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Introduction Générale

Dans le présent travail de thése, nous avons voulu engager une réflexion sur les problémes
d’estimation non paramétrique, i.e lorsque 'espace des paramétres est infini. Trés concréte-
ment, nous avons étudié le comportement asymptotique d'une classe particuliére d’estimateurs
bien connus en statistique, les M-estimateurs pénalisés.

Ces estimateurs sont définis comme réalisant le minimum d’une fonction de perte sous
certaines contraintes; ils ont été¢ abondamment étudiés par de nombreux auteurs. Nous ren-
voyons a des ouvrages généraux et a leur bibliographie pour un début d’exhaustivité, cf par
exemple Genont-Catalot et Picard in [GCP93|, Birgé et Massart in [BM97|, Silverman in
[GS94], van de Geer in [vdGO00], [vdGO1] ou Wegkamp in [vdGW96]. Ils trouvent de nom-
breuses applications en pratique dans les domaines les plus divers: la physique et ’astronomie
in [SM98|, I’économie [DFR01] ou encore le traitement de I'image [ROF92| ou [Mum97].

S. van de Geer a montré que le comportement asymptotique de ces estimateurs peut es-
sentiellement étre déduit des propriétés géométriques de I'espace ot a lieu la minimisation,
notamment de leur entropie en utilisant des techniques liées a la théorie des processus em-
piriques. Ainsi, il n’est pas nécessaire de connaitre explicitement ’expression de I'estimateur
pour en déduire ses propriétés asymptotiques; cela permet de généraliser cette méthode a un
grand nombre de situations. L’entropie, notion développée par Le Cam [LC91|, Ibragimov
et Ha’sminskii [HI86] ou Birgé [Bir83] pour mesurer la complexité des espaces fonctionnels,
apparait donc aujourd’hui comme un outil fondamental de la statistique asymptotique et per-
met d’aborder, sous un jour nouveau, les problémes d’estimation usuels.

C’est dans ce cadre que nous nous sommes proposés de décrire en termes d’entropie le
comportement asymptotique de M-estimateurs pénalisés. Cet objectif nous a conduit, dans
un premier temps, a une double approche. D’une part, nous avons considéré des estimateurs
obtenus par projection sur des bases, notamment des bases d’ondelettes, et dont les coeffi-
cients ont été soit lissés (multipliés par des paramétres de régularisation), soit seuillés (mis a
zéro lorsqu’ils sont inférieurs & un certain seuil). D’autre part, nous nous sommes intéressés
aux estimateurs obtenus en statistique Bayésienne. Ainsi, une méme approche générale mon-
tre la convergence de ces estimateurs particuliers.

Dans un second temps, nous nous sommes attachés a dégager des procédures d’estimation
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adaptative qui rendent possible ’estimation d’une fonction, sans faire d’hypothéses a priori
sur sa régularité tout en obtenant un estimateur qui converge a la vitesse optimale au sens
minimax.

Nous avons choisi d’organiser la synthése de nos travaux sous la forme suivante: une pre-
miére partie d’introduction générale, le Chapitre 1, ot nous présentons de fagon succincte nos
résultats, ensuite, viennent quatre chapitres qui les reprennent, les détaillent en proposant de
nouvelles perspectives. Chacun d’eux ( & I’exception du Chapitre 3) est articulé autour d’un
article principal. La bibliographie est regroupée en fin de document.

Plus précisément, au Chapitre 2, nous commencons par présenter un théoréme général
qui décrit le comportement asymptotique de M-estimateurs en fonction de l'entropie de la
classe de fonctions associée a la pénalité. En conformité avec cette approche, dans un article
écrit en collaboration avec S. VAN DE GEER, nous avons étudié I'estimateur de seuillage
doux en tant qu’estimateur minimisant une fonction de perte quadratique et une pénalité !
et généralisé ses propriétés d’adaptivité asymptotique a ’estimateur robuste du principe de
déviation absolu pénalisé. En annexes de cette partie, nous présentons une généralisation
de ces derniers résultats a ’estimateur du maximum de vraisemblance pénalisé ainsi que des
simulations des estimateurs considérés et les moyens qui ont été mis en oeuvre pour les obtenir.

Nous avons consacré le Chapitre 3 a I’étude des estimateurs lissés, obtenus en minimisant
une perte quadratique et une norme d’un espace de Besov. Les bases d’ondelettes nous ont
permis d’écrire ces normes comme des combinaisons a poids des coefficients d’ondelettes. Nous
avons étudié le comportement des estimateurs obtenus et avons expliqué comment, dans la
pratique, il est possible de choisir le paramétre de lissage par des méthodes de validation
croisée.

Au Chapitre 4 nous avons montré comment les estimateurs Bayésiens pouvaient étre
étudiés comme des M-estimateurs pénalisés. La fonction de perte, choisie par le statisticien,
joue ici un role similaire a la loi a priori. Grace a ces premiers résultats, nous constru-
isons un estimateur basé sur la maximisation de la loi a posteriori, de forme analogue a celle
d’un estimateur lissé autorisant une estimation adaptative. Cette méthode s’apparente a une
procédure de sélection de modéles qui privilégierait ceux qui, parmi eux, sont constitués des
fonctions les plus réguliéres.

Enfin, le Chapitre 5 constitue une extension de nos travaux a des fonctions trés irréguliéres,
dont la régularité varie rapidement et n’a de sens que de fagon locale: les fonctions multifrac-
tales qui échappent aux théories d’estimation actuelles. Pourtant, la connaissance a priori des
caractéristiques de ces fonctions, définies par ’histogramme de leurs coefficients d’ondelettes
nous offre la possibilité de construire un estimateur, maximisant la log-vraisemblance a poste-
riori, et de donner son comportement asymptotique. Ce travail a été réalisé en collaboration
avec F. GAMBOA.



Chapter 1

Introduction et Préliminaires

Dans ce chapitre, nous commencons par rappeler les notions a la base de notre travail ainsi que
les définitions des différents objets qui nous intéressent. Chaque section renvoie a un chapitre
ultérieur en présentant, de maniére succincte une partie des résultats qui y sont développés.

1.1 M-estimation

Dans tout notre travail, nous considérons le modéle de régression non paramétrique suivant:

Y;ZQ [ ialz]-a"'a
{ o(2:) + Wi, i n (11.1)

0y € ©

Les Y; désignent n observations qui proviennent d’une part d’une fonction 6, : L — R,
le parameétre d’intérét, observée aux points (z;) € L™ ou L est un compact de R, et d’autre
part d’erreurs d’observation, les W;, ¢ = 1,...,n, des variables aléatoires centrées. Notre
connaissance a priori de la fonction se traduit par la condition 6y € ©, © désignant un espace
fonctionnel connu. Considérons v une fonction de perte qui mesure la différence entre deux
quantités et une pénalité I : © — R portant sur la régularité des fonctions de ’espace ©O.
Plus la fonction est irréguliére, dans un sens qu’il nous faudra préciser, et plus la pénalité est
grande. Pour toute suite de réels A2, nous définissons én, I’estimateur pénalisé de 6y, comme
toute variable aléatoire qui minimise la somme de cette fonction de perte et de la pénalité, la
contribution des deux termes étant équilibrée par la suite \2. Plus précisément:

Definition 1.1.1. Définissons le M-estimateur pénalisé 0, comme

~

0, = argmin (y(Y,0) + \21(0 1.1.2
n = argmin (y(Y,0) + A.1(0)) (1.1.2)

A2 peut étre considéré comme un paramétre de régularisation. En effet, il existe un
équilibre entre les deux termes de (1.1.2). Plus A2 est grand, plus le second terme va étre
prédominant et plus I’estimateur obtenu sera régulier. D’un autre coté, plus A2 sera proche de
zéro, et plus I'estimateur sera proche des données, proche au sens déterminé par le choix de la
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fonction de perte. Si le minimum n’est pas atteint, nous considérons I’estimateur minimisant
le précédent critére & une constante €, pres:

0, = arg min (V(Y,0) + A21(0) + €5) (1.1.3)

0co

Poure¢, =0 ( ) les propriétés asymptotiques de I’estimateur sont inchangées. C’est pourquoi
nous supposons dans la plupart de notre étude que le minimum est effectivement atteint et
nous prenons €, = (. Dans quelques cas particuliers, décrits dans la partie 3.1.1, nous prou-
verons cette hypothése.

Afin d’éviter d’avoir & imposer de conditions sur le schéma de discrétisation du probléme
(2i)i=1,...n, nous considérons des métriques basées sur cette discrétisation et nous énoncons
les propriétés asymptotiques en utilisant ces métriques. Pour cela, nous définissons la mesure
empirique

1 n

P,==> 4, (1.1.4)

n <
i=1

ainsi que la norme quadratique empirique associée:
Vo e o, || = Ze %)? (1.1.5)

La théorie des M-estimateurs a été largement étudiée par de nombreux auteurs, parmi lesquels
nous pouvons citer tout particuliérement S. van de Geer, M. Wegkamp in [vdG90]|, [vdGW96],
[vdGO0O0], A. Berlinet, F. Liese et I. Vajda in [BLV00| ou [Vaj99|, M. Kohler in [Koh99| ou
[Koh00]. L’introduction d’une fonction de pénalité est justifiée par le fait que, dans les cas ou
peu de choses sont connues sur la fonction a estimer, ce qui se traduit par une classe de fonc-
tions © trop grande, un estimateur qui ne minimiserait qu’une fonction de perte serait trop
irrégulier et ne convergerait peut-étre pas vers la vraie fonction. Par exemple, pour une perte
quadratique, I’estimateur obtenu interpole simplement les données Y; aux points z;. Ainsi
ajouter une contrainte, sous la forme d’une fonction pénalisant la régularité de 'estimateur,
apparait naturel dans le contexte de I’estimation fonctionnelle. L’estimation au moyen de fonc-
tions de pénalités a par ailleurs été abordée par quelques auteurs dont Silverman in [SS95], ou
encore P. Green in [GS94]. Dans ces ouvrages de référence les auteurs décrivent le comporte-
ment asymptotique des estimateurs en résolvant explicitement la minimisation. Mais, dans la
plupart des situations rencontrées, il n’est pas possible de résoudre le probléme d’optimisation
et on ne dispose que d’une expression approchée de l'estimateur comme par exemple, en im-
agerie, pour la célébre fonctionnelle de Mumford in [Mum97]. Dans ces cas, il est nécessaire
d’utiliser des techniques liées & la théorie des processus empiriques et développées par S. van
de Geer in [vdG90]|, [vdG00] ou [vdGO1] qui prouve que le comportement asymptotique de
I’estimateur ne dépend que de la complexité de l'espace sur lequel a lieu la minimisation,
complexité caractérisée par I'entropie des sous-espaces {6 € O, |0 — 0|, < 1, I(0) < M} et
de la concentration des erreurs d’observation.
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Definition 1.1.2. Entropie H(5,T):
Soit T un sous-ensemble d’un ensemble métrique et N (5, T) le nombre minimal de boules pour
recouvrir T par des boules de rayon 6. La d-entropie de T est alors:

H(5,T) =1og N(0,T)

Le concept d’entropie a été utilisé par de nombreux auteurs dans la littérature parmi
lesquels nous pouvons citer Dudley [BDH" 85|, Vapnik et Cervonenkis [VC81] ou [Vap00], D.
Pollard [Pol84], S. van de Geer et A. van der Vaart [vdVWO96].

Dans le second chapitre de ce travail, nous étudierons les liens entre 1’entropie d’une
classe et la vitesse de convergence des M-estimateurs pénalisés, pour des fonctions de perte
générales. C’est dans ce cadre que s’inscrit le théoréme suivant:

Theorem 1.1.3. Pour des erreurs sous Gaussiennes, et sous la condition suivante:
il existe des constantesmn >0, A >0 et s> %, telles que

1
8

HGA0 €0 10) <M. -t <m) <4 (5)

pour tout 6 >0, n > 1,
pour tout M > M,, ou M, > I(6y). Alors pour un choizx

. p__1_

Op (n>=F M, **'), if s> %,
p_1

Op(n¥) M2 ?(logn)~%, ifs=1

29

A=

n

lestimateur pénalisé des moindres carrés
b = argmin ([[Y" = 6[|7 + \,1(9))

vérifie
||én - GOHn = OP()‘n)Mng_m-

Nous étendrons ce théoréeme & des fonctions de perte non quadratiques et & des erreurs
non identiquement distribuées.

Les méthodes entropiques, de part leur caractére général, peuvent s’appliquer pour étudier
bon nombre d’estimateurs: dans un modéle de régression, dans un modéle logit, dans un
modéle d’estimation de densités. Ainsi, la Section 2.3 est consacrée a 1’étude de la convergence
d’un estimateur de maximum de vraisemblance pénalisé pour estimer une densité dans un
espace de Besov.

Nous pouvons remarquer que ces méthodes présentent deux inconvénients:
D’une part, tous les résultats obtenus de cette maniére reposent sur des calculs d’entropie,
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qui sont parfois peu aisés & mener et qui nécessitent I'emploi de moyens détournés. Par
exemple, L. Birgé et P. Massart in [BM97| parviennent a calculer I'entropie d’une boule d’un

espace de Besov B}, s > ;7 en utilisant un théoréme d’approximation. En Section 2.4.4,

x0!

nous caractérisons pun essemble comme enveloppe convexe de ses points extrémaux. Nous
utilisons alors une inégalité de Ball et Pajor in [BP90| pour calculer son entropie et discutons
de 'optimalité de cette majoration.

D’autre part le principal défaut de notre approche repose dans le fait que les pénalités, ainsi
que le choix optimal du paramétre de lissage, font intervenir la régularité de la fonction a
estimer. Or cette quantité est, en pratique, inconnue.

C’est pourquoi, dans un second temps, nous nous sommes particuliérement intéressés a des
choix de pénalités ne faisant pas intervenir explicitement des quantités inconnues a priori, mais
toujours liées a la régularité de la fonction. Dans la Section 2.2, qui retranscrit un article
coécrit avec S. van de Geer, nous avons étudié des M-estimateurs avec des pénalités I, Ainsi
nous construisons un estimateur adaptatif, c¢’est-a-dire construit sans connaissance a priori
mais qui converge a la vitesse minimax. Considérons une base de L?(P,,), les¢;,j = 1,...,net
décomposons les fonctions sur cette base en utilisant les notations suivantes: 6 = Z?Zl a;;,

Oy = Z?Zl @jotj. Soit 6, I'estimateur des moindres carrés avec une pénalité [', i.e

n n

) 1 .
9” - argﬂ a11/1¥21 Aot {_ z:(Y; - H(Zl))2 + 2)‘721 E : aj} = E :Oéj,n"l}j (116)

=1 ]:1
Theorem 1.1.4. Supposons que la variance des erreurs est connue 03 (pour des raisons

2logn
-

de simplicité) et prenons N2 > o Pour J, un sous-ensemble de {1,...,n} nous

Nn = |L7n|a Mn = Z ‘04]',0

3¢ Tn

définissons

Alors 0, vérifie
16, — 6ollg, = Op(N2N;Z + N\, M.?).

n
Z ‘aj,0|p <1,
j=1

pour un parameétre d’irrégularité 0 < p < 1. Prenons 7, = {j : |a;o| > A2}. Le théoréme
montre que

Si

162 = boll, = Op(A;).

QIOg" permet d’obtenir

En d’autres termes, le choix optimal du paramétre de lissage A2 = o
la vitesse optimale de convergence, qui dépend de la régularité p de la vraie fonction, alors que
I’estimateur est construit sans utiliser cette information supplémentaire. Dans notre travail,

nous étudions de facon similaire I’estimateur du principe de déviation absolu pénalisé

j _ 2
0, = arg a1¢{51rln+anwn { Z Vi — 60(z)| + 2A Z a]|} (1.1.7)
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Nous montrons qu’il posséde des propriétés de robustesse et est asymptotiquement pseudo-
minimax. Nous utilisons par la suite ce théoréme, associé 4 des décompositions des fonctions
dans des bases d’ondelettes pour fournir une alternative aux méthodes de seuillages dévelop-
pées par Donoho, Johnstone, Kerkyacharyan et Picard in [HKPT98| par exemple, et aux
méthodes de sélection de modéles. Pour ce dernier point, nous mentionnons les travaux de L.
Birgé et P. Massart in [BM97], [BM98|, [BBM99] ou de Y. Baraud in [Bar00].

L’estimateur du principe de déviation absolue pénalisé peut sembler difficile & mettre en
oeuvre numériquement. Aux techniques de minimisation /!, décrites par Birkes et Doge in
[BD93] et introduites a 'origine en raison de leurs propriétés de robustesse, ont longtemps
été préférées des méthodes quadratiques, plus faciles & mettre en oeuvre pratiquement. En
effet, minimiser une perte /! nécessite la mise en oeuvre de méthodes informatiques complexes
proches de I’algorithme du simplexe. Dans la partie 2.4.3 nous présenterons un algorithme
dual de point intérieur, basé sur les travaux de Sardy [SS99| qui nous a servi a effectuer nos
simulations pour I'estimateur du principe de déviation absolu (1.1.7).

Aprés avoir décrit le comportement asymptotique des M-estimateurs pénalisés a partir
de la seule entropie de la classe de fonctions ou a lieu la minimisation, nous avons essayé
de décrire leur distribution asymptotique. Si des théorémes de Limite Centrale pour les M-
estimateurs sont bien connus ( pour des fonctions monotones de régression, nous nous référons
a S. Leurgans in [Leu82| tandis que P. Groeneboom in [Gro85| a montré la normalité asymp-
totique de I'estimateur de Grenander, qui est lié aux problémes d’estimation des moindres
carrés), il n’en va pas de méme pour les M-estimateurs pénalisés. Dans la Section 2.4.2, nous
utiliserons des M-estimateurs pénalisés pour tester des hypothéses sur le modéle observé.

1.2 Ondelettes et Analyse Multirésolution

Nous rappelons briévement les définitions et les premiéres propriétés des bases d’ondelettes.
Nous donnons aussi quelques résultats de théorie d’approximation qui seront utiles pour es-
timer des fonctions dans des espaces de Sobolev ou de Besov. Pour des résultats plus ex-
haustifs, nous nous référons aux articles de Meyer et de Donoho, Johnstone, Kerkyacharian
et Picard.

1.2.1 Analyse Multiresolution

Nous décrivons le concept d’analyse multirésolution défini par Y. Meyer et S. Mallat in
[Mey87], [JM89] et [DMA9T7]. On peut construire une fonction ¢ € L*(R), telle que [ ¢* =1,
et qui vérifie les propriétés suivantes:

1. La famille de fonctions {¢(z — k), k € Z} forme un systéme orthonormal dans L?(R).
Soit I'espace Vy = Vect{p(x — k), k € Z}.

2. Soit ¢;x = 2/2¢(2x — k). Définissons I'espace V; comme Vect{¢;s, k € Z}. Les
espaces V; sont dits emboités au sens ot Vj € Z : V; C Vjy. En outre, ils vérifient
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N,ez Vi = {0}, et L*(R) = U, V;. La fonction ¢ est alors appelée fonction d’échelle
de I'analyse multiresolution (M.R.A) (V},j € Z).

Il est possible, lors de cette construction d’imposer pour la fonction ¢ les conditions de
régularité suivantes:

3. ¢ est de classe C'" et chacune de ses dérivées jusqu’a 'ordre r est a décroissance rapide.
L’analyse multirésolution est alors r-réguliére.

4. La fonction ¢ est & support compact.

Sous ces conditions, Meyer in [Mey87| a montré le théoréme suivant.

Theorem 1.2.1. Définissons l'espace W; comme Vj11 = V; @ W;, il existe une fonction 1,
londelette telle que:

1. {Y(x — k), k € Z} est une base orthonormale de Wj.

2. {jr, k € Z,j € L} est une famille orthonormale de L*(R), ot 1, est définie comme
précédemment.

3. Y a la méme régularité que la fonction ¢ et est aussi a support compact.

Pour tout j5 € Z, on a la décomposition suivante:

LQ(R) = Vi @@WJ

J=>Jo

Pour j, € Z, toute fonction € L? peut se décomposer de la maniére unique suivante:

0 = Z Oéjo,k¢j0,k + Z Z 6j,k¢j,k

kEZ Jj>jo kEZ

ou les coefficients d’ondelettes sont définis par:

Qjo ke = /G(x)qﬁjo,k(x) dx et Bj,k = /G(x)wj,k dx.

Cette représentation est inhomogéne dans la mesure ott un niveau de résolution est privilégié.
On pourra utiliser la représentation homogéne suivante:

+oo
0= Bt

j=—ox k
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1.2.2 Espaces de Besov et approximation

Les espaces de Besov sont utilisés pour décrire les propriétés de régularité d'un grand nom-
bre de fonctions. Pour une étude plus générale, nous nous référons aux ouvrages suivants:
J. Peetre [Pee70], H. Triebel [ET92] ou R. De Vore et G. Lorentz [DL93]. Ils apparais-
sent naturellement comme des espaces de saturation liés aux vitesses minimax en théorie de
I'approximation. Nous considérons des espaces de Besov B, définis par trois parametres :
s > 0 (un paramétre de régularité), 1 < p < oo (parameétre L? ), et 1 < g < oc (paramétre
d’interpolation). Tout d’abord, nous rappelons la définition usuelle des espaces de Besov.
Soient 1 > s > 0, 1 < p,q < o0, et 7,f(x) = f(z — h), opérateur de translation. Soit

Anf =10f =, wp(ft) = supp < [|Anf 11y et wl(f,) = suppy<, |1 A7 f],.

Definition 1.2.2. L’espace de Besov B, (R) avec 1 <p,q< o0, s=n+aet0<a <1 est
défini par
— 2 _ : *
Bi, = {f € L' w(f.1) = e(t)t® with ||} < oo},

(el = [ ol

Nous pouvons remarquer que, Vo # 1,

[0 =t (FE)

Ainsi, il est possible de remplacer w? par w' dans la définition précédente. Soit P; I'opérateur
de projection sur l'espace V; et D; = Pj — P; l'opérateur de projection sur 'espace W;.
Nous avons alors P; = >, 1;xjk. ce qui permet d’écrire la décomposition suivante:

Pif = ot
K

j-1
= Z ajoPjo + Z Z Bk Wi
k

m=0 &k

en choisissant

La qualité de I'approximation d’'une fonction d’un espace de Besov est mesurée par la propriété
suivante énoncé dans [HKPT98| par exemple. Si ¢ est une fonction d’échelle N fois dérivable,
soit 1 'ondelette associée avec N moments nuls, I’équivalence suivante donne une caractéri-
sation en termes d’approximation des espaces de Besov: pour toute fonction f € LP(R) nous
avons:

feB 0<s<N+1=>|IPf—fll, =27

0 (Gj) € 19

Nous pouvons ainsi donner une caractérisation des espaces de Besov au moyen des coefficients
d’ondelettes

q’
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Theorem 1.2.3. f € B}, si et seulement si la semi-norme J;p est telle que

q

1/q
T =1 a0, [l + (Z@“HU“/”)) 6 maq) < 0

>0

Cette représentation des espaces de Besov en terme de coefficients d’ondelettes permet

d’établir les relations entre les différents espaces de Besov. Ces différentes inclusions sont
explicitées dans [HKPT9S|

Les bases d’ondelettes fournissent une représentation des fonctions ou l'information est
concentrée en peu de coefficients. Ainsi peu de gros coefficients possédent 'information du
signal. Estimer ces quelques coefficients représentatifs fournit une bonne estimation de la
fonction alors que les coefficients les plus petits, c¢’est-a-dire au dessous d’'un certain niveau,
sont mis arbitrairement a zéro. Cette mise a zéro des coefficients peut se faire de différentes
facons: nous décrivons les deux estimateurs les plus classiques, I'estimateur par seuillage dur
et I'estimateur par seuillage doux.

Definition 1.2.4. Soit un seuil A > 0 et considérons un estimateur empirique des coefficients
d’ondelettes Bk, 7, k.
L’estimateur par seuillage dur est défini ainsi:

Fo =D g s Biktin (1.2.1)

J.k
L’estimateur par seuillage doux est défini par:

fo=)_sen(B)(1Bjl — A)+1bsn (1.2.2)

j’k

Ces estimateurs ont été étudiés par D. Donoho, 1. Johnstone, G. Kerkyacharyan et D.
Picard dans leurs travaux [KP93|, [DJ94|, [DJKP95|, [DJKP96a|, [DJKP9I6b|, [DJKPI7],
[HKP98|, [HKP99], P. Hall et P. Patil dans [HP95], [HP96] ou B. Delyon et A. Juditsky dans
[DJ96a].

Les coefficients d’ondelettes sont calculés en pratique au moyen de la transformée en on-
delettes discréte. Lorsque les points ol est observée la fonction sont équidistants (¢; = %), les
coefficients discrets w;;, sont reliés aux coefficients théoriques g;; par la relation

Wi ~ \/ﬁﬁjk

Le facteur y/n provient de la différence entre les conditions d’orthogonalité par rapport a la
mesure empirique et a la mesure théorique.

Dans notre travail, nous relions ces estimateurs avec la théorie des M-estimateurs pénal-
isés. En effet, I’estimateur construit en minimisant une fonction de perte quadratique et une
pénalité I' permet de retrouver I'estimateur par seuillage doux. Ses propriétés asymptotiques,
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ainsi que le choix optimal du paramétre de seuillage découlent des propriétés entropiques des
espaces de Besov comme nous le précisons dans la Section 2.2.

L’estimateur par seuillage dur peut, quant a lui, étre obtenu en minimisant une perte quadra-
tique et une pénalité portant sur le nombre de coefficients non nuls dans la décomposition en
ondelettes comme nous le signalons dans la partie 3.2.

Tout au long du Chapitre 3, nous considérons des pénalités portant sur des combinaisons
de coefficients d’ondelettes. Nous y montrons dans des cas précis que le probléme de min-
imisation posséde bien une solution dont nous étudions le comportement asymptotique. Plus
précisément, nous construisons I’estimateur d'une fonction 6, € B3,:

f,=arg  min (dek—M@HiZZ?%ﬁ) (1.2.3)
k

ﬂjk;j:jO;---;lek >0

Cet estimateur minimise une perte quadratique ainsi qu’une pénalité de type Bj,. Nous
montrerons que l’estimateur lissé ainsi obtenu, si les niveaux de résolution jg et j; satisfont a
quelques conditions, atteint asymptotiquement la vitesse optimale pour des pertes BJ, avec
0 < s. Le théoréme est le suivant:

Theorem 1.2.5. L’estimateur des moindres carrés pénalisé par une norme de Besov B3, est
" . __2s . . _1

tel que, sous les conditions suivantes: N2 = n” =% et jo, = O(1), j1 = n=+1, et pour une

constante strictement positive C et 0 < 0 < s¢:

2(s—0o)

E|6 - 6)|3, < Cn™ 2

Le choix optimal du paramétre est donné par \? = N Or, en pratique, la constante
s est inconnue. C’est pourquoi, par une méthode de validation croisée, nous déterminons un
critére pour choisir au mieux le paramétre de lissage. Toutefois, cette méthode présente ne
fournit pas de vitesse de convergence de l'estimateur pénalisé. C’est la raison pour laquelle
nous nous sommes placés, dans la suite de notre travail, dans un cadre Bayésien.

1.3 Estimation Bayésienne et Pénalités

Dans la partie IV, nous nous sommes intéressé a une alternative aux méthodes d’estimation
adaptative par seuillage, directes ou au moyen de pénalités I'. Nous utilisons des pénalités,
faisant certes intervenir la régularité de la fonction a estimer, mais nous considérons que
ce paramétre est la réalisation d’une variable aléatoire. Cette approche Bayésienne, proche
du point de vue de sélection de modéles permet de laisser les données choisir d’elles-mémes
(i.e a posteriori) le bon paramétre de régularité et de construire un estimateur atteignant
asymptotiquement la vitesse minimax.

Plus précisément, le cadre de notre étude est le suivant: nous observons toujours un modle
de régression:

Y;ZGU(ZZ')—FGZ', r=1,...,n
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avec des erreurs ¢; ~ AN(0,0?%) indépendantes identiquement distribuées et un paramétre
d’intérét 6y € L*(p). Considérons une base orthonormée (1;) et décomposons la fonction sur
cette base = Zj a;1pj. Par transformation orthonormale des données le probléme s’écrit

dj:aj+Wj, ]:1,,J

ou W; ~ N(0, “n—z) Le cadre Bayésien consiste a considérer o; comme une réalisation d’une
variable aléatoire inconnue. Pour cela, nous définissons une loi a priori 7 suivie par le
paramétre a, et nous cherchons a évaluer la loi suivie par les données sachant le paramétre.
Dés lors, le théoréme de Bayes reliant les différentes lois du modéle

L{d|a)m(a)

Lleld) = =55

permet de calculer la loi a posteriori suivie par le paramétre a estimer, . La connaissance de
la loi a posteriori, fonction des observations d;, j = 1,...,.J permet d’estimer les coefficients
(&;) a partir soit du mode a posteriori, soit de la moyenne a posteriori, ou d'un quantile de la
loi a posteriori. Un estimateur de la fonction initiale 6 est alors donné par 0 = Z;’Zl a;0;.
Le choix de la loi a priori est donc fondamental pour obtenir de bonnes propriétés de I’estimateur.
Des travaux récents modélisent les propriétés particuliéres des coefficients d’ondelettes. En
effet, peu de coefficients représentent une grande quantité d’information et le nombre de co-
efficients non nuls tend vers zéro au fur et & mesure que le niveau de résolution augmente.
Cette information peut étre incorporée dans le choix de la loi a priori pour modéliser un tel
comportement. Abramovich, Sapatinas et Silverman in [ASS98| considérent I’a priori suivant:

wip ~ (1 —m;)8 + mN(0,77)

7']-2 =C 27

7; = min(1, ;2~%)

Ce modéle apparait comme le modéle limite de celui proposé par Chipman in [CW99| ou
Ruggeri aet Vidakovic in [RV99|
wikvik ~ YN (0, &G77) + (1 = 71) N (0, 75)
Yjk ~ Bern(p;)
; >> 1.

Les coefficients suivent une loi a priori telle que les coefficients non nuls se raréfient lorsque j
augmente.

Si ces modéles permettent de construire des estimateurs donnant de bons résultats en pratique,
leur convergence n’a pas encore été démontrée. Trés récemment, I. Johnstone et B. Silverman
in [JSO1| ont donné un début de réponse. C’est pourquoi dans notre travail nous considérons
le modéle plus simple suivant
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ou les W; sont des variables Gaussiennes indépendantes. Nous supposons en outre qu’il existe
un parameétre de régularité sy tel que Y 7, 1007 < oo et qui appartient & un ensemble fini
d’indices § = {s,,, m € M C Z}. A chaque s nous associons le modéle correspondant

O(s) = {0 €?, ) i} < oo}
=1

© = UsesO(s) désigne I'ensemble de tous les modéles. A s connu, le paramétre suit la loi a
priori suivante

0; ~ N (0, \2i>)

ol A2 est choisi convenablement
A2 = \2(s) = TE
c=A(s)=n

La variable s devient un hyperparamétre du modéle et suit une loi a priori ¢(s), s € S.
Ainsi le modeéle est déterminé par les deux inconnues (6, sy) € © x S. L’estimateur que nous
considérons est 'estimateur le plus vraisemblable pour la loi a posteriori, ¢’est-a-dire défini
par

~

(0, $,) = argmaxlogp(f, s | X) (1.3.2)
oxS

Aprés avoir montré les liens qui existent entre les estimateurs Bayésiens du mode et les
M-estimateurs pénalisés, nous prouvons que, pour un choix convenable de I’a priori ¢, cet
estimateur fournit un estimateur adaptatif de 6 qui converge a la vitesse minimax. En éten-
dant les résultats de Belitser et Ghosal in [BG00|, nous montrons que cette méthode revient
a étudier un estimateur pénalisé qui choisit des modéles au moins plus régulier que le vrai
modeéle O©(sp). En effet nous obtenons le lemme de sélection de modéles suivant qui décrit le
comportement de §,,:

Lemma 1.3.1. Pour s < sg, il existent des constantes strictement positives ¢y, co et un entier
N tels que pour tout n > N

23 1
P(§n = S) < exp(—CQnWilsoﬁ) (133)
P(5, < s0) == 0. (1.3.4)

La convergence de I’estimateur 6, en découle:

Theorem 1.3.2. L’estimateur mazximisant la log-vraisemblance a posteriori 0, vérifie la pro-
priété suivante: il existe une constante C telle que:

~ 2s
E[|0(3,) — 0|2 < Cn %01 (1.3.5)

Nous étendons ces résultats au cas particulier ou les coefficients sont des coefficients
d’ondelettes et étudions si ces méthodes d’estimation peuvent étre transposées pour estimer
des fonctions analytiques.
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1.4 Formalisme Multifractal et Estimation

Dans cette derniére partie, nous nous proposons d’étendre les méthodes d’estimation Bayési-
ennes a des fonctions non réguliéres. De nombreux signaux présentent en effet un comporte-
ment trés irrégulier, qui, dans les pires cas, suit des régimes différents. Un des exemples les
plus frappants de tels signaux est donné par I'étude de la vitesse d’écoulement d’un fluide
dans des zones de turbulence, cf I’étude réalisée par A. Arnéodo, E. Bacry et J. F. Muzy in
[BAFT91] ou [ABM99], ou bien U. Frisch in [Fri95]. L’analyse multifractale se propose de
décrire de telles fonctions aux variations trés rapides. Elle a connu ses premiers développe-
ments en probabilités (voir par exemple Brown et al. in [BMP92]). Elle a été introduite pour
fournir des modéles statistiques en turbulence et a servi & modéliser des données financiéres
(in [Man97]) ou des données sur un réseau informatique (in [RCRB99)]).

La quantité qui convient pour décrire I'instabilité d'un signal, est son spectre de singularités
ds(h) défini & partir de la notion de régularité ponctuelle.

Definition 1.4.1. Pour toute fonction f définissons [’exposant de Hélder local en un point
Tg comme

h¢(zo) = sup{e, f € C*(xo)} (1.4.1)
o f € C*(xg) 8'il existe un polynéme P de degré inférieur ou égal a « tel que
f(z) = Pz — 20)| < clz — z]".

Le spectre de singularité d’une fonction f est alors défini comme une fonction de h, ds(h),
repésentant la dimension de Haussdorf de l’ensemble Ay = {x, f € C"(z)}.

J.M Aubry et S. Jaffard in [Jaf0Ob] ou [Jaf00a] ont montré que cette quantité est reliée
aux propriétés des coefficients d’ondelettes de séries aléatoires générées de la facon suivante:
a chaque niveau j, les 27 coefficients w;), suivent une loi de probabilité p; vérifiant quelques
conditions techniques. Définissons

log, (27 pjla — €, + €])

pla) = 15% limsup; ., ; (1.4.2)
Nj(a) = #{|wjr| > 277} (1.4.3)
pla) = igg lim supj_)oolog2(Nj(a i 6), — Ni(a =) (1.4.4)

€ J

Les auteurs précédents ont montré que, sous certaines hypotheéses, p(a) = p(a) et si la fonction
f se décompose en f =3 . wjktjy. alors

ds(h) = h sup pla) (1.4.5)
aclo,h] &

Dans le chapitre V, qui retranscrit un article coécrit avec F. Gamboa, nous estimons une fonc-
tion multifractale, exprimée dans une base d’ondelettes et observée dans un modéle de bruit
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blanc. Ces fonctions sont caractérisées par ’histogramme des coefficients du développement
dans la base d’ondelettes. Il dépend de deux coefficients: 7 un coefficient de lacunarité et «
un coefficient d’intensité. A chaque niveau j, un tel signal comporte 2"V coefficients prenant
la valeur 2= alors que les autres prennent la valeur zéro. Dans un premier temps, nous
supposerons ces valeurs connues et nous montrerons que les problémes d’estimation dans ce
modeéle rejoignent les problémes de classification dans des modéles de mélange et nous don-
nerons des vitesses de convergence. La connaissance des caractéristiques de la structure du
signal permet de reconstruire la fonction observée avec une vitesse de convergence exponen-
tielle comme le montre le théoréme suivant:

Theorem 1.4.2. Supposons que nous observons une fonction multifractale

20 -1

fr=20 ) Wi

j k=0

dont les coefficients sont tirés suivant la loi décrite précédemment, loi déterminée par les
parameétres n et « vérifiant 1 — 2 > 0. Soit [1y la projection sur lespace Vj, ot 27" =n le
nombre d’observations. Alors l'estimateur du mode fn est tel qu’il existent deux constantes
positives ¢ et ¢ vérifiant:

E|If* — ful2 < ¢ exp(—c?n!—20)p1+1-20 (1.4.6)

Naturellement, en pratique les caractéristiques du signal ne sont pas observées. C’est
pourquoi, dans un second temps, nous estimons ces parameétres par une approche pratique
fondée sur le maximum de vraisemblance et l'utilisation d’un algorithme EM (cf [DLR77]),
bien adapté a la résolution de tels problémes. Toutefois, I'algorithme EM n’est pas appliqué
sur I’ensemble des données mais de facon récursive sur des lignes de données pour j fixé. En
outre il ne fournit pas de vitesse de convergence vers les vrais paramétres. C’est pourquoi,
nous donnons des perspectives plus théoriques pour estimer ces paramétres en étudiant la
distribution asymptotique des estimateurs empiriques de moments définis par:

A, = 1 log ngjl Zk djk
J1log2 ngjl >k d?k —o?

1 g1 29—-1
An: p 1 d,
n a+]110g2 og;; ik

oles d;i, désignent les coefficients réellement observés. Ces résultats font actuellement 1'objet
d’une étude conjointe avec F. Gamboa de 'université de Toulouse Paul-Sabatier. Nous éten-
dons ces résultats a des mesures non Gaussiennes in [GLO1].
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2.1 General M-estimation

In this section, we give a general theorem that describes the asymptotic behavior of penalized
M-estimators for a regression model in a large class of cases. Our model is the following:

K:90(22)+WZ,Z:1,,’I’L
0y € ©

where W;,7 = 1, ..., n are observation errors satisfying some assumptions, we will make precise
later on. Penalized M-estimators are defined as the solution of following the minimization
problem

~

— - 2
6, = arg min (v(Y,0) + A21(0)) (2.1.1)

where v:60 € © = (Y, 0) = v(Y) is a convex loss function, © a functional set characterized
by some regularity index s, [ : © — R a penalty such that V0 € O, I(f) < oc and )2 a
smoothing parameter. Using a penalty is a way of adding a control over the regularity of the
estimator, which prevents too rough estimators. The contribution between the two terms is
balanced by the choice of the smoothing parameter that will play a key role. We want to be
able to handle a large variety of situations depending on the choice of the loss-function, of the
set and of the penalty. That is the reason why we do not want to use explicit expression of the
estimators but, mainly, the geometric properties of the set where the minimization occurs. In
many cases, the minimization program can not be solved directly and we do not have access
to the true expression of the minimizer.

