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Fourier Synthesis

Recover a function from a partial and

approximate knowledge of its Fourier

transform.
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1
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k∈Zn

f̂
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k
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)

exp

[

2iπ

〈
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a
, x
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1Ca
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Example 1: Fourier series

f ∈ L2(Ca) where Ca := [−a/2, a/2]d

f̂(ξ) =
∑

k∈Zn

f̂

(
k

a

)

sinc πa

(

ξ − k

a

)
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Integral Sign Galaxy ?

VLA

Courtesy ofNational Radio Astronomy Observatory / Associated

Universities, Inc. / National Science Foundation
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Example 3: MRI

Standard acquisitions:
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Example 3: MRI

Non-Cartesian and sparse acquisitions:
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Framework

F, G infinite dimensional separable Hilbert spaces

T : F → G bounded linear operator

Problem: given anyg ∈ G, find f ∈ F such that
Tf = g

Well-posedness:∃ a unique solution which depends
continuously ong

Well-posedness in theLS sense: T+ is continuous
(with domainG)
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Pseudo-inverse

cl ranT ⋆

ker T

q

T+g

T−1{Pg}
-

T

�
T ⋆

-
T◦

cl ranT

ker T ⋆

q g

?q

Pg

T◦: restriction ofT to (ker T )⊥ = cl ranT ⋆

T+ = T−1
◦

◦ P
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Ill-posedness

Theorem AssumeT is compact, injective. Then

(i) there exists a real sequenceλ1 ≥ λ2 ≥ . . . > 0
converging to zero and a Hilbert basis(fk)k∈N∗ of F
such that

∀k ∈ N
∗, T ⋆Tfk = λkfk

(ii) T−1 : ran T → F is unbounded, and so isT+

(iii) ran T is not closed, so that

D(T+) = ran T + (ran T )⊥(G
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Proof

(i) Clearly,T ⋆T is Hermitian, compact, positive and
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Proof

(i) Clearly,T ⋆T is Hermitian, compact, positive and
injective. Point (i) is then a particular instance of the
spectral theorem for compact hermitian operators.

(ii) Now for all k ∈ N∗, ‖Tfk‖2 = λk, so that

inf
‖f ‖=1

‖Tf ‖ = 0.

(iii) If ran T were closed, it would be a Banach space on
its own, and the Open Mapping Theorem would
imply continuity ofT−1. This would contradict
Point (ii).
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Singular Value Decomposition

gk :=
1√
λk

Tfk, fk =
1√
λk

T ⋆gk

Proposition The family(gk)k∈N∗ is a Hilbert basis of
cl ran T .

Proposition For allg ∈ D(T+),

T+g =
∑

k∈N∗

1√
λk

〈g, gk〉fk.
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Tikhonov’s regularization

Proposition Let α be a position number.

Thenfα := (T ⋆T + αI)−1T ⋆g is the unique minimizer
of

F : f 7→ 1

2
‖g − Tf ‖2 +

α

2
‖f ‖2.

Moreover,fα depends continuously ong ∈ G.

Theorem The Tikhonov’s solutionfα converges
strongly tof+ := T+g asα ↓ 0.
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Fourier extrapolation

Let V andW be subsets ofRp. Assume thatV is
bounded and thatW has a non-empty interior. Recover
f0 ∈ L2(V ) from the knowledge of its Fourier transform
onW .
A. L ANNES, S. ROQUESand M.-J. CASANOVE,
Stabilized reconstruction in signal and image processing;
Part I: partial deconvolution an spectral extrapolation
with limited field, J. Mod. Opt.34, pp. 161-226, 1987.

Truncated Fourier operator:

TΩ : L2(V ) −→ L2(Ω)

f 7−→ TΩf := 1Ωf̂ = 1Ω Uf.
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Properties ofTW

(TWf)(ξ) =

∫

Rd
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d)
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Properties ofTW

(TWf)(ξ) =

∫

Rd

e−2iπ〈x,ξ〉
1V (x)1W (ξ)

︸ ︷︷ ︸
f(x) dx.

