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Recover a function from a partial and
approximate knowledge of its Fourier
transform.
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e =3 j (5) sinc 7a (e . 5)

—p. 4/67



—p. 5/67



1S

Aperture synthesi

Example 2

—p. 5/67



ymeda Galaxy



al Sign Galaxy ?




ple 3: MRI

ard acquisitions:



Example 3: MRI

Non-Cartesian and sparse acquisitions:

\

3 - T B
s LTI T I T I I T
=
M
]
~_
A=

Hi
s [ ]]
3

—p. 8/67



e

roduction
eminder on ill-posed problems
urier synthesis

ymptotic analysis

dual algorithm



ework

GG Infinite dimensional separable Hilbert spaces



Framework

m F. GG Infinite dimensional separable Hilbert spaces
mT: F — G bounded linear operator
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F, G infinite dimensional separable Hilbert spaces
T: F — G bounded linear operator

Problem: given any € G, find f € F' such that
I'f =g
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F, G infinite dimensional separable Hilbert spaces
T: F — G bounded linear operator

Problem: given any € G, find f € F' such that
I'f=g

Well-posednessi a unique solution which depends
continuously ory

Well-posedness in theS sense’/  Is continuous
(with domainG)
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lll-posedness

Theorem Assumel’ Is , . Then

(1) there exists a real sequenke> Xy > ... > 0
converging to zero and a Hilbert basgig ), of
such that

Vi € IN*, T*T fr. = M\ fx
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lll-posedness

Theorem Assumel’ Is , . Then

(1) there exists a real sequenke> Xy > ... > 0

converging to zero and a Hilbert basgig ), of
such that

Vi € IN*, T*T fr. = M\ fx
(i) T7': ranT — F'is Jand so i
() ranT'Is not closed, so that

D(TT) =ranT + (ranT)*CG
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Clearly, T™T' Is Hermitian, compact, positive and
Injective. Point (i) Is then a particular instance of the
spectral theorem for compact hermitian operators.
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Clearly, T™T' Is Hermitian, compact, positive and
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Now for all &k € IN*, || T f% || = A&, SO that

int (|1 f| =0.
Hf||=1H al
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Clearly, T™T' Is Hermitian, compact, positive and
Injective. Point (i) Is then a particular instance of the
spectral theorem for compact hermitian operators.

Now for all &k € IN*, || T f% || = A&, SO that

int (|1 f| =0.
Hf||=1H al

If ranI" were closed, it would be a Banach space on
its own, and the Open Mapping Theorem would

imply continuity of 7. This would contradict
Point (ii).
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lar Value Decomposition

1 1
gr = —=1fx, fr = —=T"gx
vV Ak



lar Value Decomposition

1 1
= —TF, - T
Y, vl v vl

sition The family (gr )ren+ IS @ Hilbert basis of



Singular Value Decomposition

1 1
g = —=1'fr, fr = —=T"gs
VAL v s

Proposition The family (gx)ren- IS @ Hilbert basis of
clran”'

Proposition For allg € D(T™),

1
T+ —
g § T (9 Gk) [k

keIN*
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Tikhonov's regularization

Proposition Let «a be a position number.

Then IS the unique minimizer
of

1 o
Fofesllg =TI+ I
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Tikhonov's regularization

Proposition Let «a be a position number.

Then IS the unique minimizer
of

1 o
Fofe Sl =T+ SIFI7

Moreover, f, depends continuously ane G.
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Tikhonov's regularization

Proposition Let «a be a position number.

Then IS the unique minimizer
of

1 Q
Fofe Sl =T+ SIFI7
Moreover, f, depends continuously ane G.

Theorem The Tikhonov’s solution’,, converges
strongly to asa | 0.
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Fourier extrapolation

Let V andWl be subsets dR”. Assume that’ is
bounded and thdl” has a non-empty interior. Recover

fo € L*(V) from the knowledge of its Fourier transform
on V.
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Fourier extrapolation

Let V andWl be subsets dR”. Assume that’ is

bounded and thdl” has a non-empty interior. Recover

fo € L*(V) from the knowledge of its Fourier transform
on V.