First, we will give a general theorem using entropy calculations and empirical process theory,
then we will go further in studying the important case where the penalty is an /' norm and
the estimator is a penalized least-absolute and a penalized least-square estimator. With this
particular choice we will be able to find sharper rates of convergence for adaptive estimators.
To conclude, we will adapt this result to other classical M-estimators and describe how such
an estimating procedure can be implemented.

2.1.1 General theorem for penalized M-estimators

The theorem aims at handling various different cases. That is the reason why there is no
optimality in the choice of constants, and particular methods can be used to improve the
results as will be shown in the following parts of this work, see section 2.2. The first theorem
is for quadratic loss which gives rise to penalized least squares estimators. The second theorem
is about penalized M-estimators with general loss function that fulfills a specific assumption.
Define the empirical measure:

1 n
P,==3 6, 2.1.2
nz_; : (2.1.2)

and the associated empirical norm

1 n
1617 = 116113, = = 6°(=:) (2.1.3)
n
i=1
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as well as the empirical scalar product (W,6), = £ 3" W;0(z). We make the following
additional assumptions over the model: there exist finite a constant K, such that

JdR < o0, V0 € O, sup||f|l, <R

I(6o) < o0 (2.1.4)
W2
sup sup K*(Eexp(—=)—1) < o?
n i=1,...,n K?
So the errors measures W;, ¢ = 1, ..., n are sub-Gaussian variables.

Theorem 2.1.1. Theorem for quadratic loss. Under the assumption (2.1.4), suppose that for

some fized constantsn >0, A >0 and s > %, one has

HGA0 €0 10) <M. o -t <) <4 (5 )

forall 6 >0, n>1,
for all M > M, where M, > I(6y). Then for

p_ 1
Op (n2+1 M,? >+, if s> 4

)\_1 - p 1 2
Op(ni) Mg *(logn) 2, ifs=13,

n

D=

the Penalized Least-Square Estimator 6, satisfies

N p__1
||9n - GOHn = OP()‘n)]Mn2 e

Proof. The proof of this theorem can be found in [vdG00]. In the appendix, we recall briefly
the main ideas. O

The following theorem gives asymptotic rates of convergence for penalized M-estimators
with losses satisfying the Lipschitz condition:

Vi, 2o € R, |yp(x1) — vo(x2)| < |21 — 29| (2.1.5)

Theorem 2.1.2. Theorem for general robust losses. Define P% the distribution of X; =
(Y;, 2:) and P = 13" PO Let for 0 <t <1, 6, = thy + (1 — t)6.

Define vo(X;) = v(Y; — 0(2;)). We make the assumption that there exist a positive constant €
and 0 < tqg < 1 such that, for t <ty we have:

/(70,5 — Y0,) AP > €[[6; — 6o|[2 (2.1.6)
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where € is a strictly positive constant. Under the assumptions (2.1.4) and (2.1.5), suppose

that for some fized constants n >0, A >0 and s > %, one has

HGA0€0: 1(0)< M, [0—by]ln <n}) < A (%) ’ (2.1.7)

forall 6 >0, n>1,
for all M > M, where M, > I(6y). Then for
Op(nﬁMng_m), if s>
Op(n%)Mf?j(logn)’%, if s=

A= ’

n

N N[—=

)

we have L
||9n - GOHn = OP()‘n)]Mn2 e

For example, for a function 0 : [0, 1] — R of bounded variation, i.e such that for
I(0) = TV(0) = > _[0(2) — 0(2i-1)| < o0
i=1

S. van de Geer in [vdGO0] proved that the assumptions of the theorem are fulfilled. Then the
penalized least squares estimator 6, is consistent and for I(fy) > 0:

10, — Oolln = Op(AuI2(05) V1 2)
A = Op(n3)Is(6,)

Another example of the consequences the general theorem is given in section 2.4.5.

(2.1.8)

Proof. The proof of these theorems relies on the behavior of a particular empirical process in
a neighborhood of the true parameter of the following form A = {6 € ©, |0 — 6| < 1, I(#) <
M}. Once we have been able to write a concentration inequality for the empirical process,
using the mere definition of the M-estimator and this inequality, the conclusion follows from
explicit majorations. O

In a preliminary approach, we study the concentration inequality we use for penalized
least squares estimation in the case of independent identically distributed errors and show
that it can be extended to the Martingale case. Once this result has been proved, consistency
of penalized least squares estimators for Martingale increments errors will follow.

Set a roughness parameter o = % First we establish a concentration inequality for the

weighted empirical process
77 2o Wi (i)

6]l *1(0)*

where the random variables Wy, ..., W, are sub-Gaussian centered variables and the penalty
I is minorated. We will start by an independent version and extend it to the case where the
random variables are martingale increments.

v,: 0 —
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Independent Version

Assume that the errors Wy, ..., W, are independent random variables. The following propo-
sition provides a concentration inequality over the supremum over ©(M) C O of an empirical
that appears naturally in M-estimation.

Proprosition 2.1.3. Let O(M) = {0 € ©, 1(§) < M} C O a function space such that there
exists a constant Ag such that for every 6 > 0

/H1/2(u O(M), P,) du < Ags'% M.
0

If I : © — [1,40c] then for sub-Gaussian independent random variables Wi, i = 1,....n,
there exists a constant K such that we have:
= LV- Zi —0 Z; T2
P p\fz | (1()a o ))\ZT < Kesp(- 1),
s 10 = o[ ln 212 (0) K

The proof of this theorem relies on empirical process theory developed by Pollard in
[Pol84]. Using a basic concentration inequality for empirical process, we extend it to a more
complicated case using entropy considerations and a trick due to K. Alexander in [Ale85]
and developed by S. van de Geer in [vdGW96|, the peeling device. It enables us to split a
concentration inequality of the supremum over a complicated set into several inequalities of
the supremum over smaller sets.

Definition 2.1.4. Peeling-device: For A a function space, let T : A — [p, R] an increasing
function where p > 0 and R < oc. Let the sequence (my)S_, with mg = p and mg = R with
R < oo, then we can peel the space A into smaller sets Ay = {6 € A,ms_y < 7(0) < mg} and
we have

A = Ugs1As.

Now we can use majoration over the smaller sets and for this write for an empirical process
Zn(0) and for a positive a:
Zn(0
! oer, T(0)

P <sup Zn(0)] > am5_1> :

OcAs

P (s 2 > o)

M

S

VAN
g

unweighted empirical process Z,(0) over the sets As.
In order to majorate the following quantity:

W;(0(z;
b p|sz Wi (J
P 16— O [n *

)a 0o (2i))| ZT)
I=(6)
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where I : © — [1, +oo[ we use the peeling-device and consider the subsets O, = {,2F <
I(0) < 2¥+1} k> 0 forming a partition of the global space: © = Uy>q©j. Therefore we have:

P( p\fZZ , Wi(6 (%)—90(%))\ 2T>

10— Ool[n *1%(0)
— > Wi (0(z 6o (z:))
_p Supsup\ﬁzz,l (1(a)a 0
K 0co, 110 — 6o||n 215(0
W, —0o(z))
aar \IZZ L Wil6(z) — 0o
k>0 see. 16— gL' @2
LS Wi(0(z) — 0o(2)) ok
<ZP( e S W) — o) 7
k>0 aeek 16 — 90||n
So we must study the empirical process
L 7~l_ Wl 021 -0 Zi
| 2o Wi(0(z:) — Oo( ))‘,veeek.

3
10— bol[n

We recall that we have made the assumption that the functions are bounded in the set © in
the empirical L2 norm, i.e there exists a constant R such that:

VEk, sup ||0]|, < R.
0cOy,

Now we can apply the peeling-device once more but this time with the following decomposi-
tion:

. (Sup & S Wil6(=0) = 00(=)] TZ%) <

We now have:

16 = 6|l * ) )
| 2oiy Wi(0(2:) — 0o(2:))]| o
P | sup sup v Ziml 21_2 ! 2T27k ,
I>1 9€0y,|[0—00||n<2-+1R 1160 — Bo||n 2

We set T' = T2% . If we choose properly some constants Ay, C, C; and under the following
hypothesis

e The errors W;,7 = 1,...,n are sub-Gaussian.

W7
K*(Eexp(!
max K°(F exp( o2

i=1,...,n

)_1)<00



CHAPTER 2. PENALIZED M-ESTIMATION 26

e The entropy of the class of functions is controlled for all § > 0 by:

)

R
v%éZQC(/‘H%mA%bRJmJ2%

where

On = {0 € ©,]]0 — 65|, < R2 "', 1(9) < 2"}

This conditions is verified for the stronger condition:

s
/ H1/2(u, O(M), P,) du < A3 M3

0

which is implied by the general assumptions over the model (2.1.4). The following lemma
gives a majoration of this concentration inequality.

Lemma 2.1.5. Under the assumptions (2.1.4) the following inequality holds
1< o
P sup — Wi(0(z) — 00(2))] > 2CC A0 ™2 | < Cexp(—C?A26~
(06@,990n<5\/ﬁ; (8(=) olz)] o ) (Cidy )

Proof. A demonstration of this result can be found in [vdGO00]. O

Using this lemma together with previous inequality we have:

. (Sup 95 S Wl0) — Ou(a0) | T,)

1—o
0ee 16 = Gol[n *

1 — / )
=P P —= > Wi(0(z:) = 6o(z))| > T (27'R)' "%
; (9ee,ooon<2—z+1R\/ﬁ; (0(z:) 0(2i))] ( ) )
< Z C eXp(—CgAgz(lJrl)aRfa)
l
(T')
C? )

< C%exp(—

So if we apply this result to the first concentration inequality we find:

L 7~l_ Wlﬁzz —f Zi
b (aup T T WOL) = 00)|
o0 {10 = bolln *1(0)>

o

_QakTQ
<3 o)
k=1
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which concludes the proof of the proposition (2.1.3).

We can see that the main condition imposed on the errors W;,7 = 1,...,n is that they
must be independent random variables satisfying a concentration inequality. As a matter of
fact, the starting point of the demonstration of the lemma is a Hoeffding type inequality that
requires such properties, but we could have written a similar proof starting with Bernstein
inequality for martingales, inequalities that can be found in [LT91]| for instance.

Martingale Version

In this section, we want to extend the previous theorem to the case where the errors are mar-
tingale increments. The preceding proof relies on the existence of a concentration inequality
of the form

P ( p [ S W)~ )] 2 QcclAU(sls)

6€6,/10—00|n <o

< Cexp(—C?AZ™).

This result is a direct consequence of Hoeffding inequality. But if the the variables are
dependent, this inequality does not hold any more and the following lemma replaces this
inequality:

Lemma 2.1.6. Let S, = Y., Z;, where the Z; are martingale increments and define F; =

o(Zy,...,Zy). Moreover suppose that for all p > 1 and Vi € [1,n] there exist two constants
Co and Cy such that :

B(ZP|Fir) < CoClp? (2.19)
Then for all t > 0 and for C’O = 4eCy and C’l = 2e(:
t2

P([S,] >t) <2exp(——— - )

Proof. The proof of this result can be found in many books, see for instance van der Vaart
and Wellner in [vdVW96] but we give in the appendix an easy proof. O

Lemma 2.1.7. If W;, i = 1,...,n are martingale increments satisfying condition (2.1.9),
and if moreover for a > 0 the following bound holds:

R 1
\/ﬁaZC/ HZ(u,©, P,) du
0

with C some (large) finite constant, there ezist finite positive constants ¢, K; and Ko such
that we have a Bernstein-type majoration:

na’
- ) —0(z)) >al < - .
<2ggn|zw %) = b)) a) o ( (K10+K2R2)>
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Proof. The proof of this result is similar to the proof of the inequality in the independent
case, by replacing the Hoeffding inequality by the Bernstein-Martingale inequality, and using
the chaining device and truncation device, explained in [vdG00]. We recall the main idea
of the chaining device: for the set ©, we consider families of covering-functions for different

radius 27°R, s = 0,...,S. So if we set fJ = 0, then for a given S we can write
S
fo=Y s =+ o= 17).
s=1

The main idea is to take S large enough to obtain good approximation properties, and the
remaining term Zle(f; — £571) can be handled easily since it only deals with a finite number
of functions. O

So due to this lemma we can extend the theorem to the case where the errors W;,i =
1,...,n are martingale increments. Moreover we have proven the consistency of the least-
square penalized estimator when the penalty is minorated.

Proprosition 2.1.8. Let © a function space and O(M) = {0 € ©, I(0) < M} such that
there exists a constant Ay such that for every § > 0

/Hl/Qu@ M), P,)du < Ag6' "5 M.

If I : © — [1, +o0[ then for Martingale increments W;,i = 1,...,n, there exists a constant
K such that we have:

1 n W,
P(gupﬁzz_l (6(z
Ee)

2

6o (z;))| > T) < K oxp(—

i)~
15 ()

KQ)'

-3

16 = o[

Limiting case

The class of functions must satisfy the entropy condition:

R
Vné > 2C ( H? (u, O, P,) du)

5
8o
where

O =1{0€ A, ||0— 0|, < RQ*ZH,[(G) < 2’““}.

This condition is fulfilled as soon as the integral of the square root of the entropy converges
and has the following majoration:

k+1)a

/ HI/ZUle, )dU<A0(51 22

But in the regression setting, we encounter the following condition over the entropy: there
. 1 . .
exists a constant C' such that H(0,0, P,) < C§~s, where s > 2 is a smoothness-coefficient.
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But the case s = 2 corresponds to some interesting spaces and enables us to handle classical

estimator such as the soft-thresholded estimator in a Besov space By ., s > %. We can see

that the entropy condition to apply the theorem can be weakened to log(@) < v/nd. Taking
the log-term into account leads to theorem in the case where s = %

Remark 2.1.9. We can notice that this general theorem does not provide optimal constants
due to the use of non optimal entropy majorations. Moreover, consistency results depend
heavily on the choice of the smoothing parameter X2 which must tend towards zero, but not
too quickly. This choice depends heavily on the concentration of the errors, but also on the
smoothness of the class of functions ©, in fact, it depends of s which is unknown in practice.
As a result, to estimate a function without prior knowledge on it, we have two possibilities:
either try to let the data pick the smoothing parameter by cross-validation or a Bayes approach,
or change the penalty which will not use the smoothness index but will be still linked with the

smoothness of the class. In the next section 2.2, we present adaptive estimation with [' penalty.

2.1.2 Appendix
Proof of Theorem 2.1.1

Proof. By the definition of the estimator we have for all € ©:
1Y = 6l + 2220 (8,) < [[Y = 0|2 +2X21(6),
so for 8 = 6y we can write
10 = Bol[7 + 2221 (0,) < 2(W, 0, — ), + 2221 (65).
But using the concentration inequality over the empirical process we have

(W, 0 — )y
sup i
00 \ |10 — bgl]n 2(1(6 — By

_>T | =0p(n7)
)z )

6 = O] 2 + A217(8,) < Op(n )]0 = Oollu 15 (6 — o) + N217(8).

Solving this inequality in both cases I(6,) > I(fy) and I(6,) < I(6,) leads to the result of
the theorem. O

Proof of Theorem 2.1.2

Proof. The proof is divided into five steps:
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1. Write ét,n = 10, + (1—1)fp and take t = m. Using convexity of the loss-function

and the definition of the M-estimator we get:

— Z’}/ — Hnt Zi ) + )‘il(én,t)

( ZV )+ AT (én)) +(1—1) (% > (Vi = 05(2) + Aif(eo))

=1

Z (Y )+ A21(6))
So, the following inequality holds:
/(Vén,t — Y0 )AP + N2 (6 ) < — /(Vén,t — Y9,)d( Py — P) + \21() (2.1.10)
2. Since ||, — Bo|ln < to, condition (2.1.6) is fullfilled so we have

/(fyén,t - Vao)dp > €||9An,t - '700”31 (2.1.11)

(2.1.10) together with (2.1.11) gives the following majoration
e = 0l + N2 ns) < = [0, = 0P = P4 22T0) (2012

3. Due to conditions (2.1.5) and the sub-Gaussian behavior of errors, the empirical process
has sub-Gaussian tail behavior and Lemma 8.5 in [vdGO00| apply: under the entropy
condition (2.1.7) we have

d(P, — P .
sup ny__%’“ b — Op(n~7) (2.1.13)

0,110-00ln<1 |0 — G|l > (1 + I(60) Vv 1(6))7

4. Now we find ourselves in the same situation than 2.1.1:

€)1 0ns =70 124N (B) < Op (0™ 2)[0—O0lln > (1+T(Bo)VI (B )7 +A21(6;) (2.1.14)

5. Reasoning among the lines of 2.1.1 and using that ||, — 6], = %Hént — 6| ends the
proof.

O
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Proof of Lemma 2.1.6

Proof. Let 0 < \ < C%e, then

1 P
Z)‘I)E(‘Zim}-i—l)ﬁ < CyCEN? Z()‘Cl)p_Qp—.

p>2 p>2 p |
But with the standard majoration for all p > 2,
p! > pPe e,
so we have the following inequality:

A< CoCleN” Y “(AChe)r™

p>2
00016)\2
- 1- )\016‘
So
v — \p B2 "|Fi1)
E(e™|Fiiq1) < 1+Z)\ T
p=0
< ex 00016)\2
=SP\T e )
So finally
P(S, >t) < e ME(eM)
< e ME(B(e*"|Fu. 1))

By induction we condition by every filtration and choose a particular Ay =

we get the following majoration:

t2
P(SnZt)SeXP _2 :

(C’OCfn + élt)

If we do the same for —S,, the result comes obviously.

t

2(éocizn+é1t) ’

31

and
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2.2 Adaptive estimation in regression

Adaptive estimation in regression, using soft thresholding type penalties

Abstract We show that various regression estimators, such as the least squares estimator
and the least absolute deviations estimator, can be made adaptive (up to logarithmic factors),
by adding a soft thresholding type penalty to the loss function.

AMS 1991 subject classifications. Primary 62G05, secondary 62G20.
Key words and phrases. Adaptive estimation, empirical process, penalty, rate of conver-
gence, regression, soft thresholding.

2.2.1 Introduction

Consider independent real-valued observations Y;, with distribution depending on a location
parameter 6;, ¢ = 1,...,n. This location parameter is defined by means of a given convex
loss function v : R — R, namely, we suppose that Ev(Y; — b) has a unique minimum in
b=10;0,i=1,...,n. Hence, when v(£) = £? | then 6 is the mean of Y;, and when (&) = [¢]
, then 6; ¢ is the median of Y, etc.

Let us write 0, = 6p(2;), where z; € Z is a covariable, 7 = 1,...,n. The covariables
21, ..., 2, are introduced for ease of notation, although in fact, they often also have a “real
life" interpretation. We now have the regression model

Y;:Bg(zl)—i-Wz, Z:L,TL, (11)

where Wy, ..., W, may be considered as measurement error.

Let p € ©, with © a parameter space. We take this parameter space as (a subset of)
the set of all real-valued functions on Z. We shall study the asymptotic behaviour (n — 00)
of estimators of f,. Throughout, as n varies, 6, as well as © are allowed to vary as well. In
other words, we are actually considering triangular arrays of observations. However, to avoid
too many indices, we will not always express dependence on n in our notation.

Take (),, as the empirical measure of the covariables:

n

1
Qn = ;Zézz

=1

We denote the Ly(Q,)-norm of a function 6 : Z — R as

Ol = ([ 4.,

Now, let ¢1,..., 1, be an orthonormal basis in Ly(@Q,). Each function § can be written

0 = Z ajwj,
j=1

as
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in Ly(Qy). Moreover,
Iollg, = Z@ = [lallz.

where @ = (1 ...,a,), and where we we denote the Euclidean norm of a vector in R™ by

1 lln-

We shall study the regression estimator with soft thresholding type penalty

f, = arg min 27 )+ N2L(0)], (1.2)

fce (n

where for 6 = Y77, a;1;, we take the penalty

0= ol (13

and where A2 is a (to be chosen) smoothing parameter.

The penalty I,,(0) defined above is called a soft thresholding type penalty, because in the
least squares (LS) case (v(£) = £2), the above estimator is in fact the standard soft thresh-
olding estimator (see Subsection 3.2). Penalized M-estimators are common in the litterature,
see for instance Baraud (2000), Birgé and Massart (2000), (1999), Koéhler (1999), (2000) or
Leurgans (1982). In particular, the least squares estimator (LSE) with soft thresholding is
well studied, and very convenient from the computational point of view. It is however of
interest to investigate other loss functions as well, because most theory for the least squares
case depends on the assumption of Gaussian errors, or at least on the assumption of the
existence of second moments of the errors.

Note also that LS method requires a smoothing parameter A2 which depends on the scale
on which the observations are measured. It depends on (an estimator of) the variance of the
errors. Robust regression estimators can do with a choice for A2 which works for all data.
Unfortunately, for the robust methods, as yet we do not know the optimal (i.e., smallest)
value for \2. This is due to our bounds for empirical processes, where not only universal
constants, which have as yet not been calculated, appear, but also some (possibly redundant)
logarithmic factors.

The paper is organized as follows. In the next section, we review some entropy results.
Entropy is a measure of the complexity of a metric space, in our case the parameter space
of regression functions. To illustrate the regression theory, and yet minimize the amount of
approximation theory, we introduce a space of functions governed by a roughness parameter
p, and calculate (a bound for) its entropy. We also discuss the relation with Besov spaces.

The rate of convergence of the “classical" LSE, that is, without penalty, follows from
entropy calculations (see van de Geer (1990)). This result is cited in Theorem 3.1 in order to
later on reveal the relation with adaptive estimation.

We then establish a rate of convergence for the LSE with soft thresholding. Here, we use
a method of proof that does not need an explicit expression for the estimator, so that it is
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well tailored for transfer to other estimation methods. We show that the estimator indeed
adapts (in a sense described there) to the amount of roughness p (see Example 3.2).

In Section 4, we present the extension to robust regression. Here, we need an inequality
derived from empirical process theory.

Section 5 presents a small simulation study, where LS is compared to least absolute devi-
ations (LAD), when the errors are double Exponential instead of Gaussian. The section ends
with a discussion on adaptivity and robustness.

2.2.2  Entropy
Definition of entropy

Let T be a (subset) of a metric space. The §-covering number N(§,T') is the minimal number
of balls with radius § > 0 necessary to cover T. The J-entropy is H(5,T) = log N(0,T).

In our situation, we need entropies of subsets of Ly(Q,). Note that Ly(Q,) is essentially
the n-dimensional Euclidean space R". The Ly(Q,)-norm of a function 6 is the normalized
Euclidean norm of the vector (6(z1),...,0(z,))". Also, for ¢y, ..., 1, an orthonormal basis in

LQ(Qn)a
0= as, 1bllo. = llall,
j=1

with || - ||, the Euclidean norm.

A roughness parameter

Let us illustrate the entropy concept for a simple case. Consider the set of functions 6 =

anl ajwj, fOI‘ which
n
Z |O‘j‘p <1,
7=1

j
for some 0 < p < 2. We may think of p as a roughness parameter: if p = 0, we assume the
convention 2 = 1 if x is non zero and 0° = 0. Throughout all this paper, for a given set A,
we will use the notation #A for the cardinality of the set A. As a consequence we get

> loyl” = #{ay, o # 0}
=1

So the function # may have at most 1 non-zero coefficient, whereas, on the other extreme,
p = 2 only requires that 6 is within the n-dimensional unit ball. We can point out that the
sets {a, 7, [a;|P < 1} increase for the inclusion as p becomes large. Thus, the smaller p
the “smoother" § will be. This is also reflected by the entropy calculation: the smaller p, the
smaller the entropy. This is shown in Lemma (2.2.1) below (where we omit the two extreme
but trivial cases p =0 and p = 2).
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Lemma 2.2.1. Consider the following subset of R": A, = {a = (ay,...,an)" : Y0 oyl? <
1}, with 0 < p < 2. We have for some constant A, depending only on p,

H(5, A,) < AST <10gn+10g %) , 0>0. (2.1)

Proof. Let € = 575 Define for a cA,,
No(e) = #{a; 1 |a;| > €}
Moreover, let
N(e) = [e7"],

where || denotes the integer part of x > 0.
We have
max N, (e) < N(e).

OtE.An

It suffices to have a d-approximation of the coefficients larger than e, neglecting the other
coefficients. That is, let a € A,,, and suppose that for some a,

Z |Oéj — O_éj‘2 S 52.
laj|>e
In addition, suppose that &; = 0 for all |o;| < e. Then we have
lo—alz <62+ Y Joyl* < 26%
laj|<e

provided

Yoo <e.

loyj[<e

But this follows from

S eyl =Y oy

laj[<e laj|<e

<Y Jaylrer

loj|<e

< 2P,

The number of ways to choose N(¢) < n coefficients out of n is

(o) <
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Moreover, the d-entropy of a space of dimension N (e) is at most 5N (€) log 5 (see e.g. van de
Geer (2000)). So, we arrive at

H(V25, A,) < N(e) (5 log% + 10gn> :

where € = 6%, and N(e) < e ”. O O

Remark 2.1 We used in the proof that if

n
Z |O‘j‘p <1,
7=1

then
No(e) = #{a; 1 |oj| > €} <€’

It is also easy to see that in that case, for p <1,

Mo(e) = ) Jay| < e

oy [<e

These inequalities we will use in Subsection 3.2 to prove adaptivity in p.

Relation with Besov spaces

In the literature on adaptive estimation, one often considers so-called Besov spaces B, ,([0, 1]%).
Such spaces are intrinsically connected to the analysis of curves since the scale of Besov spaces
yelds the opportunity to describle the regularity of functions, with more accuracy than the
classical Holder scale. General references about Besov spaces are Besov, II'in and Nikol’skii
(1978), Berg and Lofstrom (1976), Triebel (1992) and DeVore and Lorentz (1993). This sub-
section discusses the link with our roughness parameter p. The notation B, ([0, 1]%) refers to
the case of functions on the d-dimensional unit cube, with “smoothness" o, and where p and ¢
refer to L,- and L,-norms with respect to Lebesgue measure. We will not go into the details,
but mainly want to show that, apart from logarithmic factors, such Besov spaces correspond
to a roughness parameter p equal to p = 2/(2s + 1), where s is the “effective" smoothness
o/d, and where we assume p < p (see Lemma 2.3). (Similar observations can be found in
Donoho and Johnstone (1996).) The application of Lemma 2.2 then yields a bound for the
entropy. However, in Besov spaces, the coefficients at higher levels tend to be smaller, i.e.,
there is a little more structure than as can be described by our roughness parameter p. As a
result, it turns out that Besov spaces have entropies without logarithmic factors (see Lemma
2.3). Consider a wavelet basis 1, of L*(P,,) with regularity r such that r > s. We recall that
a wavelet regularity is expressed through its number of vanishing moments, see e.g Meyer
(1987) or Mallat (1990). Then a Besov norm is equivalent to an appropriate norm in the
sequence space, that is, the space of the wavelet coefficients, see DeVore and Lorentz (1993)
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or Donoho, Johnstone, Kerkyacharyan and Picard (199for instance. We take a sequence space
as a starting point (and consider for simplicity the case corresponding to d =1 (0 = s) in the
Besov interpretation). The coefficients a are now indexed by two integers: a = {a;x}, where
k runs from 1 to 27, and where j € {1,2,...,.J} can be seen as a zoom-level.

Let B4 be the set of coefficients {c;;} that satisfy

S e

P <1. (2.3)

J 27
; P_1\4
§ : 2y((2s+1) 5 l)p § : |aj,k
j=1 k=1

This quantity is equivalent to the Besov semi-norm. Throughout, we assume s > 0, p > 1,
and ¢ > 1. In the Besov space interpretation, By, , (with J = oco) corresponds (in the sense
of norm equivalence) to a Besov ball in the space B, ,(]0, 1]).

Lemma 2.2.2. Suppose that a = {a;;} satisfies (2.3), with p =2/(2s+ 1) < min(p, q), and
J < oo. Then

2i

J
SN agalr < T (2.4)

j=1 k=1

Proof. By Hélder’s inequality, for a sequence ay,...,ar, and for ¢t > 1,

L L %
S lal < LT (Z al|t) . (2.5)
=1 =1

Apply this first with L = J, |a;| = 22]21 |ajk|?, and t = q/p. Then we find

J J
Z > ol <J7 Z > ol . (2.6)

Next, apply (2.5) with L =27, |a; x| = |a;|?, and t = p/p. This yields

2] " : 27

Jp=p L
D gkl g <8275 (3 layalh)?
k=1 k=1

Do this for each j = 1,....J, and insert the result in (2.6):

q

2J p

T eyl

j=1 k=1

L
q
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NS
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[N}
<.
SR

since

O U

Remark 2.2 One can also define spaces Bs,, with p = co and/or ¢ = co. Condition
(2.3) is then to be understood with the usual adjustments. Note that Bs,, C Bs,p co-

In our applications, the number of levels .J is logarithmic in n. The entropy of the spaces
Bs,,, can now be bounded by combining Lemma 2.1 with Lemma 2.2. However, it turns
out that this will result in a bound with an unnecessary (logn)-term. The entropy bound
without logarithmic factors can be found in Birman and Solomiak (1967) or in Birgé and
Massart (1996).

We consider B,,, as a subset of the Euclidean space R/
Euclidean norm || - ||.

27=2) (possibly J = o0), with

Lemma 2.2.3. Let p =2/(2s + 1) < p. For a constant A depending on p and s,
H(6, By poo) < AS™%, 6> 0. (2.7)

Proof. This is shown in Birgé and Massart (1996). In fact, they show that the d-entropy for
the L, (Lebesgue measure)-norm, of a Besov ball with radius 1 in By ([0, 1]?), is bounded

by A(S‘é, provided s = 2 > 1—1) — i. O O

Remark 2.3 Inspection of the proof of the entropy result by Birgé and Massart (1996)
reveals that if condition (2.3) holds, with p = 2/(2s+ 1) < p, then there exists an approxima-
tion @ with N < 6+ non-zero coefficients, such that || — @|| < 8. This we will use later on
to re obtain adaptivity in the Besov case, of the LSE with soft thresholding, up to the correct
logarithmic factors.

2.2.3 Least squares

In this section, we study the model V; = 0y(2;) + W;, i = 1,...,n, with Wy,... W, iid.
N (0, o2)-distributed errors.
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Least squares without penalty

Suppose we know a priori that ; € O, where O is a given parameter space of regression
functions. If © is “not too large", one need not penalize the LSE, i.e., one can use the
“classical" LSE

. R )
0, = arg min — ;(Yl —0(z))". (3.1)

Theorem 2.2.4. There exits a constant ¢ depending only on the variance o? of the errors,

such that for

o> [ f/ H'(u, (0 €0+ 10— tollg, < 5)duv s 32
with J,,(§)/6? a non-increasing function of §, and
Vb, > cn(6n), (3:3)
one has for all § > 0, ,
P(lf. — folla, > ) < cexpl~"%] (3.4)
Proof. See e.g. van de Geer (1990, 2000). O

Example 3.1 Let
O={0=> ajib;: > |y <1},
7=1 7j=1

with 11, ..., 1, an orthonormal basis in Ly(Q,). Then it follows from Lemma 2.1 combined
with the above theorem, that for 0 < p < 1, the LLSE 6,, converges with rate

logn

(=)

n

This corresponds to the minimax rate (see Donoho and Johnstone (1994)). The case p = 0

yields the rate
logn

(NI

(——=)7.

If p > 1, the entropy integral does not converge. For example, when p = 1, we find the rate

n

log®n

( )%7

i.e., extra powers of logn. The case p > 1 gives even rise to extra powers of n.

n

Observe that in the above example, the parameter space ©, and hence the “classical" LSE
0., depends on p. In the next subsection, we will construct an estimator that does not depend
on p, but that is shown to converge at the same rates (for 0 < p < 1) as the one given above.
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Least squares estimation using soft thresholding

In van de Geer (2000), least squares estimation using various penalties is considered. Here,
we restrict ourselves to the special case of soft thresholding. (See also Remark 3.4.)

Let t1,...,1, be an orthonormal basis for Ly(Q,). Each 6 : Z — R can be written as
0 = > 7_, ajty (in the sense of Ly(Q,)-equivalence). In particular

n
9(]: E O‘j,O’Q/}j-
i=1

Let 6, now denote the LSE with soft thresholding, i.e.,

n

. ‘ 1 n n .
On =arg,  mim {ﬁ > (V= 0(z)* + 2] ; aj} = ; Qjmthj. (35)

=1

An explicit expression, which explains why the method is called soft thresholding, is given in
Remark 3.3 following Theorem 3.2 below. (We have added a factor 2 to the penalty term to
simplify the expressions.) However, a rate of convergence can be established without using
this explicit expression. This is of importance, because it will allow the extension to other
estimation procedures, where no explicit expressions are available. The next theorem studies
the general situation. It is followed by the example with roughness parameter p.

Theorem 2.2.5. Suppose that the variance oi of the errors is known (for simplicity) and
take A2 > oqy /222 Let J, be any subset of {1,...,n} and define

Nn = ‘jn‘a Mn = Z |aj,0 .

3¢ Tn

(3.6)

The LSE with soft thresholding 0, satisfies

Sl

16, — Ollg, = Op(N2NZ + N\, M7). (3.7)

Proof. Write
1l & .
= EZWZ%(Z’)’ j=1,...,n
i=1

Moreover, write

Z ;. Tni(a Z |l

]Ejn ]¢.7n

and (identifying a function 6 with its coefficients ),

In(@) = In(a) + Du(a Z\%I
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Clearly, by the definition of the estimator O,

n n

> (Y = 05(2:))” + 2701 (6o).

i=1 i=1

1 . .
— Y (Y = 0,(2))? + 2021, (6,) <
n

SIS

Rewrite this to

6 — aolls + 22X Lu(én) <2 Vi(@jn — aj0) + 203 T(@)-
But this gives

.....

If we take B,, as the set
B, = { max |Vj| < 32},
.7: 9"'5n

we have
P(B,) — 1.

On B,,, we find

6 — a2 4+ 2X2 1, (6n) < 2021, (G — ) + 202 T, (), (3.8)
or

|G — g |? + 2X\2 10 (G) < 20215 (6 — ) + 20210 (61 — )
+2)\Z(IN(O£O) — ]N(@n)) + 2)\7211]\/[(040)
or )
16 — aoll, < 4G — aolln A2 N + 402 Tns (o).

Note now that Ip/(ag) = M,, by definition. Thus, we arrive at (3.7). O O

Example 3.2 Suppose that

n

D el <1,

7=1
for some 0 < p < 1. Take J, = {j : |0/ > A2}. Using Remark 2.1 with e = A2, we obtain
that

N, <\, %

M, < Ai(l—p)
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and as a result we get
1 1
NN + A\ M <2027,
Previous inequality together with Theorem 3.2 show that
16, = bollq, = Op(A).

In other words, the optimal choice A2 = gg /2282
n n

3.1, i.e., the LSE with soft thresholding (which does not use knowledge of p) adapts to p.

yields exactly the same rate as in Example

Remark 3.1 Application of Theorem 3.2 when o lies in the space Bs,, defined in
Subsection 2.2 does not directly give the correct rate. However, one can easily extend the
theorem to show that (under the same condition on \,) one has

100 — Bollg, = Op(N2NZ + N\ My + |60 — 0,llq.),

where 0, = Z?Zl @jn1; is some (any) approximation of ;, and where

My =" ||

J¢Tn

Remark 2.3 now gives K
16 = Bollq. = Op (A, "),

when 0y € B, ,,, with p = 2/(2s + 1) < p. This coincides with the result in e.g. Donoho,
Johnstone, Kerkyacharian and Picard (1996).

Remark 3.2 The condition of normally distributed errors can be dropped, provided we
adjust the value of the smoothing parameter in the appropriate way. Namely, A2 should be

chosen in such a way that
P( max |[V;| <\2) =1,
ij=1,..,n

where V; = Y Wip;(z)/n, 7 = 1,...,n. Thus, the (optimal) choice of the smoothing
parameter depends on the distribution of the errors. As a consequence, if the errors have
heavy tails, the rate of convergence of the LSE with soft thresholding may be very slow.

Remark 3.3 Each coefficient is estimated separately. For completeness, we present here
the expression of the estimated coefficients. Let us write

_ 1 ¢
Cjn = — > Yihi(2)
i=1

for the empirical coefficients. Then the penalized least squares estimators 0, = S Aty

j
is solution of the optimization program:

n n
- _ . ~ 2 2 ,
(4jn) = arg Hclén (Z | — o]+ 2A, Z | ) .

j=1 j=1
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This minimization problem has the following explicit solution:

~ 2 . ~ 2
Qjn — Ay, if a0 > Ay,
o o |~ 2
aj’n - 07 lf ‘O{‘],H‘ S )\Il7
~ 2 . ~ 2
Qjp + A7, if oy, < —A;.

Remark 3.4 Theorem 10.2 in van de Geer (2000) is about penalized LS estimation in
general. It cannot directly be applied to L.S with soft thresholding, because the entropy of the
set {0 : I,,(0) < 1} is not integrable. Adjusting the previous theorem in van de Geer (2000)
to cover our case is however straightforward, and will yield the same result of Theorem 3.2,
but with additional logarithmic factors, and restricted to the case J, = 0, so that N,, = 0
and M, = I,,(6y). In other words, the result using entropy methods of van de Geer (2000)
is that ||6, — 6ollq, = Op()\nl,l/Q(Ho)) times some log-factors. So when I,,(6y) < 1 (say), one
essentially arrives at a ni-rate of convergence, i.e., the entropy approach leads to rates for
the roughest case p = 1. It may however be true that a more refined entropy approach, using

local entropies, is capable of reproving adaptation (modulo log-factors) to the roughness of
6.