α(x, ξ)∈ L2(Rd ×R
d)

→֒ TW is Hilbert-Schmidt

Reminder The Fourier transform of compactly
supported functions are entire functions

→֒ TW is injective
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Thus,T ⋆
WTW is compact, injective, Hermitian, positive.

→֒ T−1
W : ran TW → L2(V ) is unbounded

→֒ ran TW is not closed

→֒ T+
W is unbounded andD(T+

W )(L2(W )

D(T+
W ) is a dense subset ofL2(W )
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Proposition λ1(T
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Proof T ⋆
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=
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Proposition λ1(T
⋆
WTW ) < 1.

0 1λ1

Proof T ⋆
WTW = 1V U−11WU

λ2
1 = ‖T ⋆

WTWf1‖2
L2(V )

=
∫

V

∣
∣U−11WUf1

∣
∣2

≤
∫

Rd

∣
∣U−11WUf1

∣
∣2

=
∫

W

∣
∣Uf1

∣
∣2 (≤ 1)

< 1 (otherwise,Uf1 ≡ 0 onW c)
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Fourier interpolation

Proposition Assume thatΩ ⊆ Rd is such thatΩc is
bounded. Then,

(i) TΩ is bounded and injective;

(ii) ran TΩ is closed;

(iii) T−1
Ω : ran TΩ → L2(V ) is bounded.
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Proof T ⋆
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Proof T ⋆
ΩTΩ = I − T ⋆

ΩcTΩc

→֒ T ⋆
ΩTΩ can bediagonalized

µk := λk(T
⋆
ΩTΩ) = 1 − λk(T

⋆
ΩcTΩc)

→֒ 0 < µ1 ≤ µ2 ≤ . . . < 1 andµk → 1 ask → ∞

0 1µ1

→֒ T ⋆
ΩTΩ : L2(V ) → ran(T ⋆

ΩTΩ) and

TΩ : L2(V ) → ran TΩ have continuous inverses,
andran TΩ is closed
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Regularization

Minimize
1

2

∥
∥g − TWf

∥
∥2

L2(W )
+

α

2

∥
∥1Wβ

Uf
∥
∥2

L2(Wβ)
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Regularization

Minimize
1

2

∥
∥g − TWf

∥
∥2

L2(W )
+

α

2

∥
∥1Wβ

Uf
∥
∥2

L2(Wβ)

Wβ: complement ofB1/β

Newobject to be reconstructed: φβ ∗ f0

φβ := U−11B1/β

1

2

∥
∥1Wβ

Uf
∥
∥2

L2(Wβ)

energyof f in thehigh frequency domain
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Apodized version

∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

L2(Rd)

s.t. f ∈ L2(V )
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Apodized version

∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

L2(Rd)

s.t. f ∈ L2(V )
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Apodized version

∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

L2(Rd)

s.t. f ∈ L2(V )

Regularized data: gβ := φ̂βg

φβ(x) =
1

βd
φ

(
x

β

)

φ̂β(ξ) = φ̂(βξ)
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Filters and associated PSF
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Filters and their complement
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∥
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∥
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Hβ(f) =
1
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∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

L2(Rd)
=

1

2

∫

Rd

∣
∣
∣1 − φ̂β

∣
∣
∣

2 ∣
∣
∣ f̂

∣
∣
∣

2

Main issues

Well-posedness

Asymptotic behavior (α and/orβ tend to zero)
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Well-posedness

(Pα,β)

∣
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TW f

∥
∥
∥

2

+
α
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∥
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∥
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Well-posedness

Definition 〈f1, f2〉β :=
∫

Rd |1 − φ̂β |2Uf1Uf2

(Pα,β)

∣
∣
∣
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∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TW f

∥
∥
∥

2

+
α

2

∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

s.t. f ∈ L2(V )

– p. 29/67



Well-posedness

Definition 〈f1, f2〉β :=
∫

Rd |1 − φ̂β |2Uf1Uf2

Lemma 〈·, ·〉β is an inner product which turnsL2(V )
into a Hilbert space. The corresponding norm‖ · ‖β is
equivalent to‖ · ‖L2(V ).