A. LANNES, S. ROQUEsand M.-J. Q\SANOVE,

Stabilized reconstruction in signal and image processing;

Part |: partial deconvolution an spectral extrapolation
with limited field J. Mod. Opt.34, pp. 161-226, 1987.
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Fourier extrapolation

Let V andWl be subsets dR”. Assume that’ is
bounded and thdl” has a non-empty interior. Recover

fo € L*(V) from the knowledge of its Fourier transform
on V.

A. LANNES, S. RbQUEsand M.-J. QASANOVE,

Stabilized reconstruction in signal and image processing;
Part |: partial deconvolution an spectral extrapolation
with limited field J. Mod. Opt.34, pp. 161-226, 1987.

Truncated Fourier operator:

To: L*(V) — L*Q)
f oo Tof:=1of =1Uf.
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arties of Ty,

2 1)(E) = /}R 2O ()14 (€) f() da.

| e/
oz, &) € L*(R? x RY)

—  Tw Is Hilbert-Schmidt



Properties of Iy

(T 1)(€) = / e 2T (o) Ly () f () da.

R N————————
oz, &) € L*(R* x RY)

— Tw IS

Reminder The Fourier transform of compactly
supported functions are entire functions
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Properties of Iy

(B 1)) = [ 9y (@) l(€) S (o) de
oz, &) € L*(RY x RY)

— Tw IS

Reminder The Fourier transform of compactly
supported functions are entire functions

—  Tw IS
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Thus, 77,1y, Is , , Hermitian, positive.
— T': ran Ty — L?(V) is unbounded
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Thus, 77,1y, Is , , Hermitian, positive.
— T': ranTy — L*(V) is unbounded
— ran Ty IS not closed

— Ty, is unbounded an® (T3, ) L* (W)
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Thus, 77,1y, Is , , Hermitian, positive.
— T': ranTy — L*(V) is unbounded

— ran Ty IS not closed

— Ty, is unbounded an® (T3, ) L* (W)

D(Ty,) is a dense subset éf (17)
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sition Ay (T3,1y,) < 1.

0 A1l
pHHH————+—+—+—+—

TI;/TW — ]lvU_l]le

175 Ty f1ll 22

14 2



Proposition A (T3, Ty,) < 1.

0 Al

Proof Tﬁ/TW == ]lvU_l]le

A

2
1

VAN

T3 Ty fill 220y
fv | U wU fi
fRd ‘U_l]IWUfl

fwlUA[T (<)
1 (otherwiselU f; = 0onW?°) =

| 2

{ 2
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Fourier interpolation

Proposition Assume thaf) C R? is such thaf)¢ is
bounded. Then,

() 1 Is bounded and injective;
() ranTq IS closed,;
(iiiy Ty': ranTy — L*(V) is bounded.
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o1 can bediagonalized

UE -— )\k(TéTﬂ) =1 — )\k(TécTﬂc)



15T =1 — T35 T
— 13T, can bediagonalized
=1 — Ne(T3: 1)
— O<mw <pu<...<landy, — 1ask — oo

0 |
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15T =1 — T35 T
— 13T, can bediagonalized
=1 — Ne(T3: 1)
— O<mw <pu<...<landy, — 1ask — oo

0 |

—  T3Tqo: L*(V) — ran(T5T,) and
T,: L*(V) — ran T, have continuous inverses,
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15T =1 — T35 T
— 13T, can bediagonalized
=1 — Ne(T3: 1)
— O<mw <pu<...<landy, — 1ask — oo

0 |

—  T3Tqo: L*(V) — ran(T5T,) and
T,: L*(V) — ran T, have continuous inverses,
andran 7y IS closed
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larization

. 1 &
PAS 5 Hg —Twf H?’P(W) T 5 H HWBUf HiZ(Wg)

Wjs: complement of3, /5



Regularization

B 1 ¢
Minimize = [ g =T f |7+ 5 10w, F [0,

W3: complement o5, /5

New object to be reconstructed; * f
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Regularization