2.2.4 Robust adaptive estimators

Recall the regression model
Y;' :90(21)+WZ, 1= 1,...,n,

where ) : Z — R is an unknown regression function in the parameter space ©.
The estimator with soft thresholding type penalty, based on the convex loss function v, is
defined as

b = (=) £ N CNTad (41
0= Oélll)l-lr-nl-ll-]anwnEG{ Z'Y Z + Z|a9|} ;a], ,QZ"J ( )

The case v(§) = £? was studied in the previous section. In this section, we look at the
robust case, with 7 satisfying

V(&) = (&) < |€—¢], &R, (4.2)

The following notation is convenient. Let X; = (Y}, 2;), let P, be the empirical distribution
based on X1,...,X,, P% the distribution of X;, and P = o, P /n. In the introduction,
we assumed that E~(Y; — b) has a unique minimum in b = 90(21) We now need the following
stronger condition. Let v5(X;) = v(Y; — 0(2;)). For 0 <t < 1, write 6, =t + (1 — t)6,. (We
do not require #; € ©.) We will assume that for ¢y sufficiently small (not depending on n)
and 0 € O, we have for all 0 <t < t;,

/ (o0 — 72 )dP > €| — bl (4.3)
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where € > 0 is a constant (not depending on n). If one is willing to assume that functions
in © are bounded in sup-norm (by a constant K not depending on n), this is a reasonable
condition, because [ 7pd P is minimized at ;. However, boundedness in sup-norm is of course
an awkward condition. (See also Remark 4.1 below.)

The choice for the smoothing parameter in Theorem 4.1 is taken on the safe side. It is
based on the empirical process inequality of Lemma 4.2.

Theorem 2.2.6. Suppose that (4.3) holds. Then for any subset J, of {1,...,n} and for

Nn = ‘jn‘a Mn = Z |aj10‘

J¢Tn
and \2 > cy/logn/n, where c is a universal constant, we have
16, — Bollg, = Op((A2NZ + Ay M)V n~7),

1 1
provided N2 N2 + \,M;? — 0.

Proof. The proof follows the line of reasoning of Theorem 3.2 on the LSE.
Define t = to/(1 + ||0, — 6o]|g, ). Consider the convex combination

O = 10, + (1 — 1)

Using the convexity of the loss function v, and of the soft thresholding type penalty, we obtain

— Z'}/ th ZZ ) + )\i[n(ét,n)

gt{%Zv(Yi—é( ))+)\21(é)} 1—t{ Zv i — fo(2i) +Ailn(90)}

27 +)‘2 (90):

where in the second inequality, we used that Gn minimizes the penalized loss function. We
rewrite this in a convenient form, namely

/(%;m — Y00)dP + A2 1 (Brn) < — /(%;m — Y00)d(Pn — P) 4+ A1, (60).

By assumption (4.3),
/W%J”WWPZd@m—%%M
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Now, if I,,(8,, — o) < n~z, it follows immediately that also 16in — Oollo, < n~7. Let
us therefore assume that I,,(6,, — 65) > n~7, and (for simplicity) that this is true for all .
Observe also that ||6;, — 6ol|g, < 1. Let B, be the set

logn R
& (B — B0).

n

[ O = dPa = P) < ¢
We show in Lemma 4.2 that for a ¢ a large enough universal constant,
P(B,) — 1.
On B, we find
eN0in — OollD, + N2L(0r) < N21,(0,0 — 0p) + N21,(60). (4.4)

This is, apart from some constants, the same inequality as (3.8) in Theorem 3.2, and we may
proceed as there. We then arrive at

N 1 1
1610 = Ooll, = Op(A2 N + A\ M;7 ).

But then also X X ) )
16 — ol @, = 10 — Oollq. /t = Op(NINZ + Ao Mi2).

O U

Remark 4.1 It can be seen from the proof that it is allowed to let the value of #; in
condition (4.3) to depend on 6 as well as f, as long as the last step in the proof remains true.
Indeed, in the proof we took ¢ < ¢y, depending on the parameter, a trick which allows one to
restrict attention to a unit ball around 6, when the loss function and penalty are convex (see
also van de Geer 1999).

Remark 4.2 Theorem 4.1 shows that, except for some logarithmic factors, for the robust
penalized regression estimator one has exactly the same result as for the penalized LSE. There-
fore, one can deduce e.g. adaptivity up to logarithmic factors, to the roughness parameter p
(as in Example 3.2).

The robustness condition (4.2) implies that a choice of the smoothing parameter that
works well for all error distributions, is possible. The optimal choice is as yet not clear,
but the following empirical process inequality gives an upper bound (still depending on an
unspecified universal constant c).

Lemma 2.2.7. There exists a constant ¢ such that

o= 0)d(P, =) | fiogn) g

P .
Sub I,(0 —6) =N c? ]

1
10=boll@r, <1, Tn(6—060)>n"2
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Proof. Without loss of generality, we may assume 6, = 0. Now, note that

10llq. < In(0) < Vnll0llq,.

and that for some constant A, and all M < \/n,
M? 1
H(u,{0: 1,(0) < M}) < A—-logn, u>n"2/8,
u

where we invoked Lemma 2.1. We show in the following lemma that for some constant Cj,
we have the concentration inequality

_ lo lo 1V M2
o, o o= 21> T ) < i 8GYA,
\ <M n e

0llon <1, In(0)

Take jo as the smallest integer such that jy + 1 > log, /n. Then we find

0)d(P, — P /1

1
n”2<I,(0)<1

Jo
logen .
SZP(I sugj/w Wd(Py = P)| > Cyy |22 23)

§=0

logn

< (logy v/n + 1)C exp[— C’gQ ]
0
logn
< Cyexp[— 52 J-
Moreover,
—v)d(P, — P ]
P sup ‘f(% 70) ( )| > 20, ogn
[6llgn <1, In(6)>1 1,,(9) n

Y > logn

< ZP ( sup , /(’Ya - ’Yo)d(Pn — P)‘ > CO\/?W‘H)

§=0 10]l0, <1, In()<2i+! n
- log n)22(3+1)

7=0

logn
< Chexp[— 52 ]

O U
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Lemma 2.2.8. There exists a constant Cy such that the following upper bound holds

logn logn)(1V M?
P( sup |/79 Y0)d(Py — P)| > Coy/ —2 M) < Cyexpl— 1EMU VI,
10l @n <1, In(0)<M n C?

Proof. Define the following empirical process
/ (7 — 70)

Ui(0) =v(Y; = 0(2)) —v(Y;),i=1,...,n.
An Hoffding type inequality, proved by Massart (2000), says that for all u > 0 we get
n2u2]

802

Z = sup d(P, — P).

10l <1, In(0)<M}

Set

P(ZZE(Z)+u)§exp[

where b,, satisfies
sup > U:0) —EW:(0))]% < b2
Since v is 1—Lipschitz, we have that
sup 1U:(0) — E(Ui(9))[|5 < 4 sup 0% ()
10llgn <1, In()<M ; 16, <1, In(®)<M ;
<4n

As a result, we have an upper bound for b, and we take b2 = 4n. A symmetrization procedure
implies the following bound:

E(Z)=E su U6 U0
7 Bllan <t (@) <M T Z ))]“
1 n
S 2E sup — Z erz(Q)
n

16llo, <1, In(0)<M P

where the ¢;’s are Rademacher random variables. Theorem 4.12 in Ledoux and Talagrand’s
book (1991) based on a contraction principle and using the fact that v is Lipschitz gives the
following bound for the last quantity:

S E sup — 619(21)
0l <1, In(0)<M | TV 53

<E sup % Z a; Z € (zi)

1010, <1, In(O)<M

n

=1

E sup

0llq, <1, In(0)<M

< ME
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log n

The last quantity is of order M . As a consequence we get

Z<2M\/ | >1-
+u exp< 32>

log" completes the proof of the lemma. O

Taking u =~

2.2.5 Least absolute deviations

Let us (for simplicity) assume that Wi, ..., W, are i.i.d. copies of a random variable W.
Suppose W has median zero. We may then consider the least absolute deviations (LAD) loss
function. The LAD estimator with soft thresholding type penalty is

n
5o v — , _ N )
en 0= alwlfnfam/)nE@ {n Z ‘ ZZ ‘ +A Z a1|} ]Zl a]ﬂlw]

Note that this estimator has a certain scale invariance, in the sense that the optimal value
of the smoothing parameter does not depend on the scale of the data. In particular, the
smoothing parameter will not depend on (an estimate of) the variance of the data.

In order to apply Theorem 4.1, we need to verify condition (4.3). Suppose W has density
fw with respect to Lebesgue measure, and that for some € > 0,

fw(w) > ¢, forall jw| <e.

Let us write

[0]o0 = max |6(2)].
Assume that for some constant K < oo,

sup 0] < K.
6co

Then indeed, one can easily see that (4.3) holds with #, = min(3, 5%).

Remark 5.1 It is not a good idea to apply LAD (or other robust methods) with soft
thresholding in the sequence space. To see why, let us denote the empirical coefficients by

X 1 ¢ .
aj,nzgzmw](zl)a ]:1;"':n
i—=1

Renormalize to
:\/ﬁdj,n, j=1,...,n

with expectation (assuming the errors are centered)

Effj:\/ﬁaj,o 2219]"0, jzl,...,n
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The LAD estimator of 9 is now
9 o 1 ~4 J— . 2 .
0n—arg£§2{2% 19a+\/mnz;|193}-
j= j=

Thus, as soon as /n\2 > 1, J, = 0. Suppose now that 9, remains bounded, say that 10,0/ <1
for all j. The result of Theorem 4.1 is then trivial:

1 - 2 1 2 1 2
S Vo= D Pt D Ui
j=1

JE€ETn JETn

N, 1 N, 1
<SS el = 2t = S Jagl.
_n+n, Vjo n+\/ﬁ, [0

2.2.6 Simulation study

In our simulation study, we allow ourselves the following deviations from the main theory.
Firstly, we will not restrict the functions # to be bounded in sup-norm by some constant.
Secondly, we take values A2 proportional to y/2logn/n as given in Remark 4.3. (Note that in
the LAD case, the random variables (v4(X;) — v, (X;))/(0(2;) — 00(2;)) are +1 or -1 as soon
as [Wi > 10(z) — 6(z:)]).

The signals have been generated using the software MATLAB. We consider the Heavi-

sine function and the Doppler function with n=100 observations, and decompose these two
functions onto a wavelet basis using a Daubechies wavelet with 8 vanishing moments. As
error distribution, we considered the standard centered Gaussian distribution with variance
3, and also the Laplacian distribution, i.e., double exponential distribution, with mean zero
and variance 3.
The LS estimator is computed using its explicit expression whereas the LAD estimator must
be numerically computed. Since the LAD estimator is defined as the solution of an I* min-
imization, standard minimization algorithm do not give good results. That is the reason
why, following ideas developped by Bruce and Sardy (1999) for the Huber loss function, we
consider the minimization problem as an optimization issue with Lagrange multipliers and
the associated dual, see for instance Rockafellar (1970). A primal-dual algorithm with a
log-barrier penalty, described by Chen, Donoho and Saunders (1999) provides an efficient
numerical method to compute the LAD estimator.

We have looked at 9 cases, corresponding to different values of the smoothing-parameter
A2 including the theoretical optimal value for the Gaussian case 0.303 that corresponds to the
8" line. The four tables summarize the performance of the LS and LAD estimators in term
of mean square error (MSE). The numbers represent an average over 20 simulations. In order
to make comparison of LS and LAD relevant, we have put on a same line the results with
og\2 for the LS and A2 for the LAD. We also added a line where comparisons are made for
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the optimal cases, i.e., smallest |6, —6 o, (corresponding to different smoothing parameters).

In these simulations, we can see that LAD works better in the Laplacian case, and LS
works better in th Gaussian case (as is to be expected). We note furthermore that the value
A2 = /2logn/n is not optimal in the LAD case: it is too large. In the LS case, the corre-
sponding value \?> = gyy/2logn/n is also too large when the errors are Laplacian, but it is
optimal when the errors are Gaussian.

We show the results for some significant simulations. The LS estimator is represented
in dotted lines and the LAD estimator is represented with solid lines. The figures 1-2 show
the results obtained for the two different functions Doppler and Heavisine with the Gaussian
noise. The last figure, figure 3, shows the results when taken Heavisine function corrupted
by Laplacian noise. We can observe that LAD catches better the irregularity of the two
functions Heavisine and Doppler, when LS is too smooth. However LAD with a wavelet basis
has limitations because its ability to estimate spatially inhomogeneous signals conflicts with
the goal of robustness to filter noise.

Heavisine function with Gaussian errors.

\? MSE for LS | MSE for LAD
0.0303 (1) |  0.7535 0.605
0.0607 (2) |  0.5229 0.3994
0.1011 (3) | 0.4782 0.3737
0.1517 (4) | 0.4934 0.4507
0.2124 (5) |  0.4749 0.4612
0.2427 (6) | 0.3451 0.4828
0.2731 (7) | 0.2821 0.5003
0.3034 (8) |  0.2238 0.5601
0.6070 (9) |  0.5852 0.6242
optimum | 0.2238 at (3) | 0.3737 at (3)

Heavisine function with Laplacian noise.

22 MSE for LS | MSE for LAD

0.0303 (1) 1.7051 1.5157
0.0607 (2) 1.010 0.954
0.1011 (3) 8201 0.6233
0.1517 (4) |  0.7853 0.5896
0.2124 (5) |  0.6021 0.4324
0.2427 (6) | 0.5925 0.4654
02731 (7) | 0.5896 0.5870
0.3034 (8) |  0.6012 0.6925
0.607 (9) 0.6238 0.7021

optimum | 0.5896 at (7) | 0.4324 at (5)
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Doppler signal with Gaussian errors.

[ X [ MSE for LS | MSE for LAD |

0.0303 (1) |  0.5862 0.8103
0.0607 (2) | 0.5210 0.7801
0.1011 (3) | 0.3521 0.6610
0.1517 (4) | 0.2625 0.5218
02124 (5) | 0.2212 0.3451
0.2427 (6) | 0.1521 0.2821
0.2731 (7) | 0.1330 0.3299
0.3034 (8) 0.090 0.4445
0.6070 (9) | 0.3928 0.5510
optimum | 0.090 at (8) | 0. 2821 at (6)

Doppler signal with Laplacian errors.

| A | MSE for LS | MSE for LAD |

0.0303 (1) 0.736 0.901
0.0607 (2) 0.6260 0.7700
0.1011 (3) | 0.5218 0.6101
0.1517 (4) 0.5680 0.5018
0.2124 (5) | 0.6321 0.3451
0.2427 (6) | 0.7081 0.2821
0.2731 (7) 0.8588 0.8229
0.3034 (8) 0.9097 0.8429
0.607 (9) 0.9254 0.9545
optimum | 0.5218 at (3) | 0.2521 at (6)

51
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2.3 Penalized Density Estimation

In this part, we focus on the density estimation problem using different penalization tech-
niques. In a first part, we will investigate a smoothing approach obtained by minimizing
a quadratic loss-function penalized by Besov pseudo-norms. The lack of adaptivity of this
method will lead us to use empirical process theory to study the behavior of another esti-
mator: we penalize the log-likelihood by a functional which depends on the roughness of
the logarithm of the density. More precisely, we will use a functional based on the wavelet
coefficients of the log-density.

2.3.1 A smoothing technique

The model is the following: let X be a random variable that ranges over a subinterval of R and
has unknown probability distribution P with density fy with respect to Lebesgue measure,
lying in a functional space F,

dP
— = Jo.
dA\
Suppose we observe n independent observations X1, ..., X,, of X and use this random sample

for inference about the density fy. Linear estimators of the density can be obtained using

a wavelet decomposition of the density. As a matter of fact, we make the assumption that

1

Jo belongs to a Besov space B; ., s > . Consider a wavelet ¢ with r > s regularity and

compactly supported that provides an unconditional basis of such space. So every function f
can be decomposed onto this basis as follows:

F=200 Biwthins Bix =< f. i > .
ik

D. Donoho, I. Johnstone, G. Kerkyacharyan and D. Picard in [DJ95] or [DJKP95| for instance
have constructed the linear wavelet estimator:

F) =" djutbin(x)
(7:k)
where &, =< fo, 1Y, > is the estimated wavelet coefficient :
N
Qjp = ﬁ Z:Z1 wjk(Xi)-

Since
Edj, = B (X,)
= /%k(@fo@)m
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f is an unbiased estimator of the density. But this estimator has to be truncated to use
only a finite number of resolution levels. Moreover it may be non smooth, which justifies
the use of smoothing techniques to improve its behavior. Indeed, we will try to solve the
approximation issue which consists in finding a function f close enough to this estimator but
with a regularity that can be easily controlled. For this consider the smoothing problem

f=arg  min (I Djos fo — gll3 + 1(g)) (2.3.1)
QZZ;LJ-O ok Bik¥jREF

= arg min (Z Z |Gk — Bil” + [((@‘k)(j,k))) (2.3.2)

QZZ;éZkﬁjk"l)jkE]: j=jo k

The optimization problem is transformed due to orthonormality of wavelet transform. We al-
ready know that, for special choices of penalty, the minimization problem can be solved.
The explicit solutions lead to well-known wavelet estimator: for a choice I((Bjr)(x) =
200 3 jw [Blik and resp. T((Bjx)jx) = Ai#{|Bjx] > 0} we obtain the soft-thresholded
wavelet estimator

f=" sen(@)(am — A2) 4t
(4.k)
and resp. the hard-thresholded wavelet estimator

f= Z QjkLiagy 522 Vjk-

(J:k)

The asymptotic behavior of such estimators have been studied by D.Donoho, I.Johnstone,
G. Kerkyacharian and D. Picard in [DJ95] or [DJKP96b|. They proved that such estimators
achieve the minimax rate of convergence over compact sets of By for B) -losses with o > s,
up to some logarithmic factors.

If we want to control more directly the smoothness of the estimator, we must choose a norm-
type penalty with a Bj, pseudo-norm. So we have

Ji
I(g) = A2 2203 " 3% = X2

B3,
Jj=jo k
and ; j
Jj1 J1
. . R 2 2 2j 2
fr. = argmin (Z(%‘k = BR)* A D2 jk) |
Jo Jo k

This approach is similar to the approximation point of view with the use of the K-Peetre
functional, described by Peetre in [Pee70] . In that case, we have proven that the estimator

is a smoothed estimator .
J1
an = Z ok Pjok + Z Z Bikjk
k

Jj=jo k
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where for all j = jo...7;
Bijk
(1+ A\22%s)
This estimator is consistent provided the same hypothesis as in the case of the regression

holds. It achieves the minimax rate of convergence for a convenient choice of the smoothing
parameter ), as asserts the following theorem.

Bjk =

Theorem 2.3.1. Assume that fo € L>® U BS,. Moreover assume that the resolution levels
. 1
satisfy jo = 0(1) and 27" = o(n™2%). For a choice of the smoothing parameter such that
2s
A2 = n~ T | there exists a finite positive constant ¢ such that for every 0 < o < s:

2(c—3s)

E||fr, = follhy, < en’s1

So the smoothed estimator still achieves the minimax rate of convergence for B3, losses for
o <s.

This method provides a consistent estimator but the main drawback is that it can not be
turned into an adaptive method without estimating the smoothness coefficient s of the space
where the unknown function lies. As a matter of fact, the choice of the optimal smoothness
coefficient depends on the unknown quantity s. Yet we can hope to choose the regularization
parameter by a data-depending technique using cross-validation. For every parameter A, we
associate the estimator fAn which is consistent as soon as A, — 0. We already know that
there exists an optimal choice of the parameter that minimizes over A,

Bllf ~ il = (7,2 [th.+ [ 7

So cross-validation minimizes an empirical version of that criterium:
o [ 2N
FOw) = [ f, == ()
i=1

where f;(jl) is constructed using coefficients B](Z) =L > ki Yir(Xk) using the cross-validation
method described by G. Wahba in [Wah90] or in [GW91|. Here again, a proof, similiar to the
proof of theorem (3.1.16) in the regression model, leads to the existence of a minimizer of the
cross-validation criterium that can be chosen to construct the estimator.

But this method is a regularization technique with no theoretical links with the estimation
problem. We should use an another methodology and consider as estimator the penalized log-
likelihood estimator.

2.3.2 M-estimation of the density

The settings of the estimation problem is the same as in the first part: we observe n inde-
pendent realizations of variables X, ..., X,, with unknown density with respect to Lebesgue
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measure A, fo = 9= lying in a set of functions F with value in [0,1]. The log-likelihood
estimator has been studied in the literature, see for instance Stone in [St090], Silverman in
[Sil82] or Barron and Sheu in [BS91] who considered this issue using log-spline basis.

For a given penalty I, define £, as

fo = arg max (% ;log f(Xi) — )\il(f)) . (2.3.3)

In these papers, it is stated that it is more convenient to assume some regularity properties

over the logarithm of the density in order to gain positivity of the estimated density. So we
define:

Yo = log(fo) + b(70),

with b(vy) = — [ log(fo)dP. For every density f € F, we consider the variable v = log f+b(7)
lying in the correspondent functional class I". Since the density integrates to one, we have the
useful relation

b(vy) = log /eV(I)dA(aﬁ)

Now we can define the maximum penalized likelihood estimator for a penalty function I :
F — R or alternatively .J : ' — R*. The penalized maximum log-likelihood estimator
(2.3.3) can be written, using the change of notations and the substitution of the penalty as

Y = arg max (% ZW(XZ-) —b(7) - A?’J(v)) : (2.3.4)

We will penalize the roughness of the log-density and use a pseudo-norm. Another direction
would be the use of sieves and a penalty over the dimension of the approximating space. Such
survey can be found in a paper from G. Castellan in [Cas00]. This point of view is part of
model selection theory developed by L. Birgé and P. Massart in [BM97]| for instance.

Definition 2.3.2. Given a smoothing parameter \2 — 0, consider the following penalized

M-estimator
Y = max E 'y )\2J
Yp = arg wear ( ( ))

1
where I' = {y € B ., s > +}.

007

This estimator has been studied in a general way by S. van de Geer in [vdG00|, but the
result was not adaptive. We want to investigate for a precise choice of penalty. The starting
point is an inequality that can be found in [vdG00] which links the L?-loss of the estimator
and the true function with the empirical process [(5, — 70)dP, and proves consistency of
penalized maximum likelihood. We recall here that the entropy of a Besov space has been
calculated by L. Birgé and P. Massart in [BM97]. So there exists a finite constant A such

that
2M .

5)°

Using the definition of the penalized M-estimator we have the following lemma

Hp(T,5,P) < Ho(T,25/2) < A(
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Lemma 2.3.3.
b(3n) — b(0) + AT (3) < / (i — 0)d( P — P) + A27(70).

Consider a wavelet basis (¢;;) of I with respect to Lebesgue measure, with enough regu-
larity and decompose the log-density onto this basis v = Z(j’k) Bikjk. Now we consider the
following penalty for the penalization term:

T() =Y Bl
(k)

This penalty is related to the norm as can be easily shown by the following lemma.

Lemma 2.3.4. Vy e I":
1y =0l < T(v = )

With that choice of penalty, we can prove the following theorem describing the asymptotic
behaviour of the estimator, using ideas of the proof of the same result in the regression model,
proof which can be found in [LvdG00]:

Theorem 2.3.5. Under the following condition: 30 < C' < 00, Sup,er v| < C, the penalized
log-likelihood estimator defined for vy € B, as

. 1< )
Y = arg max — Y(X;) —b(y) — A Bikl |,
ey ey BCIEIURE D BT
s pseudo-adaptive over the Besov class of functions {B;OO, s > 1/p} since it is convergent at
the minimaz rate of convergence up to a logarithmic factor for a quadratic loss.

Remark 2.3.6. The condition sup,cp v| < C, is close to the usual condition in log-likelihood

estimation 3ny > 0, f =2 > nt

To conclude, both methods have their drawbacks and advantages. The maximum pe-
nalized likelihood method extend to density estimation the theory of M-estimation using
soft-thresholding penalties. If it provides an adaptive estimator that achieves the asymptotic
minimax rate, it will be important to look for good computer algorithms to solve the opti-
mization problem, whereas the first method can be easily implemented since the estimators
are all well defined and depend linearly on the data. But the smoothing coefficient must be
chosen using cross-validation and is an approximation of the optimal theoretical parameter.
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2.3.3 Appendix
Proof of theorem 2.3.1

Proof. The proof of the consistency follows the same lines as in the case of the regression.
Indeed we have for a BY,-loss the bias variance decomposition:

E\fx, = flig, = Ellfne = EG)g, +11E(fn) = flllEg,
1 2 2 1 & 22]'0 2 2
- ﬁ Z fwjok — Mok + ﬁ Z (1 4 )\2223‘5)2 Z ¢jkf Mk
j=jo n k
22]0 )\ 24]5 22]0’
+ Z 1 + )\222]s Z + Z Z

J>j1
< Z 22302 + Z 22]g )\ 2435 Z
(1 + A\22275)2
J>]1 , J Jo
0 (11)

+ [ Zqﬁjok

(IH)
1 J1 22]0’)\424]5
X ey | @)
Jo

(1v)

Reasoning by analogy and using the same arguments as in Chapter III, the following majo-
rations hold:

([)<220 522]10 s 222152

>
< O £ 13

(IT) < N5 Z 028 Zm

J=Jo

s—a

<N

2]0
(117 < K~—

J1 2j(1+20)

K
) <5 2 Ty

J=Jo
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where K is a constant depending only on || f||s-
So we have the final majoration: there exists a finite constant C' such that

290 2j1(1-|—20') . o
E||f/\_fHBo <C(——|— +92- j1(s—0) +)\n ),

n

so provided we have the make the assumptions that 2/ = o(n) and that 2/ = o(n%), then

E|lfx = fllg, = o(1).

Moreover the majoration proves the asymptotic minimax rate. O

Proof of lemma 2.3.3

Proof. The proof comes from the definition of 4,, and uses the fact that ~ is, by construction,
a centered variable.

/ AndPy = b(An) = A2 (4n) > / vdP, — b(y) = A2 J(v)
/’7ndpn — b(4n) — /’Yodp —b(v0) = A2 J (%)
/ (n — 10)dPy + A2T(0) = b(3n) — b(70) + X2T ()

[ G = (P = P) + X27(20) > D) — bow) + X273

[
Proof of lemma 2.3.4
Proof. By orthonormality of the basis we can write for m = (5, k) an index:
17 =l = O 1Bm = B0 )2
But we have
> 1B = B < O 18 = Bh)
which concludes the proof. O

Proof of theorem 2.3.5
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Proof. The following majoration stands for all v € T,
[0 =il = [ S~ vt~ P)

< sup d(Pn—P)‘ J(v = ).

We must derive a concentration inequality over med(Pn — P)‘, from a Bernstein type in-
equality.
nT?

P (1 v, = P> 1) < 20l

where Y; = 1, (X;) — E(¢n(X;)) are independent random variables with zero mean.
02 S HfOHoo

1Y ||oo < 2772 M.

So Bernstein inequality can be written in the following way: there exists a finite constant A,

P(sup | / Umd(Py = P)| > Th) < 2exp(=A((nT2) A (nT))).

Using this inequality we obtain:

/wm d(P, = P)| > T,) < Y 2exp(—AnT})

meA meA

< |A|2 exp(—AnT?).

If we choose T,, = ¢ 10% then if the set of indices A is polynomial in n, for ¢ large enough
we have A
P(sup| [ [¢m|d(P, —P)| >T,) < 2 ‘ ‘ — 0.
meA

Now recall our model: we consider a wavelet basis m = (j, k) and we begin to approximate
the log-density by its projection onto the space V;, for a choice of j; that will be precised later
on. Moreover, we assume that the log-density belongs to a Besov space B), and is bounded
in the supremum norm. As a result,

P( sup |/w]de P)| > T,) <ZZP/¢9de P)| > T,)

0<]<]1 k

< Z > 2exp(=4;((nT7) A (nT,)))

J1
<2 Z 2J exp(—Aan)

=0
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for a choice of T,, and j; such that

T —¢ logn

n

, n
201 < 1
- /C\/ logn’

P( sup | / Uord(Py = P)Y| > Tp) < 227 exp(—AnT?)
k

0<5<71,

we have

n1/27Ac2
Viegn

As soon as we have chosen ¢ large enough, the last quantity tends to zero as n increases. The
condition over the choice of the constant ¢ can be written as:

<2/c

c? > maX(HfUHooa 2/3||¢Hoo)-

logn
n

Then on an event of probability one we can write that for every A2 > ¢ we have

sup [tjed(P, — P)| < A2
(4:k)EA

If we set v; the projection of v on V},, we have:
9 = oIl < 11Am = mll + 1171 = 0l

From the property of the wavelet basis and the choice of the level j; we have, since 7o € B}

—s/2
H%—70s2ﬁws( ”) |
logn

Using consistency of the estimator and a Taylor’s expansion of b(vy) we get:

b(¥n) = b(%0) = E|9a(X1) — % (X)[I*/(1+O(1))

but since % > 7?, we have

[1n — 0l

T op() T e Cin) < /(% —70)dPy + X3 (70). (2.3.5)

As a result, for the stochastic term, we have the following inequality:

[ — ml?

W = L A2 7(8,) < A2T(3, — ) + A2T (7).
T+ 0p(1) T M (Fn) < XT(n — m1) + A2 T ()
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So we obtain, following the same guideline than in the proof of the rate of convergence of the
penalized least squares estimator in [LvdG00]:

10gn>2ss+1

=l < RN+ AT < (1

And by comparison of the two rates of convergence, we have:

logn\ =+
n

%—mm(
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2.4 Appendix

2.4.1 Some extensions for adaptive M-estimation
Adaptive M-estimation with /! penalty

We refer to the article of Loubes and van de Geer [LvdG00] We make the comment that we
have obtained an adaptive estimator up to logarithmic factors via a penalized least absolute
deviation estimation method. The only condition on the errors is that they must be enough
concentrated around zero. This assumption is not too restrictive since, if there exists a
continuous density of the errors f, then as soon as f(0) # 0, the condition will be fulfilled,
which is the case in most of common laws of probability errors and we have

Je>0,V0<a<e POSW <a)>ea.
This constant can be approximated easily: indeed for a small enough,
P(0<W <a)=af(0)
So take € &~ f(0).

Extension to other error measures

We want to prove consistency of our penalized estimator in the integrated norm ||.||. For this,
we will use the following theorem due to S. van de Geer in [vdG00|, that enables us to make
a comparison between the norm and the empirical norm. This result needs a more refined
control over the class of functions than the standard entropy: the bracketing entropy.

Definition 2.4.1. For a class of functions ©, consider, for 6 > 0 a collection of couples of
functions (01,01;), j = 1,...,N such that, for every 6 € ©, there exists a couple in the
previous collection such that

0 <0 <6y

|0 = Orlln <6
Define Np(0,0) the smallest N for which such 6-covering happens. The bracketing entropy

is defined as
HB(5: 6) = lOg NB(5: 6)

This quantity is defined by S. van de Geer in [vdG00] for instance.

Theorem 2.4.2. If there exists a sequence 8y, such that nd, — oo and Hg(d,,0,P) < nd2,
then for all 0 < n < 1, the following inequalities stands:

7
limsup P sup \H Hn—l\Zn =0
0€0,]|0||>256,/n ||9||

0€0,]|0]|<256, /n

limsupP( sup Gn—GZQ) = 0.
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Proof. The proof is given in the appendix. It relies on empirical processes techniques and the
use of the peeling device. O

Recall that we consider a M-estimator defined by:

~

0, = ar min Y — 0|2+ N2 ;
o |V 82

We have already proven its consistency for the empirical norm and we want to study the
quadratic error of this estimator. We make the additional assumption that

1(6,) < oo (2.4.1)
so that 6, € ©. So we have two possibilities for ||6, — 0 ||s:

o If |6, — || < 25n2++1 /n, then the penalized M-estimator converges with a good rate
convergence towards the true function 6.

o If ||f, — By|| > 2°n7+7 /p, then we can apply the following theorem with 6, = n~ %,
Since there exists a finite constant A so that

Hp(0n, By) < A",

the hypothesis are fulfilled so we have the following inequality on an event with proba-
bility equal to one:
0, — 0
|||Il 0||n_1‘§n’
[16n — ol |
which gives

~ 1 ~
10 =00 < 12— ol
but since ||6, — Op||, = Op(n~77), we can write
6 — B0 < Cn~ 757,

So, also in that case, the penalized M-estimator converges at the rate of convergence
n 2+,

~

Remark 2.4.3. The main assumption 1(0,) < oo can not be removed from the proof. It
may be hard to prove it. The only control we can obtain over this quantity is a very rough
majoration which is proven in the appendix

1(6,) = Op(),%logn) (2.4.2)

n
logn’

Since consistency requires \2 >
(2.4.1).

this majoration does not help proving the hypothesis
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Generalization to classical M-estimators

We give here an application to various robust loss functions, used in M-estimation, which
have been described by Berlinet in [BLV00| in the case where the errors W;,i = 1,...,n are
identically independently distributed. Huber and Hampel started with a systematic treatment
of such robust estimators. There are three functions mainly used. In order to extend our
general theorem to these specific cases, we have to check if the additional condition is fulfilled,
that is if there exists € > 0 so that for ¢ < e, the following inequality holds

[ o= 0) d(P = P) = €6~ tu]:
which is a direct consequence of the next condition: there exists € > 0 such that V0 < a <'¢,
min E (v(W; + a) — v(W;)) > ea®.

1. The a-quantile loss function, defined by Hampel in [Ham83| is given by: Ya € (0, 1)

(2) ox ifz>0
xT) =
g (a—1z ifx<0

By direct calculations, we can find that
E(y(W +a) —y(W)) 2 aaP(W > 0),
So provided the errors verify P(W > 0) > a for a < ¢, the theorem can be applied.
2. The Vajda loss-function, cf Vajda in [Vaj99|, is defined by, Yo > 0
p(r) =1 — exp(—az?).

Such a function puts the stress on small coefficients since if = is small p(x) ~ ax? and if
x is large p(z) =~ 1, so the estimator tends to select an estimator very close to the data
with a smoothing effect.

If the errors are Gaussian, centered with variance o2, we find that

E((W +a)®> = W?) > aad®

as soon as ao? < % For general errors, we obtain a similar condition about the concen-
tration of the errors around zero:

VO < a<e E((W+a)exp(—a(W +a)?)) > e

3. The Huber loss-function described by Huber in [Hub81] is an intermediate between
the quadratic loss and the [! loss. The loss-function behaves like a quadratic function
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for small coefficients and like a I function for large coefficients. Set 7 > 0 a cut-off

parameter, and define
2

22 if || <
p(:r:):{2 72 if 2] <7

Tlz| =5 if ] > T

The Huber M-estimator is consistent with the rate of convergence given by the general
theorem provide the following hypothesis hold: there exists e > 0 and a constant ¢ < oo
so that VO < a < e,

P([W+al>7)>1—¢
P(W|>71)> EW L) — €
E((W + a)* 1w ia/<7) > de + ca’.

appendix

Proof of theorem 2.4.2

Proof. We recall briefly the main ideas of the proof. We consider a d§,-bracktened covering
of © by functions (f;,6y). Then for § € ©, we have supycg ||0||oc < M, we use the peeling
device to write that for some integer s, we have M (s — 1)d, < ||0|| < Msd,, so since ||6]? <
10|12 + |10 — 01]|2, we can write:

Olln
P (U0 = 1) <P (10012~ 10012 + 10— 2 2 s?)

Now we can use a Berntein-type inequality:

2

Va > 0,P (|]16]]2 — [|6]’| > a) < 2exp(—¢ na

@t o)

0
P( sup I ||"21+77)
0c6.,)0]/>256,/ |0]]

S Z 4exp(HB(6na @a P) -
$>25 /n
n572152772 n—00
<4 Z exp(— 57 )—0.
$>25/n

n?62s%n?
98

)

So we can conclude that

0lln
lim P( sup 16 214—77):0

n—=0o0 0€0,|0||>256n /1 HGH
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We can prove in a similar way that

0],
lim P sup 6] <1—-n]=0
n—o0 "\ geo,|0)>2%/m |10l

which concludes the proof. O

Proof of assertion (2.4.2):

Proof. The penalized least squares estimator is given by:
), = arg inf (|[V — 0]|2 + \21
O = arg inf (/[ = 0[[; + \.1(0))

where the penalty I is positive and equal to zero for the null function.
By the definition of the M-estimator we know that for every # € © we have

1YV = 0ull7 + AT (0,) < [[Y = 0I]2 + A2 I(6).
So for the function # = 0 and by positivity of the loss-function the inequality becomes:
0 < I(6,) < A IY1[7-

But ||Y]|, < ||0]|o+max;—
of |[[Willoo, 1 =1,...,n..

n || Willso- With the following lemma, we can control the behavior

.....

Lemma 2.4.4. Let W; independent random variables centered with variance o® and, for all
positive real s: Eexp(s|Wi|) < exp(£2). Then we have for all sequence T, :

2
V21
P( max [W;| > T,) < o Y2281

i=1,...,n Tn

So the choice of T,, = logn leads to

max |W;| <logn a.s
i=1,...,n

With this majoration we can conclude that

1(6,) = Op (A, logn).
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Proof of Lemma 2.4.4

Proof.

exp(sE( max. [IV)) < Eexp(s max. [

=1l,...

< B max exp(s|Wil)

..... n

< 3" Bexp(s|1i)

=1

s20?
< nexp(——).
So we obtain
s*o?
sE max |W;| <log(n) + 5
and for a value of s> = 2% we have for T, = logn:

g

2
P( max |W;| > logn) < 24/
i=1,..n logn

and so infinitely often we have
max W;| < logn.
1=

----- n
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2.4.2 Asymptotic Distribution of Penalized M-Estimators
Testing Problems with M-estimators

After having studied the asymptotic behavior of M-estimators, we would like to apply the
results of preceding sections to find the asymptotic law of the estimator. This problem is
difficult in the general case, since we do not have a direct expression of the estimator which
is only defined as the solution of an optimization problem. That is why we focus on various
testing situations for the model using the M-estimator.

A first testing problem is to test whether the observations in our model come from an
unknown real function or if we only observe a pure white noise model. That is the reason
why we want to test the null hypothesis: Hy : 6y = 0. For this we will consider a test statistic
based on 6,,, which is defined by:

~

0, = arging (| = 0]],), (2.4.3)

where

1 n
W=l = (6, - ¥)
=1

for v a loss-function, convex in f. Under some conditions on the regularity of the class 0, i.e
under good entropy bounds, and for a good choice of the smoothing parameter A2, the solution
of the optimization problem 6, converges to the true parameter 6y = arg mingco E||Y — 6]|,.
So if Hy is true, then the above quantity is likely to be minimized at zero, therefore we
want to find a constant, c,, such that the null hypothesis is rejected at a level « if and only if
1|0n|]y > cq. If the estimator is significant, the true function is likely to be a non zero function.
So this means that ¢, satisfies

P(0ull, Sca) =1—a, or

P(dully > ) =a
We want to show that this constant can be calculated using a concentration inequality in

both cases, either when the estimator is a penalized least squares estimator, or a penalized
least-absolute deviation estimator.