(Pα,β)

∣
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TW f

∥
∥
∥

2

+
α

2

∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

s.t. f ∈ L2(V )

– p. 30/67



Well-posedness

Definition 〈f1, f2〉β :=
∫

Rd |1 − φ̂β |2Uf1Uf2

Lemma 〈·, ·〉β is an inner product which turnsL2(V )
into a Hilbert space. The corresponding norm‖ · ‖β is
equivalent to‖ · ‖L2(V ).

Proposition Let α, β > 0 be fixed. Then(Pα,β) has a
unique solutionfα,β, which depends continuously on
g ∈ L2(W ).

(Pα,β)

∣
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TW f

∥
∥
∥

2

+
α

2

∥
∥
∥(1 − φ̂β)f̂

∥
∥
∥

2

s.t. f ∈ L2(V )

– p. 31/67



Proof

(Pα,β) can be rewritten as:
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥f

∥
∥2

β

s.t. f ∈ L2(V )

– p. 32/67



Proof

(Pα,β) can be rewritten as:
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥f

∥
∥2

β

s.t. f ∈ L2(V )

fα,β = (T#
WTW + αI)−1T#

W (φ̂βg)

– p. 32/67



Proof

(Pα,β) can be rewritten as:
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥f

∥
∥2

β

s.t. f ∈ L2(V )

fα,β = (T#
WTW + αI)−1T#

W (φ̂βg)

T#
W : adjoint ofTW w.r.t. 〈·, ·〉β

– p. 32/67



Proof

(Pα,β) can be rewritten as:
∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

L2(W )
+

α

2

∥
∥f

∥
∥2

β

s.t. f ∈ L2(V )

fα,β = (T#
WTW + αI)−1T#

W (φ̂βg)

T#
W : adjoint ofTW w.r.t. 〈·, ·〉β

The conclusion then follows from Tikhonov’s theory and
the continuity of the multiplicationg 7→ φ̂βg.

– p. 32/67



Tikhonov-like regularization (α ↓ 0)

– p. 33/67



Tikhonov-like regularization (α ↓ 0)

(P0,β)

∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

s.t. f ∈ L2(V )

– p. 33/67



Tikhonov-like regularization (α ↓ 0)

(P0,β)

∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

s.t. f ∈ L2(V )

Unique solution:T+
W (φ̂βg)

– p. 33/67



Tikhonov-like regularization (α ↓ 0)

(P0,β)

∣
∣
∣
∣
∣
∣

Minimize
1

2

∥
∥
∥ φ̂βg − TWf

∥
∥
∥

2

s.t. f ∈ L2(V )

Unique solution:T+
W (φ̂βg)

Theorem Let β > 0 be fixed and letg ∈ D(T+
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1

2

∥
∥
∥ φ̂βg − TWf

∥
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2

s.t. f ∈ L2(V )

Unique solution:T+
W (φ̂βg)

Proposition Assume thatφ ∈ L1(Rd) is such that̂φ is
analytic, and letβ > 0 be fixed andg ∈ D(T+

W ). Then,
the following are equivalent:

(i) φ̂βg ∈ D(T+
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(ii) supp(φβ ∗ T+
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Main Result

Theorem Assume that

α > 0 (fixed)

φ ∈ L1(Rd) with
∫

φ(x) dx = 1 (i.e. φ̂(0) = 1)

|1 − φ̂(ξ)| ∼ξ→0 K‖ξ‖s for someK, s > 0

∀ξ ∈ Rd \ {0}, φ̂(ξ) 6= 1

If g ∈ TW (L2(V ) ∩ Hs(Rd)), thenfα,β → T+
W g strongly

asβ ↓ 0.
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W g

βn ↓ 0, fn := fα,βn

∃(fnk
) ⇀ T+

W g

Step 3:The convergence is in fact strong

(fn) bounded

lim
R→∞

sup
n

∫

‖x‖>R

|fn(x)|2 dx = 0

sup
n

‖Thfn − fn‖ → 0 as‖h‖ → 0







⇒ (fn) precompact
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Overview of the proof
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(
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W g
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∃(fnk
) ⇀ T+

