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dx√
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∫ ∞

0

2dt
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= 2[arctan t]+∞0 = π
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√
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]+∞0 + I/2 + J = π.

ó



ø6� � {�{�����îay6wzr6���¡� ��r6u`���^������uts�~¥èi�������^|S�í�^y�£Vvx~(�`��~`y�|��
(a, b, c)

~`�
(6, 3, 2)

s�~Ú�¡�¢~(�S{��z�(~ é ê 3 ¤ñy�r��s�~������S�S|Sy6�`�Sy�|�~0~`y6�`����s���~`r�r6~0���^r6wzr���îay6~����!��r6wz|S¤0~����^|S|�u(~0s�yX��~(�(wzr6sõ~(�S�
62 + 32 + 22 = 49 = 72 ��¡� ��r6u`���^������uH~(�S�Js�wzr6�ñ�`���^��|�~�� æ rí���^����îay6~��¡� ��r6u`���^������u�s�~Hèi�����$�^|S��s�~`va��~`ra��y�r6~Hu`���^������uñ�S�!~`�J��~`y���~`¤0~`r��

�S����~(��s�~`y�£0vx~(�`��~`y�|��F��wzra�:{�|�wz{�wz|S�S��wzr�r6~`����� � wzr6�������`�¡�a�¡�¢u`���^������uT~(�S�>|�u��^������u(~C�S�<~`�$��~`y���~`¤0~`ra�F�S������~c£i������~
y�rt|�u(~`�

λ
��~`��îay6~

a = 6λ
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f
~(����y�r0u`��u`¤0~`r��:s�~

E∗ ��~`���(wz¤�¤0~��¡� ����wz¤0wz|S{������S¤0~Z�`��s�~(���Sy6��~(�S���Sy�|4 S~(�`�S�ï}S����<~c£����S��~
Q
s6�^r6�

E
��~`�Áîay6~

f = φQ
�awzy�~`r6�(wz|�~C��~`�<î�y6~J{<wzy�|:��wzy��

P
s�~
E
wzr±�^���

f(P ) = φQ(P ) =<
P,Q > . ù wz¤�¤0~Úy�rÒ����wz¤0wz|S{������S¤0~±~(�����^y6�����$��rz S~(�`�S�ï}S��y�rÒ��~`� Q ~(�S��y�r���î�y6~ ÿ ����~`r îay6~"{�u`r�������~ ö���^���`y���~`|J�S�

n
~(�S�Z��|��^r6s��c�

� � � �÷�^{�|��(�Z��~T{�|�wi�(u(s�u�viyt~`r¥�(wzy�|�����wzr¥�(wzr6�S��s��`|�~
~e1 = ~f1/||~f1|| = (1/

√
2,−1/

√
2, 0, 0, 0),

~g2 = ~f2− < ~f2, ~e1 > ~e1 = (1/2, 1/2,−1, 0, 0),

~e2 = ~g2/||~g2|| = (1/
√

6, 1/
√

6,−2/
√

6, 0, 0),

~g3 = ~f3− < ~f3, ~e1 > ~e1− < ~f3, ~e2 > ~e2 = (1/3, 1/3, 1/3,−1, 0),

~e3 = ~g3/||~g3|| = (1/
√

12, 1/
√

12, 1/
√

12,−3/
√

12, 0),

~g4 = ~f4− < ~f4, ~e1 > ~e1− < ~f4, ~e2 > ~e2− < ~f4, ~e3 > ~e3 = (1/4, 1/4, 1/4, 1/4,−1),

~e4 = ~g4/||~g4|| = (1/
√

20, 1/
√

20, 1/
√

20, 1/
√

20,−4/
√

20).ð��
(~e1, ~e2, ~e3, ~e4)

~(�S�F�������z��~�wz|S�S�6wzr6wz|S¤"�^��~�s�~ñèi����¤���s��Cs�~`¤"�^r6s�u(~��

ô
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��~`���z���
ç � ÿ � ��vx~`|S�x~`r6�(~�s�~T������u`|S��~T���^|S¤0wzr���îay6~�{��^|F��~(�Z��wz¤�¤0~(�Zs�~ ê ��~`¤"�^r�r�� æ r±r6wz��~ sn =

∑n
k=1 1/k.ìíwzr��S|�~`|�îay6~

limn∞ s2n − sn = log 2.
ìíu`�S�6was�~"ò��S|�wzy�vx~`|�y�r6~T}�wzr6�`�S��wzr

f
��~`����~�î�y6~

s2n − sn =
1

n

n∑

k=1

f(
k

n
)

~`�Z�^{�{�����îay6~`|F��~J�S�6u(wz|��`¤0~ñ�Sy�|���~(�$��wz¤�¤0~(�Zs�~ ê ��~`¤"�^r�r���ð�r±s�u(s�y���|�~�y�r6~Cr6wzy�vx~`����~�s�u`¤0wzr6�S�S|��ªþ�S��wzrts�~�����s���vx~`|S�x~`r6�(~Hs�~�������u`|S��~����^|S¤0wzr���îay6~��
ó � ÿ�
 ~`|S¤ñy����^�S��wzrõs�~(�J��~`|S¤0~(��s?� y�r6~ñ��u`|S��~�� æ r2�(wzr6����s��`|�~�������u`|S��~Hs�~���~`|S¤0~H�xu`r6u`|��^�

un
s�ucë6r��!{��^|

u2p−1 = 1
p

~`�
u2p = −1

p .
ìíwzr��S|�~`|$î�y6~ ∑∞

n=1 un
�(wzr�vx~`|S�x~T~`�:���^���`y���~`|$������wz¤�¤0~�� æ rl�(wzr6�S��s��`|�~

~`r6�Sy�����~0���t��u`|S��~0s�~"��~`|S¤0~0�xu`r6u`|��^�
vn
s�ucë6r��>{��^|

v3p = u2p
�
v3p+1 = u4p+1

�
v3p+2 = u4p+3

�
ìíwzr��S|�~`|p{��^|!|�u(�`y�|S|�~`r6�(~�îay6~>�S�

Sn =
∑n

k=1 vk,
�^��wz|��p��vx~(�>��~(��r6wz���^�S��wzr6��s�~>�¡�¢~c£�~`|��`���(~:{�|�u(�(u(s�~`r��

wzrt�
S3n = s2n − sn

� � y�|�u(��y������^�Zs�~J�¡�¢~c£�~`|��`���(~T{�|�u(�(u(s�~`r����Ás�u(s�y���|�~�î�y6~ ∑∞
n=1 vn

�(wzr�vx~`|S�x~H~`�
���^���`y���~`|��	����wz¤�¤0~��

ô � ÿ3
 ~`|S¤ñy����^�S��wzr s�~(����~`|S¤0~(�0s�~����L��u`|S��~����^|S¤0wzr���î�y6~¥�^����~`|Sr6u(~õò��S�6u(wz|��`¤0~¥s�~ � � 
 |S��r��x�S�6~`��¤ÿ ç5464�ô ��� 
 wzy�|C��wzy��C~`ra�S��~`|
n > 0

����wz���
u(n) = (−1)n/n

�<èiwz���
σ
y�r6~ñ{�~`|S¤ñy����^�S��wzrLs�~(�J~`ra�S��~`|��

> 0
~`����wz���

τ
����{<~`|S¤Hy����^�S��wzr¥|�u(�`��{�|�wiî�y6~�� æ r2�Sy�{�{<w���~�s�~T{���y6�Zî�y6~

ÿ ç �:{�wzy�|Z��wzy���~`ra�S��~`|
p > 0

wzr¥�
τ(2p− 1) < τ(2p+ 1)

~`�
τ(2p) < τ(2p+ 2).ÿ ó �7�Jwz���^ra�l{��^|

p(n)
��~¥r6wz¤ñ��|�~Ls?�¢~`r��S��~`|��

k
��~`���Úî�y6~

1 ≤ k ≤ n
~`�
σ(k)

~(���"{��^��|��F�^��wz|��
α = limn∞ p(n)/n

~c£����S��~�~`�Z~(���Zs6�^r6�
]0, 1[.� �^r6�F��~����z�F{��^|S�S���`y�����~`|Cw��

σ
~(�S�Zs�ucë6r���~�{��^|

σ(3p) = 2p, σ(3p+ 1) = 4p+ 1, σ(3p+ 2) = 4p+ 3,

���^���`y���~`|F~c£�{������`����~`¤0~`r��
τ
�a~`��vxu`|S�ïë�~`|Fîay6~

σ
���^�S���5}¡�^��� ÿ ç �:~`� ÿ ó �c��~`r����^���`y����^ra�

p(n)
{�wzy�|$��wzy��

n�^��r6�S��îay6~
α.æ rtr6wz��~
f(n) =

∑n
k=1 1/k − log n,

~`��wzr¥|��^{�{<~`����~ñ��~T}��^�����6vay¥~`r2�(wzy�|����6îay6~
limn∞ f(n) = γ~c£����S��~ ÿ ù wzr6�S���^r���~Js?�¢ð�y���~`|�c� æ r�|�~`vi��~`r��$�^y0���z���xu`r6u`|��^�6{�wzy�| σ ��wzrl�(wzr6�S��s��`|�~�������u`|S��~Fs�~���~`|S¤0~�xu`r6u`|��^�

vn = u(σ(n))
~`�Zwzrtr6wz��~

sn = v1 + · · ·+ vn
�

ìíwzr��S|�~`|Z{��^|�|�u(�`y�|S|�~`r6�(~ñîay6~

sn =

p(n)
∑

k=1

1

2k
−

n−p(n)
∑

k=1

1

2k − 1

=
1

2
f(p(n)) +

1

2
f(n− p(n))− f(2n− 2p(n)) +

1

2
log

p(n)

n− p(n)
− log 2.

ð�rts�u(s�y���|�~Hî�y6~ ∑∞
n=1 vn

�(wzravx~`|S�x~ñ~`�Z���^���`y���~`|C������wz¤�¤0~�~`r±}�wzr6�`�S��wzr¥s�~
α.ø6� ÿ ð��Sy6s�~ñs?� y�r6~��Sy�����~���~T|��^¤0~`r��^ra� ö y�r6~���u`|S��~��Zèiwz���F�����Sy�����~

(sn)∞n=1

s�ucë6r���~�{��^|

sn = (8n+ 5)
√

4n+ 1− 24

n∑

k=1

√
k.

ìíwzr��S|�~`|Cî�y6~
limn∞ sn

~c£����S��~��6ìíu`�S�6wis�~"ò6�(wzr6�S��s�u`|�~`|C������u`|S��~Hs�~���~`|S¤0~H�xu`r6u`|��^�
un

s�ucë6r��!{��^|
u1 = s1

~`����{�wzy�|
n > 1, un = sn− sn−1.

ì2wzra�S|�~`|Z���H�(wzr�vx~`|S�x~`r6�(~�~`r��S|�wzy�vz�^ra�Fy�r±u(î�y���v��^��~`r��
s�~
un
s�~����H}�wz|S¤0~

A/nα ��wz����~`r�y2~`rt�(wzr6����s�u`|��^r���y�r2s�u`vx~`��wz{�{<~`¤0~`ra�J����¤�����u�~`r 1/n.

ø



û � ÿ �6wz|S¤Hy���~ñs�~Hèa�S��|S����r��ls�~�{<wi���6~��$ìíwzr��S|�~`|Cî�y�� ����~c£����S��~Ty�rtr6wz¤H��|�~
A > 0

��~`�!îay6~

A = lim
n∞

n!

nn+1/2e−n

ìíu`�S�6was�~�ò��(wzr6����s�u`|�~`|������Sy�����~
(sn)∞n=1

�6s�ucë6r���~�{��^|

sn = log
n!

nn+1/2e−n

�(wz¤�¤0~������Sy�����~Js�~(�>��wz¤�¤0~(�:{��^|S�S��~`����~(��s�~Z������u`|S��~Js�~Z��~`|S¤0~��xu`r6u`|��^�
un
�a��vx~(�

u1 = s1
~`���x{�wzy�|

n > 1, un = sn−sn−1.
ð�£�{������`����~`|

un
��~`r��S|�wzy�vx~`|�y�r0u(îay���vz�^��~`ra��{��^|�y�r0s�u`vx~`��wz{�{�~`¤0~`r��>����¤�����u

~`r
1/n,

~`��¤0wzr��S|�~`|T���"�(wzr�vx~`|S�x~`r6�(~�s�~ñ�(~`�S��~H��u`|S��~�� ÿ �!~�}¡�^���Jîay6~
A =

√
2π

~(����{���y6�Cs���8"�`����~ ö¤0wzra�S|�~`|�
� � ÿ �!�F����¤�����~>s?� y�r6~>��y�����~�s�~�}�wzr6�`�S��wzr6���(wzra�S��r�y6~(�pr��¢~(�S��{��z�!r6u(�(~(�����^��|�~`¤0~`r����(wzr��S��ray6~���èiwz���

(fn)∞n=1�����Sy�����~�s�~�}4wzr6�`�S��wzr6���(wzr��S��r�y6~(�ps�ucë6r���~(�!��y�| é ê {��^| fn(x) = 1
1+nx2 . ù �^���`y���~`| f(x) = limn∞ fn(x){�wzy�|������zîay6~�vz�^��~`y�|T|�u(~`����~�s�~

x
���!�l}�wzr6�`�S��wzr

f
~(�S��~`����~��(wzr��S��ray6~!ú:9�|��z�(~`|���~(�C��|��^{��6~(��s�~

fn~`�Zs�~
f. ù �^���`y���~`|���{�wzy�| n ë�£�u�� supx∈ é ê |fn(x)− f(x)| ~`� supx≥1|fn(x)− f(x)|, �^��r6�S��î�y6~T��~(�����¤�����~(��s�~��(~(� ó �Sy�����~(���S�

n → ∞. é r���~`|S{�|�u`��~`|���~(��|�u(�Sy������^��� ö ���¥��y�¤����`|�~Ús�yV�S�6u(wz|��`¤0~Ú�Sy�|�����(wzra�S��r�y�����u�s�~T��������¤�����~�y�r��ï}4wz|S¤0~ñs?� y�r6~��Sy�����~�s�~C}�wzr6�`�S��wzr6���(wzra�S��r�y6~(�C�Sy�|Fy�r±��r���~`|Sv��^����~���ð�r
�(wzr6�S��s�u`|��^ra�:��~(�>}�wzr6�`�S��wzr6�:�Sy�| é ê u1 = f1

~`����{<wzy�|
n > 1

�
un = fn−fn−1

�x¤0wzra�S|�~`|$îay6~Z¤��`¤0~
�S�Jy�r6~2��u`|S��~¥s�~¥}4wzr6�`�S��wzr6�Ú�(wzr��S��ray6~(�t~(�S���(wzr�vx~`|S�x~`r���~��F�	� ��wz¤�¤0~2r��¢~(�S�l{��z�lr6u(�(~(�����^��|�~`¤0~`r��
�(wzra�S��r�y6~��

;i� ÿ ð��Sy6s�~õs?� y�r6~L�Sy�����~L��~2|��^¤0~`r��^r�� ö y�r6~L��u`|S��~��Úèiwz���
x > 0

� 
 wzy�|
n
~`ra�S��~`|±{<w������S�ï}Hwzy r�y��

wzr s�ucë6r����
Pn(x)

{��^|
P0(x) = 1

�
P1(x) = x

�
P2(x) = x(x + 1)

~`���:{���y6�t�xu`r6u`|��^��~`¤0~`r��
Pn+1(x) = (n+ x)Pn(x)

�6ìíwzr��S|�~`|�îay6~

L(x) = lim
n∞

Pn(x)

n!nx−1

~c£����S��~�~`�ñ~(�S��y�r r6wz¤ñ��|�~"s�~
]0 + ∞[

�?ìíu`�S�6was�~tò!�(wzr6�S��s�u`|�~`|����±��u`|S��~"s�~���~`|S¤0~��xu`r6u`|��^�>{�wzy�|
n > 0

ò
gn(x) = log(n+ x)− x log(n+ 1) + (x− 1) log n,

�(wz¤�{��^|�~`|F���H��wz¤�¤0~C{��^|S�S��~`����~�s?�¢wz|�s�|�~
n− 1

�(vx~(�
log Pn(x)

n!nx−1 ,
~`��� ö �¡�÷�^��s�~Ts?� y�r±s�u`vx~`��wz{�{<~`¤0~`ra���¤�����u�~`r

1/n
s?�¢wz|�s�|�~��(wzravx~`r��^����~���¤0wzra�S|�~`|Jîay6~���{<wzy�|

x > 0
ë�£�u��

∞∑

n=1

gn(x)

�(wzravx~`|S�x~�vx~`|��Fy�rtr6wz¤H��|�~�r6wz��u
G(x)

�

û
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��~`���z���
ç � ÿ ù wzra�S��r�y�����u�~`��s�u`|S��vz�^����������uTs�~J���ñ��wz¤�¤0~Cs?� y�r6~T��u`|S��~�s�~�}�wzr6�`�S��wzr6�� æ rl���^|�s�~J��~(�$r6wz���^�S��wzr6�$s�~�¡�¢~c£�~`|��`���(~�{�|�u(�(u(s�~`r����Á~`��wzr±{�w���~T{<wzy�|

x > 0 hn(x) = g′n(x)
�6ìíwzr��S|�~`|�îay6~�{�wzy�|

x > 0
ë�£�u��

∞∑

n=1

hn(x)

�(wzravx~`|S�x~�vx~`|��Fy�rtr6wz¤H��|�~�r6wz��u
H(x)

�6ìíwzr��S|�~`|Jîay6~
h′n(x) < 1/n2 ~`��~`rts�u(s�y���|�~Hî�y6~T������u`|S��~

∞∑

n=1

h′n(x)

�(wzravx~`|S�x~�r6wz|S¤"�^��~`¤0~`ra��s6�^r6�
]0+∞[

� 
 wzy�|�îay6wz�
H
~(�S�$~`����~�s�u`|S��v��^����~�s6�^r6�

]0+∞[
ú 
 wzy�|�îay6wz�

H
~(�S�Z~`����~��(wzr��S��ray6~!ú 
 wzy�|�îay6wz�!������u`|S��~

∞∑

n=1

hn(x)

�(wzravx~`|S�x~0�ñ~`����~"y�r��ï}4wz|S¤0u`¤0~`ra���Sy�|���wzy��H��r���~`|Sv��^����~
[a, b] ⊂]0 + ∞[?


 wzy�|�îay6wz�
G
~(���ñ~`����~0s�ucþ

|S��v��^����~ñs6�^r6�
[a, b]

ú 
 wzy�|�îay6wz�
G
~(�S�J~`����~Hs�u`|S��vz�^����~�s6�^r6�

]0 +∞[
ú 
 wzy�|�î�y6wz�

G
~(���J~`����~�s�~`y�£

}�wz����s�u`|S��v��^����~!ú 
 ��y6���xu`r6u`|��^��~`¤0~`ra����¤0wzra�S|�~`|ñ{��^|�|�u(�`y�|S|�~`r6�(~�îay6~�{<wzy�|ñ��wzy��
n
�
G
~(�S�

n
}�wz���

s�u`|S��v��^����~��6ì?�`¤0~�î�y6~(���S��wzr±{<wzy�|
L.ó � ÿ �6wzr6�`�S��wzr��aüa{�~`|S�xu(wz¤0u`�S|S��îay6~�� æ r0�(wzr6��~`|Svx~$���Cr6wz���^�S��wzr

Pn(x) = x(x+1)(x+2) · · · (x+n−1)s�u   ö y��S��������u(~��`��s�~(���Sy6����èiwz���
a
�
b
~`�
c
s�~(�Jr6wz¤H��|�~(�

> 0.
� �¡�÷�^��s�~�s�yõ�`|S�����`|�~�s�~�s?� � ��~`¤ñ��~`|S���

¤0wzra�S|�~`|Jîay6~
1
~(���Z��~T|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~�s�~T������u`|S��~�~`r��S���`|�~

F (a, b; c; z) =

∞∑

n=0

Pn(a)Pn(b)

Pn(c)

zn

n!
.

ð�r y��S�������	�^r��0�¡�¢u(îay���vz�^��~`ra�
L(x)nx−1 s�~ Pn(x)/n!

wz����~`r�y´s6�^r6��y�r ~c£�~`|��`���(~Ú{�|�u(�(u(s�~`r����:s���|�~
{�wzy�|Zî�y6~`���Z�S|S��{���~`���

(a, b, c)
������u`|S��~T{�|�u(�(u(s�~`ra��~ñ�(wzr�vx~`|S�x~H��wz|���îay6~

z = 1.

�
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��~`���z���
ç � ÿ ð�r6s�wz¤0wz|S{�������¤0~ñs����^�xwzr��^�������^����~�s�~ é ê 2 � æ rt�(wzr6�S��s��`|�~��¡�¢~`r6s�wz¤0wz|S{������S¤0~ a s�~ E = é ê 2 s�wzr��
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0 1 0 · · · 0 0
1 0 1 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 1 0











, B =











cos θ 1 0 · · · 0 0
1 2 cos θ 1 · · · 0 0
0 1 2 cos θ · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2 cos θ 1
0 0 0 · · · 1 2 cos θ
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2 cos θ 1 0 · · · 0 0
1 2 cos θ 1 · · · 0 0
0 1 2 cos θ · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2 cos θ 1
0 0 0 · · · 1 2 cos θ
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1 1 0 · · · 0 0
1 0 1 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 1 0
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(1− tz)−a =

∞∑

n=1

Pn(a)

n!
tnzn.

èa�
z
~(�S�Të�£�u���¤0wzr��S|�~`|�î�y6~����Ú��u`|S��~�{�|�u(�(u(s�~`r���~��(wzr�vx~`|S�x~�y�r��ï}�wz|S¤0u`¤0~`r���{��^|�|��^{�{<wz|S� ö

t
�Sy�|

�¡� ��ra��~`|Svz�^����~
[0, 1]

�>ð�r {<~`|S¤Hy����^r��l���õ��wz¤�¤0~ts?� y�r6~t��u`|S��~±~`�0y�r6~±��r���u`��|��^��~��>¤0wzr��S|�~`|Ú�^��wz|��0���
}�wz|S¤ñy���~�s�~ � �^y6����ò

∫ 1

0
tb−1(1− t)c−b−1(1− tz)−adt = I0F (a, b; c; z).

M



�! �¬a¨#"a«$"�¬�m0¯&%�§('!§6®$)�m�¬±¯p¬t°±¬an�²õ³ã« §X·Á¹?ºA"x¼Án�¨ªm�¯�nÒ½Á¬+'!¯p¨^¬�¯�«>ÀL¯pk�"x¬io21p¨^¬N,i¿Á¿�À ÿ � u`|��^|�s
��~`���z���
ç �Jèiwz�����Á{<wzy�|

n
~`r��S��~`| ≥ 0, cn

��~ñr6wz¤H��|�~�s�~��(wzy�{���~(�
(x, y)

s?�¢~`r��S��~`|�� ≥ 0
��~`���Tîay6~

x + 2y = n.ìíwzr��S|�~`|Cî�y6~T������u`|S��~�s�~���~`|S¤0~��xu`r6u`|��^�
(cn)∞n=0

~(�S�Z��~�{�|�wis�y�����s�~ ù �^y6����ü¥s�~(�Z��u`|S��~(� (an)∞n=0~`�
(bn)∞n=0

��w��
an = 1

{<wzy�|H��wzy��
n
~`�Hw��

bn = 1
�S�
n
~(���ñ{��^��|H~`�

bn = 0
�S�
n
~(���ñ��¤�{��^��|��

ù �^���`y���~`|:��~(��|��(üxwzr6�$s�~Z�(wzravx~`|S�x~`r6�(~J~`�:��~(����wz¤�¤0~(� ö �¡� ��r���u`|S��~`y�|�s�y"s�����îay6~Zs�~Z�(wzravx~`|S�x~`r6�(~Cs�~(��S|�wz���C��u`|S��~(��~`ra�S���`|�~(� ∑∞
n=0 anz

n � ∑∞
n=0 bnz

n ~`� C(z) =
∑∞

n=0 cnz
n.

 �^|Cy�r6~ñs�u(�(wz¤�{�w��S���S��wzr

~`r¥u`��u`¤0~`ra���J����¤�{���~(�Zs�~�����}4|��z�`�S��wzr¥|��^�S��wzr�r6~`����~
C(z),

~`r¥s�u(s�y���|�~��¡�¢~c£�{�|�~(���S��wzr2~c£i{������`����~Hs�~
cn~`rÚ}�wzr6�`�S��wzr¥s�~

n.ó �Jèiwz���
0 < θ < π. ê �(üxwzrVs�~l�(wzr�vx~`|S�x~`r6�(~±~`����wz¤�¤0~ ö �¡� ��r���u`|S��~`y�|�s�yVs�����î�y6~ls�~"�(wzr�vx~`|S�x~`r6�(~s�~(�J��u`|S��~(�J~`ra�S���`|�~(� ∑∞

n=0 cos(nθ)zn ~`� ∑∞
n=0

sin(n+1)θ
sin θ zn.

ì2u`�S�6wis�~"ò�{<~`r6��~`| ö ����}4wz|S¤Hy���~Hs�~ìíwz��va|�~��
ô �Jèiwz���

a
~`�
b > 0

�6~`�
r+

~`�
r−
��~(� ó |��z�`��r6~(��s�~T�¡�¢u(îay��^�S��wzr

r2 − ar − b = 0,
�(vx~(�

r− < 0 < r+.èiwz���
(un)∞n=0

y�r6~��Sy�����~�s�~T|�u(~`������~`���Zî�y6~T{�wzy�|Z��wzy��Z~`ra�S��~`|
n ≥ 0

wzr2�^���
un+2 = aun+1 + bun.

ìíwzr��S|�~`|0îay�� ���Z~c£i������~�s�~`y�£Ò|�u(~`���
A+

~`�
A−

��~`���0î�y6~�{�wzy�|���wzy��0~`r��S��~`|
n ≥ 0

wzr´�^���
un =

A+(r+)n + A−(r−)n.
ð�rís�u(s�y���|�~ñ��~ñ|��(üxwzrLs�~H�(wzravx~`|S�x~`r6�(~�s�~ ∑∞

n=0 unz
n
ÿ s������`y���~`|C�Sy���v��^r��

��~(�Z���z�
A+ 6= 0

��{�y����
A+ = 0

~`�
A− 6= 0

��{�y����
A+ = A− = 0

�c�
èiwz���

(vn)∞n=0

y�r6~���y�����~�s�~�|�u(~`���T{�w��S���S�ï}���� æ rL��y�{�{<w���~�îay�� ����~c£i���S��~Hy�rõ~`r��S��~`|
N
��~`��îay6~�{<wzy�|

n ≥ N
wzrí�^���

vn+2 ≤ avn+1 + bvn.ìíwzr��S|�~`|�îay6~���~H|���üxwzrXs�~��(wzr�vx~`|S�x~`r6�(~"s�~ ∑∞
n=0 unz

n ~(�S� ≥ 1/r+
ÿ ìíu`�S�6wis�~�ò��(wzr6�S��s�u`|�~`|ñ���

�Sy�����~
(un)∞n=0

�(wz¤�¤0~ñ�`��s�~(���Sy6�$��~`����~�î�y6~�s�~T{���y6�
uN = vN

~`�
uN+1 = vN+1

��~`�F¤0wzr��S|�~`|Z{��^|
|�u(�`y�|S|�~`r6�(~H�Sy�|

n
îay6~��S�

n ≥ N
wzr2�

0 ≤ vn ≤ un
�c�

ø6�Jèiwz���
t ∈ é ê ~`� λ > 0.

æ r"�(wzr6�S��s��`|�~
(qn)∞n=0

y�r6~Z��y�����~Zs�~F|�u(~`������~`���>î�y6~F{�wzy�|���wzy��>~`ra�S��~`|
n ≥ 0wzr¥�^���

tqn+1 = (n+ 2)qn+2 + (λ+ n)qn��vx~(�
q0 = 1

~`�
q1 = λt.èiwz���

ε > 0
~`�
vn = |qn|.

ìíwzr��S|�~`|Jîay�� ����~c£����S��~Ty�r¥~`r��S��~`|
N
��~`��îay6~�{�wzy�|

n ≥ N
wzr¥�^���

vn+2 ≤ εvn+1 + (1 + ε)vn.

ìíwzr��S|�~`|Zîay6~T��~C|��(üxwzr¥s�~��(wzravx~`|S�x~`r6�(~ñs�~ ∑∞
n=0 vnz

n ~(�S� ≥ 1
1+ε .

ð�rts�u(s�y���|�~�îay6~C��~T|��(üxwzrts�~
�(wzravx~`|S�x~`r6�(~ñs�~ ∑∞

n=0 qnz
n ~(�S� ≥ 1.æ rt�(wzr6�S��s��`|�~�����}4wzr6�`�S��wzr
ft :]− 1, 1[→ é ê s�ucë6r���~�{��^|

ft(x) =

∞∑

n=0

qnx
n.

ìíwzr��S|�~`|�îay6~
tft(x) = λxft(x) + (x2 + 1)f ′t(x).� y6~`����~�~(���F����vz�^��~`y�|�s�~

ft(x)?

ç5O



�! �¬a¨#"a«$"�¬�mÒ¯P%�§6®²�@�1�¨^¬ ¯p¬ °±¬an�²�³ã«§�·Á¹?ºQ"�¼Án�¨ªm ¯pn'®4nA'!¯�«�<&¯�k�"x¬ao?1p¨ª¬R,�¿�¿ÁÀ ÿ � u`|��^|�s
��~`���z���
ç � ÿ ð�r6s�wz¤0wz|S{�������¤0~(���Süa¤0u`�S|S��îay6~(��{<w������S�ï}4�Hwzy s�ucë6r�����{�w��S���S�ï}4�E��èiwz���

E
y�rÒ~(�S{��z�(~�~`y6�`����s���~`r s�~

s���¤0~`r6�S��wzr
n
�
B(E)

�¡�¢~(�S{��z�(~Hs�~(�F}�wz|S¤0~(�Z��������r6u��^��|�~(�T�Süi¤0u`�S|S��î�y6~(�J�Sy�|
E
~`�
S(E)

�¡�¢~(�S{��z�(~ñs�~(�
~`r6s�wz¤0wz|S{������S¤0~(�C�Süi¤0u`�S|S��î�y6~(��s�~

E
�6ìíwzr��S|�~`|�îay6~

dimB(E) = dimS(E) = n(n+1)
2 .èa�

a ∈ S(E),
wzr±{�w���~

Ba(~x, ~y) =< ~x, a(~y) > .ìíwzr��S|�~`|ñîay6~
Ba ∈ B(E).

ìíwzr��S|�~`|ñîay6~
Ba(~x, ~y) = 0

{�wzy�|���wzy6�
~x
~`�
~y
s�~

E
��¤�{�����î�y6~0îay6~

a = 0.
ð�rís�u(s�y���|�~�îay6~

a 7→ Ba
~(���Jy�r6~��^{�{��������^�S��wzrõ����r6u��^��|�~���rz 5~(�`�S��vx~�s�~

S(E)
s6�^r6�

B(E).
 wzy�|�î�y6wz�p~(�S�Z~`����~��^y6���S����y�|4 5~(�`�S��vx~!ú
æ rír6wz��~

S+(E)
�¡�¢~`r6��~`¤H����~�s�~(�

a
s�~

S(E)
��~`���Tîay6~

Ba
��wz���Cs�~H{���y6�C{<w������S��vx~�� � ~H¤��`¤0~��Áwzr

r6wz��~
S+(E)

�¡�¢~`r6��~`¤ñ����~ñs�~(�
a
s�~
S(E)

��~`���Zîay6~
Ba

��wz���Zs�~�{���y6�Zs�ucë6r���~cþ¡{�w��S���S��vx~��
èiwz���

a
s6�^r6�

S+(E)
��~`����wz���

λ
y�r6~�vz�^��~`y�|T{�|�wz{�|�~�s�~

a.
ìíwzr��S|�~`|�îay6~

λ ≥ 0
ÿ ì2u`�S�6wis�~Úò<���

~x~(�S�Cy�rLvx~(�`��~`y�|T{�|�wz{�|�~0�z����wi�`��u��Á���^���`y���~`|
Ba(~x, ~x)

�c��èiwz���
a
s6�^r6�

S+(E)
�?~`����wz���

λ
y�r6~Hv��^��~`y�|

{�|�wz{�|�~�s�~
a.
ìíwzr��S|�~`|�îay6~

λ > 0
�

é r�vx~`|���~`¤0~`ra���>��wz��� a ∈ S(E).
æ r �Sy�{�{<w���~±î�y6~±��wzy���~(�"��~(��v��^��~`y�|���{�|�wz{�|�~(�ls�~

a
��wzra� ≥ 0.ìíwzr��S|�~`|Zîay6~

a ∈ S+(E)
ÿ ìíu`�S�6wis�~�òa�S�6u(wz|��`¤0~���{<~(�`�S|��^�$�c� æ r±�Sy�{�{�w���~Tî�y6~C��wzy���~(�F��~(��v��^��~`y�|��

{�|�wz{�|�~(�Ts�~
a
��wzr��

> 0;
¤0wzr��S|�~`|�îay6~

a ∈ S+(E).
èa�
a ∈ S+(E)

��¤0wzra�S|�~`|�î�y6~
a ∈ S+(E)

�S�
~`�Z��~`y���~`¤0~`ra�J�S�

det a 6= 0.èiwz���
f ∈ L(E).

ìíwzr��S|�~`|:îay6~
f ∗f ∈ S+(E).

èa�<s�~F{���y6�
det f 6= 0,

¤0wzra�S|�~`|$îay6~
f ∗f ∈ S+(E).ó �Jèiwz���

D
~`�
D′ s�~`y�£�s�|�wz����~(��vx~(�`��wz|S��~`����~(��s?� y�r�{����^r�~`y6�`����s���~`r0wz|S��~`r���u E. èiwz��� ~u ~`� ~u′ s�~(�pvx~(�`��~`y�|��s�~Fr6wz|S¤0~ ç îay���~`r��x~`r6s�|�~`r��

D
~`�
D′ ��~`�:wzrl��y�{�{<w���~�î�y6~ (~u, ~u′)

~(�S�>y�r6~F���z��~�s���|�~(�`��~�� æ r"r6wz��~
< ~u, ~u′ >= cosα

����vx~(�
0 < α < π.

èiwz���
sD

~`�
sD′

��~(���Süa¤0u`�S|S��~(�Jwz|S�S�6wz�xwzr��^��~(��{��^|�|��^{�{<wz|S� ö
D
~`�
D′. ù �^���`y���~`|��¡�÷�^r�����~�s�~(��|�wz���^�S��wzr6� sD ◦ sD′

~`�
sD′ ◦ sD

{��^|Z|��^{�{�wz|S� ö
α.ô �Jèiwz���

r
y�r6~�|�wz���^�S��wzrLs�~ñ�¡�¢~(�S{��z�(~H~`y6�`����s���~`r

E
s�~Hs���¤0~`r6�S��wzr

n.
ì2wzra�S|�~`| ö �¡�÷�^��s�~Hs�y2�S�6u(wz|��`¤0~s�~�|�~`{�|�u(��~`ra���^�S��wzrVs�~(��u`��u`¤0~`ra���ñs�yõ��|�wzy�{�~�wz|S�S�6wz�xwzr��^�>~`��s�~��¡�¢~c£�~`|��`���(~0{�|�u(�(u(s�~`r��ñîay6~

r
~(�S�

��~H{�|�was�y�����s�~
n
wzy

n − 1
�Süi¤0u`�S|S��~(��s�~

E
{��^|T|��^{�{�wz|S� ö s�~(�C��üi{�~`|S{����^r6��vx~(�`��wz|S��~`��� ÿTS ��wzy6�

~(�S{��z�(~(��s�~�s���¤0~`r6�S��wzr
n− 1

�c�
ø6� æ rt�(wzr6�S��s��`|�~�����¤"�^�S|S���(~

A =





3 −2 −1
2 −1 1
6 3 −2



 .

ù �^���`y���~`|$��wzr�{<wz��üir6ýz¤0~Z���^|��z�`��u`|S���S�S��îay6~������^���`y���~`| A2 ~`�:s�u(s�y���|�~�s�~Z�(~(�����^���`y����$~`��s�y0�S�6u(wz|��`¤0~s�~ ù ��üa��~`üaþVUC�^¤�������wzr2�¡� ��r�vx~`|���~Hs�~ A.
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�! �¬a¨#"a«$"�¬2ò
èiwz���

t
|�u(~`�¡��9!|�wzy�vx~`|Cs�~`y�£±¤"�^�S|S���(~(�J|�u(~`����~(�

(2, 2) U
~`�
D
��~`����~(��îay6~

U
��wz����wz|S�S�6wz�xwzr��^��~��

D
��wz���

s����^�xwzr��^��~ñ~`�
UDU−1 =

[
0 1
1 et − e−t

]

.

¦�¨^¼�1�®$@ioX¬2ò
èa�
x
~(�S�?|�u(~`�xë�£�u��`��~���y���s�yñ{�|�wz�����`¤0~�~(�S�!s�~����^���`y���~`|�������wz¤�¤0~�s�~����F��u`|S��~�~`ra�S���`|�~ ∑∞

n=0
x(x+n)n−1

n! zn.\ ¶>]Hèiwz���
T = (tij)1≤i,j≤n

y�r6~�¤"�^�S|S���(~H���^|S|�u(~�|�u(~`����~�s?�¢wz|�s�|�~
n
î�y��p��wz���C�S|S���^r���y����^��|�~���r�}4u`|S��~`y�|�~ÿ ���¢~(�S� ö s���|�~�îay6~

tij = 0
�S�

1 ≤ i < j ≤ n
�c��~`�Z��r�vx~`|��S������~��

ç �Zìíwzr��S|�~`|Cî�y6~
T−1 = (t′ij)1≤i,j≤n

~(�S���S|S���^r���y����^��|�~ñ��r�}�u`|S��~`y�|�~ ÿ ìíu`�S�6wis�~"ò6s���|�~ñ{<wzy�|�îay6wz�!��~(�
tii��wzra�Fr6wzrtr�y����g��{�y�����s�u`¤0wzra�S|�~`|�{��^|Z|�u(�`y�|S|�~`r6�(~H�Sy�|

i
î�y6~

t′ik = 0
{<wzy�|

k > i
�c�

ó � æ r��Sy�{�{<w���~�s�~J{���y6�:îay6~
T
~(�S�$wz|S�S�6wz�xwzr��^��~���ìíwzr��S|�~`|Fîay6~

T
~(�S�:s����^�xwzr��^��~�� � u(�`|S��|�~���wzy���~(�$��~(�

¤"�^�S|S���(~(�Jî�y�����wzra� ö ����}�wz���Fs����^�xwzr��^��~(�J~`�Zwz|S�S�6wz�xwzr��^��~(�g�
\_^ ]�èay�|��¡�¢~(��{��z�(~ñ|�u(~`� Pd

s�~(�Z{�wz��üar6ýz¤0~(�Cs�~�s�~`��|�u ≤ d
wzr2�(wzr6�S��s��`|�~ñ����}�wz|S¤0~���������r6u��^��|�~��Süa¤0ucþ

�S|S��î�y6~
〈P,Q〉 =

d∑

i=0

P (i)(−i)Q(i)(−i).

ç �Zìíwzr��S|�~`|0îay6~Ú���¢~(�S��y�rÒ{�|�was�y����0�����^���^��|�~ ÿ ìíu`�S�6wis�~õòp���
P
�
apx

p {�wzy�|���~`|S¤0~±s�~Ú{���y6�����^y��s�~`��|�u��6���^���`y���~`|
P (p)(−p) �c�ó �Jèiwz���

(E0, · · · , Ed)
���2���z��~±s�~ Pd

s�ucë6r���~Ú{��^|
Ei(x) = xi,

~`����wz���
(P0, · · · , Pd)

���2���z��~Úwz|5þ
�S�6wzr6wz|S¤"�^��~ls�~ Pd

~`r��x~`r6s�|�u(~"{��^|���~�{�|�wi�(u(s�u0s�~"èi����¤���s�� ö {��^|S�S��|ñs�~
(E0, · · · , Ed)

{<wzy�|���~
{�|�wis�y����������^���^��|�~��`�!s�~(���Sy6����èiwz���

Td
����¤"�^�S|S���(~����^|S|�u(~�s?�¢wz|�s�|�~

d+ 1
s�ucë6r���~�{��^|

Td = (P
(j)
i (−j))0≤i,j≤d.

ìíwzr��S|�~`|�îay6~
Td
~(�S�T�S|S���^r���y����^��|�~���r�}�u`|S��~`y�|�~�~`��wz|S�S�6wz�xwzr��^��~���ð�rLy��S���������^r��ñ��~

A
~`�T��~ñ}¡�^����î�y6~

〈Ei, Pi〉
~(�S�

> 0,
¤0wzr��S|�~`|Cî�y6~

Td
~(�S�F����¤"�^�S|S���(~���s�~`ra�S����uñs?�¢wz|�s�|�~

d+ 1,
���¢~(�S� ö s���|�~�îay6~

P
(j)
i (−j) = 0 si i 6= j, = 1 si i = j.

ô �Jèa�
S
~(����s6�^r6� Pd

�6���^���`y���~`| 〈S, Pi〉 − S
(i)
i (−i) ö �¡�÷�^��s�~Hs�~�����s�ucë6r����S��wzr2s�y¥{�|�was�y����C�����^���^��|�~ñ~`�s�y ó �c�6ð�r¥s�u(s�y���|�~

S(x)−
d∑

i=0

S(i)(−i)Pi(x).

ø6� æ rt�(wzr6�S��s��`|�~���~T{<wz��üir6ýz¤0~
Qj

s�ucë6r���{��^|
Qj(x) = P ′

j+1(x− 1)− Pj(x). ù �^���`y���~`| Q(i)
j (−i) ö�¡�÷�^��s�~�s�y ó �F~`�

Qj(x)
ö �¡�÷�^��s�~�s�y ô �c�

ç�ó



û � æ rõ�(wzr6�S��s��`|�~���~�{<wz��üir6ýz¤0~
Rj(x) = Pj(x) − x(x+j)j−1

j! .
ì2wzra�S|�~`|�î�y6~

Rj(0) = 0
~`��� ö �¡�÷�^��s�~

s�y2ø��c��îay6~
R′

j+1(x− 1) = Rj(x).
ð�rís�u(s�y���|�~H{��^|�|�u(�`y�|S|�~`r6�(~��Sy�|

j
îay6~

Rj
~(�S�J��~�{�wz��üar6ýz¤0~

ray��¡�6ì2wzra�S|�~`|�îay6~�{<wzy�|F��wzy��
S
s�~ Pd

wzr2�

S(x) =

d∑

i=0

S(i)(−i)x(x+ i)i−1

i!
.

\ 	 ]Tèiwz���
x
y�r¥|�u(~`��r6wzr±r�y��¡�

ç � ù �^���`y���~`| limn∞ n log(1 + 1
x+n),

{�y������ ö �¡�÷�^��s�~�s�yÚ�`|S�����`|�~�s�~ � � � ��~`¤ñ��~`|S������~J|���üxwzrts�~T�(wzr�vx~`|5þ
�x~`r6�(~

R
s�~F���T��u`|S��~Z~`r��S���`|�~ ∑∞

n=0
x(x+n)n−1

n! zn.
æ r"wz�6��~`|Svx~`|���~`r0{��^|S�S���`y�����~`|$î�y6~

R
r6~�s�u`{<~`r6s

{��z�Zs�~
x.ó �Jèiwz���

y
y�rÚ|�u(~`�!�z����~`�C{<~`�S����{�wzy�|Fî�y6~ |y|e|y| < R.


 wzy�|
d
~`r��S��~`| ≥ 0

wzr±�(wzr6�S��s��`|�~C��~C{<wz��üir6ýz¤0~

Sd(x) = 1 + yx+
y2x2

2!
+ · · ·+ ydxd

d!
,

~`�Zwzrt�(wzrava��~`ra�
Sd(x) = 0

���
d
~(�S�Fy�r¥~`ra�S��~`|

< 0.
ìíwzr��S|�~`|�îay6~ |Sd(x)| ≤ e|yx|,

îay6~
S

(i)
d (x) =

yiSd−i(x)
~`�Zî�y6~ |S(i)

d (−i)| ≤ (|y|e|y|)i îay��^r6s i ~(�S�Fy�r2~`r��S��~`| ≥ 0.� u(s�y���|�~�s�~��(~`����~`�Js�y ^ û �Fî�y6~

lim
d→∞

Sd(x) =

∞∑

n=0

lim
d→∞

S
(i)
d (−i)x(x+ i)i−1

i!
.

� y6~`����~�~(���F������wz¤�¤0~�s�~�������u`|S��~ ∑∞
n=0

x(x+n)n−1

n! zn ��wz|���î�y6~ z = ye−y?ð�rX�zs�¤0~`�S���^ra�����"}4wz|S¤Hy���~�s�~"èa�S��|S����r��
limn→∞ n!

nn+1/2e−n
√

2π
= 1

��u`�Sy6s���~`|������(wzr�vx~`|S�x~`r6�(~0s�~
������u`|S��~T{�|�u(�(u(s�~`ra��~H���

y = 1.

ç�ô
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�! �¬a¨#"a«$"�¬r,ts
èiwz���

t
|�u(~`�¡��9!|�wzy�vx~`|Cs�~`y�£±¤"�^�S|S���(~(�J|�u(~`����~(�

(2, 2) U
~`�
D
��~`����~(��îay6~

U
��wz����wz|S�S�6wz�xwzr��^��~��

D
��wz���

s����^�xwzr��^��~ñ~`�
UDU−1 =

[
0 1
1 et − e−t

]

.

�! �¬a¨#"a«$"�¬u<vs
ç � é ê 4 ~(�S��¤ñy�r���s�~í���õ���z��~í���^r6wzr���îay6~ e ~`� a ~(�S���¡�¢~`r6s�wz¤0wz|S{������S¤0~õs�~ é ê 4 s�wzr��Ú���X¤"�^�S|S���(~|�~`{�|�u(��~`ra���^�S��vx~ñs6�^r6�

e
~(�S�

[a]ee = A =







2 0 1 0
0 2 0 1
0 0 2 0
0 0 0 1






.

èiwz���
E1

~`�
E2

��~(�J��wzy6�J~(�S{��z�(~(�C{�|�wz{�|�~(���z����wi�`��u(�J�^y�£tv��^��~`y�|���{�|�wz{�|�~(�
1
~`�

2
��~`�

F1
~`�
F2
��~(�

��wzy6�T~(�S{��z�(~(�ñ���^|��z�`��u`|S���S�S��î�y6~(�g�Z9�|�wzy�vx~`|�y�r6~����z��~�s�~
E1
�<s�~

E2
~`��s�~

F1
��ð�rX�(wz¤�{���u`���^r��H���

���z��~�s�~
E2
���S|�wzy�vx~`|�y�r6~T���z��~ñs�~

F2.ó � � u(s�y���|�~�s�~>���Cîay6~(�S�S��wzr�{�|�u(�(u(s�~`r���~Fy�r6~:r6wzy�vx~`����~����z��~
f
s�~ é ê 4 ��~`����~�î�y6~$�S� (d, n)

~(�S�p���Cs�u(�(wz¤�þ
{�w��S���S��wzr�s����^�xwzr��^�ïþ¡r�����{<wz��~`ra�:s�~

a
��vx~(�

dn = nd,
�^��wz|�����~(��¤"�^�S|S���(~(�

[d]ff
~`�

[n]ff
|�~`{�|�u(��~`r����^�S��vx~(�

s6�^r6�F�������z��~
f
��wzr��Z|�~(��{<~(�`�S��vx~`¤0~`ra�Cs����^�xwzr��^��~H~`�F�S|S���^r���y����^��|�~H�Sy�{�u`|S��~`y�|�~�� 
 |�u(�`����~`|

[a]ff
�
[d]ff~`�

[n]ff .ô �Jèiwz���
k
y�rL~`r��S��~`|

> 0. ù �^���`y���~`| Ak
ÿ ì2u`�S�6wis�~�òÁ~c£�{�|S��¤0~`|�s?�÷�^�<wz|�s

dk � nk � dk−1n
~`�C~`r�ë6r

aks6�^r6�F�������z��~
f
�c�

w�ÓzÅiÆcÐ<È�xcà�Ì(y ßIdZzªÓzÅaÌ Þ d�Øzß4ÕÖÍ
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ç �Jèiwz���

a0 = 1
~`����{�wzy�|

n
~`ra�S��~`|

> 0,

an =
2.4.6 . . . 2n

1.3.5 . . . (2n+ 1)
=

22n(n!)2

(2n+ 1)!
.

� �¡�÷�^��s�~ñs�~T����}�wz|S¤ñy���~�s�~�èa�S��|S����r��

n! ∼n→∞ nn+ 1
2 e−n

√
2π,

���^���`y���~`|
limn∞

√
nan

~`�Z~`r2s�u(s�y���|�~�����r��^�Sy�|�~ñs�~T������u`|S��~ ∑∞
n=0

1
an(2n+1)2 .ó �Jèiwz���

I
�¡�¢~`r6��~`¤ñ����~Hs�~(�

x
|�u(~`���F��~`���Jî�y6~T������u`|S��~

∞∑

n=0

1

an

x2n+1

(2n+ 1)2

�(wzravx~`|S�x~���9�|�wzy�vx~`|
I.
ì2wzra�S|�~`|Fî�y6~T�(~`�S��~C��u`|S��~T�(wzr�vx~`|S�x~Tr6wz|S¤"�^��~`¤0~`r��J�Sy�|

I
~`��î�y6~C���H��wz¤�¤0~

F (x)
~(���Zy�r6~C}4wzr6�`�S��wzr2�(wzr��S��r�y6~��Sy�|

I
�

ô �Zìíwzr��S|�~`| ö �¡�÷�^��s�~�s�y±�(wzy�|��Fî�y6~C{�wzy�|:��wzy��
x
s�~
I
wzrt�

F (x) = arcsinx.
ð�r±s�u(s�y���|�~�îay6~J{�wzy�|

��wzy��
θ ∈ [−π

2 ,
π
2 ]
wzr2�

θ =
∞∑

n=0

1

an

(sin θ)2n+1

(2n+ 1)2
.

ð�r¥�zs�¤0~`�S���^ra�J���H}�wz|S¤ñy���~Hs�~|{ �^�������ñò
an =

∫ π
2

0 (sin θ)2n+1dθ,
���^���`y���~`|

A =
∞∑

n=0

1

(2n+ 1)2
.

ø6�Jèiwz���
B =

∑∞
k=1

1
k2 .

ì2wzra�S|�~`|�î�y6~
B −A = B/4

~`�F�S|�wzy�vx~`|
B.û � æ r´s�ucë6r����l��~(��}�wzr6�`�S��wzr6�

f
~`�
un

ÿ
n
~`ra�S��~`|

> 0
���Sy�|

[0, 1]
{��^|

f(0) = f(1) = un(0) =
un(1) = 0

~`����{�wzy�|
0 < t < 1, f(t) = log t log(1 − t)

~`�
un(t) = − 1

n t
n log t. ù ~(�J}�wzr6�`�S��wzr6���wzra�$~`����~(�$�(wzr��S��ray6~(�F�Sy�|

[0, 1]
ú 
 wzy�|Fî�y6~`����~Jvz�^��~`y�|�s�~

t ∈ [0, 1]
����}4wzr6�`�S��wzr

un
�^�S��~`��r��F~`����~J��wzr

¤"�ª£���¤ñy�¤ ú � y6~`��~(�S���(~ñ¤"�ª£���¤ñy�¤ ú"ì2wzra�S|�~`|�î�y6~�������u`|S��~ ∑∞
n=1 un

�(wzravx~`|S�x~�r6wz|S¤"�^��~`¤0~`r��
�Sy�|

[0, 1]
~`��� ö �¡�÷�^��s�~ñs�yt�(wzy�|����6���^���`y���~`|J�	����wz¤�¤0~��

� � � u(s�y���|�~�s�~T����îay6~(�S�S��wzr±{�|�u(�(u(s�~`ra��~Hîay6~
∫ 1

0
log t log(1− t)dt =

∞∑

n=1

1

n(n+ 1)2
.

;i� ù �^���`y���~`|Z�¡� ��ra��u`��|��^��~ñ{�|�u(�(u(s�~`ra��~ ö �¡�÷�^��s�~Hs�~T����s�u(�(wz¤�{<w������S��wzr¥~`r¥u`��u`¤0~`r����J�S��¤�{���~(�
1

n(n+ 1)2
=

1

n
− 1

n+ 1
− 1

(n+ 1)2

~`�Zs�~�����îay6~(�S�S��wzrtø6�

ç�û



¦J§�¨ª©g«¬a®"¯�¬ °±¬an�²�³&µ(¶ ·�¹�ºñ»±¼i½�¾�¿KYÂÄ�ÅaÆ�Ç�ÈõÉ�Ê Ë�ÈcÅaÆ�È	Ì�Í�ÎJÅ�Ï`ÅaÐ ÑxÓ�Ï(ÅaÔ"ÈcÐ�ÕÖÍ�Î~}´ÏcËiØ���ÈíÑ�È	Ì
ÆSÇ	ÌcÅ�dïÕ¡Ø�ÕÌQd�ÈñÊiÛ0ÐÁÓ�z^ÈcÔ7fcÆ�È��±ÛxÝ�Ë�ÈcÅiÆSÈ	Ì�å

ÿ � �^r6���(~�îay��!�Sy������
log

s�u(�S����r6~T��~���wz���^|S���S��¤0~�r6u`{�u`|S��~`r��L�
�! �¬a¨#"a«$"�¬r,ts!èiwz���Z��~(�F}|��z�`�S��wzr6��|��^�S��wzr�r6~`����~(�

f(x) =
1

(x+ 1)2 + 1
et g(x) = f(−x).

æ r¥�(wzr6�S��s��`|�~���~(�F��ra��u`��|��^��~(�J��y���vz�^ra��~(�

F =

∫ ∞

0
f(x)dx, G =

∫ ∞

0
g(x)dx, H =

∫ ∞

0
[(2 + 2x)f(x) + (2− 2x)g(x)]dx,

I =

∫ ∞

0

1

x4 + 4
dx.

ì2wzra�S|�~`|"îay��¢~`����~(���(wzr�vx~`|S�x~`r��l~`����~(�����^���`y���~`|���ìíu`�S�6wis�~l{�wzy�|
I
òpy��S��������~`|����2s�u(�(wz¤�{�w��S���S��wzr ~`r

u`��u`¤0~`r����C�S��¤�{���~(�
1

x4 + 4
= (

1

4
+
x

8
)f(x) + (

1

4
− x

8
)g(x).

�! �¬a¨#"a«$"�¬?<vsZ9�|�wzy�vx~`|���~�s�u`vx~`��wz{�{<~`¤0~`ra�J~`r¥��u`|S��~T~`ra�S���`|�~H�^y±vxwz���S��r��^�x~�s�~ O s�~(���S|�wz���F}|��z�`�S��wzr6�
|��^�S��wzr�r6~`����~(�J�Sy���v��^r���~(�Hò

1

(1− x)2
,

1

2− x
,

1

(1− x)2(2− x)
,

~`�Z{�|�u(�`����~`|Z��~`y�|Z|���üxwzr¥s�~��(wzravx~`|S�x~`r6�(~��
èiwz������{�wzy�|

n
~`ra�S��~`| ≥ 0

����~(�0�S|�wz����r6wz¤ñ��|�~(�
an = n + 1, bn = 1

2n+1

~`�
cn =

∑n
k=0 an−kbk.ù �^���`y���~`| cn.

�! �¬a¨#"a«$"�¬Ú¹rs æ rÚ�(wzr6�S��s��`|�~�����}4wzr6�`�S��wzr
f
s�ucë6r���~C�Sy�|

[−1,∞[
{��^|

f(−1) = 0
~`�C�x{�wzy�|

x > −1,
f(x) = (1 + x) log(1 + x).

� u`vx~`��wz{�{<~`|
f
~`r±��u`|S��~T~`ra�S���`|�~��^y�vxwz������r��^�x~�s�~

x = 0
�is�wzr�r6~`|Z��wzrl|���üxwzr

s�~��(wzr�vx~`|S�x~`r6�(~�~`�F¤0wzr��S|�~`|�îay6~��(~`�S��~���u`|S��~�~`ra�S���`|�~��(wzr�vx~`|S�x~ñy�r��ï}4wz|S¤0u`¤0~`ra�J�Sy�|
[−1, 1].

èa�
x = ±1,{<wzy�|�îay6wz��������wz¤�¤0~�s�~�������u`|S��~�~(�S�Z~`����~�u`���^��~ ö

f(1)
wzy

f(−1)?

�! �¬a¨#"a«$"�¬2��s æ r¥�(wzr6����s��`|�~������Sy�����~
(gn)n≥1

s�~T}�wzr6�`�S��wzr6���Sy�|
[0,∞[

s�ucë6r���~(�Z{��^|

gn(x) = log(n+ x)− x log(n+ 1) + (x− 1) log n,�^��r6�S�!îay6~
hn = g′n.

ì2wzra�S|�~`|Jîay6~ ∑∞
n=1 h

′
n(x)

�(wzravx~`|S�x~ñr6wz|S¤"�^��~`¤0~`ra�Js6�^r6�
[0 +∞[

~`�Zî�y6~
∞∑

n=1

hn(x) et

∞∑

n=1

gn(x)

�(wzr�vx~`|S�x~`r���vx~`|���s�~(�T}�wzr6�`�S��wzr6�
H
~`�
G
s�ucë6r���~(�ñ�Sy�|

[0,∞[.

 wzy�|�îay6wz�

H ′ ~c£i������~cþ¡�5þ¡���ªú 
 wzy�|�î�y6wz� G′~c£i���S��~cþ¡�5þ¡����~`��~(�S�5þ¡����u`���^� ö
H?
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f
~`�
g
��wzr��T�(wzr��S��r�y6~(����y�|

[0,+∞[
�(wz¤�¤0~ñ}|��z�`�S��wzr6�J|��^�S��wzr�r6~`����~(�����^r6��{<ýz��~ñ|�u(~`�¡�

ð�����~(����wzr���u(îay���v��^��~`r���~(� ö
1/x2 �^yñvxwz���S��r��^�x~:s�~��¡� ��r�ë6r��¡� � �÷�^{�|��(�!��~��`|S�����`|�~$s�~(����ra��u`��|��^��~(��s�~ ê ��~`¤"�^r�r��{�y�����î�y6~����`�

α = 2 > 1, F
~`�
G
�(wzr�vx~`|S�x~`ra��� æ rí�

F = [arctan(x+ 1)]+∞0 =
π

2
− π

4
=
π

4
, et G = [arctan(x− 1)]+∞0 =

π

2
+
π

4
=

3π

4
.

ð�r6�Sy�����~��6y�r6~T{�|S��¤����S��vx~Hs�~����H}�wzr6�`�S��wzr
x 7→ (2 + 2x)f(x) + (2− 2x)g(x)

~(�S�

P (x) = log((x+ 1)2 + 1)− log((x− 1)2 + 1) = log
(x+ 1)2 + 1

(x− 1)2 + 1
,

~`��s�wzr6�
H
�(wzr�vx~`|S�x~����<~`�F��~`y���~`¤0~`ra�����Á���ñ����¤�����~Tî�y��^r6s

X
��~`r6s�vx~`|��$�¡� ��r�ë6r���s�~

P (X)−P (0)
~c£i���S��~

~`��~(�S��ë6r���~�� ù �¢~(�S����~����z����~`���(~`�S��~�����¤�����~�~(��� 0− 0 � ����vz�^��~`y�|Js�~T�¡� ��r���u`��|��^��~ H ~(�S� O �
ð�r�ë6r

I = F
8 + G

8 + H
16

~(���>�(wzr�vx~`|S�x~`ra��~C�(wz¤�¤0~J��wz¤�¤0~Zs�~ ô ��r���u`��|��^��~(�$�(wzr�vx~`|S�x~`r���~(�F~`�:���Cvz�^��~`y�|
~(�S�

π/8.

�! �¬a¨#"a«$"�¬u<vs � �÷�^{�|��(�Z���H}�wz|S¤ñy���~Hs�y±����r6ýz¤0~ñs�~o�C~��F��wzr¥wzr2�
1

(1− x)2
= 1 + 2x+ 3x2 + · · ·+ (n+ 1)xn + · · · ,

1

2− x
=

1

2(1 − x
2 )

=
1

2
[1 +

x

2
+ · · · + xn

2n
+ · · · ] =

∞∑

0

xn

2n+1
.

� �÷�^{�|��(�l��~t�(wzy�|����:wzy ����~`r ~`r �^{�{�����î�y��^ra�l���L|��`����~2s�~ � � � ��~`¤H�<~`|S���:��~`y�|��0|���üxwzr6�ls�~¥�(wzr�vx~`|S�x~`r6�(~
|�~(�S{<~(�`�S�ï}��Z��wzra�

1
~`�

2.ÿ ê ~`¤"�^|�îay6~(��òz{�wzy�|����C{�|�~`¤����`|�~F}�wz|S¤ñy���~���wzr0�S|�wzy�vx~Zs6�^r6����~(���(wz{���~(�:s�~`y�£"�^y��S|�~(��s�u`¤0wzr6�S�S|��^�S��wzr6���wzy���~(��s�~`y�£Ú���z��u(~(���Sy�|
1

1− x
= 1 + x+ x2 + · · ·+ xn + · · · .

�!��{�|�~`¤����`|�~�s�u`|S��vx~��¡�¢~c£�{�|�~(���S��wzrt�`�ïþÖs�~(����y6�F~`�Fy��S��������~T��~T�S�6u(wz|��`¤0~�s�~�s�u`|S��vz�^�S��wzr2s?� y�r6~���u`|S��~�~`r��S���`|�~ �������~(�(wzr6s�~�u(�`|S���
1

(1− x)2
=

1

(1− x)

1

(1− x)~`�:y��S��������~C��~J�S�6u(wz|��`¤0~T�Sy�|:��~(�${�|�wis�y�������s�~ ù �^y6����üÚ�Sy�|>��~(����u`|S��~(��~`r��S���`|�~(�F~`r��¡�÷�^{�{�����îay��^r����^y�£l�Sy�����~(�
an = bn = 1

��îay��!s�wzr�r6~`r��
cn =

n∑

k=0

an−kbk =
n∑

k=0

1 = n+ 1.

q�r6~�~`|S|�~`y�|J~(�S�Zs�~T|�u`{<wzr6s�|�~ ö ����î�y6~(���S��wzrt{��^|Z��~�s�u`vx~`��wz{�{�~`¤0~`r��T~`rt��u`|S��~
1

(1− x)2
=

∞∑

k=0

(2x− x2)k,

î�y��6~(�S���(wz|S|�~(�`���S� −1 < 2x−x2 < 1
�^¤"�^����r��¢~(�S��{��z��y�r6~F��u`|S��~F~`r��S���`|�~Z~`��r6~�|�u`{�wzr6s�{��z� ö ���Jîay6~(�S�S��wzr{<w���u(~��L�

ð�r6�Sy�����~��Áwzrts�u(�(wz¤�{<w���~�����}|��z�`�S��wzr¥|��^�S��wzr�r6~`����~ñ�Sy���v��^r���~�~`rtu`��u`¤0~`ra���J����¤�{���~(�
1

(1− x)2(2− x)
=

A

(1− x)2
+

B

1− x
+

C

2− x
=

1

(1− x)2
− 1

1− x
+

1

2− x
.
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��~J���^���`y��?s�~
A,B,C

{�~`y����`�S|�~Z}¡�^���:��wz���${��^|$����¤0u`�S�6wis�~Cs�~(�$�(wi~E8"�`��~`r�������r6s�u`��~`|S¤���r6u(������wz�����ay�rl{�~`y
{���y6��u`��u`���^¤�¤0~`r�����{��^|Z����¤0u`�S�6wis�~�s�yt���z���6~ñ{<wzy�|F��~ñ���^���`y��!s�~

A
~`�
C
��~`�Z~`r±}¡�^�����^r��Z~`r6�Sy�����~

x = 0{<wzy�|�s�u`��~`|S¤���r6~`|J��~�s�~`|Sr���~`|J�(wi~E8"�`��~`r��
B. ù wz¤�¤0~ñwzr¥�

1

1− x
= 1 + x+ x2 + · · ·+ xn + · · · ,

�(vx~(��{�wzy�|F|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~
1,
wzrt~`r¥s�u(s�y�����îay6~

1

(1− x)2(2− x)
=

∞∑

0

[(n+ 1)− 1 +
1

2n+1
]xn =

∞∑

0

(n+
1

2n+1
)xn.

èiwzrl|���üxwzr�s�~J�(wzr�vx~`|S�x~`r6�(~T��~Z���^���`y���~J{��^|>����|��`����~Js�~ � � � ��~`¤ñ��~`|S�Jòa�S�
un = (n+ 1

2n+1 )|x|n �x��������¤�����~s�~
un+1/un

~(�S� |x| ~`�Z��~T|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~�~(�S� ç �ÿ ê ~`¤"�^|�îay6~0ò�y�r6~ñ�^y��S|�~���wz��y��S��wzr¥�(wzr6�S���S��~ ö u(�`|S��|�~
1

(1− x)2(2− x)
=

x

(1− x)2
+

1

2− x
= x

∞∑

0

(n+ 1)xn +

∞∑

0

1

2n+1
xn

=

∞∑

0

nxn +

∞∑

0

1

2n+1
xn =

∞∑

0

(n+
1

2n+1
)xn)

�p��r��^��~`¤0~`r�����y�r��S�6u(wz|��`¤0~Js�yÚ�(wzy�|���s����:îay6~J�S�<wzr0}¡�^���>��~J{�|�was�y�����s�~ ù �^y6����ü (cn)
s�~Js�~`y�£l�Sy�����~(�

(an)
~`�

(bn)
�?�^��wz|��C��~ñ|���üxwzrXs�~H�(wzravx~`|S�x~`r6�(~

Rc
s�~ ∑∞

0 cnx
n ~(�S�C��y�{<u`|S��~`y�|�wzyLu`���^� ö Ra

~`�
Rb

~`�
î�y6~�{�wzy�| |x| < min(Ra, Rb)

wzr2�
∞∑

0

cnx
n =

∞∑

0

anx
n

∞∑

0

bnx
n.

� {�{�����îay6wzr6�T�(~H|�u(��y������^�T�^y�£2s�~`y�£í�Sy�����~(�
a
~`�
b
s�wzr�r6u(~(��s6�^r6�C�¡�¢~c£�~`|��`���(~�� � �÷�^{�|��(�C��~(� ô s�u`vx~`��wz{�{�~cþ

¤0~`r�����~`r2��u`|S��~(�Z~`r��S���`|�~(�Cs�u   ö ���^���`y���u(��wzr¥~`rt�(wzr6�`��y���îay6~
∞∑

0

cnx
n =

∞∑

0

(n+
1

2n+1
)xn.

� �÷�^{�|��(���¡� y�r����`����uÚs�y s�u`vx~`��wz{�{<~`¤0~`ra�0~`r ��u`|S��~l~`ra�S���`|�~�wzrÒ~`rÒs�u(s�y�����îay6~"{�wzy�|���wzy���~`ra�S��~`|
n
wzrÒ�

cn = n+ 1
2n+1

�
�! �¬a¨#"a«$"�¬í¹�s � �÷�^{�|��(�Z��~��(wzy�|��g�6wzr2�

log(1 + x) = x− x2/2 + x3/3− · · · + (−1)n−1xn/n+ · · · = x+
∞∑

k=2

(−1)k−1x
k

k

x log(1 + x) = x2 − x3/2 + x4/3− · · ·+ (−1)n−1xn+1/n+ · · · =
∞∑

k=2

(−1)k xk

k − 1

~`��s�wzr6���6~`rt��wz¤�¤"�^ra�J�(~(�Zs�~`y�£±������r6~(��ò

f(x) = x+
∞∑

k=2

(−1)k−1 xk

k(k − 1)
.

