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Introdution GénéraleDans le présent travail de thèse, nous avons voulu engager une ré�exion sur les problèmesd'estimation non paramétrique, i.e lorsque l'espae des paramètres est in�ni. Très onrète-ment, nous avons étudié le omportement asymptotique d'une lasse partiulière d'estimateursbien onnus en statistique, les M-estimateurs pénalisés.Ces estimateurs sont dé�nis omme réalisant le minimum d'une fontion de perte sousertaines ontraintes; ils ont été abondamment étudiés par de nombreux auteurs. Nous ren-voyons à des ouvrages généraux et à leur bibliographie pour un début d'exhaustivité, f parexemple Genont-Catalot et Piard in [GCP93℄, Birgé et Massart in [BM97℄, Silverman in[GS94℄, van de Geer in [vdG00℄, [vdG01℄ ou Wegkamp in [vdGW96℄. Ils trouvent de nom-breuses appliations en pratique dans les domaines les plus divers: la physique et l'astronomiein [SM98℄, l'éonomie [DFR01℄ ou enore le traitement de l'image [ROF92℄ ou [Mum97℄.S. van de Geer a montré que le omportement asymptotique de es estimateurs peut es-sentiellement être déduit des propriétés géométriques de l'espae où a lieu la minimisation,notamment de leur entropie en utilisant des tehniques liées à la théorie des proessus em-piriques. Ainsi, il n'est pas néessaire de onnaître expliitement l'expression de l'estimateurpour en déduire ses propriétés asymptotiques; ela permet de généraliser ette méthode à ungrand nombre de situations. L'entropie, notion développée par Le Cam [LC91℄, Ibragimovet Ha'sminskii [HI86℄ ou Birgé [Bir83℄ pour mesurer la omplexité des espaes fontionnels,apparaît don aujourd'hui omme un outil fondamental de la statistique asymptotique et per-met d'aborder, sous un jour nouveau, les problèmes d'estimation usuels.C'est dans e adre que nous nous sommes proposés de dérire en termes d'entropie leomportement asymptotique de M-estimateurs pénalisés. Cet objetif nous a onduit, dansun premier temps, à une double approhe. D'une part, nous avons onsidéré des estimateursobtenus par projetion sur des bases, notamment des bases d'ondelettes, et dont les oe�-ients ont été soit lissés (multipliés par des paramètres de régularisation), soit seuillés (mis àzéro lorsqu'ils sont inférieurs à un ertain seuil). D'autre part, nous nous sommes intéressésaux estimateurs obtenus en statistique Bayésienne. Ainsi, une même approhe générale mon-tre la onvergene de es estimateurs partiuliers.Dans un seond temps, nous nous sommes attahés à dégager des proédures d'estimation5



CONTENTS 6adaptative qui rendent possible l'estimation d'une fontion, sans faire d'hypothèses a priorisur sa régularité tout en obtenant un estimateur qui onverge à la vitesse optimale au sensminimax.Nous avons hoisi d'organiser la synthèse de nos travaux sous la forme suivante: une pre-mière partie d'introdution générale, le Chapitre 1, où nous présentons de façon suinte nosrésultats, ensuite, viennent quatre hapitres qui les reprennent, les détaillent en proposant denouvelles perspetives. Chaun d'eux ( à l'exeption du Chapitre 3) est artiulé autour d'unartile prinipal. La bibliographie est regroupée en �n de doument.Plus préisément, au Chapitre 2, nous ommençons par présenter un théorème généralqui dérit le omportement asymptotique de M-estimateurs en fontion de l'entropie de lalasse de fontions assoiée à la pénalité. En onformité ave ette approhe, dans un artileérit en ollaboration ave S. VAN DE GEER, nous avons étudié l'estimateur de seuillagedoux en tant qu'estimateur minimisant une fontion de perte quadratique et une pénalité l1et généralisé ses propriétés d'adaptivité asymptotique à l'estimateur robuste du prinipe dedéviation absolu pénalisé. En annexes de ette partie, nous présentons une généralisationde es derniers résultats à l'estimateur du maximum de vraisemblane pénalisé ainsi que dessimulations des estimateurs onsidérés et les moyens qui ont été mis en oeuvre pour les obtenir.Nous avons onsaré le Chapitre 3 à l'étude des estimateurs lissés, obtenus en minimisantune perte quadratique et une norme d'un espae de Besov. Les bases d'ondelettes nous ontpermis d'érire es normes omme des ombinaisons à poids des oe�ients d'ondelettes. Nousavons étudié le omportement des estimateurs obtenus et avons expliqué omment, dans lapratique, il est possible de hoisir le paramètre de lissage par des méthodes de validationroisée.Au Chapitre 4 nous avons montré omment les estimateurs Bayésiens pouvaient êtreétudiés omme des M-estimateurs pénalisés. La fontion de perte, hoisie par le statistiien,joue ii un r�le similaire à la loi a priori. Grâe à es premiers résultats, nous onstru-isons un estimateur basé sur la maximisation de la loi a posteriori, de forme analogue à elled'un estimateur lissé autorisant une estimation adaptative. Cette méthode s'apparente à uneproédure de séletion de modèles qui privilégierait eux qui, parmi eux, sont onstitués desfontions les plus régulières.En�n, le Chapitre 5 onstitue une extension de nos travaux à des fontions très irrégulières,dont la régularité varie rapidement et n'a de sens que de façon loale: les fontions multifra-tales qui éhappent aux théories d'estimation atuelles. Pourtant, la onnaissane a priori desaratéristiques de es fontions, dé�nies par l'histogramme de leurs oe�ients d'ondelettesnous o�re la possibilité de onstruire un estimateur, maximisant la log-vraisemblane a poste-riori, et de donner son omportement asymptotique. Ce travail a été réalisé en ollaborationave F. GAMBOA.



Chapter 1Introdution et PréliminairesDans e hapitre, nous ommençons par rappeler les notions à la base de notre travail ainsi queles dé�nitions des di�érents objets qui nous intéressent. Chaque setion renvoie à un hapitreultérieur en présentant, de manière suinte une partie des résultats qui y sont développés.1.1 M-estimationDans tout notre travail, nous onsidérons le modèle de régression non paramétrique suivant:( Yi = �0(zi) +Wi; i = 1; : : : ; n�0 2 � (1.1.1)Les Yi désignent n observations qui proviennent d'une part d'une fontion �0 : L ! R,le paramètre d'intérêt, observée aux points (zi) 2 Ln où L est un ompat de R, et d'autrepart d'erreurs d'observation, les Wi; i = 1; : : : ; n, des variables aléatoires entrées. Notreonnaissane a priori de la fontion se traduit par la ondition �0 2 �, � désignant un espaefontionnel onnu. Considérons  une fontion de perte qui mesure la di�érene entre deuxquantités et une pénalité I : � ! R portant sur la régularité des fontions de l'espae �.Plus la fontion est irrégulière, dans un sens qu'il nous faudra préiser, et plus la pénalité estgrande. Pour toute suite de réels �2n, nous dé�nissons �̂n, l'estimateur pénalisé de �0, ommetoute variable aléatoire qui minimise la somme de ette fontion de perte et de la pénalité, laontribution des deux termes étant équilibrée par la suite �2n. Plus préisément:De�nition 1.1.1. Dé�nissons le M-estimateur pénalisé �̂n omme�̂n = argmin�2� �(Y; �) + �2nI(�)� (1.1.2)�2n peut être onsidéré omme un paramètre de régularisation. En e�et, il existe unéquilibre entre les deux termes de (1.1.2). Plus �2n est grand, plus le seond terme va êtreprédominant et plus l'estimateur obtenu sera régulier. D'un autre �té, plus �2n sera prohe dezéro, et plus l'estimateur sera prohe des données, prohe au sens déterminé par le hoix de la7



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 8fontion de perte. Si le minimum n'est pas atteint, nous onsidérons l'estimateur minimisantle préédent ritère à une onstante �n près:�̂n = argmin�2� �(Y; �) + �2nI(�) + �n� (1.1.3)Pour �n = o � 1n�, les propriétés asymptotiques de l'estimateur sont inhangées. C'est pourquoinous supposons dans la plupart de notre étude que le minimum est e�etivement atteint etnous prenons �n = 0. Dans quelques as partiuliers, dérits dans la partie 3.1.1, nous prou-verons ette hypothèse.A�n d'éviter d'avoir à imposer de onditions sur le shéma de disrétisation du problème(zi)i=1;:::;n, nous onsidérons des métriques basées sur ette disrétisation et nous énonçonsles propriétés asymptotiques en utilisant es métriques. Pour ela, nous dé�nissons la mesureempirique Pn = 1n nXi=1 Æzi (1.1.4)ainsi que la norme quadratique empirique assoiée:8� 2 �; k�k2n = 1n nXi=1 �(zi)2 (1.1.5)La théorie des M-estimateurs a été largement étudiée par de nombreux auteurs, parmi lesquelsnous pouvons iter tout partiulièrement S. van de Geer, M. Wegkamp in [vdG90℄, [vdGW96℄,[vdG00℄, A. Berlinet, F. Liese et I. Vajda in [BLV00℄ ou [Vaj99℄, M. Kohler in [Koh99℄ ou[Koh00℄. L'introdution d'une fontion de pénalité est justi�ée par le fait que, dans les as oùpeu de hoses sont onnues sur la fontion à estimer, e qui se traduit par une lasse de fon-tions � trop grande, un estimateur qui ne minimiserait qu'une fontion de perte serait tropirrégulier et ne onvergerait peut-être pas vers la vraie fontion. Par exemple, pour une pertequadratique, l'estimateur obtenu interpole simplement les données Yi aux points zi. Ainsiajouter une ontrainte, sous la forme d'une fontion pénalisant la régularité de l'estimateur,apparaît naturel dans le ontexte de l'estimation fontionnelle. L'estimation au moyen de fon-tions de pénalités a par ailleurs été abordée par quelques auteurs dont Silverman in [SS95℄, ouenore P. Green in [GS94℄. Dans es ouvrages de référene les auteurs dérivent le omporte-ment asymptotique des estimateurs en résolvant expliitement la minimisation. Mais, dans laplupart des situations renontrées, il n'est pas possible de résoudre le problème d'optimisationet on ne dispose que d'une expression approhée de l'estimateur omme par exemple, en im-agerie, pour la élèbre fontionnelle de Mumford in [Mum97℄. Dans es as, il est néessaired'utiliser des tehniques liées à la théorie des proessus empiriques et développées par S. vande Geer in [vdG90℄, [vdG00℄ ou [vdG01℄ qui prouve que le omportement asymptotique del'estimateur ne dépend que de la omplexité de l'espae sur lequel a lieu la minimisation,omplexité aratérisée par l'entropie des sous-espaes f� 2 �; k� � �0kn � 1; I(�) � Mg etde la onentration des erreurs d'observation.



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 9De�nition 1.1.2. Entropie H(Æ; T ):Soit T un sous-ensemble d'un ensemble métrique et N(Æ; T ) le nombre minimal de boules pourreouvrir T par des boules de rayon Æ. La Æ-entropie de T est alors:H(Æ; T ) = logN(Æ; T )Le onept d'entropie a été utilisé par de nombreux auteurs dans la littérature parmilesquels nous pouvons iter Dudley [BDH+85℄, Vapnik et Cervonenkis [VC81℄ ou [Vap00℄, D.Pollard [Pol84℄, S. van de Geer et A. van der Vaart [vdVW96℄.Dans le seond hapitre de e travail, nous étudierons les liens entre l'entropie d'unelasse et la vitesse de onvergene des M-estimateurs pénalisés, pour des fontions de pertegénérales. C'est dans e adre que s'insrit le théorème suivant:Theorem 1.1.3. Pour des erreurs sous Gaussiennes, et sous la ondition suivante:il existe des onstantes � > 0, A > 0 et s � 12 , telles queH(Æ; f� 2 � : I(�) �M; k� � �0kn � �g) � A�MÆ � 1s ;pour tout Æ > 0; n � 1;pour tout M �Mn, où Mn � I(�0). Alors pour un hoix��1n = 8<:OP(n s2s+1M p2� 12s+1n ); if s > 12 ;OP(n 14 )M p2� 12n (logn)� 12 ; if s = 12 ;l'estimateur pénalisé des moindres arrés�̂n = argmin�2� �kY � �k2n + �2nI(�)�véri�e k�̂n � �0kn = OP(�n)M p2� 12s+1n :Nous étendrons e théorème à des fontions de perte non quadratiques et à des erreursnon identiquement distribuées.Les méthodes entropiques, de part leur aratère général, peuvent s'appliquer pour étudierbon nombre d'estimateurs: dans un modèle de régression, dans un modèle logit, dans unmodèle d'estimation de densités. Ainsi, la Setion 2.3 est onsarée à l'étude de la onvergened'un estimateur de maximum de vraisemblane pénalisé pour estimer une densité dans unespae de Besov.Nous pouvons remarquer que es méthodes présentent deux inonvénients:D'une part, tous les résultats obtenus de ette manière reposent sur des aluls d'entropie,



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 10qui sont parfois peu aisés à mener et qui néessitent l'emploi de moyens détournés. Parexemple, L. Birgé et P. Massart in [BM97℄ parviennent à aluler l'entropie d'une boule d'unespae de Besov Bsp1; s > 1p en utilisant un théorème d'approximation. En Setion 2.4.4,nous aratérisons un essemble omme enveloppe onvexe de ses points extrémaux. Nousutilisons alors une inégalité de Ball et Pajor in [BP90℄ pour aluler son entropie et disutonsde l'optimalité de ette majoration.D'autre part le prinipal défaut de notre approhe repose dans le fait que les pénalités, ainsique le hoix optimal du paramètre de lissage, font intervenir la régularité de la fontion àestimer. Or ette quantité est, en pratique, inonnue.C'est pourquoi, dans un seond temps, nous nous sommes partiulièrement intéressés à deshoix de pénalités ne faisant pas intervenir expliitement des quantités inonnues a priori, maistoujours liées à la régularité de la fontion. Dans la Setion 2.2, qui retransrit un artileoérit ave S. van de Geer, nous avons étudié des M-estimateurs ave des pénalités l1. Ainsinous onstruisons un estimateur adaptatif, 'est-à-dire onstruit sans onnaissane a priorimais qui onverge à la vitesse minimax. Considérons une base de L2(Pn), les  j; j = 1; : : : ; n etdéomposons les fontions sur ette base en utilisant les notations suivantes: � =Pnj=1 �j j,�0 =Pnj=1 �j;0 j: Soit �̂n l'estimateur des moindres arrés ave une pénalité l1, i.e�̂n = arg min�=�1 1+:::+�n n( 1n nXi=1 (Yi � �(zi))2 + 2�2n nXj=1 j�jj) = nXj=1 �̂j;n j (1.1.6)Theorem 1.1.4. Supposons que la variane des erreurs est onnue �20 (pour des raisonsde simpliité) et prenons �2n � �0q2 log nn . Pour Jn un sous-ensemble de f1; : : : ; ng nousdé�nissons Nn = jJnj; Mn = Xj =2Jn j�j;0j:Alors �̂n véri�e k�̂n � �0kQn = OP(�2nN 12n + �nM 12n ):Si nXj=1 j�j;0j� � 1;pour un paramètre d'irrégularité 0 � � < 1. Prenons Jn = fj : j�j;0j > �2ng. Le théorèmemontre que k�̂n � �0kQn = OP(�2��n ):En d'autres termes, le hoix optimal du paramètre de lissage �2n = �0q2 log nn permet d'obtenirla vitesse optimale de onvergene, qui dépend de la régularité � de la vraie fontion, alors quel'estimateur est onstruit sans utiliser ette information supplémentaire. Dans notre travail,nous étudions de façon similaire l'estimateur du prinipe de déviation absolu pénalisé~�n = arg min�=�1 1+:::+�n n(1n nXi=1 jYi � �(zi)j+ 2�2n nXj=1 j�jj) (1.1.7)



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 11Nous montrons qu'il possède des propriétés de robustesse et est asymptotiquement pseudo-minimax. Nous utilisons par la suite e théorème, assoié à des déompositions des fontionsdans des bases d'ondelettes pour fournir une alternative aux méthodes de seuillages dévelop-pées par Donoho, Johnstone, Kerkyaharyan et Piard in [HKPT98℄ par exemple, et auxméthodes de séletion de modèles. Pour e dernier point, nous mentionnons les travaux de L.Birgé et P. Massart in [BM97℄, [BM98℄, [BBM99℄ ou de Y. Baraud in [Bar00℄.L'estimateur du prinipe de déviation absolue pénalisé peut sembler di�ile à mettre enoeuvre numériquement. Aux tehniques de minimisation l1, dérites par Birkes et Doge in[BD93℄ et introduites à l'origine en raison de leurs propriétés de robustesse, ont longtempsété préférées des méthodes quadratiques, plus failes à mettre en oeuvre pratiquement. Ene�et, minimiser une perte l1 néessite la mise en oeuvre de méthodes informatiques omplexesprohes de l'algorithme du simplexe. Dans la partie 2.4.3 nous présenterons un algorithmedual de point intérieur, basé sur les travaux de Sardy [SS99℄ qui nous a servi à e�etuer nossimulations pour l'estimateur du prinipe de déviation absolu (1.1.7).Après avoir dérit le omportement asymptotique des M-estimateurs pénalisés à partirde la seule entropie de la lasse de fontions où a lieu la minimisation, nous avons essayéde dérire leur distribution asymptotique. Si des théorèmes de Limite Centrale pour les M-estimateurs sont bien onnus ( pour des fontions monotones de régression, nous nous référonsà S. Leurgans in [Leu82℄ tandis que P. Groeneboom in [Gro85℄ a montré la normalité asymp-totique de l'estimateur de Grenander, qui est lié aux problèmes d'estimation des moindresarrés), il n'en va pas de même pour les M-estimateurs pénalisés. Dans la Setion 2.4.2, nousutiliserons des M-estimateurs pénalisés pour tester des hypothèses sur le modèle observé.1.2 Ondelettes et Analyse MultirésolutionNous rappelons brièvement les dé�nitions et les premières propriétés des bases d'ondelettes.Nous donnons aussi quelques résultats de théorie d'approximation qui seront utiles pour es-timer des fontions dans des espaes de Sobolev ou de Besov. Pour des résultats plus ex-haustifs, nous nous référons aux artiles de Meyer et de Donoho, Johnstone, Kerkyaharianet Piard.1.2.1 Analyse MultiresolutionNous dérivons le onept d'analyse multirésolution dé�ni par Y. Meyer et S. Mallat in[Mey87℄, [JM89℄ et [DMA97℄. On peut onstruire une fontion � 2 L2(R), telle que R �2 = 1,et qui véri�e les propriétés suivantes:1. La famille de fontions f�(x� k) ; k 2 Zg forme un système orthonormal dans L2(R).Soit l'espae V0 = V etf�(x� k) ; k 2 Zg.2. Soit �j;k = 2j=2�(2jx � k). Dé�nissons l'espae Vj omme Vetf�j;k; k 2 Zg. Lesespaes Vj sont dits emboîtés au sens où 8j 2 Z : Vj � Vj+1. En outre, ils véri�ent



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 12Tj2ZVj = f0g, et L2(R) = Sj2ZVj. La fontion � est alors appelée fontion d'éhellede l'analyse multiresolution (M.R.A) (Vj,j 2 Z).Il est possible, lors de ette onstrution d'imposer pour la fontion � les onditions derégularité suivantes:3. � est de lasse Cr et haune de ses dérivées jusqu'à l'ordre r est à déroissane rapide.L'analyse multirésolution est alors r-régulière.4. La fontion � est à support ompat.Sous es onditions, Meyer in [Mey87℄ a montré le théorème suivant.Theorem 1.2.1. Dé�nissons l'espae Wj omme Vj+1 = VjLWj, il existe une fontion  ,l'ondelette telle que:1. f (x� k); k 2 Zg est une base orthonormale de W0.2. f j;k; k 2 Z ; j 2 Zg est une famille orthonormale de L2(R), où  j;k est dé�nie ommepréédemment.3.  a la même régularité que la fontion � et est aussi à support ompat.Pour tout j0 2 Z, on a la déomposition suivante:L2(R) = Vj0MMj�j0Wj:Pour j0 2 Z, toute fontion � 2 L2 peut se déomposer de la manière unique suivante:� =Xk2Z�j0;k�j0;k +Xj�j0Xk2Z�j;k j;koù les oe�ients d'ondelettes sont dé�nis par:�j0;k = Z �(x)�j0;k(x) dx et �j;k = Z �(x) j;k dx:Cette représentation est inhomogène dans la mesure où un niveau de résolution est privilégié.On pourra utiliser la représentation homogène suivante:� = +1Xj=�1Xk �jk jk:



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 131.2.2 Espaes de Besov et approximationLes espaes de Besov sont utilisés pour dérire les propriétés de régularité d'un grand nom-bre de fontions. Pour une étude plus générale, nous nous référons aux ouvrages suivants:J. Peetre [Pee70℄, H. Triebel [ET92℄ ou R. De Vore et G. Lorentz [DL93℄. Ils apparais-sent naturellement omme des espaes de saturation liés aux vitesses minimax en théorie del'approximation. Nous onsidérons des espaes de Besov Bspq dé�nis par trois paramètres :s > 0 (un paramétre de régularité), 1 � p � 1 (paramètre Lp ), et 1 � q � 1 (paramètred'interpolation). Tout d'abord, nous rappelons la dé�nition usuelle des espaes de Besov.Soient 1 > s > 0, 1 � p; q � 1, et �hf(x) = f(x � h), opérateur de translation. Soit�hf = �hf � f , !p(f; t) = supjhj�t jj�hf jjp et !2p(f; t) = supjhj�t jj�2hf jjp.De�nition 1.2.2. L'espae de Besov Bspq(R) ave 1 � p; q � 1, s = n + � et 0 < � � 1 estdé�ni par Bspq = ff 2 Lp ; !2p(f; t) = �(t)t� with jj�jj�q <1g;en hoisissant (jj�jj�q)q = Z 10 j�(t)jq dtt :Nous pouvons remarquer que, 8� 6= 1,Z �!1p(f; t)t� �q dtt � 1(1� �)q Z �!2p(f; t)t� �q dtt :Ainsi, il est possible de remplaer !2 par !1 dans la dé�nition préédente. Soit Pj l'opérateurde projetion sur l'espae Vj et Dj = Pj+1 � Pj l'opérateur de projetion sur l'espae Wj.Nous avons alors Pj =Pk  jk � jk, e qui permet d'érire la déomposition suivante:Pjf =Xk �jk�jk=Xk �j0�j0 + j�1Xm=0Xk �mk mk:La qualité de l'approximation d'une fontion d'un espae de Besov est mesurée par la propriétésuivante énoné dans [HKPT98℄ par exemple. Si � est une fontion d'éhelle N fois dérivable,soit  l'ondelette assoiée ave N moments nuls, l'équivalene suivante donne une aratéri-sation en termes d'approximation des espaes de Besov: pour toute fontion f 2 Lp(R) nousavons: f 2 Bspq; 0 < s < N + 1 => jjPjf � f jjp = 2�js�jo (�j) 2 lq:Nous pouvons ainsi donner une aratérisation des espaes de Besov au moyen des oe�ientsd'ondelettes



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 14Theorem 1.2.3. f 2 Bspq si et seulement si la semi-norme J 0spq est telle queJ 0spq =jj �0: jjlp + Xj�0(2j(s+1=2�1=p)) jj �j: jjlp)q!1=q <1Cette représentation des espaes de Besov en terme de oe�ients d'ondelettes permetd'établir les relations entre les di�érents espaes de Besov. Ces di�érentes inlusions sontexpliitées dans [HKPT98℄Les bases d'ondelettes fournissent une représentation des fontions où l'information estonentrée en peu de oe�ients. Ainsi peu de gros oe�ients possèdent l'information dusignal. Estimer es quelques oe�ients représentatifs fournit une bonne estimation de lafontion alors que les oe�ients les plus petits, 'est-à-dire au dessous d'un ertain niveau,sont mis arbitrairement à zéro. Cette mise à zéro des oe�ients peut se faire de di�érentesfaçons: nous dérivons les deux estimateurs les plus lassiques, l'estimateur par seuillage duret l'estimateur par seuillage doux.De�nition 1.2.4. Soit un seuil � > 0 et onsidérons un estimateur empirique des oe�ientsd'ondelettes �̂jk; j; k.L'estimateur par seuillage dur est dé�ni ainsi:~fn =Xj;k 1j�̂jkj���̂jk jk (1.2.1)L'estimateur par seuillage doux est dé�ni par:~fn =Xj;k sgn(�̂jk)(j�̂jkj � �)+ jk (1.2.2)Ces estimateurs ont été étudiés par D. Donoho, I. Johnstone, G. Kerkyaharyan et D.Piard dans leurs travaux [KP93℄, [DJ94℄, [DJKP95℄, [DJKP96a℄, [DJKP96b℄, [DJKP97℄,[HKP98℄, [HKP99℄, P. Hall et P. Patil dans [HP95℄, [HP96℄ ou B. Delyon et A. Juditsky dans[DJ96a℄.Les oe�ients d'ondelettes sont alulés en pratique au moyen de la transformée en on-delettes disréte. Lorsque les points où est observée la fontion sont équidistants (ti = in), lesoe�ients disrets wjk sont reliés aux oe�ients théoriques �jk par la relationwjk � pn�jk:Le fateur pn provient de la di�érene entre les onditions d'orthogonalité par rapport à lamesure empirique et à la mesure théorique.Dans notre travail, nous relions es estimateurs ave la théorie des M-estimateurs pénal-isés. En e�et, l'estimateur onstruit en minimisant une fontion de perte quadratique et unepénalité l1 permet de retrouver l'estimateur par seuillage doux. Ses propriétés asymptotiques,



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 15ainsi que le hoix optimal du paramètre de seuillage déoulent des propriétés entropiques desespaes de Besov omme nous le préisons dans la Setion 2.2.L'estimateur par seuillage dur peut, quant à lui, être obtenu en minimisant une perte quadra-tique et une pénalité portant sur le nombre de oe�ients non nuls dans la déomposition enondelettes omme nous le signalons dans la partie 3.2.Tout au long du Chapitre 3, nous onsidérons des pénalités portant sur des ombinaisonsde oe�ients d'ondelettes. Nous y montrons dans des as préis que le problème de min-imisation possède bien une solution dont nous étudions le omportement asymptotique. Pluspréisément, nous onstruisons l'estimateur d'une fontion �0 2 Bs22:~�n = arg min�jk;j=j0;:::;j1; k k�̂jk � �jkk22 + �2nXj�j0Xk 22js�2jk! (1.2.3)Cet estimateur minimise une perte quadratique ainsi qu'une pénalité de type Bs22. Nousmontrerons que l'estimateur lissé ainsi obtenu, si les niveaux de résolution j0 et j1 satisfont àquelques onditions, atteint asymptotiquement la vitesse optimale pour des pertes B�22 ave� < s. Le théorème est le suivant:Theorem 1.2.5. L'estimateur des moindres arrés pénalisé par une norme de Besov Bs22 esttel que, sous les onditions suivantes: �2n = n� 2s1+2s et j0 = O(1), j1 = n 12s+1 , et pour uneonstante stritement positive C et 0 � � < s0:Ejj�̂ � �jj2B�22 � Cn� 2(s��)2s+1 :Le hoix optimal du paramètre est donné par �2n = n� 2s2s+1 . Or, en pratique, la onstantes est inonnue. C'est pourquoi, par une méthode de validation roisée, nous déterminons unritère pour hoisir au mieux le paramètre de lissage. Toutefois, ette méthode présente nefournit pas de vitesse de onvergene de l'estimateur pénalisé. C'est la raison pour laquellenous nous sommes plaés, dans la suite de notre travail, dans un adre Bayésien.1.3 Estimation Bayésienne et PénalitésDans la partie IV, nous nous sommes intéressé à une alternative aux méthodes d'estimationadaptative par seuillage, diretes ou au moyen de pénalités l1. Nous utilisons des pénalités,faisant ertes intervenir la régularité de la fontion à estimer, mais nous onsidérons quee paramètre est la réalisation d'une variable aléatoire. Cette approhe Bayésienne, prohedu point de vue de séletion de modèles permet de laisser les données hoisir d'elles-mêmes(i.e a posteriori) le bon paramètre de régularité et de onstruire un estimateur atteignantasymptotiquement la vitesse minimax.Plus préisément, le adre de notre étude est le suivant: nous observons toujours un mod�lede régression: Yi = �0(zi) + �i; i = 1; : : : ; n



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 16ave des erreurs �i � N (0; �2) indépendantes identiquement distribuées et un paramètred'intérêt �0 2 L2(�). Considérons une base orthonormée ( j) et déomposons la fontion surette base � =Pj �j j. Par transformation orthonormale des données le problème s'éritdj = �j +Wj; j = 1; : : : ; Joù Wj � N (0; �2n ): Le adre Bayésien onsiste à onsidérer �j omme une réalisation d'unevariable aléatoire inonnue. Pour ela, nous dé�nissons une loi a priori � suivie par leparamètre �, et nous herhons à évaluer la loi suivie par les données sahant le paramètre.Dès lors, le théorème de Bayes reliant les di�érentes lois du modèleL(�jd) = L(dj�)�(�)L(d)permet de aluler la loi a posteriori suivie par le paramètre à estimer, �. La onnaissane dela loi a posteriori, fontion des observations dj; j = 1; : : : ; J permet d'estimer les oe�ients(�̂j) à partir soit du mode a posteriori, soit de la moyenne a posteriori, ou d'un quantile de laloi a posteriori. Un estimateur de la fontion initiale �0 est alors donné par �̂ =PJj=1 �̂j j.Le hoix de la loi a priori est don fondamental pour obtenir de bonnes propriétés de l'estimateur.Des travaux réents modélisent les propriétés partiulières des oe�ients d'ondelettes. Ene�et, peu de oe�ients représentent une grande quantité d'information et le nombre de o-e�ients non nuls tend vers zéro au fur et à mesure que le niveau de résolution augmente.Cette information peut être inorporée dans le hoix de la loi a priori pour modéliser un telomportement. Abramovih, Sapatinas et Silverman in [ASS98℄ onsidèrent l'a priori suivant:wjk � (1� �j)Æ0 + �jN (0; � 2j )� 2j = 12��j�j = min(1; 22��j)Ce modèle apparait omme le modèle limite de elui proposé par Chipman in [CW99℄ ouRuggeri aet Vidakovi in [RV99℄wjkjjk � jkN(0; 2j� 2j ) + (1� jk)N(0; � 2j )jk � Bern(pj)2j >> 1:Les oe�ients suivent une loi a priori telle que les oe�ients non nuls se raré�ent lorsque jaugmente.Si es modèles permettent de onstruire des estimateurs donnant de bons résultats en pratique,leur onvergene n'a pas enore été démontrée. Très réemment, I. Johnstone et B. Silvermanin [JS01℄ ont donné un début de réponse. C'est pourquoi dans notre travail nous onsidéronsle modèle plus simple suivant Xi = �i +Wi; i = 1; : : : ; n (1.3.1)



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 17où les Wi sont des variables Gaussiennes indépendantes. Nous supposons en outre qu'il existeun paramètre de régularité s0 tel que Pni=1 i2s0�2i < 1 et qui appartient à un ensemble �nid'indies S = fsm; m 2 M � Zg. A haque s nous assoions le modèle orrespondant�(s) = f� 2 l2; 1Xi=1 i2s�2i <1g� = [s2S�(s) désigne l'ensemble de tous les modèles. A s onnu, le paramètre suit la loi apriori suivante �i � N �0; �2ni�2s�où �2n est hoisi onvenablement �2n = �2n(s) = n� 11+2sLa variable s devient un hyperparamètre du modèle et suit une loi a priori q(s); s 2 S.Ainsi le modèle est déterminé par les deux inonnues (�; s0) 2 �� S. L'estimateur que nousonsidérons est l'estimateur le plus vraisemblable pour la loi a posteriori, 'est-à-dire dé�nipar (�̂n; ŝn) = argmax��S log p(�; s jX) (1.3.2)Après avoir montré les liens qui existent entre les estimateurs Bayésiens du mode et lesM-estimateurs pénalisés, nous prouvons que, pour un hoix onvenable de l'a priori q, etestimateur fournit un estimateur adaptatif de � qui onverge à la vitesse minimax. En éten-dant les résultats de Belitser et Ghosal in [BG00℄, nous montrons que ette méthode revientà étudier un estimateur pénalisé qui hoisit des modèles au moins plus régulier que le vraimodèle �(s0). En e�et nous obtenons le lemme de séletion de modèles suivant qui dérit leomportement de ŝn:Lemma 1.3.1. Pour s < s0, il existent des onstantes stritement positives 1, 2 et un entierN tels que pour tout n � N P(ŝn = s) � exp(�2n 2s02s0+1 1s0+s ) (1.3.3)P(ŝn < s0) n!1�! 0: (1.3.4)La onvergene de l'estimateur �̂n en déoule:Theorem 1.3.2. L'estimateur maximisant la log-vraisemblane a posteriori �̂n véri�e la pro-priété suivante: il existe une onstante C telle que:Ejj�̂(ŝn)� �0jj2n � Cn� 2s02s0+1 (1.3.5)Nous étendons es résultats au as partiulier où les oe�ients sont des oe�ientsd'ondelettes et étudions si es méthodes d'estimation peuvent être transposées pour estimerdes fontions analytiques.



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 181.4 Formalisme Multifratal et EstimationDans ette dernière partie, nous nous proposons d'étendre les méthodes d'estimation Bayési-ennes à des fontions non régulières. De nombreux signaux présentent en e�et un omporte-ment très irrégulier, qui, dans les pires as, suit des régimes di�érents. Un des exemples lesplus frappants de tels signaux est donné par l'étude de la vitesse d'éoulement d'un �uidedans des zones de turbulene, f l'étude réalisée par A. Arnéodo, E. Bary et J. F. Muzy in[BAF+91℄ ou [ABM99℄, ou bien U. Frish in [Fri95℄. L'analyse multifratale se propose dedérire de telles fontions aux variations très rapides. Elle a onnu ses premiers développe-ments en probabilités (voir par exemple Brown et al. in [BMP92℄). Elle a été introduite pourfournir des modèles statistiques en turbulene et a servi à modéliser des données �nanières(in [Man97℄) ou des données sur un réseau informatique (in [RCRB99℄).La quantité qui onvient pour dérire l'instabilité d'un signal, est son spetre de singularitésdf(h) dé�ni à partir de la notion de régularité pontuelle.De�nition 1.4.1. Pour toute fontion f dé�nissons l'exposant de Hölder loal en un pointx0 omme hf(x0) = sup� f�; f 2 C�(x0)g (1.4.1)où f 2 C�(x0) s'il existe un polyn�me P de degré inférieur ou égal à � tel quejf(x)� P (x� x0)j � jx� x0j�:Le spetre de singularité d'une fontion f est alors dé�ni omme une fontion de h, df(h),repésentant la dimension de Haussdorf de l'ensemble Ah = fx; f 2 Ch(x)g.J.M Aubry et S. Ja�ard in [Jaf00b℄ ou [Jaf00a℄ ont montré que ette quantité est reliéeaux propriétés des oe�ients d'ondelettes de séries aléatoires générées de la façon suivante:à haque niveau j, les 2j oe�ients wjk suivent une loi de probabilité �j véri�ant quelquesonditions tehniques. Dé�nissons�(�) = lim�!0 lim supj!1 log2(2j�j[�� �; � + �℄)j (1.4.2)Nj(�) = #fjwjkj � 2��jg (1.4.3)~�(�) = inf�>0 lim supj!1 log2(Nj(�+ �)�Nj(�� �))j (1.4.4)Les auteurs préédents ont montré que, sous ertaines hypothèses, �(�) = ~�(�) et si la fontionf se déompose en f =Pjk wjk jk alorsdf(h) = h sup�2[0;h℄ �(�)� (1.4.5)Dans le hapitre V, qui retransrit un artile oérit ave F. Gamboa, nous estimons une fon-tion multifratale, exprimée dans une base d'ondelettes et observée dans un modèle de bruit



CHAPTER 1. INTRODUCTION ET PRÉLIMINAIRES 19blan. Ces fontions sont aratérisées par l'histogramme des oe�ients du développementdans la base d'ondelettes. Il dépend de deux oe�ients: � un oe�ient de launarité et �un oe�ient d'intensité. A haque niveau j, un tel signal omporte 2�j oe�ients prenantla valeur 2��j alors que les autres prennent la valeur zéro. Dans un premier temps, noussupposerons es valeurs onnues et nous montrerons que les problèmes d'estimation dans emodèle rejoignent les problèmes de lassi�ation dans des modèles de mélange et nous don-nerons des vitesses de onvergene. La onnaissane des aratéristiques de la struture dusignal permet de reonstruire la fontion observée ave une vitesse de onvergene exponen-tielle omme le montre le théorème suivant:Theorem 1.4.2. Supposons que nous observons une fontion multifratalef � =Xj 2j�1Xk=0 w�jk jkdont les oe�ients sont tirés suivant la loi dérite préédemment, loi déterminée par lesparamètres � et � véri�ant 1 � 2� > 0. Soit �1 la projetion sur l'espae Vj1 où 2j1 = n lenombre d'observations. Alors l'estimateur du mode f̂n est tel qu'il existent deux onstantespositives  et 1 véri�ant:Ek�1f � � f̂nk22 � 1 exp(�2n1�2�)n�+1�2� (1.4.6)Naturellement, en pratique les aratéristiques du signal ne sont pas observées. C'estpourquoi, dans un seond temps, nous estimons es paramètres par une approhe pratiquefondée sur le maximum de vraisemblane et l'utilisation d'un algorithme EM (f [DLR77℄),bien adapté à la résolution de tels problèmes. Toutefois, l'algorithme EM n'est pas appliquésur l'ensemble des données mais de façon réursive sur des lignes de données pour j �xé. Enoutre il ne fournit pas de vitesse de onvergene vers les vrais paramètres. C'est pourquoi,nous donnons des perspetives plus théoriques pour estimer es paramètres en étudiant ladistribution asymptotique des estimateurs empiriques de moments dé�nis par:�̂n = 1j1 log 2  log" Pj�j1Pk djkPj�j1Pk d2jk � �2#!�̂n = � + 1j1 log 2 log j1Xj=1 2j�1Xk=0 djko�les djk désignent les oe�ients réellement observés. Ces résultats font atuellement l'objetd'une étude onjointe ave F. Gamboa de l'université de Toulouse Paul-Sabatier. Nous éten-dons es résultats à des mesures non Gaussiennes in [GL01℄.



Chapter 2Penalized M-estimation

20



CHAPTER 2. PENALIZED M-ESTIMATION 212.1 General M-estimationIn this setion, we give a general theorem that desribes the asymptoti behavior of penalizedM-estimators for a regression model in a large lass of ases. Our model is the following:( Yi = �0(zi) +Wi; i = 1; : : : ; n�0 2 �whereWi; i = 1; : : : ; n are observation errors satisfying some assumptions, we will make preiselater on. Penalized M-estimators are de�ned as the solution of following the minimizationproblem �̂n = argmin�2� �(Y; �) + �2nI(�)� (2.1.1)where  : � 2 �! (Y; �) = �(Y ) is a onvex loss funtion, � a funtional set haraterizedby some regularity index s, I : � ! R+ a penalty suh that 8� 2 �; I(�) < 1 and �2n asmoothing parameter. Using a penalty is a way of adding a ontrol over the regularity of theestimator, whih prevents too rough estimators. The ontribution between the two terms isbalaned by the hoie of the smoothing parameter that will play a key role. We want to beable to handle a large variety of situations depending on the hoie of the loss-funtion, of theset and of the penalty. That is the reason why we do not want to use expliit expression of theestimators but, mainly, the geometri properties of the set where the minimization ours. Inmany ases, the minimization program an not be solved diretly and we do not have aessto the true expression of the minimizer.First, we will give a general theorem using entropy alulations and empirial proess theory,then we will go further in studying the important ase where the penalty is an l1 norm andthe estimator is a penalized least-absolute and a penalized least-square estimator. With thispartiular hoie we will be able to �nd sharper rates of onvergene for adaptive estimators.To onlude, we will adapt this result to other lassial M-estimators and desribe how suhan estimating proedure an be implemented.2.1.1 General theorem for penalized M-estimatorsThe theorem aims at handling various di�erent ases. That is the reason why there is nooptimality in the hoie of onstants, and partiular methods an be used to improve theresults as will be shown in the following parts of this work, see setion 2.2. The �rst theoremis for quadrati loss whih gives rise to penalized least squares estimators. The seond theoremis about penalized M-estimators with general loss funtion that ful�lls a spei� assumption.De�ne the empirial measure: Pn = 1n nXi=1 Æzi (2.1.2)and the assoiated empirial normk�k2n = k�k2Pn = 1n nXi=1 �2(zi) (2.1.3)



CHAPTER 2. PENALIZED M-ESTIMATION 22as well as the empirial salar produt (W; �)n = 1nPni=1Wi�(zi). We make the followingadditional assumptions over the model: there exist �nite a onstant K, suh that9R <1; 8� 2 �; supn k�kn � RI(�0) <1 (2.1.4)supn supi=1;:::;nK2(E exp(W 2iK2 )� 1) � �2So the errors measures Wi; i = 1; : : : ; n are sub-Gaussian variables.Theorem 2.1.1. Theorem for quadrati loss. Under the assumption (2.1.4), suppose that forsome �xed onstants � > 0, A > 0 and s � 12 , one hasH(Æ; f� 2 � : I(�) �M; k� � �0kn � �g) � A�MÆ � 1s ;for all Æ > 0; n � 1;for all M �Mn, where Mn � I(�0). Then for��1n = 8<:OP(n s2s+1M p2� 12s+1n ); if s > 12 ;OP(n 14 )M p2� 12n (logn)� 12 ; if s = 12 ;the Penalized Least-Square Estimator �̂n satis�esk�̂n � �0kn = OP(�n)M p2� 12s+1n :Proof. The proof of this theorem an be found in [vdG00℄. In the appendix, we reall brie�ythe main ideas.The following theorem gives asymptoti rates of onvergene for penalized M-estimatorswith losses satisfying the Lipshitz ondition:8x1; x2 2 R; j�(x1)� �(x2)j � jx1 � x2j (2.1.5)Theorem 2.1.2. Theorem for general robust losses. De�ne P (i) the distribution of Xi =(Yi; zi) and �P = 1nPni=1 P (i): Let for 0 � t � 1, �t = t�0 + (1� t)�.De�ne �(Xi) = (Yi � �(zi)). We make the assumption that there exist a positive onstant �and 0 � t0 � 1 suh that, for t � t0 we have:Z (�t � �0) d �P � �jj�t � �0jj2n (2.1.6)



CHAPTER 2. PENALIZED M-ESTIMATION 23where � is a stritly positive onstant. Under the assumptions (2.1.4) and (2.1.5), supposethat for some �xed onstants � > 0, A > 0 and s � 12 , one hasH(Æ; f� 2 � : I(�) � M; k� � �0kn � �g) � A�MÆ � 1s (2.1.7)for all Æ > 0; n � 1;for all M �Mn, where Mn � I(�0). Then for��1n = 8<:OP(n s2s+1M p2� 12s+1n ); if s > 12 ;OP(n 14 )M p2� 12n (logn)� 12 ; if s = 12 ;we have k�̂n � �0kn = OP(�n)M p2� 12s+1n :For example, for a funtion � : [0; 1℄! R of bounded variation, i.e suh that forI(�) = TV(�) = nXi=1 j�(zi)� �(zi�1)j <1S. van de Geer in [vdG00℄ proved that the assumptions of the theorem are ful�lled. Then thepenalized least squares estimator �̂n is onsistent and for I(�0) > 0:(k�̂n � �0kn = OP(�nI 12 (�0) _ n� 12 )��1n = OP(n 13 )I 16 (�0) (2.1.8)Another example of the onsequenes the general theorem is given in setion 2.4.5.Proof. The proof of these theorems relies on the behavior of a partiular empirial proess ina neighborhood of the true parameter of the following form � = f� 2 �; k�� �0k � 1; I(�) �Mg. One we have been able to write a onentration inequality for the empirial proess,using the mere de�nition of the M-estimator and this inequality, the onlusion follows fromexpliit majorations.In a preliminary approah, we study the onentration inequality we use for penalizedleast squares estimation in the ase of independent identially distributed errors and showthat it an be extended to the Martingale ase. One this result has been proved, onsistenyof penalized least squares estimators for Martingale inrements errors will follow.Set a roughness parameter � = 1s . First we establish a onentration inequality for theweighted empirial proess �n : � ! 1pnPni=1Wi�(zi)jj�jj1��2n I(�)�2where the random variables W1; : : : ;Wn are sub-Gaussian entered variables and the penaltyI is minorated. We will start by an independent version and extend it to the ase where therandom variables are martingale inrements.