1. Penalized Least Squares Estimator:
Here the loss function is quadratic v(z) = 22, so we have |||, = [|8]|2 = - >, 6(z)%
The M-estimator is defined as

R ‘ 1 )
6, = arg jnf (5 > IYi—60(z) ) -
2
So, using the mere definition of the estimator, we can write that:

1Y =l < [IY]]5.
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Now, by the definition of the empirical norm ||.||,, and the discrete scalar product
1
< f,9>n= - Z f(zi)g(2)
i=1
we have:
10alls = 1Y = Gallz = [IYII3 +2 < Y. 60 >
So the following majoration stands:

P(HénHi > ¢q) (2< On, Y >,> ca)

(sup (2 < Y,0 >,) > c)
0c6

<P

<P
2

<P(sup < 60,Y >,> =).
0o 2

We recognize a deviation inequality. Provided there exists a control over the entropy of
the set ©, a majoration of this quantity can be given. It depends on the behavior of
the underlying empirical process. For instance, if the class of functions © is such that:

e there exists R, a positive constant such that supycq ||0][n < R

e there exists s > 1/2 and a constant C' such that, for all positive ¢
H(6,0,P,) < Co+

then the following property describes the concentration of the empirical process::

Proprosition 2.4.5.

R
V6 >0, /nd > C (/ H'?(u,0, P,)du V R)
0

no?

>0) < Cexp(— RQCQ)'

Proof. The proof of this result comes from a starting Hoeffding-type inequality and a
typical use of the chaining device to transform the probability of a supremum over an
infinite set into the supremum over a finite set. It can be found in [vdG00]. O

As a result, under such assumptions, the following majoration holds:

l\.')

nct

) < Cexp(— 4R206’2)'
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So if we choose properly the constant ¢,

then provided

2 20 2s 1L QCR
Cp 2 —F— R 7%V —
Vn2s—1 N

condition which is automatically fulfilled if o is small enough, i.e oo < C exp(ﬁin_l/S),
then

So if we can calculate the constants in the concentration inequality, we can calculate ¢,
and so reject the assumption of a pure white noise model at a level at least o as soon
as ||0n|| > cq. For this, we look at the starting inequality of the proof. The constants
can be majorated by 2v/2, which gives

1 2
2 = —4R\[log( ;{_)

« \/ﬁ
Hence we have the following property:

Proprosition 2.4.6. In a regression model over a class © = {6, ||0||, < R} of functions
whose entropy satisfies H(9, 0, P,) < C5 with s > 1/2, then for c% = QCRﬁ‘ /log(%)

the test ||0p||n > o is a test at level at least o for the pure white noise model.

Remark 2.4.7. The concentration inequality provides a magjoration of the true constant
which may be non optimal. We expect the real constants to be smaller than the critical
value we obtain. As a result, the power of the test is expected to be in fact smaller
than the power we consider. Moreover, the test is too rough since, using a result from

Wegkamp in [Weg], we get \/n||0||> — 0. So we should find in an optimal test ¢ =

1 . .
o\ 7 which s not the case.

Remark 2.4.8. Using penalization over balls of Sobolev spaces H®, s > % fulfills the
assumptions of the previous proposition. This is the case when © = {6 € H* ||0||, < R}.
Given 1; an orthonormal family in L*(P,), the assumptions of the proposition are also
satisfied if there exists a roughness parameter p for which © = {0 = 3. B;¢;, 1(0) =
> |Bi]7 < oo}. In this case we can take p = ﬁ as it is done in [LvdG00].

Howewver, the penalized least squares estimator with soft-thresholding penalty does not
fulfill the conditions an can not be used in that way.
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2. Penalized Least Absolute Deviation Estimator.
In that case, consider y(z) = |z| and |||, = £ >, |6(z;)|, the empirical norm is not
quadratic anymore and the M-estimator is defined as

N . 1
b, = arg inf (; zz: Y; - 9(zz~)|> (2.4.4)
We have:
ellf][2 < / (5. — 10)dP, (2.45)

where we have set 75 = [Y — 6(z)| and P =1 3" P, So we can write:

A 1 _
P02 > ) <P (1 [y, —rwap> ).

But the M-estimator is defined as a solution of a L'-minimization problem (2.4.4), so
the following majoration holds using the mere definition of the minimizer:

/(m o)dP < — /(m — )d(P, — P) (2.4.6)

So using the inequality (2.4.5) together with (2.4.6) we can write:
P (02> ) <P <| /(m —0)d(Py — P)| > ecg>

<P (sup | [ (79 — 70)d(P, — P)| > eci)

fcoO

Now if we have a control over the preceding empirical process, we can derive a deviation
inequality and so define a bound for the constant ¢, in the test problem. Now we recall
the following proposition:

Proprosition 2.4.9. If the class of functions © = {0 = 3", Bk, D1, |8k < oo},
is such that for a constant A, and 6 > n_%/S

1
H(©,9) < Aﬁ logn

there exists a universal constant C such that

_ log® n log® n
P sup |/(%—wo)d(Pn—P)| > Cyf 8 < Cexp (— e >
0€0, ||0—boln <1 n C

Proof. The proof of this result can be found in [vdG90] or [vdG00] and rely as usual on
a deviation inequality whose complexity is controlled by an entropy argument. O
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So since the hypothesis of the theorem are satisfied, if the constant ¢, is chosen such
that

P ( sup /(w — Ygo)d(P, — P)| > Ci) <a
<1

160—60]|»

we will conclude that P(]|0,|| > ¢a) < a.
Take M = 1, for the choice

log®n

2~ 1C’ log(g)

€ n a
the deviation inequality holds and we have built a test at least at level a for testing the
white noise model with a statistic based on the Least Absolute Deviation Estimator.
However the universal constant C remains to be found. Moreover, here again the real
power of the test should be a lot less than «.

Remark 2.4.10. We could try to test another hypothesis: the no effect alternative. In a
non-parametric regression setting, we look at the inference between the response variable and
the predictor variable. Such problem is similar to the one investigated by Cozx and Koh in
[CKWYS88] who used a Bayesian approach or by Cox and Wahba in [CK89]. In a more
precise way, the authors were interested in testing the null hypothesis Hy: 6 is a polynomial
function of degree m versus the alternative hypothesis Hy: 0 is smooth in the sense that there
exists a m — 1-fold integrated Wiener process Z such that

0 =P, +VbZ,

where we have set b a finite positive constant and P,, a polynomal with degree m. They showed
that there was no uniformly most powerful test for testing Hy versus Hy. Now if we go back
to our setting, the problem can be written: the model is the following

KZG(Zi)+Bo+€i,i:1,...,n.

Testing for no effect is equivalent to testing if @ = 0. But if we use a wavelet decomposition,
let Vi a wavelet with r vanishing moments where s is the reqularity of the function and r > s,

we have
Oo = Z Bikii-
(4.k)

The penalized Least Squares estimator can be written in term of a minimization over the
wavelet coefficients, and since < B, >= 0 due to the regularity of the wavelet, the hy-
pothesis is equivalent to testing a pure white noise model for its wavelet representation. As a
consequence, the test based on the Penalized Least Squares estimator is also a test at level «
for testing a no effect hypothesis. We can point out that Antoniadis, Gijbels and Gregoire in
[AGGI7] constructed test using a model selection argument, and showed that the two preced-
ing test problems can be extended to the case where we look at a martingale structure in time
series using the same type of tests.
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Asymptotic distribution of M-estimator

In this part, we will prove asymptotic normality of the distribution separately for each wavelet
coefficient of the Penalized Least Square estimator. By the definition of the estimator (4.1.2)
minimizing a penalized loss function over the class © we have the following equivalent defini-
tion:

Vh e O, Vte[0,1], 0, = 0, + th,
(2.4.7)

oo (11 = a2+ 221 (0)) = 0

If we have set

= ol
(k)

Vo € O, 0= Za]’kw]’k

Z%kvgk and Vj = Zw%k ),

(4:k)

using a Taylor expansion of the quantity (2.4.7) we find that,

1 n 2 / A~
. oy i Wih(2i) + AL F (G ) i) (< by i >) + Ry,
\/ﬁ(ajk N ajk) a % 2?21 h(%)%‘k(%) ’

where the residual term R,, is defined as

Rn = \/ﬁ Z %Z h(zz)wlm('zz)(&lm - a?m)a

((Lm)#j:k) =1

and where we have set R
F == I(Gn,t)

We have to choose a non optimal smoothing coefficient since we make the assumption that:
2
VnAl — 0 (2.4.8)

If we choose in the preceding calculations h = 1), we have V(I, m) # (j, k), < h,¥,m >=0,
so the residual term is equal to zero and we obtain using the central limit theorem and since
F' is bounded that:

Vi(az, — )—m/( T ) (2.4.9)

Remark 2.4.11. For soft-thresholding type penalties, we have proved in [LvdGO00] that the
consistency of the penalized least square estimator requires the condition \2 > 10% which

contradicts the condition (2.4.8) /nA? — 0. So such a method does not prove a central limit
theorem for soft-thresholded estimator. Recently, some authors such as D. Picard and K.
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Tribouley in [PT00] have investigated this problem and have tried to give asymptotic confidence

intervals for such estimators. However it can be used for M-estimator with 1*> — penalty like
2s

an H* or a BS, semi-norm. Indeed consistency only requires \2 > n~ %+ and the condition

2.4.8) gives raise to s > L, which is a common assumption in this framework see for instance
2
[MuvdG97].

Remark 2.4.12. The proof of the asymptotic convergence in law can not be directly extended
to the case of the least absolute deviation estimator since its proof relies on the differentiability
of the loss function. However, to prove a central limit theorem, such condition can be weakened
and we only have to impose differentiability in quadratic norm. For example, D. Pollard in
theorem VII.1.5 of [Pol84], uses stochastic equicontinuity to prove a central limit theorem
for M-estimators with general loss functions. In particular, for an ' loss, the estimator én,
minimizing over the set © the quantity M, = %ZLI Y; — 0|, is such that

Vil — 00) 5 (0. 21)

But proving a similar result for the penalized least absolute deviation estimator would require
the same condition (2.4.8). Again, such an assumption is contradictory to the condition

3 . .
A2 > log 1 pecessary for the consistency of the estimator.

n
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2.4.3 Numerical Approximation of Penalized Adaptive M-Estimator

In this part, we describe the algorithms we used to compute the estimators we have studied.
Such estimators are defined as solution of optimization problems. The model we observe is
the standard regression model

Y;ZGU(ZZ')—FWZ',Z.:L...,H,
fy € O,

where O is a functional set. We consider the M-estimator 6, defined by:

0, = arginf (I[V — 02+ 221(0))

where the norm ||.||,, the index p and the penalty I : © — R" have to be chosen properly. In
many cases this minimization can be solved directly and an explicit version of the estimator is
used in our simulations. In the other cases, especially when the loss-function is not quadratic,
the minimization problem can not be solved directly and standard algorithms fail to achieve
the minimization. That is why we will have to use more complex algorithms such as the
interior point algorithm.

Penalized least-squares estimators

In this case [|0]|2 = 13" 6(z)?. For our simulation study, we rewrite the minimization
problem as follows. Given an orthonormal basis of the space ©, v;, we decompose each
function onto this basis:

0=> Bt
7=1
— 3.

where ® is an operator over R". So the estimator 0, = Z?Zl ijj is defined by its coefficients
and is a solution of

On =arg _ inf (1Y = @65+ A31(8))

=(Bj)j=1,...n

= arg inf (i Y; — ((I)BMQ + )‘il(ﬂ))
A\

B=(6)j=1,...,
The numerical problem of minimizing a quadratic norm and a penalization term can be solved
in all cases using a relaxation algorithm described as follows.
A relaxation algorithm is a recursive algorithm. We describe here an iteration:

e choose a starting point u” = (uf, ..., u?).
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e select u'*" such that Vo € R the following inequality holds:
Jt ottt Uy gy tp) < J ot Uy ys ooy Upy).
Repeat this selection for 2 =1,...,n.

The following theorem describes the efficiency of this program.

Theorem 2.4.13. Define a function J: R" - R
T(v) = Jo(v) + Y aslvil?
i=1

where a;, 1 = 1,...,n are positive constants, p is positive real, and Jy a strictly convexr continu-
ously differentiable function such that J(v) — oo, when ||v|| — oo. The relazation algorithm,
described above, converges to the solution of the minimization problem of J(v) over v € R™.

Proof. The proof of this result can be found in [GLT76] for instance. O

This algorithm is a direct algorithm which means that it does not use the expression of
the derivate of Jy, so it is easier to calculate the expression of the minimizer when p ranges
from 1 to 3. We recall here the direct expression of the M-estimators in the three cases where
we can find an explicit solution:

e p = 1. We find the minimum by deriving the constraint function and analyzing whether
the minimum is in the open set or in the boundaries of the set: it is given by

B; = sen(B) (6] = Aley|/2) 4
We can recognize the soft-thresholded estimator.
e p = 2. The minimization problem is:
B; = arg min ((Bj — ) + A2a?)

It is the easiest case. Using differentiation properties of both loss function and penalty,
we know that the minimum of the penalized contrast is reached for:

0= B
7=1
N 1

7= T

This estimator is a smoothed linear estimator.
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e p = 3. The minimization problem is
By = argmin ((8; — 2)° + X3 af*)
The solution is a zero of the gradient so if we differentiate the functional we get:

—2(B; — ) + 3sgn(z)\2| ]2 =0
sgn (2) (3A7 |ay|2° + 2|[) =2sgn(B;) 5]
sgn(z) =sgn(5;)
‘x| :_1 + \/1 + GA%‘QJ’HBH
3A% o]
e
L/ 6X2ay]15]
T = 25, .
L+ /14 6X%[ay] 8]

So we have
- 203,
0= J
; 1+ /14 6A2a;]15)]

Y.

However in the other cases such basic algorithm provides a solution even if it may be more
efficient to use a gradient or conjugate gradient algorithm described by P. Ciarlet in [Cia82]
to minimize the penalized loss function provided the penalty can be differentiated. We point
out that choosing properly the coefficients «; enables us to study norm-type penalties such
as Sobolev and Besov pseudo-norm.

The following simulations are done using a wavelet basis 1/;;, with compactly supported func-
tions with vanishing moments. We use Daubechies wavelet with 8 vanishing moments. From
the observed data Y; which is taken dyadic, we get wavelet coefficients from the Fast Wavelet
Algorithm which can be found in [Mal98|. We present in the last section the results of some
simulations: quadratic losses of different signals for 4 choices of penalty including the special
choice of a Besov pseudo norm. The errors are taken either Gaussian or Laplacian.

However such methods require the differentiability of the loss function which is not the
case if we consider the penalized least absolute deviation estimator whose behavior has been
studied in [LvdG00]. Standard algorithms do not work so we have to find another way to
minimize the functional. Such methods are close to the solution of the simplex algorithm
proposed by Karmakar in [Kar92| or Barrodale and Roberts in [BR73].

The estimator is now defined by:

b = ons o (y ol + Y wjk) -

=1

This problem is close to the one studied by Bruce and Sardy in [SS99|. T used two ways of
solving the optimization problem: either modify slightly the loss function on order to gain
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some differentiability properties or use optimization theory to see the problem as a constrained
minimization whose dual problem may be solved.

Penalized Least Absolute deviation estimator

1. Huber loss function:
Previous authors have solved the minimization problem with a loss that approximates
locally the behavior of the I' loss, the Huber loss function described by Huber in [DH81].
For a given cut point 7 > 0, this function p can be written:

IZ 3
p(z) = {7 if fof <7

Tlz| — 5 elsewhere.

It is an hybrid between the [; loss and the [, loss since for large residuals, it behaves
like the first one whereas for small residuals, it behaves like a quadratic loss.
First of all, we point out that the minimization problem with a quadratic loss and a [,

penalty
min ()Y = @85 +2X;/|8]1)

has for solution the soft-thresholded estimator well studied by Donoho and Johnstone
in [DJ95]
0= 55(Bjts A2 )i
(4,k)

where 3, = LS Yi(z) and dg(z, 1) = sgn(x)(|z] —1)4 is the soft-thresholding op-
erator. To compute this estimator, we can use the procedure Wave-Shrink implemented
for MatLab.

Sardy, Bruce and Tseng reformulate the optimization problem as shown:

min ([ = (26 + w)ll; + 7wl + A[[5]]1) -

They propose to use a Block Coordinate Relaxation algorithm:

(a) Choose a starting point for the algorithm z = (3, w);

(b) Partition B = [®, ] into two matrices B; an orthonormal matrix and By the
remaining matrix. Define z; and x5 the corresponding vectors;

(c) Set r =Y — Byxy the residual vector;
(d) Improve z; by solving the problem:

T, = argmbin (HT — Blb||§ + )\iHle)

using the WaveShrink procedure;

(e) Test the approximation and if convergence criterion is not met, go to the first step.
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The difficult point in this algorithm is finding the orthonormal matrix. Then if we let
T decrease to zero we get an approximation of our minimization problem.

2. Interior Point Algorithm:
Using convex duality theory, we want to transform the optimization problem into its
dual problem in order to apply an Interior Point Algorithm developed by Chen, Donoho
and Saunders in [CDS99]. We recall that we want to minimize

min (1Y = ®]|1 + A2/13]11) .
We firstly rewrite the problem as:
min (|l + X218l

withw =Y — ®4.
The optimization problem can be considered as a minimization problem with constraint.
That is the reason why we make use of Lagrange multipliers to point out the dual
problem, obtained by exchanging the order of the minimum and the maximum. Since
the loss function is convex, and since the constraint is linear, the dual gap between the
primal problem and the dual problem is zero as can be shown in a book from Rockafellar
[Roc97].

. 2
paltigg (Il -+ X 410)

:rgin (max(z wi| + A2 Z Bi| + (Y — ®8 — w)':c)>
" 4 i=1
= max Igin(z w;| + A2 Z Bil + (Y — @5 — w)'x))
R i=1

= max min(Z(|wi\ — w;T;) + Z(Aiwz\ — Bi(®x)') + Y’!E)>

€T w
b i=1

n n
= max meln(\wl| — w;z;) + Z H;éiin()\721|ai| — ;(®;x)) +Y :1:)
i=1 i=1

where we have set ®; the i'" column of the matrix ®. This problem is equivalent to

@z < A2

min —Y z with : {
We have transformed the initial dual problem into a linear programming problem. More
generally, if we had tried to minimize the Huber loss function, the problem would have
been reduced to
n !
1 : d,x| < A2
m;nzixf — Y z with : {| <A

i=1 |$z| <T
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Such a quadratic minimization issue is well handled using a Primal-Dual Log-Barrier
Interior Point algorithm. The idea is the following: we add a log-penalty to the mini-
mization problem:

min —Y 'z — p Z log(A\2 — ®.2) — Z log(\2 4 @)

i=1 i=1
—p Y log(r —mi) — p Y _log(r + x;)
i=1 =1

So if we differentiate we find the following condition:

:c—Y—i—,uZ)\2_ ! 'MZ)@_ P

+M;T—xiei_'u;7'+xiei:0

where e; is the i canonical vector of the basis. If we set

tt = o P K
' A2 — Dix ' A2+ Pix
TTI— = /L 7‘._ — Iu
! T —X; , ! T+ ZT; ,
v = A — D v, = AN+
uf = T-—x u;, = T+
and let
z=(ut,u", vt v7)
s=(rt,r  tht7)
A=[I,~1,®,—]
c=(c.1,\2.1)

the first order condition becomes:

—Ar—z+c =0
Y —As—=x =0
pl — diag(s)diag(z)1 =0

So the minimization problem can be solved by solving this non-linear system with a
conjugate gradient for example and then decrease the log-barrier term p to enforce
convergence. This algorithm is a Primal-Dual algorithm, so at each Newton step, the
three variables x, s, z are known and updated. s is the primal variable, giving a solution
of the original minimization problem in «, x is the dual variable giving the solution of
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the maximization in the Lagrange multiplier. A stopping condition of the algorithm
can be found when the three directions

di=—-Az—z2+c
do=Y — As — x
dy = p1 — diag(s)diag(z)1

are small enough.

If we consider the /' minimization issue, we recall that the dual problem is a linear
programming problem. So the minimization can be easily done with a small number of
iterations.

Simulation Results

The following simulations have been done using MatLab and WaveLab. We have used four
different signals: a function with regular oscillations  — sin(8z), a regular function with a
discontinuity Heavisine functional, a very irregular function: the Bump function and a high
oscillating function: the Doppler function. These functions are observed with two different
noise: a Gaussian white noise with variance 3 and a Laplacian noise with the same variance.
In a first study, we consider the Heavisine function and the Doppler function with n = 100
observations, and decompose these two functions onto a wavelet basis using a Daubechies
wavelet with 8 vanishing moments. As error distribution, we considered the standard Gaussian
distribution, normalized with a noise-ratio equal to 1/3, and also the Laplacian distribution, i.e
., double exponential distribution, with mean zero and variance 3. We have looked at 9 cases,
corresponding to different values of the smoothing-parameter A\? including the theoretical
optimal value for the Gaussian case 0.303 that corresponds to the 8 line. The four tables
summarize the performance of the LS and LAD estimators. In order to make comparison of
LS and LAD relevant, we have put on a same line the results with gyA2 for the LS and A2 for
the LAD. We also added a line where comparisons are made for the optimal cases, i.e., smallest
16,, — 6o]|n (corresponding to different smoothing parameters). In these simulations, we can
see that LAD works better in the Laplacian case, and LS works better in th Gaussian case
(as is to be expected). We note furthermore that the value A2 = y/2logn/n is not optimal in
the LAD case: it is too large. In the LS case, the corresponding value A2 = g¢+/2logn/n is
also too large when the errors are Laplacian, but it is optimal when the errors are Gaussian.
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Heavisine function with Gaussian errors

A2 MSEFE for LS | MSE for LAD
0.0303 (1) 0.7535 0.605
0.0607 (2) 0.5229 0.3994
01011 (3) | 0.4782 0.3737
0.1517 (4) | 0.4934 0.4507
0.2124 (5) 0.4749 0.4612
0.2427 (6) | 0.3451 0.4328
02731 (7) | 0.2821 0.5003
0.3034 (8) 0.2238 0.5601
0.6070 (9) | 0.5852 0.6242
optimum | 0.2238 at (8) | 0.3737 at (3)

Heavisine function with Laplacian noise.

A2 MSEFE for LS | MSE for LAD
0.0303 (1) | 1.7051 15157
0.0607 (2) 1.010 0.954
0.1011 (3) 8201 0.6238
01517 (4) | 0.7853 0.5396
0.2124 (5) 0.6021 0.4324
0.2427 (6) | 0.5025 0.4654
0.2731 (7) 0.5896 0.5870
0.3034 (8) 0.6012 0.6925
0.607 (9) 0.6238 0.7021
optimum | 0.5896 at (7) | 0.4324 at (5)

Doppler signal with Gaussian errors.

A? | MSE for LS | MSE for LAD |
0.0303 (1) 0.5862 0.8103
0.0607 (2) 0.5210 0.7801
0.1011 (3) | 0.3521 0.6610
0.1517 (4) | 0.2625 0.5218
0.2124 (5) 0.2212 0.3451
0.2427 (6) 0.1521 0.2821
0.2731 (7) 0.1330 0.3299
0.3034 (8) 0.090 0.4445
0.6070 (9) 0.3928 0.5510
optimum | 0.090 at (8) | 0. 2821 at (6)

Doppler signal with Laplacian errors.
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32 [ MSE for LS | MSE for LAD |
0.0303 (1) 0.736 0.901
0.0607 (2) 0.6260 0.7700
0.1011 (3) |  0.5218 0.6101
0.1517 (4) 0.5680 0.5018
0.2124 (5) | 0.6321 0.3451
0.2427 (6) | 0.7081 0.2821
0.2731 (7) 0.8588 0.8229
0.3034 (8) 0.9097 0.8429
0.607 (9) 0.9254 0.9545
optimum | 0.5218 at (3) | 0.2521 at (6)

In a second study we use the four test functions to study the impact of the smoothness
parameter. The following figures show the behavior of the risk function taken as a function
of the parameter \2. In the first figure are displayed the quadratic risks for the four test
functions where the estimator is the penalized least squares estimator with an /! penalty. In
the second, the estimator studied is the penalized least square with a Besov type penalty.
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Heavisine function Noisy function
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Figure 2.1:
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Figure 2.4: L1 penalized least-squares estimator with Gaussian errors
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Figure 2.5: Besov penalized least-squares estimator with Gaussian errors
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Figure 2.6: L1 penalized least-squares estimator with Laplacian errors
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Figure 2.7: Besov penalized least-squares estimator with Laplacian errors
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2.4.4 Example of entropy calculation

ON THE NON-OPTIMALITY OF BALL AND PAJOR INEQUALITY

Abstract. We show that Ball and Pajor inequality is yet a powerful tool to calculate
entropy of class of functions but does not provide sharper bounds as can be shown when
using it to derive rates of convergence for M-estimator over a specific set.

Our model is the standard regression model

Y;ZGU(ZZ')—FWZ',Z.:L...,H,
by € O,

where © is the set of functions
0 = {0 e C?*([0,1],[0,1]), 0" (z) < 1, Yz € [0,1]}.
We consider the M-estimator

O = arg min Zl: (7).

where v, : X — R is a loss-function which has to be convex in #. The rate of convergence of
such estimators depends on the entropy of the set ©, which can be found in [vdG00|. One can
define entropy for general metric spaces but we shall restrict ourselves to classes of functions
©. Let () be a measure on a measurable space.

Definition 2.4.14. Consider for each 6 > 0 a collection of functions 6., ...,0n such that,
for each 0 € © there exists j € {1,..., N} such that ||0 — 6;]||q < 0. Let N(9,0,]|.||q) the
smallest value of N for which such a covering, with balls centered in 0; and of radius 9,
exists (N = oo if this value is not finite). N(0,0,]|.||q) is called the &-covering number.
H(6,0,]|.|lg) =1logN(6,0,]|.||g) is called the 6-entropy of the class of functions ©

In most cases the derivation of a good bound for the entropy of a class of functions is rather
complicated. However Ball and Pajor in [BP90] prove the following theorem that enables us
to calculate the entropy of a convex hull of a class K of functions from the J-covering number
of the set K.

Theorem 2.4.15. Let Q be a probability and K be a set in L*(Q), so that there exists positive
constants ¢ and d so that 1
N5, K,Q) <cd 4, V5 > 0.

Then for s = % + é there exists a finite constant A > 0 so that the following bound holds:

H(6, conv(K), Q) < Ad™%.
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This theorem provides an entropy bound but the problem that arises, is the optimality of
the inequality provided. For the set

© ={6:R — [0,1], fisincreasing }
the bound is optimal, i.e we can easily see that
Extr(©) = {1jy«) .y € R}.
The number of balls necessary to cover this set is
N(6, Extr(0)) < ¢d2, V6 > 0.

So the entropy of the set © is:
H(5,0,llo) < Ad°,

which corresponds to the bound one could find by direct calculations as it is done in [vdGO0O|
In this part, we want to calculate the entropy of

0 = {0 e C?*([0,1],[0,1]), 0" (z) < 1, Yz € [0,1]}.

Direct calculations are uneasy so, we consider this set as the convex hull of its extreme points,
and then we make use of the theorem proved by Ball and Pajor in [BP90] to calculate its
entropy. So the main difficulty is finding the minimal space of the extreme points.

Determination of the Extreme Points

With the next three lemmas, we will determine the nature of the extreme points of the set
©. By the mere definition, an extreme point belongs to the border of the set defined as:

6(z) =0
00 = | 6 € C*([0,1],[0,1]),3z € [0,1],¢  orf(z) =1
orf’(z) =1
The three next lemmas characterize properties of extreme points of ©. The first lemma

describes the behavior of points located at the border of the set and drastically reduces the
number of possible extreme points. ©.

Lemma 2.4.16. Let 0 in 00, if there exists xo € [0,1] such that 0 < 0(z¢) < 1 and 8" (xy) < 1,
then 0 is not an extreme point.

The next lemma describes a specific property of extreme points: except at the border

of the interval, the extreme values 0,1 can not be reached simulteanously by a function in
Extr(©).



CHAPTER 2. PENALIZED M-ESTIMATION

6 12
5 Cas1 10 Cas 2
4 8
3 6
2 4
1 | 2
0 |
0 0 0
0 20 40 60 80 100 0 50 100 150
0.2 T T . . 1
0.15 Cas 3 05 Cas 4
o
0.1 0
0.05 -0.5
IO
0 : : -1 : : : :
0 20 40 60 80 100 0 20 40 60 80 100

Figure 2.8:

Lemma 2.4.17. For an extreme point 6, the following proposition is false:

Ay # x9, 1 ¢ {0,1}, 22 ¢ {0,1}, O(x1) = 0and O(xy) = 1.

91

The last lemma describes the topology of the set of points where a function in Extr(©)

reaches the extremal value 0 or 1.

Lemma 2.4.18. For an extreme point 0, if we set Iy = {x,0(x) = 0} and I, = {z,0(z) = 1}.

then the two sets Iy and I, are two intervals.

Now we are able to describe the set of the extreme points.

1. If there exists an interior point 2y such that 6(x¢) = 0, we have two possibilities whether

the interior of I is empty or not.

(a) if the interior of Iy is not empty, we have 4 possibilities which is shown in figure

2.8:

The three first cases are impossible due to the continuity of the function #. Indeed
on the one hand, we would have " (#,) = 0 and on the other hand 6" (#,) = 1 by

continuity. So the only possibility is given by 6 = 0.
(b) if the interior of Iy is empty, then the only function possible is

1
6= E(x—xo)Q €0,

which is given in figure 2.9.
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Figure 2.9:

2. If for all x € [0,1], O(z) # 0 and there exists x; such that 6(z;) = 1.

(a)
(b)

if the interior of I; is not empty, with the same arguments as above, we can conclude
that § = 1.

if the interior of I; is empty, this case is impossible.

3. If for all z, 6(z) ¢ {0,1}, then an extreme point of © is a function of the following form

1
9:x—>§x2—|—ax+b,

where the constants a and b are properly chosen.

(a)

if (z) = 12° + ax + b takes its extrema in ]0,1[. Then 6([0,1]) C [a,b], where
0 <a <b<1. Then define

hi(x) = 0(z) + €

hao(x) = 6(x) — €.
But V0 < € < min(a, 1 — b) we can see that the functions h; and hy belong to the
set ©. But we have again 0 = hl;’—h?, so such a function is not an extreme point.
if 0 = %%2 + ax + b has one extremum for a value corresponding to one of the
extreme points of the interval 0 or 1, then, if we suppose that there exist two
different functions in the set ©, h; and hy such that, there exists a real A € (0, 1),
such that = Ahy + (1 — A)hy. Let p € {0, 1}, if there exists xy €]0, 1] such that
6(xo) = p, then since the functions hy, hs take their value in the interval [0, 1], we
have hy(z9) = ha(20) = p. So we obtain k) (xg) = hy(z¢) = 0. Moreover

L=0"(2) = My (2) + (1 = Ny (),

so hy = hy = 1. So the functions h; and hy are solutions of the differential equation:

fll _ 0”

f(@o) = 0(x0)

f'(x0) = 6 (o).
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So the solution of this problem is Ay = hy = 6, and the function is an extreme
point.

So we can conclude that the set of extreme points is composed of the following functions:

1. the two constant functions 0 and 1.

2. second order polynomals 6(z) = 2% 4+ ax + b such that one of the three following
condition is fulfilled:

(a)
6(0) € {0,1}
which implies that b € {0, 1}.

(b)
6(1) € {0,1}

which implies that |a + b = 1.

(c)
H(SEO) =0

ELTO E]O, 1[, { 9,(x0) —0

which implies the following conditions:

20 = a®, b€lo,1].

Entropy Calculation

In the first section, we have determined the extreme points, Extr(©), of the set © and so we
can write that:

© = Conv(Extr(0)).

Let us calculate the entropy of Extr(©): consider a sequence of reals, (a;), chosen such that
balls centered in a; form a g—covering sequence of the interval [0, 1]. So consider the sequence
a; = ig, i=0,..., %. For all a € [0, 1], there exists j = j(a) such that |a; —a| < g, but for b;
defined by b; = 1a? or |a; + b;| = 5, we have if we set 6; = 32 + a;z + b; :

Vo € EXtI‘(@), 30]', ||0 — GjHoo <.

110 — 0;]|0c < la—a;|+ [b— b
< 2la — aj
<.

So we need N = % é-covering balls for Extr(©). But for a set A, we know that taking the
closure of a set has no impact on the entropy number, so

H(A,8) = H(A, )
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and the theorem 2.4.15 from [BP90] enables us to compute the entropy of a set using the
entropy of its extreme point.
So with this theorem we can conclude that the following proposition holds:

Proprosition 2.4.19. For © = {# € C*([0,1],[0,1]), 8" (z) < 1, Vz € [0,1]}
Hy(©,8) < A6~

But we know using results from Kolmogorov and Tikhomirov [KT59] that an optimal
upperbound of the set © is given by:

He(0,0) < Ad~=

for a positive finite constant A. As a result, the bound given by Ball and Pajor’s inequality
is not sharp enough.

Rates of convergence

In this section, we recall how rates of convergence for M-estimators such as the least squares

estimator or the penalized least squares estimator can be established by an entropy argument.
Such results are stated in [vdGW96], [vdG00] or [LvdG00].

Theorem 2.4.20. Least-squares estimator.
We consider the M-estimator )

0, = argmax ||Y — 6][2.

e
Iff0r77>0,A>0,82%
1

My, \

HG.qoee.o-al<m<a(f) 550

then

Hé _GOHZ OP(n_QSST)MnZST ,5>
Op(n=1)/M,log(n) ,s=

N[ N[

Theorem 2.4.21. Consider the Penalized Least-Squares Estimator defined as the solution of
the following optimization problem:

0co n <
i=1

. =
f,, = arg min (— Z(Yi —0(z:))” + )\IQIIP(B))
If forn>0,A> 0,5 > 3, M,, > I(6,)

M,
HG.A0 € 0,110 - ull < 0.110) < ) < 4 (52) 5> 0
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then for
. P 1
Op(n>+1 )M, *>* S >

A=
Op(ni)y/ME  log(n) s =

n

N N~

we have R )
|16, — Ool| = Op(An) M7 .

We are interested in the particular case
0 = {0 € C*([0,1],[0,1]), §"(z) < 1, Yz € [0,1]}
Using Ball and Pajor’s inequality, we have found that 3C' < oo such that
H(5,0,]]./]2) < 5 5.

_3
8

So the M-estimators converge with a rate of convergence of r, = n™s which is not optimal

since the minimax rate of convergence is n~5, which can be found using the optimal bound
for the entropy.

Appendix

Proof of lemma 2.4.16:

Proof. To prove this result, we construct two functions belonging to the set ©, such that 6 is
a barycenter of these two functions, which contradicts the definition of an extreme point. For
this, consider a real ¢ > 0. Due to the continuity of # and its second derivative, there exists
d > 0 such that for all z in a neighborhood of z, |zq — J, zo + 0[ we have

{ 0(z) €le,1 — €,
0" (z) <1—e.
Define a cut-off function a with the following properties:

e o€ (C>([0,1],]0,1]),
e a(r) =1,V € [xg— L, 20+ 2],
e o(r) =0, Vz €[0,29— 0] U[zg+0,1].

Define for a real § > 0, the two following functions

h1:9+604,
hgzﬁ—ﬁa.

We want to prove that it is possible to choose [ such that the two functions belong to ©.
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e hi(z) <1 because hy = 6 on the set [zq — 0, 9 + 0]° and on the interval [zy — §, 2o + d],
hi(z) < 0(xz)+ 5. But e < 0(x) <1 —¢, so if we choose § <1 — ¢, we have hy < 1.
e hy(z) > 0 because 3 > 0.

e 7 () < 1. As a matter of fact, on the first interval h](z) = 6" (z) < 1. On the second
interval we have h; (z) = 0" (z) + Ba’ (x). As soon as 8 < T We have hy < 1.

o

So we have proven that h; € ©.
Using similar arguments, we can prove that there exists 3 such that the two functions h; and
hs belong to ©. But since 0 = hl;’—h? belongs also to © due to the convexity property, we have
proven that f does not belong to the set of the extreme points.

O
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Proof of lemma 2.4.17:

Proof. We can state that x; < x5, the other case x; > x5 is handled in a similar way.
Moreover we can take zo = inf{x > x1, §(x) = 1}, otherwise there exists a sequence of points
(zn)y such that 6(xz,) = 1 and z, — z;. So by continuity of the function 6 we will have
6(x,) = 1 # 0. Using the same arguments we can take x; = sup{x < z9,0(z) = 0}. So for
all x €]z, x5, O(x) €]0, 1[. But since 6 is an extreme point and by lemma 2.4.16, we know
that for every x € [z1, 5], 0 (¥) = 1. So over this interval, §(z) = 122 + ax +b. But §" > 0,
so the function is a convex function, and by the property of extrema of convex functions, the
function @ has extreme values at the points z; and 5. So 6 (1) = 0 and ' (25) = 0. But ¢ is
a polynomal of the first degree with only one root. So the preceding statement is impossible
since x| # 9. O

Proof of lemma 2.4.18:

Proof. Let x1 < x5 € Iy, and consider a point x3 €]z, 2o, O(x3) # 0. By lemma 2.4.17, we
know that 0(z3) # 1. Now define

Z, = sup{x €]z, 23], O(x) =0}

Ty = inf{x €|xs, z5[, O(z) = 0}
this two points are well defined (cf proof of previous lemma), and we have 7; < z3 < &3, so
Vo €]3, 5[, 0(x) €]0,1[. But 0" (x) = 1, for & €]#y,#»[ and 0(z;) = (i) = 0. So

1 . .
6= §(x — 1) (x — Iy).

But this gives that §(z) < 0 over |Z;, Z5[ which contradicts the definition of the function 6.
So x5 verifies (x3) = 0.