B 1 ¢
Minimize = [ g =T f |7+ 5 10w, F [0,

W3: complement o5, /5

New object to be reconstructed; * f

. J7—1
¢ :=U"1p,,
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Regularization

B 1 ¢
Minimize = [ g =T f |7+ 5 10w, F [0,

W3: complement o5, /5

New object to be reconstructed; * f

771
bp=U"p,,

|
5 12w, Uf [z,

energyof f in the high frequency domain
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1zed version

1 ~ 2 18 ~ ~ 112
ze 5o -Tos| | +3]a-0ni|
: ’Wg w o + 3 (1 —p)f P

s.t. feL*(V)



1zed version

1 : o 00|
ize = — 1 H S H 1 - H

s.t. fe L*V)

Regularized datay; := Qgﬁg



Apodized version

. . 1 A 2 Qo ~ ~ 112
Minimize §H¢59—T fH +—H(1—qb5)f

2
s.t. feL*V)

L2(R9)

Regularized datay; := (5/39

Pp(x) = % (%) b5(€) = o(5¢)



Point spread functions
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Case Ug(0)=1
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ral framework

Minimize % g5 — Tw f||” + o Hs(f)
s.t. fe L*V)

1 : N 12 1 { ~ 121 12
=5 a-6] =3 [ =4[ 17



General framework

o1
Minimize §||gg—waH2+ Hs(f)
s.t. fe L*(V)

“3 ),
L?(R9) 2 Rd
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Main issues
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General framework

o1
Minimize §|}gg—waH2+ Hs(f)
s.t. fe L*(V)

3,
L?(R9) 2 Rd

Well-posedness

% 2

AN

L= o5 |/

Ho(f) = 5 || (1 —60)F |

Main issues

Asymptotic behavior{ and/or/ tend to zero)
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nosedness

on (f1fo) 1= Jpal1 = 03 PUAUf



\Well-posedness

Definition = [rall — $sPU AU f
Lemma is an inner product which turng*(V)
Into a Hilbert space. The corresponding narm | ; Is
equivalent ta| - || .2y

(- d)f|

Minimize —Hgbﬁg TWfH +2‘

s.t. feL*V)
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\Well-posedness

Definition = [rall — $sPU AU f

Lemma is an inner product which turng*(1)
Into a Hilbert space. The corresponding narm | ; Is
equivalent ta| - || .2y

Proposition Leta, 8 > 0 be fixed. ThenP, 3) has a
unique solutionf, 3, which depends continuously on

g€ L*(W).

- dpf

Minimize —H¢gg TWfH +2‘

s.t. feL*V)
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can be rewritten as:

111 ~
5 ¢ﬁ9—TWf‘

s.t. feL*V)

Minimize

2 Qv 9
pan T2l



(P..5) can be rewritten as:

111 ~
5 ¢59—wa‘

s.t. feL*V)

X

. 2
L2(W) i 2

Minimize

f

fap = (T Ty + )" T5, (Hs9)
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(P..5) can be rewritten as:

111 ~
5 ¢59—wa‘

s.t. feL*V)

X

. 2
L2(W) i 2

Minimize

f

fap = (T Ty + )" T5, (Hs9)
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(P..5) can be rewritten as:

11 ~
5 ¢59—wa‘

s.t. feL*(V)

X

2 2
L2(W) i 2

Minimize

f

Fon — (TWTW + Oé])_lTW(gggg)
Ty,: adjoint of 77, w.r.t.

The conclusion then follows from Tikhonov’s theory and
the continuity of the multiplicationy — ¢3g.

—p. 32/67
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nov-like regularization (« | 0)

. Ly~ 2
Minimize §H¢59_waH

(Po,8)
s.t. fe L*(V)




nov-like regularization (« | 0)

11 ~ 2
Minimize -— — T H

s.t. feL*V)

Unique solution;" (¢39)



Tikhonov-like regularization

(Po,s)

Minimize

111 ~ Y
9 ¢ﬁg—TWfH

s.t. feL*V)

Unique solutionT}; (¢39)

Theorem Let 3 > 0 be fixed and ley € D(T;;").

