ¢g(y1)-C and xy € g(y2) - C
Ay1+ (1 —N)y2 € domg

A1+ (1= AN)xo € Ag(y1)-C+ (1 —XNg(y2)-C
%,—/

(A1) +(1-Ng(y2))-C
| S ——

> g(>\y1+(1—>\)Y2)
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Proof of the proposition

(X17YI)7 (X27YQ) < Cg and A S (07 1)

y1,y2 € dom g
X1 € g(yl) -.C' and x9 € g(yg) - C
Ay1+ (1 —N)y2 € domg

A1+ (1= AN)xo € Ag(y1)-C+ (1 —XNg(y2)-C
—,—/

(A1) +(1-Ng(y2))-C
| S ——

> g(Ay1+(1—>\)Y2)
Ax1+ (1= XA)xs € gAy1 + (1= N)yq) - C
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Proof of the proposition

(X17YI)7 (X27YQ) < Cg and A S (07 1)

y1,y2 € dom g
X1 € g(yl) -.C' and x9 € g(yg) - C
Ay1+ (1 —N)y2 € domg

A1+ (1= AN)xo € Ag(y1)-C+ (1 —XNg(y2)-C
—,—/

(A1) +(1-Ng(y2))-C
| S ——

> g(Ay1+(1—>\)Y2)
Ax1+ (1= XA)xs € gAy1 + (1= N)yq) - C
A(x1,y1) + (1 = A)(x2,y2) € C

—p. 14/51






Remarks

(1) A similar reasoning shows tha, is convex if
C' c 0"C andg: R™ — |0, 00] is a proper convex
function
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Remarks

(1) A similar reasoning shows tha, is convex if
C' c 0"C andg: R™ — |0, 00] is a proper convex
function

(2) A desirable property:
C, g closed = C, closed.

This can failonly in the case wheré€ = 0"C and
g IS closed proper convex.

—p. 15/51
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|

C'=10,00) C R and g(y):g, y >0
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['(R") and letg be an extended real valued
)n onR™.



Final definition

LetC' € I'(R") and letg be an extended real valued
function onR™.

(1) If C' < I'y(R") andg is proper concave and
non-negativeon its domain, we denote @y A ¢ the
subset ofR""" defined by

Cog= ] (9@)-Cx{y}).

yedom g

—p. 17/51



Final definition

LetC' € I'(R") and letg be an extended real valued
function onR™.

(2) If C' € ', (R") andg is proper convex and
non-negativewe denote by’ A g the subset of
R™*+" defined by

) (9w)-Cx{y}) fCH#0C
GNAN [ yedom g

C' x cldom ¢ if C =07C.
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Final definition

LetC' € I'(R") and letg be an extended real valued
function onR™.

(2) If C' € ', (R") andg is proper convex and
non-negativewe denote by’ A g the subset of
R™*+" defined by

) (9w)-Cx{y}) fCH#0C
GNAN [ yedom g

C' x cldom ¢ if C =07C.

With this definition,C' A ¢ Is closedwheneverC andg
are closed

—p. 17/51
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Characterizing I'(R")

C°:={§eR" | Vz el (§z) <1}
(If C'isacone,C° ={¢ € R" | Vz € C, (£,x) < 0})
THEOREM[PM, 2005]. LetC € T'(R™).

(1) If C Cc 07C, thenC® = (07C)°, so thatC” Iis a
convex cone containing the origin
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Characterizing I'(R")

C°:={¢eR"|VzeC, (£z) <1}

(If C'isacone,C° ={¢ € R" | Vz € C, (£,x) < 0})

THEOREM[PM, 2005]. LetC' € T'(R™).

(1) If C Cc 07C, thenC® = (07C)°, so thatC” Iis a
convex cone containing the origin

(2) If C'is closed, the C 0"C'ifand only if C° is a
cone

—p. 18/51



acterizing I'(R")







rk

an show that, if' is closed convex, then
0"CcC «<— 0eC.




Remark

One can show that, f’ is closed convex, then
0"CcC — 0eC.

Let C' C R"™ be closed convex.
(1) [Rockafellar, 1970])f 0 € C, then

07C = ﬂ eC.

e>0
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Remark

One can show that, f’ is closed convex, then
0"CcC — 0eC.