In a similar way for I;: Let zy < x5, such that 6(z;) = 0(x5) = 1. Suppose that there exists
T3, T1 < T3 < Iy such that O(z3) # 1. By lemma 2.4.17, we already know that 6(z3) # 0. 0 is
a polynomal such that 0'(%) = 0. But since Z; and 2y are also two extrema who are in
the interior of the interval [0, 1], we have f(z;) = 0(x3) = 0. So the first derivative of  has 3
roots, which is impossible, so I; is also an interval. O



Chapter 3

Penalization with smoothing penalties

In this chapter, we consider penalized M-estimators where the penalty is chosen in order to
control the smoothness of the estimator. For this, we focus on semi-norm penalties such as,
for instance, f — [(f(*)(¢))%dt where s is the number of derivatives. Such estimation issue
is well-known in the literature and has been studied by several authors such as Wahba in
[Wah90| with spline smoothing techniques. Silverman in [Sil85] also tackled the problem. In
our work, we will take for penalty, weighted sum of wavelet coefficients. Asymptotically, the
penalty will be equivalent to a Besov semi-norm. We will investigate several choices of the
penalty and show that, in all cases, the minimization problem has a solution. We will point
out the cases where it is possible to give a direct explicit solution of the optimization program
and, in the other cases, we will provide an approximation of the exact case. Moreover, the
specific case B3, Besov space will be studied in particular, because of its specific Hilbert
properties, and we will give the asymptotic properties of the penalized estimators. The main
drawback of such smoothing techniques is that they require the prior knowledge of the function
regularity in order to pick a smoothing parameter of the right order to reach the optimal rate
of convergence. This major requirement prevents the method from being adaptive unless we
try to let the data speak from themselves and automatically choose a parameter close enough
to the theoretical value. Indeed, cross-validation method, made popular by G. Wahba in
[Wah90], [XW96|, [Wah85] or B. Drodge in [Dro96] or [Dro99|, will give a partial answer to
this question from a practical point of view.

In a second part, we give some details how the hard-thresholded estimator can be understood
in terms of a penalized estimator. We will there recall model selection results from L. Birgé
and P. Massart.

3.1 Pen(f) = ||0]y

Our model is the standard regression model:

Y; :00(21)+W1,z:1,,n
b €6.

98
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In the following part, the errors W;, i« = 1,...,n are assumed to be independent centered

random variables with known variance o2 while the functions are defined on the interval [0, 1]
and the z; = + are equispaced.

Take (), as the empirical measure of the covariables:

=1

We denote the Ly(Q,)-norm of a function defined in a compact set Z, namely 6 : Z — R as

Ol = ([ %),
The estimator is defined as a solution of the minimization problem:

b = arg jut (| = 02 + X27(6)) (3.1.1)

where, for a space ) and a constant p depending of that choice, we take I(6) = ||0]|y. The
function fy may belong to ) but not necessarily. So, such an estimator approximates the data
Y in the L?-sense with a smoothness constraint. The balance between these two contributions
is determined by the trade-off parameter \2. The lesser this constant, the more weight is given
to the data.

3.1.1 Properties of M-estimator with general Besov-norm

Consider a wavelet basis (1;x) j» With enough regularity of a Besov space By, with 1 < p,q < oo
and s > 1—1) — %. We consider the cases where the Besov spaces are embedded into 1?2 space.
Every function can be decomposed onto this basis and we may write:

0=">" Bixthin
ik

First of all, we recall that if 6y € B;, = ), the pseudo-norm of this space can be described in
term of wavelet coefficients:

1/q
101y = (Z(Z 2j5”2%(”_2)ﬁjk|”)q“’> :
k

J

with the usual modifications when p = oo or ¢ = oc. Set Y = B, and dy, = % S Y (zi)
the estimated empirical wavelet coefficient. Then, to the minimization problem

in|[Y—0|2+X 0]
min || F 2 1O

corresponds the other minimization problem,

i A ispoyd (p—
IdIJlkuk (| Qg — djk‘2 + A2 Z(g 275P93 (P 2)5jkp)q/p) _ (3.1.2)
.]’

J
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So if we want to continue our calculations we shall restrict ourselves to the cases where p = gq.
In that case, the problem decouples in term of wavelet coefficients and the minimization
problem can be written as:

b?,fz]; (\ G — dji[* + AR297P23072) | |p> , (3.1.3)
J’

So the penalized estimation problem is turned into an optimization problem: minimizing over
x for a fixed ¢ the quantity
Ex)=lz—t]>+p| x| (3.1.4)

for t = dg, and p = A\2257723(P=2) This point of view is close to the K-functional introduced
by Petree in [NP86] developed in a statistical point of view by DeVore in [DeV98|. Peetre’s
K-functional is originally used to measure the smoothness of functional spaces. It is defined
as follows:

Definition 3.1.1. Let A and B two Banach spaces and )2 > 0 a chosen parameter. Define:

1
Ky f, A B) = inf (Jlalls + X l1bl[)”
where \2 € RT and p < +oo; for a function f € A+ B taken as the sum of vector spaces.

In statistical estimation, the K-functional can be used to quantify the quality of the
approximation of a function ¢ by a function f in the case where there exists a continuous
injection of B into A, B — A. The function represents a trade-off between smoothness and
closeness to true data as the penalized estimator (4.2.8). If B — A, then if Va € A+ B = A,
3b (= b(a)) such that:

1
K A, B) = inf — bl 211p|[2) 7 .
p()‘;aa 3 ) blgB (||Cl bHA—i_)\ngHB)
The function b corresponds to the approximating function.

Existence of the penalized estimator

We have seen that, when the problems decouples in terms of wavelet coefficients, the problem
of finding a minimizer is equivalent to:

- 2, )2
min (Jz = ¢]* + A2|z|?)

with the following notations:
o 1g .
b= dj=— ;Y;wjk(xi):v(]a k).

The following proposition shows that the estimator described in terms of wavelet coefficients
is always defined.
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Proprosition 3.1.2. The solution x of the problem
[(t) = min (Jz — t]* + X} |z[P) .

for p > 0 exists and is bounded :
z] < [t

Remark 3.1.3. We point out that although the solution exists for any positive p, we will only
consider Besov spaces By, for p > 1. Nevertheless the case p =0 covers the hard-thresholding
case as we will explain it later in this paper, and is still of interest even if it is here out of
context.

Proof. The proof of the proposition relies on the existence of extrema of a continuous function
over a compact set. Indeed, if we try to minimize the function over the compact set [—|t|, |¢|],
by continuity, at least one minimum exists.

Now if x does not belong to this set, first consider z in that set where

z = (zAlt]) v (=[t).
We can see that the minimizer z has the following properties:
o 13| < lal.
o |Z] < |t
o |T—t] < |x—t
So we have
(Z =)+ N|z|P < |7 —t]* + N\2|z|P
<z =t + A2|zfP.

So the minimum over the compact set [—|t|, |t|] is also minimum for the function over the
whole set. m

So the M-estimator minimizing a quadratic loss with a B -norm penalty is always defined.
The choice of the penalty will determine the behavior of the estimator. The Besov spaces B,
are characterized by two parameters p and s. The first one stands for an LP-parameter while
the other is a smoothness parameter similar to a number of weak derivatives of the function.
We now look for the properties of the minimization problem as a function of the parameter

p.
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Asymptotic property of the minimizer for different I”-choices

We set, for a given A = A2, and Z(p) the solution of
Z(p) = arg min ((t—x)2+)\\:c|”) (3.1.5)

We begin with the sub-case ¢ > 0. We will see that the other case can be handled with similar
arguments. Since we have proven that 0 < Z(p) < t, the solution belongs to a compact set
for all real values of p, so the convergence of Z(p), as a function of p, is equivalent to the
existence of a unique adherent value.

e p — 1: we have already seen that this case corresponds to the soft-thresholded estimator
with a threshold value equal to %

e p — 4oc: we have for all positive value ¢:
2(t — x) + pAaP !t = 0.
So if ¢ < 1, the bounded property of ¢ Z(p) gives pZ(p) — 0 so

lim Z(p) =t.

o, PP) =1

If t > 1 then we distinguish two cases: Z(p) < 1 : this case is impossible because this
will lead to the contradiction Z(p) = t. If Z(p) > 1, then pZ(p)?~' — +oc but this is in
contradiction with the fact that ¢ — z(p) remains bounded. So we have z(p) = 1.

The solution of the problem for positive ¢ is min(1,¢). By antisymmetry, the same arguments
still hold and we obtain, for all real ¢:

lim Z(p) = min(max(—1,¢),1). (3.1.6)
p—+o0
As a result, when p tends to infinity, only small coefficients will be properly estimated and it
will provide a too rough estimator. So we will mainly pay attention in the following part to
the cases where p < 3.

Remark 3.1.4. To determine the asymptotic behavior of M-estimators, we could apply the
general theorem for penalized M-estimation described in the first part in Section 2.1. As a
matter of fact, entropy of Besov spaces can be calculated using the sequential definition with
wavelet coefficients as it is done in Loubes and van de Geer in [LvdG00] for instance. However
entropy methods does not always provide optimal asymptotic results due to the use of entropy
upper bound and not exact calculations. That is the reason why we look into particular cases.

Remark 3.1.5. An explicit expression of the solution of the minimization problem does not
often exist. But as it is done in [DL93] we can find an approximated solution. We can consider
without any loss of generality that, for any positive t, x € [0,t]. Indeed if not, it is obvious
that by changing the value of x for a value in the interval [0,t], we reduce either |x — t|* or
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plzl|P. If | = |<| t | /2, we have E(x), defined in (3.1.4), is no less than t*/4. Moreover if
|z |>|t]| /2, this time E(x) is no less than p | ¢ [P /2P, If 2 =0, |t ?P< p |t P. Ifx =t
then |t > |t |P. so we find

E(z) =min(| ¢ [, [ £ )

and we have
T =ty

The minimum of the function differs from a factor 4 or 2P. As a result hard-thresholded esti-
mator with the proper thresholding level provides an approximation of the penalized estimator.

Remark 3.1.6. We can point out some interesting cases where direct calculations lead to
exact results. These special choices of p and Besov spaces, which have already been described
in Chapter 11, are the following:

Particular cases with explicit expressions:

e p = 0: we have already seen that this particular case does not correspond to a Besov
norm, since Besov spaces By, are only defined for p > 1. But this case enables us to
put together the two main types of thresholded estimators. Such estimators are used in
estimation with wavelet basis and have been studied by D. Donoho, I. Johnstone, G.
Kerkyacharyan and D. Picard in [DJKP95], [DJKP96b], [DJKP97], [DJ98], [DJ99],
or B. Delyon and A. Juditsky in [DJ96a] for instance. Other reference is Antoniadis
in [AGG97]. We can see that for p = 0 we obtain also a minimum of the type hard-
thresholding since:

1 Y Z—
Il)l_r)% \:c| = 1\1’\750'

So we find the well-known hard-thresholded estimator.

0, = E kg, >22 Vi

(k)

e p = 1: we find the minimum by differentiating the constraint function and analyzing
whether the minimum is in the open set, which corresponds to a zero of the differentiated
loss-function, or in the boundaries of the set: it is given by

& = sgn(z)(|z] = A7/2)+.
We can recognize the soft-thresholded estimator.
)\2

0= sgn(d)(|a| — 5 )+ Vi
(k)
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e p = 2: this time the result is a classical smoothed estimator obtained again by solving a
first order condition.

_ 1
0221+)\2 ]kw]ka

(j:k)
for A2 = \2295273,
o p = 3: the result is not obvious: if we differentiate the erpression, we get:

2(x —t) + 3sgn(z)Ajz® = 0

sgn(z)(3\32” + 2|z|) = 2sgn(t)|t|
sgn(z) = sgn(t)

=14 /1465t
|| =

2t o

) 2l

L+ /1465t
o _—

2t
L+ /1465t

So we have

D ey L
1+ /146N [a,]
with \; = A22%%2%
1

e = 5+ % In that case, if we look at the approrimated solution of the minimization
problem, we can see that A = p and s = t1 1 . The threshold does not depend on

t|>A2-p
the position of the coefficients but is the same for all. This subcase deals with the Besov

space of minimal smoothness to be embedded in an L?- space.

Asymptotic Behavior of approximate solution

In this section we study the asymptotic behavior of the approximate estimator of the problem,
which corresponds to the hard-thresholded estimator

b= djl 2 Yiks
(4:k)

‘Ozjk‘>/\n

where we have set &, = %Z?:l Yii(2;) the estimated empirical wavelet coefficient. More-
over we assume that our data are dyadic: Y7,..., Yom and set for simplicity reasons n = 2.
The unknown function is supposed to belong to Besov spacs B;, U H*. This estimator is an
threshold estimator. We will describe the asymptot}c behavior of both the hard-thresholded

and soft-thresholded estimator. For this set L = \.~".
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1. Linear estimator:
We consider that the true signal function # can be written as follows:

O =) cjutbji,
(4,k)

with aj, = =377 00(2:)¥k(z). If we do not take into account every coefficients but
truncate at a resolution level .J, we define #; the projection of the estimator onto V;
defined as the approximation space with resolution .J by:

ZEDIPILIS
j<J k
Then the error between 6, and is projection onto the spave V; is:

225j
[ORIYIES 3 DE=)

i>J k

< 9—2sJ Z(st‘ajkDQ
ik

< 27760l

and
100117, = D (27 |asu])*.
jk
Now we study the error with the linear estimator of 6, when we replace the wavelet
coefficient by the estimated coefficient based on the observations and when thresholding
the coefficients at a fixed resolution level .J. The estimated coefficient is

. _ I
Qi = — > yithin(2)
=1
= Qi+ Nk

where oy = =30 0(2)1h(2), and n; = = Y7 €bjr(2) is an error of zero-mean and

1
n
. 2 O'é

of variance o = . So we have

Ellfo = 0,113 <Y ) Elaje — dgl>+ D> g

i<J k i>J k
<Y N Empl +277 160,
i<J k

Using the first inequality we can deduce that

E[§ — 05|13 < 2" "ap + 272" |63,
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To minimize this quantity, we choose J such that the two terms have the same order,
which implies
1/(s+1)
7 (ool )
2=—— )
9

.. __2s .
so the rate of convergence is in n~ 2s+1, the classical Besov’s rate of convergence for a
linear estimator.

2. Non-linear estimator:
Now we calculate the error when using non-linear estimator, based on the hard and soft-
thresholding of the coefficients in the wavelet decomposition. Write ¢ the thresholding
operator and L the threshold level, the estimator is

On =) 0(Ae) .
=1 k
The estimation error for the quadratic norm is then:
E||6 — bol* < 2(E|0n — 0,1* + E|6 — 6o]*)
< 22725 L 2(E||6, — 0,]?).

For J large enough, the first approximation term goes to zero faster than the second
term which determines the rate of convergence. To study the term E||6,, —6;||* we point
out that

Elf, = 0,07 =D 6(ae) — ajul’

J<J k

=D > 16(age + ) — gl

J<J k

and we use the following lemma depending on the type of the threshold operator. For
this set the hard thresholded operator with level L

6n(x) = xl)g>1 (3.1.7)
and the soft thresholded operator with level L
0s(x) = sgn(z)(|z| — L)+ (3.1.8)
Lemma 3.1.7. e Fore > 0, the following inequality holds:

2le Jt] > 2L,

Shlt+ e L) — 1] <
nlt+e L) '—{mwuuawém <L,
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e Fore >0, we have:

le — L] 6> L,
10s(t +€, L) —t| < < max(|t],d,(e, L)) ,—L—t<e<L—t,
e+ L ,t < —L.

Moreover, we have to control the two main quantities, for a given resolution level L

Card{ajk, |Oéjk| > L} (319)
Y ay (3.1.10)
IS Jaji <L

For this we use the two following lemmas in the general case for a function in a Besov

space B;,. We recall that, for a function # on [0, 1] in the Besov space B> with smooth-
ness s > %, and with p > 1, ¢ > 1, there are orthonormal basis functions v; in

L, (Lebesgue measure), such that

20 -1

= Z ajzkwjak7
j=1 k=0
where the coefficients {a;;} satisfy
N
0 i p\
D oI @D SN P <1 (3.1.11)
j=1 k=1

We shall simply take (3.1.11) as a starting point. This is called Condition 1.
Condition 1.

. m
27

J
ir

d 278N oyl

Jj=1

k=1

<1

In Condition 1, it is assumed that p > 1, mp > 1 and 7 > 0. In the Besov B} -case, one
hasm =%, and r = ((2s+1)§ - 1)%, and J = o0.

Lemma 3.1.8. Suppose that Condition 1 holds with m +r > 1 and J < oo. Then
2J

J
>3 oy < 1

j=1 k=1
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Corollary 3.1.9. Suppose Condition 1 holds, with m +r > mp and J < oo. Then

m—+4r—1 mp
SN el < SR e

]SJ ‘o‘] k‘ge

and moreover
+r—1

{#a]”k, 1 S ] S J: \Ozj’k| > 6} S Jmm+r 67":”7&.

The following lemma shows that is is possible to extend the last result to the case
J = oc.

Lemma 3.1.10. Suppose that Condition 1 holds, with m +r > 1 and J = oo. Then
forall0 < e <1,

1 m+r—1 mp

{#aﬂk |a3k| > 6} < (TIOgQ ) mtr € mtr

Lemma 3.1.11. Suppose that Condition 1 holds with m +r > mp (J may be infinite).
Then for a constant ¢ depending on m, p and r, and for all e <1,

J
D 2 gl < et

J=1 |aj kl<e

These preliminary results enable us to prove the consistency of both soft and hard-
thresholded estimator.

(a) Hard-Thresholding:
Using previous lemma, we have

el |s + ¢l > 2L
s|,|s +e <2L.

|0n(s+€, L) —s| = {
So, using this inequality, we obtain:

2
A o
EHHJ - enHQ S Z 4;0 + Z (Oéjk)Q —+ E(t%/g(%))
loj[>2L lajx|<2L
< (1) +(2) + (3)

gol.

Using lemma 3.1.10, we have if we set L = NG

4o 2
< —Card{\ajk\ > 2L}

40-0 2s n T
< — (=) s+ (] —\1+r
=20 (2) 7 (log &)
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for a positive finite constant ¢;. For the second term, use lemma 3.1.11:

@)= Y (o)
lajr|<2L

2s
N =311
< -
t

for ¢y a finite positive constant. For the last term we have:

(3)= > Edy(ejp. L/2)?

lajr|<2L

< Qn/ %0, (z) dz
L2

< 202 / 220, (z) do

< 203/ 220, (z) do
t/2

~~

<texp(—t2/2)

/

So we can choose t such that the two terms are of the same order and we obtain
that there exists a constant ¢ such that

E||f, — 05]2 < cn~ %41 (log n) %41 (3.1.12)

(b) Soft-Thresholding:
If we follow the same proof and if we use the other upper bound of lemma 19, we
have this time:

e—L| ,L—t<e

[t —0s(t+¢€)| = 4 |t ,—~L—t<e<L-—t
e+ L] ,e<—-L—t.

So we have the following inequality:

L? + o2 Lt > L

E|6; — 0,2 <
16 |b_{ﬁ+E@&W it < L.

Using this result, we can calculate the square risk of the soft-thresholded estimator:

Ellf; —ball3 < Y (L4 0%+ Y (o + E@s(er)?)

lovjp|>L o |[<L

<M +@)+6)



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 110

Using lemma 3.1.10 where we have m =1 and r = p(s + § — %), we have
=3 @2+
‘ajk‘>L

< (L? + ¢%)Card{|ay| > L}
< oy L7 (log (L)) 7+
< clL%(log L)llr
<o ()7 o
t t
aot

where we have set L = %= and ¢; a finite positive constant. Using lemma 3.1.11,
we can give an upper bound for the second term.

2
Z ik
lejp| <L

< oLt

—2s3
S Con2s+1

for a finite positive constant c¢o. The last term can be upper bounded as follows:

Z E Ejk

‘o‘]k‘SL
< 2n/ (z — L)*0,(z) dx
L
o0 L
< 208/ (x — \/ﬁ)Qﬁl(x) dx
L

\/ﬁ:t 0-0
70

< 208/ (z — )20, () dx .
¢

[\ J/
-~

—t2/2)+0(1/t5)

52
4 e
So we choose t such that the two terms have the same order:

exp(—t*/2) =

L]
BPP

which gives a threshold

10|55
t =1/(2—p)log(n) — 2plog(——=).
0o
If we let p decrease to 0, we can recognize the universal threshold proposed by
D.Donoho and I.Johnstone in [DJ95]. This gives a rate of convergence of
nfﬁ(log n)l%2

which is the minimax rate of convergence up to logarithmic factors.
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3.1.2 Penalty I(0) = ||0||y where Y = B3,

This sub-case is close to an easier case where we consider functions lying in a Sobolev space,
since the Besov space Bj, is isomorphic to the Sobolev space H®. So we can show the
convergence of the smoothed estimator as in the first part of our study but this time in the
inner norm of the space. We begin by studying this easier case.

Sobolev space

160) = i, wi?

We make the assumption that the signal function 6, belongs to a Sobolev space H® and is
bounded. As a matter of fact, there exists a real s such that for all + < s, f € L? and
f® € 12, Our aim is to reconstruct the signal function using this information, so we define
the penalized estimator as the solution of

0, = arg min (Y—92+)\2 /(f )2(t)dt> (3.1.13)

We aim at considering a sequential version of Sobolev semi-norm and we would like to take
for penalty a sum of weighted coefficients with properly chosen coefficients. For this, we use
results that have been described by Silverman in [Sil82|: there exists a basis (¢;) such that,
if we consider a decomposition of any # onto this basis we get: 0 = Z;L 1 a1 and if we
consider weights w; = i* Vi € [1 n] then the equivalent semi-norm is given by: Y ©  wla?.
As a consequence the estimator 6, = > i—1 G;1; is defined as :

) N 2 | )2 25 72
6, = argﬁmemn (Zl & — BT+ A le Bj> (3.1.14)
i= i=

To minimize the penalized loss function we write first order condition and in that case the
minimum is reached at the point where the differentiated function has 0 for value, so we just
differentiate the expression and find for a given smoothing parameter \2:

{ % = T (3.1.15)
b = 5 i Yty ().

This estimator is a linear smoothed estimator, similar as the one described by Devore in
[DeV98]. Although it is not a robust estimator, this estimator achieves the minimax rate of
convergence for a good smoothing parameter as it is shown in the following theorem. This
result has been stated for instance by Ibragimov and Nemirovski in [INK86| and [HI86] using
kernel estimators.

Theorem 3.1.12. The penalzzed least square estimator with a Sobolev norm penalty is a con-

sistent estimator. If \2 =n~ T it achieves the minimaz rate of convergence for a quadratic
loss over Sobolev balls {0 € 0, €(f¥(t))%dt < M}. There exists a finite constant ¢ depending
only on M and o® the variance errors such that

E||0y — 0,2 < en~ 7 (3.1.16)
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Proof. The proof of this result is postponed in the appendix. We decompose the mean square
errors into a bias term and a variance term. Using properties of the basis and of Sobolev
spaces, we find an asymptotic development for these two terms. So we have

E|, — 0,|]> = Bias? 4 Variance

N)\2+02 1 :
T A2

Choosing the optimal smoothing parameter A2 in a way that it tends to zero but not too
quickly such that there is an effective smoothing effect, leads to the minimax rate of conver-
2s

gence n= 2+l 0

This result could have been viewed as consequence of the theory of the regression over a
Besov ball using entropy conditions. Indeed we recall the main theorem for penalized least
squares estimators:

Theorem 3.1.13. Suppose that for some fized constants n >0, A >0 and s > %, one has
A
H(5,{0€0: I(0) <M, [|[6—-0<n}) <A <?> , foralld >0, n >1,
for all M > M, where M, > I(6y). Then for
p__1_
N1 OP(TL?S'H Af"i 2s+1)’ ifs> %’
Op(nh)M(logm) 4, ifs =},
the estimator 0, satisfies
16, — 8o|| = Op(\,) M2 >,
Indeed, consider a ball of a Sobolev space:
6 ={(a) eR",) wia; <1,|lol| < R}
J
the entropy of this set can be easily calculated in the following lemma:
Lemma 3.1.14. For every positive 0, there exists a finite constant C' such that:
_1 R
H(5,0,|.]]) < C.075 log 5 (3.1.17)

Proof. The proof relies on elementary combinatorics and can be found in the appendix. [
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A more refined proof that can be found in Birman and Solomjak in [BS67| shows that the
entropy of the set can be bounded by:

H(5,0,|.|)<co = (3.1.18)

As a consequence, the theorem applies for the estimation problem with a Sobolev norm
penalty: the hypothesis over the entropy of the set are fulfilled with M, = 1. So the theorem

—2s
gives the rate of convergence in n2+1.

However, the rate of convergence depends on an optimal choice of the smoothing parameter.

The optimal parameter exists but still depends on the data and on the smoothness coefficient
2s

s, indeed Agptimal = 1~ 2+, Hence the estimation method is not adaptive.

3.1.3 Besov space B5,.

In this part, we consider B3, Besov spaces with s > % We assume that our data are dyadic,
and decompose the function onto the approximation space Vj, for jy, properly chosen. We
consider the M-estimator:

6, =arg _ min (||Y—D019||2+)\i||9||2,352) (3.1.19)

0=>"(j.k) Bik¥jk

where Dg0 = ;:1:].0 iJ:U Bjxjk is the projection of the function onto the spaces with

resolution between j, and j;. We decompose any 6 onto a wavelet basis and with Vj; an

approximation space we have:
0= Z e+ > > Bikthje

Jj>jo k

Define also

C:Yk = % > i1 O(2)Y
Bie = E30 ()Y

Then the original problem (3.1.19) can be rewritten as follows:

0, = arg min <Z|ak—ak +ZZ\ﬁ9k Birl* + A2 222235 )

(ki) j=jo k i>jo k
With this norm-type penalty, the problem has an explicit solution :
Z a]0k¢30k + Z ﬁjkw]k
J12j2>josk

where

Qjok a]o[ﬂ
> B . . .
Bik = 1odsme 1 >0 2 Jo

So there exists always a solution which depends on the smoothing parameter \2.
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Optimal choice of smoothing parameter

Since the asymptotic behavior of the estimator depends on A2, our aim is to adjust the
parameter level in order to find the best estimator possible, in terms of quadratic norm. The
choice of the parameter )\, is quite difficult. It must be chosen not too large, but still large
enough such that the trade off may occur. We can wonder whether an optimal parameter
exists, optimal in the sense that the risk function, taken as a function of A, has a minimum
at that value. Indeed we look for :

An = argmlinEHé(l) — B2

Theorem 3.1.15. The best choice in terms of quadratic loss is always defined under the
hypothesis (I) defined as follows:

Hypothesis (I) Jo = 0(1) and 29' = (ﬁ) . Indeed there exists an such that
I, = argmlinEHé(l) — B2

This theorem shows that there exists a smoothing parameter such that the corresponding

penalized estimator minimizes the quadratic norm MSE(\2) = E||f, — 6y||2. However, this
theoretical value depends on the unknown function 6,. So such criterion must be replaced by
another one that does not use the expression of 6.
Cross validation technics are usually used to tackle this issue of choosing a data-dependent
smoothing parameter in various fields: selecting a bandwidth in kernel estimation, a threshold
level in thresholding methods or a smoothing parameter in penalized estimation. The main
idea is to minimize a quantity which is equivalent to the mean square errors but only involve
known quantities. Here we will consider Generalized Full Cross Validation as it is described
by Droge in [Dro96]. Consider f@ the estimator constructed without using data Y;:

fv = Zak Ok + Z Zﬁjk Vi (3.1.20)

J>jo k
with .
{dk =1 Zz;«ézywk(zl)

BY = o iy Yo Yithie (1)

Then define the criterion as:

n

GFCV(\2) = % Y= )0+ HO))

i=1

for

1
_;Z< Z¢k Zi +221+)\22235 Jk(xl))'

i=1 J=Jo
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The following theorem shows the asymptotic equivalence between the two quantities: mean
square errors and cross validation criterion. As a consequence, the smoothing parameter
numerically found by minimizing the criterion gives an estimator which is likely to have
optimal rate of convergence among the class of penalized estimators.

Theorem 3.1.16. If the following conditions are fulfilled
21t = o(n) 2 = o(n)

then for n large we have

EGFCV(A\2) ~ MSE(\2) + o? (3.1.21)

Proof. The proof of this result implies some calculations which have been postponed to the
appendix O

Remark 3.1.17. S. van de Geer in [vdG01] consider penalized estimators with general norms.
Define for two functions 61 and 05 of © a quasi-distance between them by

72(01162) = 161 — 021" + X261 (3.1.22)

With a theorem similar to the theorem in the first part, it is proven that, if there exists a
control over the entropy of the class {6 € ©, 72(0]6y) < 62} then the estimator minimizing
this pseudo distance where 6y is replaced by the observations Y;, i = 1,...,n convergences
for the pseudo distance 72(.|6y). The problem of the choice of the smoothing parameter is yet
open. That is why we modify the last property and in order to find the optimum parameter
for the penalized norm. As a matter of fact, we look for

— ] —_ 7 2 2119 s
Ao = Arginf (1180 — 002 + X2 10015, )

We can prove that under the same assumptions the optimum parameter exists. This proof can
be found in the appendiz. A slight modification of cross validation criterion would also lead
to a data dependent optimal choice of the smoothing parameter.

Corollary 3.1.18. Under the conditions (I) there exists A, such that:
5‘n =arg m/\in(EHHO - énHi + )‘2||én|

B3,)-

Convergence in Besov norm

We begin by studying the relations between the true wavelet coefficient 3;; and the empirical
wavelet coefficient B = = 377 0(2) b (2:)-

Lemma 3.1.19. We know by the integrability of 61, that
Bk — Bjr = o(1).
But we can be more precise in our inequality:

J

_ e 2%
Bk = Bkl < 1101|272 |[9]J1 + [0l Var (v) .
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With this lemma, we can prove consistency of the penalized estimator in BY,, Vo < s as
soon as the smoothing parameter tends to zero.

Theorem 3.1.20. Under the conditions (I), and if we consider o < s such that moreover

271 — O(ni/\ﬁ)

then a necessary and sufficient condition to have the consistency of the penalized estimator in
norm ||| gg, is given by A% — 0.

B0, — 653, = 0 = A, = 0.
Moreover if \2 = n~ 31 then there eists a positive constant C' < oo such that:

2(s—0o)

B0, — 6o|[3; < Cn~ 271 (3.1.23)

A similar method is used for estimation in nonparametric mixed effect models by Angelini,
De Canditis and Leblanc in [ADCL00] or Huang and Lu in [HLOO| or [HLO1].

The main drawback of such methods is that they require the knowledge of the functional
space where the true function 6y lies. We could be tempted to try to estimate the regularity of
the space where the function lies. For Sobolev spaces H® or Besov spaces B,,, define s, such
an estimator. Then we could use for penalty the pseudo-norm |.[[gs. or [.|| s, . A natural

idea is to consider 9
$, = arg minmin (||y—9||3+n*m1t(9)) (3.1.24)

where I;() is Sobolev (or Besov) pseudo-norm. In the case of Besov spaces, the minimum
is taken over the spaces B;q. Though this method does not help constructing an adaptive
approach since, on the one hand, the estimator §, is uncomputable, and on the other hand,
to prove the convergence of the estimator, an extra penalty term over the indexes ¢ should be
added. Nevertheless this method enlights that estimating the smoothness parameter can be
the starting point for an adaptive penalized estimation. That is the reason why it becomes
natural to adopt a Bayesian point of view and consider this key parameter as an hyper
parameter of the model. If we choose a good prior on it, we hope that the posterior law will
concentrate on models with the good smoothness parameter. Such method will be investigated
in the next chapter.
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3.1.4 Appendix

Proof of lemma 3.1.7

Proof.
el Lt > L
itl L t+e <L

|6h(t+e,L)—t:{

o If |t‘ > 2L
then if
|0n(t + €, L) —t| = |e] < 2]e],

else we have both |t +¢€| < L, and [t| > 2L, so

L <|el,
and
it = |t +e—¢
< 2lel.
o If |¢t| <2L:
then

— If [t 4+ €| < L, then
L
‘6h(t + €, L) - t| = ‘t| < maX(|t‘7 ‘6h(€7 5))
— If |t + €| > L, then
|0n(t + €, L) — 1] = [e].
In that case if |¢| > £, we have d,(e, £) = ¢, so
L
|0n(t + €, L) — &) < [0n(e, 5)\
On the other hand, if |¢] < £, combined with |t + €| > L we obtain
1> 52
— > |el.
5 2

S0
L
0n(t + €, L) —t] < |6h(€:§)"
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Proof.
e—L| ,L—t<e
10s(t+€,L) —t] = < |t] ,—L—t<e<L-t,
e+ L] ,e<—-L—t.
The proof is analogous to the one of the first lemma looking at the inequality in the three

main cases
t>L ,[t|]<L ,t<—L.

Proof of lemma 3.1.8

Proof. By Hélders inequality, for a sequence aq,...,ar, and for t > 1,

L L %
Slal<LT (Z al|t) (3.1.25)

Apply this first with L = J, |a;| = 22] "|aj k™, and t = m + r. Then we find

1
m4rN  mir

J 211 o J 211
_mp m—4r— mp
2 2 ol g < T D 0D el
J=1 \ k=0 j=1 | k=0
Next, apply (3.1.25) with L = 27, |a; 4| = |ajx/™+7, and t = (m + r)/m. This yields
271 21
_mp_ L m
D lagulm b < 4275 (Y Jajul?)
k=0 k=0

Do this for each j = 1,....J, and insert the result in :

J 2/ —1
m+r 1
m—r E E |a]k‘m+7‘
J=1 =
1
J 21 mATN me
m4r—1 jr m
<3025 (X gl
j=1 k=0
1
J 21 —1 ™\ mEr
m—+4r—1
_ Jjr . |P
=J mtr § :2 § :‘O‘J,k|

j=1 k=0



CHAPTER 3. PENALIZATION WITH SMOOTHING PENALTIES 119

Proof of lemma 3.1.10

Proof. Condition 1 implies that

and hence

So |aj| < € forall j > ™log, 1 = J. (say). Complete the proof by taking J equal to the
largest integer less than .J. in the previous proof. O

Proof of lemma 3.1.11

Proof. This follows from the application of Holder’s inequality (twice). Let M be the smallest
integer such that 2M > ¢~ m+r. We have

J M 271 20 -1

2
d > sl <ed ,
j=1 ‘aj,k‘gf 7j=1 k=0 j>M k=0

where we assume M < J (if not, the second term in the right hand side of the inequality
vanishes, and the result follows immediately). But

20 -1
9 _ m+7‘ mp/Z) m+7‘ mp/Z
E E ‘O{] k| E mp/2 mp/2
I1>M k=0 i>M
2
mp/2—1 2
J_ mp
m+’r‘ mp/2( mp/2 ) mp/2 m+’r‘ m4r—mp/2 2 ! 9
S E 2 ] mp/2 mp/2—1 E 2] T mp/2 E |a]’ mp/
i>M
/2-1 2
n /2 mrip/Z J 20 -1 mp
< g 2 mp/2 £ § 2] m+r— mp/2 mp/Q
j>L j=1
2
2 -1 mp

M m“*ﬂ?p/
< G2 M }jzw}jw ,
j=1

for some constant ¢y;. So we arrive at

2mtr)omp
S ot < ¥ g g

J=1 ‘O‘J k‘gf

for some constant c. ]
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Proof of theorem 3.1.12

Proof. 1. The variance term :

Z Variance(a;)

j=1

£ n(1+ Nw?)?

o? [ < 1

:—<ZW)

o? 1 1
D N e D VN v v

3,3 <(1/A)1/ 4,5>(1/ )¢
o? o? 1
T Z I+ — Z 22512
s g LEA)
o? , o’ 1
;(1/»” +Z Y o)

n )\ j45
3,5>(1/N)e

IN

IN

IN

1/s o’ 1

(/0 + —2/ idx
n\4

(1/)) l/s .ZE4
2

—(4s—1) 1"
5= 1)} (1/A)1/s

(1/X)'/* as soon as 45 — 1 > 0.

%

3|Qw 3|Qw 3|Qw 3|Q

Moreover :

& . N o? 1
ZVarlance(ozj) Z ; N Z m
j=1 353> (1/A)¢

o? 1
> 2 -
w2 m

3,3>(1/A)

2

=/

Q

So the variance term is of order : )

=1/
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2. The Bias term :
We have to calculate it :

(BE() —5)* = ) 553
= = (1+ A wj)
n )\4]'45 az
P (1 + A2j25)2°
n )\4 *25s—1—2¢
Y (Bla) —ap)* > Y m
j=1 > (1) J
Z Z 1/4)\4]'28—1—26
i>(/N)Ye

which is a term of order )\2.

Since we have considered a normalized function, i.e if ||0]|7, = D" ; w;of <1, then

o L Vi
~ 2 j 2
Z(E(%’) — )" < Z T ez
Jj=1 j=1 J
2,9
)\2i Aw; 2 9
- = 14+ X2w? 777
n
<\ Zw?a?
7j=1
< A2

So we have the same the same order for the bias term when F = {6 € Hy, ||0||n, < 1}.

As a result, the error due to the bias term is of order \2.

3. Rate of convergence
The error in the two terms (bias and variance) must be of the same order, which gives :

)\2Nl l1/5
T\

\ Ao s/ 2sHD)

. . __2s
So the rate of convergence for the estimator is r, = n™ 2s+1.
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Proof of lemma 3.1.14

Proof. The norm is the quadratic norm :[|af[* = 37 ., aF. Since by definition of © the sum
>, wiaj converges, there exists N such that

1> Zw?a?

jzN

2 2
> Wy E aj.

jzN

Then for w; = j°, and for N = 6~'/%, we have the following inequality

Za? < 62

i>N

So the d-entropy for the norm specified of the set F is the d-entropy of a ball of radius R in
a N dimensional space. This entropy is well-known, see for instance van de Geer [vdGW96] :

H (5, BR(RY)) < C.Nlog(%,

So for N = 6/%, we have

H(5.0,]1.])) < €6~ log (?) .

Proof of theorem 3.1.15

Proof. The risk function E||f, — 6]|2 is here taken as a function of the variable A2, called
®()\2). We want to show that under some conditions this function has a minimum since the
function is continuously increasing for large values of the variable.

d
d—)\%q)( _d)\2< Z|fnzz_ l|)
= 2 () — 00e) (720
() = ZZ% () (2

22]5

- Z Z (1+ A222%5)? Bjkwyk(@)
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So we have
d 9 2 i _2275 n
d)\QEHg 90||n = E EZZ ( )\22235 /BﬂkZZ /qu /qu Z¢9k(zz)¢PQ(zz)
i=jo k p=jo 4 i=1
2 & —92is . B .
=k n Z Z (1+ )\222js)3ﬁjk((1 + A 27%) BBk — E(ﬁjk)) :

Jj=jo k n

But

Bix = %Zgo(zi)lbjk(zi) = Efjp.
i1

It is the discrete wavelet coefficient. Since the function 6y} is Riemann integrable, and since
we have chosen z; = *, the empirical coefficient converges to the true wavelet coefficient:

Bik — Bjr = o(1).