(1)
(i1

f gpg € D(T})), t
f 939 ¢ D(T)), t

nenf, 3 — T (d39) asa | 0.

ven|| fusla) — oo asa | 0.
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Tikhonov-like regularization

. Ly ~ 2
P, ) Minimize 5 ®39 — Ly f H
s.t. feL*(V)

Unique solutionT}; (¢39)

Proposition Assume that € L'(R%) is such that is

analytic, and let; > 0 be fixed and; € D(T;;"). Then,
the following are equivalent:

() $39 € D(T;});
(i) supp(¢y « T g) C V-

—p. 33/67
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Result

om  Assume that

> 0 (fixed)
LY(R%) with [ ¢(z) dz = 1 (i.e. ¢(0) = 1)



Main Result

Theorem Assume that

= a > 0 (fixed)
= ¢ € LY(RY) with [ ¢(z)dz = 1 (i.e. (0) = 1)

# [1— ()] ~eo K[£]|* for somek, s > 0
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Main Result

Theorem Assume that

= a > 0 (fixed)
= ¢ € LY(RY) with [ ¢(z)dz = 1 (i.e. (0) = 1)
# [1— G(&)] ~eo K| €] for somekK, s > 0

= V€ € R\ {0}, 9(€) # 1



Main Result

Theorem Assume that

= a > 0 (fixed)
= ¢ € LY(RY) with [ ¢(z)dz = 1 (i.e. (0) = 1)
# [1— G(&)] ~eo K| €] for somekK, s > 0

= V€ € R\ {0}, 9(€) # 1

If g € T,,(L*(V) N H*(RY)), then
asp; | 0.
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iew of the proof

3(fa,6)5e(0,1] IS bounded
(fa.5) ge(o.1) CONverges weakly td;; g

On L0, frn = faﬁn
fo) = T g



Overview of the proof

(fa,8) e (0.1 1S POUNded
(fa,) se(0.1] CONVerges weakly tdy: g

Bn l 0, fn .= fa,ﬁn
m () — TVE/FQ

The convergence is in fact strong
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Overview of the proof

(fa,8) e (0.1 1S POUNded
(fa.8) e (0.1 CONVerges weakly td-g

ﬁn l O! fn = fa)ﬁn
() — TM_/FQ

The convergence is in fact strong

(f») bounded

lim sup / )P dr =015 = (£,) precompact
xT| >

R—oo p

sup || 7, fn — full — 0 as||hf| — 0

/
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(fa,8) e (0.1 1S POUNded
(fa,) se(0.1] CONVerges weakly tdy: g

Bn l 0, fn .= fa,ﬁn
m () — TVE/FQ

The convergence is in fact strong

= (f,) is bounded (Step 1)
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Overview of the proof

(fa,8) e (0.1 1S POUNded
(fe) 5e 01 CONnverges weakly ;g

Bn l O! fn = faaﬂn
() — TVE/FQ

The convergence is in fact strong

= (f,) is bounded (Step 1)

R—oo g

= V bounded— lim Sup/ | fu(2)]?dz = 0
| ||>R
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Overview of the proof

(fa,8) e (0.1 1S POUNded
(fe) 5e 01 CONnverges weakly ;g

Bn l O! fn = faaﬁn
() — TVE/FQ

The convergence is in fact strong

= (f,) is bounded (Step 1)

R—oo g

= V bounded— lim Sup/ | fu(2)]?dz = 0
|z

= sup,, | 7. fn — full — 0 as|[h]| — 0
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(fa.8) g0 1S bOUNded

rg (analytic extension of)