W g
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⇀ g − TW f ′
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Step 2 ∃(fnk
) ⇀ T+

W g

βn ↓ 0, fn := fα,βn, φnk
:= φβnk

Step 1=⇒ (fn) bounded

Weak Compactness Theorem






=⇒ ∃(fnk

) ⇀ f ′

To be shown:f ′ = T+

W g

∥
∥
∥ φ̂nk

g − TW fnk

∥
∥
∥

2

≤
∥
∥
∥ φ̂nk

g − TW f
∥
∥
∥

2

+ α
∥
∥
∥(1 − φ̂nk

)f̂
∥
∥
∥

2

︸ ︷︷ ︸

∥
∥g − TW f ′

∥
∥

2 ≤ lim inf
k→∞

∥
∥
∥ φ̂nk

g − TW fnk

∥
∥
∥

2

.
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∥
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∥
∥
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∥
∥
∥
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∥
∥
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∥
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∥
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∥
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∥
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∥
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∥
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Step 2 ∃(fnk
) ⇀ T+

W g

βn ↓ 0, fn := fα,βn, φnk
:= φβnk

Step 1=⇒ (fn) bounded

Weak Compactness Theorem






=⇒ ∃(fnk

) ⇀ f ′

To be shown:f ′ = T+

W g

∥
∥
∥ φ̂nk

g − TW fnk

∥
∥
∥

2

≤
∥
∥
∥ φ̂nk

g − TW f
∥
∥
∥

2

+ α
∥
∥
∥(1 − φ̂nk

)f̂
∥
∥
∥

2

∥
∥g − TW f ′

∥
∥

2 ≤
∥
∥g − TW f

∥
∥

2

→֒ f ′ minimizesf 7→
∥
∥g − TW f

∥
∥

2

→֒ f ′ = T+

W g
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Overview of the proof

Step 1:
(
fα,β

)

β∈(0,1]
is bounded

Step 2:
(
fα,β

)

β∈(0,1]
converges weakly toT+

W g

βn ↓ 0, fn := fα,βn

∃(fnk
) ⇀ T+

W g

Step 3:The convergence is in fact strong

(fn) is bounded (Step 1)

V bounded →֒ lim
R→∞

sup
n

∫

‖x‖>R

|fn(x)|2 dx = 0

supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
– p. 45/67



Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

∥
∥Thfα,β − fα,β

∥
∥

2
=

∥
∥U (Thfα,β − fα,β)

∥
∥

2
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

∥
∥Thfα,β − fα,β

∥
∥

2
=

∥
∥U (Thfα,β − fα,β)

∥
∥

2

=

∫

Rd

∣
∣e−2iπ〈h,ξ〉 − 1

∣
∣
2
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

∥
∥Thfα,β − fα,β

∥
∥

2
=

∥
∥U (Thfα,β − fα,β)

∥
∥

2

=

∫

Rd

∣
∣e−2iπ〈h,ξ〉 − 1

∣
∣
2
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

= I1 + I2
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

∥
∥Thfα,β − fα,β

∥
∥

2
=

∥
∥U (Thfα,β − fα,β)

∥
∥

2

=

∫

Rd

∣
∣e−2iπ〈h,ξ〉 − 1

∣
∣
2
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

= I1 + I2

I1 :=

∫

‖ξ‖≤1/β

∣
∣e−2iπ〈h,ξ〉 − 1

∣
∣
2
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

I2 :=

∫

‖ξ‖>1/β

∣
∣e−2iπ〈h,ξ〉 − 1

∣
∣
2
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

s′ := min{1, s}
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

s′ := min{1, s}

I1 =

∫

0<‖ξ‖≤1/β

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∥
∥ξ

∥
∥

2s′
∣
∣
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∣
∣
∣

2

dξ
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s′ := min{1, s}
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∫