For the same reason, we have the following convergence:

1 n
— ijk(zif —1= 0(1)
nei3
Moreover:
Ef}), = Z%k zi)-

So if we make the first approximation we get for n large enough:

d —2%s " - - J 1
d)\QEHG 00”721 _ZZ 1_'_)\222]5 ((1+)‘i22j )B]kﬂjk_ ]2k Z%k Zz
J=jo k
2
_ 262js 7 g
- Z Z 1+ )\22235 ()\n2 ! ﬁjk - F)
J =jo k

Then we need to find a lower bound for this quantity by a strictly positive constant to prove
the strict growth of the function for large values of \2. So assume we have proven this result,
there exists a constant ¢ such that, for all |\2| > c, d/\z EHGAH — 6p|| > 0. As a consequence,
by continuity, the minimum of the function lies and exists in the compact set [—¢, ¢|. So it
suffices to prove the first statement.

First of all we remark than if we define the number of non zero coefficients in the wavelet
decomposition

N; = #{|Bjx| > 0}

then there exists a constant ¢ depending of the function # and of the wavelet

N; <27,
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Moreover we suppose that there exists & and a constant ¢; > 0 such that Bion'| > co2770%
hence we obtain the following upper bound:

‘Bjok" > ‘ﬁjok'| - |ngk' - Bjok'|

But we have ,
2972116

Bio = Biowe | < 1101133,2 922 0|y + Var(y),

where Var(6) is the variation of a function 6 ,i.e

Var(f) = sup |0(z;) — O(xi—1)|.

(zi)C[O,l}"

Then we obtain
|/B]0k ‘ > _2 Jos,

So,
1d ) 2o2js72 O
24305)\2 2—2]05 J1 2
>0t NN,
(1 4 A222o0s)3 = n(A2)3247s
=J]o
1 271 1
1 1 1
> —(C' —-o(1
e S om0
>0 for n — 4o0.
So the statement is proven. O

Proof of theorem 3.1.16

Proof.

n

1
EGF 2 1+ H(\2))*E Y — [y
GFCV(\2) = (1 4+ H(\2) n;| fe
2 — ~
(1+ H()2)) (MSE + EZE\W]-P + E;ZWJ‘(HO(ZJ‘) - 9/\%(23'))>

(1+ H(\2)) (Eno _G|P o+ B ZW (00(z;) — e}%(zj))>

g 1
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But we have as soon as 2° = o(n) and 27" = o(n)
) =0 (3.1.26)

Indeed by easy calculations we can write:

1 (1 d 1
H()\,) = - 21 (ﬁ ; i (2i) + Z ; Wﬁk(zi))
1= Jo

2Jo 2J1
<=+
n n

which goes to zero with the appropriate assumptions. Moreover, we can see that

B2 37 W (0ol) — e (2,))

=1
2 i 5
N _EEZ W;xz (25)
- —_Z <Z ¢k Zz YW + ZZ 1+ )\222]5 gk(zz)E(Y;Wz)>
J=Jjo
.

which goes to zero as n increases. This two inequalities show that for n large, Cross validation
is asymptotically equivalent to mean square error. O

Proof of corollary 3.1.18

Proof. 1f we use the wavelet decomposition the penalty can be described as a function of the

coefficients as usual
Pen(f,) = ZZQ%SWP

So for the penalized estimator the penalty is:

Pen(6),) Z 92js Z i )\2 RO

d 4755 1 n2
WPGH - _222 ’ Z (1 + A222/5)2 ke

d - 1 .
d—An(AQPene ) = Z 2JSZ 1+)\22218 ZZTMSZHA—W i

)\222js
2s 2
_Z ’ 1+)\222353Z|BJ’“‘

J=Jo
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d (1o ) e g 1 A22% , O
A2 (A"Pe“(en)) - ]; 2 ey zk:( et )
— A2g%s 227
235 2
- Z 14+ )\222]5) (?(ﬁgk) + n )

1= \22%s 0227 - 4
> 2235 n , 022]02—2305 )
— Z (1 + )\%22]5)3 < n + 0

=Jo

So if we go on using the same previous proof we can prove that for n large enough:

d ) 2 2 )
P <E||0n — Ool2 + )\nPen(Qn)> >0
and with the same compacity argument the corollary is proved O

Proof of lemma 3.1.19
Proof.

= Boel = | [ Bu(@)(a) do = 3~ 00() ()

-y / (o) yu () — B (22 da
<Y [ )~ @ e + 13 [ 0 wla) — vin(a) dal
<3 / 160

S [ e wla) - vin(a)dal

BT — 2| [tk (x)| do+

n 2i
—so-1
< |6ollBgoc 272 [W][1, +Z/ 1180l [oo| sk (x) — Yk (2:)| dx.
i=1 Y %i-1
But by the second mean theorem there exists t; € (2;_1, 2;) such that

[ ) = a0l do = (= 5t — )

—ge—d il — ‘ .
B2 0l + 11010022~ Y 002 — k) — (221 = K)

=1

Cgnd il
BN 278 Y|, + ||90||002§;Var(¢)-

Bir — Bkl < 116

< /16|
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Proof of theorem 3.1.20

Proof. 1. Necessary Condition:
If the penalized estimator is consistent, then it implies by the property of the wavelet
basis that

E(Bjx — Bjx)* = 0

But direct calculations give

N 1 _
E(Bjx — Bjx)* = W(ﬁjk — Bjr)? + —— Z%k zi)—

20227 B (Bik — Bjk) + )‘;1124755]219
Now if we use the upper bound of the lemma we obtain:
0 < E(Bji — Bjx)” = (o(1) + An2° %),

So we must have
A2 0.

2. Sufficient Condition:
We must study the term )
B0, — 0ol/%,

and we use the bias-variance decomposition :

E|[0n — Oollg, = Ell0n — Ebnllhg, + [|[E, — 6o/,

2 g1 2jo
o 229 )
: n - Z (1 4 \222%i5)2 Z%k %) ng Bik)*+
Jj=jo k
: 22j0 4 4jo 12 2
22 g Y
J=jo k i

Where the term Pj, denotes the difference between the function and the projected
function onto the space V.

The first term to be bounded is the part of the Besov norm of the true function which
does not belong to the projected space:

Z 22]0 Z 2 = Z 22j0’*5+s Z

J>n >

<2]1+1 o—5 ZQ2JSZ

< 20l HGUHBS :
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For the second main term we firstly note that we have the following inequality:

)\4 24js gs—c 0
n s (s—0)
—(1 AL < Ap ¢ 29 .

LT e L T

J=Jjo J=jo k
So, using again the upper bound of the lemma, there exists a constant C non infinite
such that
R s=c 4 2do  Qn(14+20) 9210
E|\0, — 0ol%, so(ﬁn 4+ 92nlo=s) T 4 + = )
22 n n n S

This quantity becomes an o(1) as soon as we have

271 = o(n) j; — 00
A2 — 0

So under assumptions (I), the estimator converges as soon as A2 — 0. Moreover, if we
choose j; to minimize the quantity we find QJTI ~ 27215 condition which leads to the
optimal choice:

20 = pTam

Up to this point we find that
El6, — 62 = 027 (3.1.27)

So the choice \2 = n” %4 leads to the optimal rate of convergence.

3.2 Sieves Methods

For sake of completeness in our study, we want to present the method used by L.Birgé and
P.Massart in [BM97] or [BM98] to estimate a density. This method introduces the hard-
thresholded estimator but in a different way than the one chosen by Donoho and al. in
[DJ96b]. Indeed the main idea is the following : instead of choosing a level and thresholding
the coefficients up to that level, the authors determine the optimal number of coefficients to
be kept in the decomposition of the estimator, and this number corresponds to an adequate
thresholding level.
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In the context of density estimation, we observe n i.i.d random variables Xy, ..., X,, with
common density #y with respect to Lebesgue measure pu. Consider (t)))xea an orthonormal

system in L?(u) with |A,| = N, and S,, = Vect{¢, A € A}. Define m € M, a subset of A,,

D, = |m| and S,, = Vect{tx, A € m}. To each m, we associate the penalty pen(m) = Lzlm

where L, > 1is a weight. Set v, (0) = £ 3. —20(X;) + ||0]|3 an empirical contrast function.

n

Then, the penalized estimator, 6, is defined as the solution of the following minimization
problem:

Ya(0) + pen (i) = infouenr, (infoes,, 7 (0) + pen(m)),
! (3.2.1)
0 € Sp.

Theorem 3.2.1. If we choose for penalty function the function pen(m) = L"T?m, the solu-

tion of the minimization problem (3.2.1) is the set of the \’s such that Bi > L, /n, which
corresponds to the hard-threshold wavelet estimator:

0=>" Blgesr, mr

AEA,

Proof. The empirical coefficient 3y is defined by
RS NG
A — n v A i)

Minimizing the contrast over S, leads to the projection estimator = Z/\eAm B,\w,\. We point
out that ~,(0) = — > e, B2. As a result we get:

,inf (fékfm Tn(0) + pen(m)>

= in (%(9)+pen(m)>

meM,,
vy LpD
— . f _ 2 n m
AEA
sy L
= inf — 2_n
2 (35
XA
which gives the final expression of the estimator. O

In order to study the asymptotic behaviour of such an estimator, we denote by By the
space of functions = ), S\, so that

Yoo(f) = 227/2 sup | By |< +oc.

>0 XEA(Y)
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Theorem 3.2.2. If we assume that 6y belongs to some Besov space B, and that the reqularity
of the wavelet verifies r +1 > s > 1/p and of course under the asumption that

‘ Zc>o(9n) - Z00(90) ‘S C/(I),

then we have the following rate of convergence for any IL7-loss,
. 1 qs/(142s)
E||9—90q=O<M> )
n

We have obtained the classical adaptive rate of convergence for the estimation in a Besov set.

The proof relies on an important theorem by Ledoux and Talagrand, which is derived from
a concentration inequality [LT91]:

Theorem 3.2.3. Let X;, i € [1,n] independent random variables and let u; be n Rademacher
variables independent of the firsts random variables, and {f;, t € T} a family of functions
uniformly bounded by b. Let v = sup,ep Var(fi(X1))., there exists universal constants so that
for any positive

(sup ( th —Efi (X )) > kol (igJQ | %Zuift(Xi) |> + C)
C\/_)>

( W n S

where k1 and k9 are two constants.



Chapter 4

Bayesian adaptation and penalization

Our aim in this section is first to establish connections between Bayesian estimators, obtained
by considering the maximum of the posterior law, and penalized M-estimators, defined as so-
lution of optimization problems. In a second part, we will try to construct an estimator, based
on a well chosen Bayesian-type penalized loss function, that will be adaptive in the minimax
sense. Then, we will pay a special attention to the case where the functions are decomposed
onto wavelet bases. Finally, we will consider the model of super smooth functions and see if
previous results can be extended to this case.

The scheme of our study is the Bayesian framework: we observe independent random variables

represented by an infinite dimensional random vector X = (Xy,..., X,,...) with probability
Py, = %J where 1 is the Lebesgue measure. The distribution function is indexed by a param-

eter § = (6;)i>1 lying in a space ©, and so we will write p = py its density. The true parameter
6y is the unknown parameter of interest to be estimated. We willstudy the case where 6 is a
location parameter.

4.1 Bayesian estimation and M-estimation

The idea of Bayesian estimation is the following: we define a prior probability 7 (f) on ©.
Given the parameter 6, the data follow a law with density py(X) = p(X|6). Thanks to Bayes
rule, the posterior distribution is defined as:
p(X|0)7(6)
p(0|X) = —————
O ="

where p(X) = [ p(X|0)7 () db.
We observe the sub-model where we only consider a finite number of observations, say n, so
we observe:

X;=0;+W;, i=1,...
{ =0, +Wi,, i=1,....n (41.1)

0 = (01')1'21 €0

where the random variables W; stand for a noise with known variance %2 and 6; is the param-
eter of interest. The number of observations n, growing to infinity will give the asymptotics

131
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of the estimation problem. The law of W;,7 = 1,...,n is given by the problem and satisfies
some conditions. In Section 4.1, we will take Gaussian errors, or Laplacian errors while in the
following sections, we will only look at the first Gaussian case.

Define the Maximum A Posteriori (MAP) estimator, which maximizes the posterior distribu-
tion for all values of the parameter, as:

~

0, = argrgleaéclogp(ﬁ\X). (4.1.2)

The definition of the MAP (4.1.2) is equivalent to :

~

§ =arg max log p(A|X)
=arg min — log p(6]X)
=arg min (—log p(X|0) — log p(0))
€

Now set,
p(0, X) = —logp(6|X),
and I(0) and A2 such that
—logp(0) = A 1(0)
or equivalently
p(0) = exp(= 2 1(0)),
we obtain an other equivalent definition of the Maximum A Posteriori estimator:

~

— - 2
6, = arg min (p(0,X) + X21(6)) (4.1.3)

As a result, the Bayesian estimator can be viewed as a penalized M-estimator minimizing a
loss function p(X, ) with a penalty I(f) while )\? is a smoothing parameter which determines
the influence of both terms. Provided the loss function is convex in € and the errors have good
concentration properties, the behaviour of such estimators is a consequence of the complexity
of the sets {# € ©, I(§) < M} for an appropriate M. Penalized M-estimators have been
studied by van de Geer in [vdGO00| in a general framework. So, with this analogy, we can
deduce rates of convergence for Bayes estimators from results for penalized M-estimators.
For instance, if we consider the Gaussian case, i.e the unknown parameter is the mean of an
infinite Gaussian vector, the errors are such that W, ~ N (0, ‘;—2), and the loss is quadratic.

As a consequence, the maximum a posteriori estimator is defined by:

. I
Oy, =argmin (202;)(2 il logp(0)>

B 1T ) 2

=arg min <ﬁ ;:1 | X; — 0] — " logp(@))

_ - _al2 o \2

=arg min (JIX = 0|2 + \21(9)) (4.1.4)
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where we have set

2
AuL(0) = =~ log p(6).

This problem is linked with the following functional estimation problem: given fixed points
on an interval called (z;),i =1,...,n, set the empirical measure P,, = % S0, and if there
exists a basis of the space L?(P,), ¢;, i = 1,...,n, we recognize a penalized Least-Squares
estimator of a function 6y = 2?21 ;1; when the observations are the X;.

As it is often the case in Bayesian estimation, the choice of the prior will determine the
behavior of the estimator.

If we choose a normal prior with mean 0 and variance )\;QTZ.’Q, for all i = 1,...,n we have
0; ~ N (0,),27,?), the estimator is of the following form:

n
O = argmin (X—9||§+A§ZTZ?9§) (4.1.5)
i=1
We recognize here a penalized least-squares estimator with smoothing [2-penalty.

In the same way, if we consider a Laplacian prior for the parameter of interest: for a positive
sequence T = (7;);>1, set a Laplacian prior for each 6; with parameter A, ?7;:

N : o 2 2 1p.
0 = argmin (X 9n+Aan,9z|> (4.1.6)

=1

which is a least squares estimator with a soft-thresholding type penalty. In both cases,
the theory of penalized M-estimators gives rates of convergence for these estimators, rates
depending on the entropy of the set of functions {f = Zj ;1;,0 € ©, I(0) < oco}.

If the errors are not Gaussian but Laplacian, the general problem is to estimate the mean of a
Laplacian random variable. Even if we have no L? equivalence with the functional estimation,
we can still consider the MAP estimator. It can be written as:

- . B )
O, —&I‘g%’lelél(HX 010 + A21(0)) (4.1.7)

with, as usual, a choice of the penalty depending on the prior put on the parameter of interest.
We have used the following notation || X —0]|;, = = >°" | |X; —6;|. We recognize a penalized
least absolute deviation estimator.

In all cases, provided a smoothness condition holds over the set © = {6;,i =1,...} , and some
additional entropy conditions on that space, such estimators have been studied by Loubes and
van de Geer in [LvdG00] and asymptotic rates of convergence are given. In that point of view,
Bayesian estimation appears naturally as a subcase of penalized M-estimation for a proper
choice of the penalization.

Following similar ideas, L. Birgé and P. Massart in [BMO01] showed that it is possible to give
another interpretation using a model selection approach. They proved that the penalized
projection estimator is the mode of the posterior distribution with an improper uniform prior
distribution on the collection of models and mixing the prior over the parameter on each
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model. It could be of interest to investigate the property of such prior and to wonder whether
it selects, a posteriori, the good model.

However, such generalization provides general theorems which do not always give an op-
timal majoration of the error term. Indeed, in most cases, a direct approach leads to better
bound for mean squares error.
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4.2 Adaptive Bayesian Estimation

AbstractWe present an empirical Bayes estimator of a function. Using a prior on the num-
ber of derivatives, we study the behavior of the posterior distribution. Using empirical risk
minimization, we construct an adaptive estimator and give a Bayesian interpretation.

AMS 1991 subject classifications. Primary 62G05, secondary 62G20.
Key words and phrases. Adaptive estimation, Bayes estimation, penalization.

4.2.1 Introduction

Consider the infinite dimensional model:

where 6 = (01,6,,...) € [*(N) is an infinite dimensional vector and the random variables W;
are independent identically distributed with law A/ (0 ( ) The parameter € is unknown and

the goal of our study is to make inference about #. One of the interest with this model is due
to its equivalence with the white noise model

fe120.T] (4.2.2)

{ dX(t) = f(t)dt + =dW (1), 0 <t < T
Given an orthonormal bases (1);); of L?[0, T], the problem of estimating an unknown signal is
reduced to the problem of estimating the mean of an i.i.d Gaussian sample (4.2.1) with

T 1 T
X, = /0 WX W= /0 G (A (2)
b= [ s

The signal is reconstructed from the coefficients using 6 = Zj 0;1; and the map between 0
and f is an isometric isomorphism. Such equivalence has been stated by Nussbaum in [Nus96|
in density estimation and by Brown and Low in [BL96]| in the regression model.

The quality of the estimation depends on smoothness properties of f. For a fixed basis, as-
suming f to belong to a specific class of signals, it implicitly yields corresponding assumptions
on its coefficients (6;). So the Bayesian approach seems natural: one assigns a prior to # and
looks at its posterior distribution. Such issue has been tackled by Diaconis and Freedman
in [DF97] or Freedman in [Fre99]. They consider an independent Gaussian prior for each ¢;
and studied the Bayes estimator 6; as well as the quadratic loss ||§ — 6|]». The variance of
the Gaussian prior depends on a parameter which measures the smoothness of the function
Zj 01, which is unknown in practice. But the use of an informative prior prevents adaptive
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estimation. So this approach can not be used practically. Later, Beltiser and Ghosal in [BG0O|
assume that 6 satisfies a smoothness condition, which is characterized by a smoothness index,
say sg, which describes the order of decay of the coefficients to zero. They assume that 6
belongs to the space defined as follows:

O(so) = {0: ) _i**07 < oo},
i=1

For instance if the function 6 is in a Sobolev space H*°, the inequality is satisfied with s = s.
Since this parameter is unknown, it is viewed, in a Bayesian point of view as an hyperparame-
ter of the model, which means that this quantity is considered as a realization of an unknown
random variable. That is the reason why, these authors define a collection of models and con-
struct a prior over the whole range of models. The models depend on the parameter s which
belongs to a set of indexes S. They show that the hierarchical prior selects the best model
in the sense that the posterior distribution converges at the rate of convergence given by the
true model. Such a technique is also used by Ghosal and van der Vaart in [GvdV00] in the
context of density estimation. However the resulting adaptive estimator is not very natural.
The problem of adaptive estimation in this setting was originally studied by Efromovich and
Pinsker in [EP80] who give minimax rates of convergence.

In this work, we propose to consider generalized maximum posterior estimator, which
maximizes the posterior likelihood over all the models and to extend results over the posterior
distribution to this estimator. The organization of the paper is as follows. In the next
section, we study the case when the smoothness parameter is known. Then in section 4.2.3,
we construct a Gaussian prior over a collection of models and define the posterior maximum
estimators (f,, §,) which estimates the quantities (6, s;). We show that the estimator 6, is
an adaptive estimator of 6 in the sense that, without prior knowledge of the regularity of the
function, it achieves the optimal rate of convergence. The proof of the main result is based on
a selection lemma which describes the asymptotic behavior of §,. The prior plays the role of
a penalty over the smoothness of the model, and the estimators minizes a penalized quadratic
criterion with this smoothing penalty. All the proofs are postponed to Section 4.2.4.

4.2.2 Estimation with known smoothness

We recall that we observe an infinite dimensional vector X = (X, X5,...) such that
2
n

which corresponds to the statistical model described in (4.2.1). We only observe the i.i.d
sample X;, i =1,...,n. Our aim is to estimate the infinite sequence 6 = (6;); € ©. Actually,
this parameter is the coefficients of a function # = ) . 6;¢);. For this, we consider a parameter of
the space that describes the regularity of the function, and we define the following smoothness
assumption: the coefficients satisfy

(0,); € I*(N) (4.2.3)
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and there exists a smoothness coefficient sy and a finite positive constant M such that:

0
-25n2
So = arg max 17°07 < o0 | .
0 g SER (Z ? )

=1

This parameter can be viewed as the maximal number of derivatives of the function lying
in the L? space. It is linked with the Sobolev structure of the functional space since the
parameter space becomes:

0 € O(so) = {0 = (6:);, > _i*°07 < M} (4.2.4)
i=1
From now and throughout all this section, we assume that we know the true regularity sg.
Such a set can be viewed as a Pinsker ellipsoid [Pin80]. Indeed, we consider the equivalent

functional estimation problem: given an orthonormal family of L? namely, ¢;, j > 1, consider,
as in section 4.2.1, the function whose decomposition in the basis (¢;) is given by:

0(t) = Z 0i;(1)

So the problem turns to estimate a function g in Pinsker’s ellipsoid described in [Pin80]

fo € O(s) ={0=" Oy, »_i*07 < M},
=1 i=1

Pinsker showed that the exact asymptotics of the quadratic risk over this ellipsoid is given
by:

B[, — 0] < C,(M)n~ %5
where Cs(M) = Mﬁv(s) and y(s) = (2s + 1)ﬁ (SJ%I)QS2T is the Pinsker constant.
We use Bayes methods to construct an estimator which achieves this minimax rate of conver-
gence. To perform Bayes estimation, we consider a Gaussian prior over the coefficients

0; ~ N(0,73(s0)), i > 1, 77 = i,

The coefficients 6; are chosen independent and independent from the additional noise. The
prior information means that the coefficients are normally distributed but since the variance
goes to zero as ¢ increases, we assume that the coefficients tends to zero which is a common
assumption for coefficients of a regular function onto basis, which provide spare enough rep-
resentation. Indeed, wavelet bases, introduced by Meyer in [Mey87], have the property that
only the few largest wavelet coefficients contain the information conveyed by the signal 6.
Such property gives sense to the prior. We can point out that some work has been recently
done in that direction and special behavior of wavelet coefficients has been more precisely
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modelized by Sapatinas and al. in [ASS98| or Johnstone and Silverman in [JS01].
As a result, the distribution of the data given the parameter, say p(X|6) is such that

Using Bayes rule, we obtain the posterior distribution p(6;|X;):

).

2 2.9
T; OnT;

2 2% 9 2
o, + T o, + T

So the estimator, maximum of the posterior law is given by:

(0;) = arg max log p(6]|X)

= arg I?(%i)n —logp(0|X)

72

—5 Xi) (4.2.5)

2 2
o5+ T

=

The Maximum A Posteriori estimator 6, defined in (4.2.5) converges if 72 = A2i~20 with
So > % and 0y € O defined above (4.2.4) for a quadratic loss to the true parameter 6, at a

2sg

rate of convergence n~ 20" as soon as the smoothing sequence \? decreases to zero but not
too quickly: indeed the following theorem describes the asymptotic behavior of the maximum
a posteriori estimator.

Theorem 4.2.1. The Mazimum a posteriori estimator of 6y € O(sq) for a given prior ; ~
N(0,\2i72%0) 50 > % is consistent for a good choice of the smoothing sequence \2. Moreover

1
for A2 = n %0¥1_ the estimator achieves the minimazx rate of convergence. As a matter of
fact, there exists a finite constant C = C(M) such that

E||f, — 6o||> < Cn~ %01, (4.2.6)

This result can be easily connected to the theory of M-estimation. As a matter of fact,
this estimator can be written in the following way:

(6;) = arg min (||Y —0)|)2 + N2 Z iQSOGf)

0€0(s0) P

where we have set )\NnQ = ﬁ — n~ %47, The estimator minimizes a quadratic loss function
with a penalty and is therefore a penalized M-estimator. Penalized M-estimators have been
intensely studied by S. van de Geer in [vdG90], [vdGW96] or [vdG00|. Using such results, we
know that this estimator converges at a rate in Op()\,). The proof of this statement relies on

the behavior of empirical process in a ball whose entropy can be upper bounded. So, if the
—2s3
optimal parameter )\, has been correctly chosen, we find the rate of convergence in n2so+01,

which corresponds to the minimax rate of convergence for a quadratic loss.

Since the choice of the smoothing parameter requires the knowledge of the smoothness coef-
ficient sq, previous method can not be used in practice. Adaptive estimation imply to let the
data speak from themselves and pick automatically the right order.
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4.2.3 Adaptive estimation

In our Bayesian framework, we have, in a first step, considered the unknown function as a
realization of a random variable: its prior law heavily depends on an unknown parameter sg,
which can be interpretated as a smoothness parameter. It seems rather natural to consider this
parameter also as a random variable. For this, we make the assumption that the smoothness
coefficient belongs to a finite class of indices s € S. This class is finite but its size may depend
on n. We assume that sp,, is finite. We also assume that the true coefficient sy belongs to
that set, which can be written as

S={spmymeMCZ}

where the s, are sorted in an increasing order and M is a subset of S. Over S, we construct
a prior probability ¢ and define ¢, = ¢(s = s,,,) which is assumed to be positive. So we have
Y memdm = 1 and Vm € M, ¢, > 0. The prior has to be chosen such that the posterior
law will tend to choose a model close to the true one s = so. As a matter of fact, to each
parameter s € S, we associate the corresponding model in the sequence space

O(s) = {# € I’(N), iﬁse? < M}

and the set © = Uz50(s) is the set of all possible models.
In this framework, the unknown parameter is a couple of variables:

(90,80) €EOxS

and the prior distribution is given by p(6, s) = p(6|s)q(s). The prior over a single model O(s)
is the same prior considered in section 4.2.2: 6; ~ N(0,\2(s)7(s)) with 72(s) = i72* and
A2(s) = n~ =41, Indeed, if s were the true regularity, this choice of prior would lead to an
estimator with optimal rate of convergence. As a result, the natural prior over © is a mixture
of all priors on each model ©(s). The framework of our study is the following: we observe
X, =60;+W;,i=1,...,n (4.2.1) with two unknown parameters (g, sq) € © x S over which
we define a prior. So the laws of the parameters are the following:

(s)77 +02) (4.2.7)

The estimator we consider maximizes the posterior distribution:

~

0,5, = log p(6, s|X 42.8
(0. 52) = axg  max_logp(0,51) (4238)
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~

6, is an estimator of the parameter of interest # while 5, should approximate the auxiliary
smoothness parameter sg. We can find a more explicit version of the estimators using Bayes

rule: p(X10. 5)p(0]s)a(s)

p(0,s|X) = (X)

So (4.2.8) becomes:

O, 8n) = in  —logp(0,s|X
(On, 8n) arg  min ogp(f, s|X)

=arg min (—logp(X|0,s)—logp(f|s) —logq(s)) (4.2.9)
(0,)€O%S
defining the estimator has the minimizer of the global penalized empirical risk.
We now can see that such an expression (4.2.9) can be written into two different ways
whether we decide to minimize the expression first on s then on 6 or the contrary. On the
one hand we can write:

S

i . 1 < TR N 1 ap 2
(0n, $n) = arg o <§ Z(XZ —0;)" + - izzllog Ay (s)T7 + (s T, 0; — Elog q(s)

i=1 i=1
= arg min 1 i(X — 6;)* + min l ilog M2 (s)77 + ! ir_?@? 2 log q(s)
. 1 ‘ 2 . [ __2s - 25 N2
= argmin <§ ;(Xl —0;)° + min |\ n” = ;z 0; + I(s) ) (4.2.10)
where we set
I ) 2
I(s) ==Y log(n =i ) — =1 4.2.11
()= 3 Lol 5747) = Log(a() (42.11)

We have put the stress on the minimization over the coefficients 6§ = (6;);. We recognize a
penalized least squares estimator with a complexity penalty. Indeed the estimator of 6y can
be written in the following form:

. ' 1 — )

g <
=1

nit (4.2.13)

pen(f); = min [n_QSZT Zz’%@f + I(s)
i=1

Provided some additional hypothesis hold, the asymptotic behavior of such estimator can be
found using ideas from empirical risk minimization that can be found in [vdG01]. The estima-
tor minimizes over © an [? loss balanced by a penalty term (4.2.13). This penalty minimizes
over all possible indexes s € § a sum of two terms, one depending on the smoothness of the
function while the second depends on the choice of the prior ¢(s) on S. For a convenient choice
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of this prior, we get I(s) = )\gn_ﬁ for a given constant \2. Van de Geer in [vdG01] showed
in a different context, the convergence of the estimator at the minimax rate of convergence.
Our method is close to model selection methods since, with a selection lemma, we first pick
an optimal smoothness index $,, and then reconstruct the estimator using this value: é(§n)
The major difference with methods inspired by Birgé and Massart see for instance [BBM99],
[BM98], [BM97| or Lugosi and Nobel in [LN99] lies in the fact that we penalize the roughness
of the model and not its dimension nor its complexity.

So, on the other hand, if we minimize the quantity (4.2.10) first over 6 and afterwards over s,
we find after some calculations and taking for simplicity reasons o2 = 1, the following form
of the estimator:

n

1
Sn = arg minge s (Z - X} +n[(s))

*#'—25
i=1 pn +n Zs+ly

' (4.2.14)
éz(én) = Xi,i:]_,...,n

23 .
]_ + n_ 25%2—1 Z'an

The first estimator §,, can be considerated as a biased estimator of the smoothness of the
model. The second estimator is the solution of a quadratic penalized loss in the estimated
model ©(&,). In fact, for a particular choice of the penalty I(s) = n~ %+ A2 where A2 will
be made precise later, i.e for a good choice of the prior ¢ over the set S, we will show that
the estimator §,, always overestimates the regularity of the model. As a matter of fact, the
following lemma shows that the probability of underestimating the regularity of the model
tends to zero in probability.

Lemma 4.2.2. Assume that S_ = {s,,, m < 0} is finite, with cardinality that may depend
polynomaly on n, and choose the prior q in the following way: there exists a positive constant
A2 such that: I(s) = A%n‘?s%. For s < s, there exist constants ¢c; > 0, co and an integer N
such that for everyn > N

2s
P(5, = ) < ¢, exp(—c2nTo i) (4.2.15)
So as a result we have
P (5, < s9) =3 0. (4.2.16)

The proof of this selection lemma involvess some calculations and is postponed to the
appendix.

Remark 4.2.3. This lemma is the frequentist version of the Bayesian selection lemma in
[BGO0], over the concentration of the prior around smoother models. With a prior over S
which may be taken infinite, such that Ym € Z, q(s = sp,) > 0, Belitser and Ghosal, have

2s
proved that the posterior distribution converges at the optimal rate of convergence n” Tt

More precisely, there exist an integer N and a constant ¢ > 0 such that for any m < 0 and
n> N,

EP(s=s,|X) < m exp (—cnso+slm+1> (4.2.17)
do
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As a consequence we have
P(s < so|X) — 0. (4.2.18)

in probability.

Using this pseudo estimator of the smoothness index, the estimator turns to be the solu-
tion of a minimization program in the space ©(S,). Direct calculations lead to a smoothed
estimator with a smoothing coefficient depending on the data, since it is a function of §,.
Even if §, does not approximate the true value sg, it selects smoother models such that the
estimator é(§n) achieves the optimal rate of convergence. Since the estimator is constructed
without any knowledge of the regularity, the estimator is adaptive. This property is a di-
rect consequence of the Bayesian point of view, which takes more into account the data,
and provides adaptivity. Moreover, it links the smoothing effect of a global penalty such

as pen(f) = minges [n_zzﬁ (Oor %07 + )\3)], and the behavior of the underlying posterior
law. So penalized M-estimation with smoothing penalties acts as model selection, which
advantages smooth enough models. The following theorem describes the optimality of such

estimator.

Theorem 4.2.4. The estimator obtained by mazimizing the posterior distribution for a Gaus-
stan prior distribution depending on an hyperparameter s € S is convergent provided the col-
lection of regularity indexes is finite (possibly depending polynomaly on n). There ezists a
finite constant C', depending on M, such that

A~ 2s
B||0(5,) — 6o])2 < Cn 2o+t (4.2.19)
The MAP estimator is adaptive for L? losses.

Remark 4.2.5. Using the first form of the estimator (4.2.10) with the special choice I(s) =

)\gn_%, we can apply results from van de Geer in [vdG01], which rely on the asymptotic
behavior of the estimator with the complexity of the set ©*(3) defined by

0.(0) = {0 € ©: 7%(0]0%) < 6}
where we have set a pseudo distance
7%(0160) = [|0 — 5|3 + pen*(0)

for pen(0)? = min,esn~ = (27 1202 + A2). Then define 6% = argmingeq 72(0|0y) which
has an interpretation as trade-off between bias and variance. As soon as the entropy H(9,©,),
i.e the logarithm of the minimum number of balls necessary for a 6-covering of the set ©* with
respect to quadratic norm, is such that

1
/ H(u,©,)du < cy/nd? (4.2.20)
0

for a given constant ¢ then theorem 2.1 gives the rate of convergence of the estimator. In this

Smax 10g n

case, 62 can be chosen equal to &, = . The rate of convergence is deduced from this

entropy upper bound.
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Remark 4.2.6. Bayesian estimator and penalized estimators are deeply linked. In our work,
we have enlighted the correspondance between smoothing penalties and the posterior mode
with a Gaussian prior. Following the same ideas, L. Birgé and P. Massart in [BM01] showed
that it is also possible to give another interpretation using a model selection approach. They
proved that the penalized projection estimator is the mode of the posterior distribution with an
improper uniform prior distribution on each model and, for each model, a prior corresponding
to the prior for the true model. It could be of interest to investigate the property of such prior
and to wonder whether it selects a posteriori the good model.

Remark 4.2.7. We have only used linear estimator with an adaptive Bayes-type smoothing
effect. It could be also meaningfull to extend previous results to non linear estimators such
as thresholded estimators, studied in the wavelet case by Donoho and al. in [DJKP96a/,
[DJKP96b], [DJKP97].

4.2.4 Proofs
Proof of theorem 5.2.2:

Proof. We have found that the estimator 0; can be written for all i > 1:

2
i T

i 2 2
o, + T

'

So since E||6 — 0|2 = 327, |6; — 6;]?, we calculate the difference between the true coefficient
and its estimator:

) 2 2
Gi—ﬁizl— d 91—7ZWZ
( o2+ 7'22) o2 + 77
Finally we find
0; — 0, ~ N 7 e (S5 o
. — 0 ~ 11— g (=T . 1221
( 03+Ti2) <03+Ti2> On ( )

i 2 - 0,07 - RO
E||0_9H = Z(O_Q+T2)2+Z(02+T2) On
i=1 ? i=

:T1 +T2

The first term 7} can be majorated by:

2 0%i%s 1 25 )2
Y 2,2 22Z9i
n —+ o%1%5 n + o228
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The second term 75 can be controlled by the following inequality due to a comparison between
a sum and an integral:

o0 2.4

OnTi
=2 Gy

i=1
< Ty | s
n o (14 u?)?
< Cnzs—!
for C a finite constant, where we have set s such that the last integral is finite, so 4s > 1.
So we find that as soon as s > % ,
A2 —14L o’
E|l6—0|; <Cn T2 + M—
n
which proves that the estimator converges with a rate of convergence of n'=2 as soon as
1
s> 5.
2

As in the previous proof we start from the expression of the estimator and replace i 2 by
A2i=25. This gives the following bound:

E[lf—0F=7 16— 0,
i=1

< T + o
— (02 + A\2i~29)2 %i)Q

o (140 A%i
M0'2 1,1 1 1 1
< A= (2 ~2 4.2.22
<+ ) (1222

where we have used the regularity property of the sequence of coefficients and the comparison
between integral and sum. We have also chosen s such that the integral is finite, which gives

raise to the condition s > i. Now choose the smoothness parameter A2 to minimize the upper
bound, we find

2 _211
A, =n"5F

and find the result: . )

E||f — 0> < 202 sup(M, (o)~ 3 )~ 241,

Proof of Lemma 5.1.12

Proof. In this proof, for sake of simplicity we consider that the errors have variance equal to
1. The estimator of the smoothness coefficient maximizes the posterior law, so we have by
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definition of the estimator of the smoothness index

- 1
S, = argmin T (Z —— X2+ )\g)

5€8 T 42

We make the assumptions that the set of indexes § = {s,,, m € Z} is a finite set, possibly
depending on n and write sp., the maximal value of the parameter. Since the set of indexes

P(s, < so) ZP

m<0

is finite we can write:

We want to give an upper bound of the last quantity using the property of the estimator:

P(s,

3

X? z X2
s )\2 < 25m i 4 )\2 7
(nz +1 ( Z n)\Q( R + ) n2sm 1 ( E (n)\%(sm))*l T + 0), Vm € )

=1 =1

Xi < X2
(; DUmEERAE z_; (W2 (s0)) L +i 20 ‘I’(So)>

<P (zn: a; X7 < ®(sg) — @(s))

| /\

=1

where we have set
1 1

(RA2(s)) L+ 2 (RA2(sg)) L + i 2%

D(s) = )\gnHl?s

a; =

We put ourselves in the particular case where s < sy such that the quantity above is
negative. So we obtain:

P(s,=5)<P <exp(—% Zain?) > eXp(w))

=1

< exp (TS Plewpl— D ax)

< exp (M) EE(exp(—%ain)).