CHAPTER 2. PENALIZED M-ESTIMATION 24Independent VersionAssume that the errors W1; : : : ;Wn are independent random variables. The following propo-sition provides a onentration inequality over the supremum over �(M) � � of an empirialthat appears naturally in M-estimation.Proprosition 2.1.3. Let �(M) = f� 2 �; I(�) � Mg � � a funtion spae suh that thereexists a onstant A0 suh that for every Æ > 0Z Æ0 H1=2(u;�(M); Pn) du � A0Æ1��2M �2 :If I : � �! [1;+1[ then for sub-Gaussian independent random variables Wi; i = 1; : : : ; n,there exists a onstant K suh that we have:P sup�2� j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n I �2 (�) � T! � K exp(� T 2K2 ):The proof of this theorem relies on empirial proess theory developed by Pollard in[Pol84℄. Using a basi onentration inequality for empirial proess, we extend it to a moreompliated ase using entropy onsiderations and a trik due to K. Alexander in [Ale85℄and developed by S. van de Geer in [vdGW96℄, the peeling devie. It enables us to split aonentration inequality of the supremum over a ompliated set into several inequalities ofthe supremum over smaller sets.De�nition 2.1.4. Peeling-devie: For � a funtion spae, let � : � �! [�; R℄ an inreasingfuntion where � > 0 and R � 1: Let the sequene (ms)Ss=0 with m0 = � and mS = R withR � 1, then we an peel the spae � into smaller sets �s = f� 2 �; ms�1 � �(�) < msg andwe have � = [s�1�s:Now we an use majoration over the smaller sets and for this write for an empirial proessZn(�) and for a positive a:P�sup�2� jZn(�)j�(�) > a� � SXs=1 P�sup�2�s jZn(�)j�(�) > a�� SXs=1 P�sup�2�s jZn(�)j > ams�1� :We an derive inequalities over the weighted empirial proess Zn(�)�(�) ; from inequalities over theunweighted empirial proess Zn(�) over the sets �s.In order to majorate the following quantity:P sup�2� j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n I �2 (�) � T!



CHAPTER 2. PENALIZED M-ESTIMATION 25where I : � �! [1;+1[ we use the peeling-devie and onsider the subsets �k = f�; 2k �I(�) < 2k+1g; k � 0 forming a partition of the global spae: � = [k�0�k: Therefore we have:P sup�2� j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n I �2 (�) � T!� P supk sup�2�k j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n I �2 (�) � T!�Xk�0 P0� sup�2�k j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2 I(�)�2n � T1A�Xk�0 P sup�2�k j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n � T2�k2 !So we must study the empirial proessj 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n ; 8� 2 �k:We reall that we have made the assumption that the funtions are bounded in the set � inthe empirial L2 norm, i.e there exists a onstant R suh that:8k; sup�2�k jj�jjn � R:Now we an apply the peeling-devie one more but this time with the following deomposi-tion: �l = [l�1f� 2 �k; 2�lR � jj� � �0jjn � 2�l+1Rg:We now have: P sup�2�k j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n � T2�k2 ! �P supl�1 sup�2�k;jj���0jjn�2�l+1R j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n � T2�k2 ! ;We set T 0 = T2�k2 : If we hoose properly some onstants A0; C; C1 and under the followinghypothesis� The errors Wi; i = 1; : : : ; n are sub-Gaussian.maxi=1;:::;nK2(E exp( jW 2i jK2 )� 1) � �20:



CHAPTER 2. PENALIZED M-ESTIMATION 26� The entropy of the lass of funtions is ontrolled for all Æ > 0 by:pnÆ � 2C Z RÆ8� H 12 (u;�kl; Pn) du! 2�k2where �kl = f� 2 �; jj� � �0jjn � R2�l+1; I(�) � 2k+1g:This onditions is veri�ed for the stronger ondition:Z Æ0 H1=2(u;�(M); Pn) du � A0Æ1��2M �2whih is implied by the general assumptions over the model (2.1.4). The following lemmagives a majoration of this onentration inequality.Lemma 2.1.5. Under the assumptions (2.1.4) the following inequality holdsP sup�2�;jj���0jjn�Æ j 1pn nXi=1 Wi(�(zi)� �0(zi))j � 2CC1A0Æ1��2! � C exp(�C21A20Æ��)Proof. A demonstration of this result an be found in [vdG00℄.Using this lemma together with previous inequality we have:P sup�2� j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n � T 0!�Xl P sup�2�;jj���0jjn�2�l+1R j 1pn nXi=1 Wi(�(zi)� �0(zi))j � T 0(2�lR)1��2!�Xl C1 exp(�C20A202(l+1)�R��)� C2 exp(�(T 0)2C2 ):So if we apply this result to the �rst onentration inequality we �nd:P sup�2� j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n I(�)�2 � T!� 1Xk=1 C2 exp(�2�kT 2C2 )� K exp(�T 2K2 ):



CHAPTER 2. PENALIZED M-ESTIMATION 27whih onludes the proof of the proposition (2.1.3).We an see that the main ondition imposed on the errors Wi; i = 1; : : : ; n is that theymust be independent random variables satisfying a onentration inequality. As a matter offat, the starting point of the demonstration of the lemma is a Hoe�ding type inequality thatrequires suh properties, but we ould have written a similar proof starting with Bernsteininequality for martingales, inequalities that an be found in [LT91℄ for instane.Martingale VersionIn this setion, we want to extend the previous theorem to the ase where the errors are mar-tingale inrements. The preeding proof relies on the existene of a onentration inequalityof the form P sup�2�;jj���0jjn�Æ j 1pn nXi=1 Wi(�(zi)� �0(zi))j � 2CC1A0Æ1��2!� C exp(�C21A20Æ��):This result is a diret onsequene of Hoe�ding inequality. But if the the variables aredependent, this inequality does not hold any more and the following lemma replaes thisinequality:Lemma 2.1.6. Let Sn = Pni=1 Zi, where the Zi are martingale inrements and de�ne Fi =�(Z1; : : : ; Zn). Moreover suppose that for all p � 1 and 8i 2 [1; n℄ there exist two onstantsC0 and C1 suh that : E(jZijpjFi�1) � C0Cp1pp (2.1.9)Then for all t � 0 and for Ĉ0 = 4eC0 and Ĉ1 = 2eC1:P(jSnj � t) � 2 exp(� t22(Ĉ0C21n + Ĉ1t)):Proof. The proof of this result an be found in many books, see for instane van der Vaartand Wellner in [vdVW96℄ but we give in the appendix an easy proof.Lemma 2.1.7. If Wi; i = 1; : : : ; n are martingale inrements satisfying ondition (2.1.9),and if moreover for a > 0 the following bound holds:pna � C Z R0 H 12B(u;�; Pn) duwith C some (large) �nite onstant, there exist �nite positive onstants , K1 and K2 suhthat we have a Bernstein-type majoration:P sup�2� 1n j nXi=1 Wi(�(zi)� �0(zi))j � a! �  exp�� na2(K1a +K2R2)� :



CHAPTER 2. PENALIZED M-ESTIMATION 28Proof. The proof of this result is similar to the proof of the inequality in the independentase, by replaing the Hoe�ding inequality by the Bernstein-Martingale inequality, and usingthe haining devie and trunation devie, explained in [vdG00℄. We reall the main ideaof the haining devie: for the set �, we onsider families of overing-funtions for di�erentradius 2�sR; s = 0; : : : ; S: So if we set f 0� = 0, then for a given S we an writef� = SXs=1(f s� � f s�1� ) + (f� � fS� ):The main idea is to take S large enough to obtain good approximation properties, and theremaining termPSs=1(f s� �f s�1� ) an be handled easily sine it only deals with a �nite numberof funtions.So due to this lemma we an extend the theorem to the ase where the errors Wi; i =1; : : : ; n are martingale inrements. Moreover we have proven the onsisteny of the least-square penalized estimator when the penalty is minorated.Proprosition 2.1.8. Let � a funtion spae and �(M) = f� 2 �; I(�) � Mg suh thatthere exists a onstant A0 suh that for every Æ > 0Z Æ0 H1=2B (u;�(M); Pn) du � A0Æ1��2M �2 :If I : � �! [1;+1[ then for Martingale inrements Wi; i = 1; : : : ; n, there exists a onstantK suh that we have:P sup�2� j 1pnPni=1Wi(�(zi)� �0(zi))jjj� � �0jj1��2n I �2 (�) � T! � K exp(� T 2K2 ):Limiting aseThe lass of funtions must satisfy the entropy ondition:pnÆ � 2C Z RÆ8� H 12 (u;�kl; Pn) du!where �kl = f� 2 �; jj� � �0jjn � R2�l+1; I(�) � 2k+1g:This ondition is ful�lled as soon as the integral of the square root of the entropy onvergesand has the following majoration:Z Æ0 H1=2(u;�kl; Pn) du � A0Æ1��2 2 (k+1)�2 :But in the regression setting, we enounter the following ondition over the entropy: thereexists a onstant C suh that H(Æ;�; Pn) � CÆ� 1s , where s � 2 is a smoothness-oe�ient.



CHAPTER 2. PENALIZED M-ESTIMATION 29But the ase s = 2 orresponds to some interesting spaes and enables us to handle lassialestimator suh as the soft-thresholded estimator in a Besov spae Bsp;1; s > 1p : We an seethat the entropy ondition to apply the theorem an be weakened to log(8�2RÆ ) � pnÆ: Takingthe log-term into aount leads to theorem in the ase where s = 12 .Remark 2.1.9. We an notie that this general theorem does not provide optimal onstantsdue to the use of non optimal entropy majorations. Moreover, onsisteny results dependheavily on the hoie of the smoothing parameter �2n whih must tend towards zero, but nottoo quikly. This hoie depends heavily on the onentration of the errors, but also on thesmoothness of the lass of funtions �, in fat, it depends of s whih is unknown in pratie.As a result, to estimate a funtion without prior knowledge on it, we have two possibilities:either try to let the data pik the smoothing parameter by ross-validation or a Bayes approah,or hange the penalty whih will not use the smoothness index but will be still linked with thesmoothness of the lass. In the next setion 2.2, we present adaptive estimation with l1 penalty.2.1.2 AppendixProof of Theorem 2.1.1Proof. By the de�nition of the estimator we have for all � 2 �:jjY � �̂njj2n + 2�2nI(�̂n) � jjY � �jj2n + 2�2nI(�);so for � = �0 we an writejj�̂n � �0jj2n + 2�2nI(�̂n) � 2(W; �̂n � �0)n + 2�2nI(�0):But using the onentration inequality over the empirial proess we havesup�2� (W; � � �0)njj� � �0jj1� s2n (I(� � �0)) s2 > T! = OP(n� 12 )jj�̂n � �0jj2n + �2nIp(�̂n) � OP(n� 12 )jj�̂n � �0jj1� s2n I s2 (�̂n � �0) + �2nIp(�0):Solving this inequality in both ases I(�̂n) > I(�0) and I(�̂n) � I(�0) leads to the result ofthe theorem.Proof of Theorem 2.1.2Proof. The proof is divided into �ve steps:



CHAPTER 2. PENALIZED M-ESTIMATION 301. Write �̂t;n = t�̂n+(1� t)�0 and take t = t01+k�̂n��0kn . Using onvexity of the loss-funtionand the de�nition of the M-estimator we get:1n nXi=1 (Yi � �̂n;t(zi)) + �2nI(�̂n;t)� t 1n nXi=1 (Yi � �̂n(zi)) + �2nI(�̂n)!+ (1� t) 1n nXi=1 (Yi � �0(zi)) + �2nI(�0)!� 1n nXi=1 (Yi � �0(zi)) + �2nI(�0)So, the following inequality holds:Z (�̂n;t � �0)d �P + �2nI(�̂n;t) � � Z (�̂n;t � �0)d(Pn � �P ) + �2nI(�0) (2.1.10)2. Sine k�̂n;t � �0kn � t0, ondition (2.1.6) is full�lled so we haveZ (�̂n;t � �0)d �P � �k�̂n;t � �0k2n (2.1.11)(2.1.10) together with (2.1.11) gives the following majoration�k�̂n;t � �k2n + �2nI(�̂n;t) � � Z (�̂n;t � �0)d(Pn � �P ) + �2nI(�0) (2.1.12)3. Due to onditions (2.1.5) and the sub-Gaussian behavior of errors, the empirial proesshas sub-Gaussian tail behavior and Lemma 8.5 in [vdG00℄ apply: under the entropyondition (2.1.7) we havesup�; k���0kn�1 ��R(� � �0)d(Pn � �P )��k� � �0k1� 12sn (1 + I(�0) _ I(�)) 12s = OP(n� 12 ) (2.1.13)4. Now we �nd ourselves in the same situation than 2.1.1:�k�̂n;t��k2n+�2nI(�̂n;t) � OP(n� 12 )k�̂n;t��0k1� 12sn (1+I(�0)_I(�̂n;t)) 12s+�2nI(�0) (2.1.14)5. Reasoning among the lines of 2.1.1 and using that k�̂n � �0kn = 1t k�̂n;t � �0kn ends theproof.



CHAPTER 2. PENALIZED M-ESTIMATION 31Proof of Lemma 2.1.6Proof. Let 0 < � < 1C1e , thenXp�2 �pE(jzijpjFi�1) 1p! � C0C21�2Xp�2(�C1)p�2ppp! :But with the standard majoration for all p � 2,p! � ppe�pe;so we have the following inequality:A � C0C21e�2Xp�2(�C1e)p�2� C0C1e�21� �C1e:So E(e�zi jFi�1) � 1 + +1Xp=0 �pE(jzijpjFi�1)p!� exp� C0C1e�21� �C1e� :So �nally P(Sn � t) � e��tE(e�Sn)� e��tE(E(e�Sn jFn�1))By indution we ondition by every �ltration and hoose a partiular �0 = t2(Ĉ0C21n+Ĉ1t) , andwe get the following majoration:P(Sn � t) � exp � t22(Ĉ0C21n+ Ĉ1t)! :If we do the same for �Sn the result omes obviously.



CHAPTER 2. PENALIZED M-ESTIMATION 322.2 Adaptive estimation in regressionAdaptive estimation in regression, using soft thresholding type penaltiesAbstrat We show that various regression estimators, suh as the least squares estimatorand the least absolute deviations estimator, an be made adaptive (up to logarithmi fators),by adding a soft thresholding type penalty to the loss funtion.AMS 1991 subjet lassi�ations. Primary 62G05, seondary 62G20.Key words and phrases. Adaptive estimation, empirial proess, penalty, rate of onver-gene, regression, soft thresholding.2.2.1 IntrodutionConsider independent real-valued observations Yi, with distribution depending on a loationparameter �i;0, i = 1; : : : ; n. This loation parameter is de�ned by means of a given onvexloss funtion  : R ! R, namely, we suppose that E(Yi � b) has a unique minimum inb = �i;0, i = 1; : : : ; n. Hene, when (�) = �2 , then �i;0 is the mean of Yi, and when (�) = j�j, then �i;0 is the median of Yi, et.Let us write �i;0 = �0(zi), where zi 2 Z is a ovariable, i = 1; : : : ; n. The ovariablesz1; : : : ; zn are introdued for ease of notation, although in fat, they often also have a �reallife" interpretation. We now have the regression modelYi = �0(zi) +Wi; i = 1; : : : ; n; (1:1)where W1; : : : ;Wn may be onsidered as measurement error.Let �0 2 �, with � a parameter spae. We take this parameter spae as (a subset of)the set of all real-valued funtions on Z. We shall study the asymptoti behaviour (n!1)of estimators of �0. Throughout, as n varies, �0 as well as � are allowed to vary as well. Inother words, we are atually onsidering triangular arrays of observations. However, to avoidtoo many indies, we will not always express dependene on n in our notation.Take Qn as the empirial measure of the ovariables:Qn = 1n nXi=1 Æzi :We denote the L2(Qn)-norm of a funtion � : Z ! R ask�kQn = (Z �2dQn)1=2:Now, let  1; : : : ;  n be an orthonormal basis in L2(Qn). Eah funtion � an be writtenas � = nXj=1 �j j;



CHAPTER 2. PENALIZED M-ESTIMATION 33in L2(Qn). Moreover, k�k2Qn = nXj=1 �2j = k�k2n;where � = (�1 : : : ; �n)0, and where we we denote the Eulidean norm of a vetor in Rn byk � kn.We shall study the regression estimator with soft thresholding type penalty�̂n = argmin�2� " 1n nXi=1 (Yi � �(zi)) + �2nIn(�)# ; (1:2)where for � =Pnj=1 �j j, we take the penaltyIn(�) = nXj=1 j�jj; (1:3)and where �2n is a (to be hosen) smoothing parameter.The penalty In(�) de�ned above is alled a soft thresholding type penalty, beause in theleast squares (LS) ase ((�) = �2), the above estimator is in fat the standard soft thresh-olding estimator (see Subsetion 3.2). Penalized M-estimators are ommon in the litterature,see for instane Baraud (2000), Birgé and Massart (2000), (1999), Köhler (1999), (2000) orLeurgans (1982). In partiular, the least squares estimator (LSE) with soft thresholding iswell studied, and very onvenient from the omputational point of view. It is however ofinterest to investigate other loss funtions as well, beause most theory for the least squaresase depends on the assumption of Gaussian errors, or at least on the assumption of theexistene of seond moments of the errors.Note also that LS method requires a smoothing parameter �2n whih depends on the saleon whih the observations are measured. It depends on (an estimator of) the variane of theerrors. Robust regression estimators an do with a hoie for �2n whih works for all data.Unfortunately, for the robust methods, as yet we do not know the optimal (i.e., smallest)value for �2n. This is due to our bounds for empirial proesses, where not only universalonstants, whih have as yet not been alulated, appear, but also some (possibly redundant)logarithmi fators.The paper is organized as follows. In the next setion, we review some entropy results.Entropy is a measure of the omplexity of a metri spae, in our ase the parameter spaeof regression funtions. To illustrate the regression theory, and yet minimize the amount ofapproximation theory, we introdue a spae of funtions governed by a roughness parameter�, and alulate (a bound for) its entropy. We also disuss the relation with Besov spaes.The rate of onvergene of the �lassial" LSE, that is, without penalty, follows fromentropy alulations (see van de Geer (1990)). This result is ited in Theorem 3.1 in order tolater on reveal the relation with adaptive estimation.We then establish a rate of onvergene for the LSE with soft thresholding. Here, we usea method of proof that does not need an expliit expression for the estimator, so that it is



CHAPTER 2. PENALIZED M-ESTIMATION 34well tailored for transfer to other estimation methods. We show that the estimator indeedadapts (in a sense desribed there) to the amount of roughness � (see Example 3.2).In Setion 4, we present the extension to robust regression. Here, we need an inequalityderived from empirial proess theory.Setion 5 presents a small simulation study, where LS is ompared to least absolute devi-ations (LAD), when the errors are double Exponential instead of Gaussian. The setion endswith a disussion on adaptivity and robustness.2.2.2 EntropyDe�nition of entropyLet T be a (subset) of a metri spae. The Æ-overing number N(Æ; T ) is the minimal numberof balls with radius Æ > 0 neessary to over T . The Æ-entropy is H(Æ; T ) = logN(Æ; T ).In our situation, we need entropies of subsets of L2(Qn). Note that L2(Qn) is essentiallythe n-dimensional Eulidean spae Rn. The L2(Qn)-norm of a funtion � is the normalizedEulidean norm of the vetor (�(z1); : : : ; �(zn))0. Also, for  1; : : : ;  n an orthonormal basis inL2(Qn), � = nXj=1 �j j; k�kQn = k�knwith k � kn the Eulidean norm.A roughness parameterLet us illustrate the entropy onept for a simple ase. Consider the set of funtions � =Pnj=1 �j j, for whih nXj=1 j�jj� � 1;for some 0 � � � 2. We may think of � as a roughness parameter: if � = 0, we assume theonvention x0 = 1 if x is non zero and 00 = 0. Throughout all this paper, for a given set A,we will use the notation #A for the ardinality of the set A. As a onsequene we getnXj=1 j�jj0 = #f�j; �j 6= 0gSo the funtion � may have at most 1 non-zero oe�ient, whereas, on the other extreme,� = 2 only requires that � is within the n-dimensional unit ball. We an point out that thesets f�;Pnj=1 j�jjp � 1g inrease for the inlusion as � beomes large. Thus, the smaller �the �smoother" � will be. This is also re�eted by the entropy alulation: the smaller �, thesmaller the entropy. This is shown in Lemma (2.2.1) below (where we omit the two extremebut trivial ases � = 0 and � = 2).



CHAPTER 2. PENALIZED M-ESTIMATION 35Lemma 2.2.1. Consider the following subset of Rn: An = f� = (�1; : : : ; �n)0 : Pnj=1 j�jj� �1g, with 0 < � < 2. We have for some onstant A, depending only on �,H(Æ;An) � AÆ� 2�2�� �logn+ log 1Æ� ; Æ > 0: (2:1)Proof. Let � = Æ 22�� . De�ne for � 2 An,N�(�) = #f�j : j�jj > �g:Moreover, let N(�) = b���;where bx denotes the integer part of x > 0.We have max�2AnN�(�) � N(�):It su�es to have a Æ-approximation of the oe�ients larger than �, negleting the otheroe�ients. That is, let � 2 An, and suppose that for some ��,Xj�j j>� j�j � ��jj2 � Æ2:In addition, suppose that ��j = 0 for all j�jj � �. Then we havek�� ��k2n � Æ2 + Xj�j j�� j�jj2 � 2Æ2;provided Xj�j j�� j�jj2 � �2��:But this follows from Xj�j j�� j�jj2 = Xj�j j�� j�jj2��+�� Xj�j j�� j�jj��2��� �2��:The number of ways to hoose N(�) � n oe�ients out of n is� nN(�)� � nN(�):



CHAPTER 2. PENALIZED M-ESTIMATION 36Moreover, the Æ-entropy of a spae of dimension N(�) is at most 5N(�) log 1Æ (see e.g. van deGeer (2000)). So, we arrive atH(p2Æ;An) � N(�)�5 log 1Æ + logn� ;where � = Æ 22�� , and N(�) � ���. tuRemark 2.1 We used in the proof that ifnXj=1 j�jj� � 1;then N�(�) = #f�j : j�jj > �g � ���:It is also easy to see that in that ase, for � � 1,M�(�) = Xj�j j�� j�jj � �1��:These inequalities we will use in Subsetion 3.2 to prove adaptivity in �.Relation with Besov spaesIn the literature on adaptive estimation, one often onsiders so-alled Besov spaes B�;p;q([0; 1℄d).Suh spaes are intrinsially onneted to the analysis of urves sine the sale of Besov spaesyelds the opportunity to desrible the regularity of funtions, with more auray than thelassial Hölder sale. General referenes about Besov spaes are Besov, Il'in and Nikol'skii(1978), Berg and Löfström (1976), Triebel (1992) and DeVore and Lorentz (1993). This sub-setion disusses the link with our roughness parameter �. The notation B�;p;q([0; 1℄d) refers tothe ase of funtions on the d-dimensional unit ube, with �smoothness" �, and where p and qrefer to Lp- and Lq-norms with respet to Lebesgue measure. We will not go into the details,but mainly want to show that, apart from logarithmi fators, suh Besov spaes orrespondto a roughness parameter � equal to � = 2=(2s + 1), where s is the �e�etive" smoothness�=d, and where we assume � � p (see Lemma 2.3). (Similar observations an be found inDonoho and Johnstone (1996).) The appliation of Lemma 2.2 then yields a bound for theentropy. However, in Besov spaes, the oe�ients at higher levels tend to be smaller, i.e.,there is a little more struture than as an be desribed by our roughness parameter �. As aresult, it turns out that Besov spaes have entropies without logarithmi fators (see Lemma2.3). Consider a wavelet basis  jk of L2(Pn) with regularity r suh that r � s. We reall thata wavelet regularity is expressed through its number of vanishing moments, see e.g Meyer(1987) or Mallat (1990). Then a Besov norm is equivalent to an appropriate norm in thesequene spae, that is, the spae of the wavelet oe�ients, see DeVore and Lorentz (1993)



CHAPTER 2. PENALIZED M-ESTIMATION 37or Donoho, Johnstone, Kerkyaharyan and Piard (199for instane. We take a sequene spaeas a starting point (and onsider for simpliity the ase orresponding to d = 1 (� = s) in theBesov interpretation). The oe�ients � are now indexed by two integers: � = f�j;kg, wherek runs from 1 to 2j, and where j 2 f1; 2; : : : ; Jg an be seen as a zoom-level.Let Bs;p;q be the set of oe�ients f�j;kg that satisfy0B� JXj=1 2j((2s+1) p2�1) qp 8<: 2jXk=1 j�j;kjp9=; qp1CA 1q � 1: (2:3)This quantity is equivalent to the Besov semi-norm. Throughout, we assume s � 0, p � 1,and q � 1. In the Besov spae interpretation, Bs;p;q (with J = 1) orresponds (in the senseof norm equivalene) to a Besov ball in the spae Bs;p;q([0; 1℄).Lemma 2.2.2. Suppose that � = f�j;kg satis�es (2.3), with � = 2=(2s+ 1) � min(p; q), andJ <1. Then JXj=1 2jXk=1 j�j;kj� � J q��q : (2:4)Proof. By Hölder's inequality, for a sequene a1; : : : ; aL, and for t � 1,LXl=1 jalj � L t�1t  LXl=1 jaljt! 1t : (2:5)Apply this �rst with L = J , jajj =P2jk=1 j�j;kj�, and t = q=�. Then we �ndJXj=1 8<: 2jXk=1 j�j;kj�9=; � J q��q 0B� JXj=1 8<: 2jXk=1 j�j;kj�9=; q�1CA �q : (2:6)Next, apply (2.5) with L = 2j, jaj;kj = j�j;kj�, and t = p=�. This yields8<: 2jXk=1 j�j;kj�9=; � 8<:2 j(p��)p ( 2jXk=1 j�j;kjp) �p9=; :Do this for eah j = 1; : : : J , and insert the result in (2.6):J q��q 0B� JXj=1 8<: 2jXk=1 j�j;kj�9=; q�1CA �q



CHAPTER 2. PENALIZED M-ESTIMATION 38� J q��q 0B� JXj=1 8<:2 j(p��)p ( 2jXk=1 j�j;kjp) �p9=; q�1CA �q
= J q��q 0B� JXj=1 2j( p��p ) q� 8<: 2jXk=1 j�j;kjp9=; qp1CA �q � J q��q ;sine (p� �p )q� = ((2s+ 1)p2 � 1)qp:tuRemark 2.2 One an also de�ne spaes Bs;p;q with p = 1 and/or q = 1. Condition(2.3) is then to be understood with the usual adjustments. Note that Bs;p;q � Bs;p;1.In our appliations, the number of levels J is logarithmi in n. The entropy of the spaesBs;p;q an now be bounded by ombining Lemma 2.1 with Lemma 2.2. However, it turnsout that this will result in a bound with an unneessary (logn)-term. The entropy boundwithout logarithmi fators an be found in Birman and Solomiak (1967) or in Birgé andMassart (1996).We onsider Bs;p;q as a subset of the Eulidean spae R(2J�2) (possibly J = 1), withEulidean norm k � k.Lemma 2.2.3. Let � = 2=(2s+ 1) < p. For a onstant A depending on p and s,H(Æ;Bs;p;1) � AÆ� 1s ; Æ > 0: (2:7)Proof. This is shown in Birgé and Massart (1996). In fat, they show that the Æ-entropy forthe Lp0 (Lebesgue measure)-norm, of a Besov ball with radius 1 in B�;p;1([0; 1℄d), is boundedby AÆ� 1s , provided s = �d > 1p � 1p0 . tuRemark 2.3 Inspetion of the proof of the entropy result by Birgé and Massart (1996)reveals that if ondition (2.3) holds, with � = 2=(2s+1) < p, then there exists an approxima-tion �� with N � Æ� 1s non-zero oe�ients, suh that k� � ��k � Æ. This we will use later onto re obtain adaptivity in the Besov ase, of the LSE with soft thresholding, up to the orretlogarithmi fators.2.2.3 Least squaresIn this setion, we study the model Yi = �0(zi) + Wi, i = 1; : : : ; n, with W1; : : : ;Wn i.i.d.N (0; �20)-distributed errors.



CHAPTER 2. PENALIZED M-ESTIMATION 39Least squares without penaltySuppose we know a priori that �0 2 �, where � is a given parameter spae of regressionfuntions. If � is �not too large", one need not penalize the LSE, i.e., one an use the�lassial" LSE �̂n = argmin�2� 1n nXi=1 (Yi � �(zi))2: (3:1)Theorem 2.2.4. There exits a onstant  depending only on the variane �20 of the errors,suh that for Jn(Æ) � Z ÆÆ2=H1=2(u; f� 2 � : k� � �0kQn � Æg)du _ Æ; (3:2)with Jn(Æ)=Æ2 a non-inreasing funtion of Æ, andpnÆ2n � Jn(Æn); (3:3)one has for all Æ � Æn, P(k�̂n � �0kQn � Æ) �  exp[�nÆ22 ℄: (3:4)Proof. See e.g. van de Geer (1990, 2000). tuExample 3.1 Let � = f� = nXj=1 �j j : nXj=1 j�jj� � 1g;with  1; : : : ;  n an orthonormal basis in L2(Qn). Then it follows from Lemma 2.1 ombinedwith the above theorem, that for 0 < � < 1, the LSE �̂n onverges with rate( lognn ) 2��4 :This orresponds to the minimax rate (see Donoho and Johnstone (1994)). The ase � = 0yields the rate ( lognn ) 12 :If � � 1, the entropy integral does not onverge. For example, when � = 1, we �nd the rate( log3 nn ) 14 ;i.e., extra powers of logn. The ase � > 1 gives even rise to extra powers of n.Observe that in the above example, the parameter spae �, and hene the �lassial" LSE�̂n, depends on �. In the next subsetion, we will onstrut an estimator that does not dependon �, but that is shown to onverge at the same rates (for 0 � � < 1) as the one given above.



CHAPTER 2. PENALIZED M-ESTIMATION 40Least squares estimation using soft thresholdingIn van de Geer (2000), least squares estimation using various penalties is onsidered. Here,we restrit ourselves to the speial ase of soft thresholding. (See also Remark 3.4.)Let  1; : : : ;  n be an orthonormal basis for L2(Qn). Eah � : Z ! R an be written as� =Pnj=1 �j j (in the sense of L2(Qn)-equivalene). In partiular�0 = nXj=1 �j;0 j:Let �̂n now denote the LSE with soft thresholding, i.e.,�̂n = arg min�=�1 1+:::+�n n( 1n nXi=1 (Yi � �(zi))2 + 2�2n nXj=1 j�jj) = nXj=1 �̂j;n j: (3:5)An expliit expression, whih explains why the method is alled soft thresholding, is given inRemark 3.3 following Theorem 3.2 below. (We have added a fator 2 to the penalty term tosimplify the expressions.) However, a rate of onvergene an be established without usingthis expliit expression. This is of importane, beause it will allow the extension to otherestimation proedures, where no expliit expressions are available. The next theorem studiesthe general situation. It is followed by the example with roughness parameter �.Theorem 2.2.5. Suppose that the variane �20 of the errors is known (for simpliity) andtake �2n � �0q2 lognn . Let Jn be any subset of f1; : : : ; ng and de�neNn = jJnj; Mn = Xj =2Jn j�j;0j: (3:6)The LSE with soft thresholding �̂n satis�esk�̂n � �0kQn = OP(�2nN 12n + �nM 12n ): (3:7)Proof. Write Vj = 1n nXi=1 Wi j(zi); j = 1; : : : ; n:Moreover, write IN(�) = Xj2Jn j�jj; IM(�) = Xj =2Jn j�jj;and (identifying a funtion � with its oe�ients �),In(�) = IN(�) + IM(�) = nXj=1 j�jj:



CHAPTER 2. PENALIZED M-ESTIMATION 41Clearly, by the de�nition of the estimator �̂n,1n nXi=1 (Yi � �̂n(zi))2 + 2�2nIn(�̂n) � 1n nXi=1 (Yi � �0(zi))2 + 2�2nIn(�0):Rewrite this to k�̂n � �0k2n + 2�2nIn(�̂n) � 2 nXj=1 Vj(�̂j;n � �j;0) + 2�2nIn(�0):But this givesk�̂n � �0k2n + 2�2nIn(�̂n) � 2 maxj=1;:::;n jVjjIn(�̂n � �0) + 2�2nIn(�0):If we take Bn as the set Bn = f maxj=1;:::;n jVjj � �2ng;we have P(Bn)! 1:On Bn, we �nd k�̂n � �0k2n + 2�2nIn(�̂n) � 2�2nIn(�̂n � �0) + 2�2nIn(�0); (3:8)or k�̂n � �0k2n + 2�2nIM(�̂n) � 2�2nIN(�̂n � �0) + 2�2nIM(�̂n � �0)+2�2n(IN (�0)� IN(�̂n)) + 2�2nIM(�0)� 4k�̂n � �0kn�2nN 12n + 2�2nIM(�̂n) + 4�2nIM(�0);or k�̂n � �0k2n � 4k�̂n � �0kn�2nN 12n + 4�2nIM(�0):Note now that IM(�0) =Mn, by de�nition. Thus, we arrive at (3.7). tuExample 3.2 Suppose that nXj=1 j�j;0j� � 1;for some 0 � � < 1. Take Jn = fj : j�j;0j > �2ng. Using Remark 2.1 with � = �2n, we obtainthat Nn � ��2�nMn � �2(1��)n



CHAPTER 2. PENALIZED M-ESTIMATION 42and as a result we get �2nN 12n + �nM 12n � 2�2��n :Previous inequality together with Theorem 3.2 show thatk�̂n � �0kQn = OP(�2��n ):In other words, the optimal hoie �2n = �0q2 log nn yields exatly the same rate as in Example3.1, i.e., the LSE with soft thresholding (whih does not use knowledge of �) adapts to �.Remark 3.1 Appliation of Theorem 3.2 when �0 lies in the spae Bs;p;q de�ned inSubsetion 2.2 does not diretly give the orret rate. However, one an easily extend thetheorem to show that (under the same ondition on �n) one hask�̂n � �0kQn = OP(�2nN 12n + �n �M 12n + k�0 � ��nkQn);where ��n =Pnj=1 ��j;n j is some (any) approximation of �0, and where�Mn = Xj =2Jn j��j;nj:Remark 2.3 now gives k�̂n � �0kQn = OP(�2��n );when �0 2 Bs;p;q, with � = 2=(2s + 1) < p. This oinides with the result in e.g. Donoho,Johnstone, Kerkyaharian and Piard (1996).Remark 3.2 The ondition of normally distributed errors an be dropped, provided weadjust the value of the smoothing parameter in the appropriate way. Namely, �2n should behosen in suh a way that P( maxj=1;:::;n jVjj � �2n)! 1;where Vj = Pni=1Wi j(zi)=n, j = 1; : : : ; n. Thus, the (optimal) hoie of the smoothingparameter depends on the distribution of the errors. As a onsequene, if the errors haveheavy tails, the rate of onvergene of the LSE with soft thresholding may be very slow.Remark 3.3 Eah oe�ient is estimated separately. For ompleteness, we present herethe expression of the estimated oe�ients. Let us write~�j;n = 1n nXi=1 Yi j(zi)for the empirial oe�ients. Then the penalized least squares estimators �̂n = Pnj=1 �̂j;n jis solution of the optimization program:(�̂j;n) = argmin�j  nXj=1 j~�j;n � �jj2 + 2�2n nXj=1 j�jj! :



CHAPTER 2. PENALIZED M-ESTIMATION 43This minimization problem has the following expliit solution:�̂j;n = 8><>:~�j;n � �2n; if ~�j;n > �2n;0; if j~�j;nj � �2n;~�j;n + �2n; if ~�j;n < ��2n:Remark 3.4 Theorem 10.2 in van de Geer (2000) is about penalized LS estimation ingeneral. It annot diretly be applied to LS with soft thresholding, beause the entropy of theset f� : In(�) � 1g is not integrable. Adjusting the previous theorem in van de Geer (2000)to over our ase is however straightforward, and will yield the same result of Theorem 3.2,but with additional logarithmi fators, and restrited to the ase Jn = ;, so that Nn = 0and Mn = In(�0). In other words, the result using entropy methods of van de Geer (2000)is that k�̂n � �0kQn = OP(�nI1=2n (�0)) times some log-fators. So when In(�0) � 1 (say), oneessentially arrives at a n� 14 -rate of onvergene, i.e., the entropy approah leads to rates forthe roughest ase � = 1. It may however be true that a more re�ned entropy approah, usingloal entropies, is apable of reproving adaptation (modulo log-fators) to the roughness of�0.2.2.4 Robust adaptive estimatorsReall the regression model Yi = �0(zi) +Wi; i = 1; : : : ; n;where �0 : Z ! R is an unknown regression funtion in the parameter spae �.The estimator with soft thresholding type penalty, based on the onvex loss funtion , isde�ned as �̂n = min�=�1 1+:::+�n n2�( 1n nXi=1 (Yi � �(zi)) + �2n nXj=1 j�jj) = nXj=1 �̂j;n j: (4:1)The ase (�) = �2 was studied in the previous setion. In this setion, we look at therobust ase, with  satisfying j(�)� (~�)j � j� � ~�j; �; ~� 2 R: (4:2)The following notation is onvenient. Let Xi = (Yi; zi), let Pn be the empirial distributionbased on X1; : : : ; Xn, P (i) the distribution of Xi, and �P =Pni=1 P (i)=n. In the introdution,we assumed that E(Yi� b) has a unique minimum in b = �0(zi). We now need the followingstronger ondition. Let �(Xi) = (Yi � �(zi)). For 0 � t � 1, write �t = t� + (1� t)�0. (Wedo not require �t 2 �.) We will assume that for t0 su�iently small (not depending on n)and � 2 �, we have for all 0 � t � t0,Z (�t � �0)d �P � �k�t � �0k2Qn; (4:3)



CHAPTER 2. PENALIZED M-ESTIMATION 44where � > 0 is a onstant (not depending on n). If one is willing to assume that funtionsin � are bounded in sup-norm (by a onstant K not depending on n), this is a reasonableondition, beause R �d �P is minimized at �0. However, boundedness in sup-norm is of oursean awkward ondition. (See also Remark 4.1 below.)The hoie for the smoothing parameter in Theorem 4.1 is taken on the safe side. It isbased on the empirial proess inequality of Lemma 4.2.Theorem 2.2.6. Suppose that (4.3) holds. Then for any subset Jn of f1; : : : ; ng and forNn = jJnj; Mn = Xj =2Jn j�j;0jand �2n � plogn=n, where  is a universal onstant, we havek�̂n � �0kQn = OP((�2nN 12n + �nM 12n ) _ n� 12 );provided �2nN 12n + �nM 12n ! 0.Proof. The proof follows the line of reasoning of Theorem 3.2 on the LSE.De�ne t = t0=(1 + k�̂n � �0kQn). Consider the onvex ombination�̂t;n = t�̂n + (1� t)�0:Using the onvexity of the loss funtion , and of the soft thresholding type penalty, we obtain1n nXi=1 (Yi � �̂t;n(zi)) + �2nIn(�̂t;n)� t( 1n nXi=1 (Yi � �̂n(zi)) + �2nIn(�̂n))+ (1� t)( 1n nXi=1 (Yi � �0(zi)) + �2nIn(�0))� 1n nXi=1 (Yi � �0(zi)) + �2nIn(�0);where in the seond inequality, we used that �̂n minimizes the penalized loss funtion. Werewrite this in a onvenient form, namelyZ (�̂t;n � �0)d �P + �2nIn(�̂t;n) � � Z (�̂t;n � �0)d(Pn � �P ) + �2nIn(�0):By assumption (4.3), Z (�̂t;n � �0)d �P � �k�̂t;n � �0k2Qn:



CHAPTER 2. PENALIZED M-ESTIMATION 45Now, if In(�̂t;n � �0) � n� 12 , it follows immediately that also k�̂t;n � �0kQn � n� 12 . Letus therefore assume that In(�̂t;n � �0) > n� 12 , and (for simpliity) that this is true for all n.Observe also that k�̂t;n � �0kQn � 1. Let Bn be the setj Z (�̂t;n � �0)d(Pn � �P )j � r lognn In(�̂t;n � �0):We show in Lemma 4.2 that for a  a large enough universal onstant,P(Bn)! 1:On Bn, we �nd �k�̂t;n � �0k2Qn + �2nIn(�̂t;n) � �2nIn(�̂t;n � �0) + �2nIn(�0): (4:4)This is, apart from some onstants, the same inequality as (3.8) in Theorem 3.2, and we mayproeed as there. We then arrive atk�̂t;n � �0kQn = OP(�2nN 12n + �nM 12n ):But then also k�̂n � �0kQn = k�̂t;n � �0kQn=t = OP(�2nN 12n + �nM 12n ):tuRemark 4.1 It an be seen from the proof that it is allowed to let the value of t0 inondition (4.3) to depend on � as well as �0, as long as the last step in the proof remains true.Indeed, in the proof we took t � t0 depending on the parameter, a trik whih allows one torestrit attention to a unit ball around �0 when the loss funtion and penalty are onvex (seealso van de Geer 1999).Remark 4.2 Theorem 4.1 shows that, exept for some logarithmi fators, for the robustpenalized regression estimator one has exatly the same result as for the penalized LSE. There-fore, one an dedue e.g. adaptivity up to logarithmi fators, to the roughness parameter �(as in Example 3.2).The robustness ondition (4.2) implies that a hoie of the smoothing parameter thatworks well for all error distributions, is possible. The optimal hoie is as yet not lear,but the following empirial proess inequality gives an upper bound (still depending on anunspei�ed universal onstant ).Lemma 2.2.7. There exists a onstant  suh thatP0� supk���0kQn�1; In(���0)>n� 12 j R (� � �0)d(Pn � �P )jIn(� � �0) � r lognn 1A �  exp[� logn2 ℄:



CHAPTER 2. PENALIZED M-ESTIMATION 46Proof. Without loss of generality, we may assume �0 � 0. Now, note thatk�kQn � In(�) � pnk�kQn;and that for some onstant A, and all M � pn,H(u; f� : In(�) � Mg) � AM2u2 logn; u > n� 12=8;where we invoked Lemma 2.1. We show in the following lemma that for some onstant C0,we have the onentration inequalityP supk�kQn�1; In(�)�M j Z (� � 0)d(Pn � �P )j � C0r lognn M! � C0 exp[�(logn)(1 _M2)C20 ℄:Take j0 as the smallest integer suh that j0 + 1 > log2pn. Then we �ndP0� supn� 12<In(�)�1 j R (� � 0)d(Pn � �P )jIn(�) � 2C0r lognn 1A� j0Xj=0 P supIn(�)�2�j j Z (� � 0)d(Pn � �P )j � C0r lognn 2�j!� (log2pn + 1)C0 exp[� lognC20 ℄� C0 exp[� logn2 ℄:Moreover, P supk�kQn�1; In(�)>1 j R (� � 0)d(Pn � �P )jIn(�) � 2C0r lognn !
� 1Xj=0 P supk�kQn�1; In(�)�2j+1 j Z (� � 0)d(Pn � �P )j � C0r lognn 2j+1!� 1Xj=0 exp[�(logn)22(j+1)C20 ℄� C1 exp[� logn2 ℄:tu



CHAPTER 2. PENALIZED M-ESTIMATION 47Lemma 2.2.8. There exists a onstant C0 suh that the following upper bound holdsP supk�kQn�1; In(�)�M j Z (� � 0)d(Pn � �P )j � C0r lognn M! � C0 exp[�(logn)(1 _M2)C20 ℄:Proof. De�ne the following empirial proessZ = supk�kQn�1; In(�)�Mg ����Z (� � 0)���� d(Pn � P̂):Set Ui(�) = (Yi � �(zi))� (Yi); i = 1; : : : ; n:An Hö�ding type inequality, proved by Massart (2000), says that for all u � 0 we getP (Z � E(Z) + u) � exp ��n2u28b2n �where bn satis�es supk�kQn�1; In(�)�M nXi=1 kUi(�)� E(Ui(�))k21 � b2n:Sine  is 1�Lipshitz, we have thatsupk�kQn�1; In(�)�M nXi=1 kUi(�)� E(Ui(�))k21 � 4 supk�kQn�1; In(�)�M nXi=1 �2(zi)� 4nAs a result, we have an upper bound for bn and we take b2n = 4n. A symmetrization proedureimplies the following bound:E(Z) = E" supk�kQn�1; In(�)�M 1n ����� nXi=1 [Ui(�)� E(Ui(�))℄�����#� 2E" supk�kQn�1; In(�)�M ����� 1n nXi=1 �iUi(�)�����#where the �i's are Rademaher random variables. Theorem 4.12 in Ledoux and Talagrand'sbook (1991) based on a ontration priniple and using the fat that  is Lipshitz gives thefollowing bound for the last quantity:E" supk�kQn�1; In(�)�M ����� 1n nXi=1 �iUi(�)�����# � E" supk�kQn�1; In(�)�M ����� 1n nXi=1 �i�(zi)�����#� E" supk�kQn�1; In(�)�M ����� 1n nXj=1 �j nXi=1 �i j(zi)�����#� ME" maxj=1;:::;n ����� 1n nXi=1 �i j(zi)�����#



CHAPTER 2. PENALIZED M-ESTIMATION 48The last quantity is of order Mq lognn . As a onsequene we getP[Z � 2Mr lognn + u℄ � 1� exp��nu232 �Taking u �q log nn ompletes the proof of the lemma.2.2.5 Least absolute deviationsLet us (for simpliity) assume that W1; : : : ;Wn are i.i.d. opies of a random variable W .Suppose W has median zero. We may then onsider the least absolute deviations (LAD) lossfuntion. The LAD estimator with soft thresholding type penalty is�̂n = min�=�1 1+:::+�n n2�( 1n nXi=1 jYi � �(zi)j+ �2n nXj=1 j�jj) = nXj=1 �̂j;n j:Note that this estimator has a ertain sale invariane, in the sense that the optimal valueof the smoothing parameter does not depend on the sale of the data. In partiular, thesmoothing parameter will not depend on (an estimate of) the variane of the data.In order to apply Theorem 4.1, we need to verify ondition (4.3). Suppose W has densityfW with respet to Lebesgue measure, and that for some � > 0,fW (w) � �; for all jwj � �:Let us write j�j1 = maxz2Z j�(z)j:Assume that for some onstant K <1,sup�2� j�j1 � K:Then indeed, one an easily see that (4.3) holds with t0 = min(12 ; �2K ).Remark 5.1 It is not a good idea to apply LAD (or other robust methods) with softthresholding in the sequene spae. To see why, let us denote the empirial oe�ients by~�j;n = 1n nXi=1 Yi j(zi); j = 1; : : : ; n:Renormalize to ~Yj = pn~�j;n; j = 1; : : : ; n;with expetation (assuming the errors are entered)E ~Yj = pn�j;0 := #j;0; j = 1; : : : ; n:



CHAPTER 2. PENALIZED M-ESTIMATION 49The LAD estimator of #0 is now#̂n = arg min#2Rn( nXj=1 j ~Yj � #jj+pn�2n nXj=1 j#jj) :Thus, as soon aspn�2n > 1, #̂n � 0. Suppose now that #0 remains bounded, say that j#j;0j � 1for all j. The result of Theorem 4.1 is then trivial:1n nXj=1 #2j;0 = 1n Xj2Jn #2j;0 + 1n Xj =2Jn #2j;0� Nnn + 1n Xj =2Jn j#j;0j = Nnn + 1pn Xj =2Jn j�j;0j:2.2.6 Simulation studyIn our simulation study, we allow ourselves the following deviations from the main theory.Firstly, we will not restrit the funtions � to be bounded in sup-norm by some onstant.Seondly, we take values �2n proportional top2 logn=n as given in Remark 4.3. (Note that inthe LAD ase, the random variables (�(Xi)� �0(Xi))=(�(zi)� �0(zi)) are +1 or -1 as soonas jWij � j�(zi)� �0(zi)j).The signals have been generated using the software MATLAB. We onsider the Heavi-sine funtion and the Doppler funtion with n=100 observations, and deompose these twofuntions onto a wavelet basis using a Daubehies wavelet with 8 vanishing moments. Aserror distribution, we onsidered the standard entered Gaussian distribution with variane3, and also the Laplaian distribution, i.e., double exponential distribution, with mean zeroand variane 3.The LS estimator is omputed using its expliit expression whereas the LAD estimator mustbe numerially omputed. Sine the LAD estimator is de�ned as the solution of an l1 min-imization, standard minimization algorithm do not give good results. That is the reasonwhy, following ideas developped by Brue and Sardy (1999) for the Huber loss funtion, weonsider the minimization problem as an optimization issue with Lagrange multipliers andthe assoiated dual, see for instane Rokafellar (1970). A primal-dual algorithm with alog-barrier penalty, desribed by Chen, Donoho and Saunders (1999) provides an e�ientnumerial method to ompute the LAD estimator.We have looked at 9 ases, orresponding to di�erent values of the smoothing-parameter�2n inluding the theoretial optimal value for the Gaussian ase 0:303 that orresponds to the8th line. The four tables summarize the performane of the LS and LAD estimators in termof mean square error (MSE). The numbers represent an average over 20 simulations. In orderto make omparison of LS and LAD relevant, we have put on a same line the results with�0�2n for the LS and �2n for the LAD. We also added a line where omparisons are made for



CHAPTER 2. PENALIZED M-ESTIMATION 50the optimal ases, i.e., smallest k�̂n��0kQn (orresponding to di�erent smoothing parameters).In these simulations, we an see that LAD works better in the Laplaian ase, and LSworks better in th Gaussian ase (as is to be expeted). We note furthermore that the value�2n = p2 logn=n is not optimal in the LAD ase: it is too large. In the LS ase, the orre-sponding value �2n = �0p2 logn=n is also too large when the errors are Laplaian, but it isoptimal when the errors are Gaussian.We show the results for some signi�ant simulations. The LS estimator is representedin dotted lines and the LAD estimator is represented with solid lines. The �gures 1-2 showthe results obtained for the two di�erent funtions Doppler and Heavisine with the Gaussiannoise. The last �gure, �gure 3, shows the results when taken Heavisine funtion orruptedby Laplaian noise. We an observe that LAD athes better the irregularity of the twofuntions Heavisine and Doppler, when LS is too smooth. However LAD with a wavelet basishas limitations beause its ability to estimate spatially inhomogeneous signals on�its withthe goal of robustness to �lter noise.Heavisine funtion with Gaussian errors.�2 MSE for LS MSE for LAD0.0303 (1) 0.7535 0.6050.0607 (2) 0.5229 0.39940.1011 (3) 0.4782 0.37370.1517 (4) 0.4934 0.45070.2124 (5) 0.4749 0.46120.2427 (6) 0.3451 0.48280.2731 (7) 0.2821 0.50030.3034 (8) 0.2238 0.56010.6070 (9) 0.5852 0.6242optimum 0.2238 at (8) 0.3737 at (3)Heavisine funtion with Laplaian noise.�2 MSE for LS MSE for LAD0.0303 (1) 1.7051 1.51570.0607 (2) 1.010 0.9540.1011 (3) .8201 0.62380.1517 (4) 0.7853 0.58960.2124 (5) 0.6021 0.43240.2427 (6) 0.5925 0.46540.2731 (7) 0.5896 0.58700.3034 (8) 0.6012 0.69250.607 (9) 0.6238 0.7021optimum 0.5896 at (7) 0.4324 at (5)



CHAPTER 2. PENALIZED M-ESTIMATION 51Doppler signal with Gaussian errors.�2 MSE for LS MSE for LAD0.0303 (1) 0.5862 0.81030.0607 (2) 0.5210 0.78010.1011 (3) 0.3521 0.66100.1517 (4) 0.2625 0.52180.2124 (5) 0.2212 0.34510.2427 (6) 0.1521 0.28210.2731 (7) 0.1330 0.32990.3034 (8) 0.090 0.44450.6070 (9) 0.3928 0.5510optimum 0.090 at (8) 0. 2821 at (6)Doppler signal with Laplaian errors.�2 MSE for LS MSE for LAD0.0303 (1) 0.736 0.9010.0607 (2) 0.6260 0.77000.1011 (3) 0.5218 0.61010.1517 (4) 0.5680 0.50180.2124 (5) 0.6321 0.34510.2427 (6) 0.7081 0.28210.2731 (7) 0.8588 0.82290.3034 (8) 0.9097 0.84290.607 (9) 0.9254 0.9545optimum 0.5218 at (3) 0.2521 at (6)



CHAPTER 2. PENALIZED M-ESTIMATION 522.3 Penalized Density EstimationIn this part, we fous on the density estimation problem using di�erent penalization teh-niques. In a �rst part, we will investigate a smoothing approah obtained by minimizinga quadrati loss-funtion penalized by Besov pseudo-norms. The lak of adaptivity of thismethod will lead us to use empirial proess theory to study the behavior of another esti-mator: we penalize the log-likelihood by a funtional whih depends on the roughness ofthe logarithm of the density. More preisely, we will use a funtional based on the waveletoe�ients of the log-density.2.3.1 A smoothing tehniqueThe model is the following: letX be a random variable that ranges over a subinterval of R andhas unknown probability distribution P with density f0 with respet to Lebesgue measure,lying in a funtional spae F , dPd� = f0:Suppose we observe n independent observations X1; : : : ; Xn of X and use this random samplefor inferene about the density f0. Linear estimators of the density an be obtained usinga wavelet deomposition of the density. As a matter of fat, we make the assumption thatf0 belongs to a Besov spae Bsp1; s > 1p . Consider a wavelet  with r > s regularity andompatly supported that provides an unonditional basis of suh spae. So every funtion fan be deomposed onto this basis as follows:f =Xj Xk �jk jk; �jk =< f;  jk > :D. Donoho, I. Johnstone, G. Kerkyaharyan and D. Piard in [DJ95℄ or [DJKP95℄ for instanehave onstruted the linear wavelet estimator:f̂(x) =X(j;k) �̂jk jk(x)where �̂jk =< f0;  jk > is the estimated wavelet oe�ient :�̂jk = 1n nXi=1  jk(Xi):Sine E�̂jk = E jk(X1)= Z  jk(x)f0(x)dx= �jk



CHAPTER 2. PENALIZED M-ESTIMATION 53f̂ is an unbiased estimator of the density. But this estimator has to be trunated to useonly a �nite number of resolution levels. Moreover it may be non smooth, whih justi�esthe use of smoothing tehniques to improve its behavior. Indeed, we will try to solve theapproximation issue whih onsists in �nding a funtion ~f lose enough to this estimator butwith a regularity that an be easily ontrolled. For this onsider the smoothing problem~f = arg ming=Pj1j=j0Pk �jk jk2F �jjDj0;j1f0 � gjj22 + I(g)� (2.3.1)= arg ming=Pj1j0Pk �jk jk2F  j1Xj=j0Xk j�̂jk � �jkj2 + I((�jk)(j;k))! (2.3.2)The optimization problem is transformed due to orthonormality of wavelet transform. We al-ready know that, for speial hoies of penalty, the minimization problem an be solved.The expliit solutions lead to well-known wavelet estimator: for a hoie I((�jk)(j;k)) =2�2nP(j;k) j�jjk and resp. I((�jk)(j;k)) = �2n#fj�jkj > 0g we obtain the soft-thresholdedwavelet estimator ~f =X(j;k) sgn(�̂jk)(j�̂jkj � �2n)+ jkand resp. the hard-thresholded wavelet estimator~f =X(j;k) �̂jk1j�̂jkj>�2n jk:The asymptoti behavior of suh estimators have been studied by D.Donoho, I.Johnstone,G. Kerkyaharian and D. Piard in [DJ95℄ or [DJKP96b℄. They proved that suh estimatorsahieve the minimax rate of onvergene over ompat sets of Bsp1 for B�p1-losses with � � s,up to some logarithmi fators.If we want to ontrol more diretly the smoothness of the estimator, we must hoose a norm-type penalty with a Bs22 pseudo-norm. So we haveI(g) = �2n j1Xj=j0 22jsXk �2jk = �2njjgjjBs22and ~f�n = argmin�jk  j1Xj0 (�̂jk � �jk)2 + �2n j1Xj0 22jsXk �2jk! :This approah is similar to the approximation point of view with the use of the K-Peetrefuntional, desribed by Peetre in [Pee70℄ . In that ase, we have proven that the estimatoris a smoothed estimator ~f�n =Xk �̂j0k�j0k + j1Xj=j0Xk ~�jk jk



CHAPTER 2. PENALIZED M-ESTIMATION 54where for all j = j0 : : : j1 ~�jk = �̂jk(1 + �2n22js) :This estimator is onsistent provided the same hypothesis as in the ase of the regressionholds. It ahieves the minimax rate of onvergene for a onvenient hoie of the smoothingparameter �n as asserts the following theorem.Theorem 2.3.1. Assume that f0 2 L1 [ Bs22. Moreover assume that the resolution levelssatisfy j0 = 0(1) and 2j1 = o(n 11+2s ). For a hoie of the smoothing parameter suh that�2n = n� 2s1+2s , there exists a �nite positive onstant  suh that for every 0 � � < s:Ejj ~f�n � f0jj2B�22 � n 2(��s)2s+1So the smoothed estimator still ahieves the minimax rate of onvergene for B�22 losses for� < s:This method provides a onsistent estimator but the main drawbak is that it an not beturned into an adaptive method without estimating the smoothness oe�ient s of the spaewhere the unknown funtion lies. As a matter of fat, the hoie of the optimal smoothnessoe�ient depends on the unknown quantity s. Yet we an hope to hoose the regularizationparameter by a data-depending tehnique using ross-validation. For every parameter �n weassoiate the estimator ~f�n whih is onsistent as soon as �n ! 0. We already know thatthere exists an optimal hoie of the parameter that minimizes over �nEjj ~f�n � f0jj2 = Z ~f 2�n � 2 Z f ~f�n + Z f 2So ross-validation minimizes an empirial version of that riterium:F (�n) = Z ~f 2�n � 2n nXi=1 ~f (i)�n (Xi)where ~f (i)�n is onstruted using oe�ients �̂(i)jk = 1n�1Pk 6=i  jk(Xk) using the ross-validationmethod desribed by G. Wahba in [Wah90℄ or in [GW91℄. Here again, a proof, similiar to theproof of theorem (3.1.16) in the regression model, leads to the existene of a minimizer of theross-validation riterium that an be hosen to onstrut the estimator.But this method is a regularization tehnique with no theoretial links with the estimationproblem. We should use an another methodology and onsider as estimator the penalized log-likelihood estimator.2.3.2 M-estimation of the densityThe settings of the estimation problem is the same as in the �rst part: we observe n inde-pendent realizations of variables X1; : : : ; Xn with unknown density with respet to Lebesgue



CHAPTER 2. PENALIZED M-ESTIMATION 55measure �, f0 = dPd� lying in a set of funtions F with value in [0; 1℄. The log-likelihoodestimator has been studied in the literature, see for instane Stone in [Sto90℄, Silverman in[Sil82℄ or Barron and Sheu in [BS91℄ who onsidered this issue using log-spline basis.For a given penalty I, de�ne ~fn as~fn = argmaxf2F  1n nXi=1 log f(Xi)� �2nI(f)! : (2.3.3)In these papers, it is stated that it is more onvenient to assume some regularity propertiesover the logarithm of the density in order to gain positivity of the estimated density. So wede�ne: 0 = log(f0) + b(0);with b(0) = � R log(f0)dP: For every density f 2 F , we onsider the variable  = log f+b()lying in the orrespondent funtional lass �. Sine the density integrates to one, we have theuseful relation b() = log Z e(x)d�(x)Now we an de�ne the maximum penalized likelihood estimator for a penalty funtion I :F ! R+ or alternatively J : � ! R+ . The penalized maximum log-likelihood estimator(2.3.3) an be written, using the hange of notations and the substitution of the penalty aŝn = argmax2�  1n nXi=1 (Xi)� b()� �2nJ()! : (2.3.4)We will penalize the roughness of the log-density and use a pseudo-norm. Another diretionwould be the use of sieves and a penalty over the dimension of the approximating spae. Suhsurvey an be found in a paper from G. Castellan in [Cas00℄. This point of view is part ofmodel seletion theory developed by L. Birgé and P. Massart in [BM97℄ for instane.De�nition 2.3.2. Given a smoothing parameter �2n ! 0, onsider the following penalizedM-estimator ̂n = argmax2�  1n nXi=1 (Xi)� b()� �2nJ()!where � = f 2 Bsp;1; s > 1pg.This estimator has been studied in a general way by S. van de Geer in [vdG00℄, but theresult was not adaptive. We want to investigate for a preise hoie of penalty. The startingpoint is an inequality that an be found in [vdG00℄ whih links the L2-loss of the estimatorand the true funtion with the empirial proess R (̂n � 0)dPn and proves onsisteny ofpenalized maximum likelihood. We reall here that the entropy of a Besov spae has beenalulated by L. Birgé and P. Massart in [BM97℄. So there exists a �nite onstant A suhthat HB(�; Æ;P) � H1(�; 2Æ=2) � A(2MÆ ) 1s :Using the de�nition of the penalized M-estimator we have the following lemma



CHAPTER 2. PENALIZED M-ESTIMATION 56Lemma 2.3.3. b(̂n)� b(0) + �2nJ(̂n) � Z (̂n � 0)d(Pn �P) + �2nJ(0):Consider a wavelet basis ( jk) of � with respet to Lebesgue measure, with enough regu-larity and deompose the log-density onto this basis  =P(j;k) �jk jk. Now we onsider thefollowing penalty for the penalization term:J() =X(j;k) j�jkj:This penalty is related to the norm as an be easily shown by the following lemma.Lemma 2.3.4. 8 2 � : jj � 0jj � J( � 0):With that hoie of penalty, we an prove the following theorem desribing the asymptotibehaviour of the estimator, using ideas of the proof of the same result in the regression model,proof whih an be found in [LvdG00℄:Theorem 2.3.5. Under the following ondition: 90 < C <1; sup2� jj � C, the penalizedlog-likelihood estimator de�ned for 0 2 Bsp1 aŝn = arg max=P(j;k) �jk jk2�0� 1n nXi=1 (Xi)� b()� �2nX(j;k) j�jkj1A ;is pseudo-adaptive over the Besov lass of funtions fBsp1; s > 1=pg sine it is onvergent atthe minimax rate of onvergene up to a logarithmi fator for a quadrati loss.Remark 2.3.6. The ondition sup2� jj � C, is lose to the usual ondition in log-likelihoodestimation 9�0 > 0; f = dPd� � �20To onlude, both methods have their drawbaks and advantages. The maximum pe-nalized likelihood method extend to density estimation the theory of M-estimation usingsoft-thresholding penalties. If it provides an adaptive estimator that ahieves the asymptotiminimax rate, it will be important to look for good omputer algorithms to solve the opti-mization problem, whereas the �rst method an be easily implemented sine the estimatorsare all well de�ned and depend linearly on the data. But the smoothing oe�ient must behosen using ross-validation and is an approximation of the optimal theoretial parameter.



CHAPTER 2. PENALIZED M-ESTIMATION 572.3.3 AppendixProof of theorem 2.3.1Proof. The proof of the onsisteny follows the same lines as in the ase of the regression.Indeed we have for a B�22-loss the bias variane deomposition:Ejj ~f�n � f jj2B�22 = Ejj ~f�n � E( ~f�n)jj2B�22 + jjE( ~f�n)� f jjj2B�22= 1nXk �Z f 2j0k � �2j0k� + 1n j1Xj=j0 22j�(1 + �2n22js)2 Xk �Z  2jkf � �2jk�+ j1Xj0 22j� �4n24js(1 + �2n22js)2 Xk �2jk +Xj>j1 22j�Xk �2jk�Xj>j1 22j�Xk �2jk| {z }(I) + j1Xj=j0 22j� �424js(1 + �222js)2 Xk �2jk| {z }(II)+ 1n Z (Xk �2j0k(x))f(x)dx| {z }(III)+ 1n j1Xj0 22j��424js(1 + �222js)2 Z (Xk  2jk(x)f(x)dx)| {z }(IV ) :Reasoning by analogy and using the same arguments as in Chapter III, the following majo-rations hold: (I) � 22(��s)22j1(��s)Xj>j1 22jsXk �2jk� C22j1(��s)jjf 2jj2Bs22(II) � �2 s��s j1Xj=j0 22jsXk �2jk� �2 s��s jjf 2jj2Bs22(III) � K 2j0n(IV ) � Kn j1Xj=j0 2j(1+2�)(1 + �222js)2 ;



CHAPTER 2. PENALIZED M-ESTIMATION 58where K is a onstant depending only on jjf jj1.So we have the �nal majoration: there exists a �nite onstant C suh thatEjj ~f� � f jj2B�22 � C(2j0n + 2j1(1+2�)n + 2�2j1(s��) + �2 s��sn );so provided we have the make the assumptions that 2j0 = o(n) and that 2j1 = o(n 11+2s ); thenEjj ~f� � f jj2B�22 = o(1):Moreover the majoration proves the asymptoti minimax rate.Proof of lemma 2.3.3Proof. The proof omes from the de�nition of ̂n and uses the fat that  is, by onstrution,a entered variable.Z ̂ndPn � b(̂n)� �2nJ(̂n) � Z dPn � b()� �2nJ()Z ̂ndPn � b(̂n)� �2nJ(̂n) � Z 0dPn � b(0)� �2nJ(0)Z (̂n � 0)dPn + �2nJ(0) � b(̂n)� b(0) + �2nJ(̂n)Z (̂n � 0)d(Pn �P) + �2nJ(0) � b(̂n)� b(0) + �2nJ(̂n)Proof of lemma 2.3.4Proof. By orthonormality of the basis we an write for m = (j; k) an index:jj � 0jj = (Xm j�m � �0mj2)1=2:But we have Xm j�m � �0mj2 � (Xm j�m � �0mj)2whih onludes the proof.Proof of theorem 2.3.5



CHAPTER 2. PENALIZED M-ESTIMATION 59Proof. The following majoration stands for all  2 �,j Z ( � 0)d(Pn �P)j = j Z Xm (�m � �0m) md(Pn �P)j� supm ����Z  md(Pn � P )���� J( � 0):We must derive a onentration inequality over ��R  md(Pn �P)��, from a Bernstein type in-equality. P�j Z  md(Pn � P )j > Tn� � 2 exp(� nT 2n2(�2 + 3=2jjY jj1))where Yi =  m(Xi)� E( m(Xi)) are independent random variables with zero mean.�2 � jjf0jj1jjY jj1 � 2j=2M:So Bernstein inequality an be written in the following way: there exists a �nite onstant A,P(supm j Z  md(Pn �P)j > Tn) � 2 exp(�A((nT 2n) ^ (nTn))):Using this inequality we obtain:P(Xm2� j Z  md(Pn �P)j > Tn) �Xm2� 2 exp(�AnT 2n)� j�j2 exp(�AnT 2n):If we hoose Tn = q log nn then if the set of indies � is polynomial in n, for  large enoughwe have P(supm2� j Z j mjd(Pn �P)j > Tn) � 2 j�jnA2 ! O:Now reall our model: we onsider a wavelet basis m = (j; k) and we begin to approximatethe log-density by its projetion onto the spae Vj1 for a hoie of j1 that will be preised lateron. Moreover, we assume that the log-density belongs to a Besov spae Bsp1 and is boundedin the supremum norm. As a result,P( sup0�j�j1;k j Z  jkd(Pn �P)j � Tn) � j1Xj=0Xk P(j Z  jkd(Pn �P)j � Tn)� j1Xj=0Xk 2 exp(�Aj((nT 2n) ^ (nTn)))� 2 j1Xj=0 2j exp(�AnT 2n)



CHAPTER 2. PENALIZED M-ESTIMATION 60for a hoie of Tn and j1 suh that Tn = r lognn2j1 � 1=r nlogn;we have P( sup0�j�j1;k j Z  jkd(Pn �P)j � Tn) � 22j1 exp(�AnT 2n)� 2=n1=2�A2plogn :As soon as we have hosen  large enough, the last quantity tends to zero as n inreases. Theondition over the hoie of the onstant  an be written as:2 � max(jjf0jj1; 2=3jj jj1):Then on an event of probability one we an write that for every �2n � q log nn we havesup(j;k)2� j jkd(Pn �P)j � �2nIf we set 1 the projetion of  on Vj1, we have:jĵn � 0jj � jĵn � 1jj+ jj1 � 0jj:From the property of the wavelet basis and the hoie of the level j1 we have, sine 0 2 Bsp1:jj1 � 0jj � 2�j1s � � nlogn��s=2 :Using onsisteny of the estimator and a Taylor's expansion of b() we get:b(̂n)� b(0) = Ek̂n(X1)� 0(X1)k2=(1 +O(1))but sine dPd� � �2, we havejĵn � 0jj21 +OP(1) + �2nJ(̂n) � Z (̂n � 0)dPn + �2nJ(0): (2.3.5)As a result, for the stohasti term, we have the following inequality:jĵn � 1jj21 +OP(1) + �2nJ(̂n) � �2nJ(̂n � 1) + �2nJ(1):



CHAPTER 2. PENALIZED M-ESTIMATION 61So we obtain, following the same guideline than in the proof of the rate of onvergene of thepenalized least squares estimator in [LvdG00℄:jĵn � 1jj � �2nN1=2n + �nJ1=2M � � lognn � s2s+1And by omparison of the two rates of onvergene, we have:jĵn � 0jj � � lognn � s2s+1



CHAPTER 2. PENALIZED M-ESTIMATION 622.4 Appendix2.4.1 Some extensions for adaptive M-estimationAdaptive M-estimation with l1 penaltyWe refer to the artile of Loubes and van de Geer [LvdG00℄ We make the omment that wehave obtained an adaptive estimator up to logarithmi fators via a penalized least absolutedeviation estimation method. The only ondition on the errors is that they must be enoughonentrated around zero. This assumption is not too restritive sine, if there exists aontinuous density of the errors f , then as soon as f(0) 6= 0, the ondition will be ful�lled,whih is the ase in most of ommon laws of probability errors and we have9� > 0; 80 � a � �; P(0 � W � a) � �a:This onstant an be approximated easily: indeed for a small enough,P(0 � W � a) � af(0)So take � � f(0).Extension to other error measuresWe want to prove onsisteny of our penalized estimator in the integrated norm k:k. For this,we will use the following theorem due to S. van de Geer in [vdG00℄, that enables us to makea omparison between the norm and the empirial norm. This result needs a more re�nedontrol over the lass of funtions than the standard entropy: the braketing entropy.De�nition 2.4.1. For a lass of funtions �, onsider, for Æ > 0 a olletion of ouples offuntions (�L;j; �L;j); j = 1; : : : ; N suh that, for every � 2 �, there exists a ouple in theprevious olletion suh that �L � � � �Uk�U � �Lkn � ÆDe�ne NB(Æ;�) the smallest N for whih suh Æ-overing happens. The braketing entropyis de�ned as HB(Æ;�) = logNB(Æ;�)This quantity is de�ned by S. van de Geer in [vdG00℄ for instane.Theorem 2.4.2. If there exists a sequene Æn, suh that nÆn !1 and HB(Æn;�;P) � nÆ2n,then for all 0 < � < 1, the following inequalities stands:lim supP sup�2�;jj�jj>25Æn=� j jj�jjnk�k � 1j � �! = 0limsupP sup�2�;jj�jj<25Æn=� jjj�jjn � jj�jj � 2! = 0:



CHAPTER 2. PENALIZED M-ESTIMATION 63Proof. The proof is given in the appendix. It relies on empirial proesses tehniques and theuse of the peeling devie.Reall that we onsider a M-estimator de�ned by:�̂n = arg min�=P(j;k) �jk jk0�jjY � �jj2n + �2nX(j;k) j�jkj1A :We have already proven its onsisteny for the empirial norm and we want to study thequadrati error of this estimator. We make the additional assumption thatI(�̂n) <1 (2.4.1)so that �̂n 2 �. So we have two possibilities for jj�̂n � �0jj2:� If jj�̂n � �0jj � 25n �s2s+1=�, then the penalized M-estimator onverges with a good rateonvergene towards the true funtion �0.� If jj�̂n � �0jj > 25n �s2s+1=�, then we an apply the following theorem with Æn = n� s2s+1 .Sine there exists a �nite onstant A so thatHB(Æn; Bsp1) � AÆ�1=sn ;the hypothesis are ful�lled so we have the following inequality on an event with proba-bility equal to one: j jj�̂n � �0jjnjj�̂n � �0jj � 1j � �;whih gives jj�̂n � �0jj � 11� � jj�̂n � �0jjnbut sine jj�̂n � �0jjn = OP(n� s2s+1 ), we an writejj�̂n � �0jj � Cn� s2s+1 :So, also in that ase, the penalized M-estimator onverges at the rate of onvergenen� s2s+1 :Remark 2.4.3. The main assumption I(�̂n) < 1 an not be removed from the proof. Itmay be hard to prove it. The only ontrol we an obtain over this quantity is a very roughmajoration whih is proven in the appendixI(�̂n) = OP(��2n logn) (2.4.2)Sine onsisteny requires �2n � q nlog n , this majoration does not help proving the hypothesis(2.4.1).



CHAPTER 2. PENALIZED M-ESTIMATION 64Generalization to lassial M-estimatorsWe give here an appliation to various robust loss funtions, used in M-estimation, whihhave been desribed by Berlinet in [BLV00℄ in the ase where the errors Wi; i = 1; : : : ; n areidentially independently distributed. Huber and Hampel started with a systemati treatmentof suh robust estimators. There are three funtions mainly used. In order to extend ourgeneral theorem to these spei� ases, we have to hek if the additional ondition is ful�lled,that is if there exists � > 0 so that for t � �, the following inequality holdsZ (�t � �0) d(Pn �P) � �jj�t � �0jj2nwhih is a diret onsequene of the next ondition: there exists � > 0 suh that 80 � a � �,mini E ((Wi + a)� (Wi)) � �a2:1. The �-quantile loss funtion, de�ned by Hampel in [Ham83℄ is given by: 8� 2 (0; 1)�(x) = (�x if x � 0(�� 1)x if x < 0By diret alulations, we an �nd thatE((W + a)� (W )) � �aP(W � 0);So provided the errors verify P(W � 0) � a for a � �, the theorem an be applied.2. The Vajda loss-funtion, f Vajda in [Vaj99℄, is de�ned by, 8� > 0�(x) = 1� exp(��x2):Suh a funtion puts the stress on small oe�ients sine if x is small �(x) � �x2 and ifx is large �(x) � 1, so the estimator tends to selet an estimator very lose to the datawith a smoothing e�et.If the errors are Gaussian, entered with variane �2, we �nd thatE((W + a)2 �W 2) � �a2as soon as ��2 � 32 : For general errors, we obtain a similar ondition about the onen-tration of the errors around zero:80 � � � �; E �(W + a) exp(��(W + a)2)� � �:3. The Huber loss-funtion desribed by Huber in [Hub81℄ is an intermediate betweenthe quadrati loss and the l1 loss. The loss-funtion behaves like a quadrati funtion



CHAPTER 2. PENALIZED M-ESTIMATION 65for small oe�ients and like a l1 funtion for large oe�ients. Set � > 0 a ut-o�parameter, and de�ne �(x) = (x22 if jxj � �� jxj � �22 if jxj > �:The Huber M-estimator is onsistent with the rate of onvergene given by the generaltheorem provide the following hypothesis hold: there exists � > 0 and a onstant  <1so that 80 � a < �, P(jW + aj > �) � 1� �� 2P(jW j > �) � E(W 21jW j>�)� �E((W + a)21jW+aj��) � 4�+ a2:appendixProof of theorem 2.4.2Proof. We reall brie�y the main ideas of the proof. We onsider a Æn-braktened overingof � by funtions (�L; �U). Then for � 2 �, we have sup�2� jj�jj1 � M , we use the peelingdevie to write that for some integer s, we have M(s� 1)Æn � jj�jj �MsÆn, so sine jj�jj2n �jj�U jj2n + jj�U � �Ljj2n, we an write:P� jj�jjnjj�jj � 1 + �� � P �jj�U jj2n � jj�U jj2 + jj�U � �Ljj2n � �sÆ2n� :Now we an use a Berntein-type inequality:8a > 0;P �jjj�jj2n � jj�jj2j > a� � 2 exp(� na28(a+ jj�jj2)):P( sup�2�;jj�jj>25Æn=� jj�jjnjj�jj � 1 + �)� Xs�25=� 4 exp(HB(Æn;�;P)� n2Æ2ns2�228 )� 4 Xs�25=� exp(�nÆ2ns2�227 ) n!1�! 0 :So we an onlude that limn�!1P sup�2�;jj�jj>25Æn=� jj�jjnjj�jj � 1 + �! = 0



CHAPTER 2. PENALIZED M-ESTIMATION 66We an prove in a similar way thatlimn�!1P sup�2�;jj�jj>25Æn=� jj�jjnjj�jj � 1� �! = 0whih onludes the proof.Proof of assertion (2.4.2):Proof. The penalized least squares estimator is given by:�̂n = arg inf�2� �jjY � �jj2n + �2nI(�)�where the penalty I is positive and equal to zero for the null funtion.By the de�nition of the M-estimator we know that for every � 2 � we havejjY � �̂njj2n + �2nI(�̂n) � jjY � �jj2n + �2nI(�):So for the funtion � = 0 and by positivity of the loss-funtion the inequality beomes:0 � I(�̂n) � ��2n jjY jj2n:But jjY jjn � jj�jj0+maxi=1;:::;n jjWijj1:With the following lemma, we an ontrol the behaviorof jjWijj1; i = 1; : : : ; n:.Lemma 2.4.4. Let Wi independent random variables entered with variane �2 and, for allpositive real s: E exp(sjWij) � exp( s2�22 ). Then we have for all sequene Tn:P( maxi=1;:::;n jWij � Tn) � �p2 lognTnSo the hoie of Tn = logn leads tomaxi=1;:::;n jWij � logn a:sWith this majoration we an onlude thatI(�̂n) = OP(��2n logn):



CHAPTER 2. PENALIZED M-ESTIMATION 67Proof of Lemma 2.4.4Proof. exp(sE( maxi=1;:::;n jWij)) � E exp(s maxi=1;:::;n jWij)� E maxi=1;:::;n exp(sjWij)� nXi=1 E exp(sjWij)� n exp(s2�22 ):So we obtain sE maxi=1;:::;n jWij � log(n) + s2�22 ;and for a value of s2 = 2 logn�2 we have for Tn = logn:P( maxi=1;:::;n jWij � logn) � 2r 2lognand so in�nitely often we have maxi=1;:::;n jWij � logn:



CHAPTER 2. PENALIZED M-ESTIMATION 682.4.2 Asymptoti Distribution of Penalized M-EstimatorsTesting Problems with M-estimatorsAfter having studied the asymptoti behavior of M-estimators, we would like to apply theresults of preeding setions to �nd the asymptoti law of the estimator. This problem isdi�ult in the general ase, sine we do not have a diret expression of the estimator whihis only de�ned as the solution of an optimization problem. That is why we fous on varioustesting situations for the model using the M-estimator.A �rst testing problem is to test whether the observations in our model ome from anunknown real funtion or if we only observe a pure white noise model. That is the reasonwhy we want to test the null hypothesis: H0 : �0 = 0: For this we will onsider a test statistibased on �̂n, whih is de�ned by: �̂n = arg inf�2� (jjY � �jj) ; (2.4.3)where jjY � �jj = 1n nXi=1 (�i � Yi)for  a loss-funtion, onvex in �. Under some onditions on the regularity of the lass �, i.eunder good entropy bounds, and for a good hoie of the smoothing parameter �2n, the solutionof the optimization problem �̂n onverges to the true parameter �0 = argmin�2�EjjY � �jj:So if H0 is true, then the above quantity is likely to be minimized at zero, therefore wewant to �nd a onstant, �, suh that the null hypothesis is rejeted at a level � if and only ifjj�̂njj > �: If the estimator is signi�ant, the true funtion is likely to be a non zero funtion.So this means that � satis�es(P(jj�̂njj � �) = 1� �; orP(jj�̂njj > �) = �We want to show that this onstant an be alulated using a onentration inequality inboth ases, either when the estimator is a penalized least squares estimator, or a penalizedleast-absolute deviation estimator.1. Penalized Least Squares Estimator:Here the loss funtion is quadrati (x) = x2, so we have k�k = k�k2n = 1nPni=1 �(zi)2.The M-estimator is de�ned as�̂n = arg inf�2� 1nXi jYi � �(zi)j2! :So, using the mere de�nition of the estimator, we an write that:jjY � �̂njj2n � jjY jj2n:



CHAPTER 2. PENALIZED M-ESTIMATION 69Now, by the de�nition of the empirial norm jj:jjn and the disrete salar produt< f; g >n= 1n nXi=1 f(zi)g(zi)we have: jj�̂njj2n = jjY � �̂njj2n � jjY jj2n + 2 < Y; �̂n >n :So the following majoration stands:P(jj�̂njj2n > 2�) � P(2 < �̂n; Y >n> 2�)� P(sup�2� (2 < Y; � >n) > 2�)� P(sup�2� < �; Y >n> 2�2 ):We reognize a deviation inequality. Provided there exists a ontrol over the entropy ofthe set �, a majoration of this quantity an be given. It depends on the behavior ofthe underlying empirial proess. For instane, if the lass of funtions � is suh that:� there exists R, a positive onstant suh that sup�2� jj�jjn � R� there exists s > 1=2 and a onstant C suh that, for all positive ÆH(Æ;�; Pn) � CÆ� 1sthen the following property desribes the onentration of the empirial proess::Proprosition 2.4.5.8Æ > 0; pnÆ > C �Z R0 H1=2(u;�; Pn)du _R�P(sup�2� ����� 1n nXi=1 �(zi)Wi����� � Æ) � C exp(� nÆ2R2C2 ):Proof. The proof of this result omes from a starting Hoe�ding-type inequality and atypial use of the haining devie to transform the probability of a supremum over anin�nite set into the supremum over a �nite set. It an be found in [vdG00℄.As a result, under suh assumptions, the following majoration holds:P(sup�2� ����� 1n nXi=1 �(zi)Wi����� � 2�2 ) � C exp(� n4�4R2C2 ):



CHAPTER 2. PENALIZED M-ESTIMATION 70So if we hoose properly the onstant �2� � 2CRpn rlog(C� )then provided 2� � 2Cpn 2s2s� 1R1� 12s _ 2CRpnondition whih is automatially ful�lled if � is small enough, i.e � � C exp( s2C2(2s�1)2R�1=s),then P(sup�2� ����� 1n nXi=1 �(zi)Wi����� � 2�2 ) � �:So if we an alulate the onstants in the onentration inequality, we an alulate �and so rejet the assumption of a pure white noise model at a level at least � as soonas jj�̂njj > �. For this, we look at the starting inequality of the proof. The onstantsan be majorated by 2p2, whih gives2� = 1pn4Rslog(2p2� ):Hene we have the following property:Proprosition 2.4.6. In a regression model over a lass � = f�; k�kn � Rg of funtionswhose entropy satis�es H(Æ;�; Pn) � CÆ� 1s with s > 1=2, then for 2� = 2CR 1pnqlog(C� )the test jj�̂njjn > � is a test at level at least � for the pure white noise model.Remark 2.4.7. The onentration inequality provides a majoration of the true onstantwhih may be non optimal. We expet the real onstants to be smaller than the ritialvalue we obtain. As a result, the power of the test is expeted to be in fat smallerthan the power we onsider. Moreover, the test is too rough sine, using a result fromWegkamp in [Weg℄, we get pnk�k2n ! 0. So we should �nd in an optimal test 2� =o� 1pn� whih is not the ase.Remark 2.4.8. Using penalization over balls of Sobolev spaes Hs; s > 12 ful�lls theassumptions of the previous proposition. This is the ase when � = f� 2 Hs; k�kn � Rg.Given  j an orthonormal family in L2(Pn), the assumptions of the proposition are alsosatis�ed if there exists a roughness parameter � for whih � = f� = Pj �j j; I(�) =Pj j�jj� <1g. In this ase we an take � = 21+2s as it is done in [LvdG00℄.However, the penalized least squares estimator with soft-thresholding penalty does notful�ll the onditions an an not be used in that way.