Let C' C R"™ be closed convex.
(1) [Rockafellar, 1970])f 0 € C, then

07C = ﬂ eC.

e>0

(2) [PM, 2005]If C' C 07C, then
07C = cl| JeC = C*.

e>(0

—p. 20/51
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sets to functions

C «— epif
0"CcC < f(0)<0
CCcO0fC < f> f0"

Ag)=(epif)Dg= | (sl vl x{y})

yedom g




From sets to functions
C «—— epif
0"C c C < f(0) <0
CCOtC < f> f07

epi (f A g) = (epif) Lg= | ] ( < {y})

yedom g

. epl fa a > 0
—epif- -a:= .
epi fOT 1T aa=0

(fo)(x) =af (=)
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Definition 1

f: R" — (—o00, 00| properconvexwith f(0) < 0

g: R" — {—o0} U |0, 00) properconcave

We say that the pairf, ¢) is of type | and

9 f (=
(fAg)(xy):= f0+(x)<g(Y)> g(y) =0

o0 g(y) = —oo.
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Definition 2

e : R" — (—o0, ] is properconvexwith f > (0
e g: R" — |0, 00| properconvex

We say that the pair/, ¢) is of type Il and, if

X

g(y)f <@> 9(y) € (0,00),

(FAYXY) =19 [0t (x) g(y) =0

00 g(y) = o0



Definition 2

e : R" — (—o0, ] is properconvexwith f > (0
e g: R" — |0, 00| properconvex

We say that the pair/, ¢) is of type Il and, if

9(y)f <$) 9(y) € (0, 00),
(FAGXY) =1 f0+(x) g9(y) =0,
00 g(y) = o0
and If :
7 B g)xy)i= {1 DY omo
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Theorem

(1) Assume thatf, ¢) is of type |, and thatf andg are
closed. Then(—¢g)*, /) is of type I, and

(fAg)En) = ((—9)"Af)@n,E),
(=" A ) (y,x) = (fAg)(xy).



Theorem

(1) Assume thatf, ¢) is of type |, and thatf andg are
closed. Then(—¢g)*, /) is of type I, and

(fAg)(E&m) = ((—9)" A f)n,¢),
(=" A ) (y,x) = (fAg)(xy).

(2) Assume that/, ¢) is of type Il, and thatf andg are
closed. Theng*, — /*) is of type |, and

(fAgEn) = (9L (—f))n,E),
("D (=) (y,x) = (fA9(xy)
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Left and right scalar multiplications

(0/)(x) == af(x) and (fo)(x):=af (=)
LEMMA. Let f: [—o00,00] be any function. Then

(af) (&) = (f@)(é),
(fa) (&) = (af")(&):



Left and right scalar multiplications

(0/)(x) == af(x) and (fo)(x):=af (=)
LEMMA. Let f: [—o00,00] be any function. Then
(@f) (&) = (f"a)(&),
(fa)" (&) = (af)(&).
(af)"(§) = sup{(&,x) — af(x)]
= sup{a((a &%) - f(x))]
= asup{(a & x)— f(x)}
= af*(a'g)
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h of a proof

(&m) = sup{ (€3 + () 9 (



h of a proof

X

(€m = sw{ex)+ my) - of ()]

xy \ 9(y)

= sup <(<"77Y> ™ Slip{<€,><> . (fg(Y))(X)}}

y \




h of a proof

X

(€m = sw{ex)+ my) - of ()]

| 9(y)

= sup <(<777Y> ™ Slip{<€,><> . (fg(Y))(X)}}

y \

= sup{{m.y) + (s3)7)©)}

Yy




Sketch of a proof

(f A g)(£,1) = sup | <€ x) +(n Y>—9(Y)f( (X>>}

= sup { m.y) +sup{ (%)~ (003) 0} }

y \

= sup{(m.) + (105 ) @)}

y

= sup{(m.y) + F(©)a(y))
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(f A g)(£,1) = sup | <€ x) +(n Y>—9(Y)f( (X>>}