ç54



� {�{�����îay6wzr6������|��`����~ñs�~ � � � ��~`¤ñ��~`|S� ö
uk =

∣
∣
∣(−1)k−1 xk

k(k−1)

∣
∣
∣ .
æ r¥wz���S��~`ra�

limn→∞ un+1/un = |x|,~`�Z��~T|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~�~(�S�Zs�wzr6� ç �ÿ ê ~`¤"�^|�îay6~lò�y�r6~H~`|S|�~`y�|T�(wz¤�¤ñy�r6~�s6�^r6�J��~(�J�(wz{���~(�C~(�S�Cs�~�|�u`{�wzr6s�|�~ ö ���0îay6~(�S�S��wzr¥{��^|C��~ñs�u`vx~cþ��wz{�{<~`¤0~`ra�J~`r¥��u`|S��~
f(x) =

∞∑

k=1

(−1)k−1 (1 + x)xk

k
,

î�y��!~(���Z�(wz|S|�~(�`�Z¤"�^���Fr��¢~(�S�Z{��z�Zy�r6~���u`|S��~�~`r��S���`|�~H~`�Zr6~T|�u`{�wzr6s±{��z� ö ����îay6~(�S�S��wzrt{�w���u(~��L�ð�r6�Sy�����~��:�(wzr6�S��s�u`|�wzr6�"���X�Sy�����~ts�~±}�wzr6�`�S��wzr6�"s�ucë6r���~(���Sy�|
[−1, 1]

~`�"{<wzy�|
k ≥ 2

{��^|
vk(x) =

(−1)k−1 xk

k(k−1) .
� ��wz|��"{�wzy�|���wzy��

x
s�~

[−1, 1]
wzr � |vk(x)| ≤ wk = 1

k(k−1) .
�!�V��u`|S��~2s�~¥��~`|S¤0~

�xu`r6u`|��^�
wk

~(�S���(wzr�vx~`|S�x~`ra��~���{�y�����î�y��¢~`����~0~(����u(î�y���v��^��~`r���~ ö ���Ú��u`|S��~0s�~ ê ��~`¤"�^r�r s�~���~`|S¤0~0�xu`r6u`|��^�
1/k2 �!���zîay6~`����~�~(�S���(wzravx~`|S�x~`r���~±{�y�����î�y�� ���`� α = 2 > 1.

� wzr6�l���¥��u`|S��~ls�~l��~`|S¤0~��xu`r6u`|��^�
vk(x)

~(�S�
r6wz|S¤"�^��~`¤0~`r��ñ�(wzravx~`|S�x~`r���~0�Sy�|

[−1, 1]
~`���<s?�÷�^{�|��(�T��~��(wzy�|�����~(�S�Cy�r��ï}4wz|S¤0u`¤0~`ra�ñ�(wzr�vx~`|S�x~`ra��~�� æ |T��~(�

vk(x)
��wzra�ñs�~(�T}�wzr6�`�S��wzr6���(wzr��S��ray6~(���Sy�|

[−1, 1]
s�wzr6����~`y�|ñ��wz¤�¤0~

S(x)
~(�S��y�r6~�}�wzr6�`�S��wzr �(wzr��S��ray6~

�Sy�|
[−1, 1]

� æ r¥����vz�^����s�u   ö îay6~��(~`�S��~���wz¤�¤0~�u`���^����u`���^��~ ö
f(x)

{�wzy�| −1 < x < 1
�6���^|F��~�|��(üxwzr2s�~

�(wzr�vx~`|S�x~`r6�(~�s�~����±��u`|S��~�~(�S� ç � � ~0{���y6�
f
~(�S��y�r6~�}�wzr6�`�S��wzr �(wzr��S��ray6~l�Sy�|

[−1, 1]
ò!���¢~(�S���`���^��|ñ{�wzy�|

x = 1.

 wzy�|

x = −1
���(~`���±|�u(�Sy�����~0s�~(��{�|�wz{�|S��u`��u(��s�~0�`|�wz�����	�^r6�(~"�(wz¤�{��^|�u(~"s�~0���Ú{�y��������^r6�(~0~`�Hs�y

��wz���^|S���S��¤0~ ÿ�� ����{�y������	�^r6�(~��¡�¢~`¤�{<wz|S��~ñ�Sy�|F��~���wz���^|S���S��¤0~��c�

 �^|Z�(wzr6��u(î�y6~`ra���

S− f ~(�S�$y�r6~Z}�wzr6�`�S��wzr±�(wzr��S��ray6~��Sy�| [−1, 1]
s�wzr��FwzrÚ���^����s�u   ö î�y��¢~`����~T~(�S�$r�y�����~�Sy�|

]− 1, 1[
�<è�������¤�����~�~`r ±1

~(���
0
~`�Zs�wzr6�

S(±1) = f(±1).�! �¬a¨#"a«$"�¬2��s æ r2��{�wzy�|Z��wzy��
x ≥ 0

~`�Z��wzy��
n ≥ 1

hn(x) =
1

n+ x
− log(1 +

1

n
) et h′n(x) = − 1

(n+ x)2
.

é ��~(�S�±�`���^��|±î�y6~í{�wzy�|Ú��wzy�� x ≥ 0
wzr � |h′n(x)| ≤ 1/n2 �$îay��T~(�S�Ú��~2��~`|S¤0~L�xu`r6u`|��^��s?� y�r6~õ��u`|S��~s�~ ê ��~`¤"�^r�r���î�y��F~(�S���(wzr�vx~`|S�x~`ra��~±{�y�����îay�� ���`� α = 2 > 1.

� wzr6�l���í��u`|S��~�s�~���~`|S¤0~��xu`r6u`|��^�
h′n(x)�(wzr�vx~`|S�x~�r6wz|S¤"�^��~`¤0~`ra�C��y�|

[0 +∞[
��s�wzr6��s?�÷�^{�|��(�Z��~��(wzy�|���y�r��ï}4wz|S¤0u`¤0~`ra�J�Sy�|

[0 +∞[.
 wzy�|$vxwz��|:îay6~Z��~(�:��u`|S��~(�>s�~���~`|S¤0~Z�xu`r6u`|��^�
hn(x)

~`�
gn(x)

�(wzravx~`|S�x~`r��F{�wzy�|
x ≥ 0

ë�£�u��a���^���`y���wzr6�
��~(�Zs�u`vx~`��wz{�{<~`¤0~`ra���C����¤�����u(���(wz|S|�~(�S{�wzr6s6�^r����Js?�¢wz|�s�|�~ ó ~`r

1/n.
æ r¥wz���S��~`r���ò

hn(x) =
1

n(1 + x
n)
− log(1 +

1

n
) =

1

n
(1− x

n
)− 1

n
+

1

2n2
+

1

n2
ε(n)

w��
ε(n)

��~`r6sõvx~`|�� O �S�
n
��~`r6sLvx~`|����¡� ��r�ë6r��¡� � wzr6� |hn(x)| ~(�S��u(î�y���v��^��~`r���~ ö |x − 1

2 | 1
n2

���
x 6= 1/2~`� ö 1

2n2 ε(n)
���
x = 1/2.

� �^r6�J��~(� ó ���z����{��^|���~ñ�`|S�����`|�~�s?�¢u(îay���vz�^��~`r6�(~�~`����~ñ�`|S�����`|�~�s�~ ê ��~`¤"�^r�r��������u`|S��~�s�~T��~`|S¤0~��xu`r6u`|��^�
hn(x)

~(�S���^�6��wz��y�¤0~`r��C�(wzr�vx~`|S�x~`ra��~��<s�wzr6���(wzravx~`|S�x~`r���~��
� ~�¤��`¤0~0ò

gn(x) = log(1 +
x

n
)− x log(1 +

1

n
) =

x

n
− x2

2n2
− x(

1

n
− 1

2n2
) +

1

n2
ε1(n)

w��
ε1(n)

��~`r6s�vx~`|�� O �S�irH��~`r6s�vx~`|��p�¡� ��r�ë6r��¡� � wzr6� |gn(x)| ~(�S�pu(îay���v��^��~`r���~ ö |x−x2

2 | 1
n2

�S�
x
~(�S��s����?u`|�~`r��

s�~ O wzy ç �x~`� ö 1
n2 ε1(n)

�S��r6wzr�� � �^r6����~(� ó ���z���z{��^|���~Z�`|S�����`|�~Zs?�¢u(îay���v��^��~`r6�(~�~`����~Z�`|S�����`|�~Zs�~ ê ��~`¤"�^r�r��������u`|S��~�s�~���~`|S¤0~��xu`r6u`|��^�
gn(x)

~(�S�J�^�6��wz��y�¤0~`ra�J�(wzravx~`|S�x~`r���~��<s�wzr6���(wzr�vx~`|S�x~`ra��~��
�Jwz��wzr6���^��wz|��C{��^|

Hn(x)
���
n
���`¤0~H��wz¤�¤0~H{��^|S�S��~`����~�s�~ñ���l��u`|S��~Hs�~ñ��~`|S¤0~��xu`r6u`|��^�

hn(x)
� æ rL�

vay¥îay6~�������y�����~
H ′

n

�(wzravx~`|S�x~ñy�r��ï}�wz|S¤0u`¤0~`r��T�Sy�|
[0 +∞[

�6~`��îay6~������Sy�����~
Hn(x)

�(wzr�vx~`|S�x~�~`rt��wzy��
{<wz��ra�

x ≥ 0
ÿ s�wzr6�H�����a~`r��^yl¤0wz��r6�>y�rl{<wz��ra���vx~`|��>y�r6~Z}�wzr6�`�S��wzr

H.
æ rl~(���:s�wzr6��s6�^r6�:��~(�$�(wzr6s����S��wzr6�

s?�÷�^{�{��������^�S��wzr s�yX�S�6u(wz���`¤0~ls�y �(wzy�|��ñ�(wzr6�(~`|Sr��^ra�ñ���±s�u`|S��v��^�S��wzrVs?� y�r6~"�Sy�����~0s�~�}�wzr6�`�S��wzr6�ñ~`�ñwzrX~`r
�(wzr6�`��y��Jîay6~
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ç �
H
~(���Zs�u`|S��vz�^����~���y�|

[0 +∞[
�

ó ��îay6~
H ′ ~(�S�F��������¤�����~�s�~ H ′

n

�
ô ��îay6~T{<wzy�|

b > 0
ë�£�u��

Hn
�(wzr�vx~`|S�x~ñy�r��ï}4wz|S¤0u`¤0~`ra�J�Sy�|F�¡� ��ra��~`|Svz�^����~ñ�<wz|Sr6u

[0, b].�Jwz��wzr6��~`r�ë6rÒ{��^|
Gn(x)

���
n
���`¤0~���wz¤�¤0~�{��^|S�S��~`����~Ús�~"���2��u`|S��~�s�~l��~`|S¤0~l�xu`r6u`|��^�

gn(x)
� æ r

va��~`ra�ñs�~�vxwz��|ñîay6~��Á{�wzy�|
b > 0

ë�£�u������t�Sy�����~
G′

n = Hn
�(wzr�vx~`|S�x~0y�r��ï}�wz|S¤0u`¤0~`r����Sy�|

[0, b]
�?~`��îay6~

���Ú�Sy�����~
Gn(x)

�(wzravx~`|S�x~"~`rL��wzy���{�wz��r��
x ≥ 0

vx~`|���y�r6~�}4wzr6�`�S��wzr
G.

æ rX~(�S��s�wzr6�0~`r6�(wz|�~�s6�^r6����~(�
�(wzr6s����S��wzr6��s?�÷�^{�{��������^�S��wzr2s�y±�S�6u(wz|��`¤0~ñs�yt�(wzy�|��Z�(wzr6�(~`|Sr��^r��J����s�u`|S��vz�^�S��wzr¥s?� y�r6~���y�����~�s�~C}4wzr6�`�S��wzr6�
~`��wzrt~`r¥�(wzr6�`��y���îay6~

ç �
G
~(�S�Zs�u`|S��v��^����~��Sy�|

[0, b]
�

ó ��îay6~��Sy�|
[0, b]

�
G′ ~(�S�F��������¤�����~ñs�~ G′

n = Hn
~`�Z~(�S�Zs�wzr6�ñu`���^� ö

H.
ù wz¤�¤0~ñ�(~�s�~`|Sr���~`|J|�u(�Sy������^��~(�S�Fvi|��^�?{<wzy�|���wzy�� b, G′ ~c£i���S��~�~`�Z~(����u`���^� ö H ��y�|F��wzy��

[0 +∞[.ÿ ê ~`¤"�^|�îay6~(�HòÁ�(wzr��S|��^��|�~`¤0~`ra� ö �(~ñîay��÷�#80|S¤0~`r��Ts�~�r6wz¤H��|�~`y6��~(�T�(wz{���~(���6���"��u`|S��~ ∑∞
n=1 hn(x)

r6~
�(wzr�vx~`|S�x~J{��z��r6wz|S¤"�^��~`¤0~`r��F�Sy�|

[0+∞[.
ð�rl~E�?~`���

hn
~(�S�>s�u(�`|�wz�������^ra��~�����wzr"¤"�ª£i��¤Hy�¤ ~(�S�$�^�S��~`��r��:~`r

O ����wzr���r�ë6r���¤ñy�¤7~(�S�$�	�ñ����¤�����~ ö �¡� ��r�ë6r�� − log(1 + 1
n)
�i¤"�^���$��~C��y�{�|�~`¤ñy�¤Es�~T���Hvz�^��~`y�|Z�^�6��wz��y6~T~(�S�

log(1 + 1
n)
�<îay���~(���J��~���~`|S¤0~H�xu`r6u`|��^��s?� y�r6~���u`|S��~Hs���vx~`|S�x~`ra��~��?���^|Cu(îay���vz�^��~`ra��~ ö

1/n.
ð�rí|�~`vz�^r6���6~��

��~��S�6u(wz|��`¤0~"�`����u0s�yX�(wzy�|��ñ��¤�{�����î�y6~"î�y6~ ∑∞
n=1 hn(x)

�(wzr�vx~`|S�x~"y�r��ï}4wz|S¤0u`¤0~`ra����y�|���wzy�����r���~`|Sv��^����~
�<wz|Sr6u

[0, b]
�

ð�r�ë6r��<î�y6~`��îay6~(�Z�(wz{���~(�Cwz�6��~`|Svx~`r��C�(wz|S|�~(�`��~`¤0~`r���î�y�� �����Sy/80������wzyz Swzy�|�� ö ���^y6��~Hs�y¥s����Z�S�6u(wz|��`¤0~��s�~F¤0wzr��S|�~`|����T�(wzravx~`|S�x~`r6�(~J~`r�y�r�{�wz��r��:s�~(����u`|S��~(� ∑∞
n=1 hn(x)

~`� ∑∞
n=1 gn(x),

~`��{�|�~`r�r6~`ra�>��~�{�wz��r��
x = 0

� 
 wzy�|���~(�
h
���(~`���lr6~������^r��x~�{��z�T��|��^r6sL���6w���~��<¤"�^���C�¡�¢u(�(wzr6wz¤���~�~(�S���Sy6�S���^ra�S��~`����~�{<wzy�|T��~(�

g,
�

{�y�����î�y6~
gn(0) = 0.

�

ó6O
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m�¬ao §6«I'�¬¥¯�n�,í§6nD.õ¯�k�"x¬ao?1p¨ª¬r,i¿�¿ZYÁ¾

�! �¬a¨#"a«$"�¬t,
ç � ù �^���`y���~`|0���X��u`|S��~ts�~t�6wzy�|S��~`|�s�~Ú���í}�wzr6�`�S��wzr h s�~±{�u`|S��wis�~ 2π

s�ucë6r���~±{��^|
x 7→ | sinx|. �!���wz¤�¤0~�s�~ñ�(~`�S��~���u`|S��~�~(�S��~`����~T{��^|S��wzy��Cu`���^��~ ö

h(x)
ú

ó �ZqJ�S��������~`|F��~ ç �${�wzy�|Z���^���`y���~`|���~(�Z��wz¤�¤0~(�Zs�~(����u`|S��~(���Sy���vz�^ra��~(��ò
+∞∑

n=1

(−1)n

1− 4n2
;

+∞∑

n=1

(−1)k

1− 16k2
.

ô �Jèiwz���
f : [a, b] → é ê s�~��`���z����~ C1 ~`�J��wz���

M0 = maxx∈[a,b]|f(x)|, M1 = maxx∈[a,b]|f ′(x)|.
ìíwzr��S|�~`| ö �¡�÷�^��s�~Hs?� y�r6~���r���u`��|��^�S��wzr2{��^|Z{��^|S�S��~(��îay6~T{�wzy�|

y > 0
ò

∣
∣
∣
∣

∫ b

a
f(x) cos(xy)dx

∣
∣
∣
∣
≤ 1

y
(2M0 + (b− a)M1).

� u(s�y���|�~�s�~��(~(�`�!~`�Js�y ç ��î�y6~

lim
t→∞

∫ b

a
f(x)| sin(tx)|dx =

2

π

∫ b

a
f(x)dx.

�! �¬a¨#"�«I"x¬u<
èiwz���

z
y�r±r6wz¤ñ��|�~ñ{<w������S�ï}!ë�£�u�� ù �^���`y���~`|�������u`|S��~�s�~��6wzy�|S��~`|HÈ�j Þ ÓzÐ<ÈcÐ�Õ4ß¡ÈEdId�È�s�~T���ñ}4wzr6�`�S��wzr f s�~{�u`|S��was�~

2π
s�ucë6r���~0{�wzy�|

0 ≤ x < 2π
{��^|

f(x) = exp(zx).
ð�r s�u(s�y���|�~����Ú��u`|S��~0s�~"�6wzy�|S��~`|

�S|S���xwzr6wz¤0u`�S|S��îay6~�� 
 |�u(�`����~`|�������wz¤�¤0~ñs�~��(~`����~ñ�`���S�
x = 0.

� �¡�÷�^��s�~�s�yt�S�6u(wz|��`¤0~ñs�~ 
 �^|���~`v��^�¡�
¤0wzra�S|�~`|Jîay6~

π
exp(2πz) + 1

exp(2πz) − 1
=

1

z
+

∞∑

n=1

2z

z2 + n2
.

ó�ç
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ÂÄ�ÅaÆ�Ç�È0Épá"Ë�ÈcÅiÆ�È	Ì(Í�ÎJÅ�Ï`ÅiÐXÑxÓ�Ï`ÅiÔ"ÈcÐ�ÕÖÍ¢å

�! �¬a¨#"a«$"�¬��
æ r �(wzr6����s��`|�~"���t}4wzr6�`�S��wzr

h
s�ucë6r���~ls6�^r6�

[0, π]
{��^|

h(x) = x(π − x).
æ r �(wzr6�S��s��`|�~±�^y6���S�>��~(�

s�~`y�£�}�wzr6�`�S��wzr6�
f
~`�
g
s�~�{<u`|S��wis�~

2π
s�ucë6r���~(�J�^��r6�S��ò

f
~(�S�F{��^��|�~�~`��~(�S�Zu`���^��~ ö

h
s6�^r6�F�¡� ��ra��~`|Svz�^����~

[0, π]
�

g
~(�S�F��¤�{��^��|�~H~`�Z~(�S�Zu`���^��~ ö

h
s6�^r6�Z�¡� ��r���~`|Sv��^����~

[0, π]
�

9�|��z�(~`|J��~(�F��|��^{��6~(��s�~(��}�wzr6�`�S��wzr6�
f
~`�
g
�Sy�|F�¡� ��ra��~`|Svz�^����~

[−π, 3π]. ù �^���`y���~`|J��~`y�|��Z�(wa~E8"�`��~`ra����s�~�6wzy�|S��~`|F�S|S���xwzr6wz¤0u`�S|S��î�y6~(�Z�^��r6���<îay6~J�(~`y�£�s�~
f + g

��s���|�~J{<wzy�|������z�`y�r6~�s�~(� ô }�wzr6�`�S��wzr6�F�S�Á���ñ��u`|S��~Cs�~
�6wzy�|S��~`|Z�(wzr�vx~`|S�x~����S��������wz¤�¤0~C~(���$u`���^��~ ö ����}�wzr6�`�S��wzrÚ~`r���wzy��${<wz��ra�

x
�a~`rH  y6���S�ïëÁ�^r���vxwz�S|�~�|�u`{�wzr6��~��

ó�ó
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ÂÄ�ÅaÆ�Ç�ÈÚÉ!âõË�ÈcÅiÆ�È	Ì(Í�ÎJÅ�Ï`ÅiÐÒÑxÓgÏ`ÅaÔ"ÈcÐÁÕÖÍAc!Øzß4ÕÖÈ	ÌBd�È	Ì0Ï�Ø�d�Ï`Å+d ÌJd�ÈcÐ�ÕÖÈcÔ"ÈcÐ�ÕTÈ`Õ�ØzÅrfcÆSÓzÅiß$dId�ÓzÐ<Í~g!È"Ï�ÓzÆcÆSÈSÏG[

ÕÖÈcÅaÆ Þ ÈcÅ�Õ�Ñ�ÇSÑzÅißÆSÈ±ÑaÈ	Ì Þ ÓzßÐ�ÕÌ Þ Ó�ÅaÆ:d�ÈlÔ0ØzÐ�h(Å�ÈÚÑ�È"Ì(ÓzßÐÒÓzÅ�d�ÈcÌ�Ø�f	ÌcÅaÆSÑzß4ÕÖÇ	Ì(Í&g!È	Ì"Õ4ÆSÓzß ÌÚÈ�j�ÈcÆSÏ`ß�Ï�È	Ì�Ì`ÓzÐÁÕß ÐÁÑaÇ Þ ÈcÐÁÑ�ØzÐ�ÕÌ(Í¢å æ r2s�u(�S����r6~�{��^| log x
��~���wz���^|S���S��¤0~�r6u`{�u`|S��~`r¥s�~

x
�

�! �¬a¨#"�«I"x¬r, ÿ_� Þ ÓzßÐ�ÕÌ��
èiwz���

0 < t < 1, t
ë�£�u��

ç � 
 wzy�|
n
~`ra�S��~`| ≥ 0

�?���^���`y���~`|��¡� ��ra��u`��|��^��~
In =

∫ π
−π cos(nx) cos(tx)dx.

ÿ æ rõ¤0~`�S�S|��
In
��wzy6�T���

}�wz|S¤0~T����{���y6�Z�S��¤�{���~�{<w�����������~���~`r±{��^|S�S���`y�����~`|�{�wzy�|
n = 0.)

ÿ Ûªà�ä Þ ÓzßÐ�ÕÌ��
ó � æ r �(wzr6�S��s��`|�~t���2}4wzr6�`�S��wzr

f
�Sy�| é ê s�~Ú{<u`|S��wis�~

2π
~`����~`����~±î�y6~Ú{�wzy�| −π ≤ x ≤ π

wzr´�^���
f(x) = cos(tx).

9!|��z�(~`|���wzrñ��|��^{��6~$�Sy�|��¡� ��ra��~`|Svz�^����~
[−π, 3π]

s6�^r6����~:���z��{��^|S�S���`y�����~`|�w��
t = 1/3

�
� �^r6����~l���z�ñ�xu`r6u`|��^�${�wzy�|

t
��s�wzr�r6~`|H���¥��u`|S��~"s�~l�6wzy�|S��~`|��S|S���xwzr6wz¤0u`�S|S��î�y6~Ús�~

f
�!u`r6wzr6�(~`|Hy�r

�S�6u(wz|��`¤0~C�xu`r6u`|��^��s�~T�(wzr�vx~`|S�x~`r6�(~�s�~(�F��u`|S��~(��s�~T�6wzy�|S��~`|F~`�F~`r±s�u(s�y���|�~Cîay6~C���ñ��u`|S��~Cs�~C�6wzy�|S��~`|
s�~
f
�(wzr�vx~`|S�x~��^y±{<wz��ra�

x
vx~`|��

f(x).
ÿ Ê Þ Ózß ÐÁÕÌ��

ô �Zìíwzr��S|�~`| ö �¡�÷�^��s�~Hs�y ó ��îay6~

πcotg(πt) =
1

t
−
(

2t

1− t2
+

∞∑

n=2

2t

n2 − t2

)

.

ìíwzr��S|�~`|T�^y6���S��îay6~����"�(wzr�vx~`|S�x~`r6�(~�s�~ñ�(~`�S��~���u`|S��~�~(�S�Jr6wz|S¤"�^��~ñ{��^|J|��^{�{<wz|S� ö
t
î�y��^r6s

t
vz�^|S��~

s6�^r6�
]0, 1[.

ÿ Ê Þ ÓzßÐ�ÕÌ��
ø6� æ r±{�|�~`r6s±¤"�^��ra��~`r��^r��

t ∈ [0, 1[.
ìíwzr��S|�~`|Jî�y6~T������u`|S��~��Sy���vz�^ra��~

log(1− t2) +

∞∑

n=2

log

(

1− t2

n2

)

�(wzravx~`|S�x~Hr6wz|S¤"�^��~`¤0~`ra�ñs6�^r6�
[0, 1[.


 wzy�|�î�y6wz�����l��wz¤�¤0~
F (t)

~(�S�C~`����~Hy�r6~H}4wzr6�`�S��wzrL�(wzr��S��ray6~
�Sy�|

[0, 1[
úTìíwzr��S|�~`| ö �¡�÷�^��s�~Zs�y ô ��îay�� ����~c£����S��~Fy�r6~Z�(wzr6�����^r���~

C
{��^|>|��^{�{�wz|S� ö

t
��~`����~Zîay6~

F (t){�wzy�|
0 < t < 1

��wz���
C + log

sin(πt)

πt
.

� u`��~`|S¤���r6~`|�~`r�ë6r
C
~`r±}��^���	�^r��F��~`r6s�|�~

t
vx~`|�� O � ÿ Ê�à¡ä Þ ÓzßÐ�ÕÌ��

ó�ô
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�! �¬a¨#"a«$"�¬r,ts ç � � vx~(�T����{��^|S����u�wzr¥�

In =

∫ π

0
2 cosnx cos txdx =

∫ π

0
(cos(n+ t)x+ cos(n− t)x)dx =

sin(n+ t)π

n+ t
+

sin(n− t)π

n− t
=

sin tπ cosnπ

n+ t
− sin tπ cosnπ

n− t
=

2(−1)n−1t sin tπ

n2 − t2
.

ð�rt{��^|S�S���`y�����~`|��
I0 = 2 sin tπ

t .ó ����~��S|��z�(u�s�y¥��|��^{��6~��Sy�|F�¡�÷�^|����6~
[−π, π]

~(�S�F��¤�¤0u(s����^���6ð���wzr¥|�u`{*�`��~��(~T�S|��z�(u�{��^|�{<u`|S��wis����`����uÿ ¤"�^���6~`y�| ö �(~`y�£�îay���wzr��p�`|Syñîay6~���~���|��^{��6~>s�~
f
�Sy�|

[−π, 3π]
u`���^���!�(~`��y��is�~����$}�wzr6�`�S��wzr

x 7→ cos(x/3
�c�

æ rV�
f(−π) = f(π) = cos π/3 = 1/2.

æ rX|�~`¤"�^|�îay6~0îay6~�����}�wzr6�`�S��wzr
f
~(�����(wzr��S��r�y6~��pîay��¢~`����~0~(�S�

s�u`|S��vz�^����~${��^|�¤0wz|��(~��^y�£�~`��î�y6~��^y�£ñ{�wz��r�����s�~:����}4wz|S¤0~
(2k+1)π

w������Js�u`|S��vxu(~$r��¢~c£i���S��~:{��z���^��������¤�����~
ö s�|�wz����~�~`� ö ���^y6���6~�s�~T����s�u`|S��vxu(~�~c£����S��~T~`�Z~(�S�$ë6r���~����!�H}4wzr6�`�S��wzr

f
~(�S�Fs�wzr6�Ty�r6~C}�wzr��S��wzrt�(wzr��S��ray6~

~`�Ts�~��`���z����~
C1

{��^|T¤0wz|��(~��^y�£�����~(���(wi~E8"�`��~`r����ñs�~���wzy�|S��~`|��S|S���xwzr6wz¤0u`�S|S��î�y6~(�H��wzr��T|�~(�S{�~(�`�S��vx~`¤0~`r��
an = In/π

{�wzy�|
n ≥ 0

ÿ {��^|Cs�ucë6r����S��wzrõs�~
In
��~`�

bn = 0
{�wzy�|

n > 0
ÿ ���^|J����}�wzr6�`�S��wzr

f
~(�S�J{��^��|�~��c�

�!����u`|S��~�s�~���wzy�|S��~`|Js�~
f
~(�S�Zs�wzr6�

a0

2
+

∞∑

n=1

an cosnx =
sin tπ

tπ
+

∞∑

n=1

2t sin tπ

π

(−1)n−1

n2 − t2
cosnx.

ê �^{�{�~`��wzr6���^��wz|��Zy�rt�S�6u(wz|��`¤0~ñs�~��(wzr�vx~`|S�x~`r6�(~Hs�~(����u`|S��~(�Zs�~���wzy�|S��~`|Hò�Q��k�¼Á¨#@ioX¬>s6èiwz���
f
y�r6~$}�wzr6�`�S��wzr0�(wzr��S��ray6~��Sy�| é ê �zs�~�{<u`|S��wis�~ 2π

~`��s�~F�`���z����~
C1
{��^|�¤0wz|��(~��^y�£��

� ��wz|��Z�	����u`|S��~�s�~��6wzy�|S��~`|J�S|S���xwzr6wz¤0u`�S|S��î�y6~H�(wzr�vx~`|S�x~�~`���
f(x)

{<wzy�|���wz¤�¤0~�~`r±��wzy��Z{�wz��r��
x.

ù wz¤�¤0~ñwzr±�¡�÷��viy�������}�wzr6�`�S��wzr f �	�^�S���5}��^���Z�^y�£±��üi{�wz�S�(�(��~(�Zs�~��(~T�S�6u(wz|��`¤0~"ò��	����u`|S��~�s�~��6wzy�|S��~`|�(wzr�vx~`|S�x~ñs�wzr6�ñ~`rt��wzy��Z{�wz��r��Zvx~`|��
f(x).ô � � �^r6�Ú�¡�¢u`���^������uL~`ra�S|�~

f(x)
~`�Ú���V��wz¤�¤0~Ls�~í�	� ��u`|S��~Ls�~L�6wzy�|S��~`|��$}¡�^����wzr6�

x = π. ù wz¤�¤0~
cosnπ = (−1)n �Á~`r¥¤0~`�S���^r�� 2t sin tπ

π

~`r¥}��z�`��~`y�|T~`�J~`rís���va���	�^r��C�¡�¢u`���^������uHwz����~`ray6~H{��^|
(sin tπ)/π

wzr
���¡�¢u`���^������u�s�~`¤"�^r6s�u(~���ð�r6�Sy�����~��6wzrt|�~`¤"�^|�îay6~�îay6~T{<wzy�|

0 < t < 1
~`�
n > 1

wzr2�
| 2t

n2 − t2
| = 2t

n2 − t2
≤ 2

n2 − 1
,

î�y6~����¥��u`|S��~0s�~���~`|S¤0~"�xu`r6u`|��^� 1
n2−1

~(�S�ñ�(wzravx~`|S�x~`r���~Ús?�÷�^{�|��(�H��~0�`|S�����`|�~"s�~ ê ��~`¤"�^r�r��?{�y�����îay6~"��wzr��~`|S¤0~��xu`r6u`|��^�>~(�S��u(îay���vz�^��~`ra� ö
1/na ��vx~(� a = 2 > 1.


 �^|ñ�(wzr6��u(îay6~`r����?���Ú��u`|S��~�s�~���~`|S¤0~��xu`r6u`|��^�
1

n2−t2
~(�S�Fr6wz|S¤"�^��~`¤0~`ra�C�(wzravx~`|S�x~`r���~�s6�^r6�

]0, 1[.ø�� � ~T¤��`¤0~����S�
0 ≤ t < 1

wzr¥�
| log(1− t2/n2)| ≤ | log(1− 1/n2)| ∼ 1/n2.

� wzr6�"{��^|���~0�`|S�����`|�~ls�~ ê ��~`¤"�^r�r ö r6wzy�vx~��^y��!���t��u`|S��~0s�~���~`|S¤0~"�xu`r6u`|��^� | log(1 − 1/n2)| �(wzr�vx~`|S�x~~`�Zs�wzr6��������u`|S��~�s�~T��~`|S¤0~��xu`r6u`|��^�
log(1− t2/n2)

�(wzr�vx~`|S�x~ñr6wz|S¤"�^��~`¤0~`r��Cs6�^r6�
[0, 1[.

ð�����~��(wzr�vx~`|S�x~
s�wzr6�ñy�r��ï}�wz|S¤0u`¤0~`r���� ù wz¤�¤0~����¢~(�S��y�r6~���u`|S��~Hs�~�}�wzr6�`�S��wzr6�J�(wzra�S��r�y6~(���Sy�| [0, 1[,

���"��wz¤�¤0~
F (t)

~(�S�
�(wzr��S��r�y6~��Sy�|

[0, 1[
�

ð�r6�Sy�����~���wzrX|�~`¤"�^|�î�y6~"î�y6~����±��u`|S��~�s�~(�ñs�u`|S��vxu(~(�ñ~(����s�~���~`|S¤0~��xu`r6u`|��^� −2t
n2−t2

s�wzr���r6wzy6���(vxwzr6�
vay2�^y ô �$î�y��¢~`����~Hu`���^���Zr6wz|S¤"�^��~`¤0~`r��T�(wzr�vx~`|S�x~`ra��~Hs6�^r6�

]0, 1[
�<s�wzr6��y�r��ï}4wz|S¤0u`¤0~`ra�C�(wzravx~`|S�x~`r���~�� æ r

~(�S��s�wzr6��s6�^r6�C��~(�T�(wzr6s����S��wzr6��s?�÷�^{�{��������^�S��wzr s�yí�S�6u(wz|��`¤0~�s�yõ�(wzy�|����Sy�|C���"s�u`|S��v��^�S��wzrXs�~����"��wz¤�¤0~
s?� y�r6~���u`|S��~�s�~C}�wzr6�`�S��wzr6���6~`��wzr±{�~`y��J�#80¤0~`|�îay6~

F ′(t) = −
(

2t

1− t2
+

∞∑

n=2

2t

n2 − t2

)

= πcotg(πt)− 1

t
,

ó ø



����s�~`|Sr����`|�~�u`���^������uñs�u(�(wzy����^ra�Js�y ô �c��ð�r�ë6r���wzr±|�~`¤"�^|�îay6~�î�y6~ñ�Sy�|
]0, 1[,

(log
sin(πt)

πt
)′ = πcotg(πt)− 1

t
= F ′(t),

~`������~c£����S��~Zs�wzr6�Fy�r6~J�(wzr6�S���^r���~
C
��~`����~�îay6~F�Sy�|

]0, 1[
wzr��^���

F (t) = C+log sin(πt)
πt .


 wzy�|:s�u`��~`|S¤���r6~`|
C
��y��S��������wzr6����~T}��^���Jî�y6~

F
~(�S���(wzra�S��r�y6~�~`r O ~`��îay6~�{��^|Cs�ucë6r����S��wzr2s�~

F
�6wzrL�

F (0) = 0
�6�!������¤�����~

s�y¥��~(�(wzr6s±¤0~`¤H��|�~ñu`���^r��
C
��wzr¥��s�wzr6�

C = 0.

ó�û



°±¬an�² ³�µ`¶-À?º~`a'p«�½<¬�¨^mg« ©�k¥¦C§6n�®!b?§�1�§�©g«¬a¨�ºP<u@ioX¬¥mg¬aoX¬am(©�¨^¬r,�¿�¿�¿��E<6·Á·�·?¾
°±¬x½Á¼<«¨>,�º~�L¨ª¬ioX¬x©(©�¨^¬��X®§L¯p¬�¨�'�«I@�¨^¬±m�ka§('�"x¬2¯�¬t©�¨ª§�½�§6n� ¯�« ¨z«²�kam�¯p¬¥®§Lm�¬ao §6«�'!¬2¯pnC,�¹õ§6n
,+� o §�¨ªm7<�·�·Á·?¾
èiwz���

n
y�rt~`r��S��~`|

> 1
ë�£�u�~`�Z��wz���

E
�¡�¢~(�S{��z�(~�vx~(�`��wz|S��~`��|�u(~`�!s�~(�F¤"�^�S|S���(~(�

(n, n)
|�u(~`����~(���

ç �±èiwz���
1 ≤ i0, j0 ≤ n

~`�
ei0,j0 = (xij)1≤i,j≤n

s6�^r6�
E
s�ucë6r���~L{��^|

xi0j0 = 1
~`�
xij = 0

�S�
(i, j) 6= (i0, j0).

ì2wzra�S|�~`| ö �¡�÷�^��s�~�s�~(�
ei0,j0

îay6~
E
~(�S�Zs�~�s���¤0~`r6����wzrtë6r���~�~`�Zs�wzr�r6~`|��	��s���¤0~`r6�S��wzr��

ó �Zèa�
x = (xij)1≤i,j≤n

~(�S�Zs6�^r6�
E,
wzr±r6wz��~��S|��z�(~

x =
∑n

i=1 xii
~`�
xT �����S|��^r6�S{�w���u(~������¢~(�S� ö s���|�~����¤"�^�S|S���(~

xT = (yij)1≤i,j≤n
��~`����~Jî�y6~

yij = xji
{<wzy�|

1 ≤ i, j ≤ n.
ì2wzra�S|�~`|Fî�y6~��S|��z�(~

(xx′−x′x) = 0{<wzy�|Z��wzy6�
x
~`�
x′
s�~

E.
ìíwzr��S|�~`|Cî�y6~��S|��z�(~

(xxT ) = 0
~`ra�S|��#��r6~

x = 0,
~`��îay6~��S|��z�(~

(xy) ≤ 0
{<wzy�|

��wzy��
y
s�~

E
~`r��S|��#��r6~

x = 0.
ì2wzra�S|�~`|�î�y6~T����s�u`|S��vxu(~ñ~`r O s�~����H}4wzr6�`�S��wzrts�~ é ê s6�^r6� é ê s�ucë6r���~�{��^|

t 7→ det(In + tx)
~(�S��u`���^��~ ö �S|��z�(~

x
ÿ
In ∈ E

~(�S�F����¤"�^�S|S���(~�y�r�����u��c�
ô � æ r ¤Hy�r����ts�u(��wz|S¤"�^���

E
s?� y�r6~ír6wz|S¤0~

p.
� u`¤0wzr��S|�~`|2î�y6~2��� }4wzr6�`�S��wzr

p
~(�S�±�(wzr��S��ray6~X�Sy�|

E.
 wzy�|�îay6wz�
S = {x ∈ E; p(x) = 1} ~(�S�F����y�rt�(wz¤�{��z�`��s�~ E?

èa�
x ∈ E ~(�S�$ë�£�u���{<wzy�|�îay6wz�?���H}4wzr6�`�S��wzr

�Sy�|
S
s�ucë6r���~"{��^|

y 7→ �S|��z�(~
(xy)

�^�S��~`��ra��~`����~"��wzrX¤"�ª£���¤ñy�¤ ú ÿ ìíu`�S�6was�~2ò�wz�6��~`|Svx~`|Hîay6~
y 7→ xys�ucë6r����Zy�r¥~`r6s�wz¤0wz|S{������S¤0~Hs�~��¡�¢~(�S{��z�(~Tvx~(�`��wz|S��~`�

E).
æ r¥s�u(�S����r6~�s�u(��wz|S¤"�^����{��^|

p∗(x)
����v��^��~`y�|Zs�~

�(~�¤"�ª£i��¤Hy�¤t��ìíwzr��S|�~`|�îay6~
p∗
~(�S�Fy�r6~�r6wz|S¤0~��Sy�|

E.

ø�� 
 wzy�|�î�y6wz�C���L}�wzr6�`�S��wzr �Sy�|
S
s�ucë6r���~¥{��^|

x 7→ det x
�^�S��~`��ra��~`����~2��wzr ¤"�ª£���¤ñy�¤ ú ÿ ìíu`�S�6was�~Vò

wz�6��~`|Svx~`|�îay6~
x 7→ detx

~(���"y�r6~±}�wzr6�`�S��wzr {<wz��üir6wz¤����^��~2��y�|
E).

æ r r6wz��~¥s�u(��wz|S¤"�^���l{��^|
x0

y�r
{<wz��ra�Zs�~

S
w��t�(~C¤"�ª£���¤ñy�¤E~(�S�Z�^�S��~`��r���� 
 wzy�|�îay6wz���H�5þÖwzr

det x0 > 0?
ÿ�
 ~`r6��~`��î�y6~

S
�(wz¤�{�|�~`r6sÚy�r

¤ñy����S��{���~�{�w��S���S�ï}�s�~
In).


 wzy�|�î�y6wz�����5þÖwzr
p∗(x−1

0 ) ≥ n?

û ����~���y���s�~ñ�(~`�S��~ñîay6~(�S�S��wzr¥~(�S�Zs�~�¤0wzra�S|�~`|Jîay6~
p∗(x−1

0 ) ≤ n.
æ r±ë�£�~

h
s6�^r6�

E
~`�Z{�wzy�|

t ≥ 0
wzr

{<w���~
f(t) = (1 + p(th))n − det(In + tx−1

0 h).ì2wzra�S|�~`|Jîay6~
f(1) ≥ 0.

ìíu`�S�6wis�~�ò�wz�6��~`|Svx~`|Jîay6~��S�
x0 + h 6= 0

�^��wz|��

det

(
x0 + h

p(x0 + h)

)

≤ detx0,

~`��y��S��������~`|
det(λa) = λn det a

{�wzy�|
λ
|�u(~`�¡�

p(x0) = 1
~`�����J��wzy6���zs�s����S��va����u�s�~

p.
� u(s�y���|�~�s�~

f(1) ≥ 0î�y6~
f(t) ≥ 0

{<wzy�|C��wzy��
t
�<~`�C~`ríy��S���������^r��

f(0) = 0,
~`�C����s�ucë6r����S��wzrõs�~ñ����s�u`|S��vxu(~���î�y6~

f ′(0) ≥ 0.ð�r¥s�u(s�y���|�~ñîay6~T�S|��z�(~
(x−1

0 h) ≤ np(h),
{�y�����îay6~

p∗(x−1
0 ) ≤ n.

� ���e�=�*�!�������<ìíwzr��S|�~`|�îay6~
p(x) = (

�S|��z�(~
(xxT ))1/2 s�ucë6r����Zy�r6~�r6wz|S¤0~ñ~`�Zîay6~�s6�^r6�J�(~����z� p = p∗.ì2u`�S�6wis�~0ò�{�wzy�|Zy�rt~`r��S��~`|

d
�(wzr�vx~`r��^����~��Áy��S��������~`|Z��~T|�u(�Sy������^�Js�y¥�(wzy�|��Zîay��!s����Zî�y6~

‖x‖ = (x2
1 + · · ·+ x2

d)
1/2

s�ucë6r�����y�r6~Tr6wz|S¤0~ñ��y�| é ê d ��{�y����F�¡� ��r6u`���^������uHs�~ ù �^y6���aü�þ èi�������^|S� |x1y1 + · · · + xdyd| ≤ ‖x‖‖y‖.èiwz���
G
�¡�¢~`r6��~`¤ñ����~�s�~(�

x
s�~

E
��~`���Cîay6~

xxT = In
~`�

det x > 0.
ìíwzr��S|�~`|Tîay6~

G
~(�S�Zy�r6~H{��^|S�S��~

�(wz¤�{��z�`��~ñs�~
E
ÿ ìíu`�S�6wis�~0ò�¤0wzr��S|�~`|Cî�y6~

x 7→ xxT ~(�S�Fy�r6~ñ�^{�{��������^�S��wzr2{<wz��üir6wz¤����^��~�s�~ E s6�^r6�
E~`�>î�y6~ {In} ~(�S��y�r0}4~`|S¤0uJs�~ E).

ìíwzr��S|�~`|$î�y6~
G
~(�S��y�r0��|�wzy�{�~Z{�wzy�|�����¤Hy����S��{��������^�S��wzr�s�~(�>¤"�^�S|S���(~(�ÿ �^{�{<~`��u���|�wzy�{�~�s�~(�F|�wz���^�S��wzr6�Js�~ é ê n).æ rLvx~`y��C¤0wzra�S|�~`|�î�y6~

x0
¤"�ª£i��¤�����~

det x
�Sy�|

S
�S��~`����~`y���~`¤0~`ra�T���

x0 ∈ G/
√
n.

 wzy�|��(~`�����<wzr

�zs�¤0~`����~T|�u(�Sy������^��s?�÷�^�����`��|�~ñ����r6u��^��|�~��Sy���v��^r��ñò
ó6�



�� (¡K¢~�£�(¢A¤�¥$¦Z¥$¢A§��(¢A�6¨=¥I©Z��ª&«�¬�§��v��¨/¦Z©Z¥$¡K�v¡�¨A©Z©Z (��©Z ��(�����D?èa�
x ∈ E ~`�

detx > 0,
�^��wz|��

����~c£i���S��~�y�rõ�S|S��{���~`�
(u, v, d)

�(vx~(�
u
~`�
v
s6�^r6�

G
�
d = Diag(λ1, . . . , λn), λj > 0 ∀j = 1, . . . , n,

~`�
x = udv.� vx~(�����Tr6wz���^�S��wzr"{�|�u(�(u(s�~`ra��~��i¤0wzr��S|�~`|�î�y6~Z���

detx > 0,
�^��wz|��

p(x)2 = λ2
1 + · · ·+λ2

n.
� u`¤0wzr��S|�~`|

{��^|Z|�u(�`y�|S|�~`r6�(~ñ�Sy�|
n
��~T|�u(�Sy������^�J�Sy���vz�^ra�ñò

®�§� (¯=¨=��¥°¦Z :ª��(¤£�£¢�±A��§�§��(¤£¯A �¢~�£ �¦Z©Z¥I²=¬��:��¦:¨=©Z¥°¦Z³=�£ �¦Z¥I²=¬����xèa�
a1, . . . , an

��wzra��s�~(��r6wz¤ñ��|�~(�
≥ 0

���^��wz|��
a1 · · · an ≤

(
1

n
(a1 + · · ·+ an)

)n

~`���¡�¢u`���^������uZ~`r��S|��#��r6~Jî�y6~$��wzy6����~(�
aj
��wzra��u`���^y�£�� ÿ ìíu`�S�6wis�~�ò^¤0wzr��S|�~`|:îay6~$���J}4wzr6�`�S��wzr

gn : [0,+∞[→
é ê s�ucë6r���~C{��^| gn(t) = ( 1+t

n+1)n+1 − t
nn

~(�S� ≥ 0
�a~`r±~c£6�^¤���r��^r�����wzrÚ���^����~��^yts�~Cv��^|S���^�S��wzr � �^{�{�����î�y6~`|�(~`��� ö

t = an+1/(a1 + · · ·+ an)).� u`��~`|S¤���r6~`|J����v��^��~`y�|Js�y¥¤"�ª£i��¤Hy�¤ s�~
det

��y�|
S
~`r2�^{�{�����îay��^r��C�¡� ��r6u`���^������u�s�~(�Z¤0w�üx~`r�r6~(�J�xu(w^þ

¤0u`�S|S��î�y6~�~`�C�^|S���S��¤0u`�S��î�y6~��^y�£
aj = λ2

j ,
~`�Z�(wzr6�`��y�|�~��

ó ;
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ç �Zèa�

x = (xij)1≤i,j≤n
�^��wz|��

x =

n∑

i0=1

n∑

j0=1

xi0j0ei0,j0

�(~�îay��p¤0wzr��S|�~�îay6~ñ���"}¡�^¤�������~ñë6r���~�s�~Hvx~(�`��~`y�|���s�~
E
}�wz|S¤0u(~�{��^|T��~(�

ei0,j0

~(�S�C�xu`r6u`|��^�S|S���(~0~`�Cs�wzr6�
î�y6~

E
~(�S�Zs�~�s���¤0~`r6�S��wzr±ë6r���~��<èa�

n∑

i0=1

n∑

j0=1

xi0j0ei0,j0 = 0,

���$~(�S���`���^��|�î�y6~
xi0j0 = 0

{�wzy�|���wzy6�
i0, j0

~`��s�wzr6�l���t}��^¤�������~Ús�~(�
ei0,j0

~(�S����r6s�u`{<~`r6s6�^ra��~���ð����^r��
��r6s�u`{<~`r6s6�^ra��~0~`�J�xu`r6u`|��^�S|S���(~��!~`����~ñ}�wz|S¤0~�s�wzr6�Hy�r6~����z��~�s�~

E.
ð�����~��

n2 u`��u`¤0~`ra����� E ~(�S�Cs�wzr6��s�~
s���¤0~`r6�S��wzr

n2.

ó � ù wz¤�¤0~ (xx′)ii =
∑n

j=1 xijx
′
ji

{��^|õs�ucë6r����S��wzr�s�yã{�|�wis�y����Ls�~ ¤"�^�S|S���(~(����wzr~`rs�u(s�y����Xîay6~
�S|��z�(~

xx′ =
∑n

i=1

∑n
j=1 xijx

′
ji.
ð�rl}¡�^�����^ra�$��~C�����^r��x~`¤0~`ra��s�~Jvz�^|S���^����~(�Fs6�^r6���(~`�S��~T��wz¤�¤0~

i1 = j
~`�

j1 = i,
����~(�S�Z�`���^��|Zîay6~C�S|��z�(~

xx′ =
�S|��z�(~

x′x.
èa�
x′ = xT �^��wz|��F�S|��z�(~ xxT =

∑n
i=1

∑n
j=1 x

2
ij. ù �¢~(�S� O��~`y���~`¤0~`r��T�S�

x2
ij = 0

{�wzy�|Z��wzy6�
i
~`�
j
~`�Js�wzr6��{�wzy�|

x = 0.
èa���S|��z�(~

xy ≤ 0
{�wzy�|Z��wzy��

y
�6���¢~(�S��va|��^�

~`r"{��^|S�S���`y�����~`|��S�
y = xT .

� wzr6���S|��z�(~
xxT ≤ 0.

æ |>wzrÚ��viy"îay6~Z�S|��z�(~
xxT ≥ 0.

� wzr6���S|��z�(~
xxT = 0,~`��s�wzr6���(wz¤�¤0~�wzrt�¡�÷��viy

x = 0.� �÷�^{�|��(�Z��~��(wzy�|��Zs?�÷�^�����`��|�~ñ����r6u��^��|�~�����~�{�wz��üar6ýz¤0~ñ���^|��z�`��u`|S���S�S��î�y6~ñs�~
x
���^�S���5}¡�^���

det(x− λIn) = (−λ)n + (−λ)n−1 �S|��z�(~ x+ · · ·+ detx.
� wzr6�

det(In + tx) = 1 + t
�S|��z�(~

x+ · · ·+ tn detx
~`�F����s�u`|S��vxu(~�~`r

0
s�~
t 7→ det(In + tx)

~(�S�F����~`r
�S|��z�(~

x.

ô �
p(x) = p(x − y + y) ≤ p(x − y) + p(y).

� wzr6�
p(x) − p(y) ≤ p(x − y),

~`�ñ~`r u(�����^r��x~��^ra����~(�
|�ýz��~(�Zs�~

x
~`�
y
�
p(y)− p(x) ≤ p(y − x) = p(x− y).

� wzr6� |p(x)− p(y)| ≤ p(x− y),
�(~�îay��?¤0wzr��S|�~

���t�(wzr��S��ray�����uls�~
p.
���¢~`r6��~`¤H����~

S
~(�S����wz|Sr6u0{��^|ñs�ucë6r����S��wzr��p���¢~`r6��~`¤H����~ {1} s�~ é ê ~(�S��}�~`|S¤0u������^|

y�rÚ����r�����~`��wzrt~(�S�:��wzyz Swzy�|��$}�~`|S¤0uCs6�^r6��y�r±~(�S{��z�(~Cr6wz|S¤0u�� ù wz¤�¤0~ S ~(�S�$�¡� ��¤"�^�x~T��r�vx~`|���~�s�~T�(~�}4~`|S¤0u{��^|F�¡�÷�^{�{��������^�S��wzr¥�(wzr��S��ray6~
p, S

~(�S�$}4~`|S¤0uTs6�^r6�
E
��s�wzr6���(wz¤�{��z�`���6���H}4wzr6�`�S��wzr

y 7→ xy
s�~
E
s6�^r6�

E
~(�S�ñ�(wzra�S��r�y6~��p���^|ñ~`����~"~(��������r6u��^��|�~"�Sy�|�y�rV~(�S{��z�(~0s�~0s���¤0~`r6�S��wzr ë6r���~�� � wzr6�

y 7→ �S|��z�(~
(xy)

~(�S�
�(wzr��S��r�y6~��?�(wz¤�¤0~��(wz¤�{�w���u(~Hs�~�s�~`y�£±}�wzr6�`�S��wzr6�C�(wzra�S��r�y6~(����wzy2¤��`¤0~H{���y6�C�S��¤�{���~`¤0~`ra�T~`r2���^r���îay6~
}4wz|S¤0~H����r6u��^��|�~H��y�|�y�r2~(��{��z�(~Hs�~Hs���¤0~`r6�S��wzr¥ë6r���~��?è��"|�~(�S�S|S���`�S��wzrL�^yí�(wz¤�{��z�`�

S
~(�S�Cs�wzr6�ñ�(wzr��S��ray6~��

��~��S�6u(wz|��`¤0~±s�~7{X~`��~`|��S�S|��z�������^|��^r��S�����¡�¢~c£����S��~`r6�(~Ús?� y�r
yx
s�~

S
��~`�Fî�y6~l�S|��z�(~

(xy) ≤ �S|��z�(~
(xyx){<wzy�|J��wzy��

y
s�~

S
�6ìíwzr��S|�wzr6�Cî�y6~

p∗(x) =
�S|��z�(~

(xyx)
s�ucë6r����Jy�r6~�r6wz|S¤0~H�Sy�|

E.

 wzy�|J��wzy��

y
s�~

Swzr2�
�S|��z�(~

((x+ x′)y) =
�S|��z�(~

(xy) +
�S|��z�(~

(x′y) ≤ p∗(x) + p∗(x′),~`�Ts�wzr6�
p∗(x + x′) ≤ p∗(x) + p∗(x′).

� ~�¤��`¤0~��S|��z�(~
(λxy) = λ

�S|��z�(~
(xy)

~`��s�wzr6�����
λ ≥ 0

wzrX�
p∗(λx) = λp∗(x).

èa�
λ < 0,

���¢~(���${���y6���Sy����S���¡��~`��wzrÚy��S��������~C��~Z}¡�^���$îay6~
S
~(���:��ravz�^|S���^ra�F{��^|

y 7→ −y ò
maxy∈Sλ

�S|��z�(~
(xy) = maxy∈S(−λ)

�S|��z�(~
(x(−y)) =

(−λ)maxy∈S
�S|��z�(~

(x(−y)) = (−λ)max−y∈S
�S|��z�(~

(x(−y) = (−λ)p∗(x).ð�r�ë6r
p∗(x) = 0

��¤�{�����îay6~l�S|��z�(~
(xy) ≤ 0

{�wzy�|ñ��wzy��
y
s�~

S
��~`��s�wzr6�l{<wzy�|���wzy��

y
s�~

E
ÿ ~`r

|�~`¤�{����z���^r��
y
{��^|

y/p(y)
wzr ��~0|��^¤��`r6~ ö y�r u`��u`¤0~`r��0s�~

E).
� wzr6�"s?�÷�^{�|��(����~ ó �c�

x = 0.
��~(� ô

�ª£i��wz¤0~(�Js?� y�r6~�r6wz|S¤0~���wzra��s�wzr6��vxu`|S�ïë�u(�Z{�wzy�|
p∗.
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ø����!�í}�wzr6�`�S��wzr
x 7→ det x

~(���0{<wz��üir6wz¤����^��~¥��y�|
E,

{�y�����î�y6~¥��vx~(�t��~(�"r6wz���^�S��wzr6�l�`���z������î�y6~(�0s�~¥���
�S����r��^�Sy�|�~

ε
��y�|F��~T��|�wzy�{<~ Sn

s�~(�F{�~`|S¤ñy����^�S��wzr6�Cs�~
n
~`r��S��~`|��Jwzr¥�±ò

det x =
∑

σ∈Sn

ε(σ)
n∏

i=1

xi,σi .

ð�����~F~(�S��s�wzr6�F�(wzr��S��r�y6~��a�^��r6�S�iîay6~�����|�~(�S�S|S���`�S��wzr"�^y��(wz¤�{��z�`�
S.
�!~:�S�6u(wz|��`¤0~Fs�~´{X~`��~`|��S�S|��z�������^|��^r��S���

�¡�¢~c£i���S��~`r6�(~Hs?� y�r
x0
s�~

S
��~`��î�y6~

detx ≤ det x0
{�wzy�|Z��wzy��

x
s�~

S.
��~�s�u`��~`|S¤���r��^ra�J{�|�~`r6stu`vi��s�~`¤�þ

¤0~`r��Cy�r6~�vz�^��~`y�|J{<w������S��vx~��Sy�|
S
~`rL�^yt¤0wz��r6�Jy�rt{<wz��ra��� ö ���(vxwz��|

In/p(In),
îay��!~(�S��s�~�s�u`��~`|S¤���r��^ra�

p(In)−n > 0.
� wzr6�

det x0 > 0.
ð�r�ë6r±{��^|Fs�ucë6r����S��wzr���{<wzy�|$��wzy��

y
s�~
S
wzr±�

p∗(x−1
0 ) ≥ �S|��z�(~ x−1

0 y.
 |�~`r6wzr6�J~`r±{��^|S�S���`y�����~`|
y = x0

��îay���~(�S�F����~`r¥s6�^r6�
S.
æ rt~`r¥�S��|�~

p∗(x−1
0 ) ≥ �S|��z�(~ In = n.

û � 
 wzy�|J��wzy��
h
s�~
E
wzr¥��s�wzr6�

det x0 det(In + x−1
0 h)

(1)
= det(x0 + h)

(2)

≤ detx0(p(x0 + h))n

(3)

≤ detx0(p(x0) + p(h))n (4)
= detx0(1 + p(h))n.

é �`�¡� ÿ ç ��va��~`ra��s�~�����}¡�z�`��wz|S�����^�S��wzr¥{��^| x0
� ÿ ó �$|�u(�Sy�����~ñs�~��¡� ��r6u`���^������uHs�y¥��~c£i��~��6s�~

det(λa) = λn det a~`�Z~(�S�F�S|S��va���^��~����
x0 + h = 0.

ÿ ô �:va��~`ra��s�~T������wzy6�Z�zs�s����S��vi����u�s�~T����r6wz|S¤0~ ÿ ~`r6�(wz|�~ñ�^{�{�~`��u(~T��r6u`���^������u
s�yt�S|S���^r�����~���~`�Zs�y±}¡�^���Zî�y6~

detx0 > 0
�6ð�� ÿ ø���va��~`ra��s�yÚ}��^���Zîay6~

x0
~(���Zs6�^r6�

S.
ð�rt�S��¤�{����ïëÁ�^ra��{��^|

det x0
wzrt�

f(1) ≥ 0. f(t) ≥ 0
���¢wz���S��~`r��Z~`rÚ|�~`¤�{����z���^ra�

h
{��^|

th
s6�^r6�

f(1) ≥ 0. ù wz¤�¤0~ f(0) = 0~`��î�y6~
f
~(�S�Zy�r±{�wz��üir6ýz¤0~�~`r

t
~`�J~(�S�Zs�wzr6��s�u`|S��v��^����~��6wzr¥wz���S��~`r��

np(h)− �S|��z�(~ (x−1
0 h)

(1)
= f ′(0)

(2)
= lim

t→0

1

t
(f(t)− f(0)

(3)

≥ 0.

é �`�¡� ÿ ç ��vi��~`r��Ús�y ���^���`y��Ts�~t���Xs�u`|S��vxu(~ís�~ f �(vx~(�2�¡�÷�^��s�~¥s�~t���Vîay6~(�S�S��wzr ó �c� ÿ ó ��~(�S�l���Xs�ucë6r����S��wzr
s�~¥���Vs�u`|S��vxu(~L~`� ÿ ô �"~(�S����� �(wzr6��u(îay6~`r6�(~Ls�~¥�¡�¢u`�Sy6s�~ís�y �S����r6~¥{�|�u(�(u(s�~`ra��~�� � wzr6�2���

y ∈ S
wzr �

�S|��z�(~
x−1

0 y ≤ n. ù �¢~(�S�Zs���|�~�îay6~ p∗(x−1
0 ) ≤ n.

� �
p
~(�S�Fy�r6~�r6wz|S¤0~��6s?�÷�^{�|��(����~C}��^���Zîay6~

E = é ê n2 ~(�S�Fr6wz|S¤0u�{��^|

‖x‖ = (

n∑

i=1

n∑

j=1

x2
ij)

1/2

î�y���r��¢~(�S���^y��S|�~�îay6~
(
�S|��z�(~

xxT )1/2 s?�÷�^{�|��(�����Úî�y6~(���S��wzr ó �<ð�r6�Sy�����~��¡� ��r6u`���^������u0s�~ ù �^y6���aü�þ èi�������^|S�~`r��S|��#��r6~ñîay6~
�S|��z�(~

(xy) =

n∑

i=1

n∑

j=1

xijyji ≤ ‖x‖‖yT ‖ = p(x)p(yT ) = p(x)p(y).

� wzr6�
p∗(x) ≤ p(x).

ìL�^����~`r�{�|�~`r��^ra�
y
s6�^r6�

S
{�|�wz{�wz|S�S��wzr�r6~`����~ ö

xT �i���¢~(�S� ö s���|�~ y = xT /p(x),
wzr

vxwz����î�y6~
p∗(x) ≥ p(x)

~`�Zs�wzr6��îay6~
p = p∗.

x 7→ xxT ~(�S��y�r6~��^{�{��������^�S��wzr¥îay��zs�|��^�S��îay6~�s�~ E s6�^r6�
E
��s�wzr6�T{�wz��üar6wz¤����^��~���~`�Fs�wzr6���(wzr��S��ray6~��

{In}
~(���Hy�r �S��r�����~`��wzr s�~l�¡�¢~(�S{��z�(~lr6wz|S¤0u

E
~`��~(�S�Hs�wzr6�"}�~`|S¤0u�� � wzr6�

F1 = {x ∈ E;xxT = In}~(�S�T}4~`|S¤0u��?�(wz¤�¤0~���¤"�^�x~0��r�vx~`|���~�s?� y�rL}�~`|S¤0u�{��^|�y�r6~�}4wzr6�`�S��wzrV�(wzr��S��r�y6~�� � ~H{���y6�g�?�S�
x ∈ G

�^��wz|��
det xdetxT = 1

�Áwzy
detx = 1

{�y�����î�y6~
det x = detxT ~`�Tîay6~

det x > 0
s6�^r6�

G. ù wz¤�¤0~ det
~(�S�
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�(wzr��S��r�y6~��i�¡�¢~`r6��~`¤H����~
F2 = {x ∈ E; det x = 1} ~(����}4~`|S¤0uJ�(wz¤�¤0~Z��¤"�^�x~���r�vx~`|���~Js�yl�S��r�����~`��wzr {1} s�~

é ê {��^|Jy�r6~�}�wzr6�`�S��wzr2�(wzra�S��r�y6~�� � wzr6� G = F1 ∩ F2
~(�S��}4~`|S¤0u����(wz¤�¤0~ñ��ra��~`|���~(�`�S��wzrís�~Hs�~`y�£±}4~`|S¤0u(�g�

ð�r6�Sy�����~��
G
~(���Fy�r6~�{��^|S�S��~���wz|Sr6u(~�s�~

E
{�y�����îay6~T��~(�Zu`��u`¤0~`ra���Js�~

G
��wzra�Z��wzy6�Zs�~�r6wz|S¤0~ √

n. G
~(�S�

s�wzr6���(wz¤�{��z�`�����p��r��^��~`¤0~`r����
G
~(�S�Fy�rt��|�wzy�{�~�{�y�����îay6~

µ èa� x ~`� x′ ��wzr���s6�^r6� G �^��wz|��
xx′(xx′)T = xx′x′TxT = xxT = In

~`�
det(xx′) = detxdet x′ >

0 :
������wz��~(�S��ßÐ�ÕÖÈcÆcÐ<È`�

µ ����Ø^Ì	Ì`Ó�Ï(ß4Ø�Õ4ßIz�ß4ÕÖÇZ~(���F�6u`|S����u(~�s�~��¡�÷�z����wi�`���^�S��vi����u�s�~�����¤ñy����S��{��������^�S��wzrLs�~(�Z¤"�^�S|S���(~(���
µ In

~(���Zs6�^r6�
G
~`��~(�S�HÇ�d�ÇcÔ"ÈcÐÁÕ>Ð<È`ÅiÕ4Æ�È`�

µ �S� x ∈ G �^��wz|��
x−1 ~c£i������~�s6�^r6� E ~`�

x−1(x−1)T = x−1(xT )−1 = (xTx)−1 = In���^|
xxT = In

��¤�{�����îay6~
xTx = In.

� wzr6�
x−1 ∈ G

~`�T�(~(�`�p¤0wzr��S|�~�î�y6~H��wzy��Tu`��u`¤0~`r���s�~
G
�

y�rXßÐ(z^ÈcÆ	Ì(ÈZs6�^r6�
G.èa�

detx > 0
~`�C�S�

x = udv
�(wz¤�¤0~��`��s�~(���Sy6�����^��wz|��

detx = λ1 . . . λn
{�y�����îay6~�wzrL�lviyíîay6~ñ��~(�

u`��u`¤0~`r����Cs�~
G
��wzr��Js�~�s�u`��~`|S¤���r��^r�� ç �6ð�r6�Sy�����~
p(x)2

(1)
=

�S|��z�(~
(udv(udv)T )

(2)
=
�S|��z�(~

(udvvT duT )
(3)
=
�S|��z�(~

ud2uT

(4)
=

�S|��z�(~
uTud2 (5)

=
�S|��z�(~

d2 (6)
= λ2

1 + · · ·+ λ2
n.

é �`�¡� ÿ ç ��va��~`ra��s�~�����s�ucë6r����S��wzrís�~ p, ÿ ó ��s�~�����{�|�wz{�|S��u`��uñs�~������S|��^r6��{<w���u(~Tviy6~ ö ���0î�y6~(�S�S��wzr ó �F�(vx~(��S|��z�(~
xx′ =

�S|��z�(~
x′x,

ÿ ô �ñs�y }¡�^���Hîay6~
v ∈ G,

ÿ ø��ñs�~l���tîay6~(�S�S��wzr ó � ö r6wzy�vx~��^y�� ÿ û �ñs�yX}¡�^����îay6~
u ∈ G ~`� ÿ � �$s�~�����s�ucë6r����S��wzr2s�~������S|��z�(~��

���¢u`�Sy6s�~�s�~�����}�wzr6�`�S��wzr
gn
¤0wzra�S|�~ñîay6~

g′n(t) = ( 1+t
n+1)n − 1

nn

~(���
< 0

���
0 ≤ t < 1/n

~`�J~(�S�
> 0�S�

t > 1/n.
��~H¤���r���¤ñy�¤ s�~

gn
~(���

0
�Á���p~(�S�T�S�S|S���`�T~`�T�^�S��~`��ra��~`r

t = 1/n. ù ~(�`�p}¡�^������¤0wzra�S|�wzr6�T{��^||�u(�`y�|S|�~`r6�(~ñ�Sy�|
n
�¡�¢u`r6wzr6�(uñ��y���vz�^ra�ñò
 wzy�|T��wzy6�

aj ≥ 0, j = 1, . . . , n
wzrõ�

a1 · · · an ≤
(

1
n(a1 + · · · + an)

)n ~`�C�¡�¢u`���^������u�~`r��S|��#��r6~�îay6~��wzy6�Z��~(�
aj
��wzra�Zu`���^y�£��

ù �¢~(�S�Z�S|S��vi���^��~`¤0~`r��Jva|��^��{�wzy�| n = 1.
èay�{�{�w���wzr6�Zîay6~��(~`������wz���Fvi|��^��{<wzy�|

n.
� ��wz|��

a1 · · · anan+1

(1)

≤ (
1

n
(a1 + · · ·+ an))nan+1

(2)

≤ (
1

n+ 1
(a1 + · · ·+ an + an+1))

n+1.

é �`�¡� ÿ ç ��~(�����¡� ��üi{<wz�S�(�(��~¥s�~±|�u(�`y�|S|�~`r6�(~��>~`� ÿ ó ��~(�������L�(wzr6��u(î�y6~`r6�(~2s�~ gn(t) ≥ 0
�^{�{�����îay6u ö

t =
an+1/(a1 + · · ·+ an),

u`���^r��Z~`r���~`r6s�ytîay6~ ÿ ó ��~(���$�S|S��vi���^�?�S�
a1 + · · ·+ an = 0.