CHAPTER 2. PENALIZED M-ESTIMATION 712. Penalized Least Absolute Deviation Estimator.In that ase, onsider (x) = jxj and k�k = 1nPni=1 j�(zi)j, the empirial norm is notquadrati anymore and the M-estimator is de�ned as�̂n = arg inf�2� 1nXi jYi � �(zi)j! (2.4.4)We have: �jj�̂njj2n � Z (�̂n � 0)d �P; (2.4.5)where we have set � = jY � �(z)j and �P = 1nPni=1 P (i): So we an write:P(jj�̂njj2n > 2�) � P�1� Z (�̂n � 0)d �P > 2�� :But the M-estimator is de�ned as a solution of a L1-minimization problem (2.4.4), sothe following majoration holds using the mere de�nition of the minimizer:Z (�̂n � 0)d �P � � Z (�̂n � 0)d(Pn � �P ) (2.4.6)So using the inequality (2:4:5) together with (2:4:6) we an write:P�jj�̂njj2n > 2�� � P�j Z (�̂n � 0)d(Pn �P)j > �2��� P�sup�2� j Z (� � 0)d(Pn �P)j > �2��Now if we have a ontrol over the preeding empirial proess, we an derive a deviationinequality and so de�ne a bound for the onstant � in the test problem. Now we reallthe following proposition:Proprosition 2.4.9. If the lass of funtions � = f� = Pjk �jk jk; Pjk j�jkj < 1g,is suh that for a onstant A, and Æ > n� 12 =8H(�; Æ) � A 1Æ2 lognthere exists a universal onstant C suh thatP0� sup�2�; k���0kn�1 j Z (� � �0)d(Pn � �P )j � Cs log3 nn 1A � C exp�� log3 nC2 �Proof. The proof of this result an be found in [vdG90℄ or [vdG00℄ and rely as usual ona deviation inequality whose omplexity is ontrolled by an entropy argument.



CHAPTER 2. PENALIZED M-ESTIMATION 72So sine the hypothesis of the theorem are satis�ed, if the onstant � is hosen suhthat P supk���0kn�1 j Z (� � �0)d(Pn � �P )j � 2�! � �we will onlude that P(jj�̂njj > �) � �:Take M = 1, for the hoie 2� � 1�Cs log3 nn rlog(C� )the deviation inequality holds and we have built a test at least at level � for testing thewhite noise model with a statisti based on the Least Absolute Deviation Estimator.However the universal onstant C remains to be found. Moreover, here again the realpower of the test should be a lot less than �.Remark 2.4.10. We ould try to test another hypothesis: the no e�et alternative. In anon-parametri regression setting, we look at the inferene between the response variable andthe preditor variable. Suh problem is similar to the one investigated by Cox and Koh in[CKWY88℄ who used a Bayesian approah or by Cox and Wahba in [CK89℄. In a morepreise way, the authors were interested in testing the null hypothesis H0: � is a polynomialfuntion of degree m versus the alternative hypothesis H1: � is smooth in the sense that thereexists a m� 1-fold integrated Wiener proess Z suh that� = Pm +pbZ;where we have set b a �nite positive onstant and Pm a polynomal with degree m. They showedthat there was no uniformly most powerful test for testing H1 versus H0. Now if we go bakto our setting, the problem an be written: the model is the followingYi = �(zi) + �0 + �i; i = 1; : : : ; n:Testing for no e�et is equivalent to testing if � = 0. But if we use a wavelet deomposition,let  jk a wavelet with r vanishing moments where s is the regularity of the funtion and r � s,we have �0 =X(j;k) �jk jk:The penalized Least Squares estimator an be written in term of a minimization over thewavelet oe�ients, and sine < �;  jk >= 0 due to the regularity of the wavelet, the hy-pothesis is equivalent to testing a pure white noise model for its wavelet representation. As aonsequene, the test based on the Penalized Least Squares estimator is also a test at level �for testing a no e�et hypothesis. We an point out that Antoniadis, Gijbels and Gregoire in[AGG97℄ onstruted test using a model seletion argument, and showed that the two preed-ing test problems an be extended to the ase where we look at a martingale struture in timeseries using the same type of tests.



CHAPTER 2. PENALIZED M-ESTIMATION 73Asymptoti distribution of M-estimatorIn this part, we will prove asymptoti normality of the distribution separately for eah waveletoe�ient of the Penalized Least Square estimator. By the de�nition of the estimator (4:1:2)minimizing a penalized loss funtion over the lass � we have the following equivalent de�ni-tion: ( 8h 2 �; 8t 2 [0; 1℄; �̂n;t = �̂n + th;ddt jt=0 �jjY � �̂n;tjj2n + �2nI(�̂n;t)� = 0 (2.4.7)If we have set �0 =X(j;k)�0jk jk8� 2 �; � =X(j;k)�jk jk(W;h) =X(j;k)�jkVjk and Vjk = 1n nXi=1 Wi jk(zi);using a Taylor expansion of the quantity (2:4:7) we �nd that,pn(�̂jk � �0jk) = 1nPni=1Wih(zi) +pn�2nF 0((�̂jk)jk)(< h;  jk >) +Rn1nPni=1 h(zi) jk(zi) ;where the residual term Rn is de�ned asRn = pn X((l;m)6=j;k) 1n nXi=1 h(zi) lm(zi)(�̂lm � �0lm);and where we have set F = I(�̂n;t):We have to hoose a non optimal smoothing oe�ient sine we make the assumption that:pn�2n �! 0 (2.4.8)If we hoose in the preeding alulations h =  jk, we have 8(l; m) 6= (j; k); < h;  l;m >= 0;so the residual term is equal to zero and we obtain using the entral limit theorem and sineF 0 is bounded that: pn(�̂jk � �0jk) L�! N  0; �2WR  2jk! (2.4.9)Remark 2.4.11. For soft-thresholding type penalties, we have proved in [LvdG00℄ that theonsisteny of the penalized least square estimator requires the ondition �2n � q log nn whihontradits the ondition (2.4.8) pn�2n ! 0. So suh a method does not prove a entral limittheorem for soft-thresholded estimator. Reently, some authors suh as D. Piard and K.



CHAPTER 2. PENALIZED M-ESTIMATION 74Tribouley in [PT00℄ have investigated this problem and have tried to give asymptoti on�deneintervals for suh estimators. However it an be used for M-estimator with l2 � penalty likean Hs or a Bs22 semi-norm. Indeed onsisteny only requires �2n � n� 2s2s+1 and the ondition(2.4.8) gives raise to s > 12 , whih is a ommon assumption in this framework see for instane[MvdG97℄.Remark 2.4.12. The proof of the asymptoti onvergene in law an not be diretly extendedto the ase of the least absolute deviation estimator sine its proof relies on the di�erentiabilityof the loss funtion. However, to prove a entral limit theorem, suh ondition an be weakenedand we only have to impose di�erentiability in quadrati norm. For example, D. Pollard intheorem VII.1.5 of [Pol84℄, uses stohasti equiontinuity to prove a entral limit theoremfor M-estimators with general loss funtions. In partiular, for an l1 loss, the estimator �̂n,minimizing over the set � the quantity Mn = 1nPni=1 jYi � �ij, is suh thatpn(�̂n � �0) L�! N (0; 4�I)But proving a similar result for the penalized least absolute deviation estimator would requirethe same ondition (2.4.8). Again, suh an assumption is ontraditory to the ondition�2n �q log3 nn neessary for the onsisteny of the estimator.



CHAPTER 2. PENALIZED M-ESTIMATION 752.4.3 Numerial Approximation of Penalized Adaptive M-EstimatorIn this part, we desribe the algorithms we used to ompute the estimators we have studied.Suh estimators are de�ned as solution of optimization problems. The model we observe isthe standard regression model( Yi = �0(zi) +Wi; i = 1; : : : ; n;�0 2 �;where � is a funtional set. We onsider the M-estimator �̂n de�ned by:�̂n = arg inf�2� �jjY � �jjpp + �2nI(�)�where the norm jj:jjp, the index p and the penalty I : �! R+ have to be hosen properly. Inmany ases this minimization an be solved diretly and an expliit version of the estimator isused in our simulations. In the other ases, espeially when the loss-funtion is not quadrati,the minimization problem an not be solved diretly and standard algorithms fail to ahievethe minimization. That is why we will have to use more omplex algorithms suh as theinterior point algorithm.Penalized least-squares estimatorsIn this ase k�k2n = 1nPni=1 �(zi)2. For our simulation study, we rewrite the minimizationproblem as follows. Given an orthonormal basis of the spae �,  j, we deompose eahfuntion onto this basis: � = nXj=1 �j j= ��:where � is an operator over Rn . So the estimator �̂n =Pnj=1 �̂j j is de�ned by its oe�ientsand is a solution of �̂n = arg inf�=(�j)j=1;:::;n �jjY � ��jj22 + �2nI(�)�= arg inf�=(�j)j=1;:::;n nXj=1 jYi � (��)ij2 + �2nI(�)!The numerial problem of minimizing a quadrati norm and a penalization term an be solvedin all ases using a relaxation algorithm desribed as follows.A relaxation algorithm is a reursive algorithm. We desribe here an iteration:� hoose a starting point u0 = (u01; : : : ; u0n).



CHAPTER 2. PENALIZED M-ESTIMATION 76� selet un+1i suh that 8x 2 R the following inequality holds:J(un+11 ; : : : ; un+1i�1 ; un+1i ; uni+1; : : : ; unn) � J(un+11 ; : : : ; un+1i�1 ; x; uni+1; : : : ; unn):Repeat this seletion for i = 1; : : : ; n:The following theorem desribes the e�ieny of this program.Theorem 2.4.13. De�ne a funtion J : Rn ! RJ(v) = J0(v) + nXi=1 �ijvijpwhere �i; i = 1; : : : ; n are positive onstants, p is positive real, and J0 a stritly onvex ontinu-ously di�erentiable funtion suh that J(v)!1, when jjvjj ! 1. The relaxation algorithm,desribed above, onverges to the solution of the minimization problem of J(v) over v 2 Rn .Proof. The proof of this result an be found in [GLT76℄ for instane.This algorithm is a diret algorithm whih means that it does not use the expression ofthe derivate of J0, so it is easier to alulate the expression of the minimizer when p rangesfrom 1 to 3. We reall here the diret expression of the M-estimators in the three ases wherewe an �nd an expliit solution:� p = 1. We �nd the minimum by deriving the onstraint funtion and analyzing whetherthe minimum is in the open set or in the boundaries of the set: it is given by�̂j = sgn(�j)(j�jj � �2nj�jj=2)+:We an reognize the soft-thresholded estimator.� p = 2. The minimization problem is:�̂j = argminx �(�j � x)2 + �2nx2�It is the easiest ase. Using di�erentiation properties of both loss funtion and penalty,we know that the minimum of the penalized ontrast is reahed for:�̂ = nXj=1 �̂j �̂j = 11 + �2nj�jj�jThis estimator is a smoothed linear estimator.



CHAPTER 2. PENALIZED M-ESTIMATION 77� p = 3. The minimization problem is�̂j = argminx �(�j � x)2 + �2njxj3�The solution is a zero of the gradient so if we di�erentiate the funtional we get:�2(�j � x) + 3sgn(x)�2nj�jjx2 =0sgn(x)(3�2nj�jjx2 + 2jxj) =2sgn(�j)j�jjsgn(x) =sgn(�j)jxj =�1 +p1 + 6�2nj�jjj�jj3�2nj�jjx = 2j�jjsgn(x)1 +p1 + 6�2nj�jjj�jjx = 2�j1 +p1 + 6�2nj�jjj�jj :So we have �̂ = nXj=1 2�j1 +p1 + 6�2nj�jjj�jj j:However in the other ases suh basi algorithm provides a solution even if it may be moree�ient to use a gradient or onjugate gradient algorithm desribed by P. Ciarlet in [Cia82℄to minimize the penalized loss funtion provided the penalty an be di�erentiated. We pointout that hoosing properly the oe�ients �j enables us to study norm-type penalties suhas Sobolev and Besov pseudo-norm.The following simulations are done using a wavelet basis  jk with ompatly supported fun-tions with vanishing moments. We use Daubehies wavelet with 8 vanishing moments. Fromthe observed data Yi whih is taken dyadi, we get wavelet oe�ients from the Fast WaveletAlgorithm whih an be found in [Mal98℄. We present in the last setion the results of somesimulations: quadrati losses of di�erent signals for 4 hoies of penalty inluding the speialhoie of a Besov pseudo norm. The errors are taken either Gaussian or Laplaian.However suh methods require the di�erentiability of the loss funtion whih is not thease if we onsider the penalized least absolute deviation estimator whose behavior has beenstudied in [LvdG00℄. Standard algorithms do not work so we have to �nd another way tominimize the funtional. Suh methods are lose to the solution of the simplex algorithmproposed by Karmakar in [Kar92℄ or Barrodale and Roberts in [BR73℄.The estimator is now de�ned by:�̂n = arg inf�2� jjY � �jjL1 + �2n nXi=1 j�jkj! :This problem is lose to the one studied by Brue and Sardy in [SS99℄. I used two ways ofsolving the optimization problem: either modify slightly the loss funtion on order to gain



CHAPTER 2. PENALIZED M-ESTIMATION 78some di�erentiability properties or use optimization theory to see the problem as a onstrainedminimization whose dual problem may be solved.Penalized Least Absolute deviation estimator1. Huber loss funtion:Previous authors have solved the minimization problem with a loss that approximatesloally the behavior of the l1 loss, the Huber loss funtion desribed by Huber in [DH81℄.For a given ut point � > 0, this funtion � an be written:�(x) = (x22 if jxj � �� jxj � �22 elsewhere:It is an hybrid between the l1 loss and the l2 loss sine for large residuals, it behaveslike the �rst one whereas for small residuals, it behaves like a quadrati loss.First of all, we point out that the minimization problem with a quadrati loss and a l1penalty min� �jjY � ��jj22 + 2�2njj�jj1�has for solution the soft-thresholded estimator well studied by Donoho and Johnstonein [DJ95℄ ~� =X(j;k) ÆS(�̂jk; �2n) jkwhere �̂jk = 1nPni=1 Yi jk(zi) and ÆS(x; l) = sgn(x)(jxj� l)+ is the soft-thresholding op-erator. To ompute this estimator, we an use the proedure Wave-Shrink implementedfor MatLab.Sardy, Brue and Tseng reformulate the optimization problem as shown:min�;w �jjY � (�� + w)jj22 + � jjwjj1 + �2njj�jj1� :They propose to use a Blok Coordinate Relaxation algorithm:(a) Choose a starting point for the algorithm x = (�; w);(b) Partition B = [�; I℄ into two matries B1 an orthonormal matrix and B2 theremaining matrix. De�ne x1 and x2 the orresponding vetors;() Set r = Y �B2x2 the residual vetor;(d) Improve x1 by solving the problem:x1 = argminb �jjr �B1bjj22 + �2njjbjj1�using the WaveShrink proedure;(e) Test the approximation and if onvergene riterion is not met, go to the �rst step.



CHAPTER 2. PENALIZED M-ESTIMATION 79The di�ult point in this algorithm is �nding the orthonormal matrix. Then if we let� derease to zero we get an approximation of our minimization problem.2. Interior Point Algorithm:Using onvex duality theory, we want to transform the optimization problem into itsdual problem in order to apply an Interior Point Algorithm developed by Chen, Donohoand Saunders in [CDS99℄. We reall that we want to minimizemin� �jjY � ��jj1 + �2njj�jj1� :We �rstly rewrite the problem as:min�;w �jjwjj1 + �2njj�jj1�withw = Y � ��:The optimization problem an be onsidered as a minimization problem with onstraint.That is the reason why we make use of Lagrange multipliers to point out the dualproblem, obtained by exhanging the order of the minimum and the maximum. Sinethe loss funtion is onvex, and sine the onstraint is linear, the dual gap between theprimal problem and the dual problem is zero as an be shown in a book from Rokafellar[Ro97℄. min�;w=Y��� �jjwjj1 + �2njj�jj1�=min�;w  maxx ( nXi=1 jwij+ �2n nXi=1 j�ij+ (Y � �� � w)0x)!=maxx  min�;w ( nXi=1 jwij+ �2n nXi=1 j�ij+ (Y � �� � w)0x)!=maxx  min�;w ( nXi=1 (jwij � wixi) + nXi=1 (�2nj�ij � �i(�x)0) + Y 0x)!=maxx  nXi=1 minwi (jwij � wixi) + nXi=1 min�i (�2nj�ij � �i(�0ix)) + Y 0x!where we have set �i the ith olumn of the matrix �. This problem is equivalent tominx �Y 0x with : (j�0ixj � �2njxij � 1We have transformed the initial dual problem into a linear programming problem. Moregenerally, if we had tried to minimize the Huber loss funtion, the problem would havebeen redued to minx nXi=1 12x2i � Y 0x with : (j�0ixj � �2njxij � �



CHAPTER 2. PENALIZED M-ESTIMATION 80Suh a quadrati minimization issue is well handled using a Primal-Dual Log-BarrierInterior Point algorithm. The idea is the following: we add a log-penalty to the mini-mization problem:minx �Y 0x� � nXi=1 log(�2n � �0ix)� � nXi=1 log(�2n + �0ix)� � nXi=1 log(� � xi)� � nXi=1 log(� + xi)So if we di�erentiate we �nd the following ondition:x� Y+� nXi=1 1�2n � �0ix�i � � nXi=1 1�2n � �0ix�i+� nXi=1 1� � xi ei � � nXi=1 1� + xi ei = 0where ei is the ith anonial vetor of the basis. If we sett+i = ��2n � �0ix t�i = ��2n + �0ixr+i = �� � xi r�i = �� + xiv+i = �2n � �0ix v�i = �2n + �0ixu+i = � � xi u�i = � + xiand let z = (u+; u�; v+; v�)s = (r+; r�; t+; t�)A = [I;�I;�;��℄ = (:1; �2n:1)the �rst order ondition beomes:8><>:�A0x� z +  = 0Y � As� x = 0�1� diag(s)diag(z)1 = 0So the minimization problem an be solved by solving this non-linear system with aonjugate gradient for example and then derease the log-barrier term � to enforeonvergene. This algorithm is a Primal-Dual algorithm, so at eah Newton step, thethree variables x; s; z are known and updated. s is the primal variable, giving a solutionof the original minimization problem in �, x is the dual variable giving the solution of



CHAPTER 2. PENALIZED M-ESTIMATION 81the maximization in the Lagrange multiplier. A stopping ondition of the algorithman be found when the three diretionsd1 = �A0x� z + d2 = Y � As� xd3 = �1� diag(s)diag(z)1are small enough.If we onsider the l1 minimization issue, we reall that the dual problem is a linearprogramming problem. So the minimization an be easily done with a small number ofiterations.Simulation ResultsThe following simulations have been done using MatLab and WaveLab. We have used fourdi�erent signals: a funtion with regular osillations x ! sin(8x), a regular funtion with adisontinuity Heavisine funtional, a very irregular funtion: the Bump funtion and a highosillating funtion: the Doppler funtion. These funtions are observed with two di�erentnoise: a Gaussian white noise with variane 3 and a Laplaian noise with the same variane.In a �rst study, we onsider the Heavisine funtion and the Doppler funtion with n = 100observations, and deompose these two funtions onto a wavelet basis using a Daubehieswavelet with 8 vanishing moments. As error distribution, we onsidered the standard Gaussiandistribution, normalized with a noise-ratio equal to 1/3, and also the Laplaian distribution, i.e., double exponential distribution, with mean zero and variane 3. We have looked at 9 ases,orresponding to di�erent values of the smoothing-parameter �2n inluding the theoretialoptimal value for the Gaussian ase 0:303 that orresponds to the 8th line. The four tablessummarize the performane of the LS and LAD estimators. In order to make omparison ofLS and LAD relevant, we have put on a same line the results with �0�2n for the LS and �2n forthe LAD. We also added a line where omparisons are made for the optimal ases, i.e., smallestk�̂n � �0kn (orresponding to di�erent smoothing parameters). In these simulations, we ansee that LAD works better in the Laplaian ase, and LS works better in th Gaussian ase(as is to be expeted). We note furthermore that the value �2n =p2 logn=n is not optimal inthe LAD ase: it is too large. In the LS ase, the orresponding value �2n = �0p2 logn=n isalso too large when the errors are Laplaian, but it is optimal when the errors are Gaussian.



CHAPTER 2. PENALIZED M-ESTIMATION 82Heavisine funtion with Gaussian errors�2 MSE for LS MSE for LAD0.0303 (1) 0.7535 0.6050.0607 (2) 0.5229 0.39940.1011 (3) 0.4782 0.37370.1517 (4) 0.4934 0.45070.2124 (5) 0.4749 0.46120.2427 (6) 0.3451 0.48280.2731 (7) 0.2821 0.50030.3034 (8) 0.2238 0.56010.6070 (9) 0.5852 0.6242optimum 0.2238 at (8) 0.3737 at (3)Heavisine funtion with Laplaian noise.�2 MSE for LS MSE for LAD0.0303 (1) 1.7051 1.51570.0607 (2) 1.010 0.9540.1011 (3) .8201 0.62380.1517 (4) 0.7853 0.58960.2124 (5) 0.6021 0.43240.2427 (6) 0.5925 0.46540.2731 (7) 0.5896 0.58700.3034 (8) 0.6012 0.69250.607 (9) 0.6238 0.7021optimum 0.5896 at (7) 0.4324 at (5)Doppler signal with Gaussian errors.�2 MSE for LS MSE for LAD0.0303 (1) 0.5862 0.81030.0607 (2) 0.5210 0.78010.1011 (3) 0.3521 0.66100.1517 (4) 0.2625 0.52180.2124 (5) 0.2212 0.34510.2427 (6) 0.1521 0.28210.2731 (7) 0.1330 0.32990.3034 (8) 0.090 0.44450.6070 (9) 0.3928 0.5510optimum 0.090 at (8) 0. 2821 at (6)Doppler signal with Laplaian errors.



CHAPTER 2. PENALIZED M-ESTIMATION 83�2 MSE for LS MSE for LAD0.0303 (1) 0.736 0.9010.0607 (2) 0.6260 0.77000.1011 (3) 0.5218 0.61010.1517 (4) 0.5680 0.50180.2124 (5) 0.6321 0.34510.2427 (6) 0.7081 0.28210.2731 (7) 0.8588 0.82290.3034 (8) 0.9097 0.84290.607 (9) 0.9254 0.9545optimum 0.5218 at (3) 0.2521 at (6)In a seond study we use the four test funtions to study the impat of the smoothnessparameter. The following �gures show the behavior of the risk funtion taken as a funtionof the parameter �2n. In the �rst �gure are displayed the quadrati risks for the four testfuntions where the estimator is the penalized least squares estimator with an l1 penalty. Inthe seond, the estimator studied is the penalized least square with a Besov type penalty.
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Figure 2.4: L1 penalized least-squares estimator with Gaussian errors

0 50 100 150 200 250
0.01

0.015

0.02

0.025

0.03
Risk for Doppler

0 50 100 150 200 250
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
Risk for Bumps

0 50 100 150 200 250
0.02

0.025

0.03

0.035

0.04

0.045

0.05

0.055
Risk for Heavisine

0 50 100 150 200 250
0.005

0.01

0.015

0.02

0.025

0.03
Risk for Sin(8x)

Figure 2.5: Besov penalized least-squares estimator with Gaussian errors
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Figure 2.6: L1 penalized least-squares estimator with Laplaian errors
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Figure 2.7: Besov penalized least-squares estimator with Laplaian errors



CHAPTER 2. PENALIZED M-ESTIMATION 892.4.4 Example of entropy alulationOn the non-optimality of Ball and Pajor inequalityAbstrat. We show that Ball and Pajor inequality is yet a powerful tool to alulateentropy of lass of funtions but does not provide sharper bounds as an be shown whenusing it to derive rates of onvergene for M-estimator over a spei� set.Our model is the standard regression model( Yi = �0(zi) +Wi; i = 1; : : : ; n;�0 2 �;where � is the set of funtions� = f� 2 C2([0; 1℄; [0; 1℄); �00(x) � 1; 8x 2 [0; 1℄g:We onsider the M-estimator �̂n = argmin�2� nXi=1 �(Yi):where � : X ! R is a loss-funtion whih has to be onvex in �. The rate of onvergene ofsuh estimators depends on the entropy of the set �, whih an be found in [vdG00℄. One ande�ne entropy for general metri spaes but we shall restrit ourselves to lasses of funtions�. Let Q be a measure on a measurable spae.De�nition 2.4.14. Consider for eah Æ > 0 a olletion of funtions �1; : : : ; �N suh that,for eah � 2 � there exists j 2 f1; : : : ; Ng suh that jj� � �jjjQ � Æ: Let N(Æ;�; jj:jjQ) thesmallest value of N for whih suh a overing, with balls entered in �j and of radius Æ,exists (N = 1 if this value is not �nite). N(Æ;�; jj:jjQ) is alled the Æ-overing number.H(Æ;�; jj:jjQ) = logN(Æ;�; jj:jjQ) is alled the Æ-entropy of the lass of funtions �In most ases the derivation of a good bound for the entropy of a lass of funtions is ratherompliated. However Ball and Pajor in [BP90℄ prove the following theorem that enables usto alulate the entropy of a onvex hull of a lass K of funtions from the Æ-overing numberof the set K.Theorem 2.4.15. Let Q be a probability and K be a set in L2(Q), so that there exists positiveonstants  and d so that N(Æ;K;Q) � Æ� 1d ; 8Æ > 0:Then for s = 12 + 1d there exists a �nite onstant A > 0 so that the following bound holds:H(Æ; onv(K);Q) � AÆ� 1s :



CHAPTER 2. PENALIZED M-ESTIMATION 90This theorem provides an entropy bound but the problem that arises, is the optimality ofthe inequality provided. For the set� = f� : R ! [0; 1℄; � is inreasing gthe bound is optimal, i.e we an easily see thatExtr(�) = f1[y;1) ; y 2 Rg:The number of balls neessary to over this set isN(Æ;Extr(�)) � Æ�2; 8Æ > 0:So the entropy of the set � is: H(Æ;�; jj:jj1) � AÆ�1;whih orresponds to the bound one ould �nd by diret alulations as it is done in [vdG00℄In this part, we want to alulate the entropy of� = f� 2 C2([0; 1℄; [0; 1℄); �00(x) � 1; 8x 2 [0; 1℄g:Diret alulations are uneasy so, we onsider this set as the onvex hull of its extreme points,and then we make use of the theorem proved by Ball and Pajor in [BP90℄ to alulate itsentropy. So the main di�ulty is �nding the minimal spae of the extreme points.Determination of the Extreme PointsWith the next three lemmas, we will determine the nature of the extreme points of the set�: By the mere de�nition, an extreme point belongs to the border of the set de�ned as:�� = 0B�� 2 C2([0; 1℄; [0; 1℄); 9x 2 [0; 1℄;8><>: �(x) = 0or �(x) = 1or �00(x) = 11CAThe three next lemmas haraterize properties of extreme points of �. The �rst lemmadesribes the behavior of points loated at the border of the set and drastially redues thenumber of possible extreme points. �.Lemma 2.4.16. Let � in ��, if there exists x0 2 [0; 1℄ suh that 0 < �(x0) < 1 and �00(x0) < 1,then � is not an extreme point.The next lemma desribes a spei� property of extreme points: exept at the borderof the interval, the extreme values 0; 1 an not be reahed simulteanously by a funtion inExtr(�):
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Figure 2.8:Lemma 2.4.17. For an extreme point �, the following proposition is false:9x1 6= x2; x1 =2 f0; 1g; x2 =2 f0; 1g ; �(x1) = 0 and �(x2) = 1:The last lemma desribes the topology of the set of points where a funtion in Extr(�)reahes the extremal value 0 or 1.Lemma 2.4.18. For an extreme point �, if we set I0 = fx; �(x) = 0g and I1 = fx; �(x) = 1g:then the two sets I0 and I1 are two intervals.Now we are able to desribe the set of the extreme points.1. If there exists an interior point x0 suh that �(x0) = 0, we have two possibilities whetherthe interior of I0 is empty or not.(a) if the interior of I0 is not empty, we have 4 possibilities whih is shown in �gure2.8:The three �rst ases are impossible due to the ontinuity of the funtion �. Indeedon the one hand, we would have �00(~x1) = 0 and on the other hand �00(~x1) = 1 byontinuity. So the only possibility is given by � = 0:(b) if the interior of I0 is empty, then the only funtion possible is� = 12(x� x0)2 2 �;whih is given in �gure 2.9.
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0 Figure 2.9:2. If for all x 2 [0; 1℄, �(x) 6= 0 and there exists x1 suh that �(x1) = 1:(a) if the interior of I1 is not empty, with the same arguments as above, we an onludethat � = 1:(b) if the interior of I1 is empty, this ase is impossible.3. If for all x, �(x) =2 f0; 1g, then an extreme point of � is a funtion of the following form� : x! 12x2 + ax + b;where the onstants a and b are properly hosen.(a) if �(x) = 12x2 + ax + b takes its extrema in ℄0; 1[: Then �([0; 1℄) � [a; b℄; where0 < a � b < 1: Then de�ne ( h1(x) = �(x) + �h2(x) = �(x)� �:But 80 < � � min(a; 1� b) we an see that the funtions h1 and h2 belong to theset �. But we have again � = h1+h22 , so suh a funtion is not an extreme point.(b) if � = 12x2 + ax + b has one extremum for a value orresponding to one of theextreme points of the interval 0 or 1, then, if we suppose that there exist twodi�erent funtions in the set �, h1 and h2 suh that, there exists a real � 2 (0; 1),suh that � = �h1 + (1 � �)h2: Let � 2 f0; 1g, if there exists x0 2℄0; 1[ suh that�(x0) = �, then sine the funtions h1; h2 take their value in the interval [0; 1℄, wehave h1(x0) = h2(x0) = �: So we obtain h01(x0) = h02(x0) = 0: Moreover1 = �00(x) = �h001(x) + (1� �)h002(x);so h001 = h002 = 1. So the funtions h1 and h2 are solutions of the di�erential equation:8><>: f 00 = �00f(x0) = �(x0)f 0(x0) = �0(x0):



CHAPTER 2. PENALIZED M-ESTIMATION 93So the solution of this problem is h1 = h2 = �, and the funtion is an extremepoint.So we an onlude that the set of extreme points is omposed of the following funtions:1. the two onstant funtions 0 and 1.2. seond order polynomals �(x) = 12x2 + ax + b suh that one of the three followingondition is ful�lled:(a) �(0) 2 f0; 1gwhih implies that b 2 f0; 1g.(b) �(1) 2 f0; 1gwhih implies that ja+ bj = 12 .() 9x0 2℄0; 1[; ( �(x0) = 0�0(x0) = 0whih implies the following onditions:2b = a2; b 2℄0; 1[:Entropy CalulationIn the �rst setion, we have determined the extreme points, Extr(�), of the set � and so wean write that: � = Conv(Extr(�)):Let us alulate the entropy of Extr(�): onsider a sequene of reals, (ai), hosen suh thatballs entered in ai form a Æ2 -overing sequene of the interval [0; 1℄. So onsider the sequeneai = i Æ2 ; i = 0; : : : ; 2Æ : For all a 2 [0; 1℄, there exists j = j(a) suh that jaj � aj � Æ2 , but for bide�ned by bi = 12a2i or jai + bij = 12 , we have if we set �i = 12x2 + aix+ bi :8� 2 Extr(�); 9�j; jj� � �jjj1 � Æ:jj� � �jjj1 � ja� ajj+ jb� bjj� 2ja� ajj� Æ:So we need N = 4Æ Æ-overing balls for Extr(�): But for a set �, we know that taking thelosure of a set has no impat on the entropy number, soH(�; Æ) = H(�; Æ)



CHAPTER 2. PENALIZED M-ESTIMATION 94and the theorem 2.4.15 from [BP90℄ enables us to ompute the entropy of a set using theentropy of its extreme point.So with this theorem we an onlude that the following proposition holds:Proprosition 2.4.19. For � = f� 2 C2([0; 1℄; [0; 1℄); �00(x) � 1; 8x 2 [0; 1℄gH2(�; Æ) � AÆ� 23 :But we know using results from Kolmogorov and Tikhomirov [KT59℄ that an optimalupperbound of the set � is given by:H1(�; Æ) � AÆ� 12for a positive �nite onstant A. As a result, the bound given by Ball and Pajor's inequalityis not sharp enough.Rates of onvergeneIn this setion, we reall how rates of onvergene for M-estimators suh as the least squaresestimator or the penalized least squares estimator an be established by an entropy argument.Suh results are stated in [vdGW96℄, [vdG00℄ or [LvdG00℄.Theorem 2.4.20. Least-squares estimator.We onsider the M-estimator �̂n = argmax�2� jjY � �jj2n:If for � > 0,A > 0,s � 12H(Æ; f� 2 �; jj� � �0jj � �g) � A�MnÆ � 1s ; Æ > 0then jj�̂n � �0jj = (OP(n� s2s+1 )M 12s+1n ; s > 12OP(n� 14 )pMn log(n) ; s = 12 :Theorem 2.4.21. Consider the Penalized Least-Squares Estimator de�ned as the solution ofthe following optimization problem:�̂n = argmin�2�  1n nXi=1 (Yi � �(zi))2 + �2nIp(�)!If for � > 0,A > 0,s � 12 ;Mn � I(�0)H(Æ; f� 2 �; jj� � �0jj � �; I(�) �Mng) � A�MnÆ � 1s ; Æ > 0



CHAPTER 2. PENALIZED M-ESTIMATION 95then for ��1n = 8<:OP(n s2s+1 )M p2� 12s+1n ; s > 12OP(n 14 )qMp�1n log(n) ; s = 12 :we have jj�̂n � �0jj = OP(�n)M p2n :We are interested in the partiular ase� = f� 2 C2([0; 1℄; [0; 1℄); �00(x) � 1; 8x 2 [0; 1℄gUsing Ball and Pajor's inequality, we have found that 9C <1 suh thatH(Æ;�; jj:jj2) � CÆ� 23 :So the M-estimators onverge with a rate of onvergene of rn = n� 38 whih is not optimalsine the minimax rate of onvergene is n� 45 , whih an be found using the optimal boundfor the entropy.AppendixProof of lemma 2.4.16:Proof. To prove this result, we onstrut two funtions belonging to the set �, suh that � isa baryenter of these two funtions, whih ontradits the de�nition of an extreme point. Forthis, onsider a real � > 0. Due to the ontinuity of � and its seond derivative, there existsÆ > 0 suh that for all x in a neighborhood of x0, ℄x0 � Æ; x0 + Æ[ we have( �(x) 2℄�; 1� �[;�00(x) < 1� �:De�ne a ut-o� funtion � with the following properties:� � 2 C1([0; 1℄; [0; 1℄);� �(x) = 1; 8x 2 [x0 � Æ2 ; x0 + Æ2 ℄;� �(x) = 0; 8x 2 [0; x0 � Æ℄ [ [x0 + Æ; 1℄:De�ne for a real � > 0, the two following funtions( h1 = � + ��;h2 = � � ��:We want to prove that it is possible to hoose � suh that the two funtions belong to �:



CHAPTER 2. PENALIZED M-ESTIMATION 96� h1(x) � 1 beause h1 = � on the set [x0 � Æ; x0 + Æ℄ and on the interval [x0 � Æ; x0 + Æ℄,h1(x) � �(x) + �. But � < �(x) < 1� �, so if we hoose � � 1� �, we have h1 � 1:� h1(x) � 0 beause � > 0:� h001(x) � 1: As a matter of fat, on the �rst interval h001(x) = �00(x) � 1: On the seondinterval we have h001(x) = �00(x) + ��00(x): As soon as � � �jj�00 jj1 we have h001 � 1:So we have proven that h1 2 �:Using similar arguments, we an prove that there exists � suh that the two funtions h1 andh2 belong to �. But sine � = h1+h22 belongs also to � due to the onvexity property, we haveproven that � does not belong to the set of the extreme points.



CHAPTER 2. PENALIZED M-ESTIMATION 97Proof of lemma 2.4.17:Proof. We an state that x1 < x2, the other ase x1 > x2 is handled in a similar way.Moreover we an take x2 = inffx > x1; �(x) = 1g; otherwise there exists a sequene of points(xn)n suh that �(xn) = 1 and xn ! x1: So by ontinuity of the funtion � we will have�(xn) = 1 6= 0: Using the same arguments we an take x1 = supfx < x2; �(x) = 0g: So forall x 2℄x1; x2[, �(x) 2℄0; 1[: But sine � is an extreme point and by lemma 2.4.16, we knowthat for every x 2 [x1; x2℄, �00(x) = 1. So over this interval, �(x) = 12x2 + ax + b. But �00 > 0,so the funtion is a onvex funtion, and by the property of extrema of onvex funtions, thefuntion � has extreme values at the points x1 and x2. So �0(x1) = 0 and �0(x2) = 0: But �0 isa polynomal of the �rst degree with only one root. So the preeding statement is impossiblesine x1 6= x2:Proof of lemma 2.4.18:Proof. Let x1 < x2 2 I0, and onsider a point x3 2℄x1; x2[ ; �(x3) 6= 0: By lemma 2.4.17, weknow that �(x3) 6= 1: Now de�ne~x1 = supfx 2℄x1; x3[; �(x) = 0g~x2 = inffx 2℄x3; x2[; �(x) = 0gthis two points are well de�ned (f proof of previous lemma), and we have ~x1 < x3 < ~x2, so8x 2℄~x1; ~x2[; �(x) 2℄0; 1[: But �00(x) = 1, for x 2℄~x1; ~x2[ and �(~x1) = �(~x2) = 0: So� = 12(x� ~x1)(x� ~x2):But this gives that �(x) < 0 over ℄~x1; ~x2[ whih ontradits the de�nition of the funtion �:So x3 veri�es �(x3) = 0:In a similar way for I1: Let x1 < x2, suh that �(x1) = �(x2) = 1. Suppose that there existsx3, ~x1 < x3 < ~x2 suh that �(x3) 6= 1: By lemma 2.4.17, we already know that �(x3) 6= 0: � isa polynomal suh that �0(x1+x22 ) = 0. But sine ~x1 and ~x2 are also two extrema who are inthe interior of the interval [0; 1℄, we have ~�(x1) = ~�(x2) = 0: So the �rst derivative of � has 3roots, whih is impossible, so I1 is also an interval.