0<‖ξ‖≤1/β

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

≤ sup
ξ 6=0

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥
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∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

s′ := min{1, s}
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∫

0<‖ξ‖≤1/β

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

≤ sup
ξ 6=0

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

=
∥
∥h

∥
∥

2s′
sup
ξ′ 6=0

|e−2iπ〈‖h‖−1h,ξ′〉 − 1|2
‖ξ′‖2s′

∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

ξ′ = ‖h‖ξ
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

s′ := min{1, s}

I1 =

∫

0<‖ξ‖≤1/β

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

≤ sup
ξ 6=0
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∫
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∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

=
∥
∥h

∥
∥

2s′
sup
ξ′ 6=0

|e−2iπ〈‖h‖−1h,ξ′〉 − 1|2
‖ξ′‖2s′

∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

︸ ︷︷ ︸

≤ K1

since
∣
∣e−2iπ〈‖h‖−1h,ξ′〉 − 1

∣
∣ = O(‖ξ′‖) near the origin
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
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∫
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∥
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∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

≤ sup
ξ 6=0

|e−2iπ〈h,ξ〉 − 1|2
‖ξ‖2s′

∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

=
∥
∥h

∥
∥

2s′
sup
ξ′ 6=0

|e−2iπ〈‖h‖−1h,ξ′〉 − 1|2
‖ξ′‖2s′
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‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

I1 ≤ K1‖h‖2s′
∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′
∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
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∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

s′ := min{1, s} =⇒ ‖ξ‖2s′ ≤ 1 + ‖ξ‖2s
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
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∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
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∣
∣
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2

dξ
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I1 ≤ K1‖h‖2s′
(∫

‖ξ‖≤1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ+

∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

)
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′
∫

‖ξ‖≤1/β

∥
∥ξ

∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

s′ := min{1, s} =⇒ ‖ξ‖2s′ ≤ 1 + ‖ξ‖2s

I1 ≤ K1‖h‖2s′
(∫

‖ξ‖≤1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ+

∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

)

︸ ︷︷ ︸

≤
∥
∥f̂α,β

∥
∥

2
=

∥
∥fα,β

∥
∥

2 ≤ K2
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′
∫

‖ξ‖≤1/β

∥
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∥
∥

2s′
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

s′ := min{1, s} =⇒ ‖ξ‖2s′ ≤ 1 + ‖ξ‖2s

I1 ≤ K1‖h‖2s′
(∫

‖ξ‖≤1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ+

∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

)

≤ K1‖h‖2s′
(

K2 +

∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

)
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′
(

K2 +

∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

)
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′
(

K2 +

∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

)

Reminder from Step 1:
∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ +
1

Mβ

∫

‖ξ‖>1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ ≤ K

ν0
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′ (K2 + K3) = K4‖h‖2s′

Reminder from Step 1:
∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ +
1

Mβ

∫

‖ξ‖>1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ ≤ K

ν0
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K1‖h‖2s′ (K2 + K3) = K4‖h‖2s′

Reminder from Step 1:
∫

‖ξ‖≤1/β

‖ξ‖2s
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ +
1

Mβ

∫

‖ξ‖>1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ ≤ K

ν0

I2 :=

∫

‖ξ‖>1/β

∣
∣e−2iπ〈h,ξ〉 − 1

∣
∣
2
∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

≤ 4

∫

‖ξ‖>1/β

∣
∣
∣ f̂α,β(ξ)

∣
∣
∣

2

dξ

≤ 4K

ν0

Mβ

– p. 49/67



Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K4‖h‖2s′

I2 ≤
4K

ν0

Mβ







=⇒ I1 + I2 ≤ max

{

K4,
4K

ν0

}(

‖h‖2s′ + Mβ

)
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
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




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)

∥
∥Thfα,β − fα,β

∥
∥

2 ≤ K5
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)
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K4‖h‖2s′