ð�r�ë6r����Sy�{�{�w���wzr6��î�y6~
a1 · · · anan+1 = ( 1

n+1(a1 + · · ·+ an + an+1))
n+1. ù �¢~(�S�Zs���|�~�~`r±{��^|S�S���`y�����~`|Jî�y6~ ÿ ç �$~(�S�Fy�r6~�u`���^������u��� �÷�^{�|��(���¡� ��üi{<wz�S�(�(��~�s�~�|�u(�`y�|S|�~`r6�(~ñwzr

a1 = . . . = an
�S�
an+1 6= 0. ù �¢~(�S�Zs���|�~H�^y6���S��îay6~ ÿ ó ��~(�S�Fy�r6~u`���^������u � {�y�����îay6~ gn(t) = 0

~`ra�S|��#��r6~
t = 1/n

wzr2�
an+1 = (a1+···+an)

n .
� wzr6�"òÁ�S�

an+1 = 0
��wzy6����~(�

aj
��wzr��Zray���� � �S� an+1 6= 0,

��wzy6�Z��~(�
aj
��wzra��u`���^y�£t~`�F����|�u(�`y�|S|�~`r6�(~ñ~(���Zu`��~`r6s�y6~��

æ rí~`rL�(wzr6�`��y���î�y6~ñ���0v��^��~`y�|Ts�y¥¤"�ª£���¤ñy�¤,s�~
det

�Sy�|
S
~(�S�T~c£��z�`��~`¤0~`ra�

n−n/2.
ð�rL~E��~`�C�S�����

s�u(�(wz¤�{<w��S���S��wzr2{<wz���^��|�~ñs�~
x
s�~

S
��vx~(�

det x > 0
~(���

udv,
�^��wz|��

(det x)2 = λ2
1 . . . λ

2
n ≤

(
1

n
(λ2

1 + · · ·+ λ2
n)

)n

= n−n.

� wzr6�í�(~t¤"�ª£´~(��� ≤ n−n/2.
ð�r´{�|�~`r��^ra�

x = In/
√
n
�>wzr´vxwz���Úîay6~t��~t¤"�ª£´~(���

n−n/2.
ð�r6�Sy�����~��

�S�
x0 ∈ G/

√
n
�^��wz|��

detx0 = n−n/2 ~`�0~`�"s�wzr6� det x0
~(����¤"�ª£i��¤Hy�¤t� é r�vx~`|���~`¤0~`ra���>�S� x0 ∈ S|�u��^������~���~�¤"�ª£���¤ñy�¤t���^��wz|�����~(�

λ2
j

|�u��^������~`r��C�¡�¢u`���^������uñs6�^r6�Z�¡� ��r6u`���^������u�s�~(�Z¤0wgüx~`r�r6~(���xu(wz¤0u`�S|S��îay6~�~`�
�^|S���S��¤0u`�S��î�y6~��<~`����wzra��s�wzr6����wzy6�Ju`���^y�£õò��(~`����~`r��S|��#��r6~�î�y6~ñ�S�

x0 = udv
~(�S��s�u(�(wz¤�{�w��S���S��wzr¥{�wz���^��|�~

s�~
x0,

�^��wz|��
d = In/

√
n. ù wz¤�¤0~ñwzr2��vaytîay6~ G ~(���Fy�rt��|�wzy�{<~����(~`����~`r��S|��#��r6~ñîay6~

x0 ∈ G/
√
n.
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s�~ é ê d ~(�S�Z�(wzr�r6~c£�~��Á�^��wz|��s�~`y�£Ú{�wz��r����
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s�~

U
{�~`y�vx~`r��!�`�S|�~�|�~`����u(��{��^|Fy�r2�^|���{�wz��üa�xwzr��^� ö �(wz��u(�F{��^|��^�����`��~(�C�^y�£t�ª£�~(���

ç �Q¶�©*¨=�(³���¡K¢=§�§��/�=���pqJrr�zÆSØ Þ Ë�È (S,A)
~(�S������s�wzr�r6u(~0s?� y�r ~`r6��~`¤ñ����~

S
ÿ�� ��wz¤�¤0~`��� � �T~`��s?� y�r6~

}��^¤�������~
A
ÿ�� �^|��`��~(� � ��s�~�{��^|S�S��~(�:s�~

S
ö s�~`y�£�u`��u`¤0~`ra��� ÿ s������S��r6�`����c�aèa�

x
~`�
y
��wzra�:s6�^r6�

S
�xy�r2ÏcË�ÈcÔ�ßÐ

Ñ�y Ó�Æ5ÑzÆ�È
n ≥ 0

ÑaÈ
x
�
y
~(���C����s�wzr�r6u(~0s?� y�r6~���y�����~

(s0, s1, . . . , sn)
s�~

S
��~`����~�îay6~

s0 = x, sn = y~`� {sj−1, sj}
��wz����s6�^r6�

A
{�wzy�|���wzy6�

j = 1, 2, . . . , n
ÿ |�~`¤"�^|�îay6~`�0îay6~

(x)
~(���T���6~`¤���rXs?�¢wz|�s�|�~ O s�~

x
ö
x
�c�<èa�

x
~`�
y
��wzra�Js6�^r6�

S
��wzrtr6wz��~

x ∼ y
�S�����p~c£i������~

n ≥ 0
~`�Zy�rí���6~`¤���rLs?�¢wz|�s�|�~

n
s�~

x
ö
y.ì2wzra�S|�~`|�î�y6~ ∼ ~(�S��y�r6~�|�~`���^�S��wzrts?�¢u(îay���v��^��~`r6�(~��Sy�|

S
����~T��|��^{��6~�~(���Zs����ñÏ�ÓzÐ6Ð<È�j�ÈF�S�����?r�� ü±��î�y�� y�r6~

��~`y���~��`���z����~�s?�¢u(îay���v��^��~`r6�(~��Sy�|
S.

ó � æ r±¤ñy�r���� é ê d s�~�����r6wz|S¤0~ñ~`y6�`����s���~`r�r6~
‖x‖ = (x2

1 + · · ·+ x2
d)

1/2.

èiwz���
U
y�rÚwzy�vx~`|S�Zs�~ é ê d ~`�F��wz��� A �¡�¢~`r6��~`¤H����~�s�~(�F�(wzy�{���~(�Zs�~C{<wz��ra���

x
~`�
y
s����S�S��r6�`���Fs�~

U
��~`���Fî�y6~

�S�
x = (x1, . . . , xd)

~`�
y = (y1, . . . , yd),

�^��wz|��
µ ����~c£����S��~�ÅiÐõÈ`Õ:ÅiÐ¥Ì�ÈcÅ�d j s6�^r6� {1, 2, . . . , d} ��~`�!îay6~ xj 6= yj;µ ��~���~`��¤0~`ra� [x, y] = {(1− t)x+ ty; 0 ≤ t ≤ 1} ~(�S���(wzra��~`r�yís6�^r6� U.

ù wz¤�¤0~ñs6�^r6�F��~ 1)
wzr±r6wz��~ ∼ ����|�~`���^�S��wzr2s?�¢u(îay���vz�^��~`r6�(~ñ�z����wa�`��u(~��^y¥��|��^{��6~

(U,A).��� � �^r6�T��~����z�T{��^|S�S���`y�����~`|Hw��
U
~(���C���l��wzy���~�wzy�vx~`|S��~ ◦

B (c, r)
s�~��(~`r��S|�~

c
~`��s�~�|��(üxwzr

r > 0,¤0wzr��S|�~`|Jîay6~
c ∼ x

{�wzy�|Z��wzy��
x
s�~
U
~`��îay6~T��~T��|��^{��6~

(U,A)
~(�S�Z�(wzr�r6~c£�~��

���
U
u`���^r��Fy�r±wzy�vx~`|S�Zî�y6~`���(wzr6îay6~Ts�~ é ê d ����wz��� Ux

�����`���z����~Cs?�¢u(îay���vz�^��~`r6�(~�s�yÚ��|��^{��6~
(U,A)

îay��
�(wzr��S��~`r��

x.
èiwz���

c ∈ Ux.
ì2wzra�S|�~`|�î�y�� ����~c£����S��~

r > 0
��~`��îay6~ ◦

B (c, r) ⊂ U.
ì2wzra�S|�~`|�{��^|T��~����Jîay6~

◦
B (c, r) ⊂ Ux

~`��î�y6~
Ux

~(�S�Fy�r¥wzy�vx~`|S��s�~ é ê d �(wzr���~`ray2s6�^r6� U.���
U
u`���^ra��y�rtwzy�vx~`|S���(wzr�r6~c£�~�s�~ é ê d ��¤0wzr��S|�~`|J{��^|Z��~T����îay6~T��~���|��^{��6~ (U,A)

~(�S�Z�(wzr�r6~c£�~��
�! �¬a¨#"�«I"x¬·<?¾:èiwz���

A
y�r6~0{��^|S�S��~0��wz|Sr6u(~0r6wzrVva��s�~"s�~��¡�¢~(�S{��z�(~

E = é ê d ��w��X���tr6wz|S¤0~"~`y6�`����s���~`r�r6~���^r6wzr���î�y6~F~(�S��r6wz��u(~ ‖x‖ ����~���y���s�~$�¡�¢~c£�~`|��`���(~F~(�S��s�~:¤0wzra�S|�~`|>îay�� ���iü��Jy�r6~:{���y6��{<~`�S����~$��wzy���~>}�~`|S¤0u(~î�y����(wzra�S��~`r��
A
~`��îay��¢~`����~0~(�S��y�r���îay6~������¢~(�S{��z�(~

V = E × é ê s�~(�
(x, y)

�(vx~(�
x ∈ E

~`�
y ∈ é ê ~(�S�

r6wz|S¤0u�{��^|
p(x, y) = ‖x‖ + |y|. èiwz��� F �¡�¢~`r6��~`¤ñ����~Hs�~(�

(c, r)
s�~

V
��~`���Jî�y6~

A
��wz�����(wzra��~`r�yLs6�^r6�Z���

�<wzy���~T}�~`|S¤0u(~
B(c, r)

s�~��(~`ra�S|�~
c
s6�^r6�

E
~`�Zs�~�|��(üxwzr

r ≥ 0.ç �Zìíwzr��S|�~`|�îay6~
F
~(���Cy�rí}�~`|S¤0u�r6wzrõva��s�~�s�~

V
ÿ ìíu`�S�6was�~±ò��S�

(cn, rn)
~(�S�Ty�r6~��Sy�����~�s�~

F
î�y��

�(wzravx~`|S�x~�vx~`|��
(c, r)

~`�J�S�
a ∈ A ��¤0wzr��S|�~`|Cî�y6~ ‖a− c‖ ≤ r).ó �Jèiwz���

f
���T}�wz|S¤0~Z����r6u��^��|�~T�Sy�|

V
s�ucë6r���~�{��^|

f(x, y) = y.
èiwz���

r0
�����<wz|Sr6~J��r�}4u`|S��~`y�|�~Cs�~

f
�Sy�|

Fÿ ���¢~(�S�5þ ö þÖs���|�~���~${���y6����|��^r6s�s�~(��¤���r6wz|��^ra����s�~
f(F )).

èiwz���
R > r0

ë�£�u��zìíwzr��S|�~`|�îay6~$�¡�¢~`r6��~`¤ñ����~
K = {(c, r) ∈ V ; r ≤ R} ∩ F

~(�S��}�~`|S¤0u���r6wzrtvi��s�~��6~`�F��wz|Sr6u��
ô �Zìíwzr��S|�~`|�îay�� ���!~c£����S��~

c0 ∈ E
��~`�!îay6~

(c0, r0) ∈ F.ø6�Zìíwzr��S|�~`|ñîay6~
c0
~(�S�Ty�r���î�y6~ ÿ ìíu`�S�6wis�~±ò?�S�

c′0
������¤��`¤0~�{�|�wz{�|S��u`��u���¤0wzr��S|�~`|ñîay6~���~�r6wz¤ñ��|�~

p = r2
0 − 1

4‖c0 − c′0‖2
~(�S� ≥ 0,

~`�Z�(wzr6�S��s�u`|�~`|Z������wzy���~T}�~`|S¤0u(~�s�~��(~`r��S|�~
c1 = 1

2(c0 + c′0)
~`�Zs�~

|���üxwzr
r1 =

√
p).
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E = é ê d s�yV{�|�wis�y����������^���^��|�~ 〈x, y〉 = x1y1 + · · · + xdyd.

èiwz���
C
y�r6~0{��^|S�S��~Ús�~

E
~`�

g : C → E.
æ r¥s�����îay6~

g
~(�S�ñÏ`ÆSÓzß Ì�Ì`Ø�Ð�ÕÖÈF�S�?{�wzy�|F��wzy6�

x
~`�
y
s�~
C
wzrí�

〈g(y) − g(x), y − x〉 ≥ 0.

ç � æ rí�Sy�{�{<w���~
g
�`|�wz�������^r���~��<wzrí{�|�~`r6s

a > 0
~`�JwzrL�(wzr6�S��s��`|�~

ga(x) = ax + g(x).
ìíwzr��S|�~`|�îay6~

ga~(�S����rz S~(�`�S��vx~���èa�
C
~(�S��}�~`|S¤0u��x~`�:����s�~F{���y6�

g
~(�S�>�(wzra�S��r�y6~��i¤0wzr��S|�~`|�îay6~

ga(C)
~(�S��}4~`|S¤0u ÿ ì2u`�S�6wis�~ñò

�S�
zn = ga(xn)

�(wzr�vx~`|S�x~�vx~`|��
z
��¤0wzra�S|�~`|�î�y6~

(xn)
�±���t{�|�wz{�|S��u`��uÚs�~ ù �^y6���aüV~`��~`r s�u(s�y���|�~�î�y6~

z ∈ ga(C)).

ó � æ rí�Sy�{�{<w���~
C
�(wzr�vx~c£�~�wzy�vx~`|S�T~`�JwzrL�(wzr6�S��s��`|�~H����}�wzr6�`�S��wzrLs�����u`|�~`ra�S���^����~

f : C → é ê . æ rír6wz��~{��^|
f ′(x)

��~"��|��zs���~`ra�0s�~
f
~`r

x
s�~

C,
���¢~(�S�5þ ö þÖs���|�~Ú�¡�¢u`��u`¤0~`r��0s�~

E
��~`��î�y�� ����~c£i������~"y�r6~l}�wzr6�`�S��wzr

εx : C → é ê �(vx~(�
f(y) = f(x) + 〈f ′(x), y − x〉+ ‖y − x‖εx(y), lim

y→x
εx(y) = 0.

èa�
x
~`�
y
��wzra��s6�^r6�

C
wzr�r6wz��~

γx,y(t) = (1−t)x+ty
{<wzy�|

0 ≤ t ≤ 1,
�^��r6�S�6îay6~

hx,y(t) = f(γx,y(t)).æ r�s����pî�y6~
f
~(�S�$Ï�Ó�Ð(z^È�j�Èp���x{<wzy�|p��wzy6�

x
~`�
y
s�~
C
�^��wz|��

t 7→ h′x,y(t)
~(�S���`|�wz�����	�^r���~$�Sy�|

[0, 1].
ìíwzr��S|�~`|

î�y6~
f
~(�S�J�(wzravx~c£�~��S�p~`�C��~`y���~`¤0~`r����S�

x 7→ f ′(x)
~(�S�C�`|�wz�������^r���~ ÿ ì2u`�S�6wis�~�òÁ�^{�{�����îay6~`|C��~ñ�S�6u(wz|��`¤0~

s�~��(wz¤�{�w��S���S��wzrõs�~(�J}4wzr6�`�S��wzr6��s����?u`|�~`r��S���^����~(� ö
f ◦ γx,y

~`���(wz¤�{��^|�~`|
h′x,y(0)
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h′x,y(1)).

èa�
a > 0~`�

b ∈ E ¤0wzr��S|�~`|J�����(wzr�vx~c£�����uñs�~T����}�wzr6�`�S��wzr
f
s�ucë6r���~��Sy�|

E
{��^|

f(x) =
a

2
‖x‖2 + 〈b, x〉.
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E = é ê d ¤ñy�r��!s�~�����r6wz|S¤0~ñ~`y6�`����s���~`r�r6~ñ���^r6wzr���îay6~

‖x‖ = (x2
1 + · · ·+ x2
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1/2.
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s�~

E
��wzr��2u(�`|S�����t�(wz¤�¤0~ s�~(�±¤"�^�S|S���(~(�2�(wz��wzr�r6~(���Z~`�

xT r6wz��~õ���Ò¤"�^�S|S���(~õ������r6~
�S|��^r6�S{<w���u(~��?èiwz���

S = {x ∈ E; ‖x‖2 = 1}. èiwz��� V �¡�¢~(�S{��z�(~�s�~(�C¤"�^�S|S���(~(�
(d, d)

|�u(~`����~(���Süi¤0u`�S|S��î�y6~(�
¤ñy�r���s?� y�r6~�r6wz|S¤0~�î�y6~`���(wzr6îay6~��6��~���y���s�~T�¡�¢~c£�~`|��`���(~H~(�S�Zs�~T¤0wzr��S|�~`|Cî�y6~

U = {a ∈ V ;xT ax > 0 ∀x ∈ S}
~(�S�Fy�r¥wzy�vx~`|S��s�~

V
�

ç � � y6~`����~H��wzr��J��~(��s���¤0~`r6�S��wzr6�Cs�~
V
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æ rt¤ñy�r����

E × V
s?� y�r6~Hr6wz|S¤0~ñîay6~`���(wzr6îay6~��

ìíwzr��S|�~`|�îay6~T����}�wzr6�`�S��wzrt|�u(~`����~��Sy�|
E × V

s�ucë6r���~�{��^|
(x, a) 7→ xTax

~(�S�F{�wz��üar6wz¤����^��~��
ó �Jèiwz���
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s6�^r6�

F = V \ U � 
 wzy�|�îay6wz��~c£����S��~T�5þ¡��� x s6�^r6� S ��~`�!î�y6~ xTax ≤ 0?ô �Jèiwz���
(an)

y�r6~���y�����~�s�~
F
îay��Á�(wzr�vx~`|S�x~Cvx~`|��

a ∈ V. èiwz��� xn ∈ S
��~`�Áîay6~
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(nk)
��~`r6s6�^ra�"vx~`|��

+∞ ~`�0y�r
x
s�~

S
��~`�Jîay6~
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r.
èiwz���
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��~`r6s6�^ra��vx~`|��
+∞ ~`�

h ∈ B(x, r)
��~`���Zî�y6~

lim
k→+∞
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E
��wzr��ñu(�`|S�����ñ�(wz¤�¤0~"s�~(��¤"�^�S|S���(~(�H�(wz��wzr�r6~(���!~`�

xT r6wz��~T���H¤"�^�S|S���(~�������r6~T�S|��^r6�S{�w���u(~��6èiwz��� V �¡�¢~(�S{��z�(~�s�~(��¤"�^�S|S���(~(�
(d, d)

|�u(~`����~(�F�Süi¤0u`�S|S��î�y6~(��¤Hy�r��
s?� y�r6~�r6wz|S¤0~ñîay6~`���(wzr6î�y6~���ì2wzra�S|�~`|�î�y6~

F = {a ∈ V ;xT ax ≥ 0 ∀x ∈ E}
~(�S�Fy�r±}�~`|S¤0u�s�~

V
�ÿ ì2u`�S�6wis�~0ò�ìíwzr��S|�~`|�îay6~T{�wzy�|F��wzy��

x ∈ E ���H}�wzr6�`�S��wzr
a 7→ xTax

~(���Fy�r6~T}4wz|S¤0~T����r6u��^��|�~ñ�Sy�|
V~`��î�y6~T�¡�¢~`r6��~`¤ñ����~

Fx = {a ∈ V ;xT ax ≥ 0} ~(�S��}�~`|S¤0u��c�
�! �¬a¨#"�«I"x¬�<rs?èiwz���

F
y�r6~C{��^|S�S��~�}�~`|S¤0u(~Jr6wzr�vi��s�~Cs?� y�rÚ~(��{��z�(~�r6wz|S¤0u

E
s�~Ts���¤0~`r6�S��wzr�ë6r���~��a~`�F��wz���

K
y�rt�(wz¤�{��z�`�Zs�~

E.
��~T��y��Zs�~T�¡�¢~c£�~`|��`���(~�~(�S�Fs�~C¤0wzr��S|�~`|�îay6~T���H�<wz|Sr6~T��r�}�u`|S��~`y�|�~

α
s�~C�¡�¢~`r6��~`¤H����~

s�~�r6wz¤ñ��|�~(��|�u(~`���
A = {‖x− y‖; (x, y) ∈ K × F}~(�S���^�S��~`��r���~��

ç �Zìíwzr��S|�~`|�îay�� ���!~c£����S��~Ty�r6~��Sy�����~
((xn, yn))n≥1

s�~
K × F

��~`����~�îay6~T{�wzy�|Z��wzy��
n ≥ 1

wzr¥�^���

α ≤ ‖xn − yn‖ ≤ α+
1

n~`�Zîay�� ���!~c£����S��~Ty�r6~��Sy�����~�s?�¢~`ra�S��~`|��
nk
��~`r6s6�^r���vx~`|��

+∞ ~`�
x0 ∈ K

��~`���Zîay6~
lim

k→+∞
xnk

= x0.

ó �Jèiwz���
R > α

~`�
K1 = B(x0, R) ∩ F. ìíwzr��S|�~`|Cî�y�� ����~c£i���S��~Ty�r2~`r��S��~`| k0

��~`��î�y6~��S�
k ≥ k0

�^��wz|��
ynk

∈ K1.ô �Zìíwzr��S|�~`|�îay�� ���!~c£����S��~
y0 ∈ K1

��~`��îay6~T{�wzy�|Z��wzy��
y ∈ K1

wzr2� ‖x0 − y0‖ ≤ ‖x0 − y‖.ø6�Zìíwzr��S|�~`|�îay6~
α = ‖x0 − y0‖

� 
 wzy�|�îay6wz�
α > 0

�S�
F
~`�
K
��wzr��Js����4 5wz��ra���Áú

ô ø
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¦�¨ª¼�1p®I@ioX¬N,Á¾�èiwz���

n
y�rt~`ra�S��~`|Q¼ O �Áèa�

p = (p1, . . . , pn) ∈ é ê n wzrt�(wzrava��~`ra�Js6�^r6�������Sy�����~
p0 = 1− p1 − . . .− pn.

æ r¥s�ucë6r����
T = {p ∈ é ê n; pj > 0 ∀j = 0, 1, . . . , n}.ç � � ~(���S��r6~`|

T
s6�^r6�Z��~����z�Zw��

n = 2.ó � 
 wzy�|�î�y6wz�$��~(��}�wzr6�`�S��wzr6�
p 7→ pj

�
j = 0, 1, . . . , n

��wzr���~`����~(�ñ�(wzra�S��r�y6~(���Sy�| é ê n?

 wzy�|�îay6wz�

T~(�S�"���Jwzy�vx~`|S�Áú 
 wzy�|�î�y6wz�
T
~(�S�l���Z�<wz|Sr6u!ú 
 wzy�|�îay6wz�J���õ}4~`|S¤0~`�Sy�|�~

T
s�~

T
~(�S�"~`����~2u`���^��~ ö

{p ∈ é ê n; pj ≥ 0 ∀j = 0, 1, . . . , n}?ô � æ rõ��~ñë�£�~�s�~(�Tr6wz¤ñ��|�~(�
a0, a1, . . . , an > 0.


 wzy�|�î�y6wz�
D(p) = a0p0 + · · · anpn

~(�S�C����¼ O ��y�|
T?


 wzy�|
p ∈ T , wzrlr6wz��~ N(p) =

∑n
j=0 pj log pj

ÿ ~`rt�zs�wz{����^ra�F���ñ�(wzravx~`r��S��wzr
0 log 0 = 0

{�wzy�|
s�wzr�r6~`|Zy�rt��~`r6� ö �(~`�S��~�~c£�{�|�~(���S��wzrt�S�

p
�^{�{��^|S�S��~`ra� ö ���H}4|�wzr��S���`|�~

T \ T s�~
T ).æ r0r6wz��~T�^��wz|��

F (p) = N(p)/D(p).
ì2wzra�S|�~`|:îay6~��S����~Z|�u(~`�

t
��~`r6s0vx~`|�� O {��^|:vz�^��~`y�|��:{<w������S��vx~(���

�^��wz|��
t log t

��~`r6s0vx~`|�� O ��ð�r"s�u(s�y���|�~�îay6~
N
~`�
F
��wzra�:s�~(��}�wzr6�`�S��wzr6�:�(wzra�S��r�y6~(�$�Sy�|

T .
ìíwzr��S|�~`|

îay�� ���?~c£i���S��~Cy�rÚ{�wz��r��Zs6�^r6�
T
�Sy�|���~(î�y6~`�

F
�^�S��~`��ra����wzrÚ¤���r���¤ñy�¤t�6�!~J��y��Zs�yÚ{�|�wz�����`¤0~�~(���$s�~

�S|�wzy�vx~`|$��~Z¤���r���¤Hy�¤ s�~
F
�Sy�|:��~��(wz¤�{��z�`�

T
~`�$s�~Z¤0wzr��S|�~`|Fîay�� ���Á~(�S�$�^�S��~`��r��F~`r"y�r���~`y���{�wz��r����

ø6�Jèa�
p ∈ T, ���^���`y���~`| ∂p0

∂p1
, ∂D

∂p1
(p), ∂N

∂p1
(p)

~`� ∂F
∂p1

(p).û �Jèiwz���
S
�¡�¢~`r6��~`¤ñ����~�s�~(��{<wz��ra���

p
s�~

T
��~`���Zîay6~T����s����?u`|�~`r��S��~`����~

F ′(p) = (
∂F

∂p1
(p), . . . ,

∂F

∂pn
(p))

���÷�^r�ray���~�� æ r±vx~`y���¤0wzr��S|�~`|�îay6~
S
~(���:}�wz|S¤0u�s?� y�r±��~`y���{<wz��ra��� 
 wzy�|J�(~`������¤0wzr��S|�~`|�îay�� ���?~c£i���S��~

y�rt~`�Zy�rt��~`y���r6wz¤ñ��|�~
r ∈ é ê ��~`��î�y6~

ea0r + ea1r + · · ·+ eanr = 1

ÿ ìíu`�S�6was�~Vò�¤0wzra�S|�~`|Úîay6~t���X}�wzr6�`�S��wzr �Sy�| é ê s�ucë6r���~¥{��^|
t 7→ ea0t + ea1t + · · · + eant ~(����S�S|S���`��~`¤0~`ra�Z�`|�wz�������^ra��~�~`�$~(�S��y�r6~C���  S~(�`�S��wzrÚ~`ra�S|�~ é ê ~`� ]0,∞[.)

ìíwzr��S|�~`|F~`r6�Sy�����~Tîay6~C���
p ∈ S�^��wz|��:��~�r6wz¤H��|�~

λ = ajF (p)− log pj
r6~Cs�u`{�~`r6s"{��z��s�~

j
��{�y�����îay6~

λ = 0,
{�y�����îay6~

pj = eajr~`�ñîay6~
F (p) = r.

ð�r s�u(s�y���|�~"îay6~
S
r6~"�(wz¤�{�|�~`r6sVîay�� y�r ��~`y���{�wz��r����pîay��¢wzrXr6wz��~`|��ts6�^r6�H���

�Sy�����~T{��^|
p∗.� �Jèiwz���

A
y�rt��wzy6�Z~`r6��~`¤H����~�r6wzrtvi��s�~�s�~ {0, 1, . . . , n}. èiwz���

TA = {p ∈ T ; pj > 0 si j ∈ A, pj = 0 si j /∈ A}.
� y6~`������wzra����~(��~`r6��~`¤ñ����~(�

TA
���
A = {0, 1, . . . , n}? èa� A = {1}? èa� A = {0}?


 wzy�|�î�y6wz�>��~(�
TA

��wzra�Z�����Zs�~`y�£ ö s�~`y�£±s����4 5wz��ra���Áú 
 wzy�|�îay6wz�
T
~(�S�F���!�¡� y�r���wzr¥s�~���wzy6�F��~(�

TA?;i�Jèa�
A
~(�S�Ty�rí��wzy6�C~`r6��~`¤ñ����~�r6wzrLva��s�~�s�~ {0, 1, . . . , n}, wzrír6wz��~ nA

��~�r6wz¤ñ��|�~�s?�¢u`��u`¤0~`r�����s�~
A
¤0wz��r6� ç �6ð�rí�^{�{�����î�y��^ra�J����îay6~(�S�S��wzr û � ö é ê nA

~`� ö ����|�~(�S�S|S���`�S��wzr
FA

s�~
F
ö
TA,

¤0wzr��S|�~`|
îay�� ���$~c£����S��~�y�r ��~`y���r6wz¤ñ��|�~

rA
��~`��îay6~ ∑

j∈A e
ajrA = 1,

~`��îay6~l�S�
SA

~(�S���¡�¢~`r6��~`¤ñ����~ts�~(�
{�wz��r����:s�~

TA
w��"����s�����u`|�~`ra�S��~`����~Js�~

FA
���÷�^r�r�y���~��i�^��wz|��

SA
~(�S��|�u(s�y���� ö y�rl��~`y��6{<wz��ra�

p∗A
���(vx~(�

F (p∗A) = FA(p∗A) = rA.4 �Zìíwzr��S|�~`|�îay6~
rB > rA

�S�
B ⊂ A.

ô�û



M �Jèiwz���
p
y�r±{<wz��ra��s�~

T
w��Ú��~C¤���r���¤ñy�¤7�^�6��wz��yÚs�~

F
~(�S�Z�^�S��~`��r�����ìíwzr��S|�~`|Zîay�� ���?~c£i������~Jy�r±~`��y�r

��~`y��
A
��~`��îay6~

p ∈ TA.
ì2wzra�S|�~`|�î�y6~

p ∈ SA,
î�y6~

p = p∗A,
î�y6~���~�¤���r���¤ñy�¤-�^�6��wz��yõ~(�S�

rA.ù wzr6�`��y�|�~���vx~(�T����î�y6~(�S�S��wzr 4 �:îay6~T��~J¤���r���¤Hy�¤7�^�6��wz��yt~(�S�
r
~`�Fîay�� ����~(�S�Z�^�S��~`��r����^yt��~`y���{�wz��r��

p∗.¦�¨ª¼�1p®I@ioX¬:<Ns(g�È	Ì��(ÓzÐÁÏ(Õ4ß�ÓzÐ�Ì�ËiØ�Æ	Ô0ÓzÐ6ß½h`Å6È	ÌZÌcÅaÆ£dïØñÌ Þ Ë�ÙcÆ�ÈJÌ`ÓzÐÁÕ�Ï�ÓzÐ6ÌcÕ¡ØzÐ�ÕÖÈcÌ(Í�èiwz��� E �¡�¢~(�S{��z�(~Fvx~(�`��wz|S��~`�
s�~(��}�wzr6�`�S��wzr6�

C∞ �(wz¤�{���~c£�~(�>s�ucë6r���~(�:�Sy�|
]0,∞[

~`�>��wz���
T : E → E

s�ucë6r���{6�^|
T (f)(θ) = sin θf ′(θ).ç �Jèiwz���

λ
|�u(~`�¡�(9�|�wzy�vx~`|���~(�

f
s�~

E
��~`���Zîay6~

T (f) = λf
ÿ s����S�S��r���y6~`|

λ 6= 0
~`�
λ = 0).ó �Jèiwz���

λ
|�u(~`�ar6wzrHray��¡�zèa�

f
~(�S�!s6�^r6�

E
�g¤0wzr��S|�~`|�î�y6~

T 2(f) = λ2f
�S�i~`����~`y���~`¤0~`ra�p�S�a���a~c£����S��~

A
~`�

B
��~`����îay6~

f(θ) = A(tan θ
2 )λ+B(tan θ

2)−λ
ÿ y��S��������~`|���~:}¡�^���pîay6~$�¡�¢~`r6��~`¤ñ����~Fs�~(����wz��y��S��wzr6��s?� y�r6~

u(îay��^�S��wzr±s�����u`|�~`ra�S��~`����~T����r6u��^��|�~T�6wz¤0wz���`r6~�s?�¢wz|�s�|�~ ó ~(�S�$y�r±~(�S{��z�(~Jvx~(�`��wz|S��~`��s�~Cs���¤0~`r6����wzr ó �c�
èa��s�~�{���y6�

f
~(�S���<wz|Sr6u(~���~`r¥s�u(s�y���|�~ñî�y6~

f
~(�S�F����}4wzr6�`�S��wzrtray�����~��

ô ��9!|�wzy�vx~`|C��~(�
f
s�~

E
��~`���Cîay6~

T 2(f) = 0.
èa��s�~H{���y6�

f
~(������wz|Sr6u(~��Á~`rLs�u(s�y���|�~�î�y6~

f
~(�S�Jy�r6~

}�wzr6�`�S��wzr¥�(wzr6�S���^ra��~��
ø6�Jèiwz���

F
�¡�¢~(�S{��z�(~�s�~(��}4wzr6�`�S��wzr6�

C∞ �(wz¤�{���~c£�~(�$s�ucë6r���~(�>�Sy�| é ê ×]0,∞[
�xr6wz��u(~(�

(ϕ, θ) 7→ g(ϕ, θ),��~`����~(�Zîay6~
∂2

∂ϕ2
g + sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

g = 0,

~`����~`����~(��îay6~�{<wzy�|
θ
ë�£�u����l}4wzr6�`�S��wzr

ϕ 7→ g(ϕ, θ)
��wz����s�~�{�u`|S��wis�~

2π.

 wzy�|

n
~`r��S��~`|�|�~`���^�S�ï}

wzrV{<w���~
an(θ) = 1

2π

∫ 2π
0 g(ϕ, θ)e−inϕdϕ.

ì2wzra�S|�~`|�îay6~
an ∈ E

~`��î�y6~
T 2(an) = n2an.

ð�r
s�u(s�y���|�~0îay6~0�S�

g
s�~

F
~(�S�ñ�<wz|Sr6u(~"�^��wz|��

a0
~(�S�ñ�(wzr6�S���^ra��~"~`�ñîay6~

an = 0
�S�
n 6= 0

~`�ñs�wzr6���
s?�÷�^{�|��(�F��~ñ�(wzy�|��Z�Sy�|Z��~(�Z��u`|S��~(�Zs�~��6wzy�|S��~`|���îay6~

g
~(�S�Z�(wzr6�����^r���~��

û �Jèiwz���
f : é ê 3 \ {(0, 0, 0)} → é ê s�~0�`���z����~

C∞ ��~`����~0î�y6~
∆f = 0

ÿ w��
∆
~(�S����~0�!�^{����z�`��~`r��ñ~`�

��~`����~Hî�y6~H�S�
(x, y, z)

~(�S�Zë�£�uHs6�^r6� é ê 3 \ {(0, 0, 0)}, �^��wz|�� r 7→ f(rx, ry, rz)
~(�S���(wzr6�����^r���~��Sy�|

]0,+∞[.

 wzy�|

(ϕ, θ)
s6�^r6� é ê ×]0,∞[,

wzr±{�w���~
g(ϕ, θ) = f(r sin θ cosϕ, r sin θ sinϕ, r cos θ).

ìíwzr��S|�~`|�îay6~
g
~(�S�Zs6�^r6�

F
~`�Zîay6~

g
~(�S�Z��wz|Sr6u(~���ð�r¥s�u(s�y���|�~Hî�y6~

f
~(�S���(wzr6�����^r���~��

ô6�



°±¬an�² ³�µ`¶-À?º~`a'p«�½<¬�¨^mg« ©�k¥¦C§6n�®!b?§�1�§�©g«¬a¨�ºP<u@ioX¬¥mg¬aoX¬am(©�¨^¬r,�¿�¿�¿��E<6·Á·�·?¾
	 ¼�'<©�¨p»Á®¬2«�'<©�¬�¨zoXka¯p«§6«¨^¬¥¯�n�<6¿ oX§6«e<6·Á·�·?¾ � y�|�u(~0ò ó �6~`y�|�~(���
º n�¬�m(©g«¼*'7¯p¬¾"�¼Án�¨ªm�s � wzr�r6~`| ÿ ���^r6�±s�u`¤0wzr6�S�S|��^�S��wzr���y�r6~L���^|��z�`��u`|S�����^�S��wzr&s�~(�Ú{��^|S�S��~(�Ú}4~`|S¤0u(~(�
�<wz|Sr6u(~(�Js?� y�r¥~(�S{��z�(~Tr6wz|S¤0uñs�~�s���¤0~`r6����wzrtë6r���~�~`rt��~`|S¤0~(�Js�~��Sy�����~(���
�! �¬a¨#"�«I"x¬u,us?èiwz���

F
y�r6~C{��^|S�S��~�}�~`|S¤0u(~Jr6wzr�vi��s�~Cs?� y�rÚ~(��{��z�(~�r6wz|S¤0u

E
s�~Ts���¤0~`r6�S��wzr�ë6r���~��a~`�F��wz���

K
y�rt�(wz¤�{��z�`�Zs�~

E.
��~T��y��Zs�~T�¡�¢~c£�~`|��`���(~�~(�S�Fs�~C¤0wzr��S|�~`|�îay6~T���H�<wz|Sr6~T��r�}�u`|S��~`y�|�~

α
s�~C�¡�¢~`r6��~`¤H����~

s�~�r6wz¤ñ��|�~(��|�u(~`���
A = {‖x− y‖; (x, y) ∈ K × F} ~(�S���^�S��~`��ra��~��ç �Zìíwzr��S|�~`|�îay�� ���$~c£����S��~ly�r6~l�Sy�����~

((xn, yn))n≥1
s�~

K × F
��~`����~�îay6~l{<wzy�|���wzy��

n ≥ 1
wzr �^���

α ≤ ‖xn − yn‖ ≤ α+ 1
n

~`��îay�� ����~c£i������~�y�r6~��Sy�����~�s?�¢~`ra�S��~`|��
nk
��~`r6s6�^r��Jvx~`|��

+∞ �^��r6����î�y�� y�r
x0
s6�^r6�

K
��~`���Jî�y6~

limk→+∞ xnk
= x0.ó �Jèiwz���

R > α
~`�
K1 = B(x0, R) ∩ F. ìíwzr��S|�~`|Cî�y�� ����~c£i���S��~Ty�r2~`r��S��~`| k0

��~`��î�y6~��S�
k ≥ k0

�^��wz|��
ynk

∈ K1
ÿ ì2u`�S�6wis�~0ò�y��S��������~`| ‖x0 − ynk

‖ ≤ ‖x0 − xnk
‖+ ‖xnk

− ynk
‖).ô � 
 wzy�|�î�y6wz�

K1
~(�S�����Á�(wz¤�{��z�`�ÁúCqJ�S��������~`|$�(~`����~`�>��~ ó ��{�wzy�|>¤0wzr��S|�~`|�îay�� ����~c£i������~

y0 ∈ K1
��~`�Áîay6~

α = ‖x0 − y0‖.

�! �¬a¨#"�«I"x¬N<vs æ rtr6wz��~
D =]0,∞[2.

èiwz���
ϕ : D → D

s�ucë6r���~�{��^|
(x, y) 7→ ϕ(x, y) = (x+ y, y/x).

ç �Zìíwzr��S|�~`|$î�y6~
ϕ
~(�S��y�r6~J���  5~(�`�S��wzr�s�~

D
�Sy�|

D,
~`�:���^���`y���~`|����C}�wzr6�`�S��wzr�|�u(�`��{�|�waîay6~

ψ : (u, v) 7→
ψ(u, v).ó � ù �^���`y���~`|Z��~(�Z¤"�^�S|S���(~(�� ��z�(wz����~`r�r6~(� ϕ′(x, y) ~`� ψ′(u, v).ô �Jèa�
f : D → é ê , ~(�S�Zs�~ñ�`���z����~ C1,

��wz���
g : D → é ê s�ucë6r���~�{��^| g(u, v) = f ◦ ψ(u, v).


 wzy�|�îay6wz�
�Ú�5þÖwzr

f(x, y) = g ◦ ϕ(x, y)?
ð�£i{�|S��¤0~`| ∂f

∂x(x, y)
~`� ∂f

∂y (x, y)
ö �¡�÷�^��s�~�s�~ ∂g

∂u ◦ ϕ(x, y)
~`�Hs�~

∂g
∂v ◦ ϕ(x, y)

~`� ö �¡�÷�^��s�~ñs�~T����î�y6~(���S��wzr ó �
ø6�Jèiwz���

F
�¡�¢~`r6��~`¤ñ����~�s�~(�J}�wzr6�`�S��wzr6�

f : D → é ê s�~��`���z����~ C1 ��~`����~(��îay6~ñ{�wzy�|C��wzy6� (x, y)
s�~

Dwzr¥�^���
x
∂f

∂x
(x, y) + y

∂f

∂y
(x, y) = 3(x+ y)f(x, y).

ìíwzr��S|�~`|�îay6~����
f
~(���Ts6�^r6�

F
~`���S�

g = f ◦ ψ, �^��wz|��T{<wzy�|C��wzy6� (u, v)
s�~

D
wzrX� ∂g

∂u(u, v) =
3g(u, v).

ð�rí�(wzr6�S��s�u`|��^ra���¡�¢u(î�y��^�S��wzrõs����?u`|�~`r��S��~`����~��`���z������î�y6~
z′(t) = 3z(t),

�S|�wzy�vx~`|T��wzy���~(�J��~(�
}�wzr6�`�S��wzr6�

g
s�~��`���z����~

C1
�Sy�|

D
�	�^�S���5}��^���	�^r�� ∂g

∂u = 3g.
ð�rts�u(s�y���|�~ñ��wzy6�F��~(�Zu`��u`¤0~`ra���Js�~

F.

ô ;
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�! �§6o ¬�' ¯pn¿,/.:W�n�«�'�<�·�·Á·?¾ � y�|�u(~0ò ô �6~`y�|�~(���
º n�¬�m(©g«¼*' ¯�¬N"x¼<n!¨^mas�ð�r6wzr6�(~`| ÿ ���^r6�Js�u`¤0wzr6���S|��^�S��wzr��J����}�wz|S¤ñy���~�s�~ � |�~(~`r�þ ê ��~`¤"�^r�rL�(wzr6�(~`|Sr��^r����~(�Z�����^¤�{6�Cs�~Tvx~(�`��~`y�|���s?� y�rt{����^r2wz|S��~`r���u��
¦�¨ª¼�1p®I@ioX¬Ns
ç �0ÂpÀ�Ó�d ÅiÔ"È�Ñ�ÈQdïØ�Ï�Ø�d�Ó�Õ�ÕÖÈñÌ Þ Ë�ÇcÆcß�h`Å6È�åñèiwz��� R > 0

~`�
0 < a < 1.

æ r¥�(wzr6�S��s��`|�~���~�s�����î�y6~
D = {(x, y) ∈ é ê 2; x2 + y2 < R2(1− a2)}.

~`�F����}�wzr6�`�S��wzr¥�Sy�|
D f(x, y) =

√

R2 − x2 − y2.

ù �^���`y���~`|Z{��^|Z�(wiwz|�s�wzr�r6u(~(�Z{�wz���^��|�~(� I(R, a) =
∫ ∫

D(f(x, y)− aR)dxdy. ù wzr��S|�ýz��~`|���~T|�u(��y������^�~`rÚ}¡�^�����^r��
a = 0

~`�
a = 1.ó �0Â4ÎJß Æ�ÈTÑ�È|d�Ø�Ï�Ø�d�Ó�Õ�ÕÖÈTÌ Þ Ë�Ç`Æ	ß½h`Å6È�åJìíwzr��S|�~`|Fî�y6~ ∂f

∂x = −x/f ~`�$���^���`y���~`|${��^|��(wawz|�s�wzr�r6u(~(�${�wz���^��|�~(�

J(R, a) =

∫ ∫

D
(1 + (

∂f

∂x
)2 + (

∂f

∂y
)2)1/2dxdy.

ù wzra�S|�ýz��~`|���~T|�u(�Sy������^��~`rt}��^�����^ra� a = 0
~`�
a = 1.ô � 
 wzy�|

0 < a < 1
wzr {<w���~

g(a) = (1 − a2)−3/2(2 + 3a − a3),
~`���${�wzy�|

s > 1
wzr {�w���~

h(s) = g( s−1
s+1). ù �^���`y���~`| h, h′, h′′ ~`�Z¤0wzr��S|�~`|Cî�y6~ h′′(s) > 0

{<wzy�|F��wzy��
s > 1.ø6� æ rt�(wzr6�S��s��`|�~�����}4wzr6�`�S��wzr

k :]1,+∞[2→ é ê s�ucë6r���~�{��^|

k(s1, s2) =
h(s1) + h(s2)

(s1 + s2 + 3)3/2

w��
h(s) = 1

2(s3/2 +3s1/2).
ìíwzr��S|�~`|Fî�y6~

k
��y�r�~`�>y�rÚ��~`y���{�wz��r����S���^�S��wzr�r��^��|�~Cî�y��¢wzr����^���`y���~`|��ÿ ìíu`�S�6was�~�ò6¤0wzr��S|�~`| ö �¡�÷�^��s�~ñs�y ô �$î�y6~

h′(s1) = h′(s2)
~`r��S|��#��r6~

s1 = s2.
�

û �Z�!�2s�wzy�����~cþ¡��y�����~ ÿ s�~l�	�(vxwzr��Hs�~0{��^|��^¤��`�S|�~(�
r > 0, 0 < a1 < 1

~`�
0 < a2 < 1

�t���±}4wz|S¤0~
s�~Hs�~`y�£2�S{��(�`|�~(�C�S|�wzr6î�y6u(~(�Ts�~H|��(üxwzr6�C|�~(�S{�~(�`�S�ï}4�

R1 = r(1 − a2
1)
−1/2 ~`� R2 = r(1 − a2

2)
−1/2�z�(�(wz��u(~(�T��~���wzr��±s?� y�r6~�{��^|�wz��{����^r6~�îay���~(���Cy�rõs�����îay6~�s�~�|��(üxwzr

r.
�!��î�y��^ra�S����u0s�~����(vxwzrX~(�S�

|�~`{�|�u(��~`ra��u(~Z{��^|����T��wz¤�¤0~
Q(r, a1, a2)

s�~(�:�^��|�~(�>s�~(�>�S{��(�`|�~(���S|�wzr6îay6u(~(�>~`�:s�~��¡�÷�^��|�~�s�~����T{��^|�wz�
{����^r6~��a��~Fvxwz��y�¤0~

V (r, a1, a2)
s�~F����s�wzy�����~���y�����~Z~(����������wz¤�¤0~�s�~(��vxwz��y�¤0~(�$s�~(�>s�~`y�£"�S{��(�`|�~(�

�S|�wzr6îay6u(~(���Áèa�
Q = q

~(���Z�(wzr�r�y��6��~���y���s�y±{�|�wz�����`¤0~ñ~(�S�Zs�~��S|�wzy�vx~`|
r, a1, a2

{�wzy�|�îay6~
V
��wz���

¤���r���¤Hy�¤t��Á�y6�S�S�ïë�~`|���~(��}4wz|S¤Hy���~(�
V (r, a1, a2) =

4

3
πR3

1 − I(R1, a1) +
4

3
πR3

2 − I(R2, a2)

=
1

3
πr3(g(a1) + g(a2)),

Q(r, a1, a2) = 4πR2
1 − J(R1, a1) + 4πR2

2 − J(R2, a2) + πr2

= 2πr2(
1

1− a1
+

1

1− a2
+

1

2
).

� �Zìíwzr��S|�~`|Fîay6~J�S�
Q = q

~`��îay6~C�S�<wzrÚu(�`|S���
a1 = s1−1

s1+1

~`�
a2 = s2−1

s2+1

�(vx~(�
s1 > 1

~`�
s2 > 1,

�^��wz|��
V = Ck(s1, s2),

w��
C
~(�S��y�r6~��(wzr6�S���^r���~�s�u`{�~`r6s6�^r���s�~

q
îay��¢wzr2���^���`y���~`|����?èa��wzrí�zs�¤0~`�Tî�y6~

��~T{�wz��r��������^�S��wzr�r��^��|�~��S|�wzy�vxuñ�^ytø��$}4wzy�|Sr������	�^���Fy�rt¤���r���¤ñy�¤ �^�6��wz��y¥s�~
k
���S|�wzy�vx~`|Z��~(��vz�^��~`y�|��

s�~
a1
�
a2
~`�
r
îay��?¤���r���¤�����~`r��J��~Tvxwz��y�¤0~ñs�~T����s�wzy�����~cþ¡��y�����~Hî�y��^r6s

q
~(�S�Zs�wzr�r6u��

ô64
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�! �§6o ¬�' ¯pn¿,/.:W�n�«�'�<�·�·Á·?¾&b?n=�=��®kao ¬�'<©�Â�¨ª©g«IÃ � y�|�u(~0ò ô �6~`y�|�~(���
�! �¬a¨#"�«I"x¬í¹ ù wzr6�S��s�u`|�wzr6�Zy�r6~��(wzy�|S�<~ C {��^|��^¤0u`�S|�u(~ñ{��^|Fy�r6~��^{�{��������^�S��wzr

γ : [a, b] → é ê 2 s�~��`���z����~
C1 ��r6wz��u(~ t 7→ (γ1(t), γ2(t)),

��~`����~�îay6~
γ′(t) = (γ′1(t), γ

′
2(t)) 6= (0, 0)

{<wzy�|C��wzy��
t ∈ [a, b].

æ rís���|��
{��^|Z�����Sy�����~�îay�� y�rtvx~(�`��~`y�|

u = (u1, u2)
s�~ é ê 2 ~(�S�F���^r��x~`ra� ö �����(wzy�|S�<~ C �^yt{�wz��r��

γ(t)
s�~

C
�S�����

~c£i���S��~
λ ∈ é ê ��~`�!î�y6~ u = λγ′(t).

ç �Fèiwz���
D
y�rtwzy�vx~`|S���(wzr�r6~c£�~�s�~T�¡�¢~(�S{��z�(~�~`y6�`����s���~`r¥wz|S��~`ra��u é ê 2 s�wzr��Z���H}4|�wzr��S���`|�~ C ~(���Fy�r6~��(wzy�|S�<~

}4~`|S¤0u(~��S��¤�{���~�s�~��`���z����~
C1 wz|S��~`ra��u(~�{�w��S���S��vx~`¤0~`r�����èiwz��� f : é ê 2 → é ê y�r6~ñ}�wzr6�`�S��wzrXs�~��`���z����~

C2 �æ rt�Sy�{�{<w���~�î�y6~C{�wzy�|F��wzy��
(x1, x2)

s�~
C,
��~Cvx~(�`��~`y�|Z��|��zs���~`ra�

( ∂f
∂x1

, ∂f
∂x2

)
~(���$���^r��x~`ra� ö

C
�^y±{�wz��r��

(x1, x2).
ìíwzr��S|�~`|Jî�y6~T�¡� ��ra��u`��|��^��~H�`y�|Svi��������r6~ ∫

C f
∂f
∂x2

dx1 − f ∂f
∂x1

dx2
~(�S�Fray�����~��

ó � æ rõ�Sy�{�{�w���~�s�~�{���y6�Tî�y6~��Sy�| é ê 2 wzrX� ∂2f
∂x2

1
+ ∂2f

∂x2
2

= 0.
� �¡�÷�^��s�~�s?� y�rí�S�6u(wz|��`¤0~"s�yL�(wzy�|���~`�Ts�y

ç �c��¤0wzr��S|�~`|Cî�y6~
∫ ∫

D
[(
∂f

∂x1
)2 + (

∂f

∂x1
)2]dx1dx2 = 0.

ð�r¥s�u(s�y���|�~ñîay6~
f
~(�S�Z�(wzr6�S���^r���~H�Sy�|

D.

ô6M
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�£ �§6oX¬+' ¯�n·�Vm�¬���©�¬ao?1p¨ª¬u<6·�·Á·?¾

� y�|�u(~0ò ô �6~`y�|�~(��� � 8"�����^�x~Hs�~(�F|�u(�Sy������^���Z��~T¤0~`|��`|�~(s�� ç�ó ��~`{���~`¤H��|�~ ö ç5� �6~`y�|�~(���

º n�¬�m(©g«¼*' ¯�¬N"x¼<n!¨^mas�ð�r6wzr6�(~`| ÿ ���^r6�Js�u`¤0wzr6���S|��^�S��wzr��J����}�wz|S¤ñy���~�s�~ � |�~(~`r�þ ê ��~`¤"�^r�rL�(wzr6�(~`|Sr��^r����~(�Z�����^¤�{6�Cs�~Tvx~(�`��~`y�|���s?� y�rt{����^r2wz|S��~`r���u��
�! �¬a¨#"�«I"x¬ ¶Äs�èiwz���ñ���Ú}�wzr6�`�S��wzr |�u(~`����~

f
s�ucë6r���~�s6�^r6� é ê 2 {��^| f(x, y) = y/D

�!w��
D = 1 + x2 +

y2. ù �^���`y���~`|0��~(���`��r6î s�u`|S��vxu(~(�0{��^|S�S��~`����~(� ∂f
∂x ,

∂f
∂y ,

∂2f
∂x2 ,

∂2f
∂x∂y ,

∂2f
∂y2 .

ìíwzr��S|�~`|"îay6~
f
�Ls�~`y�£Ò{�wz��r����

�S���^�S��wzr�r��^��|�~(�J~`�Zs���|�~�{<wzy�|Z�����z�`y�r2s?�¢~`y�£t�S�����¢~(�S�Fy�rt¤"�ª£���¤ñy�¤t��y�r±¤���r���¤ñy�¤ wzy±y�rt{�wz��r�����~`����~��
�! �¬a¨#"�«I"x¬ ^ s<èiwz���

F
y�r6~Z{��^|S�S��~�}�~`|S¤0u(~Zr6wzr�va��s�~Zs?� y�rÚ~(�S{��z�(~�r6wz|S¤0u

E
s�~�s���¤0~`r6����wzr"ë6r���~��i~`�:��wz���

K
y�rt�(wz¤�{��z�`�Zs�~

E.
��~T��y��Zs�~T�¡�¢~c£�~`|��`���(~�~(�S�Fs�~C¤0wzr��S|�~`|�îay6~T���H�<wz|Sr6~T��r�}�u`|S��~`y�|�~

α
s�~C�¡�¢~`r6��~`¤H����~

s�~�r6wz¤ñ��|�~(��|�u(~`���
A = {‖x− y‖; (x, y) ∈ K × F} ~(�S���^�S��~`��ra��~��ç �Zìíwzr��S|�~`|�îay�� ���$~c£����S��~ly�r6~l�Sy�����~

((xn, yn))n≥1
s�~

K × F
��~`����~�îay6~l{<wzy�|���wzy��

n ≥ 1
wzr �^���

α ≤ ‖xn − yn‖ ≤ α+ 1
n

~`��îay�� ����~c£i������~�y�r6~��Sy�����~�s?�¢~`ra�S��~`|��
nk
��~`r6s6�^r��Jvx~`|��

+∞ �^��r6����î�y�� y�r
x0
s6�^r6�

K
��~`���Jî�y6~

limk→+∞ xnk
= x0.ó �Jèiwz���

r > α
~`�H��wz���

K1
�¡� ��r���~`|���~(�`�S��wzr s�~

F
~`�Hs�~����Ú��wzy���~�}�~`|S¤0u(~0s�~0�(~`r��S|�~

x0
~`�Hs�~�|��(üxwzr

r.
ì2wzra�S|�~`|�îay�� ���>~c£����S��~�y�r ~`ra�S��~`|

k0
��~`�>îay6~0�S�

k ≥ k0
�^��wz|��

ynk
∈ K1

ÿ ìíu`�S�6wis�~¥ò?y��S��������~`|
‖x0 − ynk

‖ ≤ ‖x0 − xnk
‖+ ‖xnk

− ynk
‖).ô � 
 wzy�|�î�y6wz�

K1
~(�S�����Á�(wz¤�{��z�`�ÁúCqJ�S��������~`|$�(~`����~`�>��~ ó ��{�wzy�|>¤0wzr��S|�~`|�îay�� ����~c£i������~

y0 ∈ K1
��~`�Áîay6~

α = ‖x0 − y0‖.

�! �¬a¨#"�«I"x¬ 	 s?q�r6~�}4wzr6�`�S��wzr
f : é ê 2 → é ê ~(�S�Zs�����~�ËiØ�Æ	Ô0ÓzÐ6ß½h`Å6ÈF�S��~`����~�~(�S�F��r�ë6r���¤0~`r��Ts����?u`|�~`r��S���^����~~`���S�?{�wzy�|F��wzy��

c = (c1, c2)
s�~ é ê 2 ~`�Z{�wzy�|F��wzy�� r > 0

wzr2�
1

2π

∫ 2π

0
f(c1 + r cos t, c2 + r sin t)dt = f(c1, c2).

� �^r6�����T�Sy�����~��
B(c, r)

s�u(�S����r6~F���C��wzy���~$}4~`|S¤0u(~Fs�~��(~`r��S|�~
c
~`��s�~F|��(üxwzr

r
s6�^r6� é ê 2 ¤ñy�r���s�~F���Cr6wz|S¤0~~`y6�`����s���~`r�r6~ñ���^r6wzr���îay6~���~`�

∆f
s�u(�S����r6~T��~����^{����z�`��~`r ∂2f

∂x2
1

+ ∂2f
∂x2

2
.ç �Jèa�

f
~(�S�F���^|S¤0wzr���îay6~���¤0wzr��S|�~`|J{��^|�s�u`|S��v��^�S��wzr2��wzy6����~�������r6~���wz¤�¤0~�{��^|Z|��^{�{�wz|S� ö

r
î�y6~

∫ 2π

0

(
∂f

∂x1
(c1 + r cos t, c2 + r sin t) cos t+

∂f

∂x2
(c1 + r cos t, c2 + r sin t) sin t

)

dt = 0.

ó �Jèa�
f
~(�S�F���^|S¤0wzr���îay6~��6wzr¥�(wzr6�S��s��`|�~���~������^¤�{¥s�~�vx~(�`��~`y�|��

(P,Q)
��y�| é ê 2 s�ucë6r���{��^|

P (x1, x2) = − ∂f

∂x2
(x1, x2), Q(x1, x2) =

∂f

∂x1
(x1, x2)

~`����~l�(~`|��`��~
Γ
wz|S��~`r���u�s6�^r6����~l��~`r6���S|S���xwzr6wz¤0u`�S|S��îay6~���s�~"�(~`r��S|�~

c
~`�Hs�~"|��(üxwzr

r.
ì2wzra�S|�~`| ö�¡�÷�^��s�~�s�y ç �Fî�y6~T�¡� ��ra��u`��|��^��~ñ�`y�|Svi��������r6~ ∫

Γ Pdx1 +Qdx2
~(�S�Fr�y�����~��

ô � � vx~(����~(�T��üi{<wz�S�(�(��~(�g����~(�Tr6wz���^�S��wzr6��~`����~�|�u(�Sy������^��s�y ó �c��~`� ö �¡�÷�^��s�~�s�~����"}�wz|S¤ñy���~0s�~ � |�~(~`r
ê ��~`¤"�^r�r���¤0wzr��S|�~`|Cî�y6~ ∫ ∫

B(c,r)
∆fdx1dx2 = 0.

ø O



ø6� æ r��Sy�{�{�w���~:îay6~
f
~(�S�p���^|S¤0wzr���î�y6~�� � u(s�y���|�~�s�y ô �!îay6~

∆f
~(�S����s�~`ra�S��î�y6~`¤0~`ra��r�y��¡� ÿ ìíu`�S�6was�~Tò

��� ����~c£i���S���^���
c
s6�^r6� é ê 2 ��~`��îay6~ ∆f(c) 6= 0,

¤0wzr��S|�~`|Tî�y�� ���!~c£����S��~`|��^���
r > 0

��~`�pî�y6~
∆f(x)

~(�S�
r6wzr±ray���~`�Zs�y¥�S����r6~�s�~

∆f(c)
{�wzy�|F��wzy��

x
s�~

B(c, r)
~`�Z¤0wzra�S|�~`|Jîay6~��(~`�����(wzr��S|�~(s���� ô �c�

×�Ø�Æ��cÔ"È�É&ÅZÏ�É�Ê Þ ÓzßÐ�ÕÌ�à�Î'É�Ê�à¡ä/Æ�Ê�à¡ä^à�×JÛÚÉ�Ê�àp×ZÊ¥É�Ê�àp×ZátÉ�Ê�à£Ç�Û�É�Ûªà£ÇpÊtÉ�Ê�à£Ç�á±É�Ê�à£Ç�âíÉ�ÊiÍ

ø ç



°±¬an�²X³�µ(¶*À�º~`a'p« ½Á¬a¨ªmg« ©�kt¦C§6np®�b?§�1p§�©g« ¬a¨�ºP<t@aoX¬2m�¬ao ¬�m(©�¨^¬t,�¿�¿Á¿/�E<6·Á·�·�¾
�£ �§6oX¬�' ¯�n·�Xm�¬��!©�¬io?1�¨^¬?<�·�·�·�¾ 	 ¼Á¨ª¨z«²�k�¾

º n�¬�m(©g«¼*'.¯p¬¿"x¼<n!¨^m�¾Tèiwz���
(x1, x2) 7→ (P (x1, x2), Q(x1, x2))

y�r �����^¤�{Ãs�~¥vx~(�`��~`y�|��±s�~L�`���z����~
C1 s�ucë6r���s6�^r6����~í{����^r ~`y6�`����s���~`r é ê 2 wz|S��~`ra��u���èiwz��� Γ

y�r6~L�(wzy�|S��~2�S��¤�{���~Lwz|S��~`ra��u(~õs6�^r6�l��~í��~`r6�
�S|S���xwzr6wz¤0u`�S|S��î�y6~X~`�±îay��C~(���l��� }4|�wzr��S���`|�~õs?� y�r wzy�vx~`|S�Ú�<wz|Sr6u

D
���!� }�wz|S¤ñy���~Ls�~ � |�~(~`r ê ��~`¤"�^r�r�z���Sy�|�~��¡�¢u`���^������u���y���vz�^ra��~�~`r��S|�~ñy�r6~T��r���u`��|��^��~�s�wzy�����~�~`�Fy�r6~���r���u`��|��^��~H�`y�|Sva��������r6~lò

∫ ∫

D
(
∂Q

∂x1
− ∂P

∂x2
)dx1dx2 =

∫

Γ
P (x1, x2)dx1 +Q(x1, x2)dx2.

�! �¬a¨#"�«I"x¬L¶¥¾��!~(� û s�u`|S��vxu(~(�Z{��^|S�S��~`����~(�Js�~`¤"�^r6s�u(~(�J��wzr��F��~(����y���vz�^ra��~(��ò
∂f

∂x
= −2xy

D
, ∂f

∂y = 1+x2−y2

D ,

∂2f

∂x2
= − 2y

D3
(1− 3x2 + y2), ∂2f

∂x∂y = − 2x
D3 (1− 3y2 + x2)

∂2f

∂y2
=

2y

D3
(1− 3y2 + x2).

��~��Sü��S���`¤0~�s?�¢u(îay��^�S��wzr6��s�wzr�r��^r��J��~(�F{�wz��r����������^�S��wzr�r��^��|�~(��~(�S��u(îay���v��^��~`r��J�^y¥��üi�S���`¤0~
2xy = 1 + x2 − y2 = 0

~`�H��~(����wz��y��S��wzr6����wzr��
A = (0, 1)

~`�
B = (0,−1).

� yX{�wz��r��
A
���±¤"�^�S|S���(~l�6~(���S��~`r�r6~ls�~(�Hs�u`|S��vxu(~(�

��~(�(wzr6s�~(��~(�S�
[
r s
s t

]

=

[
−1/2 0
0 −1/2

]

.

�!�±}�wz|S¤0~"îay��zs�|��^�S��îay6~
q(h, k) = −(h2 + k2)/2

~(�S����wzyz Swzy�|���r6u`���^�S��vx~l~`�H��~0{�wz��r����S���^�S��wzr�r��^��|�~
A}4wzy�|Sr����Zy�r¥¤"�ª£i��¤Hy�¤.|�~`���^�S�ï}S� � y±{�wz��r��

B
����¤"�^�S|S���(~��6~(���S��~`r�r6~�s�~(�Zs�u`|S��vxu(~(�J��~(�(wzr6s�~(��~(�S�

[
r s
s t

]

=

[
1/2 0
0 1/2

]

.

�!��}4wz|S¤0~�îay��zs�|��^�S��î�y6~
q(h, k) = (h2+k2)/2

~(�S����wzyz Swzy�|���{�w��S���S��vx~�~`����~${�wz��r����S���^�S��wzr�r��^��|�~
B
}�wzy�|Sr����

y�rt¤���r���¤ñy�¤7|�~`���^�S�ï}5�
�! �¬a¨#"�«I"x¬ ^ ¾ ç �

α
u`���^r��T��~ñ{���y6�J��|��^r6sís�~(�C¤���r6wz|��^r�����s�~

A,
�(~`���l~`ra�S|��#��r6~�î�y6~ñ{<wzy�|C��wzy��

ε > 0
���

~c£i���S��~
aε
s6�^r6�

A
��~`�$î�y6~

α ≤ aε ≤ α + ε.
9�wzy���u`��u`¤0~`ra��s�~

A
u`���^ra��s�~"����}�wz|S¤0~ ‖x − y‖ �p�(vx~(�

(x, y) ∈ K × F,
����~c£����S��~�s�wzr6��{�wzy�|F��wzy��

ε > 0
y�r¥�(wzy�{���~

(xε, yε) ∈ K × F
��~`�!îay6~

α ≤ ‖xε − yε‖ ≤ α+ ε.

� {�{�����îay6wzr6���(~>{�|S��r6�`��{�~ ö
ε = 1/n,

~`�pr6wz��wzr6�
(xn, yn)

{���y���ýz��î�y6~
(x1/n, y1/n) :

wzr0�C�^��r6�S�a�¡�¢~c£����S��~`r6�(~
s�~`¤"�^r6s�u(~ñs�~

(xn, yn).� {�{�����îay6wzr6�Ú~`r6�Sy�����~t��~t}��^����î�y6~
K
~(�S�"�(wz¤�{��z�`��� � �÷�^{�|��(�"��~2�(wzy�|����>wzr ���^���lîay6~¥�S��y�r6~2�Sy�����~

(xn)n≥1
~(�S� ö vz�^��~`y�|��:s6�^r6��y�r"�(wz¤�{��z�`���i�^��wz|��>wzr0{�~`y��>~`r�~c£i�S|��^��|�~Fy�r6~J��wzy6���Sy�����~�î�y����(wzravx~`|S�x~�vx~`|��y�r2{�wz��r��Ts�y2�(wz¤�{��z�`��� � wzr6�ñ���p~c£i������~

x0 ∈ K
~`�Jy�r6~H�Sy�����~��`|�wz�������^r���~�s?�¢~`r��S��~`|��

(nk)
��~`����~�îay6~

xnk�(wzr�vx~`|S�x~�vx~`|��
x0.ó ��èiwz���

ε > 0.

 y�����îay6~

nk
��~`r6sÚvx~`|����¡� ��r�ë6r��¡�����?~c£i������~Ty�rÚ~`ra�S��~`|

k1(ε)
��~`��îay6~T�S�

k ≥ k1(ε),
�^��wz|��

1/nk ≤ ε,
~`��s�wzr6���^{��^|ps�ucë6r����S��wzr0s�~

(xn, yn),
u`���^��~`¤0~`r�� ‖xnk

−ynk
‖ ≤ α+1/nk ≤ α+ε.

� ~:¤��`¤0~��
ø ó



{�y�����î�y6~
xnk

�(wzr�vx~`|S�x~�vx~`|��
x0,

����~c£����S��~Ty�r¥~`r��S��~`|
k2(ε)

��~`�!îay6~��S�
k ≥ k2(ε),

�^��wz|�� ‖x0 − xnk
‖ ≤ ε.
 |�~`r6wzr6��¤"�^��ra��~`r��^r��:~`r�{��^|S�S���`y�����~`|

ε = 1
2(r−α).


 |�~`r6wzr6�
k0 ≥ k1(ε)

~`�
k0 ≥ k2(ε).

� ��wz|��>�S�
k ≥ k0wzr2�

‖x0 − ynk
‖

(1)

≤ ‖x0 − xnk
‖+ ‖xnk

− ynk
‖

(2)

≤ 1

2
(r − α) + (α+

1

2
(r − α)) = r :

�¡� ��r6u`���^������u ÿ ç ��~(�S�F�¡� ��r6u`���^������uHs�yt�S|S���^r�����~��6�¡� ��r6u`���^������u ÿ ó �$vi��~`r���s�y±}¡�^���Zîay6~
k ≥ k1(ε)

~`��s�yÚ}��^���Jî�y6~
k ≥ k2(ε).