1 (f.5) 5o (0. 1S bounded

PN E®RY) — [ e i) at < oo



1 (f.5) 5o (0. 1S bounded

PN E®RY) — [ e i) at < oo

2

a0 90 s

~ 2 ~ 2
< H¢ﬁg_TW f +a||(1—¢ﬂ)U S H

_ Wfoz,ﬂ




1 (f.5) 5o (0. 1S bounded

PN E®RY) — [ e i) at < oo

2

a0 90 s

2 ~ 2
+ H (1—¢s)UT g H

_ Wfoz,ﬂ

< H QBBQ — TWTI/{/FQ



1 (f.5) 5o (0. 1S bounded

PN E®RY) — [ e i) at < oo

2

a0 90 s

2 ~ 2
+ H (1—¢s)UT g H

_ Wfoz,ﬂ

< H QBBQ — TWTI/{/FQ

_|_

_|_




Step 1 (fa) e (o 1S bounded

g€ Ty(L2(V) N1 RY) — [ ¢l |ate)] g < o0

2

~ 2 ~
H%Q—waa,ﬁ +04H(1—¢6)Ufa,6
~ 2 . 2
< | dsg =Ty 10| +af (1= da)u
) > 1 - 2 .2
||(1_¢B)Ufa,ﬁ < aH%g—g + |(1—¢5)9




Step 1 (fa) e (o 1S bounded

g€ Ty(L2(V) N1 RY) — [ ¢l |ate)] g < o0

2

a9 ts

a0 -dpv

H Pp9 — Ty fa,p
2

< |’<559—TW

2
=

2

2 1 .
SaH%g—g ‘(1—%)9

| (1= 69)U fus

2 2

e [Er

Hcgﬁg—g < H(l—ég)g



Step 1 (fa) e (o 1S bounded

g€ Ty(L2(V) N1 RY) — [ ¢l |ate)] g < o0

2

||<3ﬁg—waa,ﬁ 2+04H(1 — 0p)U furp
< Hggﬁg_TW 2+04H(1—<3ﬁ>U 2
(1= 98)Ufap| <—|989—9]| +|1—9¢s)g
[0 —bouses|| < 3 |60 =]+ 0~ b0 |
[(=do)fus | < =2 |0 - d)a||




(fa.8) g0 1S bOUNded

2 1_|_a 2

<

| (1= 49 us

| (1= 0)3

@7




(fa.8) g0 1S bOUNded

2 1_|_a 2

<

| (1= 49 us

| (1= 0)3

@7

A

da(€) = ¢(BE)



(fa.8) g0 1S bOUNded

2 1_|_a 2

| (1= ) fus | < —=||0=dn)3
609 | fuste)| ae <222 [ J1-0030)[ 30 ag



Step 1 (fa) e (o 1S bounded

2 1+a 2

| (1= 60 fus| < —2]|(1-dn)3
faﬁ(&.) Lra
11— 9(BE)? |, 2
mﬁ/ﬁdu—q@m/ugu>|2 Jasld)] de
1—|—a 11— 0(BE? (.,
M d
/11 Se/lenE O %

2

1 — p(5¢) — (B¢

mp .= mln

i >O and Mj := max

1€ll=




Step 1 (foéﬁ)ﬁe(()’l] is bounded

2 1+« °

[0 do)fus| < =7 =005
faﬁ(&.) —I_a ‘
11— (B | :
: fos@)] de
/Rd 1= o/ enE
<1+ak@ 11— ¢(BE)° ‘ﬂ@ﬁdg

T o mg Jga |1—¢(BE/|1€])|?



1 (fa,ﬂ)ge(o,u IS bounded

11— @(BO? |,
: Fs()
1 dse/liEm 7 A

_ltay [ |1 4B
= "o ms Jue (1 B €N

| 2

dg

g(6)|” de




Step 1 (fa) is bounded

Be(0,1]
1=BBOF | o
fas@©| de
v 1 — a(oe/1eDE )"
M — 2 D)

& Mg Jre |1 — (ﬁ§/|\€ll)|2

Lemma Juy, Cy > 0 such thaty3 € (0, 1], V€ € R\ {0},
_ 1P

“T—aelepe -~
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Step 1 (fa) is bounded

Be(0,1]
1=BBOF | o
fas@©| de
v 1 — a(oe/1eDE )"
Wi — 2 D)

& Mg Jre |1 — ([3§/|\€||)|2

Lemma Juy, Cy > 0 such thaty3 € (0, 1], V€ € R\ {0},
_ 1691
11— g(BE/I€]) 2

KT B P

S 1—|-04M500/ Hf
R4

@ mg

< Goll€lI**

2

fa5(€) d¢

g6 de
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Overview of the proof

(fa,8) e (o1 IS POUNded
) se(0.1] CONverges weakly tdy" g

577, l 01 fn = f@ﬁn
m () — TVE/F!]