Where we have used independence of the random variables X; and Chebychev’s inequality.
Now recall the following calculation: if X ~ A (u, 0?) then, for every real a > —o 2 we have

Ee_%X2 _ ¥ex (_L)
T Vita? P+ a0?))
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In our case where 02 =

% the condition is equivalent to a; >

. 1 .
P72 70« (72 4 720) 5 oo

A2

n

condition that is fulfilled for a n large enough. So we have:

Write

So we have:

a;

1 a;

_ 2 2
B(eit) - Lo )
T a; \ i
I+ 21+ 5)
1 1
a; = _ oo _ —
(nAZ(s)) M+ 172 (nAZ(so)) " + i 2%
1 1
= T3 95 __2s0 )
n- %+ 44 n_ 2o+l 4 =250
250 25
Z'—2so _ s—2s +n T 20+l — T eI
= %8 _—
(n—m + 2'725)(” 250+1 + Z‘*280)
ZSO 25
Z'72so _ s—2s +n T 250+l — 7 241

114

So using the last result we have, if we have set r(s) =n 2+1:

2sq
250+1 _py 25+1

(niﬁ + Z'_Qs)(niﬁ + Z'—QSO) + i72%0—i=254n

1

_2sg 2s

-—280 __ —28+n 250+l — 1 Tst1

Ri,n

23

— 1% +r(sq) — r(s) 52

n

e 1 i 250
P(s, =s)
S H m ( 22
But since .
®(s0) — B(s) g _ M
Bl S VAN A A2(1 —
exp( =) = exp (1 -

we have for large n:

As a consequence:

P - P i

2

<I>(so> ®(s) H H <
\/1—|—al/n - 1+al/n

—280

Ri,n

Crap)

7

—n, which is equivalent to

146



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION

So
r a;i=%0 a;0?
P, =s) < [l 4} exp — i
(=) < O+ 770 P v ai/n)

1= (720 = i7) + (r(s0) = 7(s)) .,
< — —2s0 _ 2
eXp (2 ; Ri’n ( (3
S|+ S
< exp(— —g 2).
where we have set
i () () s,
S| = 0
Rin
=1 ’
5y = -3 r(s0) — r(s) o
i=1 Ri,n

with

Rin = (r(s) +i72)(r(so) +47%°) +

)

n
Lemma 4.2.8. there exists an integer N such that for every n > N we have

1 2
Sl S — ﬁ (n)\i) so+s

1 2
Sy < ﬂ(”)‘i)soﬂ-

Proof. Firstly we notice that
o (250 — 725 (0, Vi>0

1
e there exists an integer I = [22Go~9] such that Vi > I we have

1
7 250_Z QSS__Z 25‘

0720 — 725 4 r(s) — 7 (s)

147

Moreover, we notice that the dominant term in R;, = (nA2)72 + (nA2)7!(i72% + i72%) +

725 H50) g m1(§72%0 — j729) g = 2(0F5) a5 so0n as i < r(—so)ﬁ. So putting together these

results we see that there exists N; so that for every n > N,

1

1 1
Sl S —E(T(—So)) sots,
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The second term is such that:

no .25  -—2sg
SQSZZ 1 +7r(s) — 7“(50)02
i=1

}%Ln !
oo
< Z Z~250 922
=1

n

1 2
< M+ r(s) Z () 0;
i=1
<M+M
< 0.

So there exists Ny such that for every n > N, we have

1 1
2M < 5or(- 50)

and as a result
2sqg 1

1
Vn > Ny, Sy < —(n2o+sots).
24
So if we choose N > sup(Ny, Ny), the lemma is proved. O

So with the result of the lemma we have that there exists a finite non zero constant cs
such that, for every s < sq:

P(s5, =s) <exp ( CQTLZSZSELI s01+S> (4.2.23)

As a direct consequence

P(s, < so) ZP

m<0

SO 1
< |S_| sup {exp( c*n %o+l 50+5>]
seS_

< |S_|exp ( c n230+1)

n— 00

— 0,
as soon as the set S_ = {s,,, m < 0} is a finite set, possibly depending polyniommaly on n.
So the M-estimator of the smoothness coefficient almost surely overestimates the true value
S0- O

Proof of Theorem 4.2.4
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Proof. 6(%,) is the estimator of the minimization problem. We have:

E|10(34) = bollz = E(116(30) — 0[5 15,<s0)
+E(|I9(Sn) — B0l Ls,=s) + E(110(3) = b0l L5,>50)
= O(n 70%) + B([[0(50) — 0] 211,54,)

The last term describes the behavior of a MAP estimator 9~n where the models are taken in
S = {sm, m > 0}. After some calculations we get:

E([l6(5,) - 9o||31s:n>so)

1 1
o + 021,
n <nn2§nl+1> Sn>50 Z 25n + n25n+1)2 1 5n>50)

. 438
28n 7o
—_=5n z : 2
n 25n+1 1§n>50 + — 2% 201' 1§n>50)

2sg n Z4§"
T 2sg+1 E 921A
S n 0 + 24n i +8n>80

i=1 (i%n 4 n2ent1)?

So it remains to be proved that the residual term is such that

. 24'§n 2sg
E (Z . %5 92'21§n>50> = O(n 250+1)

i—1 (ZQS” + nm)Q

By the definition of 5, we have:

§p = argrsnelg Z—i + I(s)

=1 1 + n2s+l Z_QS

so we can write expanding X; = 6; + W;:
n n
X? A X?
2in R + ](Sn) < Z 25 + [(50)
im1 1+ n ZeT 2 i—1 1 +mn zs0+1j—2s0

= 92 - 20,W; - W2 X
Z _Zzs_n . +Z _ 28, . . +§: _22n . +1(3,) <
i=1 ]_ +n 2én+1 Z—QSn =1 1 e Z—an i—1 1 + N 28 t1 Z—an

n n n

6? 20, W; w?
Z 250 + Z 250 + Z 2250 + ](SU)
i=1 1 +n 250+1 7~ 250 i1 1 +n 2so+1 7~ 250 i=1 1 + n_ 2s50+1 2‘7250

We will study each term of this inequality separately. Let s > sy, we use here the property
that we have restricted our study to the cases where 5, > sq:
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- 20,W,;
(n=>

= 1+ n osdrg2s
\/_ZV

where the random variables V; are Gaussian centered with variance 1, identically inde-
pendent variables. We know that we have

(I) = Op(0n) (4.2.24)

1+ poiTg-2s

where the asymptotic variance o2 is defined by

n
, 1 i*56?
Tn T 2 )2
n i1 (Z s+ n25+1)
n g
1 0 9
- 2s 92
28
n i1 ) + n 2s+1
50
1 ¢ i .
n i=1 ZQS + nzs+1
n
1 2 ,
< —n 20t E i*06;
n
=1
M 25
< —n 2s9+1
- n

As a result the previous majoration gives an upper bound for o,:

__s0 1 250
O'n:OP(n 25041 2) Op(n 2s0+1)

and -
(I) = Op(n %o+1)
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2.
£y
i=1 1+n 23n+1z 238n
s>sp i=1 1+n" 25m+1 §~2sm
W2 w2 )

- Z ,7252771 . + Z —n , q(5n = s)

5>80 — 1+n 2amA1g25m — 1+n Zsm+1q—25m

i>nl1+2s i<nT+2s
1 ]
n 2s+1 R
n nzs+1 728
$>580 i THTs
__2s _ _2s

sz(n 2o [ L) i =

$>580

1 R

< Z n- 2s+1 25 — 1) Q(Sn = 5)

$>80

_ _2sg
S Cn 2sg+1
for a finite positive constant C' and as soon as s > %
3.

n 2
0;
2sq
i=1 1 4 n2otig—2%0
n
_ _2s0 260 N2
<n o+l E 7700

=1
25

— O(TL 250+1)

(I11) =

23

4. Over the set §,, > sq, ®(5,) = o(n 20+7)
Finally, we have:
25

n Z4§n02 B 250 ~
2 Z l2§n 1§n>so +0(n 250"'1) :O(n 2so+1)

(2 + i)

n 45, )2 .
3 ngl 2sg
E Z 2in 1§n>so = O(n ZSOH)
i

=1 (1% + m2ntT)?

which shows that

concluding the proof. O



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 152

4.3 Bayesian Estimation with Wavelets

Assume that we observe a function f, corrupted by a white noise, at fixed points t; = % for
i=1,...,n. As a result, we observe an n-dimensionnal vector Y = (Y7,...,Y},) such that:

where W; are independent random variables following W; ~ N(0, 0?). Given observed discrete
data, we may find the vector of its sample discrete wavelet coefficients by performing the
Discrete Wavelet Transform. This algorithm, developed by Mallat in [Mal89| provides an
orthonormal transform. As a result, the equivalent model is given by:

| | 4.3.2
W >i>0,k=0,...,21—1,2"=n (43.2)

{ Xjk = ij + ejk
where € are independent random variables following a Gaussian N (0, %2) Estimating the
function is performed by inverting the wavelet transform and write:

Jj1 29—1

flx) =) Opthn(x).

=0 k=0

For the wavelet model (4.3.2), we make the assumption that there exist a smoothness coeffi-
cient sg, and a finite real M such that

(O5x)j5 € O(s0) = {(Bjx), > _ 290 0% < M},

J

Consider the function f(x) = 37, 0jx;u(z) where (1;1);x is a wavelet basis with regularity
r > Sg. Then such a condition over the wavelet coefficients implies that the function f
belongs to a Besov space B3 due to the characterization of Besov spaces in terms of wavelet
coefficients that can be found in [DJKP95]. For a fixed resolution level j, if the smoothness
parameter s, is a known quantity, we consider, for a given sequence A2 the following prior on
the coefficients:

O ~ N (0, \2272%0)
i>0,k=0,...,2 —1

and the coefficients are independent random variables, with the same prior distribution at
each level j, which are also chosen independently from the noise €, V(j, k). Such prior
can be interprated as a modelization attempt of the sparsity of the coefficients. Indeed, as
the resolution level of the wavelet decomposition increases, the number of non zero wavelet
coefficients decreases, since the Gaussian distribution is more and more concentrated around
zero. Using the same ideas of what has been already done, we find analogous laws cf. (4.2.7)
by setting 77 = A227%%. An estimator of each wavelet coefficient is the solution of the



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 153

quadractic minimization problem. The solution of this optimization program has an explicit

form:
2

. T
V(], k)a ij = ﬁ—:— QXjk (433)
n J

We recognize here a smoothed estimator and the asymptotics of the quadratic error are well
known. Moreover, since wavelet basis provides unconditional basis for a wide range of spaces,
we can pay attention to convergence for other loss functions. The following theorem proves
the consistency in B,-loss when o < sy, when only a finite number of coefficients is used.

Indeed we consider wavelet coefficients between the two resolution level jo and j; and try
to estimate the true coefficients using a posterior mode estimation while the higher levels
coefficients are set to zero and the others are kept unchanged. This estimation procedure can

be easily implemented. We recalled here a theorem proved in Chapter III:

Theorem 4.3.1. The Posterior mode for a prior over wavelet coefficients 05 ~ N (0, \22727%0)
for 3 = jo,...,J1, provides a consistent estimator with the following rate of convergence of
a function f = Z(j’k) Oixtbjr € Bsy. If the smoothing parameter N2 is chosen such that

2s 1
A2 = n" 2% and the resolution level Jjo = O(1) and j; = n¥o¥1 | then there exists a finite
constant C' so that, for every 0 < o < sq¢:

2(sg—0)

B|If — 0]}, < Cn~ F57

However, all our study relies on the fact that the true value of the smoothness parameter s,
is known. Since we do not want to impose such a condition over the model, we try to turn this
method into an adaptive version. As it has been first studied by Efromovich and Pinsker in
[EP80] or in the wavelet case by Donoho, Johnstone, Kerkyacharyan and Picard in [DJKP95]
or in [DJ94|, we will try to find an estimator achieving optimal asymptotics without prior
knowledge of its regularity. The main idea is considering the smoothness parameter as an
hyperparameter of the model and put a prior on it. Then we will let the observations choose
a posteriori the real model between a collection of various models. The prior law acts as a
penalty in model selection. Here we will not use a penalty over the dimension of the model,
techniques developed by L. Birgé and P. Massart in [BM97], but the prior we will choose
penalizes the regularity of the model in a similar way to complexity regularization developed
by G. Lugosi and Nobel in [LN99]. Like in the preceding section, we start from Belitser and
Ghosal’s result in [BGO00]. Indeed, in an allocation model X; = 6; + W;, >, i*°67 < M
described in the previous section, they show that the posterior distribution converges at the
optimal rate of convergence. For this, they prove an auxiliary lemma, the selection lemma.

Lemma 4.3.2. There exist integer N and a constant ¢ > 0 such that for any m < 0 and
n >N,
1
EP(s=s,|X) < m exp (—cn50+5m+1> (4.3.4)
qo
As a consequence we have
P(s < s9|X) — 0. (4.3.5)
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in probability.

Moreover they prove the following theorem, which states the convergence of the posterior
probability at the minimax rate of convergence:

Theorem 4.3.3. For any sequence M, — oo and for a rate of convergence r,(s¢) = R Z0
the posterior probability

PO : r,(s50)||0 — bol| > M, |X) — 0 (4.3.6)
in probability as n goes to infinity.

For sake of completeness we recall briefly the sketch of the proof in the appendix.

Such results are central in our work since we will use the same ideas in all this section to
extend them to the wavelet model (4.3.2).
Set a positive constant M. Consider a collection of smoothness indexes S, and to every s € §
we associate the model O(s) = {0 = (0;x)j, >_;27°>_, 03, < M}. Using the definition of s,
this smoothness index can be characterized among other candidates in a discrete set S by:

— 27s 2
S0 = arg max (;2 i ;9]'1@ < M) .

We choose for prior on O(s) the same prior we had chosen on O(sq) but replacing s by s.
On S consider a prior ¢ such that ¢(s) > 0, Vs € S. We prove the following lemma, which is
equivalent to the selection lemma in the previous paper [BGOO0].

Lemma 4.3.4. There exist integer N and a constant ¢ > 0 such that, for any m < 0 and
n>N ,
By P(s = s X) < L exp <—cn—so+sm) (4.3.7)
q

and therefore
P(s < so|X)—0 (4.3.8)

in Pg,—probability as n — oo.

This lemma shows that, also in the wavelet case, the posterior probability of mischoosing
the model in favor of a less regular one tends to zero.

Given this selection lemma, the following theorem proves the convergence of the posterior
2sqg

distribution at the rate of convergence n 2s+1,

Theorem 4.3.5. For any sequence M, — oo, the posterior probability
S0
3 ((9jk)jk, nT0 |6 — G| > Mn|X> =0 (4.3.9)

in Py, -probability as n goes to infinity.
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We have proven that the posterior mass is concentrated around the ball centered in 6, at
the minimax rate of convergence, but the Bayesian point of view does not provide an estimator
that can be easily constructed. E. Belitser and S. Ghosal have proven that there exists an
estimator based on the posterior distribution which is adaptive but they do not construct
it on a practical point of view. Yet A. van der Vaart in [GvdV00| tackles that problem by
choosing a maximizer of the posterior probability of a ball with a well chosen radius but the
estimator found does not correspond to the ones usually used for such estimation problems.
That is the reason why we have investigated in Section 4.2 the choice of the posterior Bayes
estimator and given its adaptive properties.

Such results could be extended to this model but, recently, some work has been conducted
over Bayesian estimation with wavelet coefficients and some authors have looked at prior which
describe, more precisely, the sparsity properties of wavelet bases. Write § = ij Wik Few
coefficients can represent a large amount of information and the number of non zero coefficients
tend towards zero when the resolution level increases. This prior information over the model
can be incorporated into the coefficients’s prior law to model such behavior. Abramovich,
Sapatinas and Silverman in [ASS98| consider the following model

Wik ~ (1 —7Tj)60 +7TjN(O,T]v2)

T]'Z =C 27

m; = min(1, c;2~%)

This model takes into account that with a probability 1—m; — 1 when j — oc large coefficients
are less and less numerous. The constants are taken positive and can be chosen to maximize
the log-likelihood. The distribution function of the posterior law is determined by

2
T?
Wi — dig—ims
1 Jk JkUZ—I—T].Z Nik

Flw;ild;) = +
( Jk| Jk) 1+77jk 1+77jk

lek 20
oTi/\]0% + 7']2

2 4 2
1= T o,
ik = exp| ———"—5-
"Ik T o P 20%(0%2 +717) )’
where @ is the standard Gaussian distribution function. Due to discontinuity in 0, solving
F(wjg|dj,) = %, leads to posterior median:

with

e for n;, > 1, the median is equal to 0.
e the median still equals 0 under the following conditions:
Nik < 1

d< T.
gk'g <
oy/or 4T}

1
5(1—%) <o | - (1 + n).
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So we have
Med(wjk|djk) = sign(djk) maX(U, g]k)
for )
T ;O 1 {1+ min(n;g, 1
ik = 55 |djx| — —==0 1< 2(7% )>-
0"+ T; \Jo?+ 7'j2

Such estimator is a Bayes thresholded estimator. Indeed &j; is negative for d;, € [—\;, \;] so
the posterior median is set to zero when the observed coefficient is below a fixed level.

This model is the limit model of the one proposed by Chipman in [CW99] or Ruggeri and
Vidakovic in [RV99]. As a matter of fact, these authors consider the following prior:

wik vk ~ YN (0, &G77) + (1 = 71) N(0, 75)

vjk ~ Bern(p;)
2
c; >> 1.
It is composed of a mixture of two GGaussian variables, one concentrated around zero stands

for small coefficients while the other is wide spread and represents large coefficients which are
vanishing with probability p;. The estimator studied is the posterior mean:

2,2 2.2 2

27 o?r2c?

7 7%
Wikl djr, vik =1 ~ N( ik )
JREE o2+ 312 7V o2 4 c27?
37 37

d 0~ N(-7 T
Wik |Cjks Vi = YU~ ik .

SRR o+ 127" a2 417

So it implies that

E(wjk|djk) = By o, E(wik | djk, ir)
272
=P(v.. =1ld:.)—2LI .
(ng | ]k)0'2+037—j2 jk
2

T5
+ Py, = O\djk)mdjk-
So the estimator is a smoothed estimator. The constants of the law can also be chosen to
maximize the log-likelihood. But, due to the structure of the prior, EM algorithm, described
by Dempster, Laird an Rubin in [DLR77| can be used. Clyde and Geoges in [CPV98] or Neal
and Hinton in [KCGN98| have used such algorithm. MCMC algorithm can also be used, as it
is suggested by Miiller and Vidakovic in [MV99]. Such methods lead to good numerical results.
The asymptotic rate of convergence has only been proved very recently by I. Johnstone and
B. Silverman in [JSO1]. As a consequence, their result takes into account the properties of

wavelets bases when representing functions with Besov-type regularity.

To extend the scope of this method, we should focus on either very regular functions, see
Section 4.4, or very irregular functions such as the multifractal functions. We give some hints
in the last chapter, Chapter V but most of the work is still in progress.
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4.4 Super smooth functions

We consider in this part a class of functions, analytic functions, which has been originally
studied by B. Levit in [GL96] and we will try to adapt previous result to this estimation
problem. Consider a parameter v > 0, we make the assumption that there exists a basis
such that the functions f can be written f = Zj 0;1; and such that the coefficients satisfy
6 = (6;);>1 belongs to the space

e = {(6);, ie“ﬂ? < M} (4.4.1)

So define the true 7 as the largest real in a collection of indexes I' such that the preceding
sum is convergent.

oo
= g2 < M
7 = argmax{t, Z}e 0; < M}
1=

This model appears in mixture problem or in exponential family problems. Our aim is still
to estimate the infinite dimensional parameter of interest § = (6;);>1 using the Maximum a
posteriori estimator.

Define the prior 6; ~ N'(0,77) where we have set 72 = A2e 7. Following the guidelines of the

preceding work, we find
A 1

Vi>1, 0= ——— X, (4.4.2)
1+ Fer

This estimator is convergent and the following theorem gives its asymptotic behavior.

Theorem 4.4.1. In the exponential model hypothesis (4.4.1), the estimator corresponding to
the mazximum of the posterior law is convergent at the following rate of convergence: there
exist a constant C' < oo so that Ve > 0 we have

~ |
Bl — 6|2 < c@.

We recall that in that model we have: to every v € I', we associate a corresponding model

n
O(y) ={0 e’ Y €07 < M},
i=1
v is considered as an hyperparameter of the model. In the non adaptive case where 7y, the
true value of the regularity coefficient is known, the maximum a posteriori estimator is defined
by
N 1
VZ, 91 = WXZ
It converges at a rate of convergence as close as possible to the parametric rate of convergence.
Now consider ¢(v), v € T a prior distribution over I' = {~,,, m € Z}. This time, the selection
lemma does not hold for this model and a similar method does not apply. E. Belitser and
B. Levitt in [BB01| have solved this issue by using an empirical Bayes method based on a

marginal of the joint distribution.
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4.5 Appendix

Proof of Theorem 4.3.3
Proof.

P(ra(s0)|[0(s) = 01| > My |X) = P(ra(50)[|0(s) = 0]] > My, s > 50| X) (1)
+ P (r,(50)]|0(s) — 01| > My, s = so|X) (IT)
+ P (rn(s0)]|0(s) = 0| > My, s < so|X) (111

for r,(so) = n7orT the optimal rate of convergence and M, a sequence, growing to infinity.
The second term (IT) can be easily handled using the results of the preceding subsection,

proving the convergence of the estimator at the minimax rate of convergence r,(sg), and a
Chebychev’s inequality:

110(s0) — 0]1)
r2(s0) M2

1
M2r2(so)

~ E
EP(r,|10(s) —0|| > My, s = so|X) < (

IN

7“721(50)

1
M

IN

IN
)

for any € as soon as M, is large enough.
The last term (/11) goes to zero due to a lemma in [BGOO| called the selection lemma where
they prove that the smoothness of the model is never underestimated, i.e

P(s < so|X) — 0.

The first term () is proved to go to zero using a theorem proved by van der Vaart in [GvdV00)|
and recalled below, depending on the choice of the prior on & which defines the space ©.

Theorem 4.5.1. Suppose we have i.i.d observations Y1, Ys, ... from a distribution P having
a density p € P.Let H the Hellinger distance and I1 a prior on P and P C P. Let €, — 0 and
ne2 — oc. Let D(e,S,d) the largest m such that there exist s1,..., Sy, € S with d(s;, sk) > €
for 5 # k. Then if we make the assumptions that

log D(e,, P, H) < cine?
and also that

I1 <P, —/log gdpo < é, /(log £)2dP0 < 6721> > C2ew3nei
Po Do

we have for a large M
[1(PeP,H(Py,P)> Me|Ys,...,Y,) =0
in Py probability.
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The first condition is an entropy condition over the class P since if we consider N (e, S, d)
the minimal number of balls for an e-covering of the set S we have:

N(e,8.d) < D(e,S,d) < N(¢/2, 8, d).

The second term means that the prior distribution puts enough mass near Py where “enough”
is measured in terms of Kiillback-Leibner distance and quadratic norm of the log-likelihood.
Belitser and Ghosal use this theorem with 7 = > ¢umm, P = {0 € 1?}, and P = {0 €
12, S0 12007 < oo}, and conclude the proof by the equivalence of Hellinger distance and /2
norm for allocation models, proved by Ghosal and Belitser in [BG00]. O

Proof of Lemma 4.3.4

Proof. The proof follows the guidelines of the proof by Belitser and Ghosal in [BG00]. B
the martingale convergence theorem in [Wil91] we have

P(s = s, X) = lim P(s = 5,4 X1, ..., X;) a.s Py.

1— 00

So, if we assume that Py and Py, are mutually absolutely continuous, we can calculate the
posterior probability. Such an assumption can be proven by probabilist arguments as in
[BG00|. By Bayes theorem we have:
P(S = Sm‘Xl, e ,Xl)
G TTims TTisg (2 +27205m) 12 exp(—L(Z 4 27205m) " 1X3)
St T T (54 20 oenp(- (5 + 2°800) 1)
S . 21
g L5+ 220) 2 exp(- 4 (5 +2 20 L X

1
2
T 0 T (% 42 200) 2 exp(— (5 42 %0) LYY X

For reasons of simplicity, we consider 02 = 1. Set
2 2
o . g .
a; = (— + 2—2]Sm -1 _ 7 + 2—2350 —1‘
= - )

Since the random variables X;, are independent, and using the following majoration: if X is
a random variable distributed as N'(u, 0?), then for every a > —o?

E <exp(—%X2)> = \/ﬁexp <—#)
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we have the following inequality

Eg,P(s = sm|X)
— hm EGOP(S — 5m|X1, v 7X’L)

i—00

00 o2 _9s -2 29 —1 po
dm H - 4 2-2js0 QAj\ 9j-1 a; k=0 0
o = (“n—z+2—%m ST N )

IN

VAN
>Q|’Q
o

I 8
S
| — |
—_
+
»—\@
)
+ |
N
38 2
o
| I
2

(@)

=

o)

/\
Q@
)
—~
[a—y
??‘l\')
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SK‘DOH
\_/Q%
ol
v
v

VAN
|>Q
3
e}
o]
i)
DN | —
)¢
=
<
)
—~
[\
&
w»
o
)
N
S—

9-2js0 _ 9—2jsm 21

Am 1 < —9j 2
< —e - , . 27450 — f*
>~ @ Xp 9 ; 27](50+5m) + In—192-2js0 + n—2 ;( Jk)

We have used that 1 + z < exp(z). We notice that the same inequality holds for a generic [.

~2js1 _ 9—2jsm 2]

1 C —2js 2
E0 P(S - Sm|X) < q_ exp 5 Z 5[+Sm + 2n—12 278; + n—Q 2(2 = 0]’9)

Now divide this sum into two terms and define

o 92— 2780 __ 9- 2j8m 27 —1 )
= 7 S0
Sl N Z 2 j(s0+5m) + Qn—12 2750 + n—Q Z 27 ) (451)
Jj=1 _
> 9—2js0 _ 9—2jsm 271
Sy = — Zl 92-25(s0+5m) 4+ on-19-2s0 1 2 ; (452)
]:

Remark that:

o 2727850 _ 9=2jsm ()

e as soon as j >
g g -1__,.
2 Js0 __ 2 JSm S —9 JSm
e Vj < nsotsm the first term in the denominator of the common fraction is dominant, so

272j(50+sm) > 2n71272j50

272j(50+sm) > n72.
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Using these three inequalities, we obtain that:

1 2
Sl S —Ensoﬂm .

2_2j5m

52 = ; 2-2j(so+sm) 4 2 —12-2js0 4 2 ; H?k
< 22295029 +) n’2” QJSmZ
Ji<i J>j

< i/ M+n Z 9~ 2i(s0+sm)9is0 Z 0%,
J>n

< M +n Z 9~ 2(k+1)(sm+50) 22330 Ze
J>n

1 2
T

for n large enough since the last sum is convergent. So with these two majorations the
selection lemma is proved in the wavelet case. O

proof of theorem 4.3.5

Proof. The only thing that remains to be seen is the adaptation of van der Vaart’s theorem
(4.5.1) that has been recalled previously.

First of all, the entropy condition is satisfied since the entropy of a Besov body B3 has been
calculated by Birgé and Massart in [BM00]| and one has:

Lemma 4.5.2. For a constant A depending on p and s > 1/p —1/2,
H(6.B,.) < A6™%, 6> 0. (4.5.3)
Second, since the set

dPy ) dPy S
0, —Ey, |1 Y)| <€’ Ey |1 Y <
(0. ~Eu (tog 52 (1)) < B, (log po 1)) <)

contains {||0 — 6p||o < €}, we have to evaluate Py, (/|0 — 6y||* < €?). For simplicity reasons,
write Py = Py, .

Po(]|0 = fol[* <€)

ZPO(ZZ\GM kH Py ZZ‘GM k||

i<J k& i>J k
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On the one hand, under Py, the variables 0;; — H?k = W, are independent Gaussian variables
following a law A (0,27%%). We notice that

P> ) W)

J<T k

‘ 1.
/Z - H ((27T)—1/222950/2 exp(_§2235(wjk + H?k)Q)dw]k>
j<a 2k Wi <e? J<J k

> T ((2n) 2220572 / [T exp(—2%% (w?, + (6%)%) dwje

< k Yo T WRSEe g
> T (@) /22202 / (- Zz?ﬂsz T (6%)2))duwyy
J<J, k Yjcs i Wi <e? <7
> T (@02 exp(= 32 220 32 (85°) | exp(= 32 3 v
i<J, k §i<J k ngJZkWJ?k<€2 i<J
- 5 1
> I (1) 2) exp(= )20y "(6%,)%) S exp(—s Y vh)dug
: . P
i<,k <7 k Yjr2 MV < i<k
> 7'(7523']:02]' eXp(_ZQQjS Z(e?k Z 9—2js— Ika <e )
j<J k J<J.k

where V), are standard Gaussian random variables. Such result is similar to the majoration
given by Shen and Wasserman in [XS98].
On the other hand we have,

Po(Y D (6-65)° <)

>k
>Po(Y > 205 + (0)°) <€)
i>J k
92750
>Po(Y 2557 Z WEE2) D 05 <€
j>J i>J k

> Po(2) 0% + 227200 <€)
k

> Po(2) 05, <€/2)
k

where .J is chosen .J > J; in order to have 272750 \f < ¢?/4. Using Chebychev’s inequality,
there exists Jo so that Y., , |0;x|> < €2/4 with probability

1
1— 4/62 Z E|0]k|2 Z 5

71>21,k

J>Ja,

So for J large enough, the two conditions of theorem 2.1 in [GvdV00| are fulfilled, so the
theorem applies in the wavelet case which proves the convergence of the posterior probability
in Py, -probability. U



CHAPTER 4. BAYESIAN ADAPTATION AND PENALIZATION 163

Proof of Theorem 4.4.1

Proof. We recall the form of the estimator: él = U12 -
fera

2

2 2
2 2 Un Ti g
Pli-0 =3 (570) + 2 (7ha) &

i>1

:T1 +T2

As precedingly, we have the following majorations:

M
T < —
Y

where we have used the definition of the set ©.
The second term can be compared with an integral. Using that, for all ¢ > 0, there exist a
fixed constant A(e) = A and M; < oo such that

Ve > A, log(l1+2x) < Ax¢
we have:

o? 1 ?
=S (—_
? Z n <1—|—U%Ti2>

i>1

= (1+ 25y
1 (Y’
— yn\ o2

)\26
< Ci—*

nl—e

a?/n
2

for a constant C;. We find the following majoration: there exists a finite constant C' such

that
1 A2

oz o)

E||0 - 0]3 < O
If the smoothing parameter )\, is choosen such that A2 = n~ T we have the rate of convergence
E|l6 - 0|3 < Cn~ T,

If we go into the details of the previous calculations and keep the logarithmic term, we can
find the optimal trade-off parameter which gives the optimal rate of convergence concluding
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the proof.:

Ell6—0|; < Ty +T

M N o? log(1 + n)\fl) 1
[ O —
S T T e T
M o? n\?2
< —log(1 "

< —1 L
_Aa_Qlog(%f“)
0 n

for n > N and a finite positive constant A. O
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5.1 Wavelet estimation of a multifractal function

Abstract We prove that multifractal functions, characterized by their wavelet representation
can be estimated in the white noise model by a Bayesian estimation method. We give rates of
convergence for two different models. Finally, we estimate the parameters of the model using
EM-algorithm.

AMS 1991 subject classifications. Primary: 60G17, Secondary:62G07
Key words and phrases. Multifractal analysis, Bayesian statistics, Wavelet Bases

5.1.1 Introduction

In the last decade many emphasis have been placed on non parametric estimation by wavelet
methods. The reasons of the success of wavelets in non parametric statistics are mainly
twofold. First, wavelet basis are unconditional basis of at most all usual function space
[Mey87|. Further, estimates built on wavelets are easy to compute [Mal89| and are asymp-
totically optimal [DJKP95], [HKPT98], [DJ96a).

In this paper, we will focus on wavelet estimates of very irregular functions namely multi-
fractal functions. Roughly speaking, a multifractal function is a function whose Holder local
regularity index does not range in a singleton. That means that the function may be very
regular in some areas while it is very irregular in others. Such function with rapid changes of
regularity have been first introduced to modelize physical phenomena as turbulence [BAF91],
or net events as the road or data traffic [RCRB99]. A way to study these functions is the
multifractal analysis first introduced in [FP85]. This analysis is concerned with the reparti-
tion of points having a given regularity.

Jaffard et al [ABJM99],|Jaf00b],|Jaf00al, [AJO1] or Roueff in [Rou01] have recently shown that
lacunary random series built on wavelets have multifractal properties. In others words, using
wavelets, they built a random process having trajectories in a multifractal set of functions.
That is a probability measure P on this set. We will consider here an unknown function f*
lying in the support of P. In the frame of the Gaussian white noise model built on f*, we
perform and study Bayesian procedures with prior P. We show that the Bayesian estimate
converges in L? in mean and give the rate of convergence using a model which differs from
the one recently studied by Sapatinas et al [ASS98| and Johnstone et al [JSO1].

The paper is organized as follows. In the next Section we first recall some topics on multifrac-
tal analysis. Then, following Jaffard et al we present some lacunary random wavelet series
having multifractal properties. Section 5.1.3 is devoted to the study of Bayesian estimates
built with the priors of Section 5.1.2. Section 4 is devoted to numerical simulations. In Section
5.1.5, we study the statistical multifractal models in a parametric frame.
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5.1.2 Multifractal wavelet models
Multifractal formalism

In this paper, we will always work with function on [0,1]. To begin with, let first introduce
some useful definitions around multifractal functions.

Definition 5.1.1. Let f be a function on [0, 1].

1) Let zg € [0,1] and h > 0, the set C"(x) is the set of all functions f on [0,1] such that
there exist a polynomial P of degree less than h and a neighborhood V' of xo satisfying

[f(@) = P(2)| = O (x = z9)" (z€V).

2) Let hy(xg) = sup{h >0, f € C"(z)} and
E, ={z €R, hy(x)=h} (h>0).

The spectrum of singularity d; of f is the function on RY which associates to each h > 0
the Haussdorf dimension of the set Ej,.

Multifractal analysis of a function was first introduced in a physical frame in [FP85].
Given a function f, one of the main goal of this analysis is the computation of the spectrum
of singularities dy. When d; does not vanish in at least two points we say that f is multifractal.
The spectrum of singularities of a function f is a relevant quantity to describe the smoothness
variation of f. Multifractal functions can be constructed using their decomposition onto an
appropriate wavelet basis as it is done by Arnéodo, Bacry and Jaffard in [ABJM99]| or in
[Jaf00a] and [JafOOb]. Since we pay attention on function on [0, 1], we will consider periodized
wavelets described by Daubechies in [Dau92|. Following Daubechies we define Y a wavelet in
the Schwartz class with enough vanishing moments, and construct the periodized wavelet

V(@)= bz 1)

leZ

The functions ¢, = (272 — 1), Vj €N, k € [0,27 — 1] are obtained from the first wavelet
by dilatation and translation. Then (2//24;;)(; 1) provides an orthonormal basis of the Hilbert
space L2([0,1]) (observe the presence of a normalizing factor 2//2). Let f € L%([0,1]) on one
hand, its wavelet coefficients may be computed as

Wi = 27 /1f(t)$]k(t)dt (] eN ke [0, 2 — 1])

On the other hand, f may be reconstructed using its wavelet coefficients

20 —1

F=20 with (5.1.1)

Jj k=0
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Using this wavelet representation, we now turn on the construction of random functions
exhibiting multifractal properties. This will be done considering sparse random wavelet series.
First let define some functions quantifying sparsity that will be useful in our study. Let
(wjik)jen, kefo,2i—1) be any sequence of real numbers, we set for a positive real number a:

Ny(a) = 4k, wyel = 277} (5.1.2)
pla) = gg lim supjﬁoologQ(Nj(a i 6;, — Nyla - 6)), (5.1.3)

where log, is the base 2 logarithm (hereafter, log will denote the natural logarithm). Roughly
speaking, for large j there are about 2°(®)J coefficients (w;x)jen of size of order 27/,

The random functions used in this paper are obtained as follows. Let p;, j € N be a repartition
function on R. Further, let (X,i)g=1. o be 2 independent random variables having common
distribution p;. Now, build a random function F' using the reconstruction formula (5.1.1)
with for any j € Nk =1,...,27 |wj| = 277%*. To study the multifractal properties of the
random function F, Aubry and Jaffard [AJ01], [JafOOb] introduced the following functions:

log(2/p,[0 — €, a + €]

p(a, €) = limsup
j—roc J

logP(Xj; € [a —€,a +€])

=1+ limsup

Jj—00 J
pla) = inf (o, €)

One of the main assumption on (p;);en in [Jaf0Ob], [AJO1] is that the support of the wavelet
coefficient distribution is compact. Under some additional hypothesis, Jaffard et al prove
that the two quantities p and p are equal and that the spectrum of singularity of F' can be
calculated. Indeed we have, for all A > 0

dr(h) = h sup pla) (a.s.). (5.1.4)
ac(0,n] @
More recently, this result has been extended for Gaussian coefficients by Aubry and Jaffard
in [AJO1].

Multifractal Model

Let P be the probability distribution on the Borel measurable space L*([0,1]) induced by
the previous random serie. In this paper, we will made Bayesian inference with P on various
simple functional statistical models. These models will satisfy assumptions warranting that
(5.1.4) holds. These simple multifractal models will be characterized by two parameters n
and « in [0,1]. On one hand n will describe the lacunarity of the wavelet series (that is its
sparsity). On the other hand the coefficient o will be inversely proportional to the intensity
of the value of the wavelet coefficients. These parameters will completely characterize the
spectrum of singularity of the random functions involved. We now introduce and discuss
these models.
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Figure 5.1: Multifractal process

Bernoulli constrained model The first simplest model is an exact representation of the
structure of the multifractal processes described in term of wavelet series by S. Jaffard in
[JafOOb]. At each resolution level j, pick at random [2"/] locations among the 27 wavelet
coefficients, and put these coefficients to the value 2-% while the 2/ — [27] are setted to
zero. This choice of coefficients is made independently between each level. Generating a
function with this method may seem too restrictive. However, such processes appear naturally
when studying multifractal processes and their spectrum of singularity can be described using
parameters a and 7. As a matter of fact, using (5.1.4), the assumptions over the wavelet
coefficients lead to the following spectrum of singularities.

o 1—n
Vh € [, ——], df(h) = h. 5.1.5
o 2] () = — (5.1.5)
The Bernoulli constrained model enables us to modelize functions with a linear spectrum of
singularity:.

In figure 5.1 we plot a realization of a multifractal function of the Bernoulli constrained model.
The lacunarity coefficient is n = 0.4 while a = 0.3.

Gaussian extension to Bernoulli constrained model The second model we consider
is an extension of the previous one. It allows more flexibility in the choice of the wavelet
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coefficients: in the first description, they could only take two values: either 272/ or 0. Here,
we allow non zero coefficients to take values different from 27 but still close to that value.
Hence, we consider that these coefficients are distributed following a Gaussian random variable
centered in 2% with variance A% > 0 (N (27%9, A?%)). The other coefficients are still equal
to zero. Such model is a generalization of the first rough model. It is described in Aubry and
Jaffard [AJO1].