I2 ≤
4K

ν0

Mβ







=⇒ I1 + I2 ≤ max

{

K4,
4K

ν0

}(

‖h‖2s′ + Mβ

)

∥
∥Thfα,β − fα,β

∥
∥

2 ≤ K5

(

‖h‖2s′ + Mβ

)

Mβ := max
‖ξ‖=1

∣
∣
∣1 − φ̂(βξ

∣
∣
∣

2

→ 0 as β → 0
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K4‖h‖2s′

I2 ≤
4K

ν0
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∥
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→֒ ∀ε > 0, ∃n0 ∈ N
∗ : ∀n ≥ n0, Mβn ≤ ε
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0
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∥
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sup
n∈N∗

∥
∥Thfn − fn

∥
∥

2 ≤ max

{

max
1≤n≤n0

∥
∥Thfn − fn

∥
∥

2
, K5

(∥
∥h

∥
∥

2s′
+ ε

)}
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K4‖h‖2s′
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




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}(
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)

∥
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∥
∥

2 ≤ K5

(

‖h‖2s′ + Mβ

)

→֒ ∀ε > 0, ∃n0 ∈ N
∗ : ∀n ≥ n0, Mβn ≤ ε

sup
n∈N∗

∥
∥Thfn − fn

∥
∥

2 ≤ max

{
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1≤n≤n0

∥
∥Thfn − fn

∥
∥

2
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(∥
∥h

∥
∥

2s′
+ ε

)}

︸ ︷︷ ︸

→ 0 as h → 0
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Step 3 supn ‖Thfn − fn‖ → 0 as‖h‖ → 0

I1 ≤ K4‖h‖2s′

I2 ≤
4K

ν0

Mβ







=⇒ I1 + I2 ≤ max

{

K4,
4K

ν0

}(

‖h‖2s′ + Mβ

)

∥
∥Thfα,β − fα,β

∥
∥

2 ≤ K5

(

‖h‖2s′ + Mβ

)

→֒ ∀ε > 0, ∃n0 ∈ N
∗ : ∀n ≥ n0, Mβn ≤ ε

sup
n∈N∗

∥
∥Thfn − fn

∥
∥

2 ≤ max

{

max
1≤n≤n0

∥
∥Thfn − fn

∥
∥

2
, K5

(∥
∥h

∥
∥

2s′
+ ε

)}

︸ ︷︷ ︸

→ 0 as h → 0

lim sup
h→0

sup
n∈N∗

∥
∥Thfn − fn

∥
∥

2 ≤ K5 ε
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∥
∥ξ

∥
∥s

∀ξ ∈ R
d \ {0}, φ̂(ξ) 6= 1

φ̂ : ξ 7→ exp
(
−‖ξ‖s

)
, s ∈ [0, 2]

φ : x 7→ U−1 exp
(
−‖ · ‖s

)
(x)

→֒ φ is positive, isotropic, radially decreasing,C∞
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Hybrid approach

Theorem Assume that

φ ∈ L1(Rd) andφ̂(0) =
∫

φ(x) dx ∈ (0, 1)

∀ξ ∈ Rd \ {0}, φ̂(ξ) 6= 1

αn ↓ 0, βn ↓ 0 and sup
‖ξ‖≤βn

∣
∣φ̂(ξ) − φ̂(0)

∣
∣2 = o(αn)

(asn → ∞)

Let fn := fαn,βn
. If g ∈ D(T+

W ), thenφ̂(0)−1fn → T+
W g,

asn → ∞.
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The components off ∈ Rn (orCn) are the coordinates of
the approximation off in the finite dimensional subspace
generated by someinterpolation family{e1, . . . , en}.
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s.t. f ∈ Rn

H ∈ Mmr×n(C) is formed likewise, withξj replaced by
regularizing sampling points.
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Φ convex
Ψ concave

Fenchel duality:

inf
f∈Rn

{Φ(f) − Ψ(T f)} = max
λ∈Rm

{Ψ⋆(λ) − Φ⋆(T ⋆λ)}

Primal-dual relationship:

f̄ = ∇Φ⋆(T ⋆λ̄)
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Conjugacy: real/complex