� y2��wz���^�¡�Á��~�{<wz��ra�
ynk

~(�S�Ts�wzr6��s6�^r6�C���0��wzy���~�s�~H�(~`ra�S|�~
x0
~`�Ts�~H|��(üxwzr

r. é �p~(�S���^y6���S�s6�^r6�
F
{��^|�s�ucë6r����S��wzr��Á~`�Zs�wzr6��s6�^r6�

K1.ô �
K1

~(�S�F��wz|Sr6u������^|Z�(wzr���~`ray2s6�^r6�F�����<wzy���~
B(x0, r)

s�~��(~`r��S|�~
x0
~`�Zs�~T|��(üxwzr

r.
� ~T{���y6�Z���¢~(�S�

�¡� ��r���~`|���~(�`�S��wzrís�yÚ}4~`|S¤0u
F
~`�Fs�~

B(x0, r)
îay��?~(�S��}�~`|S¤0uCs?�÷�^{�|��(�Zy�r±|�u(�Sy������^�Zs�yt�(wzy�|���� � wzr6�

K1
~(���

}4~`|S¤0u��6~`�Js�wzr6���(wz¤�{��z�`�Js?�÷�^{�|��(�Z����s�ucë6r����S��wzrís�~(�Z�(wz¤�{��z�`����� � ~T���0�Sy�����~T��r�ë6r���~
(ynk

)k≥k0s�yí�(wz¤�{��z�`�
K1

wzr2{<~`y��C~c£i�S|��^��|�~Hy�r6~ñ��wzy6�J�Sy�����~Hî�y��p�(wzr�vx~`|S�x~�vx~`|��Jy�r¥{�wz��r��
y0
s�~

K1,
s?�÷�^{�|��(�J��~

�S�6u(wz|��`¤0~Cs�yÚ�(wzy�|��$|��^{�{<~`��uC{���y6�:���^y���� ù wz¤�¤0~Jwzr±�(v��^��� α ≤ ‖xn− yn‖ ≤ α+ 1
n ,
�(~`���ñ~`ra�S|��#��r6~�î�y6~

α = ‖x0 − y0‖
~`���z���(�`vx~ñ����s�u`¤0wzr6�S�S|��^�S��wzr��

�! �¬a¨#"�«I"x¬ 	 ¾ ç � æ �6��~`|Svxwzr6�Cîay6~
(r, t) 7→ f(c1 + r cos t, c2 + r sin t)

~(�S�Zs�~H�`���z����~
C1 s6�^r6� é ê 2.

æ r
~(�S�:s�wzr6�Cs6�^r6�>��~(�$�(wzr6s����S��wzr6��s?�÷�^{�{��������^�S��wzr±s�yl�S�6u(wz|��`¤0~Cs�yl�(wzy�|����Sy�|:����s�u`|S��v��^�S��wzr�s?� y�r6~J��r���u`��|��^��~
s�u`{<~`r6s6�^ra�Js?� y�rt{��^|��^¤��`�S|�~ñ{<wzy�|F����}�wzr6�`�S��wzr

r 7→ 1

2π

∫ 2π

0
f(c1 + r cos t, c2 + r sin t)dt.

ù wz¤�¤0~ f ~(�S�����^|S¤0wzr���îay6~±{��^|���üi{<wz�S�(�(��~������ís�u`|S��vxu(~±s�~����¥}4wzr6�`�S��wzr {�|�u(�(u(s�~`ra��~t~(�S��r�y�����~±~`��wzr{<~`y���u(�`|S��|�~"���t}�wz|S¤ñy���~Ús�~`¤"�^r6s�u(~���~`rÒ�^{�{�����îay��^r���r6wzrÒ��~`y���~`¤0~`r�����~l�S�6u(wz|��`¤0~��`����u���¤"�^�����^y6���S�$��~
�S�6u(wz|��`¤0~ñs�~�s�u`|S��v��^�S��wzr¥s?� y�r6~T}�wzr6�`�S��wzr¥�(wz¤�{�w���u(~��

ó � 
 �^|��^¤0u`�S|�wzr6����~��(~`|��`��~
Γ
{��^|

t 7→ (x1(t), x2(t)) = (c1 + r cos t, c2 + r sin t).
� ��wz|��

dx1 = −r sin tdt
~`�
dx2 = r cos tdt.


 �^|�s�ucë6r����S��wzr2s�~��¡� ��r���u`��|��^��~ñ�`y�|Svi��������r6~�wzr¥wz���S��~`ra�
∫

Γ
Pdx1+Qdx2 =

∫ 2π

0

(
∂f

∂x1
(c1 + r cos t, c2 + r sin t)r cos t+

∂f

∂x2
(c1 + r cos t, c2 + r sin t)r sin t

)

dt

î�y��!~(���Fr�y�����~�s?�÷�^{�|��(����~ ç �
ô � æ �6��~`|Svxwzr6��î�y6~ ∂Q

∂x1
− ∂P

∂x2
= ∆f.

ð�rÒ�^{�{�����îay��^r������t}4wz|S¤Hy���~�s�~ � |�~(~`r ê ��~`¤"�^r�r ��~`����~Úî�y6~|��^{�{<~`��u(~�s6�^r6������î�y6~(���S��wzr¥s�~��(wzy�|����6wzr2����~T|�u(��y������^��s�~`¤"�^r6s�uH��vx~(���¡�÷�^��s�~ñs�~T����îay6~(�S�S��wzr ó �
ø6��èay�{�{�w���wzr6�Cî�y6~ñ���p~c£����S��~

c ∈ é ê 2 ��~`��îay6~ ∆f(c) 6= 0.
èay�{�{<w���wzr6�C{�wzy�|J�S��¤�{����ïë�~`|

∆f(c) > 0.� ��wz|��J�¡�¢~`r6��~`¤ñ����~
U = {(x1, x2);∆f(x1, x2) > 0} r��¢~(�S�C{��z��vi��s�~�� � ~ñ{���y6���<�(wz¤�¤0~ f ~(���Js�~��`���z����~

C2,
�^��wz|��

(x1, x2) 7→ ∆f(x1, x2)
~(�S�0�(wzra�S��r�y6~��:~`�0s�wzr6�

U
~(�S��y�r wzy�vx~`|S�ls�~ é ê 2 ���(wz¤�¤0~±��¤"�^�x~��r�vx~`|���~�s?� y�r6~�}�wzr6�`�S��wzrV�(wzra�S��r�y6~�|�u(~`����~"s�~"�¡�¢wzy�vx~`|S�

]0,∞[
s�~ é ê . ù wz¤�¤0~ c ∈ U

~`��î�y6~
U
~(�S��y�r

wzy�vx~`|S�������p~c£����S��~Hy�rír6wz¤H��|�~
r > 0

��~`��î�y6~
B(c, r) ⊂ U. ù wz¤�¤0~ B(c, r)

~(���C�(wz¤�{��z�`���<���"}4wzr6�`�S��wzr
�(wzr��S��r�y6~

∆f
�^�S��~`��r�����wzrV¤���r���¤ñy�¤

m
�Sy�|��(~l�(wz¤�{��z�`���p~`���(~"¤���r���¤Hy�¤

m
~(�S��s�wzr6�l�S�S|S���`��~`¤0~`ra�

{<w��S���S�ï}S��{�y�����îay6~ñ�^�S��~`��r��J~`rty�rt{�wz��r���s�~
U.
� wzr6��wzrí�������(wzr��S|��zs����`�S��wzr

0 =

∫ ∫

B(c,r)
∆fdx1dx2 ≥

∫ ∫

B(c,r)
mdx1dx2 = πr2m > 0.

��~����z�Zw��
∆f(c) < 0

��~T�S|��^����~�s�~C}¡�z�(wzr¥��~`¤H�����^����~��
ø ô



°±¬an�²�<X«I@ioX¬¥§('A'�k�¬6¾-�£ �¬�¨p"�«I"x¬�m7ÈÖ§�"�np® ©�§�©g«$È�m�º�m�¬ao §6«�'!¬í¯pnD<L¼Z"�©�¼�1�¨^¬?<�·�·�·�¾ÿ � u`|��^|�st��~`���z���c�
ç �7Ç�Ø�d�Ï`Å+d ÌXÈ�j Þ d ß�Ï`ßÕÖÈcÌõÑ�ÈLÌ`ÓzÔ�Ô"È	Ì Þ ØzÆ`Õ4ß�ÈEdId�È	Ì(Í � �^r6�Ú��~(�±��u`|S��~(�±�Sy���vz�^ra��~(� ∑∞

k=1 uk,
s�wzr�r6~`|±y�r6~

~c£�{�|�~(���S��wzrí�S��¤�{���~ñs�~ñ���0��wz¤�¤0~H{��^|S�S��~`����~
sn =

∑n
k=1 uk

ÿ ~`r¥¤0wzra�S|��^r���{��^|�|�u(�`y�|S|�~`r6�(~��Sy�|
nîay6~��(~`�S��~0~c£i{�|�~(���S��wzrõ�S��¤�{���~0~(�S�T������wzr�r6~��c� ù �^���`y���~`|H�^y6���S����~(�T����¤�����~(�Hs�~(���Sy�����~(� (uk)k≥1
~`�

(sn)n≥1
��s���|�~��S� ∑∞

k=1 uk
s���vx~`|S�x~�wzy¥�(wzravx~`|S�x~���~`��s�wzr�r6~`|��	����wz¤�¤0~�s6�^r6�Z�(~�s�~`|Sr���~`|J���z���

uk = log(
k + 1

k
), uk = log(

(k + 1)2

k(k + 2)
),

uk =
1

k(k + 1)(k + 2)
, uk =

1

k2(k + 1)
, uk =

k

(k + 1)2ÿ {�wzy�|F��~(�F�S|�wz����s�~`|Sr����`|�~(�g�6s�u(�(wz¤�{<w���~`|Z����}4|��z�`�S��wzrt|��^�S��wzr�r6~`����~
k 7→ uk

~`r2u`��u`¤0~`r���������¤�{���~(��c�
ó �JÄ�ß$zzÈcÆ��aÈcÐÁÏ�Èo��Æ5Ó^Ì	Ì	ß¡ÙcÆ�È�Í 
 �^|S¤�����~(�Z��u`|S��~(�Z��y���vz�^ra��~(������~(��îay6~`����~(�Zs���vx~`|S�x~`r��J��|�w����S���`|�~`¤0~`ra�Áú

∞∑

k=1

(−1)k,

∞∑

k=1

(1− 2

k
)k,

∞∑

k=1

1√
k
,

∞∑

k=1

cos(kθ).

ô �£ÉZÈ(Õ4Æ5ÓzÅ+z^ÈcÆQd�ÈñÕÖÈcÆcÔ0È!��ÇcÐ<Ç`Æ5Ø�d�Í æ rt��~Js�wzr�r6~T�����Sy�����~
(sn)n≥1

s�~(�F��wz¤�¤0~(��{��^|S�S��~`����~(�Fs�~J������u`|S��~��
� y6~`�!~(���Z��wzr±��~`|S¤0~��xu`r6u`|��^�!s6�^r6����~(�Z���z�Z�Sy���v��^r����Hò

sn =
3n+ 7

n+ 1
; sn = 2− 2−n; sn = 1 +

1

2
+

1

3
+ · · ·+ 1

n
− log n.

ø6�|Ê<Ó�Ô�Ô0Ø�Õ4ß�ÓzÐ Þ ØzÆ Þ Ø�h`Å6È`ÕÌ(Í æ r��(wzr6����s��`|�~����F�Sy�����~ (uk)k≥1
��~`����~�îay6~

u2n−1 = 1+n2

2n

~`�
u2n = 1−n2

2n .ìíwzr��S|�~`|�î�y6~±��� ��u`|S��~ ∑∞
k=1 uk

�(wzravx~`|S�x~2~`�"���^���`y���~`|Ú���õ��wz¤�¤0~ ÿ ìíu`�S�6was�~Xò:�(wzr6�S��s�u`|�~`|"��~(�
��wz¤�¤0~(�Z{��^|S�S��~`����~(��s?� ��r6s����(~(�Z{��^��|J~`�Z��¤�{��^��|�c�

û �|Ê<Ó�Ô�Ô"ÈHÑ�È�Ñ�ÈcÅ6jlÌ(ÇcÆcß¡È	Ì(Í � vx~(����~(���(wzy�{���~(�J�Sy���vz�^ra���
(uk, vk)k≥1

s�~���~`|S¤0~(�Z�xu`r6u`|��^y�£¥s�~���u`|S��~(�g�
wzrÚ}�wz|S¤0~�������u`|S��~ ∑∞

k=1wk,
�(vx~(�

wk = uk + vk.
� ��|�~ñ�S��~`����~��(wzr�vx~`|S�x~��

uk =
1

k
, vk =

2k

3k
; uk = log(1− 1

(k + 1)2
), vk =

1

(k + 1)2
.

� �7Ç�ÓzÔ Þ Ø�Æ5Øzß Ì`Ó�ÐVÑ�È�Ì(ÇcÆcß�ÈcÌJ�¥ÕÖÈcÆ	Ô"È	Ì Þ Ó^ÌcßÕ4ß �	Ì(Í æ rX�(wzr6�S��s��`|�~������Sy�����~ (uk)k≥1
��~`����~�î�y6~

u2n−1 =
1

22n−1

~`�
u2n = 1

52n .
ìíwzr��S|�~`|�î�y6~�������u`|S��~ ∑∞

k=1 uk
�(wzr�vx~`|S�x~ ÿ ìíu`�S�6was�~Hò��(wzr6�S��s�u`|�~`|$y�r6~J��y�����~

(vk)k≥1
�S��¤�{���~���~`����~�î�y6~

uk ≤ vk
{�wzy�|F��wzy��

k ≥ 1
~`�F��~`����~�îay6~ ∑∞

k=1 vk
�(wzravx~`|S�x~��c�

ìíwzr��S|�~`|Z{��^|�y�r6~�¤0u`�S�6was�~H�^r��^��wz��y6~�î�y6~�������u`|S��~ ∑∞
k=1(

1
k + 1√

k
)
s���vx~`|S�x~��

;i�7Ç�ÓzÔ Þ Ø�Æ5Øzß Ì`Ó�Ð2Ñ�y ÅaÐ<ÈCÌ(ÇcÆcß�ÈHÈ`Õ>Ñ�y ÅiÐ<ÈCßÐ�ÕÖÇ½�zÆSØ�d�È�ÍÁèiwz��� f(x) = 1
(1+x)3

.
èiwz���

F (x) =
∫ x
0 f(t)dt.

ð>�S�
�(~�îay6~

limx→+∞ F (x)
~(�S��ë6r���~!ú�ð>�S���(~�îay6~�������u`|S��~ ∑∞

k=0
1

(1+k)3
�(wzr�vx~`|S�x~!ú

4 �JÄ�ß$zzÈcÆ��aÈcÐÁÏ�ÈlÑ�ÈËd�Ø�Ì(ÇcÆcß¡ÈñËiØzÆcÔ�Ó�Ð6ß�h(Å�È Þ ØzÆËd�È	Ì�Ì(ÓzÔ�Ô"È	Ì�Ñ�ÈFÉ�ß¡ÈcÔ0ØzÐ6Ð<Í æ rír6wz��~ sn =
∑n

k=1 1/k.ìíwzr��S|�~`|�îay6~
limn∞ s2n − sn = log 2.

ìíu`�S�6was�~"ò��S|�wzy�vx~`|�y�r6~T}�wzr6�`�S��wzr
f
��~`����~�î�y6~

s2n − sn =
1

n

n∑

k=1

f(
k

n
)

~`�Z�^{�{�����îay6~`|F��~J�S�6u(wz|��`¤0~ñ�Sy�|���~(�$��wz¤�¤0~(�Zs�~ ê ��~`¤"�^r�r���ð�r±s�u(s�y���|�~�y�r6~Cr6wzy�vx~`����~�s�u`¤0wzr6�S�S|��ªþ�S��wzrts�~�����s���vx~`|S�x~`r6�(~Hs�~�������u`|S��~����^|S¤0wzr���îay6~��

ø�ø
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�! �¬a¨#"�«I"x¬�¶t¾aèiwz���
α
~`�
β
s�~`y�£�r6wz¤ñ��|�~(��|�u(~`���!wzyñ�(wz¤�{���~c£�~(����~`���!îay6~

αβ = −1
~`� |α| > 1 > |β|. 
 wzy�|

n
s6�^r6�$�¡�¢~`r6��~`¤ñ����~

Z
s�~(��~`r��S��~`|��${�w��S���S�ï}��:wzy�r6u`���^�S�ï}4�$wzr�{<w���~

Fn = 1
α−β (αn−βn)

~`�
Ln = αn +βnÿ �S�

α+ β = 1
�(~(�Fr6wz¤ñ��|�~(�C��wzra�J�^{�{<~`��u(��~`r��S��~`|���s�~ñ������wzr��z�(�`� ÿ ç�ó�ó�û ��~`�Js�~��?y6���z� ÿ ç546M�ç ���c�

ç ��ìíwzr��S|�~`|�{��^|H��~"�`|S�����`|�~ls�~ � � � ��~`¤ñ��~`|S��î�y6~"���t��u`|S��~ ∑∞
n=1

1
F2n+1+1

�(wzravx~`|S�x~Ú~`�H���^���`y���~`|����
����¤�����~�s�~

Qn = Ln/Fn
�S�
n→ +∞.

�
ó � æ r2�zs�¤0~`� ÿ ��s�~`ra�S����uñs�~oÎF�z��Ï��S�S|�wz¤ ÿ ç5M64�ç ����î�y6~T{�wzy�|Z��wzy6�

n
~`�
k
s�~

Z
wzr2�

1

F4n−2k−1 + F2k+1
+

1

F4n+2k+1 + F2k+1
=

1

2L2k+1
(Q2n+2k+1 −Q2n−2k−1) .

ð�rL}��^���	�^r��
k = 0

s6�^r6���(~`�S��~H��s�~`ra�S����u������^���`y���~`|�������wz¤�¤0~�{��^|S�S��~`����~�s?�¢wz|�s�|�~
2n

s�~�������u`|S��~H��r����S���^��~��
���¢~(�S� ö s���|�~

s2n =
∑2n

j=1
1

F2j+1+1

~`rí¤0wzr��S|��^ra��{��^|J|�u(�`y�|S|�~`r6�(~��Sy�|
n
î�y6~

s2n = 1
2L1

(Q2n+1 −Q1).ð�r s�u(s�y���|�~����Ú��wz¤�¤0~�s�~0���Ú��u`|S��~�~`rõ��~`|S¤0~(��s�~
α
~`�
β.
� wzr�r6~`|ñy�r6~�~c£i{�|�~(������wzrX�S��¤�{���~0s�yõ��~`|S¤0~

�xu`r6u`|��^��s�~T������u`|S��~�~`�Js�~�������wz¤�¤0~��S�
α = exp t

~`�
β = − exp(−t) ��� t ~(�S�F|�u(~`�¡�ô ��ìíwzr��S|�~`|�îay6~�������u`|S��~ ∑∞

n=1
1

F2n+1+F3

�(wzr�vx~`|S�x~H~`�Z���^���`y���~`|J������wz¤�¤0~��
�! �¬a¨#"�«I"x¬ ^ ¾ ÿ3
 ~`|S¤ñy����^�S��wzr s�~(����~`|S¤0~(�"s�~l���í��u`|S��~����^|S¤0wzr���îay6~¥�^����~`|Sr6u(~õò 
 |S��r��x�S�6~`��¤ ÿ ç5464�ô ���
 wzy�|T��wzy��J~`ra�S��~`|

n > 0
�<��wz���

u(n) = (−1)n/n
�<èiwz���

σ
y�r6~ñ{�~`|S¤ñy����^�S��wzrõs�~(�J~`r��S��~`|��

> 0
~`�J��wz���

τ����{<~`|S¤Hy����^�S��wzr¥|�u(�`��{�|�wiî�y6~�� æ r¥�Sy�{�{�w���~�s�~T{���y6��îay6~ÿ ç �${�wzy�|Z��wzy��Z~`r��S��~`|
p > 0

wzr¥�
τ(2p− 1) < τ(2p+ 1)

~`�
τ(2p) < τ(2p+ 2).ÿ ó �F�Cwz���^r���{��^|

p(n)
��~0r6wz¤H��|�~�s?�¢~`ra�S��~`|��

k
��~`����î�y6~

1 ≤ k ≤ n
~`�
σ(k)

~(�S�H{��^��|����^��wz|��
α =

limn∞ p(n)/n
~c£����S��~�~`�Z~(�S�Zs6�^r6�

]0, 1[.� �^r6�Z��~����z�F{��^|S�S���`y�����~`|Cw��
σ
~(�S�Zs�ucë6r���~�{��^|

σ(3p) = 2p, σ(3p+ 1) = 4p+ 1, σ(3p+ 2) = 4p+ 3

{<wzy�|$��wzy��$~`ra�S��~`|
p > 0,

���^���`y���~`|F~c£�{������`����~`¤0~`r��
τ
�a~`�$vxu`|S�ïë�~`|�î�y6~

σ
�	�^�S���5}��^��� ÿ ç ��~`� ÿ ó �c�i~`r����^���`y����^ra�

p(n)
{�wzy�|Z��wzy��

n
�^��r6�S�!îay6~

α.æ rXr6wz��~
f(n) =

∑n
k=1 1/k − log n,

~`��wzrX|��^{�{<~`����~0��~�}��^������viyX~`r �(wzy�|����?îay6~
limn∞ f(n) = γ~c£i���S��~ ÿ ù wzr6�����^r���~¥s?�¢ð�y���~`|�c� æ r |�~`vi��~`r����^y ���z�0�xu`r6u`|��^�Z{<wzy�| σ ��wzr �(wzr6����s��`|�~±���L��u`|S��~ts�~Ú��~`|S¤0~�xu`r6u`|��^�

vn = u(σ(n))
~`��wzr±r6wz��~

sn = v1 + · · ·+ vn
�

ì2wzra�S|�~`|�{��^|Z|�u(�`y�|S|�~`r6�(~Hî�y6~
sn =

∑p(n)
k=1

1
2k −

∑n−p(n)
k=1

1
2k−1

~`��îay6~

sn =
1

2
f(p(n)) +

1

2
f(n− p(n))− f(2n− 2p(n)) +

1

2
log

p(n)

n− p(n)
− log 2.

ð�r¥s�u(s�y���|�~ñîay6~ ∑∞
n=1 vn

�(wzr�vx~`|S�x~H~`�����^���`y���~`|�������wz¤�¤0~ñ~`r±}4wzr6�`�S��wzr2s�~
α.

�! �¬a¨#"�«I"x¬ 	 ¾�èiwz���
0 < a < b

~`�
(un)n≥0

s�ucë6r��6{��^|
u0 = 1

~`� un+1

un
= n+a

n+b

{<wzy�|
n ≥ 0.

ìíwzr��S|�~`|$î�y6~
���"����¤�����~�s�~������Sy�����~

Sn = log(nb−aun)
~c£i������~H~`�T~(�S�Cë6r���~���ð�rõs�u(s�y���|�~���~(�Jv��^��~`y�|��Ts�~

a
~`�
b
��~`����~(�

î�y6~T������u`|S��~ ∑∞
j=0 uj

�(wzravx~`|S�x~�� ù �^���`y���~`|J�^��wz|��F�	����wz¤�¤0~�òi{<wzy�|Z�(~`����~c£�{������`����~`|�������wz¤�¤0~T{��^|S�S��~`����~
sn,

~`r¥¤0wzr��S|��^r��Ts?�÷�^��wz|�stî�y6~T{�wzy�|F��wzy��
n
wzr¥�

n∑

j=0

[(j + 1) + b− 1]uj+1 =

n∑

j=0

[j + a]uj .

ø û
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�! �¬a¨#"�«I"x¬X¶¥¾ ÿ ð�r6s�wz¤0wz|S{�������¤0~�s����^�xwzr��^�����	�^����~�s�~ é ê 2 � æ r2�(wzr6�S��s��`|�~H�¡�¢~`r6s�wz¤0wz|S{������S¤0~ a s�~ E =

é ê 2 s�wzr��T����¤"�^�S|S���(~�|�~`{�|�u(��~`ra���^�S��vx~ A = [a]ee
s6�^r6�C�������z��~����^r6wzr���î�y6~

e
~(�S� [ 7 −10

5 −8

]

. ù �^���`y���~`|�����S|��z�(~��6��~�s�u`��~`|S¤���r��^ra������~�{<wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��îay6~ñ~`�Z��~ñ�S{<~(�`�S|�~�s�~
a
� � y6~`���S�6u(wz|��`¤0~Hs�y¥�(wzy�|��

���^|��^r��S�����¡�¢~c£����S��~`r6�(~Fs?� y�r6~$���z��~
f = (~f1, ~f2)

s�~$vx~(�`��~`y�|���{�|�wz{�|�~(�<ú ù �6wz���S��|�~`r6�Sy�����~ f ��~`����~Fî�y6~ [idE]ef~`�
[idE]fe

��wz��~`ra� ö �(wa~E8"�`��~`ra���:~`ra�S��~`|���� � ~(���S��r6~`| ~f1
~`� ~f2

�x~`r�{�|�~`r��^ra�:s�~(��y�r�����u(�:s?�÷�ª£�~(�>�z����~`�F{<~`�S����~(�g�
� ~(���S��r6~`|�îay6~`��î�y6~(�Fvx~(�`��~`y�|��

~x
~`�F��~`y�|��Z��¤"�^�x~(�

a(~x)
ö �¡�÷�^��s�~ñs�~

f
�

9�|�wzy�vx~`|�s�~`y�£t¤"�^�S|S���(~(�
P
~`�
D
���^|S|�u(~(�Ts?�¢wz|�s�|�~ ó ��~`����~(�Tî�y6~

D
��wz���Js����^�xwzr��^��~��

P
��r�vx~`|��S������~�~`�

A = PDP−1 � ù �^���`y���~`| [a50]ff
�
[a50]ee

~`�
A50 � ù �^���`y���~`| limn∞

1
32n a

2n.

�! �¬a¨#"�«I"x¬ 	 ¾!èiwz���
θ ∈]0, π[

� æ r¥�(wzr6�S��s��`|�~���~(�Zs�~`y�£±¤"�^�S|S���(~(�Js?�¢wz|�s�|�~
n
ò

A =











0 1 0 · · · 0 0
1 0 1 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 1 0











, B =











2 cos θ 1 0 · · · 0 0
1 2 cos θ 1 · · · 0 0
0 1 2 cos θ · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2 cos θ 1
0 0 0 · · · 1 2 cos θ











ì2wzra�S|�~`|�{��^|�|�u(�`y�|S|�~`r6�(~0îay6~
detB = sin(n+1)θ

sin θ

ÿ ìíu`�S�6was�~±ò�s�u`vx~`��wz{�{�~`|�{��^|T|��^{�{<wz|S� ö ����s�~`|Sr����`|�~������r6~��c��ì2wzra�S|�~`|"î�y6~
detB

���÷�^r�r�y���~Ú{�wzy�|
n
v��^��~`y�|���s����S�S��r6�`��~(��s�~

θ
s�~

]0, π[
��~`����~(��s�u`��~`|S¤���r6~`|��

èa�
PA

~(�S�T��~H{�wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��î�y6~"s�~
A
�����^���`y���~`|

PA(−2 cos θ)
~`��s�u(s�y���|�~0s�~��(~�îay���{�|�u(�G�(s�~

��~(��v��^��~`y�|���{�|�wz{�|�~(�Ts�~
A.
ìíwzr��S|�~`|Tîay6~���~(�Jvz�^��~`y�|��J{�|�wz{�|�~(�Ts�~(��¤"�^�S|S���(~(�

2In + A
~`�

2In − A
��wzr��

�S�S|S���`��~`¤0~`r��J{<w��S���S��vx~(�g�

ø �
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�! �¬a¨#"�«I"x¬L¶¥¾
ç ��èiwz���

q = β/α,
îay��!~(�S�Js�~�¤0was�y���~�Ñ ç � æ r2��s�wzr6�

limn∞ qn = 0
~`�

limn∞ 1/αn = 0.

 w���wzr6�

vn = 1
F2n+1+1 .

� ��wz|���~`r�¤0~`�S���^ra�:~`r�}��z�`��~`y�|���~(��{�y��������^r6�(~(��s�~
α
�^y�ray�¤0u`|��^��~`y�|>~`�>�^y�s�u`r6wz¤���r��^��~`y�|

wzr2�
vn+1

vn
=
α2n+1 − β2n+1 + α− β

α2n+3 − β2n+3 + α− β
=

1

α2

1− q2n+1 + α−β
α2n+1

1− q2n+3 + α−β
α2n+3

→n∞
1

α
.

� wzr6�H�S�
un = |vn|,

wzrí�
limun+1/un = L = 1/|α| < 1.

� wzr6�Hs?�÷�^{�|��(����~ñ�`|S�����`|�~Hs�~ � � � ��~`¤ñ��~`|S�J���
��u`|S��~ ∑∞

n=1
1

F2n+1+1

�(wzr�vx~`|S�x~H�^�6��wz��y�¤0~`r�����s�wzr6�ñ�(wzr�vx~`|S�x~�� � ~�¤��`¤0~
Ln

Fn
= (α− β)

αn + βn

αn − βn
= (α− β)

1 + qn

1− qn
→n∞ α− β.

ó � 
 y�����îay6~
F1 = 1,

�¡� ��s�~`r��S����uHs�~oÎ��z�ÒÏi���S|�wz¤.{�wzy�|
k = 0

s�wzr�r6~
1

F4n−1 + 1
+

1

F4n+1 + 1
=

1

2L1
(Q2n+1 −Q2n−1) (∗).

��� ��üi{<wz�S�(�(��~Hs�~ñ|�u(�`y�|S|�~`r6�(~H~(�S��vxu`|S�ïë�u(~ñ{�wzy�|
n = 1

~`r±}¡�^�����^ra��{�|�u(�`����u`¤0~`ra�
n = 1

s6�^r6� ÿ�Ó �c�?èa�!~`����~
~(�S�Fva|��^��~�{<wzy�|

n− 1
���^��wz|��

s2n
(1)
= s2n−2 +

1

F4n−1 + 1
+

1

F4n+1 + 1

(2)
=

1

2L1
(Q2n−1 −Q1) +

1

2L1
(Q2n+1 −Q2n−1) ,

w�� ÿ ç �Zva��~`ra�Cs�~H���ls�ucë6r����S��wzrLs?� y�r6~���wz¤�¤0~H{��^|S�S��~`����~�� ÿ ó �Zs�~H�¡� ��üi{�wz�S�(�(��~Hs�~H|�u(�`y�|S|�~`r6�(~�~`�Cs�~ ÿ�Ó �ñ�
�!��|�u(�`y�|S|�~`r6�(~ñ~(���Zs�wzr6��u`��~`r6s�y6~�� � �÷�^{�|��(�F��~ ç �c�

S = limn∞ sn
~c£i���S��~�~`�Jwzr¥��s�wzr6��������wz¤�¤0~�s�~����

��u`|S��~�s�wzr�r6u(~�{��^|
S = lim

n∞
s2n =

1

2L1
(lim
n∞

Q2n+1 −Q1) =
−β
α+ β

.

èa�
α
~(�S��y�r±|�u(~`��{<w������S�ï}5��wzr±�¡�¢u(�`|S���

α = et,
�(~�îay���~`r��S|��#��r6~

β = −e−t,
~`�

∞∑

n=1

cosh t

cosh(2n+ 1)t+ cosh t
=

1

e2t + 1
.


 |�w^ë6��wzr6��s�~��(~H�(wz|S|S���xu�{�wzy�|J��r6s���îay6~`|��(wz¤�¤0~`r���wzrí¤0wzr��S|�~��¡�¢u`���^������u�s�~ ê wz��~`|S�3ÎF�z��Ï��S�S|�wz¤t� é ��Sy/80��s�~Tvxu`|S�ïë�~`|Jîay6~
1

cosh(2a + b) + cosh b
+

1

cosh(2a− b) + cosh b
=

1

2 sinh b
(tanh(a+ b)− tanh(a− b)),

���6w���~tîay��¢wzr ���^������~t�^y ��~(�`��~`y�|�� 
 y����"wzr {�|�~`r6s
α = exp z

�
β = − exp(−z), îay��Zs�wzr�r6~ F2k+1 =

cosh((2k + 1)z)
~`�
L2k+12 = sinh((2k + 1)z),

~`��wzr±{�|�~`r6s
a = 2nz

~`�
b = (2k + 1)z.ô � 
 wzy�|H�S|��^����~`|��(~`�S��~0îay6~(�S�S��wzrXs���8"�`����~��?r6wz��wzr6��{�wzy�|��S��¤�{����ïë�~`|

vn = 1
F2n+1+F3

.
æ rõvxwz����s�~����

¤��`¤0~�¤"�^r����`|�~�î�y��÷�^y ç �Cîay6~
lim |vn+1|/|vn| = L = 1/|α| < 1 :

����üí�Ús�wzr6�0�^�6��wz��y6~��(wzravx~`|S�x~`r6�(~
{��^| � � � ��~`¤ñ��~`|S��� 
 y�����î�y6~

v2n+1 = 1
F4n+3+F3

~`�Hîay6~
v2n−2 = 1

F4n−3+F3

�!�¡� ��s�~`r��S����uÚs�~7ÎF�z�ÒÏi�S�S|�wz¤
�^{�{�����î�y6u(~ ö

k = 1
s�wzr�r6~

v2n−2 + v2n+1 =
1

2L3
(Q2n+3 −Q2n−3) . (∗)

ø�;



ù ~(�`��{<~`|S¤0~`�C�^��wz|���s?�¢u(�`|S��|�~�������wz¤�¤0~�{��^|S�S��~`����~ñs?�¢wz|�s�|�~ 2n+ 1
s�~����H}¡�z�(wzr¥�Sy���v��^r���~

v1 + v2 + v3 + v4 + v5 + v6 + v7 + v8 + v9 + · · ·+
︷ ︸︸ ︷

v2n−2 + v2n−1 + v2n + v2n+1

= v1 + v3 + v2n

+
1

2L3
(Q7 −Q1) +

1

2L3
(Q9 −Q3) +

1

2L3
(Q11 −Q5) +

1

2L3
(Q13 −Q7)

+
1

2L3
(Q15 −Q9) + · · · + 1

2L3
(Q2n+3 −Q2n−3)

= v1 + v3 + v2n +
1

2L3
(−Q1 −Q3 −Q7 +Q2n−1 +Q2n+1 +Q2n+3)

→n∞
1

2F3
+

1

F5 + F3
+

1

2L3
(−L1

F1
− L3

F3
− L5

F5
+ 3(α − β)),

��~�|�u(�Sy������^�ñs�yõ{��z�����^�x~ ö ��������¤�����~�u`���^ra�ñs�wzr�r6u�{��^|���~ ç �C~`����~�}¡�^����î�y6~
limn∞ vn = 0

��{�y�����î�y6~���~
��~`|S¤0~��xu`r6u`|��^��s?� y�r6~���u`|S��~��(wzr�vx~`|S�x~`r���~���~`r6sÚvx~`|�� O �
�! �¬a¨#"�«I"x¬ ^ ¾ � �^r6�Z��~����z��{��^|S�S���`y�����~`|����S|S��vi���^��~`¤0~`r��

τ(2p) = 3p, τ(4p+ 1) = 3p+ 1, τ(4p+ 3) =
3p+ 2. é ��~(�S�Z�`���^��|Zîay6~ τ |�~(�S�S|�~`��r���~��^y�£�r6wz¤H��|�~(�Z{��^��|��Z~(���Fy�r6~��Sy�����~��`|�wz�������^ra��~�� 
 wzy�|���~(��r6wz¤ñ��|�~(���¤�{��^��|����!wzrV�

τ(4p − 1) = 3(p − 1) + 2 = 3p − 1 < τ(4p + 1) = 3p + 1 < τ(4p + 3) = 3p + 2~`��s�wzr6�
τ
|�~(�S�S|�~`��r���~"�^y�£L��¤�{��^��|��ñ~(�����^y6���S���`|�wz�������^ra��~���ð�r6�Sy�����~��?{��^|�s�ucë6r����S��wzr

σ(k)
~(������¤�{��^��|ñ�S�

~`�0��~`y���~`¤0~`r����S�
k ≡ 0 mod 3.

� wzr6�
p(n)

~(�S����~Úr6wz¤H��|�~ts�~
k ≤ n

s���va���S������~(�0{��^| ô ò
p(3N) =

p(3N + 1) = p(3N + 2) = N,
~`�Zs�wzr6�

α
~c£����S��~�~`��~(���

limn∞ p(n)/n = 1/3.�Jwz��wzr6�
An =

∑p(n)
k=1

1
2k −

∑n−p(n)
k=1

1
2k−1

ìíwzr��S|�wzr6��{��^|Z|�u(�`y�|S|�~`r6�(~�î�y6~
sn = An. ù �¢~(�S��u`vi��s�~`r��{<wzy�|

n = 0.
èay�{�{<w���wzr6�!�(~`���Fvi|��^��{�wzy�|

n−1
~`�!¤0wzr��S|�wzr6�p��~�{�wzy�|

n
~`rH¤0wzr��S|��^r���îay6~

An−An−1 = vnæ r¥s����S�S��r���y6~�s�~`y�£t���z���
æ yt����~`r

σ(n) = 2N
~(�S�F{��^��|�� ù wz¤�¤0~ p 7→ τ(2p)

~(�S�Z�`|�wz�������^ra��~�������s�ucë6r����S��wzr¥s�~
p(n)

~`r��S|��#��r6~
î�y6~

p(n) = N,
~`��s�wzr6�0îay6~

σ(n) = 2p(n).
� ��wz|��

p(n) − p(n − 1) = 1
~`�
An − An−1 = 1

2p(n) =
1

σ(n) = vn.æ yl����~`r
σ(n) = 2N −1

~(�S�>��¤�{��^��|�� ù wz¤�¤0~ p 7→ τ(2p−1)
~(�S�$�`|�wz�������^r���~��a����s�ucë6r����S��wzr±s�~

p(n)~`r��S|��#��r6~0îay6~
n − p(n) = N,

~`��s�wzr6��î�y6~
σ(n) = 2(n − p(n)) − 1.

� ��wz|��
p(n) − p(n − 1) = 0

~`�
An −An−1 = − 1

2n−2p(n)−1 = − 1
σ(n) = vn.

����|�u(�`y�|S|�~`r6�(~ñ~(�S�Zu`��~`r6s�y6~��

 wzy�|T�(vxwz��|J������~(�(wzr6s�~T}�wz|S¤ñy���~���wzrtu(�`|S��� ∑n

k=1
1
k = f(n) + log n,

{�y����
n∑

k=1

1

2k − 1
= (

2n∑

k=1

1

k
)− (

1

2

n∑

k=1

1

k
).

ð�rt|�~`¤�{����z���^r��Ts6�^r6�
An

�(~`�����(wzr6s�y����T�^y±|�u(�Sy������^�Zvxwzy���y

sn =
1

2
f(p(n)) +

1

2
f(n− p(n))− f(2n− 2p(n)) +

1

2
log

p(n)

n− p(n)
− log 2. (∗)

ù wz¤�¤0~ 0 < α < 1
wzr¥�

limn∞ p(n) = ∞ ~`�
limn∞(n− p(n)) = ∞.

� ~T{���y6�g�

lim
n∞

p(n)

n− p(n)
= lim

n∞
p(n)/n

1− p(n)/n
=

α

1− α
 �^|C�(wzr6��u(î�y6~`ra��wzrt{��z����~ ö ��������¤�����~�s6�^r6�
(∗) ~`�Zwzr¥wz���S��~`ra�

lim
n∞

sn =
1

2
γ +

1

2
γ − γ +

1

2
log

α

1− α
− log 2.

ø 4



�!����u`|S��~����^|S¤0wzr���îay6~ñ�^����~`|Sr6u(~��^��r6�S�?{<~`|S¤Hy���u(~ñ~(�S�Zs�wzr6�ñ�(wzr�vx~`|S�x~`r���~�~`��s�~���wz¤�¤0~ 1
2 log α

4(1−α) .ù wz¤�¤0~`r����^��|�~(��ò é ��~(�S��}¡�z�`����~�s�~�vxwz��|�îay6~T�����(wzr�r��^�������^r6�(~Hs�~ σ ~(�S�Zs�wzr�r6u(~�{��^|������(wzr�r��^�������^r6�(~s�~ñ���"�Sy�����~
n 7→ p(n).

æ r2{�~`y��C¤0wzr��S|�~`|�î�y6~ñ��~(�J��y�����~(�
n 7→ p(n)

�^��r6�S�p�(wzr6�S�S|Sy�����~(�T��wzr��T�(~`����~(�Tî�y��
���^�S���5}�wzr��H�^y�£X�(wzr6s����S��wzr6�ñ��y���vz�^ra��~(�"ò

p(n) − p(n − 1) = 0
wzy ç {<wzy�|ñ��wzy��

n > 0
~`�
p(0) = 0,

~`�
~c£i���S��~`r6�(~Hs6�^r6�

]0, 1[
s�~

α = lim p(n)/n.
�>�¢~c£�~`¤�{���~

p(n) =
{��^|S�S��~ñ~`ra�S���`|�~ñs�~

nα
¤0wzr��S|�~�îay6~���wzy��

α
~(�S���^�S��~`��ra���

�! �¬a¨#"�«I"x¬ 	 ¾ 
 �^|ñs�ucë6r����S��wzr wzr �
u0 = 1, u1 = a

b , u2 = a(1+a)
b(1+b) , . . . ù wz¤�¤0~�����r6wz���^�S��wzrXr6wzy6��ü��r�vi����~���r6wzy6��¤0wzra�S|�wzr6��î�y6~l���t�Sy�����~

Sn
�¥y�r6~"����¤�����~lë6r���~�~`rV���2�(wzr6�S��s�u`|��^r����(wz¤�¤0~����2�Sy�����~ls�~(�

��wz¤�¤0~(�Z{��^|S�S��~`����~(�Js?� y�r6~���u`|S��~�� 
 w���wzr6�

vn = Sn+1−Sn = log(n+1)b−aun+1− log nb−aun = (b−a) log(1+
1

n
)+ log(1+

a

n
)− log(1+

b

n
).

q��S��������wzr6�Ú��~Ls�u`vx~`��wz{�{�~`¤0~`r��t����¤�����uõs�~
log(1 + h)

�^y vxwz���S��r��^�x~õs�~
h
s?�¢wz|�s�|�~ ó ò

log(1 + h) =
h − h2/2 + h2ε(h)

��w��
limh→0 ε(h) = 0.

æ r2~`r2�S��|�~ñ~`rL�^{�{�����î�y��^ra�C�(~(�`� ö
h = 1/n

wzy
h = a/n

wzy
h = b/n

ò
vn =

b2 − a2 − b+ a

2n2
+

1

n2
ε1(n),

w��
ε1(n)

~(�S��y�r6~ñ�Sy�����~ñ��~`r6s6�^r��Cvx~`|�� O î�y�� ���!~(������r�y��S����~�s?�¢~c£�{������`����~`|�� � wzr6�����0��u`|S��~ ∑ |vn|
~(�S�Ju(î�y��ïþ

vz�^��~`ra��~ ö y�r6~ñ��u`|S��~Hs�~ ê ��~`¤"�^r�rí�(vx~(� α = 2,
s�wzr6�Hy�r6~ñ��u`|S��~H�(wzr�vx~`|S�x~`r���~��?���0��u`|S��~ ∑

vn
~(�S�Js�wzr6�

�^�6��wz��y�¤0~`r����(wzravx~`|S�x~`r���~�~`�Fs�wzr6�
Sn

�Hy�r6~T����¤�����~Cë6r���~
S.
æ r±~`rts�u(s�y����Zî�y6~

un ∼ eS

nb−a

~`����s?�÷�^{�|��(�
��~��`|S�����`|�~�s�~ ê ��~`¤"�^r�r�� ∑un

�(wzr�vx~`|S�x~H�S��~`�Z��~`y���~`¤0~`r��C�S�
b− a > 1.���¢u`���^������u ∑n

j=0[(j + 1) + b− 1]uj+1 =
∑n

j=0[j + a]uj
~(�S�F��¤�¤0u(s����^��~ñ~`r±y��S���������^ra������s�ucë6r����S��wzr

s�~
uj+1

ò
[(j + 1) + b− 1]uj+1 = [j + b]uj+1 = [j + a]uj .

ð�����~�~`ra�S|��#��r6~
n∑

j=0

(j + 1)uj+1 + (b− 1)
n∑

j=0

(j + 1)uj+1 =
n∑

j=0

juj + a
n∑

j=0

uj ,

~`��s�wzr6�ñ�^{�|��(�Z�S��¤�{����ïë����^�S��wzr2{��^| ∑n
j=1 uj

wzrtwz���S��~`ra�
(n+ 1)un+1 + (b− 1)(sn + un+1 − u0) = 0u0 + asn,

~`�>s�wzr6�
sn = b−1

b−a−1 −
(n+b)un+1

b−a−1 .
æ r0��~`|S¤���r6~C~`r"wz�6��~`|Sv��^r��$î�y6~Z{�y�����î�y6~

b−a > 1
~`�>îay6~

un ∼ eS

nb−a�^��wz|��
(n+ b)un+1

��~`r6sÚvx~`|�� O � � wzr6��������u`|S��~��(wzr�vx~`|S�x~H~`�J��������wz¤�¤0~�|�~`¤"�^|�îay��^����~

1 +
∞∑

n=1

a(1 + a) · · · (n− 1 + a)

b(1 + b) · · · (n− 1 + b)
=

b− 1

b− a− 1
.

ø M



°±¬in!²�< «I@aoX¬2§('='�k�¬�¾ 	 ¼�¨^¨^«²�k¥¯pn´¯�¬�½Á¼Á«¨�,2¯&%�¶�Ì�Ð0� ^ j�� \ '�¼i½Á¬ao?1p¨ª¬?<6·�·Á·K]�¾

�! �¬a¨#"�«I"x¬L¶¥¾<�S|��z�(~
a =

�S|��z�(~
A = −1, det a = detA = −6

Pa(X) = X2 − �S|��z�(~ X + det a = X2 +X − 6 = (X − 2)(X + 3).

� wzr6����~Z�S{�~(�`�S|�~Z~(�S� {2,−3} �x���<~(�S��s�~F���^������~ ó �(wz¤�¤0~Z�¡�¢~(�S{��z�(~J~(�S�>s�~Zs���¤0~`r6����wzr ó � � �÷�^{�|��(����~��(wzy�|����
a
~(�S��s����^�xwzr��^�������^����~�~`����~(�ñ~(�S{��z�(~(�ñ{�|�wz{�|�~(�Hs�~ls���¤0~`r6�S��wzr ç �!���¢~(�S{��z�(~l{�|�wz{�|�~l�z����wi�`��u ö ���±vz�^��~`y�|{�|�wz{�|�~ ó ~(�S���¡�¢~`r6��~`¤H����~�s�~(�

(x, y)
��~`����î�y6~

7x− 10y = 2x
wzy

x = 2y.
æ rÚ{<~`y���{�|�~`r6s�|�~ ~f1 = (2, 1){<wzy�|����z��~Ts�~T�(~`�Z~(�S{��z�(~C{�|�wz{�|�~������¢~(�S{��z�(~T{�|�wz{�|�~��z����wi�`��u ö ���ñv��^��~`y�|�{�|�wz{�|�~ −3

~(�S�:�¡�¢~`r6��~`¤ñ����~�s�~(�
(x, y)

��~`����î�y6~
7x − 10y = −3x

wzy
x = y.

æ rL{<~`y��C{�|�~`r6s�|�~ ~f2 = (1, 1)
{�wzy�|C���z��~Hs�~��(~`�T~(�S{��z�(~

{�|�wz{�|�~�� � ��wz|��Z�S�
f = (~f1, ~f2)

wzr2�

P = [idE ]ef =

[
2 1
1 1

]

, P−1 = [idE]fe =

[
1 −1

−1 2

]

, D = [a]ff =

[
2 0
0 −3

]

.

D50 = [a50]ff =

[
250 0

0 (−3)50

]

, A50 = [a50]ee = PD50P−1 =

[
2.250 − (−3)50 −2.250 + 2.(−3)50

250 − (−3)50 −250 + 2.(−3)50

]

� wzr6�
limn∞ 1

32n [a2n]ff = L =

[
0 0
0 1

]

,
~`�

limn∞ 1
32n [a2n]ee = PLP−1 =

[
−1 2
−1 2

]

.

�! �¬a¨#"�«I"x¬ ^ ¾ièa�
X = (xij)1≤i,j≤n ∈ F,

���a~(�S�p�`���^��|pîay6~
X =

∑

1≤i,j≤n xijFij . ù �¢~(�S�ps�wzr6�>y�r6~�}��^¤�������~�xu`r6u`|��^�S|S���(~���ð�����~õ~(�S�±��r6s�u`{�~`r6s6�^r���~��J���^|t�S� ∑
1≤i,j≤n xijFij

~(�S�±��� ¤"�^�S|S���(~õray�����~��Z�(~`��� ��¤�{�����î�y6~
î�y6~

xij = 0
{<wzy�|Ú��wzy6�

i
~`�
j. ù �¢~(�S�±s�wzr6�Ly�r6~í���z��~Ls�~ F �$ð�����~õ~(�S�±s�~2���^������~ n2 �$s�wzr6� F ~(�S�

s�~¥s���¤0~`r6�S��wzr
n2.

ð�r6�Sy�����~��$�S�
D = diag(d1, . . . , dn)

~`���S�
X = (xij)1≤i,j≤n

�^��wz|��l��~¥�(wi~E8"�`��~`r��
(i, j)

s�~"���±¤"�^�S|S���(~
Φ(X) = αXD + βDX

~(�S�
(αdj + βdi)xij .

� wzr6�
Φ(Fij) = (αdj + βdi)Fij ,�(~�îay���~(�S��s���|�~�îay6~

Fij
~(�S�Hy�rÒvx~(�`��~`y�|�{�|�wz{�|�~Ús�~

Φ
{�wzy�|H���¥vz�^��~`y�|�{�|�wz{�|�~

αdj + βdi.
���¢~(�S{��z�(~

F
�zs�¤0~`��s�wzr6�ty�r6~t���z��~ts�~¥vx~(�`��~`y�|��"{�|�wz{�|�~(�ls�~

Φ.
� �÷�^{�|��(�"��~¥�(wzy�|������(~`��� ~`r��S|��#��r6~íî�y6~

Φ
~(�S�

s����^�xwzr��^�������^����~���èa�<wzr0��~F|�~`{�|�u(��~`ra��~Js6�^r6�>�������z��~�s�~Fvx~(�`��~`y�|��>{�|�wz{�|�~(�g�x��~Zs�u`��~`|S¤���r��^ra��s�~
Φ
~(�S�>s�wzr6�

��~�{�|�was�y�����s�~(��u`��u`¤0~`ra���>s����^�xwzr��^y�£?�x���¢~(�S� ö s���|�~
detΦ =

∏n
i=1

∏n
j=1(αdj +βdi).


 ��y6���xu`r6u`|��^��~`¤0~`ra�
det(Φ− λidF ) =

∏n
i=1

∏n
j=1(αdj + βdi − λ).

�! �¬a¨#"�«I"x¬ 	 ¾+�Jwz��wzr6�
Dn = detB.

� ��wz|��
D1 = 2 cos θ = sin 2θ

sin θ

~`�
D2 = 4 cos2 θ−1 = sin 3θ

sin θ .
èa�arZ¼ ó �

s�u`vx~`��wz{�{<wzr6�
Dn

{��^|�|��^{�{�wz|S� ö ���Ús�~`|Sr����`|�~0������r6~��!~`rõ|�~(�(wz¤�¤0~`r6���^r���~`r6�(wz|�~�y�r6~�}�wz�����(vx~(��y�r s�~(�s�u`��~`|S¤���r��^r�����s?�¢wz|�s�|�~
n− 1

wz����~`ray6��� æ ríwz���S��~`r��
Dn = 2 cos θDn−1 −Dn−2.

�Á�^����wzr6���¡� �aüa{�wz�S�(�(��~
s�~�|�u(�`y�|S|�~`r6�(~Hîay6~

Dk = sin(k+1)θ
sin θ

{<wzy�|
k < n.

æ r2��viy¥îay6~����¢~(�S�Zvi|��^��{�wzy�|
k = 1

~`� ó � � ��wz|��Z{��^|
s�~(����s�~`r��S����u(�$�S|S���xwzr6wz¤0u`�S|S��îay6~(���`���z���S��îay6~(�

Dn = 2 cos θ sin nθ
sin θ − sin(n−1)θ

sin θ = sin(n+1)θ
sin θ ,

~`�����T|�u(�`y�|S|�~`r6�(~
~(�S�Cu`��~`r6s�y6~�� 
 y�����î�y6~

sinx = 0 ⇔ ���p~c£����S��~Hy�rí~`ra�S��~`|C|�~`���^�S�ï}
k
��~`��îay6~

x = kπ
�^��wz|��

Dn = 0
�S�p~`�

��~`y���~`¤0~`r����S�����>~c£����S��~
k = 1, 2, . . . , n

��~`�:îay6~
θ = kπ

n+1

��~(���^y��S|�~(��v��^��~`y�|��ñs�~
k
u`���^ra�H~c£��`��y6~(�ñ���^|

0 < θ < π.

 �^|�s�ucë6r����S��wzr s�~

PA
wzr �

PA(−2 cos θ) = Dn = sin(n+1)θ
sin θ

î�y��$���÷�^r�r�y���~l{�wzy�|ñ��~(�
nr6wz¤ñ��|�~(��s����S�S��r6�`��� −2 cos kπ

n+1 , k = 1, 2, . . . , n
îay�����wzra�Jr6u(�(~(�����^��|�~`¤0~`r��T��wzy���~(�C��~(�Cvz�^��~`y�|��J{�|�wz{�|�~(�

s�~
A.
��~(�Tv��^��~`y�|���{�|�wz{�|�~(��s�~

2In + A
��wzra��s�wzr6�

2 − 2 cos kπ
n+1 = 4 sin2 kπ

2n+2 > 0.
�!~���{<~(�`�S|�~�s�~

2In −A
~(�S�F��~�¤��`¤0~��

û6O
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º n�¬�m(©g«¼*'V¯p¬�"x¼Án�¨ªmx¾6èiwz���
a
y�rl~`r6s�wz¤0wz|S{������S¤0~Ts?� y�rl~(��{��z�(~�vx~(�`��wz|S��~`��s�~�s���¤0~`r6�S��wzr"ë6r���~�� � wzr�r6~`|

����s�ucë6r����S��wzr2s?� y�rtvx~(�`��~`y�|�{�|�wz{�|�~�s�~
a.

�! �¬a¨#"�«I"x¬L¶¥¾�èiwz���
θ ∈]0, π[

� æ rt�(wzr6����s��`|�~���~(��s�~`y�£Ú¤"�^�S|S���(~(��s?�¢wz|�s�|�~
n
ò

A =











0 1 0 · · · 0 0
1 0 1 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 1 1











, B =











2 cos θ 1 0 · · · 0 0
1 2 cos θ 1 · · · 0 0
0 1 2 cos θ · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2 cos θ 1
0 0 0 · · · 1 1 + 2 cos θ











ì2wzra�S|�~`|t{��^|Ú|�u(�`y�|S|�~`r6�(~Xî�y6~
detB = sin(n+1)θ

sin θ + sin nθ
sin θ

ÿ ìíu`�S�6wis�~ ò$s�u`vx~`��wz{�{�~`|±{��^|±|��^{�{�wz|S� ö���í{�|�~`¤����`|�~Ú������r6~��c��ì2wzra�S|�~`|"î�y6~
detB

���÷�^r�r�y���~Ú{�wzy�|
n
v��^��~`y�|���s����S�S��r6�`��~(�0s�~

θ
s�~

]0, π[
��~`����~(�

s�u`��~`|S¤���r6~`| ÿ wzr�|��^{�{�~`����~:îay6~
sin a+sin b = 2 sin a+b

2 cos a−b
2 ).

èa�
PA

~(�S�!��~:{<wz��üir6ýz¤0~>���^|��z�`��u`|S�����S��î�y6~
s�~

A
�6���^���`y���~`|

PA(−2 cos θ)
~`�Js�u(s�y���|�~�s�~ñ�(~�îay��?{�|�u(�G�(s�~���~(��vz�^��~`y�|���{�|�wz{�|�~(��s�~

A.
�!��¤"�^�S|S���(~

A~(�S��~`����~0s����^�xwzr��^�������^����~!úlìíwzr��S|�~`|Hîay6~���~(��v��^��~`y�|���{�|�wz{�|�~(�ñs�~
2In − A

��wzr��ñ���S|S���`��~`¤0~`r��ñ{�w��S���S��vx~(���

 wzy�|�îay6wz�!����¤"�^�S|S���(~

(2In −A)−1 ~c£����S��~Cþ¡�5þÖ~`����~!ú � y6~`����~(����wzra����~(�Fv��^��~`y�|��F{�|�wz{�|�~(�Áú
�! �¬a¨#"�«I"x¬ ^ ¾

é ê 4 ~(�S��¤Hy�r��ps�~H�������z��~H���^r6wzr���î�y6~ e ~`� a ~(�S���¡�¢~`r6s�wz¤0wz|S{������S¤0~�s�~ é ê 4 s�wzra�J���0¤"�^�S|S���(~ñ|�~`{�|�ucþ��~`r����^�S��vx~Hs6�^r6�
e
~(�S�

[a]ee = A =







2 0 1 0
0 2 0 1
0 0 2 0
0 0 0 1






.

ç � � y6~`����~(�Z��wzr��Z��~(�F¤Hy����S��{������`����u(�
m1

~`�
m2

s�~(�Zvz�^��~`y�|��F{�|�wz{�|�~(� ç ~`� ó s�~
a
s6�^r6�Z��wzr±{�wz��üar6ýz¤0~

���^|��z�`��u`|S���S�S��îay6~!ú
ó �Jèiwz���

E1
~`�
E2

��~(�F��wzy6�F~(�S{��z�(~(��{�|�wz{�|�~(���z����wi�`��u(�Z�^y�£lv��^��~`y�|���{�|�wz{�|�~(�
1
~`�

2
��~`�

F1 = ker(a−
id)m1

~`�
F2 = ker(a− 2id)m2

��~(�F��wzy6�F~(�S{��z�(~(�����^|��z�`��u`|S���S�S��î�y6~(�g��9�|�wzy�vx~`|�y�r6~C���z��~�s�~
E1
�is�~

E2
~`�Js�~

F1
�

ô �Zð�rt�(wz¤�{���u`���^ra�J�������z��~�s�~
E2
���S|�wzy�vx~`|Jy�r6~T���z��~�s�~

F2.ø6� � u(s�y���|�~ís�~t���Vî�y6~(�S�S��wzr {�|�u(�(u(s�~`r���~Ly�r6~¥r6wzy�vx~`����~2���z��~
f
s�~ é ê 4 ��~`����~2îay6~¥�S� (d, n)

~(�S�����
s�u(�(wz¤�{�w��S���S��wzrLs����^�xwzr��^�ïþ¡r�����{<wz��~`ra��s�~

a
ÿ s�����~Hs�~ � y�r�}�wz|�s��Z��vx~(�

dn = nd,
�^��wz|��J��~(��¤"�^�S|S���(~(�

[d]ff
~`�

[n]ff
|�~`{�|�u(��~`ra���^�S��vx~(�0s6�^r6�����2���z��~

f
��wzra��|�~(�S{�~(�`�S��vx~`¤0~`r��0s����^�xwzr��^��~t~`���S|S���^r���y����^��|�~

�Sy�{�u`|S��~`y�|�~�� 
 |�u(�`����~`|
[a]ff

�
[d]ff

~`�
[n]ff .û �Jèiwz���

k
y�rL~`r��S��~`|

> 0. ù �^���`y���~`| Ak
ÿ ì2u`�S�6wis�~�òÁ~c£�{�|S��¤0~`|�s?�÷�^�<wz|�s

dk � nk � dk−1n
~`�C~`r�ë6r

aks6�^r6�F�������z��~
f
�c�

û�ç
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º n�¬�m(©g«¼*' ¯�¬C"x¼<n!¨^m�¾�èiwz���"s�~`y�£ ��u`|S��~(�"s�~t��~`|S¤0~t�xu`r6u`|��^�
(un)n≥0

~`�
(vn)n≥0.

� ucë6r���|"��~±��~`|S¤0~
�xu`r6u`|��^��s�yt{�|�wis�y�����s�~ ù �^y6���aüts�~��(~(�Zs�~`y�£t��u`|S��~(�Z~`�Ju`r6wzr6�(~`|����^r6�Zs�u`¤0wzr6�S�S|��^�S��wzr2��~��S�6u(wz|��`¤0~ñ��y�|�����(wzr�vx~`|S�x~`r6�(~Hs�~��(~�{�|�wis�y����Zs�~ ù �^y6���aüx�
�! �¬a¨#"�«I"x¬L¶¥¾ æ r¥|��^{�{<~`����~�îay6~T������u`|S��~����^|S¤0wzr���îay6~ñ�^����~`|Sr6u(~H�(wzr�vx~`|S�x~ñ~`�C��{<wzy�|Z��wz¤�¤0~

∞∑

n=1

(−1)n

n
= − log 2.

ç � � u(�(wz¤�{�w���~`|�~`rtu`��u`¤0~`r����C�S��¤�{���~(�F����}|��z�`�S��wzrt|��^�S��wzr�r6~`����~ 1
4x3−x

�
ó �Zìíwzr��S|�~`|Z���0�(wzr�vx~`|S�x~`r6�(~ñs�~�������u`|S��~ ∑∞

k=1
1

4k3−k
.ô � ù �^���`y���~`| ö �¡�÷�^��s�~�s�y ç �$������wz¤�¤0~�s�~T���0��u`|S��~�s�y ó �c�

�! �¬a¨#"�«I"x¬ ^ ¾ æ r¥r6wz��~�{��^|
log x

��~���wz���^|S���S��¤0~�r6u`{�u`|S��~`r¥s�~C£��
ç �Jèiwz���

f :]0,∞[→ é ê s�ucë6r���~�{��^|
f(x) =

log x√
x(1 + x)

.

ìíwzr��S|�~`|�îay�� ����~c£����S��~�s�~`y�£�r6wz¤H��|�~(�Z{�w��S���S�ï}��
A
~`�
B
��î�y��¢wzr±r6~�s�~`¤"�^r6s�~�{��z�Zs�~����^���`y���~`|��6��~`���

îay6~�{�wzy�|���wzy��
x
s�~

[1,∞[
wzr��^���

log x ≤ Ax1/4 ~`���ª{<wzy�|p��wzy�� t s�~ ]0, 1]
wzr��^��� | log t| ≤ Bt−1/4ÿ ìíu`�S�6was�~íòp���^���`y���~`|

limx→∞
log x
x1/4 ,

�^��r6���$îay6~
limt→0

log t
t−1/4 ).

ð�rÒs�u(s�y���|�~����2�(wzr�vx~`|S�x~`r6�(~±s�~(�
�S|�wz���F��ra��u`��|��^��~(����¤�{�|�wz{�|�~(�J�Sy���v��^r���~(�ñò

I1 =

∫ ∞

1
f(x)dx, I2 =

∫ 1

0
f(t)dt, I =

∫ ∞

0
f(x)dx.

ìíwzr��S|�~`|Z{��^|�y�rt�����^r��x~`¤0~`r���s�~Tv��^|S���^����~�îay6~
I1 = −I2

~`��~`rts�u(s�y���|�~
I.ó �Zìíwzr��S|�~`|�îay6~T�¡� ��r���u`��|��^��~H��¤�{�|�wz{�|�~

J =

∫ ∞

0

dx√
x(1 + x)

�(wzravx~`|S�x~ñ~`�F�������^���`y���~`|Z{��^|���~������^r��x~`¤0~`r��Ts�~�v��^|S���^����~��S��¤�{���~
u =

√
x.ô � ù �^���`y���~`| limx→0

√
x log x

(1+x)2 .
ìíwzr��S|�~`|�îay6~T�¡� ��r���u`��|��^��~H��¤�{�|�wz{�|�~

K =

∫ ∞

0

√
x log x

(1 + x)2
dx

�(wzravx~`|S�x~�~`�C���l���^���`y���~`|C{��^|C�¡� ��r���u`��|��^�S��wzrõ{��^|C{��^|S�S��~(��wz����~`r�y6~�~`rí{<w��	�^r��
u(x) =

√
x log x

~`�
ö �¡�÷�^��s�~�s�~(�Zvz�^��~`y�|��Js�~

I
~`�
J
wz����~`r�y6~(�T�^y�£Úîay6~(�S�S��wzr6� ç ~`� ó �

û�ó
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³&§�¨ª©g«�'-]

èiwz���
α
y�r±|�u(~`�P¼ O ~`����{<wzy�|

x ≥ 0
�
un(x) = x

nα(1+nx2)

� æ rtv���u`�Sy6s���~`|Z������u`|S��~
s =

∑+∞
n=1 un

�
ç �Zìíwzr��S|�~`�ñîay6~T{�wzy�|Z��wzy��

x ≥ 0
��������u`|S��~

s(x) =
∑+∞

n=1 un(x)
~(�S�Z�(wzravx~`|S�x~`r���~��

ó � ÿ ���0Ö��Sy6s���~`�ñ��~(�Fvz�^|S���^�S��wzr6�Js�~����H}�wzr6�`�S��wzr
un
�Sy�|

[0,+∞[
�

ÿ ��� 
 wzy�|Jîay6~`����~(��v��^��~`y�|���s�~
α
���0��u`|S��~

s =
∑+∞

n=1 un
~(�S�5þÖ~`����~�r6wz|S¤"�^��~`¤0~`ra���(wzr�vx~`|S�x~`r���~���y�|

[0,+∞[
ú

ÿ ���Úìíwzr��S|�~`��î�y6~>{<wzy�|���wzy��
a > 0

�����J��u`|S��~
s =

∑+∞
n=1 un

�(wzravx~`|S�x~$r6wz|S¤"�^��~`¤0~`r����Sy�|
[a,+∞[

�
ô � ù wzra�S��r�y�����u�s�~T����}4wzr6�`�S��wzr s �ÿ ���Úìíwzr��S|�~`�ñîay6~

s
~(���Z�(wzr��S��r�y6~��Sy�|

]0,+∞[
�

ÿ ���Úìíwzr��S|�~`�ñîay6~��S�
α > 1

2

�
s
~(�S�Z�(wzr��S��ray6~H�Sy�|

[0,+∞[
�

ÿ ��� æ rLvx~`y���¤0wzr��S|�~`|Hî�y6~�{�wzy�|
0 < α ≤ 1

2

�
s
r��¢~(�S��{��z���(wzra�S��r�y6~l~`r O � 
 wzy�|ñ�(~`������vxu`|S�ïë�~`�

îay6~�{<wzy�|
x ≥ 0

�x���T�Sy�����~
n 7→ un(x)

~(����s�u(�`|�wz�������^r���~C~`��~`r"s�u(s�y���|�~Jî�y6~F{�wzy�|���wzy��>~`ra�S��~`|
p ≥ 1

wzr2�
s(x) ≥ pup(x)

� ù wzr6�S��s�u`|�~`�H�^��wz|�� s( 1√
p)
�

ø6� � u`|S��v��^����������uJs�~J����}�wzr6�`�S��wzr
s
ò�¤0wzr��S|�~`��îay6~��S�

α > 1
������}4wzr6�`�S��wzr

s
~(�S�:s�u`|S��v��^����~C�Sy�|

[0,+∞[
�ÿ v��^|S���^r���~0ò6¤0wzr��S|�~`�Hîay6~T���H}�wzr6�`�S��wzr

s
~(�S�Zs�u`|S��v��^����~��Sy�|

]0,+∞[
�c�

û�ô
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ç � � y6~`����~(����wzra�Z��~(�Fv��^��~`y�|��Zs�~
x ∈ é ê {�wzy�|Z��~(��îay6~`����~(�F�¡� ��r���u`��|��^��~ñ��¤�{�|�wz{�|�~ ∫ 1

0 e
−ttx−1dt

�(wzr�vx~`|S�x~!ú
ó � � �^r6�p������y�����~:s�~$�(~`�p~c£�~`|��`���(~$wzrH{�|�~`r6s

x > 0.
èiwz���

ε > 0.
ìíwzr��S|�~`|�îay6~>���J��u`|S��~ ∑∞

n=0
(−1)n

n! tn−x−1�(wzr�vx~`|S�x~�r6wz|S¤"�^��~`¤0~`ra�J{�wzy�|
t ∈ [ε, 1]

~`�����^���`y���~`|�������wz¤�¤0~��
ô �(Á�y6�S�S�ïë�~`|Z�¡�¢u`���^������u

∫ 1

ε
e−ttx−1dt =

∞∑

n=0

(−1)n

n!