Chapter 3Penalization with smoothing penaltiesIn this hapter, we onsider penalized M-estimators where the penalty is hosen in order toontrol the smoothness of the estimator. For this, we fous on semi-norm penalties suh as,for instane, f ! R(f (s)(t))2dt where s is the number of derivatives. Suh estimation issueis well-known in the literature and has been studied by several authors suh as Wahba in[Wah90℄ with spline smoothing tehniques. Silverman in [Sil85℄ also takled the problem. Inour work, we will take for penalty, weighted sum of wavelet oe�ients. Asymptotially, thepenalty will be equivalent to a Besov semi-norm. We will investigate several hoies of thepenalty and show that, in all ases, the minimization problem has a solution. We will pointout the ases where it is possible to give a diret expliit solution of the optimization programand, in the other ases, we will provide an approximation of the exat ase. Moreover, thespei� ase Bs22 Besov spae will be studied in partiular, beause of its spei� Hilbertproperties, and we will give the asymptoti properties of the penalized estimators. The maindrawbak of suh smoothing tehniques is that they require the prior knowledge of the funtionregularity in order to pik a smoothing parameter of the right order to reah the optimal rateof onvergene. This major requirement prevents the method from being adaptive unless wetry to let the data speak from themselves and automatially hoose a parameter lose enoughto the theoretial value. Indeed, ross-validation method, made popular by G. Wahba in[Wah90℄, [XW96℄, [Wah85℄ or B. Drodge in [Dro96℄ or [Dro99℄, will give a partial answer tothis question from a pratial point of view.In a seond part, we give some details how the hard-thresholded estimator an be understoodin terms of a penalized estimator. We will there reall model seletion results from L. Birgéand P. Massart.3.1 Pen(�) = jj�jjYOur model is the standard regression model:(Yi = �0(zi) +Wi; i = 1; : : : ; n�0 2 �: 98



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 99In the following part, the errors Wi; i = 1; : : : ; n are assumed to be independent enteredrandom variables with known variane �2 while the funtions are de�ned on the interval [0; 1℄and the zi = in are equispaed.Take Qn as the empirial measure of the ovariables:Qn = 1n nXi=1 Æzi :We denote the L2(Qn)-norm of a funtion de�ned in a ompat set Z, namely � : Z ! R ask�kQn = (Z �2dQn)1=2:The estimator is de�ned as a solution of the minimization problem:�̂n = arg inf�2Y �jjY � �jj2n + �2nIp(�)� ; (3.1.1)where, for a spae Y and a onstant p depending of that hoie, we take I(�) = jj�jjY: Thefuntion �0 may belong to Y but not neessarily. So, suh an estimator approximates the dataY in the L2 -sense with a smoothness onstraint. The balane between these two ontributionsis determined by the trade-o� parameter �2n. The lesser this onstant, the more weight is givento the data.3.1.1 Properties of M-estimator with general Besov-normConsider a wavelet basis ( jk)jk with enough regularity of a Besov spae Bspq with 1 � p; q � 1and s > 1p � 1q : We onsider the ases where the Besov spaes are embedded into L2 spae.Every funtion an be deomposed onto this basis and we may write:� =Xjk �jk jk:First of all, we reall that if �0 2 Bspq = Y, the pseudo-norm of this spae an be desribed interm of wavelet oe�ients:jj�jjY =  Xj (Xk 2jsp2 j2 (p�2)j�jkjp)q=p!1=q :with the usual modi�ations when p =1 or q =1. Set Y = Bspp and �̂jk = 1nPni=1 Yi jk(zi)the estimated empirial wavelet oe�ient. Then, to the minimization problemmin�2Y jj Y � � jj2 +�2n jj � jjpYorresponds the other minimization problem,infdjk Xj;k  j �̂j;k � djkj2 + �2nXj (Xk 2jsp2 j2 (p�2)j�jkjp)q=p! : (3.1.2)



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 100So if we want to ontinue our alulations we shall restrit ourselves to the ases where p = q.In that ase, the problem deouples in term of wavelet oe�ients and the minimizationproblem an be written as:infdjk Xj;k �j �̂j;k � djkj2 + �2n2sjp2 j2 (p�2) j djk jp� ; (3.1.3)So the penalized estimation problem is turned into an optimization problem: minimizing overx for a �xed t the quantity E(x) =j x� t j2 +� j x jp (3.1.4)for t = �̂jk; and � = �2n2sjp2 j2 (p�2): This point of view is lose to the K-funtional introduedby Petree in [NP86℄ developed in a statistial point of view by DeVore in [DeV98℄. Peetre'sK-funtional is originally used to measure the smoothness of funtional spaes. It is de�nedas follows:De�nition 3.1.1. Let A and B two Banah spaes and �2n > 0 a hosen parameter. De�ne:Kp(�; f; A;B) = inff=a+b �jjajjpA + �2njjbjjpB� 1pwhere �2n 2 R+ and p < +1; for a funtion f 2 A+B taken as the sum of vetor spaes.In statistial estimation, the K-funtional an be used to quantify the quality of theapproximation of a funtion g by a funtion f in the ase where there exists a ontinuousinjetion of B into A, B ! A. The funtion represents a trade-o� between smoothness andloseness to true data as the penalized estimator (4:2:8). If B ! A, then if 8a 2 A+B = A;9b (= b(a)) suh that: Kp(�; a; A;B) = infb2B �jja� bjjpA + �2njjbjjpB� 1p :The funtion b orresponds to the approximating funtion.Existene of the penalized estimatorWe have seen that, when the problems deouples in terms of wavelet oe�ients, the problemof �nding a minimizer is equivalent to:minx �jx� tj2 + �2njxjp�with the following notations: t = �̂jk = 1n nXi=1 Yi jk(xi); 8(j; k):The following proposition shows that the estimator desribed in terms of wavelet oe�ientsis always de�ned.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 101Proprosition 3.1.2. The solution �x of the probleml(t) = minx �jx� tj2 + �2njxjp� :for p > 0 exists and is bounded : j�xj � jtj:Remark 3.1.3. We point out that although the solution exists for any positive p, we will onlyonsider Besov spaes Bspp for p � 1: Nevertheless the ase p = 0 overs the hard-thresholdingase as we will explain it later in this paper, and is still of interest even if it is here out ofontext.Proof. The proof of the proposition relies on the existene of extrema of a ontinuous funtionover a ompat set. Indeed, if we try to minimize the funtion over the ompat set [�jtj; jtj℄,by ontinuity, at least one minimum exists.Now if x does not belong to this set, �rst onsider ~x in that set where~x = (x ^ jtj) _ (�jtj):We an see that the minimizer ~x has the following properties:� j~xj � jxj:� j~xj � jtj:� j~x� tj � jx� tjSo we have (�x� t)2 + �2nj�xjp � j~x� tj2 + �2nj~xjp� jx� tj2 + �2njxjp:So the minimum over the ompat set [�jtj; jtj℄ is also minimum for the funtion over thewhole set.So the M-estimator minimizing a quadrati loss with a Bspp-norm penalty is always de�ned.The hoie of the penalty will determine the behavior of the estimator. The Besov spaes Bsppare haraterized by two parameters p and s. The �rst one stands for an Lp-parameter whilethe other is a smoothness parameter similar to a number of weak derivatives of the funtion.We now look for the properties of the minimization problem as a funtion of the parameterp.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 102Asymptoti property of the minimizer for di�erent Lp-hoiesWe set, for a given � = �2n, and �x(p) the solution of�x(p) = argminx �(t� x)2 + �jxjp� (3.1.5)We begin with the sub-ase t � 0. We will see that the other ase an be handled with similararguments. Sine we have proven that 0 � �x(p) � t, the solution belongs to a ompat setfor all real values of p, so the onvergene of �x(p), as a funtion of p, is equivalent to theexistene of a unique adherent value.� p! 1: we have already seen that this ase orresponds to the soft-thresholded estimatorwith a threshold value equal to �2 :� p! +1: we have for all positive value t:2(t� x) + p�xp�1 = 0:So if t < 1, the bounded property of t �x(p) gives p�x(p)! 0 solimp!+1 �x(p) = t:If t � 1 then we distinguish two ases: �x(p) < 1 : this ase is impossible beause thiswill lead to the ontradition �x(p) = t: If �x(p) > 1, then p�x(p)p�1 ! +1 but this is inontradition with the fat that t� �x(p) remains bounded. So we have �x(p) = 1.The solution of the problem for positive t is min(1; t). By antisymmetry, the same argumentsstill hold and we obtain, for all real t:limp!+1 �x(p) = min(max(�1; t); 1): (3.1.6)As a result, when p tends to in�nity, only small oe�ients will be properly estimated and itwill provide a too rough estimator. So we will mainly pay attention in the following part tothe ases where p � 3.Remark 3.1.4. To determine the asymptoti behavior of M-estimators, we ould apply thegeneral theorem for penalized M-estimation desribed in the �rst part in Setion 2.1. As amatter of fat, entropy of Besov spaes an be alulated using the sequential de�nition withwavelet oe�ients as it is done in Loubes and van de Geer in [LvdG00℄ for instane. Howeverentropy methods does not always provide optimal asymptoti results due to the use of entropyupper bound and not exat alulations. That is the reason why we look into partiular ases.Remark 3.1.5. An expliit expression of the solution of the minimization problem does notoften exist. But as it is done in [DL93℄ we an �nd an approximated solution. We an onsiderwithout any loss of generality that, for any positive t, x 2 [0; t℄: Indeed if not, it is obviousthat by hanging the value of x for a value in the interval [0; t℄, we redue either jx � tj2 or



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 103�jxjp: If j x j�j t j =2; we have E(x), de�ned in (3.1.4), is no less than t2=4: Moreover ifj x j�j t j =2; this time E(x) is no less than � j t jp =2p: If x = 0, j t j2� � j t jp. If x = t,then j t j2� � j t jp : so we �nd E(x) = min(j t j2; � j t jp)and we have x = t1jtj2��jtjp:The minimum of the funtion di�ers from a fator 4 or 2p. As a result hard-thresholded esti-mator with the proper thresholding level provides an approximation of the penalized estimator.Remark 3.1.6. We an point out some interesting ases where diret alulations lead toexat results. These speial hoies of p and Besov spaes, whih have already been desribedin Chapter II, are the following:Partiular ases with expliit expressions:� p = 0: we have already seen that this partiular ase does not orrespond to a Besovnorm, sine Besov spaes Bspq are only de�ned for p � 1. But this ase enables us toput together the two main types of thresholded estimators. Suh estimators are used inestimation with wavelet basis and have been studied by D. Donoho, I. Johnstone, G.Kerkyaharyan and D. Piard in [DJKP95℄, [DJKP96b℄, [DJKP97℄, [DJ98℄, [DJ99℄,or B. Delyon and A. Juditsky in [DJ96a℄ for instane. Other referene is Antoniadisin [AGG97℄. We an see that for p = 0 we obtain also a minimum of the type hard-thresholding sine: limp!0 jxjp = 1jxj6=0:So we �nd the well-known hard-thresholded estimator.~�n =X(j;k) �̂jk1j�̂jkj>�2n jk:� p = 1: we �nd the minimum by di�erentiating the onstraint funtion and analyzingwhether the minimum is in the open set, whih orresponds to a zero of the di�erentiatedloss-funtion, or in the boundaries of the set: it is given by~x = sgn(x)(jxj � �2n=2)+:We an reognize the soft-thresholded estimator.~� =X(j;k) sgn(�̂jk)(j�̂jkj � �2n2 )+ jk:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 104� p = 2: this time the result is a lassial smoothed estimator obtained again by solving a�rst order ondition. ~� =X(j;k) 11 + �2j �̂jk jk;for �2j = �2n2js2� j2 :� p = 3: the result is not obvious: if we di�erentiate the expression, we get:2(x� t) + 3sgn(x)�2jx2 = 0sgn(x)(3�2jx2 + 2jxj) = 2sgn(t)jtjsgn(x) = sgn(t)jxj = �1 +q1 + 6�2j jtj3�2jx = 2jtjsgn(x)1 +q1 + 6�2j jtjx = 2t1 +q1 + 6�2j jtj :So we have ~�n =X(j;k) 2�̂jk1 +p1 + 6�jj�̂jkj jk;with �j = �2n23js2 j2 :� 1p = s2 + 12 . In that ase, if we look at the approximated solution of the minimizationproblem, we an see that � = � and s = t1jtj�� 12�p . The threshold does not depend onthe position of the oe�ients but is the same for all. This subase deals with the Besovspae of minimal smoothness to be embedded in an L2- spae.Asymptoti Behavior of approximate solutionIn this setion we study the asymptoti behavior of the approximate estimator of the problem,whih orresponds to the hard-thresholded estimator~�n =X(j;k) �̂jk1j�̂jkj>� 22�pn  jk;where we have set �̂jk = 1nPni=1 Yi jk(zi) the estimated empirial wavelet oe�ient. More-over we assume that our data are dyadi: Y1; : : : ; Y2m and set for simpliity reasons n = 2m:The unknown funtion is supposed to belong to Besov spas Bspp [Hs. This estimator is anthreshold estimator. We will desribe the asymptoti behavior of both the hard-thresholdedand soft-thresholded estimator. For this set L = � 22�pn .



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 1051. Linear estimator:We onsider that the true signal funtion �0 an be written as follows:�0 =X(j;k)�jk jk;with �jk = 1nPni=1 �0(zi) jk(zi): If we do not take into aount every oe�ients buttrunate at a resolution level J , we de�ne �J the projetion of the estimator onto VJde�ned as the approximation spae with resolution J by:�J =Xj<JXk �jk jk:Then the error between �0 and is projetion onto the spave VJ is:jj�0 � �J jj2 �Xj>JXk 22sj22sJ �2jk� 2�2sJXjk (2jsj�jkj)2� 2�2Jsk�0k2Hsand jj�0jj2Hs =Xjk (2jsj�jkj)2:Now we study the error with the linear estimator of �0 when we replae the waveletoe�ient by the estimated oe�ient based on the observations and when thresholdingthe oe�ients at a �xed resolution level J . The estimated oe�ient is�̂jk = 1n nXi=1 yi jk(zi)= �jk + �jkwhere �jk = 1nPni=1 �(zi) (zi), and �jk = 1nPni=1 �i jk(zi) is an error of zero-mean andof variane �2 = �20n : So we haveEjj�0 � �̂J jj22 �Xj<JXk Ej�jk � �̂jkj2 +Xj�JXk j�jkj2�Xj<JXk Ej�jkj2 + 2�2sJ jj�0jj2Hs:Using the �rst inequality we an dedue thatEjj� � �̂J jj22 � 2J�m�20 + 2�2Jsjj�jj2Hs:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 106To minimize this quantity, we hoose J suh that the two terms have the same order,whih implies 2J = �njj�0jj2Hs�20 �1=(s+1) ;so the rate of onvergene is in n� 2s2s+1 , the lassial Besov's rate of onvergene for alinear estimator.2. Non-linear estimator:Now we alulate the error when using non-linear estimator, based on the hard and soft-thresholding of the oe�ients in the wavelet deomposition. Write Æ the thresholdingoperator and L the threshold level, the estimator is�̂n = JXj=1Xk Æ(�̂jk) jk:The estimation error for the quadrati norm is then:Ek�̂n � �0k2 � 2(Ek�̂n � �Jk2 + Ek�J � �0k2)� 22�2Js + 2(Ek�̂n � �Jk2):For J large enough, the �rst approximation term goes to zero faster than the seondterm whih determines the rate of onvergene. To study the term Ek�̂n��Jk2 we pointout that Ek�̂n � �Jk2 =Xj�JXk jÆ(�̂jk)� �jkj2=Xj�JXk jÆ(�jk + �jk)� �jkj2and we use the following lemma depending on the type of the threshold operator. Forthis set the hard thresholded operator with level LÆh(x) = x1jxj�L (3.1.7)and the soft thresholded operator with level LÆs(x) = sgn(x)(jxj � L)+ (3.1.8)Lemma 3.1.7. � For � � 0, the following inequality holds:jÆh(t+ �; L)� tj � (2j�j ; jtj > 2L;max(jtj; jÆh(�; L2 )j) ; jtj � 2L:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 107� For � � 0, we have:jÆs(t+ �; L)� tj � 8><>:j�� Lj ; t > L;max(jtj; Æs(�; L)) ;�L� t � � � L� t;j�+ Lj ; t < �L:Moreover, we have to ontrol the two main quantities, for a given resolution level LCardf�jk; j�jkj > Lg (3.1.9)Xj�J Xj�jkj�L�2jk (3.1.10)For this we use the two following lemmas in the general ase for a funtion in a Besovspae Bspq. We reall that, for a funtion � on [0; 1℄ in the Besov spae Bspq with smooth-ness s > 12 , and with p � 1, q � 1, there are orthonormal basis funtions  j;k inL2(Lebesgue measure), suh that � = 1Xj=1 2j�1Xk=0 �j;k j;k;where the oe�ients f�j;kg satisfy0B� 1Xj=1 2j((2s+1) p2�1) qp 8<: 2jXk=1 j�j;kjp9=; qp1CA 1q � 1 (3.1.11)We shall simply take (3.1.11) as a starting point. This is alled Condition 1.Condition 1. JXj=1 2jr8<: 2jXk=1 j�j;kjp9=;m � 1:In Condition 1, it is assumed that p � 1, mp � 1 and r � 0. In the Besov Bspq-ase, onehas m = qp , and r = ((2s+ 1)p2 � 1) qp , and J =1.Lemma 3.1.8. Suppose that Condition 1 holds with m + r � 1 and J <1. ThenJXj=1 2jXk=1 j�j;kj mpm+r � J m+r�1m+r :



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 108Corollary 3.1.9. Suppose Condition 1 holds, with m + r � mp and J <1. ThenXj�J Xj�j;kj�� j�j;kj2 � J m+r�1m+r �2� mpm+r ;and moreover f#�j;k; 1 � j � J : j�j;kj > �g � J m+r�1m+r �� mpm+r :The following lemma shows that is is possible to extend the last result to the aseJ =1.Lemma 3.1.10. Suppose that Condition 1 holds, with m + r > 1 and J = 1. Thenfor all 0 < � � 1, f#�j;k : j�j;kj > �g � (mpr log2 1� )m+r�1m+r �� mpm+r :Lemma 3.1.11. Suppose that Condition 1 holds with m+ r > mp (J may be in�nite).Then for a onstant  depending on m, p and r, and for all � � 1,JXj=1 Xj�j;kj�� j�j;kj2 � �2� mpm+r :These preliminary results enable us to prove the onsisteny of both soft and hard-thresholded estimator.(a) Hard-Thresholding:Using previous lemma, we havejÆh(s+ �; L)� sj = ( j�j; js+ �j > 2Ljsj; js+ �j � 2L:So, using this inequality, we obtain:Ejj�J � �̂njj2 � Xj�jkj>2L 4�20n + Xj�jk j�2L(�jk)2 + E(t2L=2(�jk))� (1) + (2) + (3)Using lemma 3.1.10, we have if we set L = �0tpn :(1) = Xj�jkj>2L 4�20n� 4�20n Cardfj�jkj > 2Lg� 1 4�20n (nt )� 2s2s+1 (log nt ) r1+r



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 109for a positive �nite onstant 1. For the seond term, use lemma 3.1.11:(2) = Xj�jkj�2L(�jk)2� 2nt � 2s2s+1for 2 a �nite positive onstant. For the last term we have:(3) = Xj�jkj�2LEÆh(�jk; L=2)2� 2n Z 1L=2 x2��(x) dx� 2�20 Z 1Lpn2�0 x2�1(x) dx� 2�20 Z 1t=2 x2�1(x) dx| {z }�t exp(�t2=2)So we an hoose t suh that the two terms are of the same order and we obtainthat there exists a onstant  suh thatEk�̂n � �Jk22 � n� 2s2s+1 (logn) 2s2s+1 (3.1.12)(b) Soft-Thresholding:If we follow the same proof and if we use the other upper bound of lemma 19, wehave this time: jt� Æs(t + �)j = 8><>:j�� Lj ; L� t � �jtj ;�L� t � � � L� tj� + Lj ; � � �L� t:So we have the following inequality:Ejj�J � �̂njj22 � (L2 + �2 ; jtj > Lt2 + E(Æs(�))2 ; jtj � L:Using this result, we an alulate the square risk of the soft-thresholded estimator:Ejj�J � �̂njj22 � Xj�jkj>L(L2 + �2) + Xj�jk j�L(�2jk + E(Æs(�jk)2))� (1) + (2) + (3)



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 110Using lemma 3.1.10 where we have m = 1 and r = p(s+ 12 � 1p), we have(1) = Xj�jkj>L(L2 + �2)� (L2 + �2)Cardfj�jkj > Lg� 1L2� p1+r (log(L)) r1+r� 1L 4s2s+1 (logL) r1+r� 2 �nt � �2s2s+1 (log pnt ) r1+rwhere we have set L = �0tpn and 1 a �nite positive onstant. Using lemma 3.1.11,we an give an upper bound for the seond term.(2) = Xj�jkj�L�2jk� 2L2� p1+r� 2n �2s2s+1for a �nite positive onstant 2. The last term an be upper bounded as follows:(3) = Xj�jk j�LE(Æs(�jk)2)� 2n Z 1L (x� L)2��(x) dx� 2�20 Z 1Lpn�0 =t(x� Lpn�0 )2�1(x) dx� 2�20 Z 1t (x� t)2�1(x) dx| {z }= 4�20t3 1p2� exp(�t2=2)+O(1=t5) :So we hoose t suh that the two terms have the same order:exp(�t2=2) = ��p0pn2�p jj�jjpBspp;whih gives a thresholdt =s(2� p) log(n)� 2p log( jj�jjsBspp�0 ):If we let p derease to 0, we an reognize the universal threshold proposed byD.Donoho and I.Johnstone in [DJ95℄. This gives a rate of onvergene ofn� 2s2s+1 (logn) 2s1+2swhih is the minimax rate of onvergene up to logarithmi fators.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 1113.1.2 Penalty I(�) = jj�jjY where Y = Bs22This sub-ase is lose to an easier ase where we onsider funtions lying in a Sobolev spae,sine the Besov spae Bs22 is isomorphi to the Sobolev spae Hs. So we an show theonvergene of the smoothed estimator as in the �rst part of our study but this time in theinner norm of the spae. We begin by studying this easier ase.Sobolev spaeI(�) =Pnj=1 w2j�2jWe make the assumption that the signal funtion �0 belongs to a Sobolev spae Hs and isbounded. As a matter of fat, there exists a real s suh that for all t � s, f 2 L2 andf (t) 2 L2 . Our aim is to reonstrut the signal funtion using this information, so we de�nethe penalized estimator as the solution of�̂n = arg min�2Hs�jjY � �jj2n + �2n Z (f (s))2(t)dt� (3.1.13)We aim at onsidering a sequential version of Sobolev semi-norm and we would like to takefor penalty a sum of weighted oe�ients with properly hosen oe�ients. For this, we useresults that have been desribed by Silverman in [Sil82℄: there exists a basis ( i) suh that,if we onsider a deomposition of any � onto this basis we get: � = Pnj=1 �j j and if weonsider weights wi = is 8i 2 [1; n℄ then the equivalent semi-norm is given by: Pni=1 w2i�2i .As a onsequene the estimator �̂n =Pnj=1 ~�j j is de�ned as :�̂n = arg min�j2Rn nXj=1 j�̂j � �jj2 + �2n nXj=1 i2s�2j! (3.1.14)To minimize the penalized loss funtion we write �rst order ondition and in that ase theminimum is reahed at the point where the di�erentiated funtion has 0 for value, so we justdi�erentiate the expression and �nd for a given smoothing parameter �2n:( ~�j = 11+w2j�2 �̂j�̂j = 1nPni=1 Yi j(zi): (3.1.15)This estimator is a linear smoothed estimator, similar as the one desribed by Devore in[DeV98℄. Although it is not a robust estimator, this estimator ahieves the minimax rate ofonvergene for a good smoothing parameter as it is shown in the following theorem. Thisresult has been stated for instane by Ibragimov and Nemirovski in [INK86℄ and [HI86℄ usingkernel estimators.Theorem 3.1.12. The penalized least square estimator with a Sobolev norm penalty is a on-sistent estimator. If �2n = n� 2s1+2s it ahieves the minimax rate of onvergene for a quadratiloss over Sobolev balls f� 2 �; 2(f (s)(t))2dt �Mg. There exists a �nite onstant  dependingonly on M and �2 the variane errors suh thatEjj�0 � �̂njj2 � n� 2s2s+1 (3.1.16)



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 112Proof. The proof of this result is postponed in the appendix. We deompose the mean squareerrors into a bias term and a variane term. Using properties of the basis and of Sobolevspaes, we �nd an asymptoti development for these two terms. So we haveEjj�̂n � �0jj2n = Bias2 +Variane� �2n + �2n � 1�2n� 1sChoosing the optimal smoothing parameter �2n in a way that it tends to zero but not tooquikly suh that there is an e�etive smoothing e�et, leads to the minimax rate of onver-gene n� 2s2s+1 :This result ould have been viewed as onsequene of the theory of the regression over aBesov ball using entropy onditions. Indeed we reall the main theorem for penalized leastsquares estimators:Theorem 3.1.13. Suppose that for some �xed onstants � > 0, A > 0 and s � 12 , one hasH(Æ; f� 2 � : I(�) � M; k� � �0k � �g) � A�MÆ � 1s ; forallÆ > 0; n � 1;for all M �Mn, where Mn � I(�0). Then for��1n = 8<:OP(n s2s+1M p2� 12s+1n ); if s > 12 ;OP(n 14 )M p2� 12n (logn)� 12 ; if s = 12 ;the estimator �̂n satis�es k�̂n � �0k = OP(�n)M p2� 12s+1n :Indeed, onsider a ball of a Sobolev spae:� = f(�) 2 RN ;Xj w2j�2j � 1 ; jj�jj � Rgthe entropy of this set an be easily alulated in the following lemma:Lemma 3.1.14. For every positive Æ, there exists a �nite onstant C suh that:H(Æ;�; jj:jj) � C:Æ� 1s log�RÆ � (3.1.17)Proof. The proof relies on elementary ombinatoris and an be found in the appendix.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 113A more re�ned proof that an be found in Birman and Solomjak in [BS67℄ shows that theentropy of the set an be bounded by:H(Æ;�; jj:jj) � CÆ� 1s (3.1.18)As a onsequene, the theorem applies for the estimation problem with a Sobolev normpenalty: the hypothesis over the entropy of the set are ful�lled with Mn = 1. So the theoremgives the rate of onvergene in n �2s2s+1 :However, the rate of onvergene depends on an optimal hoie of the smoothing parameter.The optimal parameter exists but still depends on the data and on the smoothness oe�ients, indeed �optimal = n� 2s2s+1 . Hene the estimation method is not adaptive.3.1.3 Besov spae Bs22.In this part, we onsider Bs22 Besov spaes with s > 12 . We assume that our data are dyadi,and deompose the funtion onto the approximation spae Vj0 for j0 properly hosen. Weonsider the M-estimator:�̂n = arg min�=P(j;k) �jk jk �kY �D01�k2 + �2nk�k2Bs22� (3.1.19)where D01� = Pj1j=j0P2jk=0 �jk jk is the projetion of the funtion onto the spaes withresolution between j0 and j1. We deompose any � onto a wavelet basis and with Vj0 anapproximation spae we have: � =Xk �k k +Xj�j0Xk �jk jkDe�ne also (�̂k = 1nPni=1 �k(zi)Yi�̂jk = 1nPni=1  jk(zi)YiThen the original problem (3.1.19) an be rewritten as follows:�̂n = arg min(�k;�jk) Xk j�k � �̂kj2 + j1Xj=j0Xk j�̂jk � �jkj2 + �2nXj�j0Xk 22js�2jk!With this norm-type penalty, the problem has an expliit solution :�̂n =Xk ~�j0k�j0k + Xj1�j�j0;k ~�jk jkwhere (~�j0k = �̂j0k;~�jk = �̂jk1+�222js ; j1 � j � j0:So there exists always a solution whih depends on the smoothing parameter �2n.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 114Optimal hoie of smoothing parameterSine the asymptoti behavior of the estimator depends on �2n, our aim is to adjust theparameter level in order to �nd the best estimator possible, in terms of quadrati norm. Thehoie of the parameter �n is quite di�ult. It must be hosen not too large, but still largeenough suh that the trade o� may our. We an wonder whether an optimal parameterexists, optimal in the sense that the risk funtion, taken as a funtion of �, has a minimumat that value. Indeed we look for :~�n = argminl Ejj�̂(l)� �0jj2n:Theorem 3.1.15. The best hoie in terms of quadrati loss is always de�ned under thehypothesis (I) de�ned as follows:Hypothesis (I): j0 = 0(1) and 2j1 = 0� nlog(n)� : Indeed there exists ~ln suh that~ln = argminl Ejj�̂(l)� �0jj2n:This theorem shows that there exists a smoothing parameter suh that the orrespondingpenalized estimator minimizes the quadrati norm MSE(�2n) = Ek�̂n � �0k2. However, thistheoretial value depends on the unknown funtion �0. So suh riterion must be replaed byanother one that does not use the expression of �0.Cross validation tehnis are usually used to takle this issue of hoosing a data-dependentsmoothing parameter in various �elds: seleting a bandwidth in kernel estimation, a thresholdlevel in thresholding methods or a smoothing parameter in penalized estimation. The mainidea is to minimize a quantity whih is equivalent to the mean square errors but only involveknown quantities. Here we will onsider Generalized Full Cross Validation as it is desribedby Droge in [Dro96℄. Consider ~f (i) the estimator onstruted without using data Yi:~f (i)�2n =Xk ~�(i)k �k +Xj�j0Xk ~�(i)jk  jk (3.1.20)with (~�(i)k = 1n�1Pl 6=i Yl k(zl)~�(i)jk = 11+�2n22js 1n�1Pl 6=i Yl jk(zl)Then de�ne the riterion as:GFCV(�2n) = 1n nXi=1 (Yi � ~f (i)�2n (zi))2(1 +H(�2n))2for H(�2n) = 1n nXi=1  1nXk �2k(zi) + j1Xj=j0Xk 11 + �2n22js 2jk(xi)! :



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 115The following theorem shows the asymptoti equivalene between the two quantities: meansquare errors and ross validation riterion. As a onsequene, the smoothing parameternumerially found by minimizing the riterion gives an estimator whih is likely to haveoptimal rate of onvergene among the lass of penalized estimators.Theorem 3.1.16. If the following onditions are ful�lled2j1 = o(n) 2j0 = o(n)then for n large we have EGFCV(�2n) � MSE(�2n) + �2 (3.1.21)Proof. The proof of this result implies some alulations whih have been postponed to theappendixRemark 3.1.17. S. van de Geer in [vdG01℄ onsider penalized estimators with general norms.De�ne for two funtions �1 and �2 of � a quasi-distane between them by� 2(�1j�2) = k�1 � �2k2 + �2nk�1k2� (3.1.22)With a theorem similar to the theorem in the �rst part, it is proven that, if there exists aontrol over the entropy of the lass f� 2 �; � 2(�j�0) � Æ2g then the estimator minimizingthis pseudo distane where �0 is replaed by the observations Yi; i = 1; : : : ; n onvergenesfor the pseudo distane � 2(:j�0). The problem of the hoie of the smoothing parameter is yetopen. That is why we modify the last property and in order to �nd the optimum parameterfor the penalized norm. As a matter of fat, we look for~�n = Arg inf� �jj�0 � �̂njj2n + �2njj�̂njjBs22� :We an prove that under the same assumptions the optimum parameter exists. This proof anbe found in the appendix. A slight modi�ation of ross validation riterion would also leadto a data dependent optimal hoie of the smoothing parameter.Corollary 3.1.18. Under the onditions (I) there exists ~�n suh that:~�n = argmin� (Ejj�0 � �̂njj2n + �2jj�̂njj2Bs22):Convergene in Besov normWe begin by studying the relations between the true wavelet oe�ient �jk and the empirialwavelet oe�ient ��jk = 1nPni=1 �(zi) jk(zi).Lemma 3.1.19. We know by the integrability of � jk that��jk � �jk = o(1):But we an be more preise in our inequality:j��jk � �jkj � jj�jjBs11n�s2� j2 jj jj1 + jj�jj1V ar( )2 jnn :



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 116With this lemma, we an prove onsisteny of the penalized estimator in B�22; 8� < s assoon as the smoothing parameter tends to zero.Theorem 3.1.20. Under the onditions (I), and if we onsider � < s suh that moreover2j1 = o(n s�^ 11+2� )then a neessary and su�ient ondition to have the onsisteny of the penalized estimator innorm k:kB�22 is given by �2n ! 0:Ejj�̂n � �0jj2B�22 ! 0() �n ! 0:Moreover if �2n = n� 2s2s+1 then there exists a positive onstant C <1 suh that:Ejj�̂n � �0jj2B�22 � Cn� 2(s��)2s+1 (3.1.23)A similar method is used for estimation in nonparametri mixed e�et models by Angelini,De Canditis and Leblan in [ADCL00℄ or Huang and Lu in [HL00℄ or [HL01℄.The main drawbak of suh methods is that they require the knowledge of the funtionalspae where the true funtion �0 lies. We ould be tempted to try to estimate the regularity ofthe spae where the funtion lies. For Sobolev spaes Hs or Besov spaes Bspq, de�ne ŝn suhan estimator. Then we ould use for penalty the pseudo-norm k:kH ŝn or k:kBŝnpq . A naturalidea is to onsider ŝn = argmint minHt �kY � �k2n + n� 2t2t+1 It(�)� (3.1.24)where It(�) is Sobolev (or Besov) pseudo-norm. In the ase of Besov spaes, the minimumis taken over the spaes Btpq. Though this method does not help onstruting an adaptiveapproah sine, on the one hand, the estimator ŝn is unomputable, and on the other hand,to prove the onvergene of the estimator, an extra penalty term over the indexes t should beadded. Nevertheless this method enlights that estimating the smoothness parameter an bethe starting point for an adaptive penalized estimation. That is the reason why it beomesnatural to adopt a Bayesian point of view and onsider this key parameter as an hyperparameter of the model. If we hoose a good prior on it, we hope that the posterior law willonentrate on models with the good smoothness parameter. Suh method will be investigatedin the next hapter.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 1173.1.4 AppendixProof of lemma 3.1.7Proof. jÆh(t+ �; L)� tj = (j�j ; jt+ �j > L;jtj ; jt+ �j � L:� If jtj > 2L :then if jÆh(t+ �; L)� tj = j�j � 2j�j;else we have both jt+ �j � L, and jtj > 2L, soL � j�j;and jtj = jt+ �� �j� 2j�j:� If jtj � 2L :then� If jt+ �j � L, then jÆh(t+ �; L)� tj = jtj � max(jtj; jÆh(�; L2 )):� If jt+ �j > L, then jÆh(t + �; L)� tj = j�j:In that ase if j�j > L2 ; we have Æh(�; L2 ) = �; sojÆh(t+ �; L)� tj � jÆh(�; L2 )j:On the other hand, if j�j � L2 ; ombined with jt+ �j > L we obtainjtj > L2 � j�j:so jÆh(t+ �; L)� tj � jÆh(�; L2 )j:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 118Proof. jÆs(t+ �; L)� tj = 8><>:j�� Lj ; L� t � �;jtj ;�L� t � � � L� t;j�+ Lj ; � � �L� t:The proof is analogous to the one of the �rst lemma looking at the inequality in the threemain ases t > L ; jtj � L ; t < �L:Proof of lemma 3.1.8Proof. By Hölders inequality, for a sequene a1; : : : ; aL, and for t � 1,LXl=1 jalj � L t�1t  LXl=1 jaljt! 1t (3.1.25)Apply this �rst with L = J , jajj =P2j�1k=0 j�j;kj mpm+r , and t = m+ r. Then we �ndJXj=1 8<:2j�1Xk=0 j�j;kj mpm+r9=; � J m+r�1m+r 0� JXj=1 8<:2j�1Xk=0 j�j;kj mpm+r9=;m+r1A 1m+r :Next, apply (3.1.25) with L = 2j, jaj;kj = j�j;kj mpm+r , and t = (m + r)=m. This yields8<:2j�1Xk=0 j�j;kj mpm+r9=; � 8<:2 jrm+r (2j�1Xk=0 j�j;kjp) mm+r9=; :Do this for eah j = 1; : : : J , and insert the result in :J m+r�1m+r 0� JXj=1 8<:2j�1Xk=0 j�j;kj mpm+r9=;m+r1A 1m+r
� J m+r�1m+r 0� JXj=1 8<:2 jrm+r (2j�1Xk=0 j�j;kjp) mm+r9=;m+r1A 1m+r
= J m+r�1m+r 0� JXj=1 2jr8<:2j�1Xk=0 j�j;kjp9=;m1A 1m+r



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 119Proof of lemma 3.1.10Proof. Condition 1 implies that 2jXk=1 j�j;kjp � 2�j rm ;and hene j�j;kj � 2�j rmp :So j�j;kj � � for all j � mpr log2 1� = J� (say). Complete the proof by taking J equal to thelargest integer less than J� in the previous proof.Proof of lemma 3.1.11Proof. This follows from the appliation of Hölder's inequality (twie). LetM be the smallestinteger suh that 2M � �� mpm+r . We haveJXj=1 Xj�j;kj�� j�j;kj2 � � MXj=1 2j�1Xk=0 1 +Xj>M 2j�1Xk=0 j�j;kj2;where we assume M < J (if not, the seond term in the right hand side of the inequalityvanishes, and the result follows immediately). ButXj>M 2j�1Xk=0 j�j;kj2 = Xj>M �2�j(m+r�mp=2mp=2 )�0�2j(m+r�mp=2mp=2 ) 2j�1Xk=0 j�j;kj21A�  Xj>M 2�j(m+r�mp=2mp=2 )( mp=2mp=2�1 )!mp=2�1mp=2 0� JXj=1 2j(m+r�mp=2mp=2 )mp(2j�1Xk=0 j�j;kj2)mp=21A 2mp
�  Xj>L 2�j(m+r�mp=2mp=2�1 )!mp=2�1mp=2 0� JXj=1 2j(m+r�mp=2)(2j( p=2�1p=2 )f2j�1Xk=0 j�j;kjp=2g 2p )mp=21A 2mp
� C02�M(m+r�mp=2mp=2 )0� JXj=1 2jr 2j�1Xk=0 j�j;kjp1A 2mp ;for some onstant 0. So we arrive atJXj=1 Xj�j;kj�� j�j;kj2 � �2M+2 + C02�M( 2(m+r)�mpmp )� �2� mpm+r ;for some onstant .



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 120Proof of theorem 3.1.12Proof. 1. The variane term :nXj=1 Variane(~�j)= nXj=1 1n(1 + �2w2j )2�2= �2n  nXj=1 1(1 + �2j2s)2!= �2n ( Xj; j�(1=�)1=s 1(1 + �2j2s)2 + Xj; j>(1=�)1=s 1(1 + �2j2s)2 )� �2n Xj; j�(1=�)1=s 1 + �2n Xj; j>(1=�)1=s 1(1 + �2j2s)2� �2n (1=�)1=s + �2n Xj; j>(1=�)1=s 1�4j4s )� �2n (1=�)1=s + �2n�4 Zx>(1=�)1=s 1x4s dx= �2n (1=�)1=s + �2n�4 Z n(1=�)1=s 1x4s dx= �2n (1=�)1=s + �2n�4 � x�(4s�1)�(4s� 1)�n(1=�)1=s� �2n (1=�)1=s as soon as 4s� 1 > 0:Moreover : nXj=1 Variane( ~�j) � �2n Xj; j>(1=�)1=s 1(1 + �2j2s)2� �24n Xj; j>(1=�)1=s 1�4j2s� �2n (1=�)1=sSo the variane term is of order : �2n (1=�)1=s
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2. The Bias term :We have to alulate it : nXj=1(E( ~�j)� �j)2 = nXj=1 �4w4j(1 + �2w2j )2�2j= nXj=1 �4j4s(1 + �2j2s)2�2jnXj=1(E( ~�j)� �j)2 � Xj>(1=�)1=s �4j2s�1�2�(1 + �2j2s)2� Xj>(1=�)1=s 1=4�4j2s�1�2�whih is a term of order �2.Sine we have onsidered a normalized funtion, i.e if jj�jj2Hs =Pni=1 wi�2i � 1, thennXj=1(E( ~�j)� �j)2 � nXj=1 �4w4j1 + �2w2j �2j� �2 nXj=1 �2w2j1 + �2w2j w2j�2j� �2 nXj=1 w2j�2j� �2:So we have the same the same order for the bias term when F = f� 2 Hs; jj�jjHs � 1g:As a result, the error due to the bias term is of order �2.3. Rate of onvergeneThe error in the two terms (bias and variane) must be of the same order, whih gives :�2 � 1n �1��1=s� � n�s=(2s+1)So the rate of onvergene for the estimator is rn = n� 2s2s+1 :



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 122Proof of lemma 3.1.14Proof. The norm is the quadrati norm :jj�jj2 = Pj�1 �2j . Sine by de�nition of � the sumPj w2j�2j onverges, there exists N suh that1 �Xj�N w2j�2j� w2NXj�N �2j :Then for wj = js, and for N = Æ�1=s; we have the following inequalityXj�N �2j � Æ2:So the Æ-entropy for the norm spei�ed of the set F is the Æ-entropy of a ball of radius R ina N dimensional spae. This entropy is well-known, see for instane van de Geer [vdGW96℄ :H(Æ; BR(RN )) � C:N log(RÆ ):So for N = Æ�1=s; we have H(Æ;�; jj:jj) � C:Æ� 1s log�RÆ � :Proof of theorem 3.1.15Proof. The risk funtion Ejj�̂n � �jj2n is here taken as a funtion of the variable �2n, alled�(�2n): We want to show that under some onditions this funtion has a minimum sine thefuntion is ontinuously inreasing for large values of the variable.dd�2n�(�2n) = dd�2n  1n nXi=1 j ~fn(zi)� �(zi)j2!= 2n nXi=1 ( ~fn(zi)� �(zi)) dd�2n � ~fn(zi)�dd�2n ~fn(zi) = j1Xj0 Xk dd�2n � ~�jk� jk(zi)= j1Xj0 Xk �22js(1 + �2n22js)2 �̂jk jk(zi):



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 123So we havedd�2nEjj�̂n � �0jj2n = E 2n j1Xj=j0Xk �22js(1 + �2n22js)2 �̂jk j1Xp=j0Xq ( ~�pq � �pq) � nXi=1  jk(zi) pq(zi)!= E 2n j1Xj=j0Xk �22js(1 + �2n22js)3 �̂jk((1 + �2n22js)�jk ��jk � E(�̂2jk))! :But ��jk = 1n nXi=1 �0(zi) jk(zi) = E�̂jk:It is the disrete wavelet oe�ient. Sine the funtion �0 jk is Riemann integrable, and sinewe have hosen zi = in , the empirial oe�ient onverges to the true wavelet oe�ient:��jk � �jk = o(1):For the same reason, we have the following onvergene:1n nXi=1  jk(zi)2 � 1 = o(1):Moreover: E�̂2jk = ��2jk + �2n 1n nXi=1  2jk(zi):So if we make the �rst approximation we get for n large enough:dd�2nEjj�̂n � �0jj2n � 2n j1Xj=j0Xk �22js(1 + �2n22js)3 ((1 + �2n22js)�jk ��jk � ��2jk � �2n 1n nXi=1  2jk(zi))= 2n j1Xj=j0Xk �22js(1 + �2n22js)3 (�2n22js ��jk � �2n ):Then we need to �nd a lower bound for this quantity by a stritly positive onstant to provethe strit growth of the funtion for large values of �2n. So, assume we have proven this result,there exists a onstant  suh that, for all j�2nj � , dd�2nEjj~��n � �0jj > 0: As a onsequene,by ontinuity, the minimum of the funtion lies and exists in the ompat set [�; ℄. So itsu�es to prove the �rst statement.First of all we remark than if we de�ne the number of non zero oe�ients in the waveletdeomposition Nj = ℄fj�jkj > 0gthen there exists a onstant  depending of the funtion � and of the wavelet  Nj � 2j:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 124Moreover we suppose that there exists k0 and a onstant 0 > 0 suh that j�j0k0 j � 02�j0s,hene we obtain the following upper bound:j��j0k0 j � j�j0k0 j � j��j0k0 � �j0k0 jBut we have j��j0k0 � �j0k0 j � jj�jjBs222�j=2n�sjj jj1 + 2j=2jj�jj1n Var( );where Var(�) is the variation of a funtion � ,i.eVar(�) = sup(xi)�[0;1℄n j�(xi)� �(xi�1)j:Then we obtain j��j0k0 j � 02 2�j0s:So, 12 dd�2nEjj�̂n � �0jj2n � j j1Xj=j0 22js(1 + �2n22js)3 Xk (�2n22js ��2jk � �2n )j> C1 24j0s�2n2�2j0s(1 + �2n22j0s)3 � j1Xj=j0 �2n(�2n)324jsNj> 1�4n24j0s (�C3 2j1�2nn + C1 1(1 + ��2n 2�2j0s)3 )> 1�4n24j0s (C 1(1� o(1))2 � 1l o(1))> 0 for n! +1:So the statement is proven.Proof of theorem 3.1.16Proof.EGFCV(�2n) = (1 +H(�2n))2E 1n nXi=1 jYi � ~f (i)�2n j2= (1 +H(�2n))2 MSE(�2n) + 1n nXj=1 EjWjj2 + E 2n nXj=1 Wj(�0(zj)� ~��2n(zj))!= (1 +H(�2n))2 Ek�̂n � �0k2 + �2 + E 2n nXj=1 Wj(�0(zj)� ~��2n(zj))!