= sup { m.y) +sup{ (%)~ (003) 0} }

y \

= sup{(m.) + (105 ) @)}

y

= sup{(m.y) + F(©)a(y))

y

= sup{(n.y) = (/"(6)~0) ) }

Yy




Sketch of a proof

(f A g)(£,1) = sup | <€ x) +(n Y>—9(Y)f( (X>>}

= sup { m.y) +sup{ (%)~ (003) 0} }

y \

= sup{(m.) + (105 ) @)}

y

= sup{(m.y) + F(©)a(y))

Yy

= sup{(m.y) — (/")) )]
7*(&) >0 if f(0) <0




Sketch of a proof

(f A g)(£,1) = sup | <€ x) +(n Y>—9(Y)f( (X>>}

= sup { m.y) +sup{ (%)~ (003) 0} }

y \

= sup{(m.) + (105 ) @)}

y

= sup{(m.y) + F(©)a(y))

y

= sup{(n.y) = (/"(6)~0) ) }

Yy

= ((=9)"f*(£))(m)




Sketch of a proof

(f A g)(£,1) = sup | <€ x) +(n Y>—9(Y)f( (X>>}

= sup { m.y) +sup{ (%)~ (003) 0} }

y \

= sup{(m.) + (105 ) @)}

y

- sl;p{<n,y> + f*(£)g(Y)}

sup{ (1,3) = (/1) 0) )]
) 1(€) m)

(
-0 ()
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Definition 1’

f: R" — |[—00,00) properconcavewith f(0) > 0

g: R™ — {—o0} U |0, 00) properconcave

We say that the pairf, ¢) is of type I’ and

9(y)f (ﬁ) 9(y) € (0,00),
(ng)(XaY) - = f0+(X) g(y) — ()

—00 g(y) = —oo.
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Definition 2’

e [: R" — |—00,00) is properconcavewith /< f0"
e g: R" — |0, 00| properconvex

We say that the pair/, ¢) is of type II" and, if

X

g(y)f (@) 9(y) € (0,00),

(fvg)(X7Y) - = f0+(X) g(y) =2

~»

—00 g(y) = o0



Definition 2’

e [: R" — |—00,00) is properconcavewith /< f0"
e g: R" — |0, 00| properconvex

We say that the pair/, ¢) is of type II" and, if

g(y)f (ﬁ) g(y) € (0,00),
(f79)(x,y) = f07(x) g(y) =0,
—00 g(y) = o0

y € cldom g,
— 00 y ¢ cldom g.






Theorem

(1) Assume thatf, ¢) is of type I’, and thatf andg are
closed. Theng,, —f.) is of type II’, and

(ng)*(fm) — (Q*V—f*)(naf),
(9« vV = 1), (¥, x) = (fvaxy)



Theorem

(1) Assume thatf, ¢) is of type I’, and thatf andg are
closed. Theng,, —f.) is of type II’, and

(fv9&n) = (9.v—f)®E),
(0 vV —fi) (v, x) = (fvaxy)
)

(2) Assume that/, ¢) is of type II’, and thatf andg are
closed. Then(—g¢),, f.) is of type ", and

(f79&m) = ((=9)«v (f0) ™, &),
(—9)x v (). vy, x) = (fv9(xy).
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(f,g) of type |
(f A g) closed proper convex

Additionnal assumptiond € dom ¢g. Then:
(f £g)(0,0) <0
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If h IS closed proper concave nonnegative, we may form
(fDg) AR
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(f,9) of type |
(f A g) closed proper convex

Additionnal assumptiond € dom g. Then:
(f £ g)(0,0) <0

If h IS closed proper concave nonnegative, we may form
(fDg) AR

Sinceg(0) > 0, g v h is closed proper concave.

One can show that <y & Is actually nonnegative (on its
domain), so we can also considér\ (g 5/ h)
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Assoclativity

(f,9) of type |
(f A g) closed proper convex

Additionnal assumptiond € dom g. Then:
(f £ g)(0,0) <0

If h IS closed proper concave nonnegative, we may form
(fLg) Db
Sinceg(0) > 0, g v h is closed proper concave.

One can show that <y & Is actually nonnegative (on its
domain), so we can also considér\ (g 5/ h)

Both (f A g) A handf A (g </ h) are closed proper
convex

—p. 32/51
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THEOREM[PM, 2005]. With the above assumptions,
(fAg)Ah=FA(gvh).