Ψ⋆(ξ) := inf
x
{〈ξ, x〉 − Ψ(x)} (convex)

Φ⋆(ξ) := sup
x
{〈ξ, x〉 − Φ(x)} (concave)

– p. 59/67
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Ψ⋆(ξ) := inf
x
{〈ξ, x〉 − Ψ(x)} (convex)

Φ⋆(ξ) := sup
x
{〈ξ, x〉 − Φ(x)} (concave)

The complex case:

Ψ⋆(ξ) := inf
x
{Re〈ξ, x〉 − Ψ(x)} (convex)

Φ⋆(ξ) := sup
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{Re〈ξ, x〉 − Φ(x)} (concave)
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Duality (complex version)

Theorem
(X, 〈·, ·〉) complex Hilbert space

T : X → Cm linear mapping with adjointT ⋆

Φ: X → (−∞,∞] proper convex

Ψ: Cm → [−∞,∞) proper concave

(CQ) ri T dom Φ ∩ ri dom Ψ 6= ∅

Then,

inf
x∈X

{Φ(x)−Ψ(T x)} = max
λ∈Cd

{D(λ) := Ψ⋆(λ)−Φ⋆(T ⋆λ)}.
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Φ(f) :=
1

2

∥
∥TWβ

f
∥
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L2(Wβ)

(D)

∣
∣
∣
∣
∣

Maximize D(λ) := Re 〈g, λ〉 − α

2
‖λ‖2 − Φ⋆(T ⋆λ)

s.t. λ ∈ Cd

Remark the Constraint Qualification(CQ) is always
satisfied by Problem(P)
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Primal-dual relationship

Together with the assumptions of Fenchel’s Theorem,
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Primal-dual relationship

Together with the assumptions of Fenchel’s Theorem,
suppose that

Φ⋆⋆ = Φ andΨ⋆⋆ = Ψ

Φ⋆ is Gâteaux-differentiable overX

ri dom Ψ⋆ ∩ ri dom(Φ⋆ ◦ T ⋆) 6= ∅
Then, if λ̄ is any maximizer of the dual function,
x̄ := Φ⋆′(T ⋆λ̄) is primal optimal.

Φ(f) =
1

2

∥
∥TWβ

f
∥
∥2

L2(Wβ)
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Computing D(λ) and∇D(λ)

X, Y be Hilbert spaces

T : X → Y invertible linear mapping

T ⋆ adjoint ofT

F : Y → R̄ any mapping

Φ := F ◦ T

ThenΦ⋆ = F ⋆ ◦ (T ⋆)−1.
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Computing D(λ) and∇D(λ)

X, Y be Hilbert spaces

T : X → Y invertible linear mapping

T ⋆ adjoint ofT

F : Y → R̄ any mapping

Φ := F ◦ T

ThenΦ⋆ = F ⋆ ◦ (T ⋆)−1.

Φ⋆(ξ) = sup
{〈

ξ , x
〉
− F (Tx)

∣
∣ x ∈ X

}

= sup
{〈

ξ , T−1y
〉
− F (y)

∣
∣ y ∈ Y

}

= sup
{〈

(T−1)⋆ξ , y
〉
− F (y)

∣
∣ y ∈ Y

}

= F ⋆
(
(T ⋆)−1ξ

)
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Computing D(λ) and∇D(λ)

Lemma

Y be a(real or complex) Hilbert space with inner
product〈·, ·〉 and norm‖ · ‖
Φ := ‖ · ‖2/2

ThenΦ is self-conjugate, that is,Φ⋆ = Φ.
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Computing D(λ) and∇D(λ)

ran TWβ
is closed

thus it is a Hilbert space on its own
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Computing D(λ) and∇D(λ)

ran TWβ
is closed
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∥
∥
∥(T ⋆
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)−1ϕ

∥
∥
∥

2
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1
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〈

(T ⋆
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)−1ϕ, (T−1
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)⋆ϕ
〉
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〈
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〉
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