1− εn+x

n+ x

ø6�6ì2wzra�S|�~`|�îay6~����H}4wzr6�`�S��wzr
ε 7→

∞∑

n=0

(−1)n

n!

1− εn+x

n+ x

~(�S�Z�(wzr��S��ray6~H�Sy�|
[0, 1]

~`��~`rts�u(s�y���|�~ñ�¡�¢u`���^������u
∫ 1

0
e−ttx−1dt =

∞∑

n=0

(−1)n

n!

1

n+ x

û �6ì2wzra�S|�~`|�îay6~����H}4wzr6�`�S��wzr
x 7→

∫ 1
0 e

−ttx−1dt
~(�S�Z�(wzra�S��r�y6~ñ��y�|

]0,∞[.

û ø
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ÅaÐ�Ø É3[5È	Ì Þ ØxÏ�È�z^ÈSÏ(Õ¡ÓzÆcß¡ÈEdpÑ�È�ÑzßÔ"ÈcÐ�Ìcß4ÓzÐËÚ�Ð6ß¡È n Í

ç ���!��¤"�^�S|S���(~
A =





0 0 1
0 0 1
0 0 1




~(���Z~`����~�s����^�xwzr��^�������^����~!ú

ó ���!��¤"�^�S|S���(~
B =





−1 1 2
0 1 3
0 0 0




~(�S�Z~`����~�s����^�xwzr��^�������^����~!ú

ô ���!��¤"�^�S|S���(~
C =





−1 1 0
0 −1 1
0 0 −1




~(�S�Z~`����~�s����^�xwzr��^�������^����~!ú

ø����!��¤"�^�S|S���(~
D =





0 −1 0
1 −1 0
0 0 0




~(�S�Z~`����~T�S|S���xwzr��^�������^����~!ú

û � æ r �Sy�{�{�w���~
dimE = 3

�:èiwz���
f ∈ L(E)

�zs�¤0~`�S���^r��ly�r6~±vz�^��~`y�|�{�|�wz{�|�~
λ ∈ é ê ��~`����~tîay6~

dimker(f − λIdE) = 2
��ì2wzra�S|�~`|Jîay6~

f
~(�S�F�S|S���xwzr��^�������^����~��

� ��èiwz���
f
y�rõ~`r6s�wz¤0wz|S{������S¤0~ls�~

E
r�����{�wz��~`r��ñ~`����wz���

F
y�rX��wzy6�5þÖ~(��{��z�(~Hvx~(�`��wz|S��~`�:s�~

E
�S���^����~

{��^|
f
�iì2wzra�S|�~`|Zî�y6~J���H|�~(�S�S|S���`�S��wzr

g = f|F
s�~
f
�^y±��wzy6�5þÖ~(�S{��z�(~Cvx~(�`��wz|S��~`�

F
~(�S��y�r±~`r6s�wz¤0wz|S{������S¤0~

r�����{<wz��~`ra�Js�~
F.;6�Zèiwz���

f ∈ L(E)
��~`�!î�y6~

f 3 + f = 0
� � y6~�{�~`y��5þÖwzr¥s���|�~�s�~

ker(f − IdE)
ú

¦�¨ª¼�1p®I@ioX¬õ¾ æ r¥��~T{����z�(~ñs6�^r6�
E = /bfC 4 ¤ñy�r���s�~��	�����z��~����^r6wzr���îay6~ b = (e1, ..., e4).

¦J§�¨ª©g«¬�µ�¾�èiwz�������J¤"�^�S|S���(~
J =







0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0






∈M4(/bfC).

æ r�s�u(�S����r6~${��^|
j
�¡�¢~`r6s�wz¤0wz|S{������S¤0~

s�~
E
s�wzr��J����¤"�^�S|S���(~ñs6�^r6�

b
~(�S�

J.ç �F��� � u`��~`|S¤���r6~`|��¡� ��¤"�^�x~�s�~
b
{��^|

j, j2, j3,
~`�
j4.

���$ð�r2s�u(s�y���|�~
J2, J3 ~`� J4.

��� � u`��~`|S¤���r6~`|
y�rt{<wz��üir6ýz¤0~ñ�^r�ray����^��~`y�|�r6wzrtray��!s�~

J.ó �F���$ìíwzr��S|�~`|Jîay6~��S�
P ∈ Û ÜX]

�(vx~(�
deg(P ) ≤ 3

vxu`|S�ïë�~
P (J) = 0

�^��wz|��
P = 0

�
����ð�r¥s�u(s�y���|�~���~�{<wz��üir6ýz¤0~T¤���r���¤"�^��s�~

J.
���$ìíwzr��S|�~`|Jîay6~

J
~(�S��s����^�xwzr��^�������^����~��

ô �$��� � u`��~`|S¤���r6~`|F��~(�$v��^��~`y�|��:{�|�wz{�|�~(�Fs�~
J.
���:ð�£�{������`����~`|F��~(����wzy6�5þÖ~(�S{��z�(~(�$vx~(�`��wz|S��~`����{�|�wz{�|�~(�Fs�~

J
�z����wa�`��u(�Z�^y�£Úv��^��~`y�|��Z{�|�wz{�|�~(� ç ~`�

i
�

¦J§�¨ª©g«¬�µgµ^¾�èiwz��~`r��!s�~(��r6wz¤ñ��|�~(�p�(wz¤�{���~c£�~(�
a1, a2, a3

~`�
a4
~`�����$¤"�^�S|S���(~

A =







a4 a1 a2 a3

a3 a4 a1 a2

a2 a3 a4 a1

a1 a2 a3 a4






∈

M4(/bfC).ø���ìíwzr��S|�~`|Fîay�� ���<~c£����S��~Jy�rl{�wz��üir6ýz¤0~
f
ö �(wi~E8"�`��~`r����F�(wz¤�{���~c£�~(���aîay6~J�¡�¢wzr�s�u`��~`|S¤���r6~`|�������~`��î�y6~

f(J) = A.û �5����ð��Sy6s���~`|���~:���^|��z�`���`|�~Fs����^�xwzr��^�������^����~�s�~
A
ÿ wzr�{<wzy�|S|��J~c£i{�|S��¤0~`|

P−1AP
w��
P ∈ GL4(/bfC)ö �¡�÷�^��s�~�s�~

f
�
J
~`�
P
�c������ð�£�{������`����~`|Z��~(�Fv��^��~`y�|��Z{�|�wz{�|�~(�Js�~

A.

û�û
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Ä�ÅiÆSÇ�È�É!á�Ë�È`ÅaÆ�È	Ì(Í?ÎJÅ�Ï`ÅiÐíÑxÓgÏ`ÅaÔ"ÈcÐÁÕÖÍ<Î-}´ÏcËiØ5�aÈñÑ�ÈcÌJÆ�Ç	Ì	Å+d Õ¡ØxÕÌ|d�È|zzÈcÐÁÑzÆ�ÈSÑzß:ÛxÈ`Æ�ÑaÇSÏ�ÈcÔ7fcÆ�È��"ÛxÝHË�ÈcÅaÆ�È	Ì�Í
g!È	ÌTÇ(Õ4Å�Ñzß�ØzÐ�ÕÌZÆ�ÈcÔ"È`Õ�Õ4ÆSÓzÐ�ÕpÅiÐ<ÈTÏ�Ó Þ ß¡È Þ ÓzÅiÆ!d�y Ç Þ Æ�ÈcÅ�zzÈ�Ñ�y Ø�d �aÙ5fcÆ�ÈñÈ`Õ�ÅaÐ�ÈTÏ�Ó Þ ß¡È Þ ÓzÅiÆ!d�y Ç Þ ÆSÈ`Å�z^È�Ñ�y Ø�ÐÁØ�dßÞªÌ�È�Í

à �p¨ª¬in�½<¬¥¯&%�¶:ÌeÐ�Ô ^ j��A¯�n´¹Á·t'�¼a½�¾k<6·Á·�·
º n�¬�m(©g«¼*'V¯p¬�"x¼Án�¨ªmx¾6èiwz���

a
y�rl~`r6s�wz¤0wz|S{������S¤0~Ts?� y�rl~(��{��z�(~�vx~(�`��wz|S��~`��s�~�s���¤0~`r6�S��wzr"ë6r���~�� � wzr�r6~`|

����s�ucë6r����S��wzr2s?� y�rtvx~(�`��~`y�|�{�|�wz{�|�~�s�~
a.

�! �¬a¨#"�«I"x¬õ¶¥¾ æ r¥�(wzr6�S��s��`|�~ñ����¤"�^�S|S���(~
A =





3 −2 −1
2 −1 1
6 3 −2



 . ù �^���`y���~`|T��wzrt{�wz��üir6ýz¤0~ñ���^|��z�`��u`|S���5þ
�S��î�y6~�� � ��|�~ñ{<wzy�|�îay6wz�

A−1 ~c£i���S��~���ð�r2�^{�{�����îay��^r�� ö A ��~��S�6u(wz|��`¤0~Hs�~ ù ��üa��~`ü>UT�^¤�������wzr���s�wzr�r6~`|���~{<wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��îay6~ñs�~
A−1,

~c£i{�|S��¤0~`|
A−1 ö �¡�÷�^��s�~Hs�~ A2.

�! �¬a¨#"�«I"x¬ ^ ¾ æ r´��~Ú{����z�(~2s6�^r6�
E = /bfC 4 ¤ñy�r��Js�~±�	�í���z��~t���^r6wzr���îay6~ b = (e1, e2, e3, e4).æ r s�u(�S����r6~±{��^|

j
�¡�¢~`r6s�wz¤0wz|S{������S¤0~2s�~

E
s�wzra�����í¤"�^�S|S���(~ts6�^r6�

b
~(�������í¤"�^�S|S���(~t�Sy���v��^r���~

J =






0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0






.

ç � � u`��~`|S¤���r6~`|Z�¡� ��¤"�^�x~Hs�~(�Fvx~(�`��~`y�|���s�~
b
{��^|

j, j2, j3,
~`�
j4.ó �Zð�rts�u(s�y���|�~

J2, J3 ~`� J4.ô � � u`��~`|S¤���r6~`|Zy�rt{�wz��üir6ýz¤0~ñ�^r�r�y����^��~`y�|Jr6wzrtr�y��!s�~
J.ø6�Zìíwzr��S|�~`|�îay6~��S�

P ∈ /bfC[X]
��vx~(�

deg(P ) ≤ 3
vxu`|S�ïë�~

P (J) = 0
�^��wz|��

P = 0
�

û �Zð�rts�u(s�y���|�~ñ��~T{<wz��üir6ýz¤0~�¤���r���¤"�^�ps�~
J.� �Zìíwzr��S|�~`|�îay6~

J
~(�S�Zs����^�xwzr��^�������^����~��

;i� � u`��~`|S¤���r6~`|Z��~(��vz�^��~`y�|��F{�|�wz{�|�~(�Js�~
J.

�! �¬a¨#"�«I"x¬ 	 ¾!èiwz���
θ ∈]0, π[

� æ r¥�(wzr6�S��s��`|�~���~(�Zs�~`y�£±¤"�^�S|S���(~(�Js?�¢wz|�s�|�~
n ≥ 11

ò

An =











0 1 0 · · · 0 0
1 0 1 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 1 1











, Bn =











2 cos θ 1 0 · · · 0 0
1 2 cos θ 1 · · · 0 0
0 1 2 cos θ · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 2 cos θ 1
0 0 0 · · · 1 1 + 2 cos θ











ÿ ~`rV�(wzr�vx~`r��^ra�0î�y6~0{<wzy�|
n = 1

wzrÒ�
A1 = [1]

~`�
B1 = [1 + 2 cos θ]).

ìíwzr��S|�~`|�î�y6~0{<wzy�|
n ≥ 2wzr �

detBn+1 = 2 cos θ detBn + detBn−1
ÿ ìíu`�S�6was�~ ò>s�u`vx~`��wz{�{�~`|Ú{��^|"|��^{�{�wz|S� ö ���õ{�|�~`¤����`|�~

������r6~�òa����|�u(�`y�|S|�~`r6�(~Tr��¢~(���F{��z��r6u(�(~(�����^��|�~��c��ìíwzr��S|�~`|F{��^|F|�u(�`y�|S|�~`r6�(~�îay6~
detBn = sin(n+1)θ

sin θ + sinnθ
sin θ�>ìíwzr��S|�~`|lîay6~

detBn
���÷�^r�ray���~t{�wzy�|

n
vz�^��~`y�|��ls����S�S��r6�`��~(��s�~

θ
s�~

]0, π[
�:~`�"��~(�"s�u`��~`|S¤���r6~`| ÿ wzr

|��^{�{<~`����~íî�y6~
sin a + sin b = 2 sin a+b

2 cos a−b
2 ).

èa�
PAn

~(�S�l��~t{�wz��üar6ýz¤0~2���^|��z�`��u`|S���S�S��î�y6~ís�~
An
�

���^���`y���~`|
PAn(−2 cos θ)

~`��s�u(s�y���|�~Ús�~��(~lîay��${�|�u(�G�(s�~Ú��~(�ñv��^��~`y�|���{�|�wz{�|�~(��s�~
An.

�!�t¤"�^�S|S���(~
An~(�S�J~`����~Hs����^�xwzr��^�������^����~!ú�ìíwzr��S|�~`|Jîay6~���~(��vz�^��~`y�|��J{�|�wz{�|�~(�Cs�~

2In − An
��wzra�J�S�S|S���`��~`¤0~`ra�T{<w��S���S��vx~(�g�


 wzy�|�îay6wz�!����¤"�^�S|S���(~
(2In −An)−1 ~c£����S��~Cþ¡�5þÖ~`����~!ú � y6~`����~(����wzr�����~(��v��^��~`y�|��Z{�|�wz{�|�~(�<ú

û6�



à ��¨^¬an!½Á¬2¯P%�¶�»t¶:Ì�Í2bK� ¯�n´¹�·r'!¼i½�<6·Á·�·?¾

º n�¬�m(©g«¼*' ¯�¬C"x¼<n!¨^m�¾�èiwz���"s�~`y�£ ��u`|S��~(�"s�~t��~`|S¤0~t�xu`r6u`|��^�
(un)n≥0

~`�
(vn)n≥0.

� ucë6r���|"��~±��~`|S¤0~
�xu`r6u`|��^��s�yt{�|�wis�y�����s�~ ù �^y6���aüts�~��(~(�Zs�~`y�£t��u`|S��~(�Z~`�Ju`r6wzr6�(~`|����^r6�Zs�u`¤0wzr6�S�S|��^�S��wzr2��~��S�6u(wz|��`¤0~ñ��y�|�����(wzr�vx~`|S�x~`r6�(~Hs�~��(~�{�|�wis�y����Zs�~ ù �^y6���aüx�
�! �¬a¨#"�«I"x¬L¶¥¾K9!|�wzy�vx~`|���~(�Fv��^��~`y�|��Zs�ytr6wz¤H��|�~�|�u(~`�

a
��~`����~�îay6~T�¡� ��r���u`��|��^��~���¤�{�|�wz{�|�~

∫ ∞

1

log x

xa+1dx

�(wzr�vx~`|S�x~���~`�:���ñ���^���`y���~`| ÿ ìíu`�S�6wis�~Hò � �����S��r���y6~`|
a < 0, a = 0, a > 0

~`�$y��S��������~`|>y�r6~J��r���u`��|��^�S��wzrÚ{��^|
{��^|S�S��~(��c�
�! �¬a¨#"�«I"x¬ ^ ¾<ð�r�  y6���S�ïëÁ�^r��Zvxwz�S|�~ñ|�u`{<wzr6��~����`���z����~`|F��~(� 4 ��u`|S��~(� ∑

un
�Sy���vz�^ra��~(��~`r±ø"���^��u`�xwz|S��~(�

µ �T� ò��(~`����~(�Z��~`����~(�Jî�y6~
un
r6~���~`r6sÚ{��z��vx~`|�� O �µ�á � ò��(~`����~(�Zîay��!s���vx~`|S�x~`r��C~`�F��~`����~(��îay6~

limun = 0;µ � ù ò��(~`����~(�Jî�y����(wzravx~`|S�x~`r����^�6��wz��y�¤0~`r�� �µ è ù ò��(~`����~(�Jî�y����(wzravx~`|S�x~`r����Á¤"�^���Fr6wzr2�^�6��wz��y�¤0~`ra���ÿ � �S��~`r��S��wzrÚò`{<wzy�|?{�wzy�vxwz��|�|�u`{�wzr6s�|�~��g�(~`|S���^��r6~(�!��u`|S��~(��s�~`¤"�^r6s�~`r��ps�~`y�£�s�u`¤0wzr6���S|��^�S��wzr6�>ò({��^|�~c£�~`¤�{���~
{<wzy�|Z¤0wzra�S|�~`|Jîay6~ ∑

un
~(�S�Jè ù �����?}¡�^y��F¤0wzr��S|�~`|Cî�y6~ ∑un

�(wzravx~`|S�x~ÚÈ(Õ?î�y6~ ∑ |un|
s���vx~`|S�x~��L�

∞∑

n=1

(
(−1)n

n
+

1

n2

)

;
∞∑

n=1

(√
n+ 1−

√
n
)
;

∞∑

n=1

1√
n

(√
n+ 1−

√
n
)2

;
∞∑

n=1

n!

nn
;

∞∑

n=1

(

1− (1− 1

n
)n
)

;
∞∑

n=1

(1− cos
π

n
);

∞∑

n=1

sin(πn) sin(
π

n
);

∞∑

n=0

(
n∑

k=0

k

2k

n− k

3n−k

)

.

�! �¬a¨#"�«I"x¬ 	 ¾
ç � æ r±|��^{�{�~`����~�îay6~�������u`|S��~T���^|S¤0wzr���îay6~H�^����~`|Sr6u(~ñ�(wzravx~`|S�x~ñ~`����{�wzy�|Z��wz¤�¤0~

∞∑

n=1

(−1)n

n
= − log 2.

ìíwzr��S|�~`|����J�(wzr�vx~`|S�x~`r6�(~Zs�~(��s�~`y�£H��u`|S��~(� ∑∞
k=1

(
1

2k−1 − 1
2k

) ~`� ∑∞
k=1

(
1

2k+1 − 1
2k

) ~`�p���^���`y���~`|
��~`y�|Z��wz¤�¤0~ ö �¡�÷�^��s�~�s�y±|��^{�{�~`�!�`��s�~(���Sy6���

ó � � u(�(wz¤�{�w���~`|�~`rtu`��u`¤0~`r����C�S��¤�{���~(�F����}|��z�`�S��wzrt|��^�S��wzr�r6~`����~ 1
4x3−x

�
ô �Zìíwzr��S|�~`|Ú��� �(wzr�vx~`|S�x~`r6�(~Xs�~í��� ��u`|S��~ ∑∞

k=1
1

4k3−k

~`�Ú���^���`y���~`|t��� ��wz¤�¤0~ ö �¡�÷�^��s�~ís�~L�(~Lîay��{�|�u(�G�(s�~��
ø6�Z��� ��ra��u`��|��^��~���¤�{�|�wz{�|�~ ∫∞

1
dx

4x3−x

�(wzr�vx~`|S�x~��5þÖ~`����~!ú�èa��wzy��¡���������^���`y���~`|��
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�! �¬a¨#"a«$"�¬�m"mªn��A�p®kioX¬�'<©�§6«¨^¬�m�¯&%�§('!§6®$)�m�¬rs�°±¬�"x¬ao?1p¨ª¬?<6·�·Á·
ç �Jèiwz���

A =
∫ π
0 log sin(x/2) dx ,B =

∫ π
0 log cos(x/2) dx ,C =

∫ π
0 log sinx dx

�

 wzy�|�î�y6wz���(~(����ra��u`��|��^��~(��~c£i���S��~`ra�$~`����~(�<ú 
 �^|�s�~(�:�����^r��x~`¤0~`r����Fs�~Zv��^|S���^����~J�#80r6~���¤0wzr��S|�~`|Fîay6~
A = B = C

� ù �^���`y���~`|J~`r6�Sy�����~ C −A−B
~`��~`rts�u(s�y���|�~

A
�

ó �Z�6wzr6�`�S��wzr6�J~`y���u`|S��~`r�r6~(� èa�
a
~`�
b
��wzr��

> 0
�6wzr±r6wz��~

B(a, b) =
∫ 1
0 x

a−1(1− x)b−1 dx
~`�

Γ(a) =
∫∞
0 xa−1e−x dx

�
ÿ ���Úìíwzr��S|�~`|�îay6~

B(a, b) = B(b, a) = 2

∫ π/2

0
(sin t)2a−1(cos t)2b−1 dt =

∫ ∞

0

sa−1

(1 + s)a+b
ds

ù �^���`y���~`| B(1/2, 1/2)
�

ÿ ���Úð�rX}��^�����^ra�ñ��~0�����^r��x~`¤0~`r���s�~�v��^|S���^����~
(x, y) 7→ (x, y/x) = (x, s)

s6�^r6�
Γ(a)Γ(b)

u(�`|S���
�(wz¤�¤0~�y�r6~���r���u`��|��^��~ñs�wzy�����~��6¤0wzr��S|�~`|Jîay6~

Γ(a)Γ(b) = B(a, b)Γ(a+ b).

ð�rts�u(s�y���|�~
Γ(1/2)

�
ô � 
 �^|�y�r6~F��ra��u`��|��^�S��wzr"{��^|�{��^|S�S��~(���x¤0wzr��S|�~`|:îay6~F�S�

f
~(�S��s�~Z�`���z����~

C1( é ê )
��~`���S�

a
~`�
b
��wzra��|�u(~`�����

�^��wz|��
lim
n∞

∫ b

a
f(x) sin(nx)dx = 0.

ìíwzr��S|�~`|�~`r6��y�����~�î�y6~
f(0) = 0

~`����{�wzy�|
x 6= 0

�

f(x) =
1

x
− 1

sinx
s�ucë6r����Zy�r6~�}4wzr6�`�S��wzr¥s�~

C1( é ê )
�Áèiwz���Z~`r6�Sy�����~��6{<wzy�|

n
~`ra�S��~`| ≥ 0,

sn =

∫ π/2

0

sin((2n+ 1)x)

sinx
dx.

ìíwzr��S|�~`|�îay6~

sn =

∫ π/2

0

sin((2n+ 1)x)

x
dx−

∫ π/2

0
f(x) sin((2n+ 1)x)dx.

=

∫ (2n+1)π/2

0

sin t

t
dt−

∫ π/2

0
f(x) sin((2n+ 1)x)dx.

ù �^���`y���~`|�~`r�ë6r u0 = s0
~`����{<wzy�|

n > 0,

un = sn − sn−1 = 2

∫ π/2

0
cos(2nx)dx.

ð�rts�u(s�y���|�~ñ�����(wzr�vx~`|S�x~`r6�(~�~`�Z����v��^��~`y�|�s�~T�¡� ��r���u`��|��^��~ ∫∞
0

sin t
t dt.ø6� é r���u`��|��^��~(�Js�~���|Sy������^r��

û64



ÿ ��� H ~`|��S��wzr±�zs�s����S��vx~�ò�èiwz���
f : é ê → é ê ��~`����~Jîay6~ ∫∞c f(x) dx

~c£����S��~J{<wzy�|$��wzy��$�C~`�$��~`����~Cîay6~
L = limx−∞ f(x)

~c£����S��~���ì2wzra�S|�~`|�îay6~�{<wzy�|F��wzy��
(a, b)

s�~
R2

∫ ∞

−∞
(f(x+ a)− f(x+ b)) dx

~c£����S��~�~`�Fv��^y��
L(b− a)

�
ÿ ��� H ~`|��S��wzr±¤Hy����S��{��������^�S��vx~"ò�èiwz���

g : [0,+∞[→ é ê ��~`����~�î�y6~ ∫∞c g(y)/y dy
~c£����S��~C{�wzy�|F��wzy��

c > 0
~`�F��~`����~�îay6~

g
��wz���Z�(wzra�S��r�y6~�~`r O ��ìíwzr��S|�~`|Jîay6~T{�wzy�|F��wzy��

(α, β)
s�~

(]0,+∞[)2
ò

∫ ∞

0
(g(αy) − g(βy))/y dy

~c£����S��~C~`�$v��^y��
g(0) log β/α

�¢ì2u`�S�6wis�~�òawzy±����~`rÚ��¤�����~`|����c��wzyÚ����~`r�y��S��������~`|����>~`rÚ�¡�÷�^{�{����ïþ
îay��^r�� ö

f(x) = g(ex)
�

ÿ ��� ù �^���`y���~`|Z��~(�Z��r���u`��|��^��~(�C�Sy���vz�^ra��~(�ñò
∫ ∞

0
e−sy(1− e−y)/y dy

∫ ∞

0
(arctan 2y − arctan y)/y dy

û � é r���u`��|��^��~�s�~QÎ:��r6~`� ÿ èiwzy�|��(~0ò/{ �����S���pÏx~`|T�^r6s0{ �^����wzr���{�� ó ø M �c��èiwz���

f(t) = (
1

2
− 1

t
+

1

et − 1
)
1

t
.

ìíwzr��S|�~`|�îay6~
I =

∫∞
0 f(t)e−t/2 dt

~c£i������~���~`�Z�������^���`y���~`|���ìíu`�S�6was�~�ò6{<w����^ra�

f1(t) = [f(t)− f(t/2)/2]e−t/2 + f(t)e−t

~`�
g(t) = [e−t/2 − e−t]/t,¤0wzra�S|�~`|Jîay6~

I =
∫∞
0 f1(t) dt

~`�Zîay6~T���!~c£����S��~
A
~`�
B
s6�^r6� é ê ��~`�!îay6~

f1(t) = Ag′(t) +Bg(t);

����~(�S�Z�(wz¤�¤0wis�~�s�~�{�w���~`|F{�wzy�|Z�(~`���
u = 1/t

~`�
v = e−t/2 �

� � é r���u`��|��^��~(�J~`������{��S��î�y6~(�Js�~ ù �^|S����wzr����Öüi{�~ éèiwz���
a
�
b
~`�
c
�S|�wz���±r6wz¤ñ��|�~(�¥{<w������S�ï}4�±wzy ray������ æ rÃ�(wzr6�S��s��`|�~õ��~(�Ú�S|�wz���±{�wz��üir6ýz¤0~(�t~`r

x
ò

A = x + a, B = x + b
~`�
C = x + c,

�^��r6�S��îay6~ñ��~(�T�S|�wz���J}�wzr6�`�S��wzr6��s�ucë6r���~(���Sy�|
]0,+∞[

{��^|
R = (

√
A+

√
B)(

√
B +

√
C)(

√
C +

√
A), J = x+

√
AB +

√
BC +

√
CA

~`�

I(s) =

∫ +∞

s

dx√
ABC

.

ÿ ���Úìíwzr��S|�~`|�îay6~
I(s)

�(wzravx~`|S�x~�{<wzy�|���wzy��
s > 0.

� y6~`����~�~(���C���l����¤�����~0s�~
I(s)

î�y��^r6s
s →

+∞?
ì2wzra�S|�~`|Jîay6~

I ′(x) = − 1√
ABC

. ù �^���`y���~`| I �S� b = c = 0.

û6M



ÿ ��� ÿ ç �$ìíwzr��S|�~`|Cî�y6~
J(x) = (

√
A+

√
B)(

√
A+

√
C)− a.ÿ ó �$ð�r2s�u(s�y���|�~ñîay6~

J ′(x) = R
2
√

ABC
.ÿ ô � � vx~(��s�~`y�£±~c£i{�|�~(������wzr6�Z�S��¤������^��|�~(� ö ÿ ç �c�6¤0wzr��S|�~`|Jîay6~

R2 = (J + a)(J + b)(J + c).ÿ ���Úìíwzr��S|�~`|T�(vx~(�H���c�6� ó ��~`��� ô ��îay6~
2I ′(J(x))J ′(x) = I ′(x)

{<wzy�|J��wzy��
x > 0.

ð�r¥s�u(s�y���|�~��
��vx~(����~����c�6îay6~

2I(J(x)) = I(x).
ð�r¥u(�`|S��vz�^ra�

I(s) =

∫ J(s)

s
+

∫ +∞

J(s)

dx√
ABC

,

¤0wzra�S|�~`|Jîay6~

I(s) = 2

∫ J(s)

s

dx√
ABC

.

ÿ s��tèiwz���
(Jn)+∞n=0

���"�Sy�����~Hs�~ñ}�wzr6�`�S��wzr6�Js�ucë6r���~(�T�Sy�|
]0,+∞[

{��^|
J0(x) = x

~`����{�wzy�|
n ≥ 0,

Jn+1(x) = Jn(J(x)).
ì2wzra�S|�~`|�{��^|Z|�u(�`y�|S|�~`r6�(~���y�|

n
î�y6~

I(s) = 2n+1

∫ Jn+1(s)

Jn(s)

dx√
ABC

,

~`�Z���^���`y���~`|
lim

s→+∞

√
s

∫ J(s)

s

dx√
ABCÿ ìíu`�S�6was�~�ò�}��^��|�~T��~������^r��x~`¤0~`r���s�~Tvz�^|S���^����~

x = st).;i� é r���u`��|��^��~(�J~`������{��S��î�y6~(�Js�~ ù �^|S����wzr����Öüi{�~ é�éèiwz���
a
�
b, c

~`�
d
s�~(�Fr6wz¤ñ��|�~(��{<w������S�ï}4�Zwzy±ray������ æ rt{�w���~

α = ab+ cd, β = ac+ bd, γ = ad+ bc.

æ r±�(wzr6�S��s��`|�~C��~(��{�wz��üar6ýz¤0~(�F~`r
x
ò
A = x+ a2, B = x+ b2, C = x+ c2

~`�
D = x+ d2 �^��r6���îay6~T��~(�Zs�~`y�£�}4wzr6�`�S��wzr6�Js�ucë6r���~(���Sy�|

]0,+∞[
{��^|

R = (
√
AB +

√
CD)(

√
AC +

√
BD)(

√
AD +

√
BC),

J(x) = 2x2 + (a2 + b2 + c2 + d2)x+ 2(
√
ABCD − abcd).æ r±{�w���~

α = ab+ cd, β = ac+ bd, γ = ad+ bc.ìíwzr��S|�~`|±�Sy6�(�(~(������vx~`¤0~`r��±î�y6~
J(x) = (

√
AB +

√
CD)2 − α2,

î�y6~
J ′(x) = R√

ABCD
,
î�y6~

(J + α2)(J + β2)(J + γ2) = R2,
~`��~`r�ë6r¥îay6~

∫ +∞

s

dx√
ABCD

=

∫ +∞

J(s)

dx
√

(x+ α2)(x+ β2)(x+ γ2)
.

4 � ÿ ù �^���`y���s�~C������wz¤�¤0~Ts�~ ∑∞
k=1

1
k2

��èiwz���
n
y�r±~`r��S��~`|�ë�£�u

> 0
~`�$���ñ}�wzr6�`�S��wzrt�Sy�|

[0,∞[
s�ucë6r���~

{��^|
Pn(x) = Im(

√
x + i)2n+1.

ìíwzr��S|�~`|�îay6~
Pn

~(�S�Cy�rí{<wz��üir6ýz¤0~�s�~Hs�~`��|�u
n
~`r

x
�<���^���`y���~`|

��~(���(wi~E8"�`��~`r����Hs�~
xn ~`��s�~ xn−1 ~`��~`rXs�u(s�y���|�~0îay6~����Ú��wz¤�¤0~�s�~(��|��z�`��r6~(�ñ~(�S� n(2n − 1)/3ÿ ìíu`�S�6was�~¥ò?s�u`vx~`��wz{�{<~`|

(
√
x + i)2n+1 {��^|�����}�wz|S¤ñy���~"s�y ����r6ýz¤0~��c�!ìíwzr��S|�~`|ñîay6~���~(��|��z�`��r6~(�

�6O



s�~
Pn

��wzra�J��~(�
n
r6wz¤ñ��|�~(� (

cot kπ
2n+1

)2
,
��vx~(�

k = 1, . . . , n
ÿ ìíu`�S�6was�~lò6}�wz|S¤ñy���~�s�~ñìíwz��va|�~��c�

ìíwzr��S|�~`|�îay6~��S�
0 < θ < π/2

�^��wz|��
0 < sin θ < θ < tan θ

~`��~`rts�u(s�y���|�~

cot2 θ <
1

θ2
<

1

sin2 θ
= 1 + cot2 θ.

� u(s�y���|�~�s�~T��wzy����(~ñî�y��?{�|�u(�G�(s�~�îay6~
1

3
n(2n− 1) ≤ (2n+ 1)2

π2

n∑

k=1

1

k2
≤ n+

1

3
n(2n− 1).

ð�r2s�u(s�y���|�~�������wz¤�¤0~ñs�~�������u`|S��~�s�~ ê ��~`¤"�^r�r ζ(2) =
∑∞

k=1
1
k2 . ù �^���`y���~`|C�^y6�����?������wz¤�¤0~�s�~������u`|S��~ ∑n

k=1
1

(2k+1)2
~`rÚ}�wzr6�`�S��wzr2s�~

ζ(2).

��ç



�! �¬a¨#"�«I"x¬am"mgn=�A�p®kao ¬�'<©�§6«¨^¬�m�¯&%ï§6®²�@�1p¨ª¬rsp°±k�"x¬ao?1p¨ª¬u<6·�·Á·
Ð�k�¼<oXk�©�¨^«¬¥¯p¬�m"¬�'�¯�¼<oX¼�¨p�~��«mgo ¬�m�mG)!oXk�©�¨^«Iå�n�¬�m

èiwz���Fð y�rÚ~(�S{��z�(~C~`y6�`����s���~`rÚs�~Cs���¤0~`r6�S��wzr
n
��s�wzra�:�¡�¢~(�S{��z�(~Ts�~(�$~`r6s�wz¤0wz|S{������S¤0~(�F~(�S�$r6wz��u

L(E)
�

���÷�zs^ 5wz��ra��s�~��¡�¢~`r6s�wz¤0wz|S{������S¤0~
a
~(�S�!r6wz��u

a∗
�
Ls(E)

r6wz��~>�¡�¢~(��{��z�(~>s�~(�!~`r6s�wz¤0wz|S{�������¤0~(���Süa¤0u`�S|S��îay6~(�
s�~�ðZ�
ç �Zìíwzr��S|�~`|�îay6~

(a, b) 7→ Trace(a∗b)
¤Hy�r����

L(E)
s?� y�r6~��S�S|Sy6�`�Sy�|�~�s?�¢~(�S{��z�(~ñ~`y6�`����s���~`r��

� {�{��������^�S��wzrõòi���
a ∈ L(E)

���^�S���5}¡�^���
a2 = aa∗,

¤0wzr��S|�~`|Zîay6~
b = a− a∗ ~(�S�$r�y��?~`r±�(wzr6�S��s�u`|��^r������r6wz|S¤0~�s�~

b
{�wzy�|Z�(~`�S��~��S�S|Sy6�`�Sy�|�~H~`y6�`����s���~`r�r6~��

ó �Jèiwz���
Φ
�¡�¢~`r6s�wz¤0wz|S{������S¤0~Ts�~

L(E) a 7→ a∗
� � y6~`����~(�$��wzra�>��~(�:vz�^��~`y�|��$~`�>~(�S{��z�(~(�:{�|�wz{�|�~(��s�~

Φ
ú

ô �Jèiwz���$����}�wz|S¤0~C��������r6u��^��|�~T�Süa¤0u`�S|S��îay6~C�Sy�|
L(E)

s�ucë6r���~J{��^|
Trace(ab)

�/9!|�wzy�vx~`|$�����S����r��^�Sy�|�~Cs�~
���0}4wz|S¤0~�îay��zs�|��^�S��î�y6~0�z����wa�`��u(~ ÿ ìíu`�S�6was�~Úò<�(wzr6�S��s�u`|�~`|��¡�¢~`r6s�wz¤0wz|S{������S¤0~0��üa¤0u`�S|S��îay6~��z����wi�`��u
~`�Fy��S��������~`|���~ ó �L�

ø6�Jèa�
a
�^{�{��^|S�S��~`r�� ö

L(E)
��wzrls�u(�S����r6~�{��^|

ga
�¡�¢~`r6s�wz¤0wz|S{������S¤0~Cs�~

Ls(E)
s�ucë6r��Á{��^|

x 7→ axa∗
�

ìíwzr��S|�~`|Fîay6~
gab = gagb

�i���^���`y���~`|F�¡�÷�zs^ 5wz��ra�Zs�~
ga
~`�$¤0wzr��S|�~`|�îay6~

ga
~(�S�Fwz|S�S�6wz�xwzr��^���S�

a
�¡�¢~(�S���

û �Jèa�
a
~(���"�Süi¤0u`�S|S��î�y6~��$���^���`y���~`|l��~2s�u`��~`|S¤���r��^r��±s�~

ga
ÿ ìíu`�S�6was�~ ò>��~t{����z�(~`|�s6�^r6�ly�r6~¥���z��~

wz|S�S�6wzr6wz|S¤"�^��~2s�~±s����^�xwzr��^�������^�S��wzr´s�~
a
~`�0�(wzr6����s�u`|�~`|0�¡�¢~`r6s�wz¤0wz|S{������S¤0~

gD
s�~Ú�¡�¢~(�S{��z�(~ts�~(�

¤"�^�S|S���(~(�l|�u(~`����~(�l��üa¤0u`�S|S��îay6~(�"s?�¢wz|�s�|�~
n
s�ucë6r��J{��^|

gD(X) = DXD
�>w��

D
~(�S�0���X¤"�^�S|S���(~

s����^�xwzr��^��~�îay���|�~`{�|�u(��~`ra��~
a
���

� �Zìíwzr��S|�~`|$î�y6~��¡�÷�^{�{��������^�S��wzr
a 7→ det(ga)

~(�S�>�(wzra�S��r�y6~��ið�r"s�u(s�y���|�~Jî�y6~Z���
a
~(����y�r6~F|�wz���^�S��wzrls�~

ðZ�<�^��wz|��
ga
~(�S�J�^y6�����!y�r6~�|�wz���^�S��wzrLs�~

Ls(E)
ÿ æ r¥|��^{�{�~`����~Hîay6~���~ñ��|�wzy�{<~�s�~(�Z|�wz���^�S��wzr6�Ts?� y�r

~(�S{��z�(~�~`y6�`����s���~`rí~(�S�Z�(wzr�r6~c£�~��c�
;i�Jèa�

a
~(�S��y�r´~`r6s�wz¤0wz|S{�������¤0~2wz|S�S�6wz�xwzr��^�Ts�~ts�u`��~`|S¤���r��^r�� −1,

¤0wzra�S|�~`|lîay��¢wzr´{�~`y��0�¡�¢u(�`|S��|�~
�(wz¤�¤0~H��~�{�|�wis�y����Js?� y�rL~`r6s�wz¤0wz|S{������S¤0~��Süi¤0u`�S|S��î�y6~ñ�S|��(�J�S��¤�{���~H~`�Js?� y�r6~H|�wz���^�S��wzr�� � �¡�÷�^��s�~
s�y±ø6�6s�y û ~`�Zs�y � ��¤0wzr��S|�~`|Cî�y6~T��~�s�u`��~`|S¤���r��^ra�Cs�~

ga
~(���

(−1)n+1 �
4 � æ rL|��^{�{�~`����~�îay6~���wzy���~`r6s�wz¤0wz|S{������S¤0~0s?� y�rõ~(�S{��z�(~�~`y6�`����s���~`r ~(�S�C��~�{�|�was�y�����s?� y�rõ~`r6s�wz¤0wz|5þ
{������S¤0~��Süa¤0u`�S|S��îay6~�{�w��S���S�ï} ÿ ���¢~(��� ö s���|�~Zs?� y�r"~`r6s�wz¤0wz|S{�������¤0~��Süi¤0u`�S|S��î�y6~

p
��~`��î�y6~�{�wzy�|���wzy��

x
s�~

E
wzrL�

< x, p(x) >≥ 0
�Z~`��s?� y�rõ~`r6s�wz¤0wz|S{������S¤0~�wz|S�S�6wz�xwzr��^� ÿ s�u(�(wz¤�{�w��S���S��wzr {�wz���^��|�~��c�

� u(s�y���|�~Zs�~J�(~`����~`�>s�~(�>îay6~(�S�S��wzr6�>{�|�u(�(u(s�~`r���~(��î�y6~Z��~Zs�u`��~`|S¤���r��^r���s�~
ga
~(�S�:u`���^� ö

(det a)n+1 �
M � ÿ é r6u`���^������u�s�~oUT�zs6�^¤"�^|�s���èa�?��~(�Z|�u(~`��� x1, . . . , xn

���^�S���5}�wzr��
x1 + · · ·+ xn = 0,

¤0wzra�S|�~`|Jîay6~

1 ≤ 1

n
(ex1 + · · · + exn)

~`�F{�|�u(�`����~`|���~(�Z���z�Zs?�¢u`���^������u���ìíu`�S�6wis�~0ò�u`�Sy6s���~`|Z����}�wzr6�`�S��wzr¥s�~ é ê s6�^r6� é ê s�ucë6r���~�{��^|

t 7→ 1

n
(etx1 + · · ·+ etxn .

èa�?��~(�F|�u(~`���
y1, . . . , yn

��wzra�Z{�w��S���S�ï}4�g��¤0wzr��S|�~`|Jîay6~

(y1 . . . yn)
1
n ≤ 1

n
(y1 + · · · + yn)

~`�Z{�|�u(�`����~`|J��~(�J���z�Js?�¢u`���^������u ÿ ��r6u`���^������uHs�~(�J¤0w�üx~`r�r6~(�C�xu(wz¤0u`�S��îay6~H~`�T�^|S���S��¤0u`�S��î�y6~��c�?èa�
A
~(�S�

y�r6~T¤"�^�S|S���(~H�Süa¤0u`�S|S��îay6~�~`��s�ucë6r���~cþ>{�w��S���S��vx~�s?�¢wz|�s�|�~
n
��¤0wzra�S|�~`|Jîay6~

(detA)
1
n ≤ 1

n
TraceA
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~`�H{�|�u(�`����~`|H��~(�����z��s?�¢u`���^������u���èa�
B = (bij)

~(�S��y�r6~l¤"�^�S|S���(~l�Süi¤0u`�S|S��îay6~l~`��s�ucë6r���~cþC{�w��S���S��vx~
s?�¢wz|�s�|�~

n
��¤0wzra�S|�~`|Jîay6~

bii > 0
~`��îay6~

detB ≤ b11 . . . bnn,

~`��{�|�u(�`����~`|:��~(�����z��s?�¢u`���^������u ÿ ì2u`�S�6wis�~�ò��(wzr6�S��s�u`|�~`|:���T¤"�^�S|S���(~�s����^�xwzr��^��~
D
s�wzra������s����^�xwzr��^��~

~(�S�
(1/
√
b11, . . . , 1/

√
bnn)

~`�
A = DBD

�c�
� {�{��������^�S��wzr s�~±�¡� ��r6u`���^������u2s�~�UT�zs6�^¤"�^|�s ò ÿ�� ��~¥vxwz��y�¤0~¥s?� y�r {��^|��^�����`��u`{���{K�(s�~2~(���0¤"�ª£i��¤"�^�
îay��^r6s ��~(�Hvx~(�`��~`y�|���s�~0���z��~l��wzr���wz|S�S�6wz�xwzr��^y�£ � ��èiwz���

C = (cij)
y�r6~l¤"�^�S|S���(~

(n, n)
|�u(~`����~��

ìíwzr��S|�~`|�îay6~
|detC| ≤ (c11

2 + · · · + c1n
2)1/2 · · · (cn1

2 + · · ·+ cnn
2)1/2

ÿ ìíu`�S�6was�~�ò��(wzr6�S��s�u`|�~`|
B = CtC)
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 |�u(�`����~`|Z��~(�Z���z�Js?�¢u`���^������u��
ç5O � æ r±�(wzr6�S��s��`|�~T���H{��^|S�S���S��wzrts�~

Ls(E)
r6wz��u(~

(P+, P0, P−)
��w��

P+
~(�S���¡�¢~`r6��~`¤ñ����~�s�~(�F~`r6s�wz¤0wz|5þ

{������S¤0~(���Süi¤0u`�S|S��îay6~(��~`��s�ucë6r����5þ¡{�w��S���S�ï}�����~`��w��
P = P+ ∪ P0

~(�S���¡�¢~`r6��~`¤H����~�s�~(��~`r6s�wz¤0wz|5þ
{������S¤0~(���Süi¤0u`�S|S��î�y6~(�H~`�ñ{�w��S���S�ï}�����ìíwzr��S|�~`|�î�y6~

P
~`�
P+

��wzr��Hs�~(���(ýzr6~(���(wzr�vx~c£�~(���!ìíwzr��S|�~`|
îay�� ��������wzr���|�~(�S{�~(�`�S��vx~`¤0~`r���}�~`|S¤0uT~`��wzy�vx~`|S� ÿ ìíu`�S�6was�~�òay��S��������~`|��������^|��z�`��u`|S�����^�S��wzrts�~(�$}4~`|S¤0u(�
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 wzy�|�¤0wzr��S|�~`|Zîay6~

P− ∪P0
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s�~
E
�c�

ç�ç � � �^r6���¡�¢~c£�~`|��`���(~:{�|�u(�(u(s�~`r����z���^|��z�`��u`|S����~`|���~(�pu`��u`¤0~`r�����s�~
P
~`�
P+

~`r���~`|S¤0~(��s�~:v��^��~`y�|��!{�|�wz{�|�~(���
èa�
E = é ê 2 ~(�S�Z¤ñy�r���s�~ñ�	���S�S|Sy6�`�Sy�|�~ñ~`y6�`����s���~`r�r6~����^r6wzr���îay6~���s�~(������r6~`|Js6�^r6� é ê 3 ��~(�Ju`��u`¤0~`r����

(a, b, c)
��~`���F����¤"�^�S|S���(~

M =

[
a+ c b
b a− c

]

��wz�����(s6�^r6�!���$���z��~����^r6wzr���îay6~�s�~ é ê 2 �(�(~`����~�s?� y�rñu`��u`¤0~`r��ps�~ P0
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P+
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P−
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abc

��wz���Cy�rL~`r6s�wz¤0wz|S{������S¤0~��Süa¤0u`�S|S��îay6~�� 
 wzy�|
0 ≤ t ≤ 1

�Áwzrí{�w���~
d(t) = (ta + (1 − t)c)bc.

ì2wzra�S|�~`|Tîay6~
d(t)

~(�S�J��üa¤0u`�S|S��îay6~���ì2wzra�S|�~`|Tîay6~
d(0)

~(���Cs6�^r6�
P+
�

ìíwzr��S|�~`|�îay6~
d(t)

r��¢~(�S�� ��^¤"�^���Zs6�^r6�
P0
��ìíwzr��S|�~`|Jî�y6~

t 7→ d(t)
~(�S�Fy�r6~ñ�^{�{��������^�S��wzrí�(wzr��S��r�y6~

s�~
[0, 1]

s6�^r6�
Ls(E)

�xð�r0y��S���������^ra�>��~�|�u(�Sy������^�:s�~��¡�¢~c£�~`|��`���(~ ç5O � ö ���(vxwz��|>îay6~
P+
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P−

��wzr��>s�~(�
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abc
~(�S�Zs�ucë6r��ïþ¡{�w��S���S�ï}5�

ç�ô � ÿ é r6u`���^������u(��s�~FÁ��6q�ra��~`|S�<~`|S�x~`|� æ rt���^|�s�~���~(��r6wz���^�S��wzr6��s�~��¡�¢~c£�~`|��`���(~ ç5O �Áèiwz��� a ∈ P+,
~`����wz���

λ1(a)
����{���y6�>{�~`�S����~�s�~J��~(��v��^��~`y�|��>{�|�wz{�|�~(���iìíwzr��S|�~`|:îay6~����¢~(���$�^y6���S������s����S���^r6�(~

d(a)
�^y"��wz|�s

s�yt�(ýzr6~��6���¢~(��� ö s���|�~�îay6~
λ1(a) = d(a) = inf{||a− x||; x ∈ P0}

ÿ ìíu`�S�6was�~ ç ò�èiwz���
x ∈ P0

� 
 wzy�|Zvxwz��|Zîay6~ ||x− a||2 ≥ λ1(a)
2,
�(wzr6�S��s�u`|�~`|Fy�r6~T���z��~�wz|S�S�6wzr6wz|5þ

¤"�^��~
e
s�~�s����^�xwzr��^�������^�S��wzr2s�~

x
�6u(�`|S��|�~

(aij) = [a]ee = diag(a11, . . . , ann) + [v]ee,

~`��|�~`¤"�^|�îay6~`|"î�y6~
v
~(�S�0wz|S�S�6wz�xwzr��^� ö

x
��ì2u`�S�6wis�~ ó ò�¤0wzr��S|�~`|"îay6~Ú�S� ||b|| < λ1(a),

�^��wz|��
a+ b ∈ P+.)� {�{��������^�S��wzr ò

�S|��z�(~
a−1 ≤ n/d(a) ≤ n

�S|��z�(~
a−1.

��ô



ç ø6� ÿ 9��6u(wz|��`¤0~Hs�~Hèa��~`��r�� æ rt���^|�s�~���~(��r6wz���^�S��wzr6��s�~��¡�¢~c£�~`|��`���(~ ç5O �Áèiwz���
c
y�r2~`r6s�wz¤0wz|S{������S¤0~ñs�~

�¡�¢~(�S{��z�(~�~`y6�`����s���~`r
E
�?ì2wzra�S|�~`|�î�y�� ����~c£����S��~

y
s6�^r6�

P+
��~`��î�y6~

z = y − cyc∗
��wz���ñ�^y6������s6�^r6�

P+
�S�?~`����~`y���~`¤0~`r��Z���

cn →n∞ 0
��ìíu`�S�6was�~C{�wzy�| ⇐ ò�u`���^������|Fî�y6~T�S�

a
~(�S�$y�r±~`r6s�wz¤0wz|S{������S¤0~

s�~ñ�¡�¢~(�S{��z�(~ñ|�u(~`�
F
s�~�s���¤0~`r6�S��wzríë6r���~����^��wz|��

an →n∞ 0
��¤�{�����îay6~Hîay6~

idE − a
~(�S����ravx~`|��S������~

~`�Fîay6~
Σ∞

n=0a
n �(wzr�vx~`|S�x~�� � {�{�����îay6~`|Z�(~`��� ö F = Ls(E)

~`� ö
a(y) = cyc∗

��ì2u`�S�6wis�~T{�wzy�| ⇒ ò
u`���^������|�îay6~H�S�

(yn)∞n=0

~(���Jy�r6~��Sy�����~�s�~
P
îay��p~(���Cs�u(�`|�wz�����	�^r���~ ÿ ���¢~(��� ö s���|�~�î�y6~H{�wzy�|J��wzy��

n
�
yn − yn+1

~(�S�Hs6�^r6�
P
�c�!�^��wz|��

limn∞ yn
~c£i���S��~�� � {�{�����îay6~`|H�(~`��� ö

yn = cnyc∗n
� � ~

yn −
yn+1 →n∞ 0

�xs�u(s�y���|�~Fîay6~
cn →n∞ 0

~`r0��~${�����æ��^r��:{��^|�~c£�~`¤�{���~Fs6�^r6��y�r6~F���z��~Fwz|S�S�6wzr6wz|S¤"�^��~
s�~�s����^�xwzr��^�������^�S��wzrís�~

z = y − cyc∗
�

ç�û � ÿ é r6u`���^������u(�Ts?�âUJ~`|S¤"�^r�ru{X~`üi�$�Cèiwz��� V1, V2, . . . , Vk
s�~(�T��wzy6�T~(�S{��z�(~(�Cvx~(�`��wz|S��~`����s�~H�¡�¢~(�S{��z�(~Hs�~

s���¤0~`r6�S��wzrtë6r���~
V
�Sy�|Fy�r2�(wz|S{6��îay6~`���(wzr6î�y6~�����~`����î�y6~

dimV1 + dimV2 + · · ·+ dimVk > (k − 1)dimV.

ìíwzr��S|�~`|ñîay6~
V1 ∩ V2 ∩ . . . ∩ Vk 6= {0}. ìíu`�S�6was�~±ò?�(wzr6�S��s�u`|�~`|ñ��~�r6w�ü��^y s�~��¡�÷�^{�{��������^�S��wzr s�~

V1 × · · · × Vk → V k−1 s�ucë6r���~�{��^| (v1, . . . , vk) 7→ (v1 − v2, v2 − v3, . . . , vk−1 − vk).èa�
a
�^{�{��^|S�S��~`ra� ö �¡�¢~(�S{��z�(~

E
s�~(��~`r6s�wz¤0wz|S{������S¤0~(�H�Süa¤0u`�S|S��îay6~(��s�~��¡�¢~(�S{��z�(~�~`y6�`����s���~`r
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s�~

s���¤0~`r6�S��wzr
r
��wzr±r6wz��~

λ1(a) ≥ λ2(a) ≥ · · · ≥ λr(a)��~(��v��^��~`y�|��Z{�|�wz{�|�~(�g�Áèa�
λr(a) ≥ 0,

wzrts�����î�y6~
a
~(�S�F{�w��S���S�ï}S�

èiwz�����^��wz|��
a1, a2, . . . , ak

s6�^r6�
E
��~`���Zîay6~

a1 + a2 + · · ·+ ak
��wz���F{�w��S���S�ï}S��ì2wzra�S|�~`|Jîay6~

λi1(a1) + λi2(a2) + · · ·+ λik(ak) ≥ 0

�S�
i1 + · · · + ik < r + k.

ì2u`�S�6wis�~0ò��^{�{�����îay6~`|���~ñs�u`��y�� ö
Vj
�6��wzy6��~(��{��z�(~�vx~(�`��wz|S��~`��~`r��x~`r6s�|�u

{��^|Zs�~(��vx~(�`��~`y�|��Z{�|�wz{�|�~(�Zs�~
aj
�z����wa�`��u(�Z�^y�£±v��^��~`y�|��F{�|�wz{�|�~(�

λij (aj), λij+1(aj), . . . , λr(aj);y��S��������~`|C�^y6���S����~ñ��~`¤�¤0~ñ�Sy���v��^r���ò6�S�
a ∈ E ~`���S�

x
s6�^r6�

V
~(����s�~�r6wz|S¤0~ ç ���^��wz|��

< x, a(x) >~(�S�>��r�}4u`|S��~`y�|$wzy"u`���^� ö
λ1(a)

òx�(~Z��~`¤�¤0~J~(�S� ö y��S��������~`|>î�y��^r6s
V
~(�S��|�~`¤�{����z�(u�{��^|

Vj
~`�>î�y��^r6s
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~(�S�F|�~`¤�{����z�(u�{��^|F����|�~(���S|S���`�S��wzr¥s�~

aj
ö
Vj.� {�{��������^�S��wzr6�ñò�èa�

a
~`�
b
��wzr���s6�^r6�
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��~`���S�

j + k − 1 ≤ r,
¤0wzr��S|�~`|Jîay6~

λj(a) + λk(b) ≥ λj+k−1(a+ b).

ìíu`�S�6was�~�ò6�^{�{�����îay6~`|���~T|�u(��y������^�Z{�|�u(�(u(s�~`r�� ö
a1 = a

�
a2 = b

�
a3 = −(a+ b).èa�

a
~`�
b
��wzr���s6�^r6�

E
~`�Z�S��s�~�{���y6�

b
~(���F{<w��S���S�ï}S��¤0wzr��S|�~`|Cî�y6~
λi(a) ≤ λi(a+ b).

ìíu`�S�6was�~�ò��(wzr6����s�u`|�~`|
a1 = a+ b

~`�
a2 = −a.ç5� � ÿ é r6u`���^������uls�~lì¥��r�Ïxw��Z��Ïi�$�Hèiwz��� a ~`� b s�~(��~`r6s�wz¤0wz|S{������S¤0~(���Süi¤0u`�S|S��î�y6~(��s�ucë6r����ñ{�w��S���S�ï}��ñs�~�¡�¢~(�S{��z�(~ñ~`y6�`����s���~`r
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s�~�s���¤0~`r6����wzr

r.
ìíwzr��S|�~`|Cî�y6~

(det a)1/r + (det b)1/r ≤ (det(a+ b))1/r ,

~`�F{�|�u(�`����~`|F��~(�����z�Zs?�¢u`���^������u ÿ ìíu`�S�6was�~�ò���~�s�u`¤0wzra�S|�~`|Js?�÷�^��wz|�st�S�
a = idV

��{�y����Z��~T|��^¤0~`r6~`| ö�(~����z�Z~`r2�(wzr6�S��s�u`|��^r��
b′ = a−1/2ba−1/2).
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c = b−a ~(�S�>{�w��S���S�ï}S�xì2wzra�S|�~`|Fî�y6~ b ~(�S�:s�ucë6r��<{<w������S�ï}5�xìíwzr��S|�~`|Fîay6~
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< P,Q >=

∞∑

k=0

P (k)(ak)Q
(k)(ak)

s�ucë6r����Zy�r±{�|�wis�y����������^���^��|�~ñ�Sy�|
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�! �¬a¨#"�«I"x¬ °L¾e9�|�wzy�vx~`|l��~±s�u`vx~`��wz{�{<~`¤0~`ra��~`r ��u`|S��~±~`r��S���`|�~2�^y´vxwz���S��r��^�x~ts�~ O s�~(���S|�wz����}|��z�`�S��wzr6�
|��^�S��wzr�r6~`����~(�J�Sy���v��^r���~(�Hò

1

(1− x)2
,

1

2− x
,

1

(1− x)2(2− x)
,

~`�Z{�|�u(�`����~`|Z��~`y�|Z|���üxwzr¥s�~��(wzravx~`|S�x~`r6�(~��
èiwz������{�wzy�|

n
~`ra�S��~`| ≥ 0

����~(�0�S|�wz����r6wz¤ñ��|�~(�
an = n + 1, bn = 1

2n+1

~`�
cn =

∑n
k=0 an−kbk.ù �^���`y���~`| cn.

ÄHÈ	ÌHØ�Ð6ÐÁØ�d�È	ÌñÑzÅ2Ñ�È`Å���ÊtÈcÔ"È�ØzÐ6Ð<È�È�ÌcÅaÆ����S�S{VòLç6ç#�e�e��� ���S{�� y�{6�5þ¡�S����~�� }4|ç^��{�ç^��~`���z��çª��r6s�~c£?� ���S¤��
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°±¬an�²X³�µ(¶>b�`L¾Ù�ñ¾�ÝC¾�¹?ºk<6·Á·�·/�E<�·�·�,�º�¯�¬�½Á¼Á«¨l¯P%�§6®²�@�1�¨^¬2<�º
ö |�~`¤0~`�S�S|�~ ö ����{�|�~`¤����`|�~ñ��u��^r6�(~�s�~F9 � s?�÷�^�����`��|�~ñs�~�������~`¤"�^��r6~ñs�y ç�ç  S�^rava��~`| ó6O6O�ç �

�! �¬a¨#"�«I"x¬V¶t¾�èiwz���
E
�¡�¢~(�S{��z�(~�vx~(�`��wz|S��~`���Sy�| é ê s�~(�C¤"�^�S|S���(~(� x =

[
a b
c d

] |�u(~`����~(�
(2, 2)

� æ rír6wz��~
{��^|

x∗
���±�S|��^r6�S{�w���u(~ls�~

x
~`�ñ{��^|

c(x)
���±¤"�^�S|S���(~�s�~(�H�(w^}¡�z�`��~`y�|���s�~

x.
æ r r6wz��~l{��^|

P+
��~"��wzy6�

~(�S{��z�(~$vx~(�`��wz|S��~`�6s�~
E
}�wz|S¤0u�s�~(�

x
��~`����î�y6~

d = a
~`�
c = −b, ~`�p{��^| P− ��~:��wzy6��~(��{��z�(~:vx~(�`��wz|S��~`�6s�~ E}4wz|S¤0uCs�~(�

x
��~`���$î�y6~

d = −a ~`� c = b.
æ r"r6wz��~J{��^|

O+
��~J��wzy6�>��|�wzy�{�~Cs�y"��|�wzy�{�~Jwz|S�S�6wz�xwzr��^�

O(2)s�~(�
x
��~`���Fîay6~

det x = 1.
æ rÚr6wz��~J{��^|

O−
��~T��wzy6��~`r6��~`¤H����~�s�yÚ��|�wzy�{<~Twz|S�S�6wz�xwzr��^�

O(2)
s�~(�

x
��~`���

î�y6~
det x = −1.

ìíwzr��S|�~`|�îay6~ 〈x, x′〉 =
�S|��z�(~

(x∗x′)
~(�S�>y�rl{�|�was�y����������^���^��|�~���y�|

E,
î�y��¢wzrÚ�(wzr6�S��s��`|�~

s�u(��wz|S¤"�^���J�(wz¤�¤0~ñy�r¥~(�S{��z�(~�~`y6�`����s���~`rLs�~�s���¤0~`r6�S��wzr2ø6�6ìíwzr��S|�~`|Jîay6~
P+

~`�
P−

��wzr��Jwz|S�S�6wz�xwzr��^y�£
~`��î�y6~

E = P+ ⊕ P−.
èiwz���

S
�����S{��(�`|�~0s�~

E
�(~`ra�S|�u(~"~`r O ~`��s�~�|��(üxwzr √

2.
ì2wzra�S|�~`| ö �¡�÷�^��s�~�s�y�(wzy�|��:îay6~

O+ = S∩P+
~`�>î�y6~

O− = S∩P−.
ìíwzr��S|�~`|$î�y6~

B(x, y) = det(x+y)−detx−det y
~(�S�

y�r6~ñ}�wz|S¤0~���������r6u��^��|�~��Süi¤0u`�S|S��î�y6~��Sy�|
E
~`��î�y6~ 〈c(x), y〉 = B(x, y).

ð�rLs�u(s�y���|�~�îay6~
x 7→ c(x)

~(�S�
y�r¥~`r6s�wz¤0wz|S{������S¤0~��Süa¤0u`�S|S��îay6~�s�~

E. ù �^���`y���~`| c(x) îay��^r6s x ∈ P+
~`��îay��^r6s

x ∈ P−.
ð�r2s�u(s�y���|�~

��~(�Fvz�^��~`y�|���{�|�wz{�|�~(��~`�F��~�{�wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��î�y6~Hs�~
c.

�! �¬a¨#"�«I"x¬ ^ ¾�èiwz���
t
|�u(~`�¡� � �¡�÷�^��s�~�s�yÚ�S�6u(wz|��`¤0~���{<~(�`�S|��^�¡�i�S|�wzy�vx~`|�s�~`y�£�¤"�^�S|S���(~(�F|�u(~`����~(�

(2, 2) U
~`�

D
��~`����~(��îay6~

U
��wz���Zwz|S�S�6wz�xwzr��^��~��

D
��wz���Zs����^�xwzr��^��~ñ~`�

UDU−1 =

[
0 1
1 et − e−t

]

.

�! �¬a¨#"�«I"x¬ 	 ¾ � �^r6� é ê 2,
��wz��~`r��

n
{�wz��r����

Pi = (xi, yi),
w�����~(�

xi
r6~Z��wzr���{��z����wzy6�>u`���^y�£?��~`�>��wz���

D
���

s�|�wz����~�s?�¢u(î�y��^�S��wzr
y = ax+ b

���(vx~(�
(a, b) 6= (0, 0).

æ rÚvx~`y��$�S|�wzy�vx~`|
D
��~`�?î�y6~ ∑n

i=1(yi − axi− b)2��wz����¤���r���¤ñy�¤ ÿ s�|�wz����~ls�~(�0Ô0ÓzßÐÁÑzÆ�È	ÌlÏ�ØzÆcÆSÇcÌ��c� 
 wzy�|��(~`���twzrV�(wzr6����s��`|�~0�¡�¢~(�S{��z�(~l~`y6�`����s���~`r
E = é ê n¤ñy�r���s�~t��wzr {�|�wis�y����"�����^���^��|�~¥���^r6wzr���î�y6~t~`����~(���S|�wz���0vx~(�`��~`y�|��"�(wz��wzr�r6~(�

1 X
~`�
Y
s�~

E
s�ucë6r����

{��^|
1

T = (1, . . . , 1), XT = (x1, . . . , xn), Y T = (y1, . . . , yn),
~`�T��~���wzy6�T~(�S{��z�(~�vx~(�`��wz|S��~`�

F
s�~

E~`r��x~`r6s�|�uT{��^|
1
~`�
X
� � y6~`����~�~(���:����s���¤0~`r6�S��wzr±s�~

F ? ù �^���`y���~`|Z~`r�}�wzr6�`�S��wzrÚs�~ X ~`�
Y
��~(�$r6wz¤ñ��|�~(�

a
~`�
b
��~`���$îay6~

Z = aX + b1
��wz���$����{�|�w^ S~(�`�S��wzr�wz|S�S�6wz�xwzr��^��~�s�~

Y
�Sy�|

F.
� �^r6�$��~J���z�${��^|S�S���`y�����~`|Fw��

n = 4
~`�Tw��

P1 = (1, 3), P2 = (2, 4), P3 = (4, 3), P4 = (5, 6),
s�wzr�r6~`|T�¡�¢u(î�y��^�S��wzrLs�~ñ���"s�|�wz����~�s�~(�

¤0wz��r6s�|�~(�J���^|S|�u(���
�! �¬a¨#"�«I"x¬±°L¾ ÿ s����S���^r6�(~T~`r��S|�~�s�~`y�£ls�|�wz����~(�Z�#80r6~(�E�$èa�

E
~(�S�$y�r±~(�S{��z�(~Cvx~(�`��wz|S��~`�<|�u(~`�?s�~Ts���¤0~`r6�S��wzr

ë6r���~����S�
F
~(�S�ñy�r ��wzy6�ñ~(��{��z�(~0vx~(�`��wz|S��~`��s�~

E,
~`�H�S�

t ∈ E,
�¡�¢~`r6��~`¤ñ����~

t + F = {t + x; x ∈ F}~(�S�ñ�^{�{<~`��u���wzy6��~(�S{��z�(~0�#80r6~0s�~
E
s�~�s���|�~(�`�S��wzr

F.
H u`|S�ïë�~`|ñîay6~

t + F = t′ + F ′ �S��~`����~`y���~`¤0~`r���S�
F = F ′ ~`� t − t′ ∈ F

ÿ ì2u`�S�6wis�~"{�wzy�| ⇐ ò�¤0wzra�S|�~`|
F ′ = t − t′ + F,

~`rÒs�u(s�y���|�~
t − t′ ∈ F ′{�y����

F ′ = F ).
èiwz��~`ra��~`r6�Sy�����~

F
~`�
F ′ s�~`y�£í��wzy6��~(��{��z�(~(�Tvx~(�`��wz|S��~`����s?� y�rX~(�S{��z�(~�~`y6�`����s���~`r E {��z�

r6u(�(~(�����^��|�~`¤0~`r��twz|S�S�6wz�xwzr��^y�£?�$��~`���lîay6~
F ∩ F ′ = {0}. æ r �(wzr6�S��s��`|�~ís�~`y�£ ��wzy6��~(�S{��z�(~(�Ú�#80r6~(�

A = t+F
~`�
A′ = t′+F ′ ~`�$wzrlvx~`y��:¤0wzr��S|�~`|��¡�¢~c£����S��~`r6�(~Js?� y�r��(wzy�{���~�y�r���îay6~ (a0, a

′
0) ∈ A×A′

îay��
¤���r���¤�����~ ‖a− a′‖2 î�y��^r6s (a, a′) ∈ A×A′. æ rÚ{<w���~ U = F +F ′ ~`� V = U⊥.