[(ng) Ah} ((X,y),Z) = h(z)(f & g) (hz(Zy hé))
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REM[PM, 2005]. With the above assumptions,
(fAg)Dh=fA(gvh)

) A L) ((x,y),2) = h(z)(f Ayg) (hz(z)’ h(yZ))
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Associlative laws

THEOREM[PM, 2005]. With the above assumptions,
(fAg)Ah=FA(gvh).
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utative laws

Infimal convolution
fz)(X) — lIlf {fl(Xl) -+ f2(X2) | X1 —+ X9 — X}

Supremal convolution
g2)(x) :=sup {g1(x1) + g2(x2) | x1 + x2 = x}

—(g1 AN g2) = (—gq1) V (—92)



Commutative laws

Infimal convolution

(f1V f2)(x) :=1inf { f1(x1) + fa(x2) | X1 + %2 = x}

Supremal convolution
(91 A g2)(x) :=sup {g1(x1) + g2(X2) | x1 + X2 = x}

—(91 A g2) = (—g1) V (—92)

Roughly speaking, addition and epigraphic sum are dual
operations.
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Theorem [PM, 2005}

fi, f2: R" — (—00, 00| closed propeconvexwith
f1(0) <0, f2(0) <0

g: R" — {—o00} U |0, 00) closed propeconcave

Then(f, + f2, g) is of type |, and
(it f)Dg=(1Dg)+(f2A9).
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Theorem [PM, 2005}

fi, fo: R" — (—o0, 00| closed propeconvexwith
fi > [107, fo > fo07

g: R"™ — |0, 00| closed propeconvex
dom f1 Ndom fy # 0
Then(f, + fo, g) is of type lland

(i+f)Ag=(fidg)+(frDg).
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Theorem [PM, 2005}

f: R" — (—o0, x| closed propeconvexwith
J(0) <0

g1,92: R — {—o0} U |0, 00) closed propeconcave

ridom ¢, Nridom g, # ()
Then(f, g1 A go) is of type land
fAO(GANg)=(Dag)V(fAg).
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Theorem [PM, 2005}

f: R" — (—o00, 00| closed propeconvexwith
[z 10"
g1, 92: R™ — |0, oo| closed propeconvex

ridom g;* N ridom go* # ()

If £ 07, orif f = f0* and the setsi dom ¢,*0" have
a point in common, thenf, g, V ¢g-) is of type I, and

fA(GVg)=(Laqg)V(fAg).
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Minimize x(A)
s.t. Ae()

() compact convex subset 6f
(not containing the null matrix)

(&)
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(&)

Minimize x(A)
s.t. Ae()

() compact convex subset 6f
(not containing the null matrix)

x(A) condition numbeof A

AL(A)/An(A) 1A (A) >0

if A\, (A) =0 and);(A) > 0

If A=20
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Minimizing condition numbers (with Jane Ye)

(&)

Minimize x(A)
s.t. Ae()

() compact convex subset 6f
(not containing the null matrix)

x(A) condition numbeof A

AL(A)/An(A) 1A (A) >0

if A\, (A) =0 and);(A) > 0
if A=20

AM(A) > ... > N\, (A) eigenvalues oA

—p. 40/51
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orties of

5 honconvex
5 not everywhere differentiable

5 quasiconvex (i.e. has convex level sets)

5 difference-convex
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Minimize (x,Qx)
st. xe A, (¢,x)>b

(A )

() Is a covariance matrix (to be inferred)
—{xeRy | ¥,z <1}, ccR andb e R



Example: Markovitz model for portfolio selection

(A )

Minimize (x,Qx)
st. xe A, (c,x)>1

() Is a covariance matrix (to be inferred)

An:{XeRﬁ

Zja:j < 1},ceIR”andb€IR

() Is constrained to belong to some polytape
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Example: Markovitz model for portfolio selection

(A )

Minimize (x,Qx)
st. xe A, (c,x)>1

() Is a covariance matrix (to be inferred)

An:{XeRﬁ

Zja:j < 1},ceIR”andb€IR

() Is constrained to belong to some polytape

Minimize x(Q)
st. Qe ST NP

—p. 42/51
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Xillary function

_ M(4)

A0
(A O

k(A)

A1 Is convexon S¥
A\, IS concaveon St

N (A XA T Ag(A) > 0
If \,(A) =0andX\{(A) >0

O
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Xillary function

REM[PM & Jane Ye, 2009]x% is convex onS;;.