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 125But we have as soon as 2j0 = o(n) and 2j1 = o(n)H(�2n)! 0 (3.1.26)Indeed by easy alulations we an write:H(�2n) = 1n nXi=1  1nXk �2k(zi) + j1Xj0 Xk 11 + �2n22js 2jk(zi)!� 2j0n + 2j1nwhih goes to zero with the appropriate assumptions. Moreover, we an see thatE 2n nXj=1 Wj(�0(zj)� ~��2n(zj))= � 2nE nXj=1 Wj ~��2n(zj)= � 2n nXi=1  Xk �2k(zi)E(YiWi) + j1Xj=j0Xk 11 + �2n22js 2jk(zi)E(YiWi)!= 2�2H(�2n)whih goes to zero as n inreases. This two inequalities show that for n large, Cross validationis asymptotially equivalent to mean square error.Proof of orollary 3.1.18Proof. If we use the wavelet deomposition the penalty an be desribed as a funtion of theoe�ients as usual Pen(�0) =Xj Xk 22jsj�jkj2:So for the penalized estimator the penalty is:Pen(�̂n) =Xj 22jsXk 1(1 + �2n22js)2 �̂2jk:dd�2nPen(�̂n) = �2Xj 24jsXk 1(1 + �2n22js)2 �̂2jk:dd�2n ��2nPen(�̂n)� =Xj 22jsXk 1(1 + �2n22js)2 �̂2jk � 2Xj 24jsXk 1(1 + �2n22js)2 �̂2jk= j1Xj=j0 22js 1� �2n22js(1 + �2n22js)3 Xk j�̂jkj2:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 126E dd�2n ��2nPen(�̂n)� = j1Xj=j0 22js 1� �2n22js(1 + �2n22js)3 Xk (�2jk + �2n )= j1Xj=j0 22js 1� �2n22js(1 + �2n22js)3 (Xk (�2jk) + �22jn )� j1Xj=j0 22js 1� �2n22js(1 + �2n22js)3 ��22jn + C202j02�2j0s� :So if we go on using the same previous proof we an prove that for n large enough:dd�2nE �Ejj�̂n � �0jj2n + �2nPen(�̂n)� > 0and with the same ompaity argument the orollary is provedProof of lemma 3.1.19Proof.j��jk � �jkj = j Z �0(x) jk(x) dx� 1n nXi=1 �0(zi) jk(zi)j= j nXi=1 Z zizi�1 (�0(x) jk(x)� �0(zi) jk(zi)) dxj� j nXi=1 Z zizi�1(�0(x)� �0(zi)) jk(x) dxj+ j nXi=1 Z zizi�1 �0(zi)( jk(x)�  jk(zi)) dxj� nXi=1 Z zizi�1 jj�0jjBs11jx� zijsj jk(x)j dx+j nXi=1 Z zizi�1 �0(zi)( jk(x)�  jk(zi)) dxj� jj�0jjBs11n�s2� j2 jj jjL1 + nXi=1 Z zizi�1 jj�0jj1j jk(x)�  jk(zi)j dx:But by the seond mean theorem there exists ti 2 (zi�1; zi) suh thatZ zizi�1 j jk(x)�  jk(zi)j dx = (zi � zi�1)( jk(ti)�  jk(zi�1)):j��jk � �jkj � jj�jjBs11n�s2� j2 jj jjL1 + jj�jj12 j2 1n nXi=1 j (2jti � k)�  (2jzi�1 � k)j� jj�jjBs11n�s2� j2 jj jjL1 + jj�0jj12 j2 1nVar( ):



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 127Proof of theorem 3.1.20Proof. 1. Neessary Condition:If the penalized estimator is onsistent, then it implies by the property of the waveletbasis that E( ~�jk � �jk)2 ! 0:But diret alulations giveE( ~�jk � �jk)2 = 1(1 + �2n22js)2 ( ��jk � �jk)2 + �2n 1n nXi=1  2jk(zi)�2�2n22js�jk( ��jk � �jk) + �4n24js�2jkNow if we use the upper bound of the lemma we obtain:0 � E( ~�jk � �jk)2 = (o(1) + �4n24js�2jk):So we must have �2n ! 0:2. Su�ient Condition:We must study the term Ejj�̂n � �0jj2B�22and we use the bias-variane deomposition :Ejj�̂n � �0jj2B�22 = Ejj�̂n � E�̂njj2B�22 + jjE�̂n � �0jj2B�22� �2n j1Xj=j0Xk 22j�(1 + �2n22js)2 ( 1n nXi=1  2jk(zi) + 2n�2 ( ��jk � �jk)2+2 j1Xj=j0Xk 22j�(1 + �2n22js)2�4n24j��2jk +Xj>j1 22j�Xk �2jk + (Pj0)):Where the term Pj0 denotes the di�erene between the funtion and the projetedfuntion onto the spae Vj0:The �rst term to be bounded is the part of the Besov norm of the true funtion whihdoes not belong to the projeted spae:Xj>j1 22j�Xk �2jk =Xj>j1 22j��s+sXk �2jk� 2(j1+1)(��s)Xj 22jsXk �2jk� 2(j1+1)(��s)jj�0jj2Bs22 :



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 128For the seond main term we �rstly note that we have the following inequality:�4n24js(1 + �2n22js)2 � �2 s��sn 22j(s��):2 j1Xj=j0Xk 22j�(1 + �2n22js)2�4n24j��2jk � 2 j1Xj=j0Xk 22j�22j(s��)�2 s��sn �2jk� 2�2 s��sn jj�0jj2Bs22 :So, using again the upper bound of the lemma, there exists a onstant C non in�nitesuh that Ejj�̂n � �0jj2B�22 � C ��2 s��sn + 22j1(��s) + 2j0n + 2j1(1+2�)n + 22j1�n2s � :This quantity beomes an o(1) as soon as we have( 2j1 = o(n) j1 !1�2n ! 0So under assumptions (I), the estimator onverges as soon as �2n ! 0. Moreover, if wehoose j1 to minimize the quantity we �nd 2j1n � 2�2j1s ondition whih leads to theoptimal hoie: 2j1 = n 11+2s :Up to this point we �nd that Ek�̂n � �k2 = O(�2(1��s )n ) (3.1.27)So the hoie �2n = n� 2s2s+1 leads to the optimal rate of onvergene.3.2 Sieves MethodsFor sake of ompleteness in our study, we want to present the method used by L.Birgé andP.Massart in [BM97℄ or [BM98℄ to estimate a density. This method introdues the hard-thresholded estimator but in a di�erent way than the one hosen by Donoho and al. in[DJ96b℄. Indeed the main idea is the following : instead of hoosing a level and thresholdingthe oe�ients up to that level, the authors determine the optimal number of oe�ients tobe kept in the deomposition of the estimator, and this number orresponds to an adequatethresholding level.



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 129In the ontext of density estimation, we observe n i.i.d random variables X1; : : : ; Xn withommon density �0 with respet to Lebesgue measure �. Consider ( �)�2� an orthonormalsystem in L2(�) with j�nj = Nn and Sn = Vetf �; � 2 �g. De�ne m 2 Mn a subset of �n,Dm = jmj and Sm = Vetf �; � 2 mg. To eah m, we assoiate the penalty pen(m) = LnDmnwhere Ln � 1 is a weight. Set n(�) = 1nPi=1�2�(Xi)+ k�k22 an empirial ontrast funtion.Then, the penalized estimator, ~�, is de�ned as the solution of the following minimizationproblem: ( n(~�) + pen( ~m) = infm2Mn(inf�2Sm n(�) + pen(m));~� 2 S ~m: (3.2.1)Theorem 3.2.1. If we hoose for penalty funtion the funtion pen(m) = LnDmn , the solu-tion of the minimization problem (3.2.1) is the set of the �'s suh that �̂2� > Ln=n, whihorresponds to the hard-threshold wavelet estimator:~� = X�2�n �̂�1�̂2�>Ln=n �:Proof. The empirial oe�ient �̂� is de�ned by�̂� = 1n nXi=1  �(Xi):Minimizing the ontrast over Sm leads to the projetion estimator �̂ =P�2�m �̂� �. We pointout that n(�̂) = �P�2�m �̂2�. As a result we get:infm2Mn � inf�2�m n(�) + pen(m)�= infm2Mn �n(�̂) + pen(m)�= infm2Mn � X�2�m �̂2� + LnDmn != infm2Mn�X�2�n��̂2� � Lnn �whih gives the �nal expression of the estimator.In order to study the asymptoti behaviour of suh an estimator, we denote by B0 thespae of funtions � =P� �� �; so that�1(�) =Xj�0 2j=2 sup�2�(j) j �� j< +1:



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 130Theorem 3.2.2. If we assume that �0 belongs to some Besov spae Bsp1 and that the regularityof the wavelet veri�es r + 1 > s > 1=p and of ourse under the asumption thatj �1(�n)� �1(�0) j� C=�;then we have the following rate of onvergene for any Lq -loss,E jj ~� � �0 jjq= O� log(n)n �qs=(1+2s) :We have obtained the lassial adaptive rate of onvergene for the estimation in a Besov set.The proof relies on an important theorem by Ledoux and Talagrand, whih is derived froma onentration inequality [LT91℄:Theorem 3.2.3. Let Xi ; i 2 [1; n℄ independent random variables and let ui be n Rademahervariables independent of the �rsts random variables, and fft; t 2 Tg a family of funtionsuniformly bounded by b. Let v = supt2T Var(ft(X1)):, there exists universal onstants so thatfor any positive �P sup 1pn nXi=1 ft(Xi)� Eft(Xi)! � �2E supt2T j 1pn nXi=1 uift(Xi) j!+ �!� exp���1(�2v ^ �pnb )� :where �1 and �2 are two onstants.



Chapter 4Bayesian adaptation and penalizationOur aim in this setion is �rst to establish onnetions between Bayesian estimators, obtainedby onsidering the maximum of the posterior law, and penalized M-estimators, de�ned as so-lution of optimization problems. In a seond part, we will try to onstrut an estimator, basedon a well hosen Bayesian-type penalized loss funtion, that will be adaptive in the minimaxsense. Then, we will pay a speial attention to the ase where the funtions are deomposedonto wavelet bases. Finally, we will onsider the model of super smooth funtions and see ifprevious results an be extended to this ase.The sheme of our study is the Bayesian framework: we observe independent random variablesrepresented by an in�nite dimensional random vetor X = (X1; : : : ; Xn; : : : ) with probabilityP0 = dp0d� where � is the Lebesgue measure. The distribution funtion is indexed by a param-eter � = (�i)i�1 lying in a spae �, and so we will write p = p� its density. The true parameter�0 is the unknown parameter of interest to be estimated. We willstudy the ase where � is aloation parameter.4.1 Bayesian estimation and M-estimationThe idea of Bayesian estimation is the following: we de�ne a prior probability �(�) on �.Given the parameter �, the data follow a law with density p�(X) = p(Xj�): Thanks to Bayesrule, the posterior distribution is de�ned as:p(�jX) = p(Xj�)�(�)p(X)where p(X) = R p(Xj�)�(�) d�:We observe the sub-model where we only onsider a �nite number of observations, say n, sowe observe: ( Xi = �i +Wi; i = 1; : : : ; n� = (�i)i�1 2 � (4.1.1)where the random variables Wi stand for a noise with known variane �2n and �i is the param-eter of interest. The number of observations n, growing to in�nity will give the asymptotis131



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 132of the estimation problem. The law of Wi; i = 1; : : : ; n is given by the problem and satis�essome onditions. In Setion 4.1, we will take Gaussian errors, or Laplaian errors while in thefollowing setions, we will only look at the �rst Gaussian ase.De�ne the Maximum A Posteriori (MAP) estimator, whih maximizes the posterior distribu-tion for all values of the parameter, as:�̂n = argmax�2� log p(�jX): (4.1.2)The de�nition of the MAP (4.1.2) is equivalent to :�̂ =argmax�2� log p(�jX)=argmin�2� � log p(�jX)=argmin�2� (� log p(Xj�)� log p(�))Now set, �(�;X) = � log p(�jX);and I(�) and �2n suh that � log p(�) = �2nI(�)or equivalently p(�) = exp(��2nI(�));we obtain an other equivalent de�nition of the Maximum A Posteriori estimator:�̂n = argmin�2� ��(�;X) + �2nI(�)� (4.1.3)As a result, the Bayesian estimator an be viewed as a penalized M-estimator minimizing aloss funtion �(X; �) with a penalty I(�) while �2n is a smoothing parameter whih determinesthe in�uene of both terms. Provided the loss funtion is onvex in � and the errors have goodonentration properties, the behaviour of suh estimators is a onsequene of the omplexityof the sets f� 2 �; I(�) � Mg for an appropriate M . Penalized M-estimators have beenstudied by van de Geer in [vdG00℄ in a general framework. So, with this analogy, we andedue rates of onvergene for Bayes estimators from results for penalized M-estimators.For instane, if we onsider the Gaussian ase, i.e the unknown parameter is the mean of anin�nite Gaussian vetor, the errors are suh that Wi � N �0; �2n �, and the loss is quadrati.As a onsequene, the maximum a posteriori estimator is de�ned by:�̂n =argmin�2�  n2�2 nXi=1 jXi � �ij2 � log p(�)!=argmin�2�  1n nXi=1 jXi � �ij2 � 2n2 log p(�)!=argmin�2� �jjX � �jj2n + �2nI(�)� (4.1.4)



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 133where we have set �2nI(�) = � 2n2 log p(�):This problem is linked with the following funtional estimation problem: given �xed pointson an interval alled (zi); i = 1; : : : ; n, set the empirial measure Pn = 1nPni=1 Æzi and if thereexists a basis of the spae L2(Pn),  i; i = 1; : : : ; n, we reognize a penalized Least-Squaresestimator of a funtion �0 =Pni=1 �i i when the observations are the Xi.As it is often the ase in Bayesian estimation, the hoie of the prior will determine thebehavior of the estimator.If we hoose a normal prior with mean 0 and variane ��2n ��2i , for all i = 1; : : : ; n we have�i � N �0; ��2n ��2i �, the estimator is of the following form:�̂n = argmin�2�  jjX � �jj2n + �2n nXi=1 � 2i �2i! (4.1.5)We reognize here a penalized least-squares estimator with smoothing l2-penalty.In the same way, if we onsider a Laplaian prior for the parameter of interest: for a positivesequene � = (�i)i�1, set a Laplaian prior for eah �i with parameter ��2n �i:�̂n = argmin�2�  jjX � �jj2n + �2n nXi=1 �ij�ij! (4.1.6)whih is a least squares estimator with a soft-thresholding type penalty. In both ases,the theory of penalized M-estimators gives rates of onvergene for these estimators, ratesdepending on the entropy of the set of funtions f� =Pj �j j; � 2 �; I(�) <1g.If the errors are not Gaussian but Laplaian, the general problem is to estimate the mean of aLaplaian random variable. Even if we have no L2 equivalene with the funtional estimation,we an still onsider the MAP estimator. It an be written as:�̂n = argmin�2� �jjX � �jj1;n + �2nI(�)� (4.1.7)with, as usual, a hoie of the penalty depending on the prior put on the parameter of interest.We have used the following notation kX� �k1;n = 1nPni=1 jXi� �ij. We reognize a penalizedleast absolute deviation estimator.In all ases, provided a smoothness ondition holds over the set � = f�i; i = 1; : : : g , and someadditional entropy onditions on that spae, suh estimators have been studied by Loubes andvan de Geer in [LvdG00℄ and asymptoti rates of onvergene are given. In that point of view,Bayesian estimation appears naturally as a subase of penalized M-estimation for a properhoie of the penalization.Following similar ideas, L. Birgé and P. Massart in [BM01℄ showed that it is possible to giveanother interpretation using a model seletion approah. They proved that the penalizedprojetion estimator is the mode of the posterior distribution with an improper uniform priordistribution on the olletion of models and mixing the prior over the parameter on eah



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 134model. It ould be of interest to investigate the property of suh prior and to wonder whetherit selets, a posteriori, the good model.However, suh generalization provides general theorems whih do not always give an op-timal majoration of the error term. Indeed, in most ases, a diret approah leads to betterbound for mean squares error.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1354.2 Adaptive Bayesian EstimationAbstratWe present an empirial Bayes estimator of a funtion. Using a prior on the num-ber of derivatives, we study the behavior of the posterior distribution. Using empirial riskminimization, we onstrut an adaptive estimator and give a Bayesian interpretation.AMS 1991 subjet lassi�ations. Primary 62G05, seondary 62G20.Key words and phrases. Adaptive estimation, Bayes estimation, penalization.4.2.1 IntrodutionConsider the in�nite dimensional model:Xi = �i +Wi; i = 1; 2; : : : (4.2.1)where � = (�1; �2; : : : ) 2 l2(N) is an in�nite dimensional vetor and the random variables Wiare independent identially distributed with law N �0; �2n �. The parameter � is unknown andthe goal of our study is to make inferene about �. One of the interest with this model is dueto its equivalene with the white noise model( dX(t) = f(t)dt+ 1pndW (t); 0 � t � Tf 2 L2[0; T ℄ (4.2.2)Given an orthonormal bases ( i)i of L2[0; T ℄, the problem of estimating an unknown signal isredued to the problem of estimating the mean of an i.i.d Gaussian sample (4.2.1) withXi = Z T0  i(t)dX(t) Wi = 1pn Z T0  i(t)dW (t)�i = Z T0 f(t) i(t)dtThe signal is reonstruted from the oe�ients using � = Pj �j j and the map between �and f is an isometri isomorphism. Suh equivalene has been stated by Nussbaum in [Nus96℄in density estimation and by Brown and Low in [BL96℄ in the regression model.The quality of the estimation depends on smoothness properties of f . For a �xed basis, as-suming f to belong to a spei� lass of signals, it impliitly yields orresponding assumptionson its oe�ients (�j). So the Bayesian approah seems natural: one assigns a prior to � andlooks at its posterior distribution. Suh issue has been takled by Diaonis and Freedmanin [DF97℄ or Freedman in [Fre99℄. They onsider an independent Gaussian prior for eah �iand studied the Bayes estimator �̂i as well as the quadrati loss k�̂ � �k2. The variane ofthe Gaussian prior depends on a parameter whih measures the smoothness of the funtionPj �j j, whih is unknown in pratie. But the use of an informative prior prevents adaptive



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 136estimation. So this approah an not be used pratially. Later, Beltiser and Ghosal in [BG00℄assume that � satis�es a smoothness ondition, whih is haraterized by a smoothness index,say s0, whih desribes the order of deay of the oe�ients to zero. They assume that �belongs to the spae de�ned as follows:�(s0) = f� : 1Xi=1 i2s0�2i <1g:For instane if the funtion � is in a Sobolev spae Hs0, the inequality is satis�ed with s = s0.Sine this parameter is unknown, it is viewed, in a Bayesian point of view as an hyperparame-ter of the model, whih means that this quantity is onsidered as a realization of an unknownrandom variable. That is the reason why, these authors de�ne a olletion of models and on-strut a prior over the whole range of models. The models depend on the parameter s whihbelongs to a set of indexes S. They show that the hierarhial prior selets the best modelin the sense that the posterior distribution onverges at the rate of onvergene given by thetrue model. Suh a tehnique is also used by Ghosal and van der Vaart in [GvdV00℄ in theontext of density estimation. However the resulting adaptive estimator is not very natural.The problem of adaptive estimation in this setting was originally studied by Efromovih andPinsker in [EP80℄ who give minimax rates of onvergene.In this work, we propose to onsider generalized maximum posterior estimator, whihmaximizes the posterior likelihood over all the models and to extend results over the posteriordistribution to this estimator. The organization of the paper is as follows. In the nextsetion, we study the ase when the smoothness parameter is known. Then in setion 4.2.3,we onstrut a Gaussian prior over a olletion of models and de�ne the posterior maximumestimators (�̂n; ŝn) whih estimates the quantities (�; s0). We show that the estimator �̂n isan adaptive estimator of � in the sense that, without prior knowledge of the regularity of thefuntion, it ahieves the optimal rate of onvergene. The proof of the main result is based ona seletion lemma whih desribes the asymptoti behavior of ŝn. The prior plays the role ofa penalty over the smoothness of the model, and the estimators minizes a penalized quadratiriterion with this smoothing penalty. All the proofs are postponed to Setion 4.2.4.4.2.2 Estimation with known smoothnessWe reall that we observe an in�nite dimensional vetor X = (X1; X2; : : : ) suh thatXi � N ��i; �2n �whih orresponds to the statistial model desribed in (4.2.1). We only observe the i.i.dsample Xi; i = 1; : : : ; n. Our aim is to estimate the in�nite sequene � = (�i)i 2 �. Atually,this parameter is the oe�ients of a funtion � =Pi �i i. For this, we onsider a parameter ofthe spae that desribes the regularity of the funtion, and we de�ne the following smoothnessassumption: the oe�ients satisfy (�i)i 2 l2(N) (4.2.3)



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 137and there exists a smoothness oe�ient s0 and a �nite positive onstant M suh that:s0 = argmaxs2R  1Xi=1 i2s�2i <1! :This parameter an be viewed as the maximal number of derivatives of the funtion lyingin the L2 spae. It is linked with the Sobolev struture of the funtional spae sine theparameter spae beomes: � 2 �(s0) = f� = (�i)i; 1Xi=1 i2s0�2i �Mg (4.2.4)From now and throughout all this setion, we assume that we know the true regularity s0.Suh a set an be viewed as a Pinsker ellipsoid [Pin80℄. Indeed, we onsider the equivalentfuntional estimation problem: given an orthonormal family of L2 namely,  j; j � 1, onsider,as in setion 4.2.1, the funtion whose deomposition in the basis ( j) is given by:�(t) = 1Xi=1 �i i(t)So the problem turns to estimate a funtion �0 in Pinsker's ellipsoid desribed in [Pin80℄�0 2 �(s) = f� = 1Xi=1 �i i; 1Xi=1 i2s�2i � Mg:Pinsker showed that the exat asymptotis of the quadrati risk over this ellipsoid is givenby: Ejj�̂n � �jj2 � Cs(M)n� 2s2s+1where Cs(M) =M 12s+1(s) and (s) = (2s+ 1) 12s+1 � ss+1� 2s2s+1 is the Pinsker onstant.We use Bayes methods to onstrut an estimator whih ahieves this minimax rate of onver-gene. To perform Bayes estimation, we onsider a Gaussian prior over the oe�ients�i � N (0; � 2i (s0)); i � 1; � 2i = i�2s0:The oe�ients �i are hosen independent and independent from the additional noise. Theprior information means that the oe�ients are normally distributed but sine the varianegoes to zero as i inreases, we assume that the oe�ients tends to zero whih is a ommonassumption for oe�ients of a regular funtion onto basis, whih provide spare enough rep-resentation. Indeed, wavelet bases, introdued by Meyer in [Mey87℄, have the property thatonly the few largest wavelet oe�ients ontain the information onveyed by the signal �.Suh property gives sense to the prior. We an point out that some work has been reentlydone in that diretion and speial behavior of wavelet oe�ients has been more preisely



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 138modelized by Sapatinas and al. in [ASS98℄ or Johnstone and Silverman in [JS01℄.As a result, the distribution of the data given the parameter, say p(Xj�) is suh thatXij�i � N (�i; � 2i ):Using Bayes rule, we obtain the posterior distribution p(�ijXi):�ijXi � N ( � 2i�2n + � 2i Xi; �2n� 2i�2n + � 2i ):So the estimator, maximum of the posterior law is given by:(�̂i) = argmax(�i) log p(�jX)= argmin(�i) � log p(�jX)= ( � 2i�2n + � 2i Xi) (4.2.5)The Maximum A Posteriori estimator �̂n de�ned in (4.2.5) onverges if � 2i = �2ni�2s0 withs0 > 12 and �0 2 � de�ned above (4.2.4) for a quadrati loss to the true parameter �0 at arate of onvergene n� 2s02s0+1 as soon as the smoothing sequene �2n dereases to zero but nottoo quikly: indeed the following theorem desribes the asymptoti behavior of the maximuma posteriori estimator.Theorem 4.2.1. The Maximum a posteriori estimator of �0 2 �(s0) for a given prior �i �N (0; �2ni�2s0), s0 > 12 is onsistent for a good hoie of the smoothing sequene �2n. Moreoverfor �2n = n� 12s0+1 , the estimator ahieves the minimax rate of onvergene. As a matter offat, there exists a �nite onstant C = C(M) suh thatEjj�̂n � �0jj2 � Cn� 2s02s0+1 : (4.2.6)This result an be easily onneted to the theory of M-estimation. As a matter of fat,this estimator an be written in the following way:(�̂i) = arg min�2�(s0) jjY � �(t)jj2n + ~�2n nXi=1 i2s0�2i!where we have set ~�n2 = 1n�2n = n� 2s2s+1 . The estimator minimizes a quadrati loss funtionwith a penalty and is therefore a penalized M-estimator. Penalized M-estimators have beenintensely studied by S. van de Geer in [vdG90℄, [vdGW96℄ or [vdG00℄. Using suh results, weknow that this estimator onverges at a rate in OP(~�n). The proof of this statement relies onthe behavior of empirial proess in a ball whose entropy an be upper bounded. So, if theoptimal parameter �n has been orretly hosen, we �nd the rate of onvergene in n �2s02s0+1 ,whih orresponds to the minimax rate of onvergene for a quadrati loss.Sine the hoie of the smoothing parameter requires the knowledge of the smoothness oef-�ient s0, previous method an not be used in pratie. Adaptive estimation imply to let thedata speak from themselves and pik automatially the right order.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1394.2.3 Adaptive estimationIn our Bayesian framework, we have, in a �rst step, onsidered the unknown funtion as arealization of a random variable: its prior law heavily depends on an unknown parameter s0,whih an be interpretated as a smoothness parameter. It seems rather natural to onsider thisparameter also as a random variable. For this, we make the assumption that the smoothnessoe�ient belongs to a �nite lass of indies s 2 S. This lass is �nite but its size may dependon n. We assume that smax is �nite. We also assume that the true oe�ient s0 belongs tothat set, whih an be written as S = fsm; m 2 M � Zgwhere the sm are sorted in an inreasing order and M is a subset of S. Over S, we onstruta prior probability q and de�ne qm = q(s = sm) whih is assumed to be positive. So we havePm2M qm = 1 and 8m 2 M; qm > 0. The prior has to be hosen suh that the posteriorlaw will tend to hoose a model lose to the true one s = s0. As a matter of fat, to eahparameter s 2 S, we assoiate the orresponding model in the sequene spae�(s) = f� 2 l2(N); 1Xi=1 i2s�2i �Mgand the set � = [s2S�(s) is the set of all possible models.In this framework, the unknown parameter is a ouple of variables:(�0; s0) 2 �� Sand the prior distribution is given by p(�; s) = p(�js)q(s). The prior over a single model �(s)is the same prior onsidered in setion 4.2.2: �i � N (0; �2n(s)� 2i (s)) with � 2i (s) = i�2s and�2n(s) = n� 12s+1 . Indeed, if s were the true regularity, this hoie of prior would lead to anestimator with optimal rate of onvergene. As a result, the natural prior over � is a mixtureof all priors on eah model �(s). The framework of our study is the following: we observeXi = �i +Wi; i = 1; : : : ; n (4.2.1) with two unknown parameters (�0; s0) 2 �� S over whihwe de�ne a prior. So the laws of the parameters are the following:Xij(�; s) � N (�i; �2n)�ijs � N (0; �2n(s)� 2i )Xijs � N (0; �2n(s)� 2i + �2n) (4.2.7)s � q(s)Wi � N (0; �2n)The estimator we onsider maximizes the posterior distribution:(�̂n; ŝn) = arg max(�;s)2��S log p(�; sjX) (4.2.8)



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 140�̂n is an estimator of the parameter of interest � while ŝn should approximate the auxiliarysmoothness parameter s0. We an �nd a more expliit version of the estimators using Bayesrule: p(�; sjX) = p(Xj�; s)p(�js)q(s)p(X) :So (4.2.8) beomes:(�̂n; ŝn) = arg min(�;s)2��S� log p(�; sjX)= arg min(�;s)2��S (� log p(Xj�; s)� log p(�js)� log q(s)) (4.2.9)de�ning the estimator has the minimizer of the global penalized empirial risk.We now an see that suh an expression (4.2.9) an be written into two di�erent wayswhether we deide to minimize the expression �rst on s then on � or the ontrary. On theone hand we an write:(�̂n; ŝn) = arg min(�;s)2��S 1�2 nXi=1 (Xi � �i)2 + 1n nXi=1 log�2n(s)� 2i + 1�2n(s)n nXi=1 ��2i �2i � 2n log q(s)!= argmin�2�  1�2 nXi=1 (Xi � �i)2 +mins2S " 1n nXi=1 log�2n(s)� 2i + 1�2n(s)n nXi=1 ��2i �2i � 2n log q(s)#!= argmin�2�  1�2 nXi=1 (Xi � �i)2 +mins2S "n� 2s2s+1 nXi=1 i2s�2i + I(s)#! (4.2.10)where we set I(s) = 1n nXi=1 log(n� 12s+1 i�2s)� 2n log(q(s)) (4.2.11)We have put the stress on the minimization over the oe�ients � = (�i)i. We reognize apenalized least squares estimator with a omplexity penalty. Indeed the estimator of �0 anbe written in the following form:�̂n = argmin�2�  1�2 nXi=1 (Xi � �i)2 + pen(�)ŝ! (4.2.12)pen(�)ŝ = mins2S "n� 2s2s+1 nXi=1 i2s�2i + I(s)# (4.2.13)Provided some additional hypothesis hold, the asymptoti behavior of suh estimator an befound using ideas from empirial risk minimization that an be found in [vdG01℄. The estima-tor minimizes over � an l2 loss balaned by a penalty term (4.2.13). This penalty minimizesover all possible indexes s 2 S a sum of two terms, one depending on the smoothness of thefuntion while the seond depends on the hoie of the prior q(s) on S. For a onvenient hoie



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 141of this prior, we get I(s) = �20n� 2s2s+1 for a given onstant �20. Van de Geer in [vdG01℄ showedin a di�erent ontext, the onvergene of the estimator at the minimax rate of onvergene.Our method is lose to model seletion methods sine, with a seletion lemma, we �rst pikan optimal smoothness index ŝn and then reonstrut the estimator using this value: �̂(ŝn).The major di�erene with methods inspired by Birgé and Massart see for instane [BBM99℄,[BM98℄, [BM97℄ or Lugosi and Nobel in [LN99℄ lies in the fat that we penalize the roughnessof the model and not its dimension nor its omplexity.So, on the other hand, if we minimize the quantity (4.2.10) �rst over � and afterwards over s,we �nd after some alulations and taking for simpliity reasons �2 = 1, the following formof the estimator: 8>>><>>>:ŝn = argmins2S  nXi=1 11n + n� 12s+1 i�2sX2i + nI(s)!�̂i(ŝn) = 11 + n� 2ŝn2ŝn+1 i2ŝnXi; i = 1; : : : ; n (4.2.14)The �rst estimator ŝn an be onsiderated as a biased estimator of the smoothness of themodel. The seond estimator is the solution of a quadrati penalized loss in the estimatedmodel �(ŝn). In fat, for a partiular hoie of the penalty I(s) = n� 2s2s+1�20 where �20 willbe made preise later, i.e for a good hoie of the prior q over the set S, we will show thatthe estimator ŝn always overestimates the regularity of the model. As a matter of fat, thefollowing lemma shows that the probability of underestimating the regularity of the modeltends to zero in probability.Lemma 4.2.2. Assume that S� = fsm; m < 0g is �nite, with ardinality that may dependpolynomaly on n, and hoose the prior q in the following way: there exists a positive onstant�20 suh that: I(s) = �20n� 2s2s+1 : For s < s0, there exist onstants 1 > 0, 2 and an integer Nsuh that for every n � N P(ŝn = s) � 1 exp(�22n 2s02s0+1 1s0+s ) (4.2.15)So as a result we have P(ŝn < s0) n!1�! 0: (4.2.16)The proof of this seletion lemma involvess some alulations and is postponed to theappendix.Remark 4.2.3. This lemma is the frequentist version of the Bayesian seletion lemma in[BG00℄, over the onentration of the prior around smoother models. With a prior over Swhih may be taken in�nite, suh that 8m 2 Z; q(s = sm) > 0, Belitser and Ghosal, haveproved that the posterior distribution onverges at the optimal rate of onvergene n� 2s02s0+1 .More preisely, there exist an integer N and a onstant  > 0 suh that for any m < 0 andn > N , E P(s = smjX) � qmq0 exp��n 1s0+sm+1� (4.2.17)



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 142As a onsequene we have P(s < s0jX)! 0: (4.2.18)in probability.Using this pseudo estimator of the smoothness index, the estimator turns to be the solu-tion of a minimization program in the spae �(ŝn). Diret alulations lead to a smoothedestimator with a smoothing oe�ient depending on the data, sine it is a funtion of ŝn.Even if ŝn does not approximate the true value s0, it selets smoother models suh that theestimator �̂(ŝn) ahieves the optimal rate of onvergene. Sine the estimator is onstrutedwithout any knowledge of the regularity, the estimator is adaptive. This property is a di-ret onsequene of the Bayesian point of view, whih takes more into aount the data,and provides adaptivity. Moreover, it links the smoothing e�et of a global penalty suhas pen(�) = mins2S hn� 2s2s+1 (Pni=1 i2s�2i + �20)i, and the behavior of the underlying posteriorlaw. So penalized M-estimation with smoothing penalties ats as model seletion, whihadvantages smooth enough models. The following theorem desribes the optimality of suhestimator.Theorem 4.2.4. The estimator obtained by maximizing the posterior distribution for a Gaus-sian prior distribution depending on an hyperparameter s 2 S is onvergent provided the ol-letion of regularity indexes is �nite (possibly depending polynomaly on n). There exists a�nite onstant C, depending on M , suh thatEjj�̂(ŝn)� �0jj2n � Cn� 2s02s0+1 (4.2.19)The MAP estimator is adaptive for L2 losses.Remark 4.2.5. Using the �rst form of the estimator (4.2.10) with the speial hoie I(s) =�20n� 2s2s+1 , we an apply results from van de Geer in [vdG01℄, whih rely on the asymptotibehavior of the estimator with the omplexity of the set ��(Æ) de�ned by��(Æ) = f� 2 � : � 2(�j��) � Æ2gwhere we have set a pseudo distane� 2(�j�0) = k� � �0k22 + pen2(�)for pen(�)2 = mins2S n� 2s2s+1 (Pni=1 i2s�2i + �20). Then de�ne �� = argmin�2� � 2(�j�0) whihhas an interpretation as trade-o� between bias and variane. As soon as the entropy H(Æ;��),i.e the logarithm of the minimum number of balls neessary for a Æ-overing of the set �� withrespet to quadrati norm, is suh thatZ 10 H(u;��)du � pnÆ2n (4.2.20)for a given onstant  then theorem 2.1 gives the rate of onvergene of the estimator. In thisase, Æ2n an be hosen equal to Æn =q smax log nn . The rate of onvergene is dedued from thisentropy upper bound.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 143Remark 4.2.6. Bayesian estimator and penalized estimators are deeply linked. In our work,we have enlighted the orrespondane between smoothing penalties and the posterior modewith a Gaussian prior. Following the same ideas, L. Birgé and P. Massart in [BM01℄ showedthat it is also possible to give another interpretation using a model seletion approah. Theyproved that the penalized projetion estimator is the mode of the posterior distribution with animproper uniform prior distribution on eah model and, for eah model, a prior orrespondingto the prior for the true model. It ould be of interest to investigate the property of suh priorand to wonder whether it selets a posteriori the good model.Remark 4.2.7. We have only used linear estimator with an adaptive Bayes-type smoothinge�et. It ould be also meaningfull to extend previous results to non linear estimators suhas thresholded estimators, studied in the wavelet ase by Donoho and al. in [DJKP96a℄,[DJKP96b℄, [DJKP97℄.4.2.4 ProofsProof of theorem 5.2.2:Proof. We have found that the estimator �̂i an be written for all i � 1:�̂i = � 2i�2n + � 2i Xi:So sine Ejj� � �̂jj2 =Pni=1 j�i � �̂ij2, we alulate the di�erene between the true oe�ientand its estimator: �i � �̂i = (1� � 2i�2n + � 2i )�i � � 2i�2n + � 2i WiFinally we �nd �i � �̂i � N  (1� � 2i�2n + � 2i )�i;� � 2i�2n + � 2i �2 �2n! : (4.2.21)Ejj�̂ � �jj2 =  1Xi=1 �4n�2i(�2n + � 2i )2 + 1Xi=1 ( � 2i�2n + � 2i )2�2n!= T1 + T2:The �rst term T1 an be majorated by:T1 = 1Xi=1 �4n�2i(�2n + � 2i )2� �2 1Xi=1 �2i2sn + �2i2s 1n + �2i2s i2s�2i�M�2n :



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 144The seond term T2 an be ontrolled by the following inequality due to a omparison betweena sum and an integral: T2 = 1Xi=1 �2n� 4i(�2n + � 2i )2� (�2n )1� 12s Z 10 du(1 + u2s)2� Cn 12s�1for C a �nite onstant, where we have set s suh that the last integral is �nite, so 4s > 1.So we �nd that as soon as s > 14 ,Ejj� � �̂jj2n � Cn�1+ 12s +M�2nwhih proves that the estimator onverges with a rate of onvergene of n1� 12s as soon ass > 12 .As in the previous proof we start from the expression of the estimator and replae i�2s by�2ni�2s. This gives the following bound:Ejj�̂ � �jj2 = 1Xi=1 j�i � �̂ij2� 1Xi=1 �4n�2i(�2n + �2ni�2s)2 + 1Xi=1 �2n(1 + �2n i2s�2n )2� M�2n�2n + (�2)1� 12s ( 1n)1� 12s ( 1�2n )� 12s (4.2.22)where we have used the regularity property of the sequene of oe�ients and the omparisonbetween integral and sum. We have also hosen s suh that the integral is �nite, whih givesraise to the ondition s > 14 . Now hoose the smoothness parameter �2n to minimize the upperbound, we �nd �2n = n� 12s+1and �nd the result: Ejj�̂ � �jj2 � 2�2 sup(M; (�2)� 12s )n� 2s2s+1 :Proof of Lemma 5.1.12Proof. In this proof, for sake of simpliity we onsider that the errors have variane equal to1. The estimator of the smoothness oe�ient maximizes the posterior law, so we have by