èiwz���
t− t′ = u0 + v0�(vx~(�

(u0, v0) ∈ U × V.
èiwz���

x0
���ñ{�|�w^ 5~(�`�S��wzr±s�~

u0
�Sy�|

F
{��^|��^�����`��~ ö

F ′ �a~`����wz��� x′0 ���ñ{�|�w^ S~(�`�S��wzrÚs�~
u0
�Sy�|

F ′ {��^|��^�����`��~ ö F. ð�£i{�|S��¤0~`| (a0, a
′
0)
ö �¡�÷�^��s�~�s�~

t, t′
~`�Js�~

x0
~`�
x′0.æ r �(wzr6�S��s��`|�~0~`r�ë6rV��~(��vx~(�`��~`y�|��ñs�~ é ê 3 ~`y6�`����s���~`r wz|S��~`ra��u"s�ucë6r�����{��^| u = (2,−2,−3)

~`�
u′ =

(1, 0,−3). ù �^���`y���~`|±��~(�±�(wz¤�{�w����^r���~(�¥s�~ v = u ∧ u′
�^��r6�S��î�y6~L���Vr6wz|S¤0~���èiwz���

t = (1, 0, 0)
~`�

t′ = (0,−1, 0).
� {�{�����îay6~`|��(~íîay���{�|�u(�G�(s�~ ö �¡�¢~c£�~`¤�{���~2ray�¤0u`|S��î�y6~Ls�~(�Ús�|�wz����~(�

A = t + é ê u ~`�
A′ = t′ + é ê u′. 
 wzy�|��(~`�����!���^���`y���~`| u0 = t − t′ − 〈t − t′, v〉 v

‖v‖2
�?{�y����

x0 = au
~`�
x′0 = bu′

�(vx~(�
u0 = au+ bu′

~`�Z~`r2s�u(s�y���|�~
a0 = t− x0

~`�
a′0 = t′ + x′0.

�6M
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�! �¬a¨#"�«I"x¬L¶¥¾�èa�
x =

[
a b
c d

] ~`�
x′ =

[
a′ b′

c′ d′

]

,
�^��wz|��

〈x, x′〉 = aa′ + bb′ + cc′ + dd′

~`������~(���J�`���^��|Jîay6~
E
~(�S�Z����wz¤0wz|S{��6~ ö é ê 4 ¤ñy�r���s�~ñ�������S|Sy6�`�Sy�|�~H~`y6�`����s���~`r�r6~����^r6wzr���î�y6~��?èa� x ∈ P+~`�

x′ ∈ P−
�^��wz|�� 〈x, x′〉 = aa′ + bb′ + (−b)b′ + a(−a′) = 0

~`�Ts�wzr6�
P+

~`�
P−

��wzra��wz|S�S�6wz�xwzr��^y�£��
é ���T��wzra��s�wzr6��~`rX��wz¤�¤0~�s���|�~(�`��~�s?�÷�^{�|��(�Ty�rõ�S����s�yõ�(wzy�|���� � ~�{���y6���<y�r6~����z��~�s�~ P+

~(�S�T��~��(wzy�{���~
f1 =

[
1 0
0 1

] ~`�
f2 =

[
0 −1
1 0

]

: P+
~(�S�Js�wzr6��s�~ñs���¤0~`r6����wzr ó � � ~�¤��`¤0~��<y�r6~����z��~�s�~

P−
~(���

��~��(wzy�{���~
f3 =

[
1 0
0 −1

] ~`�
f4 =

[
0 1
1 0

]

: P−
~(�S���^y6������s�~�s���¤0~`r6�S��wzr ó � � wzr6�

P+ ⊕ P−
~(�S�Zs�~

s���¤0~`r6�S��wzr
4. ù wz¤�¤0~ E ~(�S��s�~�s���¤0~`r6�S��wzrtø6�6y�rt�S����s�~ ç ���`|�~ñ�^r�r6u(~���¤�{�����îay6~

P+ ⊕ P− = E.��~��(wzy�|���¤0wzra�S|�~Hîay6~
x ∈ O+

�S�!~`�J��~`y���~`¤0~`r����S�����p~c£i���S��~
θ ∈ é ê ��~`�pî�y6~ x = cos θf1 + sin θf2.q�r ��~`�

x
~(�S��s�wzr6�ls6�^r6�

P+
~`�H~(���H��~`�$î�y6~ ‖x‖2 = 2(cos2 θ + sin2 θ) = 2.

� wzr6�
O+ ⊂ S ∩ P+.é ravx~`|���~`¤0~`r��"��� x = af1 + bf2 ∈ S ∩ P+

�^��wz|��
2a2 + 2b2 = 2

~`�����F~c£����S��~Ús�wzr6�
θ ∈ é ê ��~`�Zî�y6~

a = cos θ
~`�
b = sin θ

�(~"î�y����(wzr6s�y���� ö
x ∈ O+.

� �¢w��
S ∩ P+ ⊂ O+

~`�ñs?�¢w��X�¡�¢u`���^������ul~`r��S|�~"�(~(�
s�~`y�£Ú~`r6��~`¤H����~(��� � ~C¤��`¤0~�����~C�(wzy�|��Z¤0wzr��S|�~�îay6~

x ∈ O−
�S�?~`����~`y���~`¤0~`r����S�<����~c£����S��~

θ ∈ é ê ��~`��î�y6~
x = cos θf3 + sin θf4,

~`�Zwzrt¤0wzr��S|�~Hs�~T¤"�^r����`|�~ñ�S��¤������^��|�~ñî�y6~
S ∩ P− = O−.èa�

x =

[
a b
c d

] ~`�
y =

[
a′ b′

c′ d′

]

,
�^��wz|��

c(x) =

[
d −c
−b a

] ~`��s�wzr6� 〈c(x), y〉 = da′ − cb′ −
bc′ + ad′. ù wz¤�¤0~
det(x+y)−detx−det y = (a+a′)(d+d′)−(b+b′)(c+c′)−ad+bc−a′d′+b′c′ = da′−cb′−bc′+ad′,
wzrÒ� 〈c(x), y〉 = B(x, y). ù wz¤�¤0~ B ~(�S�ñy�r6~"}�wz|S¤0~0��������r6u��^��|�~Ú�Süi¤0u`�S|S��î�y6~��p�(~`���t~`ra�S|��^��r6~�s?�÷�^{�|��(�
��~��(wzy�|��ñîay6~

c
~(�S��y�rX~`r6s�wz¤0wz|S{������S¤0~l�Süi¤0u`�S|S��î�y6~���èa�

x ∈ P+
wzr �

c(x) = x.
� wzr6�

1
~(�S�Tv��^��~`y�|

{�|�wz{�|�~ls�~
c
~`�
P+

~(�S�ñ�(wzra��~`r�y s6�^r6�H�¡�¢~(�S{��z�(~0{�|�wz{�|�~
E1.

èa�
x ∈ P−

wzr �
c(x) = −x. � wzr6� −1~(�S��v��^��~`y�|J{�|�wz{�|�~�s�~

c
~`�
P+

~(�S�T�(wzr���~`rayõs6�^r6���¡�¢~(�S{��z�(~H{�|�wz{�|�~
E−1. ù wz¤�¤0~ P+ ⊕ P− = E,

�(~`���
~`r��S|��^��r6~�î�y6~

P+ = E1
~`��îay6~

P− = E−1.
��~(�J��~`y���~(��v��^��~`y�|��Z{�|�wz{�|�~(�Ts�~

c
��wzr��Cs�wzr6� ±1

�������z�`y�r6~
s�~�¤ñy����S��{������`����u ó ����~�{�wz��üar6ýz¤0~ñ���^|��z�`��u`|S���S�S��î�y6~ñs�~

c
~(���Zs�wzr6�

(X − 1)2(X + 1)2.

�! �¬a¨#"�«I"x¬ 	 ¾���~(�ñvx~(�`��~`y�|��
1
~`�
X
��wzra����r6s�u`{<~`r6s6�^ra�����!���^|ñ��~(�

xi
r6~0��wzr���{��z�ñ��wzy6��u`���^y�£�� � wzr6�

���"s���¤0~`r6�S��wzrõs�~
F
~(�S� ó � � �÷�^{�|��(�C��~H�(wzy�|����

Z
s6�^r6�

F
~(�S�J��~ñ{�|�w^ S~`��uHwz|S�S�6wz�xwzr��^��s�~

Y
�Sy�|

F
�S��~`�

��~`y���~`¤0~`r��Z�S�
Y −Z ~(�S��wz|S�S�6wz�xwzr��^� ö

F
�a�(~Tîay��<~(�S��u(îay���vz�^��~`ra� ö �(~Tî�y6~

Y −Z ��wz��� ⊥ ö �����z�`y�rts�~(�vx~(�`��~`y�|���s?� y�r6~����z��~ñs�~
F.
� {�{�����îay6wzr6�Z�(~�{�|S��r6�`��{�~ ö �������z��~

1, X.
æ rtwz���S��~`ra����~(�Zs�~`y�£tu(îay��^�S��wzr6�

(y1 − ax1 − b) + · · ·+ (yn − axn − b) = 0; (y1 − ax1 − b)x1 + · · ·+ (yn − axn − b)xn = 0,

î�y��!��wzr��Fy�r¥�Sü��S���`¤0~T����r6u��^��|�~�~`r
a, b :

(x1 + . . .+ xn)a+ nb = y1 + · · ·+ yn

(x2
1 + . . .+ x2

n)a+ (x1 + · · ·+ xn)b = x1y1 + · · · + xnyn

��~�s�u`��~`|S¤���r��^r��Cs�yt�Sü��S���`¤0~�~(�S�
D = n

∑
x2

i − (
∑
xi)(

∑
yi)

~`�Z������wz��y��S��wzr2~(�S�
a = 1

D (n
∑
xiyi −

(
∑
xi)(

∑
yi))

~`�
b = 1

D (
∑
x2

i

∑
yi − (

∑
xiyi)(

∑
yi)).

�>�÷�^{�{��������^�S��wzríray�¤0u`|S��î�y6~�s�wzr�r6~
y = (x+

5)/2.

; O



�! �¬a¨#"�«I"x¬ °L¾ ⇒:
èa�
t − t′ ∈ F,

�^��wz|��
t − t′ + F ⊂ F

~`�ñs�wzr6�
t + F ⊂ t′ + F.


 �^|H�Süi¤0u`�S|S��~�s�y
|��^����wzr�r6~`¤0~`r��Twzr¥�0�^y6���S�

t′ + F ⊂ t+ F.
⇐:


 �^|¥��üi{<wz�S�(�(��~��Z{<wzy�|±��wzy��
x′ ∈ F ′ ����~c£����S��~ x ∈ F

��~`��îay6~
t′ + x′ = t + x

~`�ts�wzr6�
x′ = t − t′ + x ∈ t′ − t + F

� � �¢w��
F ′ ⊂ t − t′ + F.

��� ��ravx~`|���~
t − t′ + F ⊂ F ′ ~(�S�ñ�^r��^��wz��y6~���ð�r{�|�~`r��^r��

0 ∈ F wzrtvxwz���Zî�y6~
t− t′ ∈ F. � wzr6� t− t′ + F = F

~`�
F = F ′.
 �^|Cs�ucë6r����S��wzr��

t− t′ = x0 + x′0 + v0.
èa�
a = t+ x

~`�
a′ = t′ + x′

��wzr��Js�~(�Z{<wz��ra����îay6~`���(wzr6î�y6~(�
s�~
F
~`�
F ′ �^��wz|��F��~����^|S|�u�s�~T��~`y�|Zs����S���^r6�(~����^�S���S}��^�����i{�y�����îay6~ v0 ~(��� ⊥ ö �¡�¢u`��u`¤0~`ra�

x0 + x′0 + x− x′s�~
U = F + F ′ :

‖a− a′‖2 = ‖t− t′ + x− x′‖2 = ‖x0 + x′0 + x− x′ + v0‖2 = ‖x0 + x′0 + x− x′‖2 + ‖v0‖2 ≥ ‖v0‖2

ÿ wzr �"y��S��������u 
 üa�S���^�xwz|�~��c� æ |
x0 + x′0 + x − x′ = 0

�S��~`����~`y���~`¤0~`ra���S�
x0 + x = x′0 − x′ = 0

�����^|
F
~`�
F ′ ��wzr���~`r ��wz¤�¤0~�s���|�~(�`��~�� é �$~(�����^��wz|����`���^��|�î�y6~ ‖a − a′‖2 �^�S��~`��r��0��wzrV¤���r���¤ñy�¤ ‖v0‖2

���
~`�T��~`y���~`¤0~`r����S�

(a, a′) = (a0, a
′
0) = (t − x0, t

′ + x′0),
~`�T���ls����S���^r6�(~�¤���r���¤"�^��~�~`r��S|�~���~(� ó vz�^|S��u`��u(�

�#80r6~(�
A
~`�
A′
~(�S� ‖v0‖.æ r¥�

v = (6, 3, 2)
� ‖v‖2 = 49

~`� ‖v‖ = 7.
����{�|�w^ 5~(�`�S��wzr¥s�~

t− t′ = (1, 1, 0)
��y�|

V = é ê v u`���^r��

v0 = 〈t− t′,
v

‖v‖〉
v

‖v‖ =
9

49
(6, 3, 2),

wzr¥~`rts�u(s�y����
u0 = t− t′ − v0 = 1

49 (−5, 22,−18).æ r s�u`��~`|S¤���r6~t~`r6�Sy�����~Ú{��^|0~c£�~`¤�{���~
b ∈ é ê {�wzy�|0î�y6~

u0 − bu′
��wz����{�|�wz{�wz|S�S��wzr�r6~`� ö

u;
���¢~(�S�

|��^{���s�~ñ�S�?wzrty��S��������~���~T{�|�was�y����Zvx~(�`��wz|S��~`�$ò
(u0 − bu′) ∧ u = 0. ù wz¤�¤0~

[(−5, 22,−18) − 49b(1, 0,−3)] ∧ (2,−2,−3) = (−5− 49b, 22,−18 + 3.49b) = (0, 0, 0),

�(~`���¥~`ra�S|��^��r6~
b = 17/49

~`�
u0 − bu′ = (−22, 22,−33)/49 = au = x0,

�(vx~(�
a = −11/49.

� wzr6�
a0 = (1, 0, 0) − (−22, 22,−33)/49 = (71,−22, 33)/49

~`�
a′0 = (0,−1, 0) + (17, 0,−51)/49 =

(17,−49,−51)/49.
����s����S���^r6�(~�¤���r���¤"�^��~�~`ra�S|�~���~(�Zs�~`y�£±s�|�wz����~(��~(��� ‖v0‖ = |〈t− t′, v

‖v‖ 〉| = 9/7.

g!È	Ì�Ï�ÓzÆcÆ	ßÙ��Ç	Ì�ÑaÈ	Ì�È�j�È`Æ5Ï`ß�Ï�È	Ìñ×�Ñ=y Ø�dâ��Ù5f`ÆSÈ0È(Õ�Ä'Ñ=y ØzÐ<Ø�däÞ^Ì�È�Ì(ÓzÐ�Õ>Ì	ÅiÆFd�ÈËè:È5f�ÉZi-jtÛªà�È�jxØzÔ"ÈcÐJé(ØzÐ(z�ß¡ÈcÆ
Û�ê�ê(q0È`Õ-i-jlÊ�à Þ ØzÆ`Õ4ß¡ÈEd�ÑzÅíÛ�á"ÐÁÓ6z^Í�Û�ê�ê(q0É

���S�S{ òLç6ç#�e�e��� ���S{�� y�{6�5þ¡�S����~�� }4|ç^��{�ç^��~`���z��çª��r6s�~c£?� ���S¤��

; ç
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�! �¬a¨#"�«I"x¬V¶t¾ ç �L� |fn(x)| ≤ e−n,
������u`|S��~H�xu(wz¤0u`�S|S��î�y6~�s�~�|��^����wzr

e−1 < 1
�(wzr�vx~`|S�x~��?������u`|S��~ ∑

fn�(wzr�vx~`|S�x~ñs�wzr6��r6wz|S¤"�^��~`¤0~`r����
ó � æ r�vxwz���?}¡�z�`����~`¤0~`r��pî�y6~>�S�

a
~(�S��~`r��S��~`|��ª�^��wz|��

f
(2a)
n (x) = e−nn4a(−1)a sin(n2x)

~`�
f

(2a+1)
n (x) =

e−nn4a+2(−1)a cos(n2x).
� wzr6� |f (p)

n (x)| ≤ e−nn2p.
�!�2��u`|S��~ls�~"��~`|S¤0~l�xu`r6u`|��^�

un = e−nn2p �	�ªþ�S���5}��^���
un+1/un = e−1(1 + 1

n)2p → e−1 < 1
~`�ñ~(����s�wzr6�0�(wzr�vx~`|S�x~`ra��~�s?�÷�^{�|��(� � � � ��~`¤H�<~`|S��� � wzr6�

∑

n f
(p)
n

~(�S�Hr6wz|S¤"�^��~`¤0~`ra�"�(wzr�vx~`|S�x~`ra��~���s�wzr6��y�r��ï}4wz|S¤0u`¤0~`ra�0�(wzr�vx~`|S�x~`ra��~ts?�÷�^{�|��(��y�rÒ|�u(�Sy������^��s�y
�(wzy�|���� æ rõ~`rLs�u(s�y����J{��^|T|�u(�`y�|S|�~`r6�(~��Sy�|

p
îay6~

f =
∑
fn
�"y�r6~�s�u`|S��vxu(~��(wzra�S��r�y6~�s?�¢wz|�s�|�~

p.

 wzy�|

p = 0
�(~`����va��~`ra�Zs�yÚ}��^���Zîay6~C��~(�

fn
��wzr��Z�(wzra�S��r�y6~(�C~`�Zî�y6~C������u`|S��~��(wzravx~`|S�x~�y�r��ï}�wz|S¤0u`¤0~`r����<èa�����¢~(���

va|��^�:{<wzy�|
p
wzr �^{�{�����îay6~ly�r �S�6u(wz|��`¤0~�s�y �(wzy�|�� ö ���¥��u`|S��~"s�~0}4wzr6�`�S��wzr6� ∑

n f
(p)
n ) :

~`����~��(wzr�vx~`|S�x~
y�r��ï}4wz|S¤0u`¤0~`ra���^��r6���:îay6~����t��u`|S��~"s�~(�Hs�u`|S��vxu(~(��ò����±��wz¤�¤0~"~(�S��s�wzr6�"s�u`|S��v��^����~"~`�ñ���ts�u`|S��vxu(~ls�~"���
��wz¤�¤0~F~(�S�����C��wz¤�¤0~Fs�~����C��u`|S��~Fs�~(��s�u`|S��vxu(~(���x���C|�u(�`y�|S|�~`r6�(~Z~(�S��s�wzr6�Fu`��~`r6s�y6~Z~`�

f
~(���p��r6s�ucë6r���¤0~`ra�

s�u`|S��vz�^����~��
ô ��ð�vi��s�~`r��Cs?�÷�^{�|��(�Z��~ ó �c�
ø�����~ ó ��~`r��S|��^��r6~ |f (2p+1)(0)|/(2p+1)! ≥∑N

n=0 e
−nn4p+2/(2p+1)!.

��~�|�~(�S��~Zv��T��wzy��>��~`y��<�(vx~(�
f2p(0) = 0

wz����~`r�y2�^y ó �
û ��èay�{�{�w���wzr6��îay�� ���>~c£i������~�y�r

x > 0
��~`��îay6~����Ú����¤�����~

S(x)
s�yõ{�|�~`¤���~`|�¤0~`¤ñ��|�~ls�~�ø��Cîay��^r6s

P → ∞ ~c£i������~�~`��~(���Të6r���~��!èa�
P → ∞ ��~���~(�(wzr6sL¤0~`¤ñ��|�~"s�~�ø��J��~`r6sLvx~`|�� ∑N

n=0 e
−n sinhn2x

~`�
s�wzr6�

S(x) ≥∑N
n=0 e

−n sinh(n2x).
� ~ñ{���y6���Á�(~`�S��~H��r6u`���^������u�~(�S�Cvz�^���^����~H{<wzy�|C��wzy��

N
� ù ~`{<~`r6s6�^ra����S�!wzrt{�w���~

un = e−n sinh(n2x),
�^��wz|��

un+1/un ∼ exp((n+ 1)2x− n2x− 1) = exp(2xn− x2 − 1),s�~T����¤�����~
+∞.

� wzr6�Ts?�÷�^{�|��(� � � � ��~`¤H�<~`|S�F������u`|S��~Ts���vx~`|S�x~����(~�îay��<�(wzra�S|�~(s����Z��~J}��^���Fîay6~T��~(�F��wz¤�¤0~(�
{��^|S�S��~`����~(��u`���^��~`r�����wz|Sr6u(~(�J{��^|

S(x). é �!ü2�ls�wzr6���(wzr��S|��zs����`�S��wzr����!�l��u`|S��~�~`r��S���`|�~�s�~���~`|S¤0~��xu`r6u`|��^�
f (p)(0)xp/p!

r6~��(wzr�vx~`|S�x~Z S�^¤"�^���J�^�6��wz��y�¤0~`r��T�S�
x > 0 :

��wzr±|��(üxwzr2s�~��(wzravx~`|S�x~`r6�(~H~(���Zs�wzr6��r�y��¡�
�! �¬a¨#"�«I"x¬ ^ ¾

y(x) =
∑∞

k=0 akx
k ~`ra�S|��^��r6~ls?�÷�^{�|��(�H��~��S�6u(wz|��`¤0~ls�yV�(wzy�|��ñ��y�|����ts�u`|S��v��^�S��wzrVs�~"�����wz¤�¤0~�s?� y�r6~���u`|S��~ñ~`r��S���`|�~ ö �¡� ��ra��u`|S��~`y�|Js�~��¡� ��ra��~`|Svz�^����~Hs�~��(wzr�vx~`|S�x~`r6�(~�ò

y′(x) =
∞∑

k=1

kakx
k−1 = A0

=
∞∑

k=0

(k + 1)ak+1x
k = A1,

y′′(x) =

∞∑

k=2

k(k − 1)akx
k−2 = B0

=
∞∑

k=1

(k + 1)kak+1x
k−1 = B1.

0 = (x− x2)y′′ + (p− 3x)y′ − y = xB1 − x2B0 + pA1 − 3xA0 − y =

−a0 + pa1 + (2a2 + 2pa2 − 4a1)x+

∞∑

k=2

(k + 1)((k + p)ak+1 − (k + 1)ak)xk.

q�rÚ�S�6u(wz|��`¤0~�s�y±�(wzy�|��Fs����Zîay6~C���<������wz¤�¤0~�s?� y�r6~T��u`|S��~�~`ra�S���`|�~�~(�S��r�y�����~�s6�^r6��y�rÚ��ra��~`|Svz�^����~�wzy�vx~`|S�
�(wzr���~`r��^r��±�¡�¢wz|S������r6~��F�^��wz|�����~(���(wa~E8"�`��~`ra������wzr���r�y������ æ r ~`r s�u(s�y����±î�y6~¥{<wzy�|l��wzy��

k ≥ 0
wzr �

; ó



ak+1 = k+1
k+pak.

ÿ ���¢~(�S�l�`���^��|"{�wzy�|
k ≥ 2

~`�"wzr´��~±vxu`|S�ïë�~t{�wzy�|
k = 0

~`�
k = 1).

� wzr6�twzr vxwz���
}��z�`����~`¤0~`ra��{��^|Z|�u(�`y�|S|�~`r6�(~Hî�y6~��S�

k ≥ 1
wzrí�

ak =
k!

∏k−1
j=1(j + p)

a0.

�!��|��`����~�s�~ � � � ��~`¤ñ��~`|S�J�^{�{�����îay6u(~ ö
un = |anx

n| s�wzr�r6~�y�r±|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~�u`���^� ö ç �
�! �¬a¨#"�«I"x¬ 	 ¾ ç � 
 y�����î�y6~ xp−1

1+x ∼0 xp−1 �^��wz|�� I �(wzr�vx~`|S�x~��$s?�÷�^{�|��(�l��~t�`|S�����`|�~¥s�~ ê ��~`¤"�^r�r´~`r 0�^{�{�����î�y6u ö
α = 1 − p < 1.

� ~�¤��`¤0~��<{�y�����îay6~ xp−1

1+x ∼∞ xp−2 �^��wz|�� ∫∞
1

xp−1dx
1+x

�(wzr�vx~`|S�x~���s?�÷�^{�|��(�
��~��`|S�����`|�~ñs�~ ê ��~`¤"�^r�r ö �¡� ��r�ë6r��p�^{�{�����î�y6u ö α = 2− p > 1.

� wzr6�
J
�(wzr�vx~`|S�x~��<�!����u`|S��~

S
�(wzr�vx~`|S�x~

s?�÷�^{�|��(�Z��~��`|S�����`|�~��`���z���S��î�y6~���y�|F��~(�Z��u`|S��~(�J�^����~`|Sr6u(~(�g�6���^|
n 7→ 1/(n + p)

s�u(�`|�wz���Zvx~`|��
0.ó ��ð�r6�Sy�����~���~`r¥~c£i{������`�����^ra����~T|�~(�S��~ñs�~T������u`|S��~T�xu(wz¤0u`�S|S��îay6~ñs�~T|��^����wzr

(−x) wzrtu(�`|S���ñò
xp−1

1 + x
= xp−1(1− x+ x2 + · · ·+ (−1)nxn +

(−x)n+1

1 + x
),

wzrl��ra���`��|�~��(~`�S��~J~c£�{�|�~(���S��wzrÚ~`r��S|�~ O ~`� ç �iwzrl��ra�S|�was�y����
Rn =

∫ 1
0

xp+ndx
1+x

~`�:���H��wz¤�¤0~J{��^|S�S��~`����~
Sn
s�~

������u`|S��~
S.
æ rtwz���S��~`r��J�^��r6�S�

I = Sn +Rn.
�p��r��^��~`¤0~`ra����{�y�����îay6~T{<wzy�|

x > 0
wzr¥�

1/(1 + x) ≤ 1
wzr

������¤"�ª 5wz|��^�S��wzr |Rn| ≤
∫ 1
0 x

p+ndx = 1/(p + 1 + n) →n 0.
� wzr6�

Sn → I
~`�
S = I.ô �A�Jwz��wzr6��{���y���ýz�

I(p) = I.
� ��wz|�����~F�����^r��x~`¤0~`r��$s�~$vz�^|S���^����~

x 7→ 1/x
¤0wzr��S|�~Zîay6~ ∫∞

1
xp−1dx

1+x =
I(1−p), ~`��s�wzr6�Zîay6~ J = I(p)+I(1−p). ��~ ó ���^{�{�����îay6u ö I(1−p) s�wzr�r6~��x~`r0s�u(���^���^ra� n 7→ n+1 :

I(1− p) =
∞∑

n=0

(−1)n

n+ 1− p
= −

∞∑

n=1

(−1)n

n− p
;

J = I(p) + I(1− p) =

(

1

p
+

∞∑

n=1

(−1)n

n+ p

)

−
∞∑

n=1

(−1)n

n− p
=

1

p
+ 2p

∞∑

n=1

(−1)n−1

n2 − p2
.

ø��0���õ}�wzr6�`�S��wzr
f
~(���"{��^��|�~í~`���(wzra�S��r�y6~���è��Xs�u`|S��vxu(~L~(�S��u`���^��~ ö −p sin px

s6�^r6�
]π, π[

~`�ls�~
{<u`|S��wis�~

2π
�?ð�����~�~(���Ts�wzr6���(wzra�S��r�y6~�{��^|�¤0wz|��(~��^y�£?� � wzr6�

f
���^�S���5}¡�^���T�^y�£L�(wzr6s����S��wzr6��s�yL�S�6u(wz|��`¤0~

s�~ � ��|S��������~`�Z~`�$������u`|S��~Cs�~T�6wzy�|S��~`|Z�^yÚ{<wz��ra�
x
�(wzravx~`|S�x~�vx~`|�� 1

2(f(x− 0) + f(x+ 0)),
î�y��?~(�S��u`���^� ö

f(x)
{�y�����î�y6~Fs�~${���y6�

f
~(�S���(wzr��S��r�y6~�� � wzr6����~`r����^���`y����^ra�>��~(���(wi~E8"�`��~`r�����s�~F��wzy�|S��~`|�s�~

f
wzr0wz���S��~`ra���

{<wzy�|Z��wzy��
x ∈ [−π, π] :

cos(px) =
sin(pπ)

pπ
+

∞∑

n=1

(−1)n−1

(
sin(pπ)

π

2p

n2 − p2

)

cos(nx).

���^����wzr6�H�^��wz|��
x = 0

s6�^r6�ñ�(~`�S��~0u`���^������u���r6wzy6��wz����~`r6wzr6�Hs?�÷�^{�|��(���¡�¢~c£�{�|�~(���S��wzr s�~
J
s�y ô ��î�y6~

1 =
sin(pπ)

π J
�6�(~�îay���~(�S�Zu(îay���vz�^��~`ra�C�^y±|�u(�Sy������^��vxwzy���y��

ê ~`¤"�^|�îay6~(�"ò<}¡�^��|�~ x = π
~(�S������~`rX��ra��u`|�~(�����^r����^y6���S��~`�T}�wzy�|Sr����

π cot(pπ) = 1
p +

∑∞
n=1

2p
p2−n2 .� y��^r�� ö �¡�¢u`���^������uHs�~ 
 ���^r6���6~`|�~`���^{�{�����îay6u(~ ö

f,
~`����~�s�wzr�r6~�����|�~`¤"�^|�îay��^����~���s�~`ra�S����u

π2

(sin(pπ))2
=

∞∑

n=−∞

1

(p+ n)2
.

; ô
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Ä�ÅiÆSÇ�È�Û�Í�á�n^à:ØzÅ�Ï(ÅaÐXÑxÓ�Ï(ÅaÔ"ÈcÐ�ÕÖÍ�Î~}´ÏcË�Ø5��È�Ñ�È	Ì�Æ�Ç	Ì	Å+dïÕ¡Ø�ÕÌQd�È�Ê�ë<Ê�à�ÛxÝ�Ë�ÈcÅiÆSÈcÌ(Í
i*ìJÈ�Ï(Õ4Å�ÈÒx�d�È	ÌHÏ�Ø�d�Ï`Å+d ÌQd�ÈcÐ�ÕÖÈ`Ô0È`Ð�Õ�È(Õ$ØzÅufcÆ5Ó�ÅaßId$d�ÓzÐ<Í

º n�¬�m(©g«¼*'X¯p¬�"x¼Án�¨^m�¾ � wzr�r6~`|����Ts�ucë6r����S��wzr�s?� y�r0~`r6s�wz¤0wz|S{������S¤0~�wz|S�S�6wz�xwzr��^�<s?� y�r"~(�S{��z�(~F~`y6�`����s���~`r
~`�Z¤0wzr��S|�~`|Cî�y6~���~(�Zvz�^��~`y�|��F{�|�wz{�|�~(�g�6�S��~`����~(�Z~c£����S��~`r����Á��wzr��Zs6�^r6� {−1, 1}.
�! �¬a¨#"�«I"x¬L¶¥¾ � �^r6� é ê 3 ~`y6�`����s���~`r2���^r6wzr���îay6~���wzrt�(wzr6�S��s��`|�~���~�{����^rtvx~(�`��wz|S��~`�

F = {(x, y, z); 6x+ 3y − 2z = 0}.
� wzr�r6~`|$y�r6~Z���z��~�wz|S�S�6wzr6wz|S¤"�^��~�s�~

F⊥. ù �^���`y���~`|:��~�{�|�w^ 5~`��uCwz|S�S�6wz�xwzr��^�<s�y�vx~(�`��~`y�| ~v = (7, 7, 7)
�Sy�|

F⊥,
{�y����Z~`r¥s�u(s�y���|�~���~�{�|�w^ S~`��u�wz|S�S�6wz�xwzr��^��s�~

~v
�Sy�|

F.

�! �¬a¨#"�«I"x¬ ^ ¾*9!|�wzy�vx~`|���~(�Fr6wz¤H��|�~(��|�u(~`���
a, b, c,

{<wzy�|�îay6~T����¤"�^�S|S���(~ñ��y���vz�^ra��~

U =






1√
3

−1√
2

a
1√
3

1√
2

b
1√
3

0 c






��wz����s6�^r6�
SO(3),

���¢~(��� ö s���|�~���~`����~�îay6~
U
��wz����wz|S�S�6wz�xwzr��^��~Hs�~�s�u`��~`|S¤���r��^r��C{<w������S�ï}5�

�! �¬a¨#"�«I"x¬ 	 ¾ � �^r6� é ê 2 ~`y6�`����s���~`rt���^r6wzr���îay6~���wzrt�(wzr6�S��s��`|�~T�¡�¢~`r6s�wz¤0wz|S{������S¤0~���üa¤0u`�S|S��îay6~ a s�wzr��Z���¤"�^�S|S���(~�|�~`{�|�u(��~`ra���^�S��vx~ñs6�^r6�Z�������z��~����^r6wzr���î�y6~
e = (e1, e2)

~(�S�

A =

[
73 −36
−36 52

]

,

s�~0�S|��z�(~ ç�ó�û ~`�Hs�~ls�u`��~`|S¤���r��^r�� ó�û6O6O ��9!|�wzy�vx~`|Hy�r6~"���z��~"wz|S�S�6wzr6wz|S¤"�^��~
f = (f1, f2)

��~`����~"îay6~0���
¤"�^�S|S���(~Ú|�~`{�|�u(��~`r����^�S��vx~±s�~

a
s6�^r6���(~`�S��~����z��~l��wz����s����^�xwzr��^��~ ÿ wzrÒ{�|�u(�`����~`|��ís�wzr6����~(���(wiwz|�s�wzr�r6u(~(�

s�~
f1
~`�
f2
s6�^r6�C���0���z��~

e
�c�Áð�rõs�u(s�y���|�~Hy�r6~ñ¤"�^�S|S���(~�wz|S�S�6wz�xwzr��^��~

U
~`�Cy�r6~ñ¤"�^�S|S���(~�s����^�xwzr��^��~

D��~`����~(�Zî�y6~
A = UDU−1. í �¡�÷�^��s�~�s�~(��|�u(�Sy������^����{�|�u(�(u(s�~`ra������¤0wzr��S|�~`|Jî�y6~ A ~(�S��y�r6~T¤"�^�S|S���(~�s�ucë6r���~

{<w��S���S��vx~J~`�:���^���`y���~`|
B =

√
A,
���¢~(�S� ö s���|�~Z����¤"�^�S|S���(~C�Süi¤0u`�S|S��î�y6~Js�ucë6r���~Z{�w��S���S��vx~Z��~`����~Cîay6~

B2 = A.

�! �¬a¨#"�«I"x¬L°L¾ � �^r6� é ê 2 �6wzrí�(wzr6�S��s��`|�~ñ�¡�¢~`r6s�wz¤0wz|S{�������¤0~ n s�wzra�J���0¤"�^�S|S���(~ñ|�~`{�|�u(��~`r����^�S��vx~�s6�^r6��������z��~����^r6wzr���îay6~
e = (e1, e2)

~(�S�
N =

[
1 −1
1 −1

]

.

ì2wzra�S|�~`|Cîay6~
n
~(�S�Jr�����{<wz��~`ra���Á~`�J�S|�wzy�vx~`|Jy�r6~ñ���z��~ñwz|S�S�6wzr6wz|S¤"�^��~

f = (f1, f2)
��~`����~Hî�y6~ñ����¤"�^�S|S���(~

|�~`{�|�u(��~`r����^�S��vx~Fs�~
n
s6�^r6���(~`�S��~$���z��~>��wz���p�S|S���^r���y����^��|�~F�Sy�{�u`|S��~`y�|�~ ÿ wzr�{�|�u(�`����~`|��Cs�wzr6�:��~(�p�(wiwz|�s�wzr�r6u(~(�

s�~
f1
~`�
f2
s6�^r6�F�������z��~

e
�c�

×�ØzÆ��cÔ"È�É&ÅZÑxÏ�É�Û+Æ�Ê Þ ÓzßÐ�ÕÌ�lpÎ Épá Þ ÓzßÐ�ÕÌ�lp×É<â Þ Ó�ß Ð�ÕÌ�Í�Ç´É�Ý Þ ÓzßÐ�ÕÌ(Í�ÄEÉ<â Þ ÓzßÐ�ÕÌ�Í
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Ä�ÅiÆSÇ�È�Û�Í�á�n^à:ØzÅ�Ï(ÅaÐXÑxÓ�Ï(ÅaÔ"ÈcÐ�ÕÖÍ�Î~}´ÏcË�Ø5��È�Ñ�È	Ì�Æ�Ç	Ì	Å+dïÕ¡Ø�ÕÌQd�È�Ê�ë<Ê�à�ÛxÝ�Ë�ÈcÅiÆSÈcÌ(Í
i*ìJÈ�Ï(Õ4Å�ÈÒx�d�È	ÌHÏ�Ø�d�Ï`Å+d ÌQd�ÈcÐ�ÕÖÈ`Ô0È`Ð�Õ�È(Õ$ØzÅufcÆ5Ó�ÅaßId$d�ÓzÐ<Í

º n�¬�m(©g«¼*' ¯�¬u"x¼<n!¨^m�¾pèiwz���
E
y�r2~(�S{��z�(~Hr6wz|S¤0u��

U
~`�
F
s�~(��{��^|S�S��~(�Ts�~

E.
� y6~H�S����r��ïë�~H���"{���|��z��~

�
U
~(�S��wzy�vx~`|S�5��ú � y6~T�S����r��ïë�~C���ñ{���|��z��~ �

F
~(�S�:}�~`|S¤0u � úoÖ�r6wzr6�(~`|Z���^r6�$s�u`¤0wzr6�S�S|��^�S��wzrty�r6~C���^|��z�`��ucþ

|S�����^�S��wzr¥s�~(��}�~`|S¤0u(��~`r±��~`|S¤0~(�Js�~��Sy�����~(���
�! �¬a¨#"�«I"x¬L¶¥¾
ç � � y6~`�!~(���Z��~�|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~

R
s�~�������u`|S��~ñ~`r��S���`|�~ ∑∞

1
hn

n ?
èa� −R < h < R,

s�wzr�r6~`|J���
��wz¤�¤0~ñs�~T������u`|S��~ ö �¡�÷�^��s�~�s�y2�(wzy�|������^��r6�S�!îay6~T������wz¤�¤0~ñs�~ ∑∞

1
hn−1

n

ÿ {�wzy�|��(~`�S��~�s�~`|Sr����`|�~��
{�~`r6��~`| ö s����S�S��r���y6~`|

h 6= 0
~`�
h = 0).ó � 
 wzy�|

x
|�u(~`�¡�6��wz���

un(x) = 1
n2 (xn + (1− x)n).

ìíwzr��S|�~`|Cî�y6~
lim

n→∞
un(x) = 0 ⇔ 0 ≤ x ≤ 1.

ìíwzr��S|�~`|0îay6~ ∑∞
1 un(x)

�(wzravx~`|S�x~±r6wz|S¤"�^��~`¤0~`r���s6�^r6�
[0, 1].

æ rÒr6wz��~Ú{��^|
f(x)

���í��wz¤�¤0~��
 wzy�|�î�y6wz�
f
~(�S��~`����~t�(wzra�S��r�y6~2s6�^r6�

[0, 1]?
� �^r6�����L�Sy�����~���wzr´�zs�¤0~`�"îay6~

f(1) = π2/6.
ð�r

s�u(s�y���|�~
f(0).ô �Jèiwz���

0 < ε < 1/2.
ì2wzra�S|�~`|�îay6~ ∑∞

1 u′n(x)
�(wzr�vx~`|S�x~�y�r��ï}�wz|S¤0u`¤0~`r��Ts6�^r6�

[ε, 1 − ε].

 wzy�|�îay6wz�

f ′(x)
~c£����S��~0�5þÖ~`����~ls6�^r6�

[ε, 1 − ε]?

 wzy�|�î�y6wz�

f ′(x)
~c£����S��~0�5þÖ~`����~ls6�^r6�

]0, 1[? í �¡�÷�^��s�~ls�y ç �c�
���^���`y���~`|

f ′(x)
s6�^r6�

]0, 1[.ø6� ù �^���`y���~`|:����s�u`|S��vxu(~Js�~Z���C}4wzr6�`�S��wzr�s�ucë6r���~��Sy�| ]0, 1[
{��^|

x 7→ −(log x)(log(1−x)). ð�r�s�u(s�y���|�~
f
s6�^r6�

[0, 1]. ù �^���`y���~`|Z��~(�Z��wz¤�¤0~(��s�~(�Z��u`|S��~(�
∞∑

1

1

n22n
,

∞∑

1

1 + 2n

n23n
.

�! �¬a¨#"�«I"x¬ ^ ¾
ç �Jèiwz���

f
��� }�wzr6�`�S��wzr {��^��|�~��Fs�~í{<u`|S��wis�~

T = 2π
~`�Ús�wzr�r6u(~L{�wzy�|

0 ≤ x ≤ π
{��^|

f(x) =
1
2 − x

π

� � ~(���S��r6~`�T���ñ}4wzr6�`�S��wzr
f
~`r��S|�~ −2π

~`�
4π
{�y����F���^���`y���~`���	�H��u`|S��~Cs�~T�6wzy�|S��~`|���Áxy6�S�S�ïë�~`�����

�(wzravx~`|S�x~`r6�(~ñ�S��¤�{���~�s�~ñ�(~`�S��~���u`|S��~Tvx~`|��
f
� ù ~`�S��~��(wzravx~`|S�x~`r6�(~H~(�S�5þÖ~`����~�y�r��ï}4wz|S¤0~!úó ��î �¡�÷�^��s�~ñs?� y�r6~���ra��u`��|��^�S��wzr2îay6~Tvxwzy6�� 5y6�S�S�ïë�~`|�~`�x��¤0wzr��S|�~`�H�¡�¢u`���^������u0ò

∀x ∈ [0, 1] ,
1

2
(x− x2

π
) =

4

π2

∞∑

n=0

sin((2n+ 1)x

(2n+ 1)3

~`�Z~`r¥s�u(s�y���|�~��6{��^|Zy�rt���6wz�ï£t�(wzr�vx~`r��^����~�s�~
x,
����v��^��~`y�|�s�~

A =
∑∞

n=0
(−1)n

(2n+1)3
�

×�ØzÆ��cÔ"ÈñÌ	ÅiÆ�â�n�É&ÅZÑxÏ�É�Ê(Æ�Û+ÆFá Þ ÓzßÐ�ÕÌ�lpÎHÛ�É�Û+Æ�Û+Æ�Û Þ ÓzßÐ�ÕÌ*l�ÎTÊ¥É�Ê(Æ�Ê(Æ�Û+Æ�Û Þ ÓzßÐ�ÕÌ�lpÎ�áÚÉ�Ê(Æ�Û+Æ�Û
Þ ÓzßÐ�ÕÌ�l�ÎZâõÉ�Û/Æ�á(ÆZÛ/ÆZÛ Þ Ó�ß Ð�ÕÌ�lp×JÛÚÉ�Û+Æ�âZÆ&Ê(Æ�Ê-lp×ZÊtÉ<â�Æ�ÊiÍ
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º n�¬�m(©g«¼*' ¯�¬N"�¼Án�¨ªm�¾�èa�
E
~(���Jy�rL~(�S{��z�(~�~`y6�`����s���~`rõ~`�T���

a ∈ L(E),
�^��wz|��

a
~(�S��s����Cwz|S�S�6wz�xwzr��^�����

a∗a
~(�S�Tu`���^� ö �¡� ��s�~`r��S����u��!èa�

λ
~(�S�Jvz�^��~`y�|C{�|�wz{�|�~�s?� y�r2��~`�

a,
���¢~(�S�Ts���|�~Hîay�� ���p~c£����S��~Hy�r¥vx~(�`��~`y�|Tr6wzr

r�y��
x ∈ E ��~`�!îay6~

a(x) = λx
� æ |

‖x‖2 = 〈x, x〉 = 〈x, a∗a(x)〉 = 〈a(x), a(x)〉 = 〈λx, λx〉 = λ2‖x‖2.

� wzr6�
(λ2 − 1)‖x‖2 = 0. ù wz¤�¤0~ ‖x‖2 6= 0,

wzr¥�
λ2 = 1.

�! �¬a¨#"�«I"x¬V¶t¾ ù wzr6�S��s�u`|�wzr6����~Hvx~(�`��~`y�| ~N = (6, 3,−2).

 y�����îay6~���wzr2{�|�wis�y����������^���^��|�~��(vx~(�

(x, y, z)~(�S�
6x + 3y − 2z

����~(�S�C�`���^��|Jîay6~ ~N ~(�S�Jwz|S�S�6wz�xwzr��^� ö
F.

 y�����îay6~

F
~(�S�Cs�~ñs���¤0~`r6�S��wzr ó �Á�^��wz|��

F⊥~(�S��s�~�s���¤0~`r6�S��wzr ç ~`��s�wzr6� ~N
~(�S�ñy�r6~����z��~�s�~

F⊥ ~`�
~n =

~N
‖ ~N‖

~(���ñy�r6~����z��~"wz|S�S�6wzr6wz|S¤"�^��~±s�~
F⊥ � 
 y�����î�y6~ ‖ ~N‖2 = 36 + 9 + 4 = 49 = 72,

wzrL�
~n = (6

7 ,
3
7 ,

−2
7 ).


 y�����î�y6~ 〈~v, ~n〉 = 7,
��~ñ{�|�w^ S~`��u

wz|S�S�6wz�xwzr��^��s�~
~v = (7, 7, 7)

�Sy�|
F⊥ ~(�S� 〈~v, ~n〉~n = 7~n = (6, 3,−2)

~`�Ts�wzr6����wzr¥{�|�w^ S~`��u�wz|S�S�6wz�xwzr��^�
�Sy�|

F
~(�S�

~v − 7~n = (1, 4, 9).

�! �¬a¨#"�«I"x¬ ^ ¾
UTU = I3

~`ra�S|��^��r6~





1 0 0
0 1 0
0 0 1



 =






1√
3

1√
3

1√
3

−1√
2

1√
2

0

a b c











1√
3

−1√
2

a
1√
3

1√
2

b
1√
3

0 c




 =






1 0 1√
3
(a+ b+ c)

0 1 1√
2
(−a+ b)

1√
3
(a+ b+ c) 1√

2
(−a+ b) a2 + b2 + c2






� wzr6�
a = b, c = −2a

~`�
6a2 = 1.

èa�
a = ±1/

√
6 U

~(�S�Cs�wzr6��s6�^r6�
O(3)

~`����wzrõs�u`��~`|S¤���r��^ra�ñ~(�S�
�^��wz|�� −√6a.


 wzy�|Cî�y6~
U
��wz����s6�^r6�

SO(3)
����}¡�^y��

a = −1/
√

6

�! �¬a¨#"�«I"x¬ 	 ¾ ù wz¤�¤0~ A ~(���Zs?�¢wz|�s�|�~ ó ����wzrt{�wz��üir6ýz¤0~����^|��^��u`|S���S�S��î�y6~H~(�S�
X2 − (

�S|��z�(~
A)X + detA = X2 − 125X + 2500 = (X − 25)(X − 100).

��~(��v��^��~`y�|���{�|�wz{�|�~(�ñs�~
A
��wzra�

25
~`�

100.
èa�
f1 = (x, y)T ~(����y�rXvx~(�`��~`y�|�{�|�wz{�|�~l�z����wa�`��u ö ó�û ��������^�S���5}¡�^���

73x− 36y = 25x,
wzy

4x = 3y.
� wzr6�

f1 = (3c, 4c)T .
èa��wzrtvx~`y���îay6~

f1
��wz���Zs�~�r6wz|S¤0~ ç �6���

}��^y��J{�|�~`r6s�|�~
c = ±1/5.

� ~ñ¤��`¤0~��Á�S�
f2 = (x, y)T ~(�S�Jy�r¥vx~(�`��~`y�|C{�|�wz{�|�~��z����wa�`��u ö ó�û �6���p���^�S���5}¡�^���

73x − 36y = 100x,
wzy

3x = −4y.
� wzr6�

f2 = (4c,−3c)T .
èa��wzrXvx~`y��ñîay6~

f2
��wz����s�~�r6wz|S¤0~ ç �����

}��^y��Z{�|�~`r6s�|�~
c = ±1/5.

q�r6~�|�u`{<wzr6��~ ö ����î�y6~(���S��wzrt{<w���u(~�~(�S� Þ ØzÆ�È�j�ÈcÔ Þ d�È f1 = (3/5, 4/5)T , f2 =
(−4/5, 3/5)T . ù ~(��vx~(�`��~`y�|��H��wzra������~`r s�~�r6wz|S¤0~ ç � é ������wzra�ñs�~�{���y6�ñwz|S�S�6wz�xwzr��^y�£?��u`���^ra�ñvx~(�`��~`y�|��{�|�wz{�|�~(��s?� y�rÒ~`r6s�wz¤0wz|S{�������¤0~±�Süa¤0u`�S|S��îay6~�� ù wz¤�¤0~��¡�¢~(�S{��z�(~Ú~(�S��s�~�s���¤0~`r6�S��wzr ó �����H}4wz|S¤0~`ra��y�r6~���z��~

f
�6�!��¤"�^�S|S���(~ñ|�~`{�|�u(��~`r����^�S��vx~�s�~

a
s6�^r6�

f
~(���

[a]ff = D = Diag(25, 100).
èa�
U = [id]ef

~(�S�����
¤"�^�S|S���(~Js�~J�����^r��x~`¤0~`r��Fs�~����z��~���~`����~J~(�S�>s�wzr6�Cwz|S�S�6wz�xwzr��^��~J���^|:¤"�^�S|S���(~Js�~J�����^r��x~`¤0~`r��F~`ra�S|�~����z��~(�
wz|S�S�6wzr6wz|S¤"�^��~(�J~`��s�wzr6�

[id]fe = U−1 = UT .
� �¢w��

A = UDUT .
æ r¥�

U = 1
5

[
3 −4
4 3

]

.
 wzy�|L�(vxwz��|
B
wzr {�|�~`r6s

C = Diag(5, 10)
îay��T�	�^�S���5}��^���

C2 = D
~`�¥� ��~(�Úv��^��~`y�|��±{�|�wz{�|�~(�

{<w��S���S��vx~(�g� æ rt{�|�~`r6st~`r6�Sy�����~
B = UCUT îay��!��{�wzy�|Fvz�^��~`y�|��F{�|�wz{�|�~(� 5

~`�
10
~`�Z~(�S�Z�Süi¤0u`�S|S��î�y6~��

B~(�S��s�wzr6�:s�ucë6r���~>{�w��S���S��vx~�s?�÷�^{�|��(��y�rñ�S�6u(wz|��`¤0~$s�yH�(wzy�|����ªð�r6�Sy�����~
B2 = UCUTUCUT = UCCUT =

UDUT = A.
ð�£i{������`����~`¤0~`ra��ò

B =
1

5

[
3 −4
4 3

] [
1 0
0 2

] [
3 4
−4 3

]

=
1

5

[
41 −12
−12 34

]

.

; �



�! �¬a¨#"�«I"x¬õ°L¾ 
 y�����îay6~
N2 =

[
1 −1
1 −1

] [
1 −1
1 −1

]

=

[
0 0
0 0

]

,
����~(�S�J�`���^��|Tîay6~

n
~(����r�����{�wz��~`r����

èi~(�:v��^��~`y�|���{�|�wz{�|�~(����wzr��Fs�wzr6�C��wzy���~(�$r�y�����~(���i{�y�����îay6~C��~�{�wz��üir6ýz¤0~J¤���r���¤"�^�?~(�S�
X2 ��èa� f = (f1, f2)~(�S�ly�r6~í���z��~2��~`����~Lî�y6~

[n]ff
��wz�����S|S���^r���y����^��|�~õ�Sy�{<u`|S��~`y�|�~��$���Vs����^�xwzr��^��~õs�~

[n]ff
��~`|��X}�wz|S¤0u(~ís�~(�

vz�^��~`y�|��l{�|�wz{�|�~(�ls�~
n
~`�l��~`|�� s�wzr6�tray�����~��:�!� �S�6u(wz|S��~¥�(wzr6�(~`|Sr��^ra�Ú���Xs�u(�(wz¤�{�w��S���S��wzr s�~ � y�r�}4wz|�s

���^|��^r��S����s?�÷�^������~`y�|��ñ�¡�¢~c£����S��~`r6�(~"s?� y�r6~"��~`����~0���z��~
f.
�>�¢u`��u`¤0~`r��

f1
s�wz���Ë�`�S|�~ls6�^r6����~�r6wgü��^y s�~

n
��èa�

[f1]
e = (x, y)T ���?~(�S�F�`���^��|Zî�y��a���?�Sy/80�Fs�~C{�|�~`r6s�|�~ x = y 6= 0.

�>�¢u`��u`¤0~`r��
f2
s�wz���e�`�S|�~Ts6�^r6����~Cr6w�ü��^y

s�~
n2 ~`�F�`�S|�~���r6s�u`{<~`r6s6�^ra�Hs�~ f1. ù wz¤�¤0~ n2 = 0

r�� ��¤�{<wz|S��~0îay6~`��vx~(�`��~`y�|
f2
��r6s�u`{�~`r6s6�^r���s�~

f1�(wzr�vi��~`r����?èa�
[f2]

e = (a, b)T ������}��^y�� a 6= b.
� �^r6���(~(�Z�(wzr6s����S��wzr6�

[n]ff = [id]fe [n]ee[id]
e
f

��~Js�u`���^������~��^��r6�S��òa����¤"�^�S|S���(~Ts�~T�����^r��x~`¤0~`ra�Zs�~J���z��~Js�~
e
vx~`|��

f
~(�S�

[id]ef =

[
x a
x b

]

,
��wzr���r�vx~`|���~

~(�S�
[id]fe = 1

x(b−a)

[
b −a
−x x

]

,
~`��wzr¥������~`r

[n]ff =
1

x(b− a)

[
b −a
−x x

] [
1 −1
1 −1

] [
x a
x b

]

=

[
0 (b− a)/x
0 0

]

.


 y�����îay6~F~`r�ë6r0�¡�¢u`r6wzr6�(uFs�~`¤"�^r6s�~Fy�r6~����z��~Fwz|S�S�6wzr6wz|S¤"�^��~F����}¡�^y���{�|�~`r6s�|�~
x = ε11/

√
2,
�(vx~(�

ε1 = ±1{<wzy�|�îay6~
f1
��wz����s�~�r6wz|S¤0~ ç �p{�|�~`r6s�|�~

a + b = 0
{�wzy�|�îay6~

f2
��wz����wz|S�S�6wz�xwzr��^� ö

f1
~`��{�|�~`r6s�|�~

a = ε21/
√

2,
�(vx~(�

ε2 = ±1
{<wzy�|�î�y6~

f2
��wz���ls�~2r6wz|S¤0~ ç �$ð��Ús�wzr6�

[id]ef = 1√
2

[
ε1 ε2
ε1 −ε2

]

.
 y�����îay6~¥��� ¤"�^�S|S���(~
[id]ef

�����^r��x~íy�r6~t���z��~2wz|S�S�6wzr6wz|S¤"�^��~L~`r y�r6~¥���z��~2wz|S�S�6wzr6wz|S¤"�^��~��F���¢~(�S�"y�r6~
¤"�^�S|S���(~ñwz|S�S�6wz�xwzr��^��~ñ~`�Z�	��¤"�^�S|S���(~���r�vx~`|���~

[id]fe
~(�S�F�����S|��^r6�S{�w���u(~�s�~

[id]ef .

;6;
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º n�¬�m(©g«¼*'Ã¯p¬t"x¼Án�¨^m�¾ �
U
~(�S��wzy�vx~`|S� � �S����r��ïë�~�îay6~�{<wzy�|T��wzy��

x ∈ U
wzrõ{�~`y��T�S|�wzy�vx~`|�y�rír6wz¤H��|�~

r > 0
��~`�$îay6~0�¡�¢~`r6��~`¤H����~Ús�~(�

y ∈ E
��~`���Hîay6~ ‖x − y‖ ≤ r

~(�S���(wzr���~`rayÒs6�^r6�
U
� �
F
~(�S��}�~`|S¤0u �

�S����r��ïë�~lîay6~"��wzr �(wz¤�{���u`¤0~`ra���^��|�~
E \ F ~(���Hwzy�vx~`|S��� 
 |�wz{�w��S���S��wzr ò�èiwz���

F
y�r6~l{��^|S�S��~ls�~l�¡�¢~(�S{��z�(~

r6wz|S¤0u
E
� � ��wz|��

F
~(���F}4~`|S¤0uñ�S��~`����~`y���~`¤0~`ra�J�S�?{�wzy�|Z��wzy���~��Sy�����~

(xn)n≥0
s?�¢u`��u`¤0~`ra���Js�~

F
îay��!~(�S�

�(wzr�vx~`|S�x~`r���~��?�^��wz|��
limn xn

~(�S�Zs6�^r6�
F.

�! �¬a¨#"�«I"x¬H¶t¾ ç ��ð�r��^{�{�����î�y��^ra�!��~��`|S�����`|�~�s�~ � � � ��~`¤ñ��~`|S� ö ���F�Sy�����~
un = |h|n/n �({�y�����î�y6~ limn un+1/un =

|h| wzrívxwz���Jîay6~����l��u`|S��~ ∑∞
1

hn

n

�(wzr�vx~`|S�x~��S� |h| < 1
~`�Cs���vx~`|S�x~H��|�w����S���`|�~`¤0~`ra�T��� |h| > 1.

��~ñ|��(üxwzr
s�~��(wzr�vx~`|S�x~`r6�(~

R
~(�S�>s�wzr6� ç � � �÷�^{�|��(����~��(wzy�|��:������wz¤�¤0~�s6�^r6���¡� ��r���~`|Sv��^����~

]−1, 1[
~(�S� − log(1−h).� wzr6�ñs6�^r6�Z��~T¤��`¤0~���ra��~`|Svz�^����~ ∑∞

1
hn−1

n = − 1
h log(1− h)

�S�
h 6= 0

~`�
= 1

�S�
h = 0.ó � ⇐ èa�

0 ≤ x ≤ 1
�^��wz|�� |un(x)| = 1

n2 (xn + (1 − x)n) < 2
n2 →n 0. ù ~(�`��~`r��S|��^��r6~0�^yL{��z�����^�x~î�y6~ ∑∞

1 un(x)
�(wzravx~`|S�x~ñr6wz|S¤"�^��~`¤0~`ra��s6�^r6�

[0, 1],
{�y�����î�y6~ ∑∞

1
2
n2

�(wzr�vx~`|S�x~�s?�÷�^{�|��(����~H�`|S�����`|�~Hs�~
ê ��~`¤"�^r�r2�^{�{�����îay6u ö α = 2 > 1.

⇒ èa�
x > 1

�^��wz|��
u2n(x) > 1

4n2x
2n →n +∞ ÿ ���^|T�¡�¢~c£i{�wzr6~`r��S��~`����~��¡�¢~`¤�{�wz|S��~���y�|J���"{�y��������^r6�(~��c�

� ~t¤��`¤0~t�S�
x < 0

�^��wz|��
u2n(x) > 1

4n2 (1 − x)2n →n +∞.
� wzr6�

un(x)
r6~±��~`r6s {��z�0vx~`|�� O �S�

x /∈ [0, 1].�!�C}�wzr6�`�S��wzr
f
~(�S�����T��wz¤�¤0~Zs?� y�r6~F��u`|S��~Fs�~F}4wzr6�`�S��wzr6���(wzra�S��r�y6~(�$î�y��6�(wzravx~`|S�x~Zr6wz|S¤"�^��~`¤0~`ra�$s6�^r6�

[0, 1],
s�wzr6�Cy�r��ï}4wz|S¤0u`¤0~`ra��s6�^r6�

[0, 1].
�!�ñ}�wzr6�`�S��wzr

f
ü"~(�S��s�wzr6�J�(wzra�S��r�y6~�s?�÷�^{�|��(����~C�(wzy�|���� ù wz¤�¤0~

un(x) = un(1− x)
�6�(~`���0~`r��S|��^��r6~ñîay6~

f(x) = f(1− x)
~`�Zs�wzr6�

f(0) = f(1) = π2/6.ô �0èa�
x ∈ [ε, 1 − ε]

�^��wz|��
u′n(x) = 1

n(xn−1 − (1 − x)n−1)
~`�"s�wzr6� |u′n(x)| ≤ 1

n((1 − ε)n−1.� �÷�^{�|��(�H��~ ç ���^{�{�����îay6u ö
h = 1 − ε

���±��u`|S��~ ∑
n

1
n((1 − ε)n−1 �(wzravx~`|S�x~�� 
 �^|H�(wzr6��u(î�y6~`ra�ñ���t��u`|S��~

∑

n u
′
n(x)

�(wzravx~`|S�x~"r6wz|S¤"�^��~`¤0~`ra��~`�ñs�wzr6�0y�r��ï}4wz|S¤0u`¤0~`ra���Sy�|
[ε, 1 − ε].

� �÷�^{�|��(�ñ��~0�(wzy�|������(wz¤�¤0~
s�~J{���y6� ∑

n un(x)
�(wzravx~`|S�x~��6�(~`����~`r��S|��^��r6~�îay6~��as6�^r6�

[ε, 1− ε], ���H��wz¤�¤0~ f(x)
~(���$s�u`|S��v��^����~T~`��îay6~

f ′(x) =
∑∞

n=1 u
′
n(x). ù wz¤�¤0~T�(~(�`�<~(���:v��^���^����~�{�wzy�|$��wzy�� ε ∈]0, 1/2],

�(~`���ñ~`ra�S|��^��r6~�î�y6~
f ′(x)

~c£����S��~
{<wzy�|Z��wzy��

x ∈]0, 1[
~`��î�y6~���s?�÷�^{�|��(����~ ç �$wzr2�

f ′(x) =

∞∑

n=1

1

n
(xn−1− (1−x)n−1) =

∞∑

n=1

1

n
xn−1−

∞∑

n=1

1

n
(1−x)n−1 = −1

x
log(1−x)+

1

1− x
log x.

ø��C�!�±s�u`|S��vxu(~�s�~
y : x 7→ −(log x)(log(1 − x))

���^�S���5}¡�^���
f ′(x) = y′(x)

{<wzy�|���wzy��
x ∈]0, 1[. é �~c£i���S��~Hs�wzr6��y�r2r6wz¤ñ��|�~

C
��~`��îay6~

f(x) = C − (log x)(log(1 − x))
{�wzy�|���wzy��

x ∈]0, 1[.
æ r2�	�^����s�~

{���y6�Cîay6~
f
~(�S��Ï�ÓzÐ�Õ4ßÐ6Å6È�~`r

0
~`�

1
~`�Cîay6~

f(0) = f(1) = π2/6.
æ |

log(1 − x) ∼ −x �^yívxwz���S��r��^�x~s�~
0.
� wzr6�

y(x) ∼ −x log x
�^y¥vxwz���S��r��^�x~ñs�~ O � ù wz¤�¤0~�����{�y��������^r6�(~��¡�¢~`¤�{�wz|S��~ñ�Sy�|���~���wz���^|S���S��¤0~����������¤�����~�s�~

y(x)
~`r O ~(�S� O ~`��s�wzr6�

C = f(0) = π2/6.
ð�rt|�u(�Sy�¤0u���{�wzy�|F��wzy��

x ∈ [0, 1]
wzr2�

f(x) =
π2

6
− (log x)(log(1− x)).

ð�r�ë6r2wzr¥�^{�{�����îay6~��(~�|�u(�Sy������^� ö
x = 1/2

~`�
x = 1/3 :

∞∑

1

1

n22n
=

1

2
f(

1

2
) =

π2

12
− 1

2
(log 2)2,

∞∑

1

1 + 2n

n23n
= f(

1

3
) =

π2

6
− (log 3)2 + (log 3)(log 2).

; 4



�! �¬a¨#"�«I"x¬ ^ ¾ ç �H��~���|��^{��6~±~(�S��~`r s�~`r�����s�~Ú���`��~Ú~`�H¤0wzra�S|�~tîay6~
f
~(�S�H����~`r s�ucë6r���~Ú~`���(wzr��S��ray6~��

æ rX��~�¤0wzr��S|�~ls���|�~(�`��~`¤0~`r���~`r �(wzr6�S���^���^r���î�y6~���y�|
[−π, 0], ö ���^y6��~0s�~����Ú{��^|S����u��?����}�wzr6�`�S��wzrXv��^y��

f(x) = 1/2 + x/π
~`��îay6~���������¤�����~ ö ���^y6���6~�~`r O ~(���

1/2.
èay�|

[π, 2π]
ö ���^y6��~ñs�~����0{<u`|S��wis����`����u����}4wzr6�`�S��wzrtv��^y��

f(x) = 1/2 + (x− 2π)/π
~`�J��������¤�����~ ö s�|�wz����~ñ~`r

π
~(�S� −1/2.

ù wz¤�¤0~ f ~(�S�?{��^��|�~��(��~(���(wa~E8"�`��~`ra���!s�~��6wzy�|S��~`| bn ��wzra��r�y������ ù wz¤�¤0~ ∫ π
−π f(x)dx = 2

∫ π
0 f(x)dx =

0,
��~C�(wa~E8"�`��~`ra�

a0
~(�S�$r�y��¡��ð�r6�Sy�����~������

n > 0
wzrt��� ö �¡�÷�^��s�~Ts?� y�r6~C��r���u`��|��^�S��wzr±{��^|�{��^|S�S��~(�$���z��u(~T�Sy�|

u(x) = x
~`�
v′(x) = cos(nx) :

an =
1

π

∫ π

−π
f(x) cos(nx)dx

=
2

π

∫ π

0
(
1

2
− x

π
) cos(nx)dx

=
1

π

[
sin(nx)

n

]π

0

− 2

π2

[
x sin(nx)

n

]π

0

− 2

π2

[
cos(nx)

n2

]π

0

= 0− 0− 2

π2

[
(−1)n − 1

n2

]

=
2

π2n2
(1− (−1)n).

� wzr6�ñ{<wzy�|
n
~`r��S��~`| ≥ 0

wzr2�
a2n = 0

~`�
a2n+1 = 4

π2(2n+1)2 .
�!��}�wzr6�`�S��wzr

f
~(�S�

C1
{��^|J¤0wz|��(~��^y�£��

��~T�S�6u(wz|��`¤0~ñs�~ � ��|S��������~`��~(���Zs�wzr6�ñ�^{�{��������^����~�~`�F������wz¤�¤0~�s�~��	�H��u`|S��~�s�~��6wzy�|S��~`|J~(�S�Fs�wzr6��~`r±��wzy��
{<wz��ra�

x
u`���^��~ ö 1

2(f(x−0)+f(x+0)). ù wz¤�¤0~Zs�~F{���y6� f ~(�����(wzr��S��r�y6~��a���T��u`|S��~Zs�~F��wzy�|S��~`|:�(wzr�vx~`|S�x~s�wzr6��vx~`|��
f(x)

~`r±��wzy��Z{�wz��r��
x :

f(x) =
4

π2

∞∑

n=0

cos((2n+ 1)x)

(2n+ 1)2
.

ù wz¤�¤0~ | cos((2n+1)x)
(2n+1)2 | ≤ 1

(2n+1)2
~`��î�y6~�������u`|S��~ ∑ 1

(2n+1)2
�(wzr�vx~`|S�x~Hs?�÷�^{�|��(����~ñ�`|S�����`|�~�s�~ ê ��~`¤"�^r�r�^{�{�����î�y6u ö

α = 2 > 1,
������u`|S��~�s�~��6wzy�|S��~`|J~(���Fr6wz|S¤"�^��~`¤0~`r��Ts�wzr6��y�r��ï}4wz|S¤0u`¤0~`ra�J�(wzravx~`|S�x~`r���~�s6�^r6�

é ê . ó � ê �^{�{�~`��wzr6�Fî�y�� y�r±�S�6u(wz|��`¤0~ñs�yt�(wzy�|��Fs����Zî�y6~T�S��y�r6~���u`|S��~�s�~J}�wzr6�`�S��wzr6�Z�(wzr��S��ray6~(� ∑n un
��y�|

y�rt��r���~`|Sv��^����~���wz|Sr6u
[a, b]

�(wzr�vx~`|S�x~Hy�r��ï}4wz|S¤0u`¤0~`ra�C�^��wz|��
∫ b

a

∑

n

un(t)dt =
∑

n

∫ b

a
un(t)dt.

� {�{�����îay6wzr6���(~`��� ö
a = 0, b = x

~`� ö
un(t) = 4

π2
cos((2n+1)t)

(2n+1)2
. ù wz¤�¤0~

∫ x

0
f(t)dt =

1

2
(x− x2

π
),

∫ x

0
un(t)dt =

4

π2

sin((2n+ 1)x)

(2n+ 1)3
,

���2}4wz|S¤Hy���~±s�~`¤"�^r6s�u(~t~(�S��¤0wzr��S|�u(~��:èa�FwzrÒ}¡�^���
x = π/2

s6�^r6���(~`�S��~�}4wz|S¤Hy���~±wzr wz���S��~`r�����{�y�����îay6~
sin((2n+ 1)π/2) = (−1)n :

A =
π2

4
.
1

2
(
π

2
− (π/2)2

π
) =

π3

32
.