Towards a mixture model Further we may consider the more general frame where at each
level j the wavelet coefficients form an i.i.d. sample drawn from of simple mixture distribution.
Where this mixture depends only on 7 and on two parameters: the lacunarity parameter n and
the intensity parameter o. Assuming that these parameters are unknown, their estimation is
an interesting statistical problem. This will be considered in the forthcoming paper [GLO1].
One simple case is the Gaussian model considered in the previous subsection where at level j
the mixture distribution is

o(n=1)j A (2—00, gi) + (1 — 2=V N (07 0721) :

In Section 5.1.5 we will describe a block likelihood method for estimating the parameters «
and 7 and the corresponding E.M.-algorithm.

The two last models provide functions whose spectrum of singularity has the same expression
as in the Bernoulli constrained model in (5.1.5).

Remark 5.1.2. The lacunar random wavelet serie f* =Y ., wihjk, where the wavelet co-
efficients are drawn according to the previous statistical model, is such that, for a positive p,
there exists a finite positive constant C':

27 -1
Z E|w},|P < Co(—ar+n)j.
k=0

This emplies that the function f* belongs a.s to the sparse Besov spaces B, for s < a+ 1%77.
General references about Besov spaces are Besov, Ill’in and Nikol’skii [BIN78], Triebel [ET92]
or DeVore and Lorentz [DL93].

5.1.3 Bayesian estimation

Assuming that a multifractal function f* is drawn from the Bernoulli constained model (or
its extension), our aim is to estimate this function when it is observed in the white noise
model. This will be performed using the maximum a posteriori estimator. In the white noise
model, we observe the wavelet coefficients w7, of the function f* together with a Gaussian
white noise €;, with variance “n—z where n is the number of observations. We assume that
the observations are dyadic and n = 27, (j; > 0). Recall that the wavelet coefficients are

obtained from discrete regression model Y; = f*(i/27') + W;, i = 1,...,n by performing the
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Discrete Wavelet Transform (DWT). Such transform is performed by Mallat’s fast algorithm
[Mal89] that requires only O(n) operations. Hence, the observations are

A =wi+€x, j=0,...,51, k=0,...,27 =1

The prior distribution is defined on the space of wavelet coefficients. A posteriori mode is the
Bayesian estimator. that maximizes the posterior likelihood (the law of the coefficients given
the observations). We focuss our study on the properties of the a posteriori mode. We first
consider the Bernoulli constrained model.

Bernoulli constrained model

Given a > 0 and 7 > 0, at each fixed level j > 0, we set randomly [27/] coefficients w;y, to the
value 2-% and the other coefficients to zero. So that at level j, the wavelet coefficients of the
unknown function f* lies in the set

20 —1

Qj = {w = (Wr)r=0,..21 € {0, 27&1’}, Z Wk = 2("7‘1)j}_
k=0

We take as prior probability on this set the uniform one. Hence if w; = (wj1, ..., w; 2io1)
then |
Vw € Qy, P(w; =w) = o]
9i
so at each level, the coefficients follow the uniform prior
1
’U}] ~ —0[2"” Z 5&)'
27 wEQj
For w € Qj, the canonical distribution of d; = (djy, ..., dje 1) given {w; = w} is the Gaussian

distribution N(w, 0?Idy;). Given d; = d;, the posterior distribution puts the weight:

exp(— gz |d” = wl[?)
213 *
CE1 S, ca, exp(— gk lds — w][?)

on the configuration w € €2;. So the posterior mode w; satisifies

W = arg wme%fp((wj)\dj)

= arg min — log p((w;)|dj)

2i
: 1 * 2
= arg wI}'IEISI)lj T‘Q kE_U ‘d]k — ’U)jk‘ s (516)
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where p(.|d}) is the posterior density with respect to the uniform measure on ;. With the
particular form of the optimization problem (5.1.6), we recognize a constrained least squares
estimator. To solve this minimization problem, first observe that: |z| < |z —27%/| if and only
if z < 27%~! Hence, a good candidate to be solution of (5.1.6) could be the thresholded
estimator

Wik = 27 1gs, sp-ei-t
But this estimator does not necessarly satisfies the constraint that the number of its non zero
coefficients is equal to [277].
To take into account this constraint, sort, for each given j, the dj,’s in a decreasing order:

doy 2+ 2 dim)) 2 - diai

and estimate the [27/] first coefficients by 2-%/ and the others by zero. This estimation is
the solution to the minimization criterium. We may think that the obtained estimator is not
very efficient, since the estimated coefficients are very far from the observations and large
coefficients are not represented. But we have to keep in mind that we estimate a multifractal
function with representing coefficients numerous but close to zero. Such an estimator can
be viewed as a hard-thresholding wavelet estimator similar to the ones studied by Donoho,
Johnstone, Kerkyacharian and Picard in [DJKP97] or in [DJKP95| and in [DJKP96b|. But
the threshold level is random and depends on the data at each level. Indeed the nonparametric
estimator of f* obtained by this method is:

J1 2

= 27U e e
ZZ ‘djk‘zd(j[gnj])

j=0 k=0

where 2/t = n,

For simplicity reasons we fix a resolution level j > 0 and forget indexes in j for a while. Write
n=2,p=2Wand, for v = (x1,...,2,) € R" define k € {1,...,n}" a vector of indices such
that, zy, # xy; for i # j, we have

Thy 2> Xjy > +0 0 2 Ty,

Indeed k; is the position of the greatest value of (x;);=1,.. n, ko the position of the second
largest coefficient and so on. Set k* = (kj, ..., k}) the order indices of the true configuration
at a fixed level j, which gives the pOSlthIl of the w; in the decreasing order. Set also
k= (kl, .k n) the configuration of the observed data, so we now have

ES * *
i >di > >l

According to our former calculations, the estimator maximizing the posterior likelihood is de-
fined by the estimated coefficients (w;;), where for at each level the estimators (;)r—o,. 2 1
are given by:

{wjkzgaa’ itk € {ko, ..., k) (5.1.7)

Wk =0 Cif ke {kppr, .. kn )
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So the quality of our approximation will depend on the quality of the estimation of the true
position of the maximal wavelet coefficients.

The following theorem describes the behavior of our nonparametric estimator.

Theorem 5.1.3. Assume that the multifractal function f* = ;1:0 22]2701 wigthik has been

drawn according to the Bernoulli constrained model. Assume also that o < % Define 11;, the
projection operator onto the space Vj, with 27 = n. Then there exist positive finite constant
c and c; such that:

E|[TL, f* — full3 < c1 exp(—c’n!=2)nrHi=2e (5.1.8)
Remark 5.1.4. The condition a < % implies that the wavelet coefficients can not be too
small. Otherwise, the function f* can not be differentiated from the noise which prevents any
estimation.

L. The rate of convergence of the estimator fn 1S given

Corollary 5.1.5. Assume that a <
I (w wiy.)”. Indeed, there exists a positive finite constant ¢ such

by the remainder term Y
that:

22
J>91 )

E|lf* — fully = Op (Z 2_j(w;k)2)
J>J1
= OP (C2n_(1_n+2a))

which goes to zero when n goes to infinity.

Corollary 5.1.6. Assume that o < % A straightforward application of Borel-Cantelli’s

lemma gives that fn — f*as.

The proof follows from linking this estimation method and cluster analysis of a Gaussian
mixture. As a matter of fact, due to orthonormality of wavelet basis we have the following
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decomposition:

E|lf I, f 3 =B 27 iy — w)|”
(7:k)
27 —1

_EZQJZWJ’W sz
Dj 27 1
= EZQij Z |y — 27 + Z ;|
j 1=0

I=pj+1
20 -1
_ZQ jo-20iE 21]6*%{,%’ g > Lz eioni, )
I=p;+1
p; 20 -1
= 2792729 | N Pk ¢ {ko, .. k) + Y Pk € {ko, . Ky })
ki =0 I=p;+1

<Y 2o ([T’”}P(d% <d, )+ (27 = [2V])(1 — P(dy,

J —1

<d,))
<T+T.

where we have set p; = [27/] — 1, and use the independence of the random variables between
each group. Such majorations give rise to another statistical problem that can be described
as follows and is similar to the one described by Mc Lachlan in [McL82]:
Consider n random variables, X;, © = 1,...,n belonging to two different populations such
that

3(1,---,X3,3(p+1,---,X75 (5.1.9)
0 (1
where the population (I) consists of independent Gaussian variables A/ (a,0?) and the pop-
ulation (I7) consists of independent Gaussian variables N/(0,0?). Moreover, the two groups
are assumed to be independent. We consider a decreasing reordering of the variables

Xz z2Xp 2 2Xm (5.1.10)

This model is a mixture model, as defined by Mc Leish and Small in [MS86|, where we know
precisely the different proportions and the values of the different means. If no assumptions
were made, we could use well-known technics developed by Basford and Mc Lachlan in [BM8&5|
to run a EM-algorithm [DLR77| in order to estimate both a and 0.

The link between the two problems is the following: at each fixed level j the wavelet coefficients
can take two different values a = a; = 27% or 0 whether they are recognized as part of the
p;j + 1 = [27] greatest coefficients. So if we rescale the coefficients by multiplying them by

the same parameter @, the estimation problem turns to be a classification problem of X}
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random variables following Gaussian laws A(0,1) or N(@a, 1). Our aim here is to bound
the error of misclassifying a variable. Hence, we want to bound the following quantities

P(dké < dkl’j)’ and P(dk;j71 < dkﬂj) (5111)
which can be rewritten using the cluster analysis formalism:
P(X1 < X(p)), and P(Xn < X(p)). (5.1.12)

If we define the rank statistics R;, ¢ = 0,...,n — 1 the two probabilities can be rewritten
as P(R; < p) and P(R, < p). Such problem has been studied very early in statistics (see
Gumbel in [Gum58| for example). The following lemma gives a first rough majoration of the
errors that will be sufficient in our work. The proof follows from straightforward combinatory
calculations:

Lemma 5.1.7.
P(X1 < X(p)) < (’I’L — p)P(Xl < Xp_|_1)
P(X, < X)) > P(max;s, X; < min;, X;).

We have made the assumption that the function to be estimated is significant, in the sense
that it can be distinguished from the white noise. Such assumptions imply that the wavelet
coefficient can not be too small so we impose the condition

1—2a > 0.

With this hypothesis, the two groups of Gaussian variables can be differianted since the mean
m, = 21/2=% goes far from zero quickly enough.

The following lemma whose proof can be found in the appendix describes the asymptotic
behavior of the two previous probabilitties.

Lemma 5.1.8. There exist two finite positive constants ¢; and ¢y such that

m2
P(X1 < X(p+1)) < crexp <—Tn>

m2
P(X, > X)) < cexp <—T"> :
Putting together all the results we obtain:

Ty <) 2772 7P(X) < X))

i<
g Q71 —20j
< 9(n—2a)j 2—]—12049 _
< Z > 2% exp(——
J<j1
Jji1(1—2a) ,
S exp(_L)Z(nfafﬁ)]l

4
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But since 1—2a > 0 we can conclude that 7T goes to zero with exponential rate of convergence
whatever the value of n may be. For the second term we have the following bound:

T, <Y 279P(X, > X))
J<i1
S Z 2j(1+n—2a) exp(_022j1—2aj)
i<
< eXp(_CQQ(l—QQ)jl)2(1+n—2a)j1

With the same assumption over a, the last inequality proves that 77 — 0 at an exponential
rate.

Gaussian Model

Up to now, we have tried to recover functions whose wavelet coefficients can only take two
values: 0 and 27%. From now on, we extend our results to the cases where we allow non zero
coefficients to take values different from 279 as it stated in Section 5.1.2. As a result we may
rewrite the model as follows. Let F; = (fji)k=0,.2i—1, j = 0,....,71 a random variable with
values on the set {0,27*} following an uniform law over the set Q; described in Section 3.1,
Let (2j1), j = 0,...,71, k = 0,...,27 — 1 independent Gaussian variables A/ (O,A?), taken
also independent from the noise. The variance A; > 0 are such that ), 277A% < co. The
coefficients of the observed random function f* = ;1:0 ok Wi Yk are:

Wi = [+ 2k lpz0, 5=0,..,01, k=0,...,27 =1 (5.1.13)
We observe this function with a Gaussian additive noise:

* ok .

| 5.1.14
j=0,...,5, k=0,...,2 -1 ( )

We propose to use an estimator close to the maximum a posteriori estimator used previously
with a slight change: we try to determine the highest coefficients that will be non zero and
then smooth them in order to give a good estimation. The ideas of the smoothing effect come
from the following obvious lemma.

Lemma 5.1.9. Consider two independent Gaussian variables
X ~ N (m,0?), Y ~N(mg,p?
We have

aQ
04264 + 04462

E(X|X+Y)=m; + (X +Y — (my +my))

Var(X — B(X|X +Y)) =
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To estimate f*, we use the following estimator:

g1 279-1
fa=2_ D ks
§=0 k=0
where:
. . A2 . ~ ~
w]k: 2_a]+A2-|—]£( ;k—2_a]) ,VkE{kU,...,kp}
J n
= 0 Yk ¢ {ko,... k)

where k = (EO, e Rp) corresponds to the position for a fixed level j of the p highest observed
coefficients which must correspond to the true non-zero coefficients of the function. We can
see that there are slight changes with the first model. As a matter of fact, an additional
estimation issue is added to the original classification problem: the quadratic loss is divided
into three terms corresponding to the misschosing the position of the greatest coefficients and
an extra term corresponding to the estimation error. The following theorem describes the
behavior of our estimator.

Theorem 5.1.10. Assume that f* has been drawn according to the Gaussian extension of
the Bernoulli constained model. There exists a finite positive constant c3 such that for f* =
;1:0 don Wipjk- X
E[IL f* — fall3 < csn™ 7" (5.1.15)
Corollary 5.1.11. The estimator fn converges for 1 —n+2a > 0. Indeed there exist positive
finite constants c3 and ¢y such that we get the following upper bound.

Bl f* = full} Scsn @7+ 2By,
>
< eyn T 4 Z 2’jA§ + egn~(17H20)
>
— Op(n’(l’"”“) A nf(%n))

as soon as Y. . 27TAF < L.

J>71 n

Reasoning as previously we have:

Ellf —ILf 5 =E) 27y —wjl

(4,k)
P;
- (S i ) 0
j =0
P;
+ Z 27E <Z(U7j,k; - wj,kf)Zlk;e{l%o,..-,kpj}) (1)
j =0

20 —1

o ~2
+ZQ Bl > Wk Vege o, by | (TTT)
J

l=p;j+1
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The three quantities can be majorated as shown in the following lemma:

Lemma 5.1.12.

(1) <Y 207ViPsa (k) ¢ {ko, ... ky,) A} (5.1.16)
J

. 4
, . . . L 2 A2
(I1) <Y 279> Pk} € {ko.... Ky, })E? ( no+— e ) (5.1.17)
j n '

I>p;

P:(k* € {ko,... k.
(s € { 5 wh) g (5.1.18)
(A24 270022

(I11) < Z 2(n—1)j(2j _ 277]')
J

where, for j =1,...,27", A; and B; are defined by if we have set 032 = A? +27102;

Aj =207 4627202 4271
Bj = 327%10" A¥ 4 271975827t 4 600 AD2 7027

Proof. The proof of this result is rather technical and imply calculations. It is postponed to
the appendix. O

We point out that A; and B; both tend towards zero as n increases so we the convergence
of the first and second terms of the quadratic loss will be ensured by the good classification
properties of the model. As a matter of fact the only modifications with the first model are
the change of the variance of the errors but they still have the same asymptotic behavior. So
due to Lemma 3.6 which can be proved in that specific case, we know that the probability of
misclassifying the coefficients tends towards zero at an exponential rate of convergence. As a
consequence, the quadratic rate of convergence will only depends on the central term. Indeed,
we get the following bounds for positive constants ¢y, ¢o and ¢:

Ji
(I) < Zg(n—l)j
=0
2 2
< exp(—=)[3(A
—20j ( A2 0’ —4aj
+22 (A7 + ;) + 27¢7]
< exp(—chl/Q_O‘) Sup(A?)2(n_1)jl
J<

The last expression goes to zero at an exponential rate of convergence as soon as the variance
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term A? does not go to infinity at the same rate.

a?
n

J1 204
() <3 a2 2

4
j
=0 )

a2
Ji 2
—1)j A20
< E jg(n )]Aj;
Jj=0
2 a?
Aj + =

Rk

J1 J1 2
SE 2(77*1)1'5 2(77*1)3'0_
n

=0

J=0
< con 2

which goes to zero as well.
21 B2
(A? +2-51g2)%’

To conclude the last term can be written as follows: let F; = we get

J1
(I11) < exp(—c®m})F
=0

where F; does not go to infinity at an exponential rate which enables us to conclude that the
last term goes to zero at an exponential rate of convergence which concludes the proof.

5.1.4 Simulation results

The following results have been obtained using Matlab software in the Bernoulli constraint
model. In Figure 2, we present the Bayesian reconstruction of multifractal function generated
with a choice of n = 0.4 and o = 0.1 observed with a Gaussian noise with variance 1. In the
Figure 3, the coefficients of the multifractal function are drawn with a choice of n = 0.6 and
a = 0.25, while the function is observed with a Gaussian noise with variance 4. Each figure
is divided into four part: in the first subfigure, we plot the multifractal function. The second
subplot shows the observed data while the third subplot shows the estimator of the function.
Finally, in the last subplot, the estimator together with the true function are plotted. Even if
some peaks are badly allocated, the Bayesian reconstruction provide good visual performances
and preserves the energy of the signal.
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function n=.4 and a=.1 function with noise
1
0.8
0.6
0.4
02 N
0
-0.2
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-0.61 -1
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-1 - - -1.5 - -
0 500 1000 1500 0 500 1000 1500
estimated function function and estimator
1.5 T T 1.5
1 1
0.5 1 0.5
0 W 0
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-1 - . -1 - .
0 500 1000 1500 0 500 1000 1500

Figure 5.2: Bayesian reconstruction of a multifractal process
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Figure 5.3: Bayesian reconstruction of a multifractal process

1000

1500



CHAPTER 5. MULTIFRACTAL ESTIMATION AND BAYES M-ESTIMATION 182

5.1.5 Estimation of model parameters
EM-algorithm

The general framework of the EM algorithm is the following: consider random variables
X = (Y, Z), where only Y can be observed. Z is a missing unobservable data while X is
the complete data. Assume that X has been drawn according to Py, and that only y a
realization of Y is available. The problem is to estimate #* and to predict Z using y.

Let 4, a Borelian positive measure o-finite over R”. Consider the parametric framework :
let # € © C R™ and write Py (., 0) the distribution under 6 of X

dPYZ(ya 2, 9) = pYZ(ya 2, G)dﬂ(y, Z)

and Py (., 0) the distribution of Y’

dPY(w’ 0) = pY(ya H)dﬂ(w),

where i = [ p(.,dz). A classical estimation with a maximization of the log-likelihood can
lead to a solution of the problem but the difficulty lies in the fact, except in very simple cases,
the distribution of Y is difficult to write whereas the joint distibution function (Y, Z) is easier.
The EM algorithm enables to solve the maximization problem of py (y, #) by only optimizing
pyz(y, z,0). So a direct application of such algorithm is the classification problem in mixture
settings, see for instance Mc Leish in [MS86].

Thus we illustrate the previous frame by a single mixture model. This contains two Gaussian
variables. Let Y7,...,Y, be an i.i.d sample of a random vector Y with density:

2
Fy ) =Y "me (y; i, 0),
i—=1

where m + 7 = 1, and ¢ (y; p;, 0) is the Gaussian distribution function with mean p; and
variance 0. Define the parameter of interest, ¥ = (71, 07)7, with 6 a vector with components
w; and o, (i =1,2). The log-likelihood is:

L(0) = log(me (ys . 0) + (1= 1) (yj; 2. 0))

7j=1
An estimator of ¥ can be obtained my maximizing the log-likelihood so is a solution of :

oL ()
ov

= 0. (5.1.19)

To apply EM-algorithm, we transform this model into a missing observation model. We define
zij, a random variable equal to 1 if y; comes from the 7 component , ( with law M (y;, 0),) and
0 otherwise (for i = 1,2;5 = 1,...,n,) and set z; = (21, 22;)". Moreover set y—(y1,...,yn)",
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and consider that gy; comes from the mixture random vector, indeed there exists only one 1
in every z;. The complete data is then:

Te = (:1:{, ...,xf),

with X; = (V,Z)7,.., X, = (Y, ZI)". Suppose that Xi,..., X,, are i.i.d with 21, ..., 2,, n

n
realizations of a Bernoulli with parameter 7. In our new model the log-likelihood can be

rewritten in the following way:

2 n

L. (V)= Z Z zij log [ (y;: p1i, 0)] -

i=1 j=1

First, the theory of EM algorithm tells us that maximizing the log-likelihood is equivalent to
maximizing the following quantity:

Q (U, M) = E (L. (V) /yops; TP)

n

= 3 S B (Zig/yors: ¥) log [ (55 1 0)].

i=1 j=1
Then, the E stage is done by replacing z;; by
7 (y;; ¥ W) = E(Zi;/y; v™)
= P[Z;=1/y; ¥V]
9% (34, 0)

S (vt o)

fort=1,and j=1,...,n.
The M-step of the (k+ 1)th iteration, consists in choosing ¥ (Writed \If(k“)) in order to
maximize () (\II, \II(’“)) . The estimators after the (k + 1)th step are defined by:

)y _ 1 - (k) [,
ﬂ-z anITz (yj)

n k
M(k+1) _ Zj:l Ti( : (¥;) y;
i - n k
29:1 Ti( : ()
2
Siam () (yj - u§k+1))
o+ J

k
S ()

fori =1,2 andr®

7 (y5) = 7i (55 ¥™) We now can apply this general algorithm to our concrete

2

case with the assumption that variance o2 is known: write m = 27% and 7 = 27, At a
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fixed level j, the augmented likelihood is

* Z; n * —z; o
L(d]ki m?”) = Zlogﬂ- ik exp(_ﬁ(d]k - m)2Z]k)(1 — 7T)1 ik eXp(—@ ]k2(1 - 'Z]k))

m n . .
- szk logf - — Z(ij(djk —m)?—(1- ij)dij) + Zlog(l — )
k k k

T 20?

™ n nm " :
k k
Zzﬂ’“ _2 2 Zzﬂw = > dizin) +27log(1 — )
k

=a(f) b(X) + c(f) + d(X)

= (log 5

We recognize an exponential family. The EM algorithm can then be written at the ¢ + 1-step:

o E step:

B(b(X)|d"0) = (32 —5 22 Zd;ky;

k
where 2} = P(zj, = 1]d*, 09)).
e M step: in order to maximize the functions:
f(r) =log (ﬁ) Sk zjk + 27 log(1 — )
glm) = —g5m® 3y 2k + 55 2oy Az
write the first order condition and this gives raise to the two estimated parameters:
S Aol
it — &=k TkTgk
- 5(1)
>k o
T e
A0+ = 5 Sy (5.1.21)
k

(5.1.20)

Perspectives

We have used the EM algorithm on data sets d7;, £k =0,..., 2/ — 1 at fixed j. So in practice,
we get two possibilities: either we use an iteration of the algorithm as j increases, using the
result of each iteration as a starting point of the next step, or we use the EM algorithm on
the last scale j; where we have the most information. If we use log-likelihood estimation over
the whole data set, the behavior of the likelihood process depends heavily on the range of the
parameter 1 and « and its maximization does not give always consistent estimators. So using
a weighted version of the process or empirical mean estimators of the parameters seem to be
more relevant.
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5.1.6 Appendix
Proof of Lemma 5.1.8:

Proof. First of all, we point out that, the probabilities remain unchanged if we multiply the
random variables by the same constant, so now the random variables follow either A/(0,1) or

N(m,, 1) where m,, = a@. Such hypothesis is satisfied for small choices of a that leads to
significant wavelet coefficients. Otherwise, the coefficients of the signal are too small to be
differentiated from the Gaussian white noise and the estimation problem is made impossible.
Under this assumption, when n goes to infinity m, — oo, so the two components of the
Gaussian mixture are well divided, and the classification issue leads to efficient results.

e The first probability can be majorated as follows:
P(X; < Xp+1)
=P (N(ma, 1) < N(0, 1))

://gKyiexp(—W)exp(—%Q)dxdy

1

= 7 exp(—%)( — ®(m, —y))dy
2 1

- [ 0= am -y + = [ ep= 50 - @l — )y

where @ is the repartition function of a standard normalized Gaussian variable. Using
an asymptotic equivalence, we know that

L exp(—(mn — y)*/2)

\/271' my — Y

1—®(y—my,) <
With this inequality we can write:

P(X, < X,41) < / exp(—=)(1 — ®(m, — y))dy
mp—1

exp(— (1 — ®(m, —y))dy

m/

y? . ex _ (ma—1-y)*
S/ exp(—— dy + — / exp ——) p( 2 )dy
y>mp—1 y<mn—1

my, — 1
< exp(—g) + ¢ exp(——)
2 4
m?2 m?2
< exp(—T") + ¢ exp(—T")

2
< cexp(—%)-
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where ¢y, ¢3 and ¢ are positive finite constants. So we can conclude that there exists a
finite constant ¢; > ¢ such that:

2
m
P(X1 < Xp_|_1) < clexp(—T") (5122)

e The second inequality can be bounded as follows:

For the second probability, we use the law of order statistics since, between each group the
random variables are independently equi-distributed. The next lemma gives the law of the
variables between each group.

Lemma 5.1.13. The density of min;—; ., Y; is

e ([ et

The density of max;—pi1,..nY; 1S

.....

p 12 )p—l
— ex exp(——)dt
Nor p(— ( / o p( )

The proof is obvious using definitions of order statistics.

1- P(I?>EipXXi < rin<inXZ~)
— //> 7(71\/_%)23 exp(—22/2) exp(—(y — mp)?/2)®(2)" P71 — ®(y — m,))? " 'dady
<on=n) [ [ o0 expl= ) 1= o)y

2

<stn=n) [ mem-Fs) el - 00y

<o) forrl-CF e e~ D
pm;,
< p(n—p)exp <_2(p " 1))

As a result, we have proved that, there exists a positive constant ¢ such that

2
P(X, > X)) < cnpexp (—%) (5.1.23)

So we have found two majorations for the errors which concludes the proof of the lemma. [

Proof of Lemma 5.1.12:
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Proof. o (I):

EZQ sz k*g{ko, 7kP]}
<ZQ I(pj + 1) (B}, ) 2P (kf ¢ {ko, ... ky)
< ZQW*UJ'(E@U;%)%P%(/C* ¢ {ko, ..., ky,)

using Cauchy-Schwarz inequality. But if X is Gaussian variables with mean m and
variance o2, we have

EX* = 30" + 6m’c* + m".
So since wjp: ~ N (27%9,0%277" + A%) we have if we set 07 = A% + 277107

<N 20mVIP (k¢ {ko, ..., ky,) (200 + 6 27202 4 9710,

J

o (II):

pj
1) =Y 27E (Z(wj,k; - wj,k;)Qlk;e{ko,...,I%pj}>
j =0

<27 (pj + 1)E (ks — wjs)?
204 402
- [l 2
(5 +A7)?
using again Cauchy-Scwharz inequality.

o (I10):

~2
(III) 22 B Z Wi ke L c g, o }

A .
< 22 J ZE 7+ A2 4 22 (djr — 2 a])Qlk;e{ko,..-,prj})

I>p; J n
< 9-ajo’ AQ )4
n_ + "
2 o2 2 02 €

MH

<22 IN"P (ki € {ko. ... ky, HE

I>p;

where we have set €;, = d;r, — 27%. So

Pk e {ko,. ... ky})
n—1)j nJ ’ Pi ,
III E 2 -2 ) (A?+2 ]102) R]
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with
R; = (327210 A 4 27109589741 4 650 ABp =200 3i1)1/2
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5.2 Estimation of lacunarity parameter

The aim of this part is to provide estimators of the parameters (1, «) of a multifractal function
represented as a lacunary wavelet series. We provide empirical estimators and give their
asymptotic behavior and distribution.

5.2.1 Rates of convergence for estimators

We recall that in the general mixing model describe in the previous Section, the observed
coefficients djy, 7 =1,...,J, k=0,...,277" are such that

2 0.2

dig, ~ 2N (270, %) + (1= )N (0, 5) (5.2.1)

where 2;; is an independent Bernoulli random variable such that P(zj, = 1) = 2017, We
assume that « is known and give an estimator of 7.

An estimator of 7 is given by considering the mean of a coefficient: since we have

27 —1

Z Edjj, = 20—
k=0

let us consider the estimator

J 20-1

) 1
A = a+ J10g21og22djk (5.2.2)

j=1 k=0

The following theorem describes the asymptotic behavior of this estimator.

Theorem 5.2.1. Consider a multifractal function characterized in terms of lacunarity wavelet
series by a known intensity parameter o and an unknown lacunarity parameter ny such that

o —a > 0. For
9m—1-2a _ 92(no—1la)

k= (1 _ 27707172(1)(]_ _ 22(770*1704)) >0

and for C; = 2= ye have

log(2")C; " (i — mo) == N (0, 5 + 0?) (5.2.3)
With the notations 27 = n the following Central Limit theorem holds:

log(n)n™ = (fy — m0) —= N (0, 5 + 0?) (5.2.4)
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For the remaining subcase 79 — oy < 0, the mean of d;; goes to zero. So an estimator
based on the mean is not consistent.
The second parameter to be estimated is «, the intensity coefficient. We consider the quadratic

mean of the coefficients: )

o .
Ed? = — 4 9n=1-2a)j
Jk n +

So define the following estimator:

1 > ik
h, = log | =itk 5.2.5
“ Jlog 2 (og [ijd?k—(j? (5.2.5)

The following theorem describes the behavior of the estimator:

Theorem 5.2.2. The estimator &, is a consistent estimator of the intensity coefficient in the

case ny — 20 > 0.
1 > Ak
Ay = — | 1 =8 77 — 5.2.6
= Tiog? <°g [ij e 520

Set d; = 2Ceo=m)) — p2e0=m0 s (O the asymptotic distribution is given by

Vnm [dJ (Z 2 — 02) - 1] — N (0,1) (5.2.7)

So we have the following Central Limit theorem

log(n)v/n™ (&, — ag) — N(0,1) (5.2.8)

Remark 5.2.3. The two conditions for estimating the parameters by empirical mean esti-
mators are g > ag and ny > 20g. They mean that the true signal must convey enough
information in the sense that the number of non zero coefficients has too be large enough for
the signal and noise to be differentiated.

Remark 5.2.4. The two parameters o and n are deeply linked. The first estimator estimates
in fact n — o while the second approximates the quantity n — 2. Only a computationnal trick
enables us to estimate them separately, but the relations between these parameters are worth a
closer attention. Perhaps a change in the representation of the model should be appropriate.
This problem must be linked with the important issue of the estimation of the index of a
multifractionnal process. Such issue is tackled by Benassi, Cohen and Istas in [BBCI99] and
[BCI98|.
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5.2.2 Proofs
Proof of Theorem 5.2.1:

Proof. For n € (0,1), define L,(n) = C, ijl > & dji. Consider the sub-case 79 — a > 0 and
set C; = 2(@=m)7 By easy calculations we have

J
=1
1 (5.2.9)

Taking into account the independence of the coefficients, the variance of L, (n) is:

J
Var(L,(n)) = Cjo” + C3 ) 20720 (1 — 2lmw=1i) (5.2.10)

j=1

Chebychev’s inequality, as well as the calculations (5.2.9) and (5.2.10) leads to the following

result
La(n) 251 (5.2.11)

So consistency of the empirical mean in probability is proven.
Using the Delta method, see for instance van der Vaart and Wellner in [vdVW96], the asymp-
totic distribution will give the rate of convergence. By straightforward calculations we obtain:

Eexp(itL,(n)) = Eexp(itC; Z Z djr)

2]

_ H [exp t202 2)(1 + 200 Vi (exp(itC ;27 *7) — 1))

J=1

25202 ‘ 4 j
T DT (1 + 207V (exp(itCy27) - 1))
j=1

= exp(—
A Taylor’s expansion of order 2 in ¢ gives rise to the following result
t2
Eexp(itL,(n)) = exp(it) exp(—C’%E(U2 +K)) + O(#*C3) (5.2.12)

where k is such that

222 n—1—a) 9(no—1-2a)j

omo—1-2a _ 92(no—1-a)
"~ (1 — 2200 1-a))(] — 2(m1-20))
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Define the quantity 7}, as

J 271
1
T = 7 log, CJZ Z dj,
j=1 k=0
1 .
= jlogQCJ+a—nn
=M — ﬁn
Since (5.2.12) shows that
27 —1
C Y N dp -1 SN (0,0% + ) (5.2.13)
j=1 k=0

the Delta method together with (5.2.13) provides the asymptotic behavior:

JCT'T, =+ N (0,0 + k) (5.2.14)

Indeed if ® is Hadamard differentiable at a point #, provided there exists a sequence r, such
that
ra(X, — 0) = X

the following convergence holds
ra(®(Xa) = B(6)) — 2'(6)X.

Applying the last result with # = 0 and ®(z) = log(1 + ) proves (5.2.14). Finally, the form
of the estimator together with the result (5.2.14) proves the statement of theorem 5.2.1. We
must keep in mind that the data are dyadic with the correspondence 27/ = n. This gives a
rate of convergence in log(n)n®—. 0

Proof of Theorem 5.2.2:

Proof. We only consider in this proof the true parameters of the function, so we will write
for simplicity reasons o = ag and n = 1. Set a scaling coefficient d; = n?*~7 — 0 under the
assumption that n > 2a. Our aim is to prove a Central Limit theorem for

;> diy -0’ -1
jk

with a proper scaling coefficients.
By some calculations and using the law of the coefficients d;; we obtain the characteristic
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- 2
function of ., df;.

E exp(it Z d)
ik
2\ — 3% 9205y 2\ 3
- H <1 . 2zt—> (1 -2y exp | (1 - 2z’t0—>
1 — 24> n

n 27
o2\ 2 . i 20t
=(1-2it— 142070 fexp [ ———— | =1 5.2.15
< n ) 11 Pl 2z (52.15)

J
Using a Taylor’s expansion up to the second order in ¢ we find the following developments:

2\ ~2 254
<1 - 2it0—> = exp(ito? — —J) + o(t*/n)
n n

127200t : o2 9-laj
exp | ——— | = 142720 — (227209 4 12
P (1 — Qit%) ( n )

2
: 2200t (n—4a)j
1420717 [ exp 272 -1 = exp(20172i¢ — tQL).
1 —2it% 2

As a result we have the following development of the characterisitc function up to the second
order

2
E exp(itd; d%.) = exp(it(1 + d o> _ v
ik

- 2nn
ik

As a result, the following expansion up to second order holds:

B exp(itld, (3 d2, — 1) — 1]) = exp(—2——) (5.2.16)

- 2nn
Jk

n
2

So with a scaling factor of order n2, (5.2.16) proves that

t2

Eexp(it\/n_n[dj(z 3, —1)—1]) = exp(—) (5.2.17)

As a conclusion, (5.2.17) together with Levy’s theorem enables us to conclude that

Vnnd( Zd]k —1] = N (0,1) (5.2.18)

As in the previous proof, the Delta method, with ®(z) = log(1 + ) gives the asymptotic
distribution of the estimator.

Vg log[d, ( Zd]k )] -5 N(0, 1) (5.2.19)
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As a result, we decompose the estimator of ag as shown:

Q= ! log ijd]k
" Jlog?2 Do —
1
_ 1 dy) +1 &, — o2
Tios? og(%; k) + Og(%: =0 ))

1
~ Jlog?2

f]n — 1o + IOg(dJ(Z d?k — 0'2))) + oy

ik

It implies that

/o
log(n)\/ndé, —ag = n nm=(n, —no) + vVn™ log(d, Zd

nfo—ao

But 19 > 2ay. As a result the first term in the previous sum goes to zero since it implies that

no

— 0.

nto—ao

So the asymptotic distribution is given by the second term, which proves the statement (5.2.8)
of the theorem. O
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5.3 Simulations

The simulations have been done using MatLab software. We estimate a multifractal function
generated by its wavelet coefficients. We display the results in two graphics. Each is divided
into four cases where is shown the true function, the observations, the reconstructed function
and, in the last box, the function and its estimator. We point out that the knowledge of the
inner structure of the signal (i.e the parameters ) and «) provides an efficient reconstruction of
the signal. In bad cases, if some bumps are badly allocated, most of the information conveyed
by the signal is still preserved. However, for the moment, estimating the parameters of the
signal with the EM algorithm does not give significant results. As a matter of fact, if the
convergence of the algorithm is fast, the convergence of the estimators to the true values may
be slow. One of the key could be the fact that it does not use the whole data - all the wavelet
coefficients dji, j =0,...,J,k =0,...,27—1 -, but more or less, only the last line in the array
of data - dj, K =0,...,n1 -. Moreover we do not have any control about the approximation
error done when replacing 1y and «q by their estimators. Such lack of efficiency justifies the
research of Section 5.2 and the attempts to find others more efficient estimators.
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Résumé

Les M-estimateurs pénalisés jouent un role clef en statistique non paramétrique. Définis
comme réalisant le minimum d’une fonction de perte sous certaines contraintes, ils ont été
étudiés d’un point de vue théorique par de nombreux auteurs et trouvent des applications en
pratique dans les domaines les plus divers comme la physique ou encore I’économie. Dans
ce travail, nous nous sommes intéressés a décrire le comportement asymptotique de ces es-
timateurs & partir de la complexité de I'espace ou a lieu la minimisation, mesurée en terme
d’entropie.

Cet objectif nous a conduit, dans un premier temps & une double approche. D’une
part, nous avons étudié des estimateurs obtenus par projection sur des bases, notamment
des bases d’ondelettes et dont les coefficients ont été soit lissés, soit seuillés. D’autre part
cette méthodologie nous a permis de prouver la convergence d’estimateurs Bayésiens. Dans
un second temps, nous nous sommes attachés a dégager des procédures d’estimation adapta-
tive qui rendent possible ’estimation d’'une fonction, sans faire d’hypothéses a priori sur sa
régularité tout en obtenant un estimateur qui converge a la vitesse optimale au sens minimax.

Enfin, nous avons étendu ces résultats a des fonctions trés irréguliéres dont la régularité
varie rapidement et n’a de sens que de facon locale: les fonctions multifractales. Les méthodes
précédentes permettent de construire un estimateur de telles fonctions qui échappent aux
méthodes d’estimation usuelles.

Mots clés : Estimation non paramétrique - Processus empiriques - Inégalités de concentration
- Ondelettes - Estimation Bayésienne - Choix de modéles - Formalisme Multifractal.
Discipline : Mathématiques, Statistique.
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