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 145de�nition of the estimator of the smoothness indexŝn = argmins2S n 12s+1  nXi=1 1n� 2s2s+1 + i�2sX2i + �20!We make the assumptions that the set of indexes S = fsm; m 2 Zg is a �nite set, possiblydepending on n and write smax the maximal value of the parameter. Sine the set of indexesis �nite we an write: P(ŝn < s0) =Xm<0P(ŝn = sm)We want to give an upper bound of the last quantity using the property of the estimator:P(ŝn = s) =P n 12s+1 ( nXi=1 X2i(n�2n(s))�1 + i�2s + �20) � n 12sm+1 ( nXi=1 X2i(n�2n(sm))�1 + i�2sm + �20); 8m 2 Z!� P nXi=1 X2i(n�2n(s))�1 + i�2s + �(s) � nXi=1 X2i(n�2n(s0))�1 + i�2s0 + �(s0)!� P nXi=1 aiX2i � �(s0)� �(s)!where we have set ai = 1(n�2n(s))�1 + i�2s � 1(n�2n(s0))�1 + i�2s0�(s) = �20n 11+2sWe put ourselves in the partiular ase where s < s0 suh that the quantity above isnegative. So we obtain:P(ŝn = s) � P exp(�12 nXi=1 aiX2i ) � exp(�(s)� �(s0)2 )!� exp��(s0)� �(s)2 �E(exp(�12 nXi=1 aiX2i ))� exp��(s0)� �(s)2 � nYi=1 E(exp(�12aiX2i )):Where we have used independene of the random variables Xi and Chebyhev's inequality.Now reall the following alulation: if X � N (�; �2) then, for every real a > ���2 we haveEe�a2X2 = 1p1 + a�2 exp(� �2a2(1 + a�2)):



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 146In our ase where �2 = 1n the ondition is equivalent to ai > �n, whih is equivalent toi�2s � i�2s0 < 1�2n (i�2s + i�2s0)! +1ondition that is ful�lled for a n large enough. So we have:E �e� 12aiX2i � = 1p1 + ain exp(� ai2(1 + ain )�2i ):Write ai = 1(n�2n(s))�1 + i�2s � 1(n�2n(s0))�1 + i�2s0= 1n� 2s2s+1 + i�2s � 1n� 2s02s0+1 + i�2s0= i�2s0 � i�2s + n� 2s02s0+1 � n� 2s2s+1(n� 2s2s+1 + i�2s)(n� 2s02s0+1 + i�2s0)So we have: ai1 + ain = i�2s0 � i�2s + n� 2s02s0+1 � n� 2s2s+1(n� 2s2s+1 + i�2s)(n� 2s02s0+1 + i�2s0) + i�2s0�i�2s+n� 2s02s0+1�n� 2s2s+1n= i�2s0 � i�2s + n� 2s02s0+1 � n� 2s2s+1Ri;n :So using the last result we have, if we have set r(s) = n� 2s2s+1 :P(ŝn = s) � e�(s0)��(s)2 nYi=1 1p1 + ai=n exp �12 nXi=1 i�2s0 � i�2s + r(s0)� r(s)Ri;n �2i! :But sine exp(�(s0)� �(s)2 ) = exp(�20(1� n 12s+1n 12s0+1 ))we have for large n: exp(�(s0)� �(s)2 ) �r1 + aii�2s0 + ain :As a onsequene: e�(s0)��(s)2 nYi=1 1p1 + ai=n � nYi=1 �1 + aii�2s01 + ai=n� :



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 147So P(ŝn = s) � nYi=1(1 + aii�2s01 + ai=n)� 12 exp� ai�2i2(1 + ai=n)� exp 12 nXi=1 ai1 + ai=n(i�2s0 � �2i )!� exp 12 nXi=1 (i�2s0 � i�2s) + (r(s0)� r(s))Ri;n (i�2s0 � �2i )!� exp(S1 + S22 ):where we have set S1 = nXi=1 i�2s0 � i�2s + r(s0)� r(s)Ri;n i�2s0S2 =� nXi=1 i�2s0 � i�2s + r(s0)� r(s)Ri;n �2i ;with Ri;n = (r(s) + i�2s)(r(s0) + i�2s0) + i�2s0 � i�2s + r(s0)� r(s)n :Lemma 4.2.8. there exists an integer N suh that for every n � N we haveS1 � � 112(n�2n) 2s0+sS2 � 124(n�2n) 2s0+s :Proof. Firstly we notie that� i�2s0 � i�2s � 0; 8i > 0� there exists an integer I = [2 12(s0�s) ℄ suh that 8i > I we havei�2s0 � i�2s � �12 i�2s:Moreover, we notie that the dominant term in Ri;n = (n�2n)�2 + (n�2n)�1(i�2s0 + i�2s) +i�2(s+s0) + n�1(i�2s0 � i�2s) is i�2(s0+s) as soon as i � r(�s0) 1s+s0 : So putting together theseresults we see that there exists N1 so that for every n � N1S1 � � 112(r(�s0)) 1s0+s :



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 148The seond term is suh that:S2 � nXi=1 i�2s � i�2s0 + r(s)� r(s0)Ri;n �2i� 1Xi=1 i2s0�2i + nXi=1 r(s)Ri;n �2i�M + r(s) nXi=1 1i�2s0r(s)�2i�M +M<1:So there exists N2 suh that for every n � N2 we have2M � 124r(�s0) 1s0+sand as a result 8n � N2; S2 � 124(n 2s02s0+1 1s0+s ):So if we hoose N � sup(N1; N2), the lemma is proved.So with the result of the lemma we have that there exists a �nite non zero onstant 2suh that, for every s < s0: P(ŝn = s) � exp ��22n 2s02s0+1 1s0+s� (4.2.23)As a diret onsequeneP(ŝn < s0) =Xm<0P(ŝn = sm)� jS�j sups2S� hexp ��2n 2s02s0+1 1s0+s�i� jS�j exp��22n 12s0+1�n!1�! 0;as soon as the set S� = fsm; m < 0g is a �nite set, possibly depending polyniommaly on n.So the M-estimator of the smoothness oe�ient almost surely overestimates the true values0. Proof of Theorem 4.2.4



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 149Proof. �̂(ŝn) is the estimator of the minimization problem. We have:Ejj�̂(ŝn)� �0jj2n = E(jj�̂(ŝn)� �0jj2n1ŝn<s0)+ E(jj�̂(ŝn)� �0jj2n1ŝn=s0) + E(jj�̂(ŝn)� �0jj2n1ŝn>s0)= O(n� 2s02s0+1 ) + E(jj�̂(ŝn)� �0jj2n1ŝn>s0)The last term desribes the behavior of a MAP estimator ~�n where the models are taken inS+ = fsm; m > 0g. After some alulations we get:E(k�̂(ŝn)� �0k221ŝn>s0)� E 1n � 1nn� 12ŝn+1 �� 12ŝn 1ŝn>s0 + nXi=1 i4ŝn(i2ŝn + n 2ŝn2ŝn+1 )2 �2i 1ŝn>s0!� E n� 2ŝn2ŝn+11ŝn>s0 + nXi=1 i4ŝn(i2ŝn + n 2ŝn2ŝn+1 )2 �2i 1ŝn>s0!� n� 2s02s0+1 + E nXi=1 i4ŝn(i2ŝn + n 2ŝn2ŝn+1 )2 �2i 1ŝn>s0!So it remains to be proved that the residual term is suh thatE nXi=1 i4ŝn(i2ŝn + n 2ŝn2ŝn+1 )2 �2i 1ŝn>s0! = O(n� 2s02s0+1 ):By the de�nition of ŝn we have:ŝn = argmins2S  nXi=1 X2i1 + n 2s2s+1 i�2s + I(s)!so we an write expanding Xi = �i +Wi:nXi=1 X2i1 + n� 2ŝn2ŝn+1 i�2ŝn + I(ŝn) � nXi=1 X2i1 + n� 2s02s0+1 i�2s0 + I(s0)nXi=1 �2i1 + n� 2ŝn2ŝn+1 i�2ŝn + nXi=1 2�iWi1 + n� 2ŝn2ŝn+1 i�2ŝn + nXi=1 W 2i1 + n� 2ŝn2ŝn+1 i�2ŝn + I(ŝn) �nXi=1 �2i1 + n� 2s02s0+1 i�2s0 + nXi=1 2�iWi1 + n� 2s02s0+1 i�2s0 + nXi=1 W 2i1 + n� 2s02s0+1 i�2s0 + I(s0)We will study eah term of this inequality separately. Let s � s0, we use here the propertythat we have restrited our study to the ases where ŝn � s0:



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1501. (I) = nXi=1 2�iWi1 + n� 2s2s+1 i�2s= 1pn nXi=1 Vi �i1 + n 2s2s+1 i�2swhere the random variables Vi are Gaussian entered with variane 1, identially inde-pendent variables. We know that we have(I) = OP(�n) (4.2.24)where the asymptoti variane �2n is de�ned by�2n = 1n nXi=1 i4s�2i(i2s + n 2s2s+1 )2� 1n nXi=1 i2si2s + n 2s2s+1 �2i� 1n nXi=1 � i2si2s + n 2s2s+1 � s0s �2i� 1nn� 2s02s0+1 nXi=1 i2s0�2i� Mn n� 2s02s0+1As a result the previous majoration gives an upper bound for �n:�n = OP(n� s02s0+1� 12 ) = OP(n� 2s02s0+1 )and (I) = OP(n� 2s02s0+1 )



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1512. (II) = E nXi=1 W 2i1 + n� 2ŝn2ŝn+1 i�2ŝn=Xs>s0 nXi=1 W 2i1 + n� 2sm2sm+1 i�2sm q(ŝn = s)=Xs>s00B� Xi>n 11+2s W 2i1 + n� 2sm2sm+1 i�2sm + Xi�n 11+2s W 2i1 + n� 2sm2sm+1 i�2sm1CA q(ŝn = s)�Xs>s00B�n 12s+1n + Xi>n 11+2s 1n 2s2s+1 i2s1CA q(ŝn = s)�Xs>s0�n� 2s2s+1 + n� 2s2s+1 Z 1t2s dt� q(ŝn = s)�Xs>s0�n� 2s2s+1 (1 + 12s� 1)� q(ŝn = s)� Cn� 2s02s0+1for a �nite positive onstant C and as soon as s > 12 .3. (III) = nXi=1 �2i1 + n 2s02s0+1 i�2s0� n� 2s02s0+1 nXi=1 i2s0�2i= O(n� 2s02s0+1 )4. Over the set ŝn > s0, �(ŝn) = o(n� 2s02s0+1 )Finally, we have: E nXi=1 i4ŝn�2i(i2ŝn + n 2ŝn2ŝn+1 )21ŝn>s0!+ o(n� 2s02s0+1 ) = O(n� 2s02s0+1 )whih shows that E nXi=1 i4ŝn�2i(i2ŝn + n 2ŝn2ŝn+1 )21ŝn>s0! = O(n� 2s02s0+1 )onluding the proof.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1524.3 Bayesian Estimation with WaveletsAssume that we observe a funtion f , orrupted by a white noise, at �xed points ti = in fori = 1; : : : ; n. As a result, we observe an n-dimensionnal vetor Y = (Y1; : : : ; Yn) suh that:Yi = f(ti) +Wi; i = 1; : : : ; n (4.3.1)whereWi are independent random variables followingWi � N (0; �2): Given observed disretedata, we may �nd the vetor of its sample disrete wavelet oe�ients by performing theDisrete Wavelet Transform. This algorithm, developed by Mallat in [Mal89℄ provides anorthonormal transform. As a result, the equivalent model is given by:( Xjk = �jk + �jkj1 � j � 0; k = 0; : : : ; 2j � 1; 2j1 = n (4.3.2)where �jk are independent random variables following a Gaussian N (0; �2n ): Estimating thefuntion is performed by inverting the wavelet transform and write:f(x) = j1Xj=0 2j�1Xk=0 �jk jk(x):For the wavelet model (4.3.2), we make the assumption that there exist a smoothness oe�-ient s0, and a �nite real M suh that(�jk)jk 2 �(s0) = f(�jk); Xj 22js0Xk �2jk �Mg:Consider the funtion f(x) =P(j;k) �jk jk(x) where ( jk)jk is a wavelet basis with regularityr > s0. Then suh a ondition over the wavelet oe�ients implies that the funtion fbelongs to a Besov spae Bs022 due to the haraterization of Besov spaes in terms of waveletoe�ients that an be found in [DJKP95℄. For a �xed resolution level j, if the smoothnessparameter s0 is a known quantity, we onsider, for a given sequene �2n the following prior onthe oe�ients: ( �jk � N (0; �2n2�2js0)j � 0; k = 0; : : : ; 2j � 1and the oe�ients are independent random variables, with the same prior distribution ateah level j, whih are also hosen independently from the noise �jk; 8(j; k): Suh prioran be interprated as a modelization attempt of the sparsity of the oe�ients. Indeed, asthe resolution level of the wavelet deomposition inreases, the number of non zero waveletoe�ients dereases, sine the Gaussian distribution is more and more onentrated aroundzero. Using the same ideas of what has been already done, we �nd analogous laws f. (4.2.7)by setting � 2j = �2n2�2js0. An estimator of eah wavelet oe�ient is the solution of the



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 153quadrati minimization problem. The solution of this optimization program has an expliitform: 8(j; k); �̂jk = � 2j�2n + � 2j Xjk (4.3.3)We reognize here a smoothed estimator and the asymptotis of the quadrati error are wellknown. Moreover, sine wavelet basis provides unonditional basis for a wide range of spaes,we an pay attention to onvergene for other loss funtions. The following theorem provesthe onsisteny in B�22-loss when � < s0; when only a �nite number of oe�ients is used.Indeed we onsider wavelet oe�ients between the two resolution level j0 and j1 and tryto estimate the true oe�ients using a posterior mode estimation while the higher levelsoe�ients are set to zero and the others are kept unhanged. This estimation proedure anbe easily implemented. We realled here a theorem proved in Chapter III:Theorem 4.3.1. The Posterior mode for a prior over wavelet oe�ients �jk � N (0; �2n2�2js0)for j = j0; : : : ; j1, provides a onsistent estimator with the following rate of onvergene ofa funtion f = P(j;k) �jk jk 2 Bs022. If the smoothing parameter �2n is hosen suh that�2n = n� 2s01+2s0 and the resolution level j0 = O(1) and j1 = n 12s0+1 , then there exists a �niteonstant C so that, for every 0 � � < s0:Ejj�̂ � �jj2B�22 � Cn� 2(s0��)2s0+1 :However, all our study relies on the fat that the true value of the smoothness parameter s0is known. Sine we do not want to impose suh a ondition over the model, we try to turn thismethod into an adaptive version. As it has been �rst studied by Efromovih and Pinsker in[EP80℄ or in the wavelet ase by Donoho, Johnstone, Kerkyaharyan and Piard in [DJKP95℄or in [DJ94℄, we will try to �nd an estimator ahieving optimal asymptotis without priorknowledge of its regularity. The main idea is onsidering the smoothness parameter as anhyperparameter of the model and put a prior on it. Then we will let the observations hoosea posteriori the real model between a olletion of various models. The prior law ats as apenalty in model seletion. Here we will not use a penalty over the dimension of the model,tehniques developed by L. Birgé and P. Massart in [BM97℄, but the prior we will hoosepenalizes the regularity of the model in a similar way to omplexity regularization developedby G. Lugosi and Nobel in [LN99℄. Like in the preeding setion, we start from Belitser andGhosal's result in [BG00℄. Indeed, in an alloation model Xi = �i + Wi; Pi i2s0�2i � Mdesribed in the previous setion, they show that the posterior distribution onverges at theoptimal rate of onvergene. For this, they prove an auxiliary lemma, the seletion lemma.Lemma 4.3.2. There exist integer N and a onstant  > 0 suh that for any m < 0 andn > N , E P(s = smjX) � qmq0 exp��n 1s0+sm+1� (4.3.4)As a onsequene we have P(s < s0jX)! 0: (4.3.5)



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 154in probability.Moreover they prove the following theorem, whih states the onvergene of the posteriorprobability at the minimax rate of onvergene:Theorem 4.3.3. For any sequene Mn ! 1 and for a rate of onvergene rn(s0) = n s02s0+1the posterior probability P(� : rn(s0)jj� � �0jj > Mn jX)! 0 (4.3.6)in probability as n goes to in�nity.For sake of ompleteness we reall brie�y the sketh of the proof in the appendix.Suh results are entral in our work sine we will use the same ideas in all this setion toextend them to the wavelet model (4.3.2).Set a positive onstant M . Consider a olletion of smoothness indexes S, and to every s 2 Swe assoiate the model �(s) = f� = (�jk)j;k;Pj 22jsPk �2jk �Mg. Using the de�nition of s0,this smoothness index an be haraterized among other andidates in a disrete set S by:s0 = argmax(s2S) Xj 22jsXk �2jk �M! :We hoose for prior on �(s) the same prior we had hosen on �(s0) but replaing s0 by s.On S onsider a prior q suh that q(s) > 0; 8s 2 S: We prove the following lemma, whih isequivalent to the seletion lemma in the previous paper [BG00℄.Lemma 4.3.4. There exist integer N and a onstant  > 0 suh that, for any m < 0 andn > N E�0P(s = smjX) � qmq exp ��n 2s0+sm � (4.3.7)and therefore P(s < s0jX)! 0 (4.3.8)in P�0�probability as n!1.This lemma shows that, also in the wavelet ase, the posterior probability of mishoosingthe model in favor of a less regular one tends to zero.Given this seletion lemma, the following theorem proves the onvergene of the posteriordistribution at the rate of onvergene n� 2s02s0+1 .Theorem 4.3.5. For any sequene Mn !1, the posterior probabilityP�(�jk)jk; n s02s0+1 jj� � �0jj > MnjX�! 0 (4.3.9)in P�0-probability as n goes to in�nity.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 155We have proven that the posterior mass is onentrated around the ball entered in �0 atthe minimax rate of onvergene, but the Bayesian point of view does not provide an estimatorthat an be easily onstruted. E. Belitser and S. Ghosal have proven that there exists anestimator based on the posterior distribution whih is adaptive but they do not onstrutit on a pratial point of view. Yet A. van der Vaart in [GvdV00℄ takles that problem byhoosing a maximizer of the posterior probability of a ball with a well hosen radius but theestimator found does not orrespond to the ones usually used for suh estimation problems.That is the reason why we have investigated in Setion 4.2 the hoie of the posterior Bayesestimator and given its adaptive properties.Suh results ould be extended to this model but, reently, some work has been ondutedover Bayesian estimation with wavelet oe�ients and some authors have looked at prior whihdesribe, more preisely, the sparsity properties of wavelet bases. Write � =Pjk wjk jk. Fewoe�ients an represent a large amount of information and the number of non zero oe�ientstend towards zero when the resolution level inreases. This prior information over the modelan be inorporated into the oe�ients's prior law to model suh behavior. Abramovih,Sapatinas and Silverman in [ASS98℄ onsider the following modelwjk � (1� �j)Æ0 + �jN (0; � 2j )� 2j = 12��j�j = min(1; 22��j)This model takes into aount that with a probability 1��j ! 1 when j !1 large oe�ientsare less and less numerous. The onstants are taken positive and an be hosen to maximizethe log-likelihood. The distribution funtion of the posterior law is determined byF (wjkjdjk) = 11 + �jk�0B�wjk � djk �2j�2+�2j��j=q�2 + � 2j 1CA+ �jk1 + �jk 1wjk�0with �jk = 1� �j�j q�2 + � 2j� exp�� � 2d2jk2�2(�2 + � 2j )� ;where � is the standard Gaussian distribution funtion. Due to disontinuity in 0, solvingF (wjkjdjk) = 12 , leads to posterior median:� for �jk � 1, the median is equal to 0.� the median still equals 0 under the following onditions:�jk < 112(1� �jk) ��0�� djk�j�q�2 + � 2j 1A � 12(1 + �jk):



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 156So we have Med(wjkjdjk) = sign(djk)max(0; �jk)for �jk = � 2j�2 + � 2j jdjkj � �j�q�2 + � 2j ��1 �1 + min(�jk; 1)2 � :Suh estimator is a Bayes thresholded estimator. Indeed �jk is negative for djk 2 [��j; �j℄ sothe posterior median is set to zero when the observed oe�ient is below a �xed level.This model is the limit model of the one proposed by Chipman in [CW99℄ or Ruggeri andVidakovi in [RV99℄. As a matter of fat, these authors onsider the following prior:wjkjjk � jkN(0; 2j� 2j ) + (1� jk)N(0; � 2j )jk � Bern(pj)2j >> 1:It is omposed of a mixture of two Gaussian variables, one onentrated around zero standsfor small oe�ients while the other is wide spread and represents large oe�ients whih arevanishing with probability pj. The estimator studied is the posterior mean:wjkjdjk; jk = 1 � N( 2j� 2j�2 + 2j� 2j djk; �2� 2j 2j�2 + 2j� 2j )wjkjdjk; jk = 0 � N( � 2j�2 + � 2j djk; �2� 2j�2 + � 2j ):So it implies that E(wjkjdjk) = Ejk jŵjkE(wjkjdjk; jk)= P(jk = 1jdjk) 2j� 2j�2 + 2j� 2j djk+P(jk = 0jdjk) � 2j�2 + � 2j djk:So the estimator is a smoothed estimator. The onstants of the law an also be hosen tomaximize the log-likelihood. But, due to the struture of the prior, EM algorithm, desribedby Dempster, Laird an Rubin in [DLR77℄ an be used. Clyde and Geoges in [CPV98℄ or Nealand Hinton in [KCGN98℄ have used suh algorithm. MCMC algorithm an also be used, as itis suggested by Müller and Vidakovi in [MV99℄. Suh methods lead to good numerial results.The asymptoti rate of onvergene has only been proved very reently by I. Johnstone andB. Silverman in [JS01℄. As a onsequene, their result takes into aount the properties ofwavelets bases when representing funtions with Besov-type regularity.To extend the sope of this method, we should fous on either very regular funtions, seeSetion 4.4, or very irregular funtions suh as the multifratal funtions. We give some hintsin the last hapter, Chapter V but most of the work is still in progress.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1574.4 Super smooth funtionsWe onsider in this part a lass of funtions, analyti funtions, whih has been originallystudied by B. Levit in [GL96℄ and we will try to adapt previous result to this estimationproblem. Consider a parameter  > 0, we make the assumption that there exists a basissuh that the funtions f an be written f = Pj �j j and suh that the oe�ients satisfy� = (�i)i�1 belongs to the spae � = f(�i)i; 1Xi=1 ei�2i �Mg (4.4.1)So de�ne the true  as the largest real in a olletion of indexes � suh that the preedingsum is onvergent.  = argmaxt2� ft; 1Xi=1 eti�2i � MgThis model appears in mixture problem or in exponential family problems. Our aim is stillto estimate the in�nite dimensional parameter of interest � = (�i)i�1 using the Maximum aposteriori estimator.De�ne the prior �i � N (0; � 2i ) where we have set � 2i = �2ne�i. Following the guidelines of thepreeding work, we �nd 8i � 1; �̂i = 11 + �2�2nneiXi (4.4.2)This estimator is onvergent and the following theorem gives its asymptoti behavior.Theorem 4.4.1. In the exponential model hypothesis (4.4.1), the estimator orresponding tothe maximum of the posterior law is onvergent at the following rate of onvergene: thereexist a onstant C <1 so that 8� > 0 we haveEjj�̂ � �jj22 � C log(n)n :We reall that in that model we have: to every  2 �, we assoiate a orresponding model�() = f� 2 l2; nXi=1 ei�2i � Mg: is onsidered as an hyperparameter of the model. In the non adaptive ase where 0, thetrue value of the regularity oe�ient is known, the maximum a posteriori estimator is de�nedby 8i; �̂i = 11n + �2neiXi:It onverges at a rate of onvergene as lose as possible to the parametri rate of onvergene.Now onsider q();  2 � a prior distribution over � = fm; m 2 Zg: This time, the seletionlemma does not hold for this model and a similar method does not apply. E. Belitser andB. Levitt in [BB01℄ have solved this issue by using an empirial Bayes method based on amarginal of the joint distribution.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 1584.5 AppendixProof of Theorem 4.3.3Proof. P(rn(s0)jj�̂(s)� �jj > MnjX) = P(rn(s0)jj�̂(s)� �jj > Mn; s > s0jX) (I)+P(rn(s0)jj�̂(s)� �jj > Mn; s = s0jX) (II)+P(rn(s0)jj�̂(s)� �jj > Mn; s < s0jX) (III)for rn(s0) = n s02s0+1 the optimal rate of onvergene and Mn a sequene, growing to in�nity.The seond term (II) an be easily handled using the results of the preeding subsetion,proving the onvergene of the estimator at the minimax rate of onvergene rn(s0), and aChebyhev's inequality:EP(rnjj�̂(s)� �jj > Mn; s = s0jX) � E(jj�̂(s0)� �jj2)r2n(s0)M2n� r2n(s0) 1M2nr2n(s0)� 1M2n� �for any � as soon as Mn is large enough.The last term (III) goes to zero due to a lemma in [BG00℄ alled the seletion lemma wherethey prove that the smoothness of the model is never underestimated, i.eP(s < s0jX)! 0:The �rst term (I) is proved to go to zero using a theorem proved by van der Vaart in [GvdV00℄and realled below, depending on the hoie of the prior on S whih de�nes the spae �.Theorem 4.5.1. Suppose we have i.i.d observations Y1; Y2; : : : from a distribution P havinga density p 2 P.Let H the Hellinger distane and � a prior on P and �P � P: Let �n ! 0 andn�2n !1. Let D(�;S; d) the largest m suh that there exist s1; : : : ; sm 2 S with d(sj; sk) > �for j 6= k. Then if we make the assumptions thatlogD(�n; �P; H) � 1n�2nand also that ��P;� Z log pp0dP0 � �2n; Z (log pp0 )2dP0 � �2n� � 2e�3n�2nwe have for a large M � �P 2 �P; H(P0; P ) � M�njY1; : : : ; Yn�! 0in P0 probability.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 159The �rst ondition is an entropy ondition over the lass �P sine if we onsider N(�;S; d)the minimal number of balls for an �-overing of the set S we have:N(�;S; d) � D(�;S; d) � N(�=2;S; d):The seond term means that the prior distribution puts enough mass near P0 where �enough�is measured in terms of Küllbak-Leibner distane and quadrati norm of the log-likelihood.Belitser and Ghosal use this theorem with � = Pm>0 qm�m, P = f� 2 l2g, and �P = f� 2l2; Pni=1 i2s0�2i <1g; and onlude the proof by the equivalene of Hellinger distane and l2norm for alloation models, proved by Ghosal and Belitser in [BG00℄.Proof of Lemma 4.3.4Proof. The proof follows the guidelines of the proof by Belitser and Ghosal in [BG00℄. Bythe martingale onvergene theorem in [Wil91℄ we haveP(s = smjX) = limi!1P(s = smjX1; : : : ; Xi) a:sP�:So, if we assume that P� and P�0 are mutually absolutely ontinuous, we an alulate theposterior probability. Suh an assumption an be proven by probabilist arguments as in[BG00℄. By Bayes theorem we have:P(s = smjX1; : : : ; Xi)= qmQij=1Q2j�1k=0 (�2n + 2�2jsm)�1=2 exp(�12(�2n + 2�2jsm)�1X2jk)P1m=�1 qmQij=1Q2j�1k=0 (�2n + 2�2jsm)�1=2 exp(�12(�2n + 2�2jsm)�1X2jk)� qmq0 Qij=1(�2n + 2�2jsm)�2j�1 exp(�12(�2n + 2�2jsm)�1P2j�1k=0 X2jk)Qji=1(�2n + 2�2js0)�2j�1 exp(�12(�2n + 2�2js0)�1P2j�1k=0 X2jk)For reasons of simpliity, we onsider �2 = 1. Setaj = (�2n + 2�2jsm)�1 � (�2n + 2�2js0)�1:Sine the random variables Xjk are independent, and using the following majoration: if X isa random variable distributed as N (�; �2), then for every � > ��2E �exp(��2X2)� = 1p1 + ��2 exp�� �2�2(1 + ��2)�



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 160we have the following inequalityE�0P(s = smjX)= limi!1E�0P(s = smjX1; : : : ; Xi)� qmq0 1Yj=1vuut �2n + 2�2js0�2n + 2�2jsm!�2j (1 + ajn )�2j�1 exp �aiP2j�1k=0 �2jk2(1 + ajn ) !� qmq0 1Yj=1 �1 + aj2�2js01 + ajn �2j�1 exp �ajP2j�1k=0 �2jk2(1 + ajn ) !!� qmq0 exp0�12 1Xj=1 aj1 + ajn 2j�1Xk=0 (2�2js0 � �2jk)1A� qmq0 exp0�12 1Xj=1 2�2js0 � 2�2jsm2�j(s0+sm) + 2n�12�2js0 + n�2 2j�1Xk=0 (2�2js0 � �2jk)1AWe have used that 1 + x � exp(x). We notie that the same inequality holds for a generi l.E�0P(s = smjX) � qmql exp0�12 1Xj=1 2�2jsl � 2�2jsm2�2j(sl+sm) + 2n�12�2jsl + n�2 2j�1Xk=0 (2�2jsl � �2jk)1ANow divide this sum into two terms and de�neS1 = 1Xj=1 2�2js0 � 2�2jsm2�2j(s0+sm) + 2n�12�2js0 + n�2 2j�1Xk=0 2�2js0; (4.5.1)S2 = � 1Xj=1 2�2js0 � 2�2jsm2�2j(s0+sm) + 2n�12�2js0 + n�2 2j�1Xk=0 �2jk: (4.5.2)Remark that:� 2�2js0 � 2�2jsm < 0� as soon as j � 1s0�s�1 we have2�2js0 � 2�2jsm � �12 2�2jsm� 8j � n 2s0+sm the �rst term in the denominator of the ommon fration is dominant, so2�2j(s0+sm) � 2n�12�2js02�2j(s0+sm) � n�2:



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 161Using these three inequalities, we obtain that:S1 � � 112n 2s0+sm :S2 =Xj�1 2�2jsm2�2j(s0+sm) + 2n�12�2js0 + n�2 Xk �2jk�Xj�j1 22js0Xk �2jk +Xj>j1 n22�2jsmXk �2jk� j1M + n2Xj>j1 2�2j(s0+sm)2js0Xk �2jk� j1M + n2Xj>j1 2�2(k+1)(sm+s0)22js0Xk �2jk� 124n 2s0+smfor n large enough sine the last sum is onvergent. So with these two majorations theseletion lemma is proved in the wavelet ase.proof of theorem 4.3.5Proof. The only thing that remains to be seen is the adaptation of van der Vaart's theorem(4.5.1) that has been realled previously.First of all, the entropy ondition is satis�ed sine the entropy of a Besov body Bs21 has beenalulated by Birgé and Massart in [BM00℄ and one has:Lemma 4.5.2. For a onstant A depending on p and s > 1=p� 1=2,H(Æ;Bsp;1) � AÆ� 1s ; Æ > 0: (4.5.3)Seond, sine the setf�; �E�0 �log dP�dP�0 (Y )� � �2; E�0 �log dP�dP�0 (Y )�2 � �2gontains fjj� � �0jj2 � �g, we have to evaluate P�0(jj� � �0jj2 � �2). For simpliity reasons,write P0 = P�0 . P0(jj� � �0jj2 � �2)�P0(Xj�JXk j�jk � �0jkjj2)P0(Xj>JXk j�jk � �0jkjj2)



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 162On the one hand, under P�0, the variables �jk��0jk = Wjk are independent Gaussian variablesfollowing a law N (0; 2�2js). We notie thatP0(Xj�JXk W 2jk � �2)= ZPj�JPkW 2jk��2 Yj�J; k�(2�)�1=222js0=2 exp(�1222js(wjk + �0jk)2)dwjk�� Yj�J; k �(2�)�1=222js=2� ZPj�JPkW 2jk��2 Yj�J; k exp(�22js(w2jk + (�0jk)2))dwjk� Yj�J; k �(2�)�1=222js=2� ZPj�JPkW 2jk��2exp(�Xj�J 22jsXk (w2jk + (�0jk)2))dwjk� Yj�J; k �(2�)�1=222js=2� exp(�Xj�J 22jsXk (�0jk)2) ZPj�JPkW 2jk��2exp(�Xj�J 22jsXk w2jk)dwjk� Yj�J; k �(�)�1=2� exp(�Xj�J 22jsXk (�0jk)2) ZPjk 2�2js�1V 2jk��2exp(�12 Xj�J;k v2jk)dvjk� �� 12PJj=0 2j exp(�Xj�J 22jsXk (�0jk)2)P(Xj�J;k 2�2js�1V 2jk � �2):where Vjk are standard Gaussian random variables. Suh result is similar to the majorationgiven by Shen and Wasserman in [XS98℄.On the other hand we have,P0(Xj>JXk (� � �0jk)2 � �2)� P0(Xj>JXk 2(�2jk + (�0jk)2) � �2)� P0(Xj>J 2 22js022Js0 Xk (�0jk)2 + 2Xj>JXk �2jk � �2)� P0(2Xk �2jk + 22�2Js0M � �2)� P0(2Xk �2jk � �2=2)where J is hosen J � J1 in order to have 2�2Js0M � �2=4: Using Chebyhev's inequality,there exists J2 so that Pj>J2; k j�jkj2 � �2=4 with probability1� 4=�2 Xj>21; kEj�jkj2 � 12 :So for J large enough, the two onditions of theorem 2.1 in [GvdV00℄ are ful�lled, so thetheorem applies in the wavelet ase whih proves the onvergene of the posterior probabilityin P�0-probability.



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 163Proof of Theorem 4.4.1Proof. We reall the form of the estimator: �̂i = 11+ �2�2nn eiXi.Ejj�̂ � �jj22 =Xi�1 � �2n�2n + � 2i �i�2 +Xi�1 � � 2i� 2i + �2n�2 �2n= T1 + T2:As preedingly, we have the following majorations:T1 � Mn�2nwhere we have used the de�nition of the set �.The seond term an be ompared with an integral. Using that, for all � > 0, there exist a�xed onstant A(�) = A and M1 <1 suh that8x � A; log(1 + x) � Ax�we have: T2 =Xi�1 �2n � 11 + �2n��2i �2=Xi�1 �2=n(1 + �2ein�2n )2� �2 1n �n�2n�2 ��� C1 �2�nn1��for a onstant C1. We �nd the following majoration: there exists a �nite onstant C suhthat Ejj�̂ � �jj22 � C( 1n�2n + �2�nn1�� ):If the smoothing parameter �n is hoosen suh that �2n = n� �1+� we have the rate of onvergeneEjj�̂ � �jj22 � Cn� �1+� :If we go into the details of the previous alulations and keep the logarithmi term, we an�nd the optimal trade-o� parameter whih gives the optimal rate of onvergene onluding



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 164the proof.: Ejj�̂ � �jj22 � T1 + T2� Mn�2n + �2n  log(1 + n�2n�2 )� 11 + �2n�2n !� Mn�2n + �2n log(1 + n�2n�2 )� Mn�2n +  �2n log(n�2n�2 )� A�2 log(n=�2 )nfor n � N and a �nite positive onstant A.
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CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1665.1 Wavelet estimation of a multifratal funtionAbstratWe prove that multifratal funtions, haraterized by their wavelet representationan be estimated in the white noise model by a Bayesian estimation method. We give rates ofonvergene for two di�erent models. Finally, we estimate the parameters of the model usingEM-algorithm.AMS 1991 subjet lassi�ations. Primary: 60G17, Seondary:62G07Key words and phrases. Multifratal analysis, Bayesian statistis, Wavelet Bases5.1.1 IntrodutionIn the last deade many emphasis have been plaed on non parametri estimation by waveletmethods. The reasons of the suess of wavelets in non parametri statistis are mainlytwofold. First, wavelet basis are unonditional basis of at most all usual funtion spae[Mey87℄. Further, estimates built on wavelets are easy to ompute [Mal89℄ and are asymp-totially optimal [DJKP95℄, [HKPT98℄, [DJ96a℄.In this paper, we will fous on wavelet estimates of very irregular funtions namely multi-fratal funtions. Roughly speaking, a multifratal funtion is a funtion whose Hölder loalregularity index does not range in a singleton. That means that the funtion may be veryregular in some areas while it is very irregular in others. Suh funtion with rapid hanges ofregularity have been �rst introdued to modelize physial phenomena as turbulene [BAF+91℄,or net events as the road or data tra� [RCRB99℄. A way to study these funtions is themultifratal analysis �rst introdued in [FP85℄. This analysis is onerned with the reparti-tion of points having a given regularity.Ja�ard et al [ABJM99℄,[Jaf00b℄,[Jaf00a℄, [AJ01℄ or Roue� in [Rou01℄ have reently shown thatlaunary random series built on wavelets have multifratal properties. In others words, usingwavelets, they built a random proess having trajetories in a multifratal set of funtions.That is a probability measure P on this set. We will onsider here an unknown funtion f �lying in the support of P. In the frame of the Gaussian white noise model built on f �, weperform and study Bayesian proedures with prior P. We show that the Bayesian estimateonverges in L2 in mean and give the rate of onvergene using a model whih di�ers fromthe one reently studied by Sapatinas et al [ASS98℄ and Johnstone et al [JS01℄.The paper is organized as follows. In the next Setion we �rst reall some topis on multifra-tal analysis. Then, following Ja�ard et al we present some launary random wavelet serieshaving multifratal properties. Setion 5.1.3 is devoted to the study of Bayesian estimatesbuilt with the priors of Setion 5.1.2. Setion 4 is devoted to numerial simulations. In Setion5.1.5, we study the statistial multifratal models in a parametri frame.