A1 convex, withA;(0) <0

X! convex with X271 (0) < 0
A, cONncavenonnegative

A ) T4

— conve
wB)) ~ amy

= (BN (




An auxiliary function

THEOREM[PM & Jane Ye, 2009]«} is convex onS;; .

A1 convex, withA;(0) <0

A7 convex with A, (0) <0
A, cOncavenonnegative

A ) AT

)\n(B) — )\%(B) convex

— M\ (B)XH (

Take restrictiontd A = B}
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Xillary function

p+1

A (A)
An(A)

rp(A) =

kp(A) — Kk(A) pointwise a® — oo

rp andxl have the same minimizers !
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An optimization strategy

Replace the originéi

(&)

by the surrogate

(&)

and let

problem
Minimize (A)
s.t. A€

problem
Minimize ! (A)
st. A€
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An optimization strategy

Replace the originéi problem
Minimize (A)
7
(&) s.t. A€
by the surrogate problem
Minimize ! (A)
4
(Z) s.t. AeQ
and let

Question: can we approach a solution to Prob{ef)
with solutions to the surrogate problefi®’,) ?
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Main results [PM & Jane Ye, 2009]

THEOREM 1 [Exact approximation]Let(pg ) ke C [1, 00) be a
sequence which tends to infinity, and, for evérg IN*, let A, be a
solution to problen{.#2,, ). Then every cluster point of the
sequenceéA,, ) (there is at least one) is a global solution of
problem(#?).
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THEOREM 1 [Exact approximation]Let(pg ) ke C [1, 00) be a
sequence which tends to infinity, and, for evérg IN*, let A, be a
solution to problen{.#2,, ). Then every cluster point of the
sequenceéA,, ) (there is at least one) is a global solution of
problem(#?).

THEOREM 2 [Inexact approximation]Let p;. T oo, and lets;, | 0.
Let | := A% an to Problem(22,, ). Then every cluster
point A of the sequencéA,,) (there is at least one) is a global
solution of Problen{ &?).
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multiplicative functions

14+« 14+«
h €T
an):: 3 B B x>0, y>0
Y Y1 Yn




Back to multiplicative functions

x1+oz x1+oz
%(ma}") — B8 B 3, r2>0, y>0
14+«
K,(x,y) = g(X)ﬁ , xeR", y>0
Yy

whereg Is any nonnegative convex function with
9(0) =0
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Back to multiplicative functions

= , >0, y>0
le ylﬁl...ygn

g(X)1+a

K,(x,y) = ;

whereg Is any nonnegative convex function with
9(0) =0

, xeR", y>0

THEOREM[PM, 2010]. The functionk,, Is convex.
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1 1
fly):=—5=  ¥>0




ate short proof (casea = |5|)

1 1
fly) = —= = , y>0
In f(y) = —filngy, —--- — Brlny,

IS log-convex, thugonvex and nonnegative



The ultimate short proof (casea = |3|)

| |

fly) = — = , y>0
yo oyl g
Inf(y)=—Filnyy —--- — B lny,

f Is log-convex, thugonvex and nonnegative

f0°(y) = 6(y[R) thus f > f0°
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1 1
fly) = — = , y>0
yo oyl g
Inf(y)=—Filnyy —--- — B lny,

f Is log-convex, thugonvex and nonnegative
f07(y) = 6(y[R}) thus f > f0°
(f,g) is of type Il
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The ultimate short proof (casea = |3|)

1 1
fly) = — = , y>0
yo oyl g
Inf(y)=—Filnyy —--- — B lny,

f Is log-convex, thugonvex and nonnegative
f07(y) = 6(y[R}) thus f > f0°
(f,g) is of type Il

)1+
(1 8 g)y) = 2

—p. 49/51
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Thank you for your attention !
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