The convergence is in fact strong

» (f,) is bounded (Step 1)
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Step 2 El(fnk) — TVE/FQ

Gn | 0, fn = foz,ﬁw QﬁmC = Cbﬁnk
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ples: Levy kernels

11— (6| ~eo [1€1I

A

vE e RU\ {0}, (&) #1

O: € exp(—[l€]*), < 0.2



Examples: Levy kernels

1= 60| ~eo [l
vE e RT\ {0}, o(¢) #1
b1 & — exp(—|¢]),
x> Ut exp(—| - [I°) (x)

— ¢ IS positive, iIsotropic, radially decreasing,™



Point spread functions
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Cauchy filter (s=1) Filter for s=0.6

0 0.5 : 0 0.5
€ €

Cauchy kernel (s=1) Kernel for s=0.6

—p. 52/67




d approach




d approach

om  Assume that

LY(R%) andg(0) = [ ¢(z 1)



d approach

om  Assume that

LY(R%) and¢(0) = [ é(z) 1)
e R\ {0}, 0() #1



Hybrid approach
Iheorem Assume that
= ¢ € L'(RY) and¢(0) = [ ¢(z)dz € (0,1)
= V€ € R\ {0}, 9(¢) #1
2

=a, |0, 8,] 0and ||§|1|l<pﬁ 6(6) — ¢(0)|” = o(aw)
(asn — o0) B



Hybrid approach

Theorem Assume that

= ¢ € L'(RY) and¢(0) = [ ¢(z)dz € (0,1)
= V€ € R\ {0}, 0(¢) # 1

=a, |0, 8,]0and S 6(6) — 6(0)]” = o)
(asn — o0) B

Let f,, := fo, 5, If g € D(T};"), then
asSn — oQ.



Case Ug(0)=1
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urier synthesis

ymptotic analysis

dual algorithm(joint work with D. Wallach)



dimensional setting

L 1 Q
Minimize §Hg—TfHZm—I-§HHfHG23mT
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dimensional setting

L 1 Q
Minimize ng—TfHZergﬂHfHémr
st. f e R"

A

fo(&k) = /‘/6_2”<“"’£’“>f0(m) de, k=1,....,m



Finité dimensional setting

(P)

L 1 o
Minimize §Hg—TfHém+§HHfHémr

S.1.

The components df € R” (or C") are the coordinates of
the approximation of in the finite dimensional subspace

generated by somaterpolation familyf{e,, ..., e,}.
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Finité dimensional setting

. 1 o
P Minimize §Hg—TfHém+§HHfHémr

S.1.

T € M,,«,(C) is the matrix whose entry, k) is the
Fourier transform oé;, até;

— p. 56/67



Finité dimensional setting

. 1 o
P Minimize §Hg—TfHém+§HHfHémr

S.1.

H e M,, «,(C) is formed likewise, witht; replaced by
regularizing sampling points

— p. 56/67
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® convex

imize  ®(f) —W(Tt) with | o




Finité dimensional setting

Framework:

$ convex

Minimize &(f) — U (7Tf) with U concave

Fenchel duality:

Anf {O(f) — U(T1)} = max Uy (A) — ¢(T7A)}
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Finité dimensional setting

Framework:

$ convex

Minimize &(f) — U (7Tf) with U concave

Fenchel duality:

Anf {O(f) — U(T1)} = max Uy (A) — ¢(T7A)}

Primal-dual relationship:

—p. 57/67



lly Iinfinite setting

L 1 1
winimize g~ 777 + 2Tt L,
s.t. fe L*V)




lly Iinfinite setting

o] 1
Minimize - ||& 7 [[¢ + 5 | T f [,
s.t. fe L*V)




Partially infinite setting

. | 2 1 2
Minimize > lg—Tf|em+ 5 | T, f HLQ(WB)
S.1.