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1675.1.2 Multifratal wavelet modelsMultifratal formalismIn this paper, we will always work with funtion on [0; 1℄. To begin with, let �rst introduesome useful de�nitions around multifratal funtions.De�nition 5.1.1. Let f be a funtion on [0; 1℄.1) Let x0 2 [0; 1℄ and h � 0, the set Ch(x0) is the set of all funtions f on [0; 1℄ suh thatthere exist a polynomial P of degree less than h and a neighborhood V of x0 satisfyingjf(x)� P (x)j = O (x� x0)h (x 2 V ):2) Let hf (x0) = supfh � 0; f 2 Ch(x0)g andEh = fx 2 R; hf(x) = hg (h � 0):The spetrum of singularity df of f is the funtion on R+ whih assoiates to eah h � 0the Haussdorf dimension of the set Eh.Multifratal analysis of a funtion was �rst introdued in a physial frame in [FP85℄.Given a funtion f , one of the main goal of this analysis is the omputation of the spetrumof singularities df . When df does not vanish in at least two points we say that f is multifratal.The spetrum of singularities of a funtion f is a relevant quantity to desribe the smoothnessvariation of f . Multifratal funtions an be onstruted using their deomposition onto anappropriate wavelet basis as it is done by Arnéodo, Bary and Ja�ard in [ABJM99℄ or in[Jaf00a℄ and [Jaf00b℄. Sine we pay attention on funtion on [0; 1℄, we will onsider periodizedwavelets desribed by Daubehies in [Dau92℄. Following Daubehies we de�ne ~ a wavelet inthe Shwartz lass with enough vanishing moments, and onstrut the periodized wavelet (x) =Xl2Z ~ (x� l):The funtions  jk =  (2jx� l); 8j 2 N ; k 2 [0; 2j � 1℄ are obtained from the �rst waveletby dilatation and translation. Then (2j=2 jk)(j;k) provides an orthonormal basis of the Hilbertspae L2([0; 1℄) (observe the presene of a normalizing fator 2j=2). Let f 2 L2([0; 1℄) on onehand, its wavelet oe�ients may be omputed aswjk = 2j Z 10 f(t) jk(t)dt (j 2 N; k 2 [0; 2j � 1℄):On the other hand, f may be reonstruted using its wavelet oe�ientsf =Xj 2j�1Xk=0 wjk jk (5.1.1)



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 168Using this wavelet representation, we now turn on the onstrution of random funtionsexhibiting multifratal properties. This will be done onsidering sparse random wavelet series.First let de�ne some funtions quantifying sparsity that will be useful in our study. Let(wj;k)j2N; k2[0;2j�1℄ be any sequene of real numbers, we set for a positive real number �:Nj(�) = #fk; jwjkj � 2��jg (5.1.2)�(�) = inf�>0 lim supj!1 log2(Nj(� + �)�Nj(�� �))j ; (5.1.3)where log2 is the base 2 logarithm (hereafter, log will denote the natural logarithm). Roughlyspeaking, for large j there are about 2�(�)j oe�ients (wj;k)j2N of size of order 2��j.The random funtions used in this paper are obtained as follows. Let �j; j 2 N be a repartitionfuntion on R. Further, let (Xjk)k=1;:::;2j be 2j independent random variables having ommondistribution �j. Now, build a random funtion F using the reonstrution formula (5.1.1)with for any j 2 N ; k = 1; : : : ; 2j jwjkj = 2�jXjk . To study the multifratal properties of therandom funtion F , Aubry and Ja�ard [AJ01℄, [Jaf00b℄ introdued the following funtions:~�(�; �) = lim supj!1 log2(2j�j[�� �; � + �℄)j= 1 + lim supj!1 logP(Xjk 2 [�� �; � + �℄)j~�(�) = inf�>0 ~�(�; �)One of the main assumption on (�j)j2N in [Jaf00b℄, [AJ01℄ is that the support of the waveletoe�ient distribution is ompat. Under some additional hypothesis, Ja�ard et al provethat the two quantities � and ~� are equal and that the spetrum of singularity of F an bealulated. Indeed we have, for all h > 0dF (h) = h sup�2(0;h℄ �(�)� (a.s.): (5.1.4)More reently, this result has been extended for Gaussian oe�ients by Aubry and Ja�ardin [AJ01℄.Multifratal ModelLet P be the probability distribution on the Borel measurable spae L2([0; 1℄) indued bythe previous random serie. In this paper, we will made Bayesian inferene with P on varioussimple funtional statistial models. These models will satisfy assumptions warranting that(5.1.4) holds. These simple multifratal models will be haraterized by two parameters �and � in [0; 1℄. On one hand � will desribe the launarity of the wavelet series (that is itssparsity). On the other hand the oe�ient � will be inversely proportional to the intensityof the value of the wavelet oe�ients. These parameters will ompletely haraterize thespetrum of singularity of the random funtions involved. We now introdue and disussthese models.
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Figure 5.1: Multifratal proessBernoulli onstrained model The �rst simplest model is an exat representation of thestruture of the multifratal proesses desribed in term of wavelet series by S. Ja�ard in[Jaf00b℄. At eah resolution level j, pik at random [2�j℄ loations among the 2j waveletoe�ients, and put these oe�ients to the value 2��j while the 2j � [2�j℄ are setted tozero. This hoie of oe�ients is made independently between eah level. Generating afuntion with this method may seem too restritive. However, suh proesses appear naturallywhen studying multifratal proesses and their spetrum of singularity an be desribed usingparameters � and �. As a matter of fat, using (5.1.4), the assumptions over the waveletoe�ients lead to the following spetrum of singularities.8h 2 [�; �1� � ℄; df(h) = 1� �� h: (5.1.5)The Bernoulli onstrained model enables us to modelize funtions with a linear spetrum ofsingularity.In �gure 5.1 we plot a realization of a multifratal funtion of the Bernoulli onstrained model.The launarity oe�ient is � = 0:4 while � = 0:3.Gaussian extension to Bernoulli onstrained model The seond model we onsideris an extension of the previous one. It allows more �exibility in the hoie of the wavelet



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 170oe�ients: in the �rst desription, they ould only take two values: either 2��j or 0. Here,we allow non zero oe�ients to take values di�erent from 2��j but still lose to that value.Hene, we onsider that these oe�ients are distributed following a Gaussian random variableentered in 2��j with variane �2j > 0 (N �2��j;�2j�). The other oe�ients are still equalto zero. Suh model is a generalization of the �rst rough model. It is desribed in Aubry andJa�ard [AJ01℄.Towards a mixture model Further we may onsider the more general frame where at eahlevel j the wavelet oe�ients form an i.i.d. sample drawn from of simple mixture distribution.Where this mixture depends only on j and on two parameters: the launarity parameter � andthe intensity parameter �. Assuming that these parameters are unknown, their estimation isan interesting statistial problem. This will be onsidered in the forthoming paper [GL01℄.One simple ase is the Gaussian model onsidered in the previous subsetion where at level jthe mixture distribution is2(��1)jN �2��j; �2n�+ (1� 2(��1)j)N �0; �2n� :In Setion 5.1.5 we will desribe a blok likelihood method for estimating the parameters �and � and the orresponding E.M.-algorithm.The two last models provide funtions whose spetrum of singularity has the same expressionas in the Bernoulli onstrained model in (5.1.5).Remark 5.1.2. The launar random wavelet serie f � = Pjk w�jk jk, where the wavelet o-e�ients are drawn aording to the previous statistial model, is suh that, for a positive p,there exists a �nite positive onstant C:2j�1Xk=0 Ejw�jkjp � C2(��p+�)j:This emplies that the funtion f � belongs a.s to the sparse Besov spaes Bsp1 for s � �+ 1��p .General referenes about Besov spaes are Besov, Ill'in and Nikol'skii [BIN78℄, Triebel [ET92℄or DeVore and Lorentz [DL93℄.5.1.3 Bayesian estimationAssuming that a multifratal funtion f � is drawn from the Bernoulli onstained model (orits extension), our aim is to estimate this funtion when it is observed in the white noisemodel. This will be performed using the maximum a posteriori estimator. In the white noisemodel, we observe the wavelet oe�ients w�jk of the funtion f � together with a Gaussianwhite noise �jk with variane �2n where n is the number of observations. We assume thatthe observations are dyadi and n = 2j1, (j1 > 0). Reall that the wavelet oe�ients areobtained from disrete regression model Yi = f �(i=2j1) +Wi; i = 1; : : : ; n by performing the



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 171Disrete Wavelet Transform (DWT). Suh transform is performed by Mallat's fast algorithm[Mal89℄ that requires only O(n) operations. Hene, the observations ared�jk = w�jk + �jk; j = 0; : : : ; j1; k = 0; : : : ; 2j � 1The prior distribution is de�ned on the spae of wavelet oe�ients. A posteriori mode is theBayesian estimator. that maximizes the posterior likelihood (the law of the oe�ients giventhe observations). We fouss our study on the properties of the a posteriori mode. We �rstonsider the Bernoulli onstrained model.Bernoulli onstrained modelGiven � > 0 and � > 0, at eah �xed level j > 0, we set randomly [2�j℄ oe�ients wjk to thevalue 2��j and the other oe�ients to zero. So that at level j, the wavelet oe�ients of theunknown funtion f � lies in the set
j = f! = (!k)k=0;:::;2j�1 2 f0; 2��jg; 2j�1Xk=0 !k = 2(���)jg:We take as prior probability on this set the uniform one. Hene if wj = (wj1; : : : ; wj 2j�1)0 ,then 8! 2 
j; P(wj = !) = 1C [2�j ℄2jso at eah level, the oe�ients follow the uniform priorwj � 1C [2�j ℄2j X!2
j Æ!:For ! 2 
j, the anonial distribution of dj = (dj1; : : : ; dj2j�1)0 given f!j = !g is the Gaussiandistribution N(!; �2Id2j ): Given dj = d�j , the posterior distribution puts the weight:exp(� 12�2 jjd� � wjj2)C [2�j ℄2j Pwj2
j exp(� 12�2 jjd� � wjj2)on the on�guration ! 2 
j. So the posterior mode ŵj satisi�esŵj = argmaxw2
j p((wj)jd�j)= arg minw2
j� log p((wj)jd�j)= arg minwj2
j 12�2 2jXk=0 jd�jk � wjkj2; (5.1.6)



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 172where p(:jd�j) is the posterior density with respet to the uniform measure on 
j. With thepartiular form of the optimization problem (5.1.6), we reognize a onstrained least squaresestimator. To solve this minimization problem, �rst observe that: jxj < jx� 2��jj if and onlyif x < 2��j�1: Hene, a good andidate to be solution of (5.1.6) ould be the thresholdedestimator ŵjk = 2��j1d�jk>2��j�1But this estimator does not neessarly satis�es the onstraint that the number of its non zerooe�ients is equal to [2�j℄.To take into aount this onstraint, sort, for eah given j, the d�jk's in a dereasing order:d�(0) � � � � � d�([2�j ℄) � : : : d�(2j�1)and estimate the [2�j℄ �rst oe�ients by 2��j and the others by zero. This estimation isthe solution to the minimization riterium. We may think that the obtained estimator is notvery e�ient, sine the estimated oe�ients are very far from the observations and largeoe�ients are not represented. But we have to keep in mind that we estimate a multifratalfuntion with representing oe�ients numerous but lose to zero. Suh an estimator anbe viewed as a hard-thresholding wavelet estimator similar to the ones studied by Donoho,Johnstone, Kerkyaharian and Piard in [DJKP97℄ or in [DJKP95℄ and in [DJKP96b℄. Butthe threshold level is random and depends on the data at eah level. Indeed the nonparametriestimator of f � obtained by this method is:f̂n = j1Xj=0 2jXk=0 2��j1jd�jkj�d�(j[2�j ℄)where 2j1 = n.For simpliity reasons we �x a resolution level j > 0 and forget indexes in j for a while. Writen = 2j, p = 2�j and, for x = (x1; : : : ; xn)0 2 Rn de�ne k 2 f1; : : : ; ngn a vetor of indies suhthat, xki 6= xkj for i 6= j, we have xk1 � xj2 � � � � � xkn :Indeed k1 is the position of the greatest value of (xi)i=1;:::;n, k2 the position of the seondlargest oe�ient and so on. Set k� = (k�1; : : : ;k�n) the order indies of the true on�gurationat a �xed level j, whih gives the position of the wj: in the dereasing order. Set alsok̂ = (k̂1; : : : ; k̂n) the on�guration of the observed data, so we now haved�̂k1 � d�̂k2 � � � � � d�̂kn :Aording to our former alulations, the estimator maximizing the posterior likelihood is de-�ned by the estimated oe�ients (ŵjk), where for at eah level the estimators (ŵjk)k=0;:::;2j�1are given by: (ŵjk = 2��j ; if k 2 fk̂0; : : : ; k̂pgŵjk = 0 ; if k 2 fk̂p+1; : : : ; k̂ng: (5.1.7)



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 173So the quality of our approximation will depend on the quality of the estimation of the trueposition of the maximal wavelet oe�ients.The following theorem desribes the behavior of our nonparametri estimator.Theorem 5.1.3. Assume that the multifratal funtion f � = Pj1j=0P2j�1k=0 w�jk jk has beendrawn aording to the Bernoulli onstrained model. Assume also that � < 12 . De�ne �j1 theprojetion operator onto the spae Vj1 with 2j1 = n. Then there exist positive �nite onstant and 1 suh that: Ek�j1f � � f̂nk22 � 1 exp(�2n1�2�)n�+1�2� (5.1.8)Remark 5.1.4. The ondition � < 12 implies that the wavelet oe�ients an not be toosmall. Otherwise, the funtion f � an not be di�erentiated from the noise whih prevents anyestimation.Corollary 5.1.5. Assume that � < 12 . The rate of onvergene of the estimator f̂n is givenby the remainder term Pj>j1 2�j(w�jk)2. Indeed, there exists a positive �nite onstant 2 suhthat: Ekf � � f̂nk22 = OP  Xj>j1 2�j(w�jk)2!= OP �2n�(1��+2�)�whih goes to zero when n goes to in�nity.Corollary 5.1.6. Assume that � < 12 . A straightforward appliation of Borel-Cantelli'slemma gives that f̂n ! f � a.s .The proof follows from linking this estimation method and luster analysis of a Gaussianmixture. As a matter of fat, due to orthonormality of wavelet basis we have the following



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 174deomposition:Ejjf̂ � �j1f �jj22 = EX(j;k) 2�jjŵjk � w�jkj2= EXj 2�j 2j�1Xl=0 jŵjkl � w�jk�l j2= EXj 2�j0� pjXl=0 jŵjk�l � 2��jj2 + 2j�1Xl=pj+1 jŵjk�l j21A=Xj 2�j2�2�jE0� pjXl=0 1k�l =2fk̂0;:::;k̂pj g + 2j�1Xl=pj+1 1k�l 2fk̂0;:::;k̂pj g1A=Xj 2�j2�2�j0� pjXl=0 P(k�l =2 fk̂0; : : : ; k̂pjg) + 2j�1Xl=pj+1P(k�l 2 fk̂0; : : : ; k̂pjg)1A�Xj 2�j2�2�j �[2��j℄P(dk�0 < dk̂pj ) + (2j � [2�j℄)(1�P(dk�2j�1 < dk̂pj ))�� T1 + T2:where we have set pj = [2�j℄� 1; and use the independene of the random variables betweeneah group. Suh majorations give rise to another statistial problem that an be desribedas follows and is similar to the one desribed by M Lahlan in [ML82℄:Consider n random variables, Xi; i = 1; : : : ; n belonging to two di�erent populations suhthat X1; : : : ; Xp| {z }(I) ; Xp+1; : : : ; Xn| {z }(II) (5.1.9)where the population (I) onsists of independent Gaussian variables N (a; �2) and the pop-ulation (II) onsists of independent Gaussian variables N (0; �2). Moreover, the two groupsare assumed to be independent. We onsider a dereasing reordering of the variablesX(1) � � � � � X(p) � � � � � X(n) (5.1.10)This model is a mixture model, as de�ned by M Leish and Small in [MS86℄, where we knowpreisely the di�erent proportions and the values of the di�erent means. If no assumptionswere made, we ould use well-known tehnis developed by Basford and M Lahlan in [BM85℄to run a EM-algorithm [DLR77℄ in order to estimate both a and �2.The link between the two problems is the following: at eah �xed level j the wavelet oe�ientsan take two di�erent values a = aj = 2��j or 0 whether they are reognized as part of thepj + 1 = [2�j℄ greatest oe�ients. So if we resale the oe�ients by multiplying them bythe same parameter pn� , the estimation problem turns to be a lassi�ation problem of Xk



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 175random variables following Gaussian laws N (0; 1) or N (pn� a; 1). Our aim here is to boundthe error of mislassifying a variable. Hene, we want to bound the following quantitiesP(dk�0 < dk̂pj ); and P(dk�2j�1 < dk̂pj ) (5.1.11)whih an be rewritten using the luster analysis formalism:P(X1 < X(p)); and P(Xn < X(p)): (5.1.12)If we de�ne the rank statistis Ri; i = 0; : : : ; n � 1 the two probabilities an be rewrittenas P(R1 < p) and P(Rn < p). Suh problem has been studied very early in statistis (seeGumbel in [Gum58℄ for example). The following lemma gives a �rst rough majoration of theerrors that will be su�ient in our work. The proof follows from straightforward ombinatoryalulations:Lemma 5.1.7. (P(X1 < X(p)) � (n� p)P(X1 < Xp+1)P(Xn < X(p)) � P(maxi>pXi < mini�pXi):We have made the assumption that the funtion to be estimated is signi�ant, in the sensethat it an be distinguished from the white noise. Suh assumptions imply that the waveletoe�ient an not be too small so we impose the ondition1� 2� > 0:With this hypothesis, the two groups of Gaussian variables an be di�erianted sine the meanmn = 2j1=2��j goes far from zero quikly enough.The following lemma whose proof an be found in the appendix desribes the asymptotibehavior of the two previous probabilitties.Lemma 5.1.8. There exist two �nite positive onstants 1 and 2 suh thatP(X1 < X(p+1)) � 1exp��m2n4 �P(Xn > X(p)) � 2 exp��m2n4 � :Putting together all the results we obtain:T1 �Xj�j1 2�j2�j�2�jP(X1 < X(p))�Xj�j1 2(��2�)j2� j12 2�j exp(�2j1�2�j4 )� exp(�2j1(1�2�)4 )2(���� 12 )j1



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 176But sine 1�2� > 0 we an onlude that T1 goes to zero with exponential rate of onvergenewhatever the value of � may be. For the seond term we have the following bound:T2 �Xj�j1 2�2�jP(Xn > X(p))�Xj�j1 2j(1+��2�) exp(�22j1�2�j)� exp(�22(1�2�)j1)2(1+��2�)j1With the same assumption over �, the last inequality proves that T1 ! 0 at an exponentialrate.Gaussian ModelUp to now, we have tried to reover funtions whose wavelet oe�ients an only take twovalues: 0 and 2��j. From now on, we extend our results to the ases where we allow non zerooe�ients to take values di�erent from 2��j as it stated in Setion 5.1.2. As a result we mayrewrite the model as follows. Let Fj = (fjk)k=0;:::;2j�1; j = 0; : : : ; j1 a random variable withvalues on the set f0; 2��jg following an uniform law over the set 
j desribed in Setion 3.1.Let (zjk); j = 0; : : : ; j1; k = 0; : : : ; 2j � 1 independent Gaussian variables N �0;�2j�, takenalso independent from the noise. The variane �j > 0 are suh that Pj 2�j�2j < 1. Theoe�ients of the observed random funtion f � =Pj1j=0Pk w�jk jk are:w�jk = f �jk + z�jk1fjk 6=0; j = 0; : : : ; j1; k = 0; : : : ; 2j � 1 (5.1.13)We observe this funtion with a Gaussian additive noise:( d�jk = w�jk + �jkj = 0; : : : ; j1; k = 0; : : : ; 2j � 1 (5.1.14)We propose to use an estimator lose to the maximum a posteriori estimator used previouslywith a slight hange: we try to determine the highest oe�ients that will be non zero andthen smooth them in order to give a good estimation. The ideas of the smoothing e�et omefrom the following obvious lemma.Lemma 5.1.9. Consider two independent Gaussian variablesX � N �m1; �2� ; Y � N �m2; �2�We have E(XjX + Y ) = m1 + �2�2 + �2 (X + Y � (m1 +m2))Var(X � E(XjX + Y )) = �2�4 + �4�2(�2 + �2)2



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 177To estimate f �, we use the following estimator:f̂n = j1Xj=0 2j�1Xk=0 ŵjk jkwhere: ŵjk = 2��j + �2j�2j+�2n (d�jk � 2��j) ; 8k 2 fk̂0; : : : ; k̂pg= 0 ; 8k =2 fk̂0; : : : ; k̂pgwhere k̂ = (k̂0; : : : ; k̂p) orresponds to the position for a �xed level j of the p highest observedoe�ients whih must orrespond to the true non-zero oe�ients of the funtion. We ansee that there are slight hanges with the �rst model. As a matter of fat, an additionalestimation issue is added to the original lassi�ation problem: the quadrati loss is dividedinto three terms orresponding to the misshosing the position of the greatest oe�ients andan extra term orresponding to the estimation error. The following theorem desribes thebehavior of our estimator.Theorem 5.1.10. Assume that f � has been drawn aording to the Gaussian extension ofthe Bernoulli onstained model. There exists a �nite positive onstant 3 suh that for f � =Pj1j=0Pk w�jk jk. Ek�1f � � f̂nk22 � 3n�(2��) (5.1.15)Corollary 5.1.11. The estimator f̂n onverges for 1��+2� � 0. Indeed there exist positive�nite onstants 3 and 2 suh that we get the following upper bound.Ekf � � f̂nk22 � 3n�(2��) +Xj>j1 2�jEjd�jkj2� 3n�(2��) +Xj>j1 2�j�2j + 2n�(1��+2�)= OP (n�(1��+2�) ^ n�(2��))as soon as Pj>j1 2�j�2j � 1n :Reasoning as previously we have:Ejjf̂ � �1f �jj22 = EX(j;k) 2�jjŵjk � w�jkj2=Xj 2�jE pjXl=0 (w�j;k�l )21k�l =2fk̂0;:::;k̂pj g! (I)+Xj 2�jE pjXl=0 (ŵj;k�l � wj;k�l )21k�l 2fk̂0;:::;k̂pj g! (II)+Xj 2�jE0� 2j�1Xl=pj+1 ŵ2j;k�l 1k�l 2fk̂0;:::;k̂pj g1A (III)



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 178The three quantities an be majorated as shown in the following lemma:Lemma 5.1.12.(I) �Xj 2(��1)jP 12 (k�l =2 fk̂0; : : : ; k̂pj)A1=2j (5.1.16)(II) �Xj 2�jXl>pj P 12 (k�l 2 fk̂0; : : : ; k̂pjg)E 12  2��j �2n�2j + �2n + �2j�2j + �2n �jk!4 (5.1.17)(III) �Xj 2(��1)j(2j � 2�j)P 12 (k�n 2 fk̂0; : : : ; k̂pjg)(�2j + 2�j1�2)2 B1=2j (5.1.18)where, for j = 1; : : : ; 2j1, Aj and Bj are de�ned by if we have set �2j = �2j + 2�j1�2:Aj = 2�4j + 6 2�2�j�2j + 2�4�jBj = 32�2j1�4�8j + 2�4�j�82�4j1 + 6�6�5j2�2�j2�3j1Proof. The proof of this result is rather tehnial and imply alulations. It is postponed tothe appendix.We point out that Aj and Bj both tend towards zero as n inreases so we the onvergeneof the �rst and seond terms of the quadrati loss will be ensured by the good lassi�ationproperties of the model. As a matter of fat the only modi�ations with the �rst model arethe hange of the variane of the errors but they still have the same asymptoti behavior. Sodue to Lemma 3.6 whih an be proved in that spei� ase, we know that the probability ofmislassifying the oe�ients tends towards zero at an exponential rate of onvergene. As aonsequene, the quadrati rate of onvergene will only depends on the entral term. Indeed,we get the following bounds for positive onstants 1, 2 and :(I) � j1Xj=0 2(��1)j< exp(�m2n8 )[3(�2j + �2n )2+ 2 2�2�j(�2j + �2n ) + 2�4�j℄� 1 exp(�2n1=2��) supj�j1(�2j)2(��1)j1The last expression goes to zero at an exponential rate of onvergene as soon as the variane



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 179term �2j does not go to in�nity at the same rate.(II) � j1Xj=0 2(��1)j�2j �4n2 +�4j �2n(�2j + �2n )2� j1Xj=0 2(��1)j�2j �2n� �2j + �2n(�2j + �2n )2� j1Xj=0 2(��1)j j1Xj=0 2(��1)j �2n� 2n��2whih goes to zero as well.To onlude the last term an be written as follows: let Fj = 2�jB 12j(�2j + 2�j1�2)2 , we get(III) � j1Xj=0 exp(�2m2n)Fjwhere Fj does not go to in�nity at an exponential rate whih enables us to onlude that thelast term goes to zero at an exponential rate of onvergene whih onludes the proof.5.1.4 Simulation resultsThe following results have been obtained using Matlab software in the Bernoulli onstraintmodel. In Figure 2, we present the Bayesian reonstrution of multifratal funtion generatedwith a hoie of � = 0:4 and � = 0:1 observed with a Gaussian noise with variane 1. In theFigure 3, the oe�ients of the multifratal funtion are drawn with a hoie of � = 0:6 and� = 0:25, while the funtion is observed with a Gaussian noise with variane 4. Eah �gureis divided into four part: in the �rst sub�gure, we plot the multifratal funtion. The seondsubplot shows the observed data while the third subplot shows the estimator of the funtion.Finally, in the last subplot, the estimator together with the true funtion are plotted. Even ifsome peaks are badly alloated, the Bayesian reonstrution provide good visual performanesand preserves the energy of the signal.
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Figure 5.2: Bayesian reonstrution of a multifratal proess
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CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1825.1.5 Estimation of model parametersEM-algorithmThe general framework of the EM algorithm is the following: onsider random variablesX = (Y; Z); where only Y an be observed. Z is a missing unobservable data while X isthe omplete data. Assume that X has been drawn aording to PY Z and that only y arealization of Y is available. The problem is to estimate �� and to predit Z using y.Let �; a Borelian positive measure �-�nite over Rn . Consider the parametri framework :let � 2 � � Rm and write PY Z(:; �) the distribution under � of XdPY Z(y; z; �) = pY Z(y; z; �)d�(y; z)and PY (:; �) the distribution of YdPY (!; �) = pY (y; �)d~�(!);where ~� = R �(:; dz). A lassial estimation with a maximization of the log-likelihood anlead to a solution of the problem but the di�ulty lies in the fat, exept in very simple ases,the distribution of Y is di�ult to write whereas the joint distibution funtion (Y; Z) is easier.The EM algorithm enables to solve the maximization problem of pY (y; �) by only optimizingpY Z(y; z; �): So a diret appliation of suh algorithm is the lassi�ation problem in mixturesettings, see for instane M Leish in [MS86℄.Thus we illustrate the previous frame by a single mixture model. This ontains two Gaussianvariables. Let Y1; : : : ; Yn be an i.i.d sample of a random vetor Y with density:f (y;	) = 2Xi=1 �i� (y;�i; �) ;where �1 + �2 = 1, and � (y;�i; �) is the Gaussian distribution funtion with mean �i andvariane �2: De�ne the parameter of interest, 	 = (�1; �T )T ; with � a vetor with omponents�i and �, (i = 1; 2): The log-likelihood is:L (	) = nXj=1 log (�1� (yj;�1; �) + (1� �1)� (yj;�2; �)) :An estimator of 	 an be obtained my maximizing the log-likelihood so is a solution of :�L (	)�	 = 0: (5.1.19)To apply EM-algorithm, we transform this model into a missing observation model. We de�nezij; a random variable equal to 1 if yj omes from the i omponent , ( with law N (�i; �);) and0 otherwise (for i = 1; 2; j = 1; :::; n;) and set zj = (z1j; z2j)T : Moreover set y=(y1; :::; yn)T ;



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 183and onsider that yi omes from the mixture random vetor, indeed there exists only one 1in every zj: The omplete data is then:x = (xT1 ; :::; xTn );with X1 = (Y1; ZT1 )T ; :::; Xn = (Yn; ZTn )T : Suppose that X1; :::; Xn are i.i.d with z1; :::; zn; nrealizations of a Bernoulli with parameter �. In our new model the log-likelihood an berewritten in the following way:L (	) = 2Xi=1 nXj=1 zij log [�i� (yj;�i; �)℄ :First, the theory of EM algorithm tells us that maximizing the log-likelihood is equivalent tomaximizing the following quantity:Q �	;	(k)� = E �L (	) =yobs; 	(k)�= gXi=1 nXj=1 E �Zij=yobs; 	(k)� log [�i� (yj;�i; �)℄ :Then, the E stage is done by replaing zij by�i �yj; 	(k)� = E �Zij=yj; 	(k)�= P �Zij = 1=yj; 	(k)�= �(k)i ��yj;�(k)i ; �(k)�P2h=1 �(k)h ��yj;�(k)h ; �(k)�for i = 1; and j = 1; :::; n:The M-step of the (k + 1)th iteration, onsists in hoosing 	 �writed 	(k+1)� in order tomaximize Q �	;	(k)� : The estimators after the (k + 1)th step are de�ned by:�(k+1)i = 1n nXj=1 � (k)i (yj)�(k+1)i = Pnj=1 � (k)i (yj) yjPnj=1 � (k)i (yj)�(k+1) = Pnj=1 � (k)i (yj)�yj � �(k+1)i �Pnj=1 � (k)i (yj) 2
for i = 1; 2 and� (k)i (yj) = �i �yj; 	(k)�We now an apply this general algorithm to our onretease with the assumption that variane �2 is known: write m = 2��j and � = 2(�1)j. At a



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 184�xed level j, the augmented likelihood isL(d�jk; m; �) =Xk log �zjk exp(� n2�2 (d�jk �m)2zjk)(1� �)1�zjk exp(� n2�2d�jk2(1� zjk))=Xk zjk log �1� � � n2�2 Xk (zjk(d�jk �m)2 � (1� zjk)d�jk2) +Xk log(1� �)= log� �1� ��Xk zjk � n2�2m2Xk zjk + nm�2 Xk d�jkzjk + 2j log(1� �)= (log �1� � ;m2;m)(Xk zjk;� n2�2 Xk zjk; n�2 Xk d�jkzjk)0 + 2j log(1� �)= a(�)0b(X) + (�) + d(X)We reognize an exponential family. The EM algorithm an then be written at the i+1-step:� E step: E(b(X)jd�; �i) = (Xk ẑ(i)jk ;� n2�2 Xk ẑ(i)jk ; n�2 Xk d�jkẑ(i)jk )where ẑ(i)jk = P(zjk = 1jd�; �(i)).� M step: in order to maximize the funtions:(f(�) = log � �1���Pk zjk + 2j log(1� �)g(m) = � n2�2m2Pk zjk + nm�2 Pk d�jkzjkwrite the �rst order ondition and this gives raise to the two estimated parameters:m̂(i+1) = Pk d�jkẑ(i)jkPk ẑ(i)jk (5.1.20)�̂(i+1) = 12j Xk ẑ(i)jk (5.1.21)PerspetivesWe have used the EM algorithm on data sets d�jk; k = 0; : : : ; 2j � 1 at �xed j. So in pratie,we get two possibilities: either we use an iteration of the algorithm as j inreases, using theresult of eah iteration as a starting point of the next step, or we use the EM algorithm onthe last sale j1 where we have the most information. If we use log-likelihood estimation overthe whole data set, the behavior of the likelihood proess depends heavily on the range of theparameter � and � and its maximization does not give always onsistent estimators. So usinga weighted version of the proess or empirial mean estimators of the parameters seem to bemore relevant.



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1855.1.6 AppendixProof of Lemma 5.1.8:Proof. First of all, we point out that, the probabilities remain unhanged if we multiply therandom variables by the same onstant, so now the random variables follow either N (0; 1) orN (mn; 1) where mn = apn� . Suh hypothesis is satis�ed for small hoies of � that leads tosigni�ant wavelet oe�ients. Otherwise, the oe�ients of the signal are too small to bedi�erentiated from the Gaussian white noise and the estimation problem is made impossible.Under this assumption, when n goes to in�nity mn ! 1, so the two omponents of theGaussian mixture are well divided, and the lassi�ation issue leads to e�ient results.� The �rst probability an be majorated as follows:P(X1 < Xp+1)= P (N (mn; 1) < N (0; 1))= Z Zx<y 12� exp(�(x�mn)22 ) exp(�y22 )dxdy= 1p2� Z exp(�y22 ) Z y�1 1p2� exp(�(x�mn)22 )dxdy= 1p2� Z exp(�y22 )(1� �(mn � y))dy= 1p2� Z mn�1�1 exp(�y22 )(1� �(mn � y))dy + 1p2� Z 1mn�1exp(�y22 )(1� �(mn � y))dywhere � is the repartition funtion of a standard normalized Gaussian variable. Usingan asymptoti equivalene, we know that1� �(y �mn) � 1p2� exp(�(mn � y)2=2)mn � y :With this inequality we an write:P(X1 < Xp+1) � 1p2� Z 1mn�1exp(�y22 )(1� �(mn � y))dy+ 1p2� Z mn�1�1 exp(�y22 )(1� �(mn � y))dy� Zy�mn�1 exp(�y22 )dy + 1p2� Zy<mn�1 exp(�y22 )exp(� (mn�1�y)22 )mn � 1� y dy� exp(�(mn � 1)22 ) + 1 exp(�m2n4 )� 2 exp(�m2n4 ) + 1 exp(�m2n4 )�  exp(�m2n4 ):



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 186where 1, 2 and  are positive �nite onstants. So we an onlude that there exists a�nite onstant 1 �  suh that:P(X1 < Xp+1) � 1exp(�m2n4 ) (5.1.22)� The seond inequality an be bounded as follows:For the seond probability, we use the law of order statistis sine, between eah group therandom variables are independently equi-distributed. The next lemma gives the law of thevariables between eah group.Lemma 5.1.13. The density of mini=1;:::;p Yi isn� pp2� exp(�(x�mn)22 )�Z x�1 1p2� exp(�(t�mn)22 )dt�n�p�1The density of maxi=p+1;:::;n Yi ispp2� exp(�x22 )�Z 1x 1p2� exp(�t22 )dt�p�1The proof is obvious using de�nitions of order statistis.1�P(maxi>p Xi < mini�p Xi)= Z Zx>y (n� p)pp2� exp(�x2=2) exp(�(y �mn)2=2)�(x)n�p�1(1� �(y �mn))p�1dxdy� p(n� p) Z Zx>y+mn exp(�x22 )�(x)n�p�1 exp(�y22 )(1� �(y))p�1dxdy� p(n� p) Z �Zx>y+mn 1p2� exp(�x22 )dx� exp(�y22 )(1� �(y))p�1dy� p(n� p) Z exp(�(y +mn)22 ) exp(�y22 ) exp(�(p� 1)y22 )dy� p(n� p) exp�� pm2n2(p+ 1)�As a result, we have proved that, there exists a positive onstant  suh thatP(Xn � X(p)) � np exp��m2n4 � (5.1.23)So we have found two majorations for the errors whih onludes the proof of the lemma.Proof of Lemma 5.1.12:



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 187Proof. � (I): (I) =EXj 2�j pjXl=0 w2j;k�l 1k�l =2fk̂0;:::;k̂pj g�Xj 2�j(pj + 1)(Ew4j;k�0) 12P 12 (k�l =2 fk̂0; : : : ; k̂pj)�Xj 2(��1)j(Ew4j;k�0) 12P 12 (k�0 =2 fk̂0; : : : ; k̂pj)using Cauhy-Shwarz inequality. But if X is Gaussian variables with mean m andvariane �2, we have EX4 = 3�4 + 6m2�2 +m4:So sine wj;k�l � N �2��j; �22�j1 +�2j� we have if we set �2j = �2j + 2�j1�2 :(I) �Xj 2(��1)jP 12 (k�l =2 fk̂0; : : : ; k̂pj)(2�4j + 6 2�2�j�2j + 2�4�j):� (II): (II) =Xj 2�jE pjXl=0 (ŵj;k�l � wj;k�l )21k�l 2fk̂0;:::;k̂pj g!�2�j(pj + 1)E(ŵj;k�0 � wj;k�0)2�2(��1)j�2j �4n +�4j �2n(�2n +�2j)2using again Cauhy-Swharz inequality.� (III): (III) =Xj 2�jE0� 2j�1Xl=pj+1 ŵ2j;k�l 1k�l 2fk̂0;:::;k̂pj g1A�Xj 2�jXl>pj E(2��j + �2j�2j + �2n (djk � 2��j)21k�l 2fk̂0;:::;k̂pj g)�Xj 2�jXl>pj P 12 (k�l 2 fk̂0; : : : ; k̂pjg)E 12  2��j �2n�2j + �2n + �2j�2j + �2n �jk!4where we have set �jk = djk � 2��j: So(III) �Xj 2(��1)j(2j � 2�j)P 12 (k�n 2 fk̂0; : : : ; k̂pjg)(�2j + 2�j1�2)2 Rj



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 188with Rj = (3:2�2j1�4�8j + 2�4�j�82�4j1 + 6�6�5j2�2�j2�3j1)1=2AknowledgementsMany thanks are due to Antoine Ayahe from who we were awared of Ja�ard's works onsparse wavelet series.



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1895.2 Estimation of launarity parameterThe aim of this part is to provide estimators of the parameters (�; �) of a multifratal funtionrepresented as a launary wavelet series. We provide empirial estimators and give theirasymptoti behavior and distribution.5.2.1 Rates of onvergene for estimatorsWe reall that in the general mixing model desribe in the previous Setion, the observedoe�ients djk; j = 1; : : : ; J; k = 0; : : : ; 2j�1 are suh thatdjk � zjkN (2��j; �2n ) + (1� zjk)N (0; �2n ) (5.2.1)where zjk is an independent Bernoulli random variable suh that P (zjk = 1) = 2(��1)j . Weassume that � is known and give an estimator of �.An estimator of � is given by onsidering the mean of a oe�ient: sine we have2j�1Xk=0 Edjk = 2(���)jlet us onsider the estimator �̂n = � + 1J log 2 log JXj=1 2j�1Xk=0 djk (5.2.2)The following theorem desribes the asymptoti behavior of this estimator.Theorem 5.2.1. Consider a multifratal funtion haraterized in terms of launarity waveletseries by a known intensity parameter � and an unknown launarity parameter �0 suh that�0 � � > 0. For � = 2�0�1�2� � 22(�0�1�)(1� 2�0�1�2�)(1� 22(�0�1��)) > 0and for CJ = 2(���0)J we havelog(2J)C�1J (�̂n � �0) L�! N �0; �+ �2� (5.2.3)With the notations 2J = n the following Central Limit theorem holds:log(n)n�0�� (�̂n � �0) L�! N �0; �+ �2� (5.2.4)



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 190For the remaining subase �0 � �0 < 0, the mean of djk goes to zero. So an estimatorbased on the mean is not onsistent.The seond parameter to be estimated is �, the intensity oe�ient. We onsider the quadratimean of the oe�ients: Ed2jk = �2n + 2(��1�2�)j :So de�ne the following estimator:�̂n = 1J log 2  log" Pjk djkPjk d2jk � �2#! (5.2.5)The following theorem desribes the behavior of the estimator:Theorem 5.2.2. The estimator �̂n is a onsistent estimator of the intensity oe�ient in thease �0 � 2�0 > 0. �̂n = 1J log 2  log" Pjk djkPjk d2jk � �2#!! �0 (5.2.6)Set dJ = 2(2�0��0)J = n2�0��0 ! 0, the asymptoti distribution is given bypn�0 "dJ  Xjk d2jk � �2!� 1#!N (0; 1) (5.2.7)So we have the following Central Limit theoremlog(n)pn�0(�̂n � �0) L�! N (0; 1) (5.2.8)Remark 5.2.3. The two onditions for estimating the parameters by empirial mean esti-mators are �0 > �0 and �0 > 2�0. They mean that the true signal must onvey enoughinformation in the sense that the number of non zero oe�ients has too be large enough forthe signal and noise to be di�erentiated.Remark 5.2.4. The two parameters � and � are deeply linked. The �rst estimator estimatesin fat ��� while the seond approximates the quantity �� 2�. Only a omputationnal trikenables us to estimate them separately, but the relations between these parameters are worth aloser attention. Perhaps a hange in the representation of the model should be appropriate.This problem must be linked with the important issue of the estimation of the index of amultifrationnal proess. Suh issue is takled by Benassi, Cohen and Istas in [BBCI99℄ and[BCI98℄.



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1915.2.2 ProofsProof of Theorem 5.2.1:Proof. For � 2 (0; 1), de�ne Ln(�) = CJPJj=1Pk djk. Consider the sub-ase �0 � � > 0 andset CJ = 2(���0)J . By easy alulations we haveELn(�) = CJ JXj=1 2(�0��)J�! 1 (5.2.9)Taking into aount the independene of the oe�ients, the variane of Ln(�) is:Var(Ln(�)) = C2J�2 + C2J JXj=1 2(�0�2�)j(1� 2(�0�1)j) (5.2.10)Chebyhev's inequality, as well as the alulations (5.2.9) and (5.2.10) leads to the followingresult Ln(�) P�! 1 (5.2.11)So onsisteny of the empirial mean in probability is proven.Using the Delta method, see for instane van der Vaart and Wellner in [vdVW96℄, the asymp-toti distribution will give the rate of onvergene. By straightforward alulations we obtain:E exp(itLn(�)) = E exp(itCJ JXj=1Xk djk)= JYj=1 �exp(�t2C2J�22n )(1 + 2(�0�1)j(exp(itCJ2��j)� 1))�2j= exp(�t2�2C2J2 ) JYj=1 �1 + 2(�0�1)j(exp(itCJ2��j)� 1)�2jA Taylor's expansion of order 2 in t gives rise to the following resultE exp(itLn(�)) = exp(it) exp(�C2J t22 (�2 + �)) +O(t2C2J) (5.2.12)where � is suh that � = � JXj=1 22(�0�1��)j � 2(�0�1�2�)j= 2�0�1�2� � 22(�0�1��)(1� 22(�0�1��))(1� 2(�0�1�2�))



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 192De�ne the quantity Tn as Tn = 1J log2 CJ JXj=1 2j�1Xk=0 djk= 1J log2 CJ + �� �̂n= �0 � �̂nSine (5.2.12) shows thatC�1J 0�CJ JXj=1 2j�1Xk=0 djk � 11A P�! N �0; �2 + �� (5.2.13)the Delta method together with (5.2.13) provides the asymptoti behavior:JC�1J Tn P�! N �0; �2 + �� (5.2.14)Indeed if � is Hadamard di�erentiable at a point �, provided there exists a sequene rn suhthat rn(Xn � �) L�! Xthe following onvergene holdsrn(�(Xn)� �(�)) L�! �0(�)X:Applying the last result with � = 0 and �(x) = log(1 + x) proves (5.2.14). Finally, the formof the estimator together with the result (5.2.14) proves the statement of theorem 5.2.1. Wemust keep in mind that the data are dyadi with the orrespondene 2J = n. This gives arate of onvergene in log(n)n���0 :Proof of Theorem 5.2.2:Proof. We only onsider in this proof the true parameters of the funtion, so we will writefor simpliity reasons � = �0 and � = �0. Set a saling oe�ient dJ = n2��� ! 0 under theassumption that � > 2�. Our aim is to prove a Central Limit theorem fordJ [Xjk d2jk � �2℄� 1with a proper saling oe�ients.By some alulations and using the law of the oe�ients djk we obtain the harateristi



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 193funtion of Pjk d2jk.E exp(itXjk d2jk)=Yjk  2(��1)j �1� 2it�2n �� 12 + (1� 2(��1)j) exp i2�2�jt1� 2it�2n !�1� 2it�2n �� 12!= �1� 2it�2n ��n2 Yj "1 + 2(��1)j  exp i2�2�jt1� 2it�2n !� 1!#2j (5.2.15)Using a Taylor's expansion up to the seond order in t we �nd the following developments:�1� 2it�2n ��n2 = exp(it�2 � t2�4n ) + o(t2=n)exp i2�2�jt1� 2it�2n ! = 1 + i2�2�jt� (22�2�j �2n + 2�4�j2 )t2"1 + 2(��1)j  exp i2�2�jt1� 2it�2n !� 1!#2j = exp(2(��2�)jt� t2n(��4�)j2 ):As a result we have the following development of the haraterisit funtion up to the seondorder E exp(itdJXjk d2jk) = exp(it(1 + dJ�2)� t22n� )As a result, the following expansion up to seond order holds:E exp(it[dJ(Xjk d2jk � 1)� 1℄) = exp(�t2 12n� ) (5.2.16)So with a saling fator of order n �2 , (5.2.16) proves thatE exp(itpn�[dJ(Xjk d2jk � 1)� 1℄) = exp(�t22 ) (5.2.17)As a onlusion, (5.2.17) together with Levy's theorem enables us to onlude thatpn�[dJ(Xjk d2jk � �2)� 1℄!N (0; 1) (5.2.18)As in the previous proof, the Delta method, with �(x) = log(1 + x) gives the asymptotidistribution of the estimator.pn�0 log[dJ(Xjk d2jk � �2)℄ L�! N (0; 1) (5.2.19)



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 194As a result, we deompose the estimator of �0 as shown:�̂n = 1J log 2  log" Pjk djkPjk d2jk � �2#!= 1J log 2  log(Xjk djk) + log(Xjk d2jk � �2)!= 1J log 2  �̂n � �0 + log(dJ(Xjk d2jk � �2))!+ �0It implies thatlog(n)pn�0�̂n � �0 = pn�0n�0��0 n�0��0(�̂n � �0) +pn�0 log(dJ(Xjk d2jk � �2))But �0 > 2�0. As a result the �rst term in the previous sum goes to zero sine it implies thatpn�0n�0��0 ! 0:So the asymptoti distribution is given by the seond term, whih proves the statement (5.2.8)of the theorem.



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 1955.3 SimulationsThe simulations have been done using MatLab software. We estimate a multifratal funtiongenerated by its wavelet oe�ients. We display the results in two graphis. Eah is dividedinto four ases where is shown the true funtion, the observations, the reonstruted funtionand, in the last box, the funtion and its estimator. We point out that the knowledge of theinner struture of the signal (i.e the parameters � and �) provides an e�ient reonstrution ofthe signal. In bad ases, if some bumps are badly alloated, most of the information onveyedby the signal is still preserved. However, for the moment, estimating the parameters of thesignal with the EM algorithm does not give signi�ant results. As a matter of fat, if theonvergene of the algorithm is fast, the onvergene of the estimators to the true values maybe slow. One of the key ould be the fat that it does not use the whole data - all the waveletoe�ients djk; j = 0; : : : ; J; k = 0; : : : ; 2j�1 -, but more or less, only the last line in the arrayof data - dJk; k = 0; : : : ; n1 -. Moreover we do not have any ontrol about the approximationerror done when replaing �0 and �0 by their estimators. Suh lak of e�ieny justi�es theresearh of Setion 5.2 and the attempts to �nd others more e�ient estimators.
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