; M
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º n�¬�m(©g«¼*' ¯p¬>"x¼Án�¨ªmx¾?èiwz���
E
y�r±~(�S{��z�(~Tr6wz|S¤0u�s�~Ts���¤0~`r6�S��wzr±ë6r���~���èiwz���

F
~`�
K
s�~(��{��^|S�S��~(�Zs�~

E.� y6~��S����r��ïë�~�����{���|��z��~ �
F
~(�S�Ty�rL}4~`|S¤0u!ú � � y6~��S����r��ïë�~�����{���|��z��~ �

K
~(�S��y�rõ�(wz¤�{��z�`�Áú � � wzr�r6~`|

y�r6~ñ���^|��z�`��u`|S�����^�S��wzrís�~(�F}�~`|S¤0u(��~`rt��~`|S¤0~(�Js�~��Sy�����~(��� � wzr�r6~`|Jy�r6~����^|��z�`��u`|S�����^�S��wzrLs�~(���(wz¤�{��z�`����~`r
��~`|S¤0~(��s�~��Sy�����~(�g�
�! �¬a¨#"�«I"x¬L¶¥¾ æ r2�(wzr6�S��s��`|�~���~(�F�S|�wz���J�Sy�����~(�

(un)n≥0
�
(vn)n≥0

~`�
(wn)n≥0

s�ucë6r���~(�C�^��r6�S�>ò
un = 1

�S�
n ≥ 0

~(�S��{��^��|C~`�
un = 0

�S�
n
~(������¤�{��^��|��

vn = 1
�S�
n ≥ 0

~(�S�Cs���va����������~�{��^| ô ~`�
vn = 0

���
n
r��¢~(�S�

{��z�$s���vi���S������~C{��^| ô �i~`�
wn

u`���^���^ylr6wz¤H��|�~�s�~J�(wzy�{���~(�
(i, j)

s?�¢~`ra�S��~`|�� ≥ 0
��~`���$îay6~

n = 2i+3j.

 �^|

~c£�~`¤�{���~����S�
n = 10,

��~(�J�(wzy�{���~(�
(i, j)

�z�(�(~`{����^����~(����wzra� ÿ û � O ��~`� ÿ ó � ó �J~`�Ts�wzr6�
w10 = 2.


 wzy�|T��wzy��
n ≥ 0

wzr¥��s�wzr6�
wn =

∑n
k=0 ukvn−k,

y�r¥{<wz��ra��î�y��¢wzr±r6~ñs�~`¤"�^r6s�~�{��z�Zs�~�s�u`¤0wzra�S|�~`|��
ç � ù �^���`y���~`|±��~(�t��wz¤�¤0~(�±s�~(�t��u`|S��~(�±~`r��S���`|�~(� ∑n≥0 unz

n ~`� ∑
n≥0 vnz

n ��vx~(�L��~`y�|��±|��(üxwzr6�ts�~
�(wzravx~`|S�x~`r6�(~¥|�~(�S{�~(�`�S�ï}��"~`�"~`r´s�u(s�y���|�~íîay6~±{<wzy�| |z| < 1

wzr � ∑
n≥0wnz

n = 1
(1−z2)(1−z3)

.æ rL�zs�¤0~`�S�S|��l�	�^r6�Js�u`¤0wzr6�S�S|��^�S��wzrXîay6~ñ�(~`�S��~ñ}4|��z�`�S��wzr2|��^�S��wzr�r6~`����~���~�s�u(�(wz¤�{<w���~H~`ríu`��u`¤0~`r����
�S��¤�{���~(�J�^��r6�S��ò 1

4(1+z) + 1
4(1−z) + 1

6(1−z)2
+ 1

3(1+z+z2)
.ó � � u`vx~`��wz{�{�~`|�~`rÚ��u`|S��~C~`r��S���`|�~��^y�vxwz���S��r��^�x~Ts�~ O ����}�wzr6�`�S��wzr

z 7→ 1
(1−z)2

.
� y6~`�?~(�S�:��wzr�|��(üxwzr±s�~

�(wzravx~`|S�x~`r6�(~!ú
ô � æ rõ�zs�¤0~`� 1

1+z+z2 = 2√
3

∑∞
n=0 sin((1 − 2n)π

3 )zn. é r6s���î�y6~`|T��~H{�|S��r6�`��{<~�s�~H����s�u`¤0wzr6�S�S|��^�S��wzrs�~��(~`�S��~T}�wz|S¤ñy���~��Áì2wzra�S|�~`|�îay6~T��~�|��(üxwzr¥s�~ñ�(wzr�vx~`|S�x~`r6�(~�s�~��(~`�S��~���u`|S��~�~`ra�S���`|�~ñ~(�S� ≥ 1.ø6� � �¡�÷�^��s�~Ts�~��(~Cî�y��Á{�|�u(�G�(s�~��a���^���`y���~`|
wn

{�wzy�|>��wzy��
n. ê ~`�S|�wzy�vx~`|$����v��^��~`y�|:s�~ w10 = 2

ö �¡�÷�^��s�~s�~T����}�wz|S¤ñy���~ñwz����~`r�y6~�� ù �^���`y���~`| w53.

�! �¬a¨#"�«I"x¬ ^ ¾aèiwz���
r
y�r�~`ra�S��~`|�ë�£�u�� æ rñ�(wzr6�S��s��`|�~>�¡�¢~(�S{��z�(~�vx~(�`��wz|S��~`� M s�~(�!¤"�^�S|S���(~(�!���^|S|�u(~(�

X
|�u(~`����~(�

s?�¢wz|�s�|�~
r
¤ñy�r��ps?� y�r6~�r6wz|S¤0~ñîay6~`���(wzr6î�y6~��Áì2wzra�S|�~`|Jîay6~

X 7→ detX
~(�S�Zy�r6~T}�wzr6�`�S��wzr2�(wzra�S��r�y6~��Sy�|

M.
ìíwzr��S|�~`|�îay6~���~���wzy6��~`r6��~`¤ñ����~�s�~ é ê }4wz|S¤0u�s�~(�T|�u(~`����r6wzrLray�����~(�S�Ty�rXwzy�vx~`|S��s�~ é ê . ì2wzra�S|�~`|î�y6~��¡�¢~`r6��~`¤ñ����~�s�~(�Ju`��u`¤0~`r�����s�~ M îay�����wzr�����r�vx~`|��S������~(�C~(�S�Fy�rtwzy�vx~`|S�Js�~ M.

�! �¬a¨#"�«I"x¬ 	 ¾ 
 �^|S¤�����~(�Z��u`|S��~(�F�Sy���vz�^ra��~(������~(��îay6~`����~(�Z��wzra���^�6��wz��y�¤0~`r����(wzravx~`|S�x~`r���~(���Á��~(��îay6~`����~(�F��wzr��
�(wzr�vx~`|S�x~`r���~(�T���^r6�!�`�S|�~ñ�^�6��wz��y�¤0~`r��C�(wzr�vx~`|S�x~`ra��~(������~(��î�y6~`����~(�Z��wzr���s���vx~`|S�x~`ra��~(�Áú

∞∑

n=1

nn

n!2n
,

∞∑

n=1

n!2n

nn
,

∞∑

n=1

(

log(1 +
1√
n

)

)2

,

∞∑

n=1

(−1)n log(
n+ 1

n
).

�! �¬a¨#"�«I"x¬2°L¾ æ rt�(wzr6�S��s��`|�~�����}�wzr6�`�S��wzr
f
s�~T{<u`|S��wis�~

2π
��~`����~�îay6~T{�wzy�|

x ∈]− π, π]
wzr¥�^���

f(x) =

1 − x2

π2 .
� ��|�~�{�wzy�|Jîay6~`����~(�Jvz�^��~`y�|��Cs�~

x
���0��u`|S��~ñs�~ñ��wzy�|S��~`|Cs�~

f
�(wzr�vx~`|S�x~�~`�Js�wzr�r6~`|T���0��wz¤�¤0~ñ~`r

�(~(�F{<wz��ra��� ÿ wzrtr6~�s�~`¤"�^r6s�~ñ{��z�Zs�~����^���`y���~`|Z��~(���(wa~E8"�`��~`ra���Js�~���wzy�|S��~`|�c�

46O
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F
}�~`|S¤0u��S����r��ïë�~Hîay6~H��~H�(wz¤�{���u`¤0~`ra���^��|�~

U = E \ F s�~
F
|�~`���^�S��vx~`¤0~`ra� ö

E
~(�S�Cy�rLwzy�vx~`|S���

æ rí{�~`y��C¤��`¤0~H{�|�u(�`����~`|�ò
U
wzy�vx~`|S���S����r��ïë�~Hîay6~H{<wzy�|T��wzy��

c ∈ E
����~c£����S��~

r > 0
��~`�pîay6~ñ���"��wzy���~

wzy�vx~`|S��~Zs�~F�(~`r��S|�~
c
~`��s�~$|��(üxwzr

r
��wz������r6�`��y6~Zs6�^r6�

U. K
�(wz¤�{��z�`�>�S����r��ïë�~Fîay6~

K
~(�S��}4~`|S¤0u�~`����wz|Sr6u��

���¢~(�S� ö s���|�~Jîay�� ���Á~c£����S��~
R > 0

��~`�Áîay6~
K
��wz���$�(wzr���~`r�y6~C���ñ�<wzy���~Jwzy�vx~`|S��~Js�~J�(~`r��S|�~

0
~`��s�~Z|��(üxwzr

R.
F
~(�S�$}4~`|S¤0u�����~`����~`y���~`¤0~`r��J���<{�wzy�|F��wzy���~��Sy�����~��(wzravx~`|S�x~`r���~

(xn)n≥0
}4wz|S¤0u(~ñs?�¢u`��u`¤0~`r�����s�~

F
�

�^��wz|��Z��������¤�����~
L
s�~������Sy�����~

(xn)n≥0
~(�S�Z~`r6�(wz|�~�s6�^r6�

F.
K
~(�S���(wz¤�{��z�`�J����~`����~`y���~`¤0~`r��T�S�?{�wzy�|Z��wzy���~ñ��y�����~

(xn)n≥0
}4wz|S¤0u(~�s?�¢u`��u`¤0~`ra���Ts�~

K
��wzr2{<~`y��

�S|�wzy�vx~`|Fy�r6~��Sy�����~T�S�S|S���`��~`¤0~`r����`|�wz�������^r���~�s?�¢~`ra�S��~`|��
(nk)n≥0

s�~T��wz|S��~Tî�y6~C�����Sy�����~�~c£��S|��^����~
(xnk

)k≥0��wz�����(wzr�vx~`|S�x~`ra��~H~`�Zîay6~���������¤�����~H��wz���Zs6�^r6�
K.

�! �¬a¨#"�«I"x¬L¶¥¾
ç � 
 y�����î�y6~ ∑

n≥0 unz
n =

∑

k≥0 z
2k ~`� ∑

n≥0 vnz
n =

∑

k≥0 z
3k,

wzr vxwz����î�y6~"�(~(�ñs�~`y�£ ��u`|S��~(�
��wzr���s�~`y�£ ��u`|S��~(�H�xu(wz¤0u`�S|S��î�y6~(��s�~0|��^����wzr6�H|�~(��{<~(�`�S��vx~(�

z2 ~`� z3.
ð�����~(���(wzr�vx~`|S�x~`ra��|�~(�S{�~(�`�S��vx~`¤0~`r��

�S�Z~`����~`y���~`¤0~`r����S� ‖z2‖ < 1
~`� ‖z3‖ < 1,

�^y����^r��"s���|�~±��� ‖z‖ < 1.

 �^|0s�ucë6r����S��wzr s�y |��(üxwzr s�~

�(wzr�vx~`|S�x~`r6�(~���~`����~(�Jwzra�Js�wzr6�ñ��~�¤��`¤0~�|���üxwzrís�~H�(wzr�vx~`|S�x~`r6�(~�u`���^� ö ç � 
 y�����îay6~����0�Sy�����~
(wn)

~(�S����~
{�|�was�y�����s�~ ù �^y6����ü±s�~(�Zs�~`y�£Ú�Sy�����~(� (un)

~`�
(vn)

��s?�÷�^{�|��(�F��~��(wzy�|��Zwzr¥� ∑
n≥0wnz

n = 1
(1−z2)(1−z3){<wzy�| |z| < 1.ó � ê �^{�{�~`��wzr6�F����}�wz|S¤ñy���~ñs�yt����r6ýz¤0~�s�~o�C~��F��wzr ò6�S� α ~(�S�Fy�rt|�u(~`�!~`�Z�S� ‖z‖ < 1

wzr2�

(1 + z)α = 1 +

∞∑

n=1

α(α − 1) · · · (α− n+ 1)
zn

n!
.

ð�r"{�w����^r��
β = −α ~`�>~`r������^r��x~��^ra� z ~`r −z, �(~`�S��~F}�wz|S¤ñy���~C���¢u(�`|S���$�^y6���S� ÿ {���y6�$�(wz¤�¤0was�u`¤0~`ra�$���`�$�Zò

1

(1− z)β
= 1 +

∞∑

n=1

β(β + 1) · · · (β + n− 1)
zn

n!
.

���^�����^r��
β = 2

s6�^r6�Z�(~`�S��~�s�~`|Sr����`|�~�}4wz|S¤Hy���~�wzr¥wz���S��~`ra�
1

(1− z)2
=

∞∑

n=0

(n+ 1)zn.

��~$|��(üxwzr�s�~:�(wzravx~`|S�x~`r6�(~Zs6�^r6�p���F}�wz|S¤ñy���~Fs�~´�C~��F��wzr�~(�S� ç �S�
α
r��¢~(���p{��z�py�r�~`r��S��~`| ≥ 0. é �`�¡� α = −2

�
��~�|��(üxwzr¥s�~ñ�(wzr�vx~`|S�x~`r6�(~�~(�S�Zs�wzr6� ç �

ô � 
 wzy�|Js�u`vx~`��wz{�{�~`|J~`r¥��u`|S��~�~`r��S���`|�~ñy�r6~�}4|��z�`�S��wzrt|��^�S��wzr�r6~`����~H�	�^r6�F{<ýz��~ ö �¡�¢wz|S������r6~Hwzr2���^����îay�� ���}��^y��±��� s�u(�(wz¤�{�w���~`|t~`rÃu`��u`¤0~`r����2�S��¤�{���~(�±s�~L{�|�~`¤����`|�~õ~(�S{K�(�(~X�^y�£�îay6~`���±wzrÃ�^{�{�����î�y6~X~`r6��y�����~L���
}4wz|S¤Hy���~�s�y"����r6ýz¤0~Js�~��C~��F��wzr0{<wzy�|:��~(��s�u`vx~`��wz{�{�~`|$~`r"��u`|S��~Z~`r��S���`|�~��a~`�:��wz¤�¤0~`|>~`r6��y�����~Z��~F|�u(�Sy������^���
æ r �^{�{�����î�y6~±�(~t{�|S��r6�`��{<~ ö ���2}4|��z�`�S��wzr |��^�S��wzr�r6~`����~ 1

1+z+z2

ÿ îay��Z~(�S��y�r u`��u`¤0~`ra�l�S��¤�{���~���¤"�^���0s�~
Ñ�ÈcÅ6jzß�Ù`Ô0È�~(�S{K�(�(~��c�Áèi~(�F{�ýz��~(�Z��wzra�

j = e2iπ/3 ~`� j = j2 = e−2iπ/3.
 y�����îay6~ | sin((1 − 2n)π
3 )zn| ≤ |z|n, ���>~(�S�ñ�`���^��|�î�y6~����t��u`|S��~0~`r��S���`|�~l�(wzr�vx~`|S�x~l{<wzy�|ñ��wzy�� z ��~`�î�y6~ |z| < 1. ù �¢~(����s���|�~�îay6~���wzr±|��(üxwzrís�~��(wzr�vx~`|S�x~`r6�(~�~(�S� ≥ 1.ø6�6ð�rty��S�������	�^r��Z����s�u(�(wz¤�{�w��S���S��wzr¥~`r2u`��u`¤0~`r����C�S��¤�{���~(�F|�u(~`���Zs�y ç �Á�^��r6�S��î�y6~T��~(� ó ~`� ô wzr2�

wn =
(−1)n

4
+

1

4
+
n+ 1

6
+

2

3
√

3
sin((1− 2n)

π

3
).

4�ç



èa�
n = 10

wzrVwz���S��~`r��
w10 = (−1)10

4 + 1
4 + 11

6 − 2
3
√

3
sin(19π

3 ) = 1
4 + 1

4 + 11
6 − 1

3 = 2.
� ~0¤��`¤0~

w53 = 9.
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 y�����îay6~
X 7→ detX

~(����y�r6~$}�wzr6�`�S��wzr�{<wz��üir6wz¤����^��~���~`����~F~(�S���(wzr��S��ray6~��xð�r6�Sy�����~ é ê \{0}~(�S��y�ríwzy�vx~`|S�����(wz¤�¤0~��(wz¤�{���u`¤0~`r����^��|�~�s�yt}�~`|S¤0u {0}. �>�¢~`r6��~`¤ñ����~�s�~(��u`��u`¤0~`ra���C��r�vx~`|��S������~(�Ts�~ M~(�S���¡� ��¤"�^�x~$��ravx~`|���~�s�~ é ê \{0} {��^| X 7→ detX. ù wz¤�¤0~ é ê \{0} ~(�S�py�r�wzy�vx~`|S��~`���(wz¤�¤0~ X 7→ detX~(�S�Z�(wzr��S��ray6~��Á�(~`�S��~���¤"�^�x~���r�vx~`|���~H~(�S�Z�(wzr��S��ray6~��
�! �¬a¨#"�«I"x¬ 	 ¾!èa�

un = nn

n!2n ,
�^��wz|��

un+1

un
=

1

2
(1 +

1

n
)n

��{<wzy�|�����¤�����~ e
2 > 1

���!��{�|�~`¤����`|�~ñ��u`|S��~�s���vx~`|S�x~ñs�wzr6����|�w����S���`|�~`¤0~`r��C{��^|Z��~��`|S�����`|�~Hs�~ � � � ��~`¤H�<~`|S���
ù wz¤�¤0~J���ñs�~`y�£i���`¤0~C��u`|S��~J~(�S�:s�~���~`|S¤0~��xu`r6u`|��^� 1/un,

��~C�`|S�����`|�~Js�~ � � � ��~`¤ñ��~`|S���(wzr6s�y���� ö ��������¤�����~
2/e < 1

~`������s�~`y�£����`¤0~���u`|S��~��(wzr�vx~`|S�x~�� 
 y�����îay��¢~`����~�~(�S�T{<w��S���S��vx~���~`����~��(wzravx~`|S�x~"�^y6���S���^�6��wz��y�¤0~`ra���
ð�r6�Sy�����~��<�(wz¤�¤0~

log(1 + h) ∼ h
�^y2vxwz���S��r��^�x~ñs�~

h = 0
�6wzrí��s�wzr6�

log(1 + 1√
n
) ∼ 1√

n

~`�
(log(1 +

1√
n
))2 ∼ 1

n

�S�
n
~(�S�T��|��^r6s?� ù wz¤�¤0~�������u`|S��~����^|S¤0wzr���î�y6~�s���vx~`|S�x~��?s?�÷�^{�|��(�T��~��`|S�����`|�~�s?�¢u(îay���vz�^��~`r6�(~�����S|�wz���S���`¤0~���u`|S��~�s���vx~`|S�x~��Á�!��îay��^�S|S���`¤0~���u`|S��~�~(�����^����~`|Sr6u(~�� � ~�{���y6�F{�wzy�|Z��wzy��

n
wzr2�

n+ 1

n
− n+ 2

n+ 1
=

1

n(n+ 1)
> 0,

s�wzr6� n+1
n > n+2

n+1

~`�Js�wzr6�
log(n+1

n ) > log(n+2
n+1).

ð�r�ë6r�����~���~`|S¤0~��xu`r6u`|��^�p��~`r6stvx~`|��
0.
æ rí~(�S��s�wzr6�

s6�^r6�Z��~(�Z�(wzr6s����S��wzr6�Js?�÷�^{�{��������^�S��wzrís�yt�S�6u(wz|��`¤0~ñs�~(����u`|S��~(���^����~`|Sr6u(~(�J~`�F����îay��^�S|S���`¤0~���u`|S��~�~(�S�Zs�wzr6�
�(wzr�vx~`|S�x~`r���~��P9!wzy���~c}�wz����wzr �

log(n+1
n ) = log(1 + 1

n) ∼ 1
n . ù wz¤�¤0~����t��u`|S��~l���^|S¤0wzr���î�y6~�s���vx~`|S�x~��s?�÷�^{�|��(�Z��~��`|S�����`|�~�s?�¢u(îay���v��^��~`r6�(~�����îay��^�S|S���`¤0~���u`|S��~�r��¢~(�S�F{��z�J�^�6��wz��y�¤0~`r��C�(wzr�vx~`|S�x~`r���~��

�! �¬a¨#"�«I"x¬ °L¾ æ r �
f(π) = 0.

� ~±{���y6�������X����¤�����~ ö s�|�wz����~2s�~
f
~`r −π ~(�S� 0.

�!�í}�wzr6�`�S��wzr
2π{<u`|S��wis���î�y6~

f
~(���Cs�wzr6���(wzr��S��ray6~0�Sy�| é ê . � ~ñ{���y6�g�Á~`����~�~(�S�Ts�u`|S��vz�^����~�{��^|S��wzy������^y�}$�^y�£2{<wz��ra����s�~H���}4wz|S¤0~

(2k + 1)π
�(vx~(�

k
~`r��S��~`|�|�~`���^�S�ï}S��ð�����~ñ~(�S�Zs�wzr6�

C1 {��^|Z¤0wz|��(~��^y�£¥~`��wzrt{�~`y��Z��y����^{�{�����î�y6~`|J��~�S�6u(wz|��`¤0~�s�~ � ��|S��������~`�0ò<�	�"��u`|S��~�s�~��6wzy�|S��~`|��(wzravx~`|S�x~�s�wzr6��~`rL��wzy��T{�wz��r���~`�T���lvz�^��~`y�|T{�wzy�|
x
~(�S�

1
2 (f(x− 0) + f(x+ 0)).

ìí�^���C�(wz¤�¤0~H����}�wzr6�`�S��wzr
f
~(�S�J�(wzra�S��r�y6~��<���"��u`|S��~ñs�~��6wzy�|S��~`|C�(wzravx~`|S�x~�~`r

}��^���Zvx~`|��
f(x)

~`rt��wzy��F{<wz��ra�
x.
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°±¬an�²�<X«I@ioX¬¥§('A'�k�¬6º-`aÝF¹�¾A�£ �§6oX¬+'´¯&%�¶:ÌeÐ�� ^ j��A¯�n ¹vb�¬��!©�¬io?1�¨^¬?<�·�·Z,Á¾
� y�|�u(~ ç � ô6O � � y6�`y�r¥s�wi�`y�¤0~`r���� � 8"�����^�x~ñs�~(�F|�u(��y������^���Z��~oÁx~`y6s�� ó6O ��~`{���~`¤ñ��|�~ ö ç5� ���

º n�¬�m(©g«¼*'´¯p¬a"x¼<n!¨^m�¾!èiwz���
A
y�r6~T¤"�^�S|S���(~ñ�Süa¤0u`�S|S��îay6~����^|S|�u(~�|�u(~`����~�� � y6~��S����r��ïë�~T����{���|��z��~ �

A
~(�S�

s�ucë6r���~�þ¡{�w��S���S��vx~ � ú � wzr�r6~`|Zy�r6~ñ���^|��z�`��u`|S�����^�S��wzr2s�~(��¤"�^�S|S���(~(��s�ucë6r���~(�Fþ¡{�w��S���S��vx~(���
�! �¬a¨#"�«I"x¬l¶t¾6èiwz���

p
~`�
q
s�~(��~`ra�S��~`|���{<w������S�ï}4�pë�£�u(��~`����wz��� M �¡�¢~(�S{��z�(~Fs�~(��¤"�^�S|S���(~(��|�u(~`����~(�

X = (xij)ö
p
������r6~(�C~`�

q
�(wz��wzr�r6~(���?èa�

1 ≤ i0 ≤ p, 1 ≤ j0 ≤ q
wzr¥r6wz��~

Ei0j0

����¤"�^�S|S���(~
(aij)

s�~ M ��~`����~�î�y6~
aij = 1

�S�
i = i0

~`�
j = j0

�6~`�
aij = 0

s6�^r6�Z��~(���^y��S|�~(�J���z���
ç � � y6~`����~�~(���F����s���¤0~`r6�S��wzr2s�~T�¡�¢~(�S{��z�(~�vx~(�`��wz|S��~`� M?ó �Jèiwz���

D
y�r6~�¤"�^�S|S���(~Ts����^�xwzr��^��~C|�u(~`����~Js?�¢wz|�s�|�~

p
~`�$��wz���

d1, . . . , dp
��~(�$u`��u`¤0~`r����Fs����^�xwzr��^y�£?� æ r

�(wzr6�S��s��`|�~��¡�¢~`r6s�wz¤0wz|S{������S¤0~
ϕD

s�~ M s�ucë6r���{��^|
X 7→ ϕD(X) = DX.

ìíwzr��S|�~`|�îay6~�{<wzy�|T��wzy6�
1 ≤ i0 ≤ p, 1 ≤ j0 ≤ q,

���l¤"�^�S|S���(~
Ei0j0

~(����y�rívx~(�`��~`y�|�{�|�wz{�|�~�s�~
ϕD

~`�Z{�|�u(�`����~`|Z����v��^��~`y�|Z{�|�wz{�|�~��(wz|S|�~(��{<wzr6s6�^ra��~��
ô �Z���¢~`r6s�wz¤0wz|S{�������¤0~

ϕD
s�~ M �zs�¤0~`�Z����y�r6~T���z��~�s�~Tvx~(�`��~`y�|���{�|�wz{�|�~(�Áú

ø6�Zìíwzr��S|�~`|�îay6~
det(ϕD) = (detD)q.

�! �¬a¨#"�«I"x¬ ^ ¾pèiwz���
e0, e1, . . . , en

���0���z��~����^r6wzr���îay6~Hs�~H�¡�¢~(�S{��z�(~ é ê n+1 ¤ñy�r���s�~����0���S|Sy6�`�Sy�|�~�~`y6�`���ïþs���~`r�r6~ñ���^r6wzr���îay6~�� æ rt{�w���~

h =
1

n
(e1 + · · ·+ en), g =

1

n+ 1
(e0 + e1 + · · ·+ en).

ç � ù �^���`y���~`| ‖e0 − g‖2 ~`� ‖e0 − h‖2.ó �Zìíwzr��S|�~`|�î�y6~
e0 − h

~(�S�Hwz|S�S�6wz�xwzr��^�F�^yV��wzy6��~(�S{��z�(~"vx~(�`��wz|S��~`�$s�~ é ê n+1 ~`r��x~`r6s�|�ul{��^|H��~(� nvx~(�`��~`y�|��
ei − h

�
i = 1, 2, . . . , n.ô �Z��~(�Jvx~(�`��~`y�|��

e0, e1, . . . , en
}�wz|S¤0~`r��T��~(�C��wz¤�¤0~`���Js?� y�rí��u`�S|����(s�|�~�|�u`��y�����~`|C�����Sy6uHs6�^r6�J�¡� ��üi{<~`|5þ

{����^rís?�¢u(î�y��^�S��wzr
x0 + x1 + . . . + xn = 1.

� y6~`����~�~(�S�J������wzr���y6~`y�|Ts�~��¡�÷�^|��`��~�s�~ñ�(~���u`�S|����(s�|�~!ú
� y6~`����~J~(�S�>���T���^y���~`y�|Áú � y6~`�<~(�S����~�|��(üxwzrls�~������S{��(�`|�~Js�~��(~F{����^r�î�y��6{��z����~F{��^|>��wzy6�>��~(�:��wz¤�þ
¤0~`���Áú�èa�

n = 3
~`�T�S�!y�rí��u`�S|����(s�|�~�|�u`��y�����~`|�~(�S�Cs?�÷�^|��`��~

a
�Áîay6~`����~�~(�S�J���"���^y���~`y�|�~`r¥}�wzr6�`�S��wzr

s�~
a?
� y6~`�!~(���F��~�|��(üxwzr¥s�~ñ�����S{��(�`|�~��`��|��(wzr6���`|S����~ñ~`r±}4wzr6�`�S��wzr2s�~

a?

�! �¬a¨#"�«I"x¬ 	 ¾ æ r r6wz��~
UT ���V�S|��^r6�S{�w���u(~Ls?� y�r6~L¤"�^�S|S���(~��e9�|�wzy�vx~`|±y�r6~í¤"�^�S|S���(~õwz|S�S�6wz�xwzr��^��~

Us?�¢wz|�s�|�~ ó ��~`����~Hî�y6~
detU = 1

~`��s�~`y�£±r6wz¤ñ��|�~(�
d1 ≥ d2

��~`����îay6~ [ 16 12
12 9

]

= U

[
d1 0
0 d2

]

UT .

ð�r¥s�u(s�y���|�~ [ 16 12
12 9

]5

.
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°±¬an�²�<X«I@ao ¬¥§('A'!ka¬6º-`aÝF¹?¾ 	 ¼Á¨ª¨z«²�k±¯p¬2®�%�¬� �§6oX¬+'´¯&%�¶:ÌeÐ�Ô ^ j:� ¯pn ¹�b?¬���©�¬ao?1�¨^¬?<�·�·�,�¾
º:	 s��!�±¤"�^�S|S���(~"���^|S|�u(~"��üa¤��`�S|S��îay6~�|�u(~`����~

(n, n)
~(�S�ñs�����~0s�ucë6r���~"{<w��S���S��vx~�����{<wzy�|���wzy���~"¤"�^�S|S���(~

�(wz��wzr�r6~¥s?�¢wz|�s�|�~
n X,

|�u(~`����~tr6wzr ray�����~��>wzr �
XTAX > 0.

�!�õ���^|��z�`��u`|S�����^�S��wzr s�~`¤"�^r6s�u(~í~(�S�0���
�Sy���vz�^ra��~Hò�����¤"�^�S|S���(~C���^|S|�u(~�|�u(~`����~

A
~(�S�:s�ucë6r���~J{�w��S���S��vx~��S�<~`�:��~`y���~`¤0~`ra�$���Á��~(�>vz�^��~`y�|��:{�|�wz{�|�~(����wzr��

��wzy���~(���S�S|S���`��~`¤0~`ra��{�w��S���S��vx~(���
�! �¬a¨#"�«I"x¬L¶¥¾

ç �6���¢~`r6��~`¤H����~ñs�~(��¤"�^�S|S���(~(�
Ei0j0

�(vx~(�
1 ≤ i0 ≤ p, 1 ≤ j0 ≤ q

}�wz|S¤0~�y�r6~����z��~�s�~ M.
ð�rt~E�?~`���

��wzy��
X = (xij)

s�~ M ���¢u(�`|S���
X =

∑

i,j xijEij
�(~0îay���¤0wzra�S|�~"îay6~0���¢~(�S��y�r6~�}¡�^¤�������~��xu`r6u`|��^�S|S���(~��

� ~T{���y6�g� ∑
i,j xijEij = 0

~`r��S|��#��r6~�îay6~T��~(�
xij

��wzra�Fr�y��������(~�îay���¤0wzr��S|�~�îay6~T���¢~(�S��y�r6~C}��^¤�������~T������|�~��
ù wz¤�¤0~����?ü±� pq u`��u`¤0~`ra���Js6�^r6���(~`�S��~����z��~�������s���¤0~`r6�S��wzr2s�~��¡�¢~(�S{��z�(~ M ~(�S�

pq.ó �!��~"���^���`y��>¤0wzr��S|�~�îay6~
DEi0j0 = di0Ei0j0 .

� wzr6�
Ei0j0

~(�S��y�rXvx~(�`��~`y�|H{�|�wz{�|�~"s�~
ϕD
�?���>~(���

�z����wi�`��u ö ����vz�^��~`y�|�{�|�wz{�|�~
di0 .ô � æ rl�Tviy"�^y ç îay6~F��~(�
Ei0j0

}�wz|S¤"�^��~`r��>y�r6~Z���z��~Fs�~ M.
æ rl�Cviyl�^y ó îay6~Z�(~F��wzr��:s�~(��vx~(�`��~`y�|��

{�|�wz{�|�~(��s�~
ϕD.

�!��|�u`{�wzr6��~�~(�S�Zs�wzr6��wzy��¡�
ø6�að�r��(wzr6��u(îay6~`r6�(~Cs�y ô �iwzr���îay6~

ϕD
~(�S�:s����^�xwzr��^�������^����~��6èiwzrÚs�u`��~`|S¤���r��^r��Z~(�S�$s�wzr6����~�{�|�was�y����

s�~���~(��v��^��~`y�|��Z{�|�wz{�|�~(�J��vx~(��¤ñy����S��{������`����u(�g� � wzr6�
detϕD = (d1)

q(d2)
q · · · (dp)

q = (detD)q.

�! �¬a¨#"�«I"x¬ ^ ¾
ç � æ r2����s?�÷�^{�|��(� 
 üa�S���^�xwz|�~

‖e0 − g‖2 = ‖ 1

n+ 1
(ne0 − e1 − · · · − en)‖2 =

1

(n+ 1)2
(n2 + 1 + · · ·+ 1) =

n

n+ 1
.

ð�r6�Sy�����~
‖e0 − h‖2 = ‖ 1

n
(ne0 − e1 − · · · − en)‖2 =

1

n2
(n2 + 1 + · · ·+ 1) =

n+ 1

n
.

ó � ù �^���`y���wzr6����~H{�|�wis�y����������^���^��|�~�s�~(�Ts�~`y�£2vx~(�`��~`y�|�� e0 − h = 1
n(ne0 − e1 − · · · − en)

~`�
e1 − h =

1
n((n− 1)e1 − e2 − · · · − en). é �?~(�S�Zu`���^� ö 1

n2 (−(n− 1)e1 + 1 + 1 · · ·+ 1) = 0,
{�y�����îay6~�~`r±�xu`r6u`|��^�

��~2{�|�wis�y����±�����^���^��|�~ís�~(�Úvx~(�`��~`y�|��
x = x0e0 + · · · + xnen

~`�
y = y0e0 + · · · + ynen

~(�S�Úu`���^� ö
x0y0 + · · · + xnyn.

� wzr6�
e0 − h

~`�
e1 − h

��wzr���wz|S�S�6wz�xwzr��^y�£�� 
 �^|��Süi¤0u`�S|S��~��!wzrÒ�ts�~�¤��`¤0~�î�y6~
e0−h

~`�
ei−h

��wzr���wz|S�S�6wz�xwzr��^y�£l{�wzy�|>��wzy��
i = 1, 2, . . . , n.

� wzr6�
e0−h

~(�S�$wz|S�S�6wz�xwzr��^� ö �¡�¢~(�S{��z�(~~`r��x~`r6s�|�u�{��^|Z��~(�
ei − h

�(vx~(�
i = 1, 2, . . . , n.ô � é ��~(�S�ñ�`���^��|�î�y6~ ‖ei − ej‖2 = 2

{�wzy�|ñ��wzy6�
i 6= j

��vx~(�
i, j = 0, 1, 2, . . . , n.

æ r �±s�wzr6�0����~`r
y�r ��u`�S|����(s�|�~Ús�wzra����wzy���~(����~(���^|��`��~(����wzr���u`���^��~(� ö √

2. ù wz¤�¤0~�vay �^y ç �!��~����^|S|�uÚs�~l���¥���^y���~`y�|~(�S� ‖e0 − h‖2 = n+1
n .

���¥���^y���~`y�|0���6~`|����6u(~2~(�S��s�wzr6� √
n+1√

n
.
��~�|��(üxwzr´s�~����í�S{��(�`|�~Ú�`��|��(wzr6���`|S����~

~(�S� ‖e0 − g‖ =
√

n√
n+1

.
èa�
n = 3

~`���S�>y�r ��u`�S|����(s�|�~�|�u`��y�����~`|�~(���Hs?�÷�^|��`��~ √
2
�^��wz|������t���^y���~`y�|�~(�S�

H =
√

4√
3

= 2√
3
,
~`����~"|���üxwzr s�~����2��{��(�`|�~��`��|��(wzr6���`|S����~±~(�S�

R =
√

3
2 .

èa�:�¡�÷�^|��`��~±~(���
a
�p������y/80��s�~

¤ñy����S��{�����~`|T�(~(�F|�u(�Sy������^���F{��^|
a/
√

2.
æ r¥wz���S��~`ra�

H =
a
√

2√
3
, R =

a
√

3

2
√

2
.

�! �¬a¨#"�«I"x¬ 	 ¾ é �Zr6wzy6�l~(�S�"s�wzr6�¥s�~`¤"�^r6s�u2s�~ts����^�xwzr��^������~`|Ú~`r ���z��~2wz|S�S�6wzr6wz|S¤"�^��~¥���L¤"�^�S|S���(~2�Süaþ¤0u`�S|S��î�y6~
A =

[
16 12
12 9

]

.
èiwzr {<wz��üir6ýz¤0~Ú���^|��z�`��u`|S���S�S��î�y6~

λ2 − λ
�S|��z�(~

A + detA
~(�S�

λ2 − 25λ

4 ø



~`�H��~(�Hvz�^��~`y�|��H{�|�wz{�|�~(����wzr��
d1 = 25

~`�
d2 = 0.

qJr vx~(�`��~`y�|�{�|�wz{�|�~
(x, y)

s�~ é ê 2 {�wzy�|ñ���tvz�^��~`y�|{�|�wz{�|�~
25
~(����s�wzr�r6uT{��^|��¡�¢u(îay��^�S��wzr

16x+ 12y = 25x
u(î�y���v��^��~`r���~ ö

4y = 3x.
��~(��vx~(�`��~`y�|��F{�|�wz{�|�~(�

s�~±r6wz|S¤0~ ç ���^�S���5}�wzr��ls�~±{���y6�
x2 + y2 = 1.

æ r wz���S��~`r��ls�wzr6�
f1 = (x, y) = ε1(4/5, 3/5),

�(vx~(�
ε1 = ±1.

� ~ñ¤��`¤0~ñ{�wzy�|Z����v��^��~`y�|C{�|�wz{�|�~
d2 = 0

wzríwz���S��~`r��C��~(�Js�~`y�£tvx~(�`��~`y�|��J{�|�wz{�|�~(�Ts�~�r6wz|S¤0~
ç
f2 = (x, y) = ε2(−3/5, 4/5),

�(vx~(�
ε2 = ±1.

�Cwz��wzr6�T�^��wz|��C{��^|
e
���0���z��~����^r6wzr���îay6~�s�~

E = é ê 2 �{��^|
f = (f1, f2)

���t���z��~�s�~"vx~(�`��~`y�|���{�|�wz{�|�~(���`�$s�~(���Sy6�H~`��{��^|
a
�¡�¢~`r6s�wz¤0wz|S{������S¤0~±s�~lð���~`��î�y6~

[a]ee = A.
� ��wz|��Zwzr¥�

A = [a]ee = [idE ]fe [a]ff [idE ]ef .æ r2��r��^�Sy�|�~`����~`¤0~`r��
[a]ff =

[
25 0
0 0

]

.


 wzy�|p���^���`y���~`|!���$¤"�^�S|S���(~>s�~������^r��x~`¤0~`r���s�~����z��~
U = [idE ]fe

wzr�~c£�{�|S��¤0~�~`rñ�(wz��wzr�r6~���~(�!�(wz¤�{�w����^r���~(�
s�~�����r6wzy�vx~`����~����z��~

f
~`rÚ}�wzr6�`�S��wzr¥s�~��¡�÷�^r6�`��~`r�r6~

e.
æ r¥wz���S��~`r��

U =

[
ε14/5 −ε23/5
ε13/5 ε24/5

]

.

èiwzrís�u`��~`|S¤���r��^ra��~(�S�
ε1ε2.


 wzy�|Tîay�� ������wz���
1
wzr2{�~`y���{�|�~`r6s�|�~

ε1 = ε2 = 1.
�!�"¤"�^�S|S���(~

U
~(��������~`r

wz|S�S�6wz�xwzr��^��~ñ�(~�îay���~`r��S|��#��r6~
UUT = I2.

� �¢w��t��~T|�u(��y������^�Fë6r��^�
[

16 12
12 9

]

=

[
4/5 −3/5
3/5 4/5

] [
25 0
0 0

] [
4/5 3/5
−3/5 4/5

]

.

���÷�^y��S|�~ñ���6wz�ï£Ú{�w����S������~�u`���^���Js�~�{�|�~`r6s�|�~
ε1 = ε2 = −1

~`��s?�÷�(vxwz��|J����¤"�^�S|S���(~
U
wz{�{<w���u(~��

�p��r��^��~`¤0~`r����<wzrt~`r¥s�u(s�y����
[

16 12
12 9

]5

=

[
4/5 −3/5
3/5 4/5

] [
255 0
0 0

] [
4/5 3/5
−3/5 4/5

]

= 254

[
16 12
12 9

]

.

4�û



°±¬an�²�<(@aoX¬2§('='�k�¬í³�µ`¶ab�`>�3Ý¹�º-<�·�·Z,��E<6·Á·�<�¾�°±¬x½<¼Á«¨0¯&%�¶l®²�@�1�¨^¬6º
�õ¨^¬aoX¬�©(©�¨ª¬2§6n´¯p¬�¨�'p« ¬a¨:�ñ° ¯�¬¥®§õm�¬ioX§6«�'�¬¥¯�nD.L§6n ¿t'�¼i½Á¬ao?1p¨ª¬u<6·Á·Z,

¦�¨ª¼�1p®I@ioX¬N,Á¾ æ r2�(wzr6�S��s��`|�~���~(�F¤"�^�S|S���(~(��|�u(~`����~(�
A
~`�
B
s�ucë6r���~(��{��^|

A =





1 1 1
3 2 1
3 1 0



 , B =





−1 1 −1
3 −2 1

−3 1 0



 .

ç � ù �^���`y���~`| B−1 � C = B−1A,
��~¥{<wz��üir6ýz¤0~t���^|��z�`��u`|S���S�S��îay6~

PC(X)
~`�0¤0wzr��S|�~`|Úîay6~t��~(�0v��^��~`y�|��

{�|�wz{�|�~(��s�~
C
��wzra�

λ1 = α = 2
√

30− 11 = −0, 045..., λ2 = α−1, λ3 = −1.

� �^r6�$���H�Sy�����~Cwzrlr6wz��~
f = (f1, f2, f3)

y�r6~C���z��~�s�~ é ê 3 }�wz|S¤0u(~Js�~Jvx~(�`��~`y�|���{�|�wz{�|�~(��s�~ C � 
 wzy�|�îay6wz�~c£i���S��~T�5þÖ~`����~!ú ù �^���`y���~`| f1
ö y�r6~ñ�(wzr6�S���^r���~ñ¤ñy����S��{��������^�S��vx~H{�|��(���

ó �!èiwz���
K : [−1/2,∞[→ é ê ��~`����~:î�y6~ x 7→ K ′′(x)

~c£����S��~>~`�p~(�S�!�(wzra�S��r�y6~��^��~`����~:îay6~
limx→∞K(x) = 0~`�Z��~`����~�îay6~T{<wzy�|F��wzy��

n ∈ /bfN = {0, 1, 2, . . .} ����~c£����S��~ Vn = [an, bn, cn]T ∈ é ê 3 �(vx~(�
K(n+ h) = 8anh

3 + 4bnh
2 + 2cnh{<wzy�|���wzy��

h ∈ [−1/2, 1/2].
ð�r"s?�÷�^y��S|�~(�>��~`|S¤0~(���

K
���÷�^r�r�y���~J�Sy�|���wzy6����~(��~`ra�S��~`|�����~`�����T|�~(���S|S���`�S��wzr"s�~

K
ö �¡� ��ra��~`|Svz�^����~

[n− 1/2, n+ 1/2]
~(�S�Fy�r±{<wz��üir6ýz¤0~�s�~�s�~`��|�u ≤ 3

ÿ wzrts����Zîay6~
K
~(�S�Fy�r6~C}�wzr6�`�S��wzr

Ì Þ d ß Ð�È��c� ù �^���`y���~`|Z{�wzy�| n ∈ /bfN ��~(� ô r6wz¤H��|�~(���Sy���v��^r����
K(n+ 1/2), K ′(n+ 1/2), K ′′(n+ 1/2)~`r2}�wzr6�`�S��wzrXs�~

Vn. ù �^���`y���~`|�~`r6��y�����~H��~(�C�S|�wz���T¤��`¤0~(�Tr6wz¤H��|�~(��~`rí}4wzr6�`�S��wzrXs�~ Vn+1.
ì2wzra�S|�~`|�î�y6~

AVn = BVn+1.

ô �±ð�£�{�|S��¤0~`|
Vn

~`r }�wzr6�`�S��wzr&s�~
Cn ~`�2s�~

V0.
ì2wzra�S|�~`|íîay6~

limx→∞K(x) = 0
~`ra�S|��#��r6~ îay6~

limn→∞∞ Vn = 0.
ì2wzra�S|�~`|�îay6~

V0
~(�S�"{�|�wz{�wz|S�S��wzr�r6~`� ö

f1
ÿ ìíu`�S�6was�~Vò>u(�`|S��|�~

V0
s6�^r6�l���õ���z��~

f
�Á~`r2s�u(s�y���|�~

Vn
s6�^r6�J���"���z��~

f
{�wzy�|���wzy��

n ∈ /bfN ~`�Jy��S��������~`|
limn→∞ Vn = 0.)

ð�rL�Sy�{�{<w��	�^r��
K ′(0) = 1,

s�wzr�r6~`|Z�¡�¢~c£�{�|�~(���S��wzr2s�~
K
s6�^r6�

[−1/2, 1/2]
{�y�����s6�^r6�

[1/2, 3/2].

¦�¨ª¼�1p®I@ioX¬r<�¾�èiwz���
E
y�rõ~(�S{��z�(~�vx~(�`��wz|S��~`���(wz¤�{���~c£�~�s�~Hs���¤0~`r6�S��wzr

q
~`�C��wz���

a
~`�
b
s6�^r6�

L(E)
s�~

�S{<~(�`�S|�~(�Hs����4 Swz��r����������¢~(�S� ö s���|�~"î�y6~"��~(��{�wz��üar6ýz¤0~(�H���^|��z�`��u`|S���S�S��î�y6~(�
Pa

~`�
Pb
��wzr���{�|�~`¤���~`|���~`r��S|�~

~`y�£���ìíwzr��S|�~`|�îay6~
Pb(a)

~(�S�C��r�vx~`|��S������~ ÿ �^{�{�����îay6~`|���~���~`¤�¤0~�s�~(�Cr6w�ü��^y�£ ö
a
~`� ö

PaPb).
æ rL{<w���~

~`r6�Sy�����~
F = L(E)

~`�$wzr��(wzr6�S��s��`|�~
ϕ ∈ L(F )

s�ucë6r���{�wzy�|>��wzy��
x ∈ F {��^|

ϕ(x) = ax− bx. ìíwzr��S|�~`|î�y6~
kerϕ = {0}

ÿ ì2u`�S�6wis�~�òz��wz���
x0 ∈ F

��~`�6îay6~
ax0 = x0b;

¤0wzra�S|�~`|>îay6~:{�wzy�|���wzy���{�wz��üar6ýz¤0~
Q
wzr

�
Q(a)x0 = x0Q(b)

~`�:�^{�{�����î�y6~`|:�(~`��� ö
Q = Pb).

èiwz���:~`r�ë6r
A
~`�
B
s�~(��¤"�^�S|S���(~(�:���^|S|�u(~(�>�(wz¤�{���~c£�~(�

s?�¢wz|�s�|�~
q
��ü��^r���y�r6~�v��^��~`y�|�{�|�wz{�|�~��(wz¤�¤ñy�r6~

λ
~`����wz���

U
~`�
V
s�~(�T¤"�^�S|S���(~(���(wz��wzr�r6~(��r6wzrõray�����~(�

s?�¢wz|�s�|�~
q
��~`����~(�Zî�y6~

AU = λU
~`�
BTV = λV.

èa�
X = UV T ���^���`y���~`|

AX −XB. ù wzr6�`��y6�S��wzrJú
°±¬an�²�<N@ioX¬2§('='�k�¬�¾ 	 ¼Á¨ª¨z«²�kt¯�n ¯p¬x½<¼Á«¨"¯&%�§6®²�@�1p¨^¬¥¯p¬2'�¼a½<¬ao?1p¨ª¬2<�·�·�,�¾$¾

¦�¨ª¼�1p®I@ioX¬N,<�ÿ ç � 
 wzy�|J���^���`y���~`|
B−1,

��~�{���y6�Z|��^����wzr�r��^����~�~`�F��~�{���y6�F|��^{���s�~ñ~(�S�Zs�~T|�u(��wzy6s�|�~ ö ����¤"�^��rt��~���üi�S���`¤0~����r6u��^��|�~H�z����wi�`��u
BU = V

�(vx~(�
(x, y, z)T = U

~`�
(X,Y,Z)T = V,

��wz���
−x+ y − z = X, 3x− 2y + z = Y, −3x+ y = Z

46�



⇒ x = −(X + Y + Z), y = −(3X + 3Y + 2Z), z = −(3X + 2Y + Z).

B−1 = −





1 1 1
3 3 2
3 2 1



 , C = B−1A = −





7 4 2
18 11 6
12 8 5



 .

��~�{�wz��üar6ýz¤0~����^|��z�`��u`|S�����S��î�y6~Hs�~
C
~(�S���^��wz|��

PC(X) = −X3 − 23X2 − 23X − 1 = −(X + 1)(X2 + 22X + 1) = −(X + 1)(X − α)(X − α−1)

ÿ ���a}¡�^y���r6wz��~`|�î�y6~$��~${�|�was�y�����s�~(��s�~`y�£H|��z�`��r6~(��s�~
X2+22X+1

~(�S�
1,
s?�÷�^{�|��(�����C�`���z����~$s�~:{�|�~`¤����`|�~��c�

� wzr6�
PC

�ñ�S|�wz���>|��z�`��r6~(�$|�u(~`����~(��s����S�S��r6�`��~(���a�¡�¢~`r6s�wz¤0wz|S{������S¤0~
c
s�~ é ê 3 s�wzr��$����¤"�^�S|S���(~Cs6�^r6�$�������z��~���^r6wzr���î�y6~

e
~(���

C
~(�S�Hs�wzr6�ls����^�xwzr��^�������^����~Ú~`�ñ���:~c£����S��~"y�r6~0���z��~

f
s�~0vx~(�`��~`y�|���{�|�wz{�|�~(�Hs�~

c.
èa�

U = (x, y, z)T = [f1]
e �^��wz|��

(7 + α)x+ 4y = −2z, 18x+ (11 + α)y = −6z.

���ï£�wzr6�
z 6= 0.

��~�s�u`��~`|S¤���r��^r���s�yL�Süi�����`¤0~ñs�~ ù |��^¤0~`|T~`r (x, y)
�`��s�~(���Sy6�J~(���

D = α2 + 18α + 5.
ù ~`���t{�~`y��Ë�`�S|�~l�S��¤�{����ïë�u"{�y�����î�y6~ α2 = −22α − 1

{��^|�s�ucë6r����S��wzrÒs�~
α.
� wzr6�

D = 4(1 − α).
ð�r

|�u(��wz��vz�^ra�Jwzrtwz���S��~`ra�
x = 2z,

y = −3z

2

1 + α

1− α
= −3z

2

√
30 − 5

6−√30
= −3z

2

(
√

30− 5)(6 +
√

30)

(6−√30)(6 +
√

30)
= −z

4

√
30.

ð�rt|�u(�Sy�¤0u��6~`r¥{�|�~`r��^r���{��^|Z~c£�~`¤�{���~
z = 4t

�(vx~(�
t 6= 0

wzr2�
[f1]

e = t(2,−√30, 4)T .

ÿ ó � 
 y�����î�y6~
K ′′ ~(�S���(wzr��S��ray6~��6~`rl{��^|S�S���`y�����~`|F��~(�$�S|�wz���:}�wzr6�`�S��wzr6� K,K ′,K ′′ ��wzr��F�(wzra�S��r�y6~(� ö ���^y6���6~~`r

n+ 1/2.
æ |Z{<wzy�|

x ∈]n− 1/2, n + 1/2[
wzrí�

K(x) = 8an(x− n)3 + 4bn(x− n)2 + 2cn(x− n),

K ′(x) = 24an(x− n)2 + 8bn(x− n) + 2cn, K
′′(x) = 48an(x− n) + 8bn(x− n).

��~(�Z�S|�wz��������¤�����~(�Js�~��(~(�F}4wzr6�`�S��wzr6�Cî�y��^r6s
x
��~`r6s¥~`r¥�`|�wz�������^r��Jvx~`|��

n+ 1/2
��wzra��s�wzr6�ñs�wzr�r6u(~(��{��^|

��~�vx~(�`��~`y�|
AVn.

� ~�¤��`¤0~���~(���S|�wz����}4wzr6�`�S��wzr6�
K,K ′,K ′′ ��wzr��H�(wzra�S��r�y6~(� ö s�|�wz����~"~`r n + 1/2.

æ |
{<wzy�|

x ∈]n+ 1/2, n+ 3/2[
wzr¥�

K(x) = 8an+1(x− n− 1)3 + 4bn+1(x− n− 1)2 + 2cn+1(x− n− 1),

K ′(x) = 24an+1(x− n− 1)2 + 8bn+1(x− n− 1) + 2cn+1,

K ′′(x) = 48an+1(x− n− 1) + 8bn+1(x− n− 1).

��~(���S|�wz��������¤�����~(�Hs�~��(~(�T}�wzr6�`�S��wzr6�ñîay��^r6s
x
��~`r6sX~`rXs�u(�`|�wz�������^ra�ñvx~`|��

n + 1/2
��wzr��ñs�wzr6�"s�wzr�r6u(~(�

{��^|���~�vx~(�`��~`y�|
BVn+1. ù wz¤�¤0~ñ��~(������¤�����~(� ö s�|�wz����~H~`� ö ���^y6���6~Hs�~�}4wzr6�`�S��wzr6�J�(wzr��S��ray6~(���(wz��r6�`��s�~`r��wzr2��s�wzr6�

AVn = BVn+1.

ÿ ô � 
 y�����î�y6~
AVn = BVn+1

~`�J{�y�����îay6~
B
~(�S����ravx~`|��S������~�wzrí~`rí�S��|�~

Vn+1 = B−1AVn = CVn. ù ~(�`�{<~`|S¤0~`�Cs�~�¤0wzr��S|�~`|C{��^|�|�u(�`y�|S|�~`r6�(~��Sy�|
n
îay6~

Vn = CnV0.
ð�rí~E��~`�������¢~(�S�Z�S|S��vi���^�!{�wzy�|

n = 0,
~`���S�

���¢~(�S�Jvi|��^�!{�wzy�|
n
�^��wz|��

Vn+1 = CVn = CCnV0 = Cn+1V0 :
����|�u(�`y�|S|�~`r6�(~�~(�S�Cu`��~`r6s�y6~��<ð�r¥{�w����^r��

fh(a, b, c) = 8ah3 + 4bh2 + 2ch,
��~T}��^���Jî�y6~

K(x)
��~`r6s�~�vx~`|��

0
�S�
x
��~`r6stvx~`|��F�¡� ��r�ë6r��p~`r��S|��#��r6~�î�y6~

{<wzy�|Z��wzy��
h ∈ [−1/2, 1/2]

ë�£�u�wzr¥�
lim

n→∞
fh(an, bn, cn) = 0.

4 ;



ð�r s�u(s�y���|�~0îay6~
limn→∞(an, bn, cn) = (0, 0, 0)

r��¢~(�S��{��z�ñ�S�p}��z�`����~��?qJr6~�¤0u`�S�6was�~"~(�S��{��^|�~c£�~`¤�{���~
s?�¢wz�6��~`|Svx~`|

f1/2(a, b, c) = a+ b+ c, f−1/2(a, b, c) = −a+ b− c, b =
1

2
(f1/2(a, b, c) + f−1/2(a, b, c)),

lim
n→∞

bn =
1

2
(f1/2(an, bn, cn) + f−1/2(an, bn, cn)) =

1

2
(0 + 0)

~`��s�wzr6�ñ�^y6���S�
limn→∞(an + cn) = 0.


 y����

cn =
1

3
[8f1/4(an, bn, cn)− (an + cn)− 2bn]

¤0wzr��S|�~�î�y6~
cn
��~`r6sñvx~`|�� O �ªqJr6~�¤0u`�S�6wis�~:{���y6��u`��u`���^ra��~$�(wzr6�����S��~ ö s���|�~:îay��¢wzr�{<~`y����S|�wzy�vx~`|

h1, h2, h3��~`����î�y6~H��~(� ô }�wz|S¤0~(�C����r6u��^��|�~(�
fhj

�Sy�| é ê 3 ��wz��~`r��T��r6s�u`{<~`r6s6�^ra��~(��� ù wz¤�¤0~��¡�¢~(�S{��z�(~ E∗ s�~(�J}4wz|S¤0~(�����r6u��^��|�~(�J�Sy�|
E = é ê 3 ~(�S��s�~ñs���¤0~`r6�S��wzr 3

ÿ �(wzy�|��Cs�~ ç �`|�~ñ�^r�r6u(~��Z�^��wz|��
(fh1 , fh2 , fh3)

~(�S�Fy�r6~����z��~
s�~
E∗ ~`�Zs�wzr6�T����~c£i������~Ty�r6~��(wz¤ñ����r��^����wzrt����r6u��^��|�~ µ1fh1 + µ2fh2 + µ3fh3 ,

u`���^��~ ö ���H}4wz|S¤0~T����r6u��^��|�~
(a, b, c) 7→ a. ù ~`����~`ra�S|��#��r6~

an = µ1fh1(an, bn, cn) + µ2fh2(an, bn, cn) + µ3fh3(an, bn, cn),

~`�C�(wz¤�¤0~
limn→∞ fhj

(an, bn, cn) = 0
wzrL�

limn→∞ an = 0.
æ r¥{�|�wi�G�(s�~Hs�~H¤��`¤0~H{<wzy�|

bn
~`�
cn.�!�l¤0u`�S�6was�~���|S���(wz��u(~��`��s�~(���Sy6�J{�|�~`r��^���

h1 = 1/2, h2 = −1/2, h3 = 1/4.
ð�r2}¡�^���T�S�

h1, h2, h3
��wzr��

s����S�S��r6�`����~`�Fr6wzrtray����J�^��wz|��
(fh1 , fh2 , fh3)

��wzra�Z��r6s�u`{<~`r6s6�^ra�����<è<� ���?r��¢~`r2u`���^���Z{��z���^��r6�S�¡������~c£����S��~`|��^���
s�~(�

µj
r6wzrÚ��wzy6�Fr�y�������~`���Fîay6~C{<wzy�|F��wzy6�

(a, b, c) ∈ é ê 3 wzrt�^��� (µ1fh1 + µ2fh2 + µ3fh3)(a, b, c) = 0,���¢~(�S� ö s���|�~
µ1h

3
1 + µ2h

3
2 + µ3h

3
3 = 0, µ1h

2
1 + µ2h

2
2 + µ3h

2
3 = 0, µ1h1 + µ2h2 + µ3h3 = 0.

ìí�^���F��~ñs�u`��~`|S¤���r��^r��J��y���vz�^ra��~(�S�Fr6wzrtray���{�y�����îay6~���~(�
hj
��wzr��Js����S�S��r6�`����~`�Fr6wzrtray����ñò

det





h3
1 h3

2 h3
3

h2
1 h2

2 h2
3

h1 h2 h3



 = h1h2h3(h1 − h2)(h1 − h3)(h2 − h3).

� wzr6�L��~(���S|�wz���
µj

��wzra�±r�y����±~`�Ú�¡� ��r6s�u`{�~`r6s6�^r6�(~Xs�~(�
(fh1 , fh2 , fh3)

~(�S��¤0wzr��S|�u(~ ÿ wzr {�~`y��±u`va����~`|
��~l���^���`y��Fs�yÒs�u`��~`|S¤���r��^r��0~`r ��r��S|�wis�y������^r�����~(� ô {�wz��üir6ýz¤0~(��s�~��!�^��|��^r��x~

Lj
s�~�s�~`��|�u ó ��~`����îay6~

Lj(hi) = 0
�S�
i 6= j

~`�
Lj(hj) = 1 :

�����Z���^�S���S}4wzra�
0 =

∑3
i=1 µihiLj(hi) = hjµj

{�wzy�|
j = 1, 2, 3).� ü��^r���s�wzr6��~`r�ë6rH¤0wzra�S|�u�î�y6~

limn→∞ Vn = 0,
u(�`|S��vxwzr6�

V0 = µ1f1+µ2f2+µ3f3
ÿ ~`r��(wzr�}�wzr6s6�^r��

Vn
~`�

[Vn]ee
{��^|Zy�r¥{<~`�S�����^��y6�Js�~Tr6wz���^�S��wzr��c� � wzr6�

Vn = CnV0 = µ1α
nf1 + α−nµ2f2 + (−1)nµ3f3.

èa�
µ2 6= 0

�^��wz|��
Vn = α−nµ2(f2 +

µ1

µ2
α2nf1 +

µ3

µ2
(−α)nf3),

ù wz¤�¤0~ |α| < 1
wzr �¥s�wzr6�

limn→∞ f2 + µ1

µ2
α2nf1 + µ3

µ2
(−αn)f3 = f2

~`������~(�S��s�wzr6����¤�{<w�����������~
î�y6~

limn→∞ Vn = 0.
� wzr6�

µ2 = 0.
èa�
µ3 6= 0

�^��wz|��
Vn = (−1)nµ3(f3 + µ1

µ3
(−α)nf1).

æ rõ��s�wzr6�
limn→∞ f3 + µ1

µ3
(−α)nf1 = f3

~`�����p~(�S��s�wzr6�H��¤�{<w����S������~ñîay6~
limn→∞ Vn = 0.

� wzr6�
µ3 = 0.

� wzr6�
V0
~(�S�F{�|�wz{�wz|S�S��wzr�r6~`� ö

f1.
� wzr6�

V T
0 = [a0, b0, c0] = t[2,−√30, 4]

{<wzy�|Fy�r
t ∈ é ê ö s�u`��~`|S¤���r6~`|��
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 y�����îay6~
K(h) = 8a0h

3 + 4b0h
2 + 2c0h

~`��îay6~
K ′(0) = 2c0 = 1,

�^��wz|��
t = 1/8

~`��s�wzr6��{�wzy�|
−1/2 ≤ x ≤ 1/2

wzr��
K(x) = 2x3−

√
30
2 x2+x.


 y�����îay6~
V1 = CV0

wzr�~`r�s�u(s�y�����îay6~
1/2 ≤ x ≤ 3/2wzr2�

K(x) = (−22 + 4
√

30)(x− 1)3 + (−30 +
11
√

30

2
)(x− 1)2 + (−11 + 2

√
30)(x− 1)

= (−22 + 4
√

30)x3 + (36 − 13
√

30

2
)x2 + (−17 + 3

√
30)x + (−8 +

3
√

30

2
).

¦�¨ª¼�1p®I@ioX¬Q<?� ù wz¤�¤0~>s?�÷�^{�|��(� ù �(üi��~`üoUC�^¤�������wzr Pa(a) = 0
wzrñ�Fs�wzr6�

E = kerPa(a) = kerPa(a)Pb(a).ù wz¤�¤0~ Pa
~`�

Pb
��wzra�2{�|�~`¤���~`|��L~`r��S|�~ ~`y�£?�Z��~X��~`¤�¤0~ s�~(�2r6w�ü��^y�£&~`ra�S|��#��r6~

kerPa(a)Pb(a) =
kerPb(a)⊕ kerPa(a),

~`��s�wzr6�
kerPb(a) = {0}, ��wz���Zs�wzr6� Pa(b)

��ravx~`|��S������~��
èa�
x0 ∈ F

���^�S���S}��^���
ax0 = x0b,

¤0wzr��S|�wzr6�H{��^|�|�u(�`y�|S|�~`r6�(~��Sy�|
n
î�y6~

anx0 = x0b
n. ù �¢~(����va|��^�{<wzy�|

n = 0
~`�
n = 1.

èa�!���¢~(���Fva|��^�?{�wzy�|
n
�^��wz|��

an+1x0
(1)
= a(anx0)

(2)
= a(x0b

n)
(3)
= (ax0)b

n (4)
= (x0b)b

n (5)
= x0b

n+1

ÿ s6�^r6�"�(~`�S��~t�����#��r6~¥s?�¢u`���^������u(��� ÿ ç �c� ÿ ô ��~`� ÿ û ��vi��~`r�r6~`r��"s�~±�¡�÷�z����wa�`���^�S��vi����uts�~Ú���õ�(wz¤�{�w��S���S��wzr´s�~(�
~`r6s�wz¤0wz|S{������S¤0~(��� ÿ ø���va��~`ra�Cs�~��¡� �aüa{�wz�S�(�(��~��Sy�|

x0
~`� ÿ ó �Zva��~`ra�Ts�~H�¡� ��üi{�wz�S�(�(��~�s�~ñ|�u(�`y�|S|�~`r6�(~��c�?�!�

|�u(�`y�|S|�~`r6�(~í~(���"s�wzr6�2u`��~`r6s�y6~�� 
 �^|l����r6u��^|S����uíwzr ~`r s�u(s�y�����s�wzr6�íî�y6~t{<wzy�|l��wzy��l{�wz��üar6ýz¤0~
Q
wzr

�
Q(a)x0 = x0Q(b).

� {�{�����î�y6wzr6�l�(~`��� ö
Q = Pb.

æ r wz���S��~`r��
Pb(a)x0 = 0. ù wz¤�¤0~ Pb(a)

~(�S�
��r�vx~`|��S������~��Á�(~`����~`r��S|��#��r6~

x0 = 0,
�(~�îay��?¤0wzr��S|�~ñîay6~

kerϕ = {0}.èa�
AU = λU

~`�
BTV = λV

�^��wz|��
V TB = λV T ~`�

AX −XB = AUV T − UV TB = λUV T −
λUV T = 0.

ìíwz|��^������utò����
a
~`�
b
r��¢wzr��ñ{��z�Hs�~(�ñ�S{�~(�`�S|�~(�ñs����� 5wz��ra���H�^��wz|��

kerϕ 6= {0} :
���>��y/80�ñs�~

{�|�~`r6s�|�~Úy�r6~"���z��~
e
�^|S�����S|��^��|�~��

A = [a]ee B = [b]ee,
{�y����

U
~`�
V
�(wz¤�¤0~Ú�`�$s�~(���Sy6� ÿ î�y���~c£i������~`r��

��wzyz 5wzy�|�����{��^|��(~ñîay6~
E
~(���Z�(wz¤�{���~c£�~H~`��{��^|��(~�îay6~���~(�Zv��^��~`y�|��Z{�|�wz{�|�~(�Cs�~

B
~`�Js�~

BT �(wz��r6�`��s�~`r���c�� ��wz|��
x0 ∈ F

s�ucë6r��!{��^|
[x0]

e
e = UV T ~(����s6�^r6� kerϕ

~`��~(�S�Fr6wzr¥r�y��¡���!~�{�|�wz�����`¤0~ñ��~T|�u(��y�¤0~ñs6�^r6�
�¡�¢u`r6wzr6�(u0�Sy���v��^r��0ò ÿ w!Ë�Í:Ñ�ÈËg�ß4Ø Þ ÓzÅiÐÁÓ�zE� 
 wzy�|���wzy�� c ∈ L(E)

����~c£i���S��~�y�rõ~`��y�rõ��~`y��
x ∈ L(E)

��~`�
î�y6~

ax− xb = c
Ì	ß:È(Õ�Ì�ÈcÅ�d�ÈcÔ"ÈcÐ�Õ>Ì	ß<��~(�Z�S{�~(�`�S|�~(�Zs�~

a
~`�
b
��wzr��Js����4 5wz��ra�����
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°±¬an�²�<�@ioX¬¥§('A'�k�¬í³&µ(¶ab�`>�|Ýã¹?ºP<6·Á·Z,��E<�·�·*<�¾�°±¬�½Á¼<« ¨l¯P%�¶�'!§6®$)�m�¬�º
�õ¨^¬aoX¬�©(©�¨ª¬2§6n´¯p¬�¨�'p« ¬a¨:�ñ° ¯�¬¥®§õm�¬ioX§6«�'�¬¥¯�nD.L§6n ¿t'�¼i½Á¬ao?1p¨ª¬u<6·Á·Z,

¦�¨ª¼�1p®I@ioX¬6¾?èa�
z = a+ ib

~(�S�:y�rÚr6wz¤H��|�~��(wz¤�{���~c£�~TwzrÚr6wz��~
a = <z ~`� b = =z. èiwz��� n y�rÚ~`ra�S��~`|Z~`�

Pn : [0,∞[→ é ê s�ucë6r��!{��^| Pn(x) = =(
√
x+ i)2n+1.ç � ù �^���`y���~`| P0

�
P1
~`�
P2.