(P)

(T f)y := / 6_2m<x’§k>f($) de, k=1,....m;
1%

Tng — ]1W5Uf
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gacy: real/complex

U, (&) = igf{(@“,x) — WU(x)} (convex)

(&) = sup{(§, x) — ®(r)}  (concave)



Conjugacy: real/complex

U, (&) = igf{(@x} — WU(x)} (convex)

P*(8) = sup{(¢, x) — ®(r)}  (concave)

The complex case:

U, (&) = igf{Re(ﬁ, ry —W(x)} (convex)

d*(£) = Sgp{R@(ﬁ, r) — ®(x)} (concave)



y (complex version)

em
, (+,-)) complex Hilbert space




Duality (complex version)

Theorem
m (X, (-, -)) complex Hilbert space
w7 : X — C"linear mapping with adjoin® *
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md: X — (—o0, 00| proper convex
mU: C" — |[—00,00) proper concave
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Duality (complex version)

Theorem
m (X, (-, -)) complex Hilbert space
w7 : X — C"linear mapping with adjoin® *
md: X — (—o0, 00| proper convex
mU: C" — |[—o00,0) proper concave

(CQ) ri7T dom® Nridom Y £ ()

Then,
inf {®(x)—V(7x)} = max{D(A) := U (A)—D*(T*\)}.

rxeX Ae(Cd

—p. 60/67



problem

L 1 1
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problem

. 1 2 1 2
Minimize o g —Tf|lem+ 5 HTWﬁfHLQ(Wg)

s.t. fe L*V)
1
2(f) = 5 | Twaf 72w,

Q * *
aximize D(X) :=Re (g, A) — =||A||* = (7N



Dual problem

Minimize —||g Tf}
s.t. fe L (V)

(P) cm _||TW5 HLQWB)

1
O(f) = 5 | T, f H;(Wﬂ)

Maximize D(M) := Re (g, A) — %H)\H? _

(D) d
s.t. Ae(C

Remark the Constraint QualificatiofC'()) is always
satisfied by ProbleniP)
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Primal-dual relationship

Together with the assumptions of Fenchel’'s Theorem,
suppose that

ud™ =dandVv,, =V
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Primal-dual relationship

Together with the assumptions of Fenchel’'s Theorem,
suppose that

ud™ =dandVv,, =V
n ®* |s Gateaux-differentiable oveY
m ridom ¥, Nridom(®* o 7*) £ ()

Then, if X is any maximizer of the dual function,
IS primal optimal.

1

(f) = 5 | Twaf [I72q,
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= 1™ adjoint of T’
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Computing D(A) and VD ()

= X.Y be Hilbert spaces

mT: X — Y Invertible linear mapping
= 1™ adjoint of T’

= [': Y — R any mapping
md:=FoT

Then®* = [* o (T*) 1.

d*(¢) = sup x)—F(Tz) | z€ X}

§
ETy)—F(y) |yeY}
(T~¢,y)—Fy) |yeY}
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Computing D(A) and VD ()

Lemma

= Y be a(real or complex) Hilbert space with inner
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Computing D(A) and VD(A)

Lemma

= Y be a(real or complex) Hilbert space with inner
product(-, -) and norm|| - ||

== |- |52

Theno is self-conjugate, that i* = .

— p. 64/67
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uting D(A) and VD(A)

ran Ty, IS closed

thus it Is a Hilbert space on its own



uting D(A) and VD(A)

ran Ty, IS closed

2

(o) = 5 [T

= (@) e (T

1

L2(Wp)

L2 (Wp)

*

P, P,
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uting D(A) and VD(A)

T;VﬂTWﬁ =1 - TEl/BTBl/B



Computing D(A) and VD ()

T;VﬁTWﬁ =1 - TngBw

175,15, <1
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k-space
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