ì2wzra�S|�~`|�î�y6~
Pn
~(�S��y�r�{�wz��üar6ýz¤0~$s�~$s�~`��|�u

n
~`�p���^���`y���~`|���~(�p�(wa~E8"�`��~`ra���

s�~
xn ~`�$s�~ xn−1

ÿ ìíu`�S�6was�~Hò�s�u`vx~`��wz{�{�~`|
(
√
x+ i)2n+1 {��^|>����}4wz|S¤Hy���~�s�yl����r6ýz¤0~Js�~ 
 �z�����^�$�c�

ó �Jèa�
k = 1, 2, . . . , n

wzr±{�w���~
λk,n =

(

cotg
kπ

2n+ 1

)2

.

ìíwzr��S|�~`| ö �¡�÷�^��s�~Hs�~T����}�wz|S¤ñy���~�s�~�ìíwz��vi|�~�î�y6~
Pn(λk,n) = 0.

ð�r¥s�u(s�y���|�~Hî�y6~

Pn(x) = (2n+ 1)

n∏

k=1

(x− λk,n).

ù �^���`y���~`|J�^��wz|�� ∑n
k=1 λk,n

ö �¡�÷�^��s�~�s�y ç �c�
ô �Zìíwzr��S|�~`|Fîay6~��S�

0 < θ < π/2
�^��wz|��

0 < sin θ < θ < tan θ
ÿ�
 �^|F~c£�~`¤�{���~���u`�Sy6s���~`|

θ 7→ θ− sin θ~`�
θ 7→ tan θ − θ

��y�|
]0, π/2[).

ð�r2s�u(s�y���|�~

cotg2θ <
1

θ2
<

1

sin2 θ
= 1 + cotg2θ.

� {�{�����î�y6~`|Z�(~`��� ö
θ = kπ

2n+1 .ø6�Zð�r¥�^{�{�����îay��^r��J��~ ó �$~`�Z��~ ô �c�6s�u`¤0wzra�S|�~`|Jîay6~�{�wzy�|F��wzy���~`r��S��~`|
n > 0

wzr¥�

1

3
n(2n− 1) <

(2n+ 1)2

π2

n∑

k=1

1

k2
< n+

1

3
n(2n− 1).

û �Zð�rts�u(s�y���|�~ñ��~(�Z��wz¤�¤0~(�Zs�~(�J��u`|S��~(�
∞∑

k=1

1

k2
,

∞∑

k=1

1

k2(k + 1)
,

∞∑

k=1

1

k2(k + 1)2
,

∞∑

k=1

1

(2k − 1)2
,

∞∑

k=1

(−1)k

k2

ÿ ìíu`�S�6was�~�ò�y��S��������~`|F��~Tø��>{�wzy�|F���H{�|�~`¤����`|�~��6s�~(�Zs�u(�(wz¤�{�w��S���S��wzr6�Z~`rtu`��u`¤0~`r������S��¤�{���~(�F{�wzy�|F���
��~(�(wzr6s�~�~`�C���"�S|�wz�������`¤0~��<~`�C���ls�u(�(wz¤�{<w��S���S��wzrõ~`r

k
{��^��|��T~`�C��¤�{��^��|���s�~ñ���"{�|�~`¤����`|�~�{�wzy�|J��~(�

îay��^�S|S���`¤0~�~`�Z�`��r6îay����`¤0~��c�

°±¬in!²v<N@ao ¬¥§('A'!ka¬6¾ 	 ¼�¨^¨z« ²Ákt¯�n ¯p¬x½Á¼<«¨"¯&%ï§('�§6®$)�m�¬¥¯p¬2'�¼i½Á¬io21p¨^¬2<6·Á·Z,�¾$¾
ÿ ç � 
 �^|J����}�wz|S¤ñy���~ñs�y¥����r6ýz¤0~"ò

(
√
x+ i)2n+1 =

∑2n+1
k=0 Ck

2n+1(
√
x)2n+1−kik.

� wzr6��~`rtr6~����^|�s6�^r��
î�y6~T��~(�F��~`|S¤0~(�J~`r

k = 2j + 1
wzrtwz���S��~`ra�

Pn(x) =
∑n

j=0C
2j+1
2n+1(−1)jxn−j îay���~(�S�Fy�r±{�wz��üar6ýz¤0~�s�~s�~`��|�u

n.
��~>�(wi~E8"�`��~`r��ps�~

xn ~(�S� C1
2n+1 = 2n+1

~`���(~`��y��as�~
xn−1 ~(�S� C3

2n+1 = 1
3!(2n+1)2n(2n−1) =

1
3 (2n+ 1)n(2n− 1).

æ r¥wz���S��~`ra�C�^y6���S�
P0(x) = 1, P1(x) = 3x− 1, P2(x) = 5x2 − 10x+ 1.

M6O



ÿ ó � ù wz¤�¤0~ 1 ≤ k ≤ n,
�^��wz|��

0 < θk,n = kπ
2n+1 < π

~`��s�wzr6�
cot θk,n > 0.

� wzr6���6s?�÷�^{�|��(�Jì2wz��vi|�~

Pn(λk,n) = =((
cos θk,n

sin θk,n
+ i)2n+1) =

1

(sin θk,n)2n+1
=((cos θk,n + i sin θk,n)2n+1)

=
1

(sin θk,n)2n+1
=((cos kπ + i sin kπ) = 0.

� wzr6�Z��~(�
(λk,n)

}�wz|S¤0~`r���y�r0~`r6��~`¤ñ����~�s�~
n
|��z�`��r6~(�:s����S�S��r6�`��~(��s�y�{�wz��üar6ýz¤0~

Pn. ù wz¤�¤0~ degPn = n����r�� ü�~`rl�C{��z�>s?�÷�^y��S|�~(���x~`���(wz¤�¤0~F��~F�(wi~E8"�`��~`r��$s�~
xn ~(��� 2n+1

wzr"�C���C}�wz|S¤ñy���~J�^r�r6wzr6�(u(~�� æ r"���^���
s?�÷�^{�|��(�>��~J�(wzy�|��:s�~�{�|�~`¤����`|�~C�^r�r6u(~Jî�y6~�������wz¤�¤0~�s�~(�:|��z�`��r6~(�:|�u(~`����~(�:wzy��(wz¤�{���~c£�~(�$s?� y�r"{�wz��üar6ýz¤0~
s�~�s�~`��|�u

n
~(�S��þ ÿ �(wi~E8"�`��~`r��Js�~

xn−1)
ç ÿ �(wi~E8"�`��~`r��Cs�~

xn).
� wzr6� ∑n

k=1 λk,n = n(2n− 1)/3.ÿ ô �Z~`� ÿ ø��F�!�"{�w��S���S��va����u�s�~(��}4wzr6�`�S��wzr6�
θ 7→ θ − sin θ

~`�
θ 7→ tan θ − θ

��y�|
[0, π/2[

s�u(�(wzy���~�s�y¥}¡�^���
î�y��¢~`����~(�H��wzr���ray�����~(�ñ~`r

0
~`�ñîay6~���~`y�|���s�u`|S��vxu(~(�H|�~(�S{�~(�`�S��vx~(�

1 − cos θ = 2 sin2(θ/2)
~`�

tan2 θ
��wzr��

> 0
�Sy�|

]0, π/2[.
��~(�>��r6u`���^������u(��îay��Á�Sy���vx~`ra�$��wzr��:u`vi��s�~`r���~(��~`��}�wzy�|Sr�������~`ra�����S���^{�{�����î�y6u(~(� ö

θ = θk,n :

λk,n <
(2n+1)2

π2k2 < 1+λk,n.
èiwz¤�¤0wzr6�$�^��wz|���~`r��S|�~

k = 1
~`�
k = n

�(~(��s�~`|Sr����`|�~(����r6u`���^������u(���xwzr0wz���S��~`r��
��~ ÿ ø��c�
ÿ û ��èiwz���

s
(1)
n =

∑n
k=1 1/k2.

� �÷�^{�|��(�T��~��`|S�����`|�~�s�~ ê ��~`¤"�^r�r �^{�{�����îay6u ö α = 2
wzrX���^����îay6~

L(1) =

limn∞ s
(1)
n
~c£i������~�~`��~(�S��ë6r���~��6��~ ÿ ø���~`r��S|��#��r6~

π2 n(2n− 1)

3(2n+ 1)2
< s(1)n < π2(

n

(2n+ 1)2
+
n(2n− 1)

3(2n + 1)2
).

� {�{�����îay6wzr6����~${�|S��r6�`��{<~�ò � ��~��(wz¤�{�wz|S��~`¤0~`r�� ö �¡� ��r�ë6r��6s?� y�r0îay6wz�S��~`r���s�~Fs�~`y�£H{�wz��üir6ýz¤0~(��~(�S���(~`��y���s�yî�y6wz�S��~`ra�Js�~(�F��~`|S¤0~(�Zs�~T{���y6�Z���^y���s�~`��|�u � �^y�£�}|��z�`�S��wzr6�F|��^�S��wzr�r6~`����~(�
n 7→ n(2n−1)

3(2n+1)2
~`�
n 7→ n

(2n+1)2
.æ r wz���S��~`r��"îay6~

π2/6 ≤ L(1) ≤ π2/6
~`�0s�wzr6�

L(1) = π2/6
ÿ ��~l|�u(��y������^��|�~`¤0wzr���~ ö ð�y���~`|���~`�����{�|�u(��~`r���~ñ¤0u`�S�6was�~�~(���Z�(~`����~�s�~ é � 
 �^{��zs���¤����S|S���zs�wzy���ÎJÔ"ÈcÆ(Í�ïLØ�ÕË�Í�ïíÓzÐÁÕË�däÞ ç5M ; ô ��ø ó øzþ û �c�èiwz���

s
(2)
n =

∑n
k=1

1
k2(k+1)

~`�
s
(3)
n =

∑n
k=1

1
k2(k+1)2

.
� �÷�^{�|��(����~"�S�6u(wz|��`¤0~±s?�¢u(îay���v��^��~`r6�(~±~`����~

�`|S�����`|�~�s�~ ê ��~`¤"�^r�r¥�^{�{�����îay6u ö α = 3
~`�
α = 4

wzrt���^���Fîay6~
L(2) = limn∞ s

(2)
n
~`�
L(3) = limn∞ s

(3)
n~c£i���S��~`ra��~`�Z��wzra�Fë6r���~(��� � wzr�r6wzr6�Zy�r6~��^y��S|�~�{�|�u(��~`r����^�S��wzr2s�~

s
(2)
n
~`�Zs�~

s
(3)
n
ö �¡�÷�^��s�~�s�~(��s�u(�(wz¤�{<w��S�ïþ�S��wzr6��~`rtu`��u`¤0~`r����C�S��¤�{���~(�

1

k2(k + 1)
=

1

k2
− 1

k
+

1

k + 1
;

1

k2(k + 1)2
=

1

k2
+

1

(k + 1)2
− 2

k
+

2

k + 1
.


 �^|C�(wzr6��u(î�y6~`ra�
s(2)n = s(1)n − 1 +

1

n+ 1
→n→∞ L(2) =

π2

6
− 1;

s(3)n = s(1)n + (s
(1)
n+1 − 1)− 2 +

2

n+ 1
→n→∞ L(3) =

π2

3
− 3.

èiwz���
s
(4)
n =

∑n
k=1

1
(2k−1)2

~`�
s
(5)
n =

∑n
k=1

(−1)k

k2 .
� �÷�^{�|��(�T��~H�S�6u(wz|��`¤0~�s?�¢u(î�y���v��^��~`r6�(~��<��~H�`|S�����`|�~

s�~ ê ��~`¤"�^r�rX�^{�{�����î�y6u ö α = 2
~`�C�¡�÷�^�6��wz��y6~��(wzr�vx~`|S�x~`r6�(~�{�wzy�|

s
(5)
n ,

wzrõ���^���Cîay6~
L(4) = limn∞ s

(4)
n~`�

L(5) = limn∞ s
(5)
n
~c£����S��~`ra��~`����wzra�Fë6r���~(��� � vx~(��y�r6~��^y��S|�~�{�|�u(��~`ra���^�S��wzrís�~

s
(4)
n
~`��s�~

s
(5)
2n :

s(4)n = s
(1)
2n −

1

4
s(1)n , s

(5)
2n =

1

4
s(1)n − s(4)n , L(4) = (1− 1

4
)
π2

6
=
π2

8
, L(5) =

1

4

π2

6
− π2

8
= −π

2

12
.
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d�Èoè:È�f�Â�ØzÐ6Ð<Ø�d�ÈcÌ�Ñ�Å2Ñ�ÈcÅ6�cå�Í
º n�¬�m(©g«¼*'ã¯�¬�"x¼<n!¨^m�¾>èiwz���

(uk)k≥1
y�r6~"��y�����~"s�~�r6wz¤H��|�~(���(wz¤�{���~c£�~(��� � y6~"�S����r��ïë�~"���±{���|��z��~ � ���

��u`|S��~ ∑∞
k=1 uk

�(wzr�vx~`|S�x~c�pú0èa��~`����~��(wzr�vx~`|S�x~��?îay��÷�^{�{<~`����~��5þÖwzrõ��wz¤�¤0~�s�~H���l��u`|S��~!ú0èa��~`����~��(wzr�vx~`|S�x~��
s�u`¤0wzr��S|�~`|Tî�y��÷�^��wz|��

limn→∞ un = 0.

¦�¨ª¼�1p®I@ioX¬ ¶t¾Tèiwz���"{�wzy�|
a > 0

��~(�0��ra��u`��|��^��~(����¤�{�|�wz{�|�~(�
Ia =

∫∞
0

ln(t)
t2+a2 dt, J =

∫∞
0

1
t2+1

dt.ì2wzra�S|�~`|$îay��¢~`����~(�:�(wzravx~`|S�x~`r��F~`�:s�wzr�r6~`|$����v��^��~`y�|:s�~
J.
ì2wzra�S|�~`|:îay6~

I1 = 0
ö �¡�÷�^��s�~Cs�yl�����^r��x~`¤0~`ra�s�~lv��^|S���^����~

u = 1/t. ù �^���`y���~`|����2vz�^��~`y�|�s�~ Ia {�wzy�| a > 0
ö �¡�÷�^��s�~Ús�y �����^r��x~`¤0~`r��ls�~lv��^|S���^����~

t = ax.

¦�¨ª¼�1p®I@ioX¬ ^ ¾ ù �^���`y���~`|>���T��wz¤�¤0~Fs�~(�������z�`y�r6~�s�~(��s�~`y�£���u`|S��~(� ∑∞
n=0

(−1)n+2n

3n

~`� ∑∞
k=2

2
k2−1

.
� ��|�~

�S�?��~(�Zs�~`y�£t��u`|S��~(�Z�Sy���v��^r���~(�J��wzr��J�(wzr�vx~`|S�x~`r���~(�Cwzytr6wzr ò ∑∞
n=3

(
n−2

n

)n2

,
∑∞

n=1
1

(n+1)(ln(n+1))2
.

¦�¨ª¼�1p®I@ioX¬ 	 ¾�èiwz���
(an)n≥1

y�r6~L�Sy�����~Ls�~ír6wz¤ñ��|�~(�
> 0,

~`�±��wz���
un : é ê →]0,∞[

s�ucë6r���~L{��^|
un(x) = an

nx .
æ r2�Sy�{�{<w���~�î�y�� ����~c£����S��~Ty�rt|�u(~`�

x0
��~`�!îay6~ ∑∞

n=1 un(x0)
�(wzravx~`|S�x~��

ç �Zìíwzr��S|�~`|�î�y6~ ∑∞
n=1 un(x)

�(wzr�vx~`|S�x~Cr6wz|S¤"�^��~`¤0~`ra�Z�Sy�|
[x0,∞[

~`��îay6~Z������wz¤�¤0~
S(x)

s�~C�(~`�S��~
��u`|S��~�~(���Z�(wzr��S��r�y6~��Sy�|

[x0,∞[.ó �Jèiwz���
ε > 0

ë�£�u���ì2wzra�S|�~`|tî�y�� ����~c£����S��~¥y�r r6wz¤H��|�~
M > 0

��~`��îay6~í{<wzy�|Ú��wzy��
n ≥ 1

wzr
�^���

ln(n)/nε ≤ M
ÿ ìíu`�S�6was�~2ò!�(wzr6�S��s�u`|�~`|

limn→∞ ln(n)/nε).
ð�rÒs�u(s�y���|�~lîay6~ ∑∞

n=1 u
′
n(x)�(wzravx~`|S�x~�r6wz|S¤"�^��~`¤0~`r��T�Sy�|

[x0 + ε,∞[.

 wzy�|�îay6wz�

S′(x)
~c£����S��~��5þ¡���?{�wzy�|Z��wzy��

x > x0?ô � æ r �Sy�{�{�w���~±îay�� ���Z~c£i������~Úy�r r6wz¤ñ��|�~
x1 < x0

��~`��îay6~ ∑∞
n=1 un(x1)

s���vx~`|S�x~���ìíwzr��S|�~`|�î�y6~
�¡�¢~`r6��~`¤H����~

I+
s�~(�

x ∈ [x1, x0]
��~`���"îay6~ ∑∞

n=1 un(x)
�(wzr�vx~`|S�x~2~(�S�0y�r ��ra��~`|Svz�^����~��:ì2wzra�S|�~`|

îay�� ���!~c£����S��~Ty�r¥r6wz¤H��|�~
σ ∈ [x1, x0]

��~`�pî�y6~ ∑∞
n=1 un(x)

s���vx~`|S�x~ñ{<wzy�|
x < σ

~`� ∑∞
n=1 un(x)�(wzravx~`|S�x~ñ{�wzy�|

x > σ.
� y6~`��~(���

σ
�S�
an = 1

{<wzy�|Z��wzy��
n?

� y6~`�p~(�S�
σ
�S�
an = 1/(ln(n+ 1))2{�wzy�|F��wzy��

n?

¦�¨ª¼�1p®I@ioX¬t°L¾!èiwz���
α
y�rt|�u(~`�k¼ O ~`����{�wzy�|

x ≥ 0
�
un(x) = x

nα(1+nx2)

�
ç �Zð��Sy6s���~`|F��~(�$v��^|S���^�S��wzr6�Zs�~C���ñ}4wzr6�`�S��wzr

x 7→ un(x)
��y�|

[0,∞[.

 |�u(�`����~`|����Hv��^��~`y�|Zs�~

un(1/
√
n).ó �Zìíwzr��S|�~`|�îay6~$���T��u`|S��~ ∑∞

n=1 un(x)
�(wzr�vx~`|S�x~�{<wzy�|���wzy��

x ≥ 0.
æ r�r6wz��~Fs6�^r6�����T��y�����~$�	�J��wz¤�¤0~

{��^|
S(x).

� y6~`����~H~(�S�F����v��^��~`y�|�s�~
S(0)?ô ��9!|�wzy�vx~`|�{�wzy�|�îay6~`����~(�pvz�^��~`y�|��ps�~

α > 0
������u`|S��~ ∑∞

n=1 un(x)
�(wzr�vx~`|S�x~$r6wz|S¤"�^��~`¤0~`r����Sy�|

[0,∞[.ø6�Jèiwz���
Sn(x)

���X��wz¤�¤0~2{��^|S�S��~`����~Ls?�¢wz|�s�|�~
n
s�~ ∑∞

n=1 un(x).
ì2wzra�S|�~`|�îay6~

Sn(x) ≥ nun(x)ÿ ìíu`�S�6was�~Lòp¤0wzr��S|�~`|lî�y6~
k 7→ uk(x)

~(����s�u(�`|�wz�������^r���~Ú{�wzy�|���wzy��
x ≥ 0).

ð�r s�u(s�y���|�~tîay6~
S(1/

√
n) ≥ nun(1/

√
n). ù �^���`y���~`| limn→∞ nun(1/

√
n)
{�wzy�|

α = 1/2
~`�Z{<wzy�|

0 < α < 1/2.û �Zìíwzr��S|�~`| ö �¡�÷�^��s�~�s�yíø��Fîay6~
S
r��¢~(�S�J{��z�C�(wzr��S��ray6~�~`r

0
�S�

0 < α ≤ 1/2.
ìíwzr��S|�~`| ö �¡�÷�^��s�~Hs�y

ô �$îay6~
S
~(�S���(wzra�S��r�y6~ñ~`r

0
�S�
α > 1/2.� �Jèiwz���

ε > 0.
ìíwzr��S|�~`|�îay6~ ∑∞

n=1 un(x)
�(wzr�vx~`|S�x~�r6wz|S¤"�^��~`¤0~`ra�ñ�Sy�|

[ε,∞[.
ì2wzra�S|�~`|�î�y6~�{�wzy�|

��wzy��
α > 0

���H}�wzr6�`�S��wzr
S
~(�S���(wzra�S��r�y6~H�Sy�|

]0,∞[.×�ØzÆ��cÔ"È�ÉPÅoÇ�ÜJÊ Þ ÕÌ(Í<Î�Ü Û+Æ!nªà�ä�Æ�n^à�ä/Æ�Û+Æ�Û Þ ÕÌ(Í�×JÜ$â Þ ÕÌ�Í´Ç�Û�Üðnªà¡ä/Æ!nªà�ä Þ ÕÌ(Í´ÇpÊaÜonªà¡ä>Æ�Û+Æ!nªà¡ä Þ ÕÌ(ÍÇ�á�ÜÃÛ+Æ�Û+Æ!nªà¡ä/Æ!nªà�ä Þ ÕÌ�ÍaÄ�Û�Üonªà¡ä Þ ÕÌ�ÍaÄ�ÊaÜ¾n^à�ä/Æ!nªà¡ä Þ ÕÌ(ÍiÄ�á�Ü&Û Þ ÕÖÍ�Ä�â�ÜÃÛ�ÆDn^à�ä/Æ!nªà¡ä Þ ÕÌ�Í�ÄñäxÜ�Û+Æ�Û
Þ ÕÌ(Í?Ä�Ý�Ü�Ûªà¡ä/Æ�Û Þ ÕÌ(Í

M�ó



°±¬an�²�<t@aoX¬2§('='�k�¬�ºk'!¼i½�¾k<6·�·�,�¾ 	 ¼�¨^¨^«²Ákt¯pn���§�¨ª©g«¬a®$¯&%ï§('�§6®$)�m�¬6¾
º:	 ¾<èiwz���

sn =
∑n

k=1 uk.
æ rls�����îay6~ ∑∞

k=1 uk
�(wzravx~`|S�x~C���

s = limn→∞ sn
~c£i������~�~`�:~(����ë6r���~�� � �^r6�

�(~F���z�
s
~(�S�>�^{�{�~`��uF��wz¤�¤0~Fs�~����T��u`|S��~���èa�����T��u`|S��~F�(wzravx~`|S�x~�~`�>�C{�wzy�|���wz¤�¤0~

s,
�^��wz|��

un = sn−sn−1��{<wzy�|F����¤�����~
s− s = 0.

¦�¨ª¼�1p®I@ioX¬X¶¥¾
F (x) =

∫ x
0

1
1+t2

dt = arctan x →x→∞= π/2.
� wzr6�

J
~c£i������~H~`�Tv��^y��

π/2.

 wzy�|

Ia����}�wzr6�`�S��wzr ö ��r���u`��|�~`| log t
a2+t2

~(�S�F�(wzr��S��ray6~��Sy�|
]0,∞[

r��¢~(���:{��z�F�(wzra�S��r�y6~�~`r
0
w��Ú~`����~T~(�S��u(îay���vz�^��~`ra��~

ö
a−2 log t.

ìí�^����wzrt���^����îay6~ ∫ 1
0 log tdt

�(wzr�vx~`|S�x~lò�{��^|�~c£�~`¤�{���~ñ�S�
ε > 0

�^��wz|��
∫ 1

ε
log tdt = [t log t]1ε −

∫ 1

ε
dt = −1 + ε− ε log ε→ε→0 −1.

� wzr6�ñ{��^|���~ñ�S�6u(wz|��`¤0~Hs?�¢u(îay���vz�^��~`r6�(~ ∫ 1
0

log t
a2+t2

dt
�(wzravx~`|S�x~�� 
 wzy�|C���0�(wzr�vx~`|S�x~`r6�(~�s�~ ∫∞

1
log t

a2+t2
dt
wzr

wz�6��~`|Svx~�îay�� ����~c£i������~
M > 0

��~`�xîay6~�{<wzy�|
t ≥ 1

wzrH�
t−1/2 log t ≤M

ÿ �(~(�`�xvi��~`r��!s�~
limt→∞ t−1/2 log t =

0).
� wzr6�T{�wzy�|

t ≥ 1
wzr2�

log t

a2 + t2
≤ Mt1/2

a2 + t2
∼t→∞

M

t3/2
.

� {�{�����îay��^r��:��~F�S�6u(wz|��`¤0~��Sy�|���~(�>��r���u`��|��^��~(�$s�~ ê ��~`¤"�^r�r ö α = 3/2 > 1
~`����~��S�6u(wz|��`¤0~�s�~Z�(wz¤�{��^|��^�ïþ

��wzr��6wzr2�������(wzravx~`|S�x~`r6�(~Hs�~ ∫∞
1

log t
a2+t2

dt
~`��s�wzr6��s�~

Ia.
��~������^r��x~`¤0~`r��Ts�~�v��^|S���^����~�s6�^r6�

I1
s�ucë6r��

{��^|
t 7→ u = 1/t

~(�S��y�r¥s�����u(wz¤0wz|S{�������¤0~Hs�~
]0,∞[

��y�|Z��y���¤��`¤0~�~`��~(����s�wzr6����u`�����S��¤0~�� æ r¥~`rt�S��|�~
I1 = −

∫∞
0

log u
u2+1

dt = −I1
~`�Js�wzr6�

I1 = 0.
� ~�¤��`¤0~���~ñ�����^r��x~`¤0~`r���s�~�v��^|S���^����~

t 7→ x = t/a
s6�^r6�

Ia
~(�S�F��u`�����S��¤0~H~`��}4wzy�|Sr����

Ia = log a
a2 J + 1

a2 I1 = π log a
2a2 .

¦�¨ª¼�1p®I@ioX¬ ^ ¾>��~ ç ��~(�S�����t��wz¤�¤0~ls�~�s�~`y�£ ��u`|S��~(���xu(wz¤0u`�S|S��î�y6~(��s�~l|��^����wzr6� −1/3
~`�

2/3
~`��~(�S�

s�wzr6��s�~���wz¤�¤0~
1/(1 + 1

3 ) + 1/(1 − 2
3) = 15/4.

��~ ó �$~(�S�Fy�r6~ñ��u`|S��~���u`��~(���(wz{���îay6~

sn =

n∑

k=2

(
1

k − 1
− 1

k + 1
)

= (
1

1
− 1

3
) + (

1

2
− 1

4
) + · · ·+ (

1

n− 2
− 1

n
) + (

1

n− 1
− 1

n+ 1
)

= 1 +
1

2
− 1

n
− 1

n+ 1
→n∞ 3/2.

��~ ô �$��~�}��^���Z{��^|���~��`|S�����`|�~ñs�~ ù �^y6����ü n
√
un = (n−2

n )n →n∞ L = e−2 < 1 :
������u`|S��~��(wzr�vx~`|S�x~��Á��~

4{<~`y��T��~ñ}��^��|�~H{��^|C�(wz¤�{��^|��^����wzr ö �¡� ��ra��u`��|��^��~���¤�{�|�wz{�|�~
I =

∫∞
1

dx
(1+x)(log(x+1))2

.
�!~������^r��x~`¤0~`r���s�~

vz�^|S���^����~
t = log(x + 1)

~(�S��y�rLs����?u(wz¤0wz|S{������S¤0~�î�y��pr6~ñ�����^r��x~�{��z�J���"r��^�Sy�|�~Hs�~H�¡� ��r���u`��|��^��~��?s�wzr6�
I =

∫∞
log 2

dt
t2
î�y���~(���Z�`���^��|�~`¤0~`r��T�(wzr�vx~`|S�x~`r���~��<�!����u`|S��~Tø����(wzr�vx~`|S�x~��

¦�¨ª¼�1p®I@ioX¬ 	 ¾ ç � 
 wzy�|
n ≥ 1, x 7→ n−x ~(����s�u(�`|�wz�������^r���~t��y�| é ê ~`�0s�wzr6�

un
�^y6���S�¡� � �¢w��

0 ≤
un(x) ≤ un(x0)

{�wzy�|
x ≥ x0. ù wz¤�¤0~ ∑∞

n=1 un(x0)
���"�(wzravx~`|S�x~`r6�(~�r6wz|S¤"�^��~�s�~ ∑∞

n=1 un(x)
�Sy�|

[x0,∞[
~(�S�F¤0wzra�S|�u(~��

ó � æ rñ���^���pî�y6~
lim log n/nε = 0

ÿ ����{�y��������^r6�(~��¡�¢~`¤�{�wz|S��~>�Sy�|!��~���wz���^|S���S��¤0~��c�p9!wzy���~>��y�����~>�(wzr�vx~`|S�x~`ra��~
u`���^r����<wz|Sr6u(~������Á~c£����S��~�s�wzr6�

M > 0
��~`����~�îay6~Z{�wzy�|$��wzy��

n
~`ra�S��~`|$wzrÚ�^���

0 ≥ log n/nε ≤M. ù wz¤�¤0~
u′n(x) = −un(x) log n

wzr±~`rts�u(s�y����Zîay6~C���
x ≥ x0 + ε

�^��wz|�� |u′n(x)| ≤ log n/nεun(x0) ≤Mun(x0).ù wz¤�¤0~ ∑∞
n=1 un(x0)

���T�(wzr�vx~`|S�x~`r6�(~Jr6wz|S¤"�^��~Zs�~ ∑∞
n=1 u

′
n(x)

�Sy�|
[x0 +ε,∞[

~(�S��¤0wzr��S|�u(~�� ù wz¤�¤0~
u′n

~(�S�"�(wzr��S��ray6~2~`�lî�y6~ ∑∞
n=1 un(x)

�(wzr�vx~`|S�x~¥vx~`|��0y�r6~Ú}�wzr6�`�S��wzr
S
{<wzy�|

x ≥ x0
wzr´s�u(s�y����"s�y

M�ô



�S�6u(wz|��`¤0~�s�yí�(wzy�|��Tîay6~
S′
~c£i���S��~��Sy�|

[x0 + ε,∞[
~`�C~(�S�Tu`���^� ö ���l��wz¤�¤0~�s�~ñ������u`|S��~ ∑∞

n=1 u
′
n(x).ð�r�ë6r��?�S�

x > x0,
����~c£i������~

ε > 0
��~`��îay6~

x ≥ x0 + ε :
{��^|�~c£�~`¤�{���~

ε = 1
2(x − x0).

� {�{�����îay��^r�����~
|�u(�Sy������^��s�y¥s�u`��y���s�~�����î�y6~(�S�S��wzr2wzr±vxwz����î�y6~

S′(x)
~c£����S��~T{�wzy�|��(~`�

x
{��^|S�S���`y�����~`|��

ô ��èa�
x2 ∈ I+

�^��wz|��0��~l|��^����wzr�r6~`¤0~`r��"s�y ç �ñ|�~`¤�{����z���^r��
x0

{��^|
x2

¤0wzr��S|�~±îay6~Ú�S�
x > x2

�^��wz|��
∑∞

n=1 un(x)
�(wzravx~`|S�x~�� � wzr6�

[x2, x0] ∈ I+.
� wzr6�

I+ = ∪x2∈I+[x2, x0]

~(�S��|�u`y�r���wzr�s?� ��ra��~`|Svz�^����~(��s?� ��ra��~`|���~(�`�S��wzr {x0}
r6wzrHvi��s�~��

I+
~(�S�ps�wzr6�>y�r���r���~`|Sv��^����~��zr6u(�(~(�����^��|�~`¤0~`ra��s�~

���J}4wz|S¤0~
[σ, x0]

wzy
]σ, x0]

��vx~(�
x1 ≤ σ ≤ x0.

èa�
an = 1

{<wzy�|���wzy��
n
�^��wz|��

x0
~`�
x1
~c£����S��~`r��Zòz{�|�~`r6s�|�~

{��^|Z~c£�~`¤�{���~
x1 = 0

ÿ ��u`|S��~T��|�w����S���`|�~`¤0~`r��Js���vx~`|S�x~`r���~���~`�
x0 = 2

ÿ �`|S�����`|�~�s�~ ê ��~`¤"�^r�r��c���!���(wzy�{�y�|�~~(�S�0~`r
σ = 1

ÿ �`|S�����`|�~¥s�~ ê ��~`¤"�^r�r��c�>èa� an = 1/(log(n + 1))2
�^��wz|��

x0 = 2
ÿ �(wz¤�{��^|��^����wzr �(vx~(�

ê ��~`¤"�^r�r���~`� x1 = 0
~c£i������~`r���� � ��wz|��

σ = 1.
ð�rL~E��~`�J{<wzy�|J��wzy��

α > 1
�^��wz|��

α ∈ I+
ÿ �(wz¤�{��^|��^����wzr

�(vx~(� ê ��~`¤"�^r�r��p~`��s�wzr6� σ ≤ 1.
ð�r6�Sy�����~F{�wzy�|p��wzy��

α < 1
��wz���

ε > 0
��~`�6îay6~

α+2ε < 1
~`�>�^{�{�����î�y6wzr6�

�¡� ��r6u`���^������uñs�y ó �
log(n+ 1) ≤Mnε.

ð�����~H~`r��S|��#��r6~
1

nα(log(n+ 1))2
≥ 1

M2nα+2ε
.

��~"¤0~`¤H��|�~Ús�~"s�|�wz����~�~(�S�ñ��~"��~`|S¤0~"�xu`r6u`|��^��s?� y�r6~l��u`|S��~ ÿ s�~ ê ��~`¤"�^r�r���s���vx~`|S�x~`ra��~�� � wzr6���(~`��y��:s�~���^y6���6~H�^y6���S�¡� � wzr6�
σ ≥ 1.æ r {�~`y��0|�~`¤"�^|�î�y6~`|lî�y6~

σ ∈ I+
s6�^r6�"��~±��~(�(wzr6s ~c£�~`¤�{���~ ÿ�
 ��Î ��u`|S��~Úø���¤"�^���0{��z�0s6�^r6�"��~

{�|�~`¤���~`|��
¦�¨ª¼�1p®I@ioX¬t°L¾ ç �$�!��}�wzr6�`�S��wzr

un
~(�S�Z�S�S|S���`��~`¤0~`ra�J�`|�wz�����	�^r���~ñ��y�|

[0, 1/
√
n]
~`���S�S|S���`��~`¤0~`ra�Js�u(�`|�wz���5þ

���^r���~���y�|
[1/
√
n,∞[.

èiwzrt¤"�ª£���¤ñy�¤7~(���Zs�wzr6�
un(1/

√
n) = 1

2nα+1/2 .ó �Z��~H��~`|S¤0~H�xu`r6u`|��^�p~(�S�Cr�y����S�
x = 0

~`�J���"��u`|S��~H�(wzravx~`|S�x~�s�wzr6�H~`r
x = 0

vx~`|��
S(0) = 0.

èa�
x > 0�^��wz|��

un(x) ∼ 1
xnα+1 . ê ��~`¤"�^r�rt~`�F��~T�`|S�����`|�~�s?�¢u(îay���vz�^��~`r6�(~�¤0wzr��S|�~�îay6~��^��wz|�� ∑∞

n=1 un(x)
�(wzravx~`|S�x~

vx~`|��Zy�r±r6wz¤ñ��|�~
S(x).ô � é �Á~(���$�`���^��|Fîay6~ ∑∞

n=1 un(1/
√
n)
�(wzravx~`|S�x~��S��~`����~`y���~`¤0~`r��F�S�

α > 1/2
s?�÷�^{�|��(� ê ��~`¤"�^r�r���~`��s�wzr6�î�y6~ ∑∞

n=1 un(x)
�(wzr�vx~`|S�x~ñr6wz|S¤"�^��~`¤0~`r��T�Sy�|

[0,∞[
�S��~`����~`y���~`¤0~`r����S�

α > 1/2.ø�� ù wz¤�¤0~ α > 0
����~(�S�Z�`���^��|�îay6~

n 7→ nα(1 + nx2)
~(�S�Fy�r6~��Sy�����~��`|�wz�������^r���~�� � wzr6�

u1(x) ≥ u2(x) ≥ · · · ≥ un(x).

� wzr6�
Sn(x) ≥ nun(x). ù wz¤�¤0~ n 7→ Sn(x)

~(�S���`|�wz�������^r���~��^��wz|��
S(x) ≥ Sn(x)

~`��s�wzr6�
S(1/

√
n) ≥

nun(1/
√
n) = 1

2nα−1/2 .
9!|S��va���^��~`¤0~`ra����������¤�����~�s�~

nun(1/
√
n)
~(�S�

1/2
�S�
α = 1/2

~`� ∞ �S�
α < 1/2.û � � y"ø���wzrl�S��|�~�îay6~Z�S�

α ≤ 1/2
�^��wz|��:���T����¤�����~Cs�~

S(1/
√
n)
r��¢~(����{��z�

0 = S(0)
~`�:s�wzr6�

S
r��¢~(�S�>{��z�

�(wzr��S��r�y6~ñ~`r
0.
� y ô �>wzrÚ�S��|�~Tîay6~J�S�

α > 1/2
�^��wz|���������u`|S��~Cs�~T��wz¤�¤0~

S(x)
�(wzr�vx~`|S�x~Tr6wz|S¤"�^��~`¤0~`ra���

s�wzr6�¥y�r��ï}�wz|S¤0u`¤0~`r��t�Sy�|
[0,∞[. ù wz¤�¤0~í��~(� un

��wzr��Ú�(wzr��S��ray6~(�±�Sy�|l��~¥¤��`¤0~í��r���~`|Sv��^����~ ÿ �(wz¤�¤0~
}|��z�`�S��wzr6�±|��^�S��wzr�r6~`����~(�¥���^r6�Ú{<ýz��~Ls6�^r6�Ú�¡� ��ra��~`|Svz�^����~��Ú�(~`��� ~`ra�S|��#��r6~Xî�y6~

S
~(�S�Ú�(wzr��S��ray6~ �Sy�|

[0,∞[s?�÷�^{�|��(�Z��~��S�6u(wz|��`¤0~�s�y2�(wzy�|��Z�Sy�|Z��������¤�����~�y�r��ï}�wz|S¤0~�s?� y�r6~H�Sy�����~�s�~T}�wzr6�`�S��wzr6�Z�(wzr��S��ray6~(���
� � ù wz¤�¤0~0wzrV��viy �^y ç �Tîay6~ x 7→ un(x)

s�u(�`|�wz���ñ�Sy�|
[1/
√
n,∞[

�^��wz|��
un

s�u(�`|�wz���ñ��y�|
[ε,∞[

s��(�
î�y6~

n ≥ 1/ε2.
� wzr6���S�

n ≥ N = 1/ε2
�^��wz|��

un(x) ≤ un(ε). ù wz¤�¤0~ñ������u`|S��~ ∑∞
n=N un(ε)

�(wzravx~`|S�x~ÿ vxwz��| ó ��wzrí~`r¥s�u(s�y����Jîay6~ ∑∞
n=1 un(x)

�(wzr�vx~`|S�x~Hr6wz|S¤"�^��~`¤0~`r����Sy�|
[ε,∞[. ù ~`����~`r��S|��#��r6~�îay6~ S(x)~(�S�C�(wzra�S��r�y6~��Sy�|

[ε,∞[
{��^|C��~ñ�S����¤0~`r��S��wzr�r6u0�^yíø��c�<èa��~`r�ë6r

x > 0
wzr¥{�~`y��J�S|�wzy�vx~`|

ε > 0
��~`��î�y6~

x ∈ [ε,∞[
ÿ {��^|�~c£�~`¤�{���~

ε = x...
��~`��s�wzr6�

S
~(�S�Z�(wzra�S��r�y6~�~`r

x.
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º n�¬�m(©g«¼*'´¯p¬�"x¼<n!¨^m�¾�ð�r6wzr6�(~`|���~T�S�6u(wz|��`¤0~Hs�~ ù �(üi��~`ü0UC�^¤�������wzr��¦�¨ª¼�1p®I@ioX¬ ¶t¾e9�|�wzy�vx~`|ls�~(��¤"�^�S|S���(~(�

D
~`�
P
|�u(~`����~(�0���^|S|�u(~(�"s?�¢wz|�s�|�~

2
��vx~(�

D
s����^�xwzr��^��~¥~`�

P��r�vx~`|��S������~ñ��~`����~(��îay6~
[

27 −30
24 −27

]

= PDP−1.

¦�¨ª¼�1p®I@ioX¬ ^ ¾Áèiwz���
E
�¡�¢~(�S{��z�(~�vx~(�`��wz|S��~`�?s�~(�:{<wz��üir6ýz¤0~(�:|�u(~`���:s�~Cs�~`��|�u ≤ 4

�i~`�
a ∈ L(E)

s�ucë6r��Á{��^|
a(P )(X) = (1−X2)P ′(X) + 4XP (X).

ç � 
 wzy�|
i = 0, 1, 2, 3, 4

��wz���
ei(X) = X i.

æ rÒ�zs�¤0~`�ñîay6~
e = (e0, . . . , e4)

~(�S��y�r6~����z��~"s�~
E.

ù �^���`y���~`| a(ei) {�wzy�|F��wzy�� i ~`�Z����¤"�^�S|S���(~ñ|�~`{�|�u(��~`r����^�S��vx~ A = [a]ee.ó �Jèiwz���
λ ∈ é ê . 9�|�wzy�vx~`|���~(�Hr6wz¤ñ��|�~(� α ~`�

β
��~`����î�y6~ λ−4X

1−X2 = α
1−X + β

1+X ,
~`��~`r s�u(s�y���|�~l���

}�wzr6�`�S��wzr
yλ :]− 1, 1[→ é ê ��~`����~�î�y6~ yλ(0) = 1

~`�F��~`����~�îay6~�îay6~�{<wzy�| −1 < x < 1
wzr2�^���

y′λ(x) =
λ− 4x

1− x2
yλ(x).


 wzy�|�îay6~`����~(�Zv��^��~`y�|��Zs�~
λ
���H}�wzr6�`�S��wzr

yλ
~(���Z~`����~�y�rt{�wz��üar6ýz¤0~!ú

ô � 
 wzy�|
j = 0, 1, 2, 3, 4

��wz���
fj(X) = (1−X)j(1+X)4−j .

ìíwzr��S|�~`|:î�y6~
fj
~(�S��y�r�vx~(�`��~`y�|>{�|�wz{�|�~

s�~
a,
~`r {�|�u(�`���	�^r��t{�wzy�|tî�y6~`����~ív��^��~`y�|±{�|�wz{�|�~ ÿ wzr {�~`y��±y��S��������~`|±��� î�y6~(�S�S��wzr {�|�u(�(u(s�~`ra��~��c�
 wzy�|�î�y6wz�

a
~(�S�F����s����^�xwzr��^�����	�^����~!ú 
 wzy�|�îay6wz�

f = (f0, . . . , f4)
~(���Z~`����~�y�r6~����z��~�s�~

E?ø6�Zìíwzr��S|�~`|�îay�� ����~c£����S��~Hy�r6~�¤"�^�S|S���(~�s����^�xwzr��^��~
D
~`�Jy�r6~�¤"�^�S|S���(~���r�vx~`|���������~

P
s?�¢wz|�s�|�~

5
��~`����~(�

îay6~
A = PDP−1.

� wzr�r6~`|
D
~`�
P
ÿ wzrtr6~�s�~`¤"�^r6s�~�{��z�

P−1).

¦�¨ª¼�1p®I@ioX¬ 	 ¾�èiwz���
E
y�r�~(�S{��z�(~$�(wz¤�{���~c£�~$s�~$s���¤0~`r6�S��wzr

q
~`����wz���

N
�¡�¢~`r6��~`¤ñ����~Fs�~(��~`r��S��~`|�� ≥ 0.

æ r
s����:îay�� y�r6~��Sy�����~

(bk)k∈N

s?�¢u`��u`¤0~`r�����s�~
L(E)

��~`r6s"vx~`|��
0
�S��{<wzy�|���wzy���~����z��~

e
s�~
E
��~(�>�(wi~E8"�`��~`r����

s�~�����¤"�^�S|S���(~
[bk]

e
e

��~`r6s�~`r��Jvx~`|�� O �S�
k →∞.

èiwz���C�^��wz|��
a ∈ L(E)

ë�£�uT��r�vx~`|��S������~��
ç � æ r¥��y�{�{<w���~ñs6�^r6���(~`�S��~ñîay6~(�S�S��wzr¥îay6~�������y�����~

(ak)k∈N

��~`r6s±vx~`|��
0.
ì2wzra�S|�~`|Jîay6~���~(��vz�^��~`y�|��

{�|�wz{�|�~(�H��wzr��ñs�~"¤0was�y���~
< 1

ÿ ì2u`�S�6wis�~¥ò�{�|�~`r6s�|�~"y�r6~0���z��~
f
s�~��S|S���^r���y����^|S���	�^�S��wzr s�~

a
~`�

~c£�{������`����~`|Z����s����^�xwzr��^��~ñs�~
T k �S� T = [a]ff ).ó �Jèa�

a
r��÷��îay�� y�r6~Fvz�^��~`y�|>{�|�wz{�|�~

λ
��¤0wzr��S|�~`|$î�y6~

n = a−λidE
~(�S��r�����{<wz��~`ra���að�£i{������`����~`|

(λidE +
n)k

�(vx~(�ñ��~(�Z�(wa~E8"�`��~`ra���Js�y2����r6ýz¤0~�~`��~`rís�u(s�y���|�~ñîay6~��S�
λ
~(����s�~�¤0wis�y���~

< 1
�^��wz|��������Sy�����~

(ak)k∈N

��~`r6s±vx~`|��
0.ô �Jèa����wzy���~(�J��~(�Cv��^��~`y�|���{�|�wz{�|�~(�Ts�~

a
��wzr���s�~�¤0wis�y���~

< 1,
¤0wzr��S|�~`|�îay6~ñ���"�Sy�����~

(ak)k∈N

��~`r6s
vx~`|��

0
ÿ ìíu`�S�6wis�~�ò���r��S|�wis�y���|�~�y�r6~����z��~ñs�~ � y�r�}�wz|�s±{�wzy�|

a
~`���^{�{�����î�y6~`|Z��~ ó �c�
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E
~(�S�"y�r ~(�S{��z�(~¥vx~(�`��wz|S��~`��s�~2s���¤0~`r6�S��wzr´ë6r���~

q
�>�S�

a
~(�S�"y�r ~`r6s�wz¤0wz|S{������S¤0~Ls�~

E
~`�

�S�
Pa(X) = det(a − XidE) = c0 + c1X + · · · + cqX

q ~(���0��wzr {<wz��üir6ýz¤0~t���^|��z�`��u`|S���S�S��îay6~��:�^��wz|��
Pa(a) = c0idE + c1a+ · · · + cqa

q ~(���F�¡�¢~`r6s�wz¤0wz|S{������S¤0~ñray��¡�
¦�¨ª¼�1p®I@ioX¬X¶¥¾�èiwz���

a
�¡�¢~`r6s�wz¤0wz|S{������S¤0~0s�~

E = é ê 2 s�wzra�T���0¤"�^�S|S���(~�|�~`{�|�u(��~`ra���^�S��vx~�s6�^r6�C���"���z��~
���^r6wzr���î�y6~

e
~(�S�

A =

[
27 −30
24 −27

]

.
èa�
f
~(�S�Cy�r6~����z��~Hs�~�s����^�xwzr��^�������^�S��wzrXs�~

a
~`�T{�y�����î�y6~

[a]ee =

[idE ]ef [a]ff [idE ]fe ,
�^��wz|��

D = [a]ff
~`�
P = [idE ]ef

�	�^�S���5}4wzra�C�^y�£t�(wzr6s����S��wzr6�Cs�~`¤"�^r6s�u(~(��� 
 wzy�|J�S|�wzy�vx~`|
�S�
f
~c£����S��~Ú~`��{�wzy�|���~Ú���^���`y���~`|"wzr ���^���`y���~±s?�÷�^�<wz|�sÒ��~�{�wz��üar6ýz¤0~Ú���^|��z�`��u`|S���S�S��îay6~

Pa(X) = X2 −
X
�S|��z�(~

A + detA = X2 − 9.
� wzr6�

a
�Ús�~`y�£Lv��^��~`y�|���{�|�wz{�|�~(�Hs����S�S��r6�`��~(�ñîay�����wzr�� ±3.

� �÷�^{�|��(�ñ��~
�(wzy�|��

f
~c£����S��~"~`�ñ~(����}4wz|S¤0u(~ls�~0vx~(�`��~`y�|��H{�|�wz{�|�~(�Hs�~

a.
æ rV{�|�~`r6s

D =

[
3 0
0 −3

]

.
qJr vx~(�`��~`y�|

{�|�wz{�|�~
f1
�z����wi�`��u ö ô ~(�S�Fs�wzr�r6uC{��^|

[f1]
e = [x, y]T

�(vx~(�
27x− 30y = 3x.

� wzr6�
x = 5

~`�
y = 4

{��^|
~c£�~`¤�{���~$�(wzr�vi��~`r�r6~`r���� � ~�¤��`¤0~:y�rñvx~(�`��~`y�|p{�|�wz{�|�~

f2
�z����wa�`��u ö þ ô ~(����s�wzr�r6u�{��^|

[f2]
e = [x, y]T

�(vx~(�
27x− 30y = −3x.

� wzr6�
x = 1

~`�
y = 1

{��^|:~c£�~`¤�{���~C�(wzr�vi��~`r�r6~`r���� ù ~J���6wz�ï£"s�wzr�r6~ P =

[
5 1
4 1

]

.

¦�¨ª¼�1p®I@ioX¬ ^ ¾ ç �
a(ei)(X) = (1−X2)iX i−1 + 4X i+1.

� wzr6�
a(ei) = iei−1 + (4− i)ei+1,

�(~Tî�y��!�
y�r¥��~`r6�F¤��`¤0~�{�wzy�|

i = 0
wzy

4.
� wzr6�

A =









0 1 0 0 0
4 0 2 0 0
0 3 0 3 0
0 0 2 0 4
0 0 0 1 0









.

ó � 
 �^|l��s�~`r��S�ïë����^�S��wzr��$wzy {��^|0���L¤0u`�S�6wis�~ts�y´���z���6~ ÿ {�y�����îay6~±��~(��{�ýz��~(�0��wzr��l�S��¤�{���~(���wzr �S|�wzy�vx~
α = 1

2 (λ − 4)
~`�
β = 1

2(λ + 4).
�!�t}�wzr6�`�S��wzrV��r6�(wzr�ray6~

yλ
�	�^�S���5}��^��� ö y�r6~�u(îay��^�S��wzr s����?u`|�~`r��S��~`����~����r6u��^��|�~��6wz¤0wz���`r6~�s�yÚ{�|�~`¤���~`|�wz|�s�|�~�s�wzr��Zwzr±���^���Fîay6~C~`����~Tr6~T���÷�^r�ray���~T{��z�F���^y�}p�������¢~(���$������wz��y��S��wzr

��s�~`r��S��îay6~`¤0~`r��Cr�y�����~���ð�r¥s���va���	�^r��Z{��^|Z���H}�wzr6�`�S��wzrt��r6�(wzr�ray6~
yλ
wzr¥wz���S��~`ra��{�wzy�|F��wzy��

x ∈]− 1, 1[:

y′λ(x)

yλ(x)
=

1

2(1− x)
(λ− 4) +

1

2(1− x)
(λ+ 4).

� �¢w����¡�¢~c£����S��~`r6�(~$s?� y�r6~$�(wzr6�����^r���~
C
��~`����~�îay6~

yλ(x) = C(1−x)2−λ/2(1+x)2+λ/2. ù wz¤�¤0~ yλ(0) = 1wzr2�
C = 1.

èa�!���¢~(�S�Zy�r¥{<wz��üir6ýz¤0~ñ�^��wz|��
2± λ/2

��wzra��s�~(��~`ra�S��~`|�� ≥ 0.
ð�rt{��^|S�S���`y�����~`|

λ/2 = k
~(�S�

y�r2~`r��S��~`|J��~`��îay6~
2± k

~(����~`r��S��~`| ≥ 0.
èi~`y���~(�J��~(�Zv��^��~`y�|��

k = −2,−1, 0, 1, 2
~`�
λ = −4,−2, 0, 2, 4��wzr��J�z�(�(~`{����^����~(�g�

ô ��ð�rty��S���������^ra�Z����îay6~(�S�S��wzr±{�|�u(�(u(s�~`r���~�wzr±vxwz����îay6~
fj = y4−2j

~`��s�wzr6�
a(fj)(X) = (1−X2)f ′j(X) + 4Xfj(X) = (4− 2j − 4X)fj(X) + 4Xfj(X) = (4− 2j)fj(X).

æ r¥vxwz���Jîay6~
fj
~(�S��s�wzr6�ñvx~(�`��~`y�|J{�|�wz{�|�~�s�~

a
{�wzy�|�����v��^��~`y�|�{�|�wz{�|�~

(4− 2j)
ÿ qJr6~H�^y��S|�~�¤"�^r����`|�~

s�~���~�vxwz��|Cu`���^���Js�~H���^���`y���~`|Cs���|�~(�`��~`¤0~`ra�
a(fj)

���^r6�Z{��z����~`|Z{��^|���~(�
y4−2j). é ��üt� û vz�^��~`y�|��J{�|�wz{�|�~(�s����S�S��r6�`��~(� ö

a. ù wz¤�¤0~ E ~(�S�>s�~Zs���¤0~`r6����wzr û �
a
~(�S�>s�wzr6�Js����^�xwzr��^�������^����~��

f
~(�S��y�r6~Z���z��~Z���^|�}�wz|S¤0u(~

s�~>vx~(�`��~`y�|���{�|�wz{�|�~(���z����wa�`��u(� ö s�~(�pv��^��~`y�|��p{�|�wz{�|�~(�ps������S��r6�`��~(��� � ~(��¤"�^�S|S���(~(�
D
~`�
P
îay��i�(wzrava��~`r�r6~`ra�

��wzr���s�wzr6��s�wzr�r6u(~(�T{��^|
D = diag(4, 2, 0,−2,−4)

~`�
P = [idE]ef . ù ~`�S��~�s�~`|Sr����`|�~���~����^���`y���~��^��r6����ò

M6�



f0(X) = (1 + X)4 = 1 + 4X + 6X2 + 4X3 + X4,
~`�ñs�wzr6�

f0 = e0 + 4e1 + 6e2 + 4e3 + e4.
� ~

¤��`¤0~
f1(X) = (1−X)(1+X)3 = 1+2X − 2X3−X4,

~`��s�wzr6�
f1 = e0 +2e1− 2e3− e4.

ð�r6�Sy�����~
f2 = e0 − 2e2 + e4, f3 = e0 − 2e1 + 2e3 − e4, f4 = e0 − 4e1 + 6e2 − 4e3 + e4.

æ r¥wz���S��~`r���ò

P =









1 1 1 1 1
4 2 0 −2 −4
6 0 −2 0 6
4 −2 0 2 −4
1 −1 1 −1 1









.

¦�¨ª¼�1p®I@ioX¬ 	 ¾ ç �Cèiwz���
D
���ls����^�xwzr��^��~�s�~

T.
��~(�Cvz�^��~`y�|��C{�|�wz{�|�~(�Ts�~

a
�<s�~

T
~`�Cs�~

D
�(wz��r6�`��s�~`r����

� �÷�^y��S|�~�{��^|S�
Dk ~(�S������s����^�xwzr��^��~�s�~ T k.

� wzr6�����S�
ak ��~`r6sÚvx~`|�� 0,

��~(�Fu`��u`¤0~`ra����s�~
Dk �^y6���S�¡� � wzr6��S�

λ
~(�S��y�r6~Tvz�^��~`y�|Z{�|�wz{�|�~ñs�~

a
�^��wz|��

λk ��~`r6s±vx~`|�� O ���(~�î�y��?r6~T{�~`y��J�^|S|S��vx~`|�îay6~��S� |λ| < 1.ó ��èa�
f
~(�������z��~Hs�~ñs����^�xwzr��^�������^�S��wzrõs�~

a
�^��wz|��

[n]ff = λIq − [a]ff
~(�S�Z�S|S���^r���y����^��|�~��Sy�{�u`|S��~`y�|�~ñ~`�Js�~

s����^�xwzr��^��~�r�y�����~�� � �÷�^{�|��(�Fy�rt�S�6u(wz|��`¤0~ñs�yt�(wzy�|��J~`����~�~(�S�Zs�wzr6��r�����{�wz��~`r���~H~`�
n
u`���^��~`¤0~`r�����ð�r6�Sy�����~

(λidE + n)k = λkidE +

q−1
∑

j=1

1

j!
k(k − 1) . . . (k − j + 1)njλk−j.

æ rtvxwz����îay6~
ak = λkbk

w��¥�¡�¢~`r6s�wz¤0wz|S{������S¤0~
bk
~(�S�

bk = idE +

q−1
∑

j=1

1

λjj!
k(k − 1) . . . (k − j + 1)nj .

èa�
e
~(���Hy�r6~����z��~±�^|S�����S|��^��|�~t�^��wz|�����~(���(wa~E8"�`��~`ra���0s�~����2¤"�^�S|S���(~

[bk]
e
e

��wzra��s�~(��{<wz��üir6ýz¤0~(��~`r
k.

ù wz¤�¤0~ |λ| < 1
~`�Jî�y6~T�¡�¢~c£�{<wzr6~`ra�S��~`����~��¡�¢~`¤�{�wz|S��~��Sy�|F��~�{�wz��üir6ýz¤0~ñ�^��wz|��

λkbk
��~`r6s±vx~`|�� O �

ô �:èiwz���
F1⊕ · · ·⊕Fp = E

���ñs�u(�(wz¤�{�w��S���S��wzr±s�~
E
~`rÚ��wz¤�¤0~Ts���|�~(�`��~Js�~(�

p
��wzy6��~(�S{��z�(~(�����^|��z�`��u`|S���5þ

�S��î�y6~(���z����wi�`��u(�:�^y�£0v��^��~`y�|��>{�|�wz{�|�~(��s����S�S��r6�`��~(� {λ1, . . . , λp},
�^��wz|��$��~(�

Fj
��wzr����S���^����~(�:{��^|

a
~`�:s�wzr6�

����|�~(�S�S|S���`�S��wzr
aj
s�~
a
ö
Fj
���^�S���S}��^���$��~(�:�(wzr6s����S��wzr6�Fs�y

2).
� wzr6�

(ak
j )
��~`r6s"vx~`|�� O ��èa�

fj
~(�S�$y�r6~����z��~

s�~ñ�S|S���^r���y����^�S��wzrXs�~
aj,

���¢~(�S� ö s���|�~��S�
f = f1 ∪ . . . ∪ fp

~(����y�r6~H���z��~Hs�~ � y�r�}4wz|�s2{�wzy�|
a
�6r6wz��wzr6�

Aj = [aj ]
fj

fj
.
� ��wz|��Z���!~(�S�Z�`���^��|�îay6~

[a]ff = diag(A1, . . . , Ap), [ak]ff = diag(Ak
1 , . . . , A

k
p)

~`�Js�wzr6�ñîay6~���~(�J�(wa~E8"�`��~`ra���Cs�~
[ak]ff = (aij(k))

��~`r6s�~`r��Cvx~`|��
0
{�y�����î�y6~H�(~`y�£±s�~(�

Ak
j

��~T}�wzr���� 
 wzy�|
��~`|S¤���r6~`|��<���

e
~(���Zy�r6~ñ���z��~ñîay6~`���(wzr6î�y6~��Á��wz���

P = (pij) = [idE ]ef
~`�
Q = P−1 = (qij) = [idE ]fe ,

s�~
��wz|S��~�îay6~T��~��(wa~E8"�`��~`ra�

ij
s�~T����¤"�^�S|S���(~

[ak]ee = P [ak]ffP
−1 ~(��� ∑

s,t pisast(k)qtj . ù ~�r6wz¤H��|�~���~`r6s����~`rtvx~`|��
0
{�y�����îay6~���~(�

ast(k)
��~`r6s�~`ra��vx~`|�� O �

jl¬ioX§�¨på�n!¬amC�>� ��üi{<wz�S�(�(��~�s?� ��ravx~`|��S������������u�s�~
a
�ñ��~`|Sva��s6�^r6����~ ó �>{�wzy�|:���^|��^ra�S��|

λ 6= 0
~`�Fs�ucë6r���|

bk.9!wzy���~c}�wz����~`����~ñr��¢~(�S�C{��z�Cr6u(�(~(�����^��|�~�òÁ���
λ = 0

s6�^r6�C��~
2)
�^��wz|��

a
~(�S�Jr�����{�wz��~`r���~`�

ak = 0
�S�
k ≥ q.ð�rÚ|�u(�Sy�¤0uJ���

a ∈ L(E)
�^��wz|��

ak ��~`r6s�vx~`|�� 0
Ì	ß�È`ÕpÌ(ÈcÅ+d�ÈcÔ"ÈcÐ�Õ�Ìcß���~(�:vz�^��~`y�|��:{�|�wz{�|�~(�F��wzr���s�~J¤0was�y���~

< 1.

M ;



°±¬an�²�<N@ioX¬2§('='�k�¬�º�§('A'�k�¬N<6·�·�,��E<�·�·�<?ºAÝ?¬in�«4®4®¬2¯p¬2�ñ°%¯P%�§('�§6®°)�mg¬2'>¾-.?¾
�! �¬a¨#"�«I"x¬Ú¶¥¾6ì2wzra�S|�~`|:îay6~ ‖x‖ = max{|x1|, |x2|, |x1 +x2|}

s�ucë6r����>y�r6~Fr6wz|S¤0~Js6�^r6� é ê 2 ~`�>s�~(���S��r6~`|
B(0; 1).�! �¬a¨#"�«I"x¬ ^ ¾?èiwz���

p
~`�
q > 1

��~`����îay6~ 1
p + 1

q = 1.ç �Zìíwzr��S|�~`|�îay6~
st ≤ sp

p + tq

q

{�wzy�|
s
~`�
t ≥ 0

ÿ ìíu`�S�6was�~ÚòÁ{<wzy�|
t ≥ 0

ë�£�u��Áu`�Sy6s���~`|T���"}�wzr6�`�S��wzr
s 7→ sp

p + tq

q − st
�Sy�|

[0,∞[).ó �Jèiwz���
n > 0

y�rí~`ra�S��~`|Cë�£�u��
A = [0,∞[n

~`�
mp : A → [0,∞[

s�ucë6r���{��^|
mp(x) = (xp

1 + · · · +
xp

n)1/p.
ì2wzra�S|�~`|Hîay6~��S�

mp(x) = mq(y) = 1
�^��wz|��

x1y1 + · · · + xnyn ≤ 1
ÿ � {�{�����îay6~`|���~ ç �

�^y�£
(s, t) = (xi, yi)).ô �Zð�r �^{�{�����î�y��^ra�l��~ ó � ö

x = a/mp(a)
~`�
y = b/mq(b)

¤0wzr��S|�~`|±îay6~
a1b1 + · · · + anbn ≤

mp(a)mq(b)
ÿ é r6u`���^������u�s�~QñFò�d�Ñ�ÈcÆ��c�ø6� 
 wzy�|

x
~`�
y ∈ A ��wz��� b ∈ A s�ucë6r���{��^| bi = (xi+yi)

p−1.
ìíwzr��S|�~`|�îay6~

mq(b) = [mp(x+y)]p−1.ìíwzr��S|�~`|�î�y6~ ∑n
i=1(xi+yi)

p =
∑n

i=1 xibi+
∑n

i=1 yibi.
ð�r��^{�{�����î�y��^ra����~ ô ���^y�£ñs�~`y�£Hs�~`|Sr����`|�~(�

��wz¤�¤0~(�g��¤0wzr��S|�~`|Jîay6~
mp(x+ y) ≤ mp(x) +mp(y)

ÿ é r6u`���^������u�s�~�ï2ß Ð�ózÓ�è�ÌÒógß��c�û �Zìíwzr��S|�~`| ö �¡�÷�^��s�~Hs�y±ø���îay6~ ‖x‖p = (|x1|p + · · ·+ |xn|p)1/p ~(���Fy�r6~�r6wz|S¤0~��Sy�| é ê n.�! �¬a¨#"�«I"x¬ 	 ¾:èiwz���
U ⊂ E,

�(vx~(�
E
~(�S{��z�(~"r6wz|S¤0u��!ìíwzr��S|�~`|�î�y6~

U
~(�S��wzy�vx~`|S�H�S�>~`�H��~`y���~`¤0~`r����S�

���:~(�S�H|�u`y�r���wzr s�~l�<wzy���~(�Hwzy�vx~`|S��~(� ÿ ì2u`�S�6wis�~2ò!y��S��������~`|ñ���¥s�ucë6r����S��wzr s?� y�rVwzy�vx~`|S��~`�H��~0}��^����î�y6~"���
|�u`y�r���wzr±ë6r���~�wzy±��r�ë6r���~�s?�¢wzy�vx~`|S����~(���$y�rtwzy�vx~`|S��c��ì2wzra�S|�~`|�î�y6~Ty�r±�S��r�����~`��wzr ÿTS ~`r6��~`¤ñ����~�|�u(s�y���� öy�rí{�wz��r���Js6�^r6�Ty�rõ~(�S{��z�(~�r6wz|S¤0u�~(�S�J}4~`|S¤0u���ìíwzr��S|�~`|�îay�� y�rL~`r6��~`¤ñ����~�ë6r���s6�^r6�Cy�rL~(��{��z�(~Hr6wz|S¤0u
~(�S��}4~`|S¤0u��
�! �¬a¨#"�«I"x¬l°L¾�g!È	ÌJÓ�Å�z^È`ÆcÕÌ�Ñ�È�Ø ÉT��ì2wzra�S|�~`|:îay6~F��~(����wzy���~(�>wzy�vx~`|S��~(�$s�~ é ê ��wzr�����~(�>��r���~`|Sv��^����~(�:wzy�vx~`|S����<wz|Sr6u(��� � y6~`���Z��wzr�����~(�F��r���~`|Sv��^����~(�Jwzy�vx~`|S����r6wzr±�<wz|Sr6u(�<ú

èiwz���
U
y�rVwzy�vx~`|S�Hs�~ é ê ~`�

x ∈ U.

 wzy�|�îay6wz�:�¡�¢~`r6��~`¤H����~

I+(x)
s�~(�

b > x
��~`���Hî�y6~

[x, b] ⊂ U~(�S�H���:y�rV��ra��~`|Svz�^����~!ú2èiwz���
bx = sup I+(x) ≤ ∞.


 wzy�|�î�y6wz�F�¡�¢~`r6��~`¤H����~
I−(x)

s�~(�
a < x

��~`����îay6~
[a, x] ⊂ U

~(�S�����<y�rl��ra��~`|Svz�^����~!ú�èiwz���
ax = inf I+(x) ≥ −∞.

ìíwzr��S|�~`|Zîay6~
Ix =]ax, bx[⊂ U.

ì2wzra�S|�~`|
î�y6~

Ix ∩ Iy
~(�S�Fr6wzrtvi��s�~��S��~`����~`y���~`¤0~`ra���S�

Ix = Iy.9�|�wzy�vx~`|J��~(�
Ix
~`�F��~C}4~`|S¤0u é ê \ U s6�^r6�F�¡�¢~c£�~`¤�{���~ñ�Sy���vz�^ra�

U =]−∞, 0[
⋃ ∞⋃

n=1

]
1

2n+ 1
,

1

2n
[.

ê ~`vx~`r��^ra�J�^yt���z�F�xu`r6u`|��^�¡�6��wz��� I ���H}¡�^¤�������~�s�~(����r���~`|Sv��^����~(�Z��¤"�^�x~�s�~T�¡�÷�^{�{��������^�S��wzr x 7→ Ix
s�~
Us6�^r6���¡�¢~`r6��~`¤ñ����~�s�~(�$��ra��~`|Svz�^����~(�Zwzy�vx~`|S���Fs�~ é ê . ìíwzr��S|�~`|Zîay6~ U = ∪I∈II.

ð�rts�u(s�y���|�~�î�y�� y�r6~C{��^|S�S��~
s�~

U
~(�S�Twzy�vx~`|S��~��S��~`�C��~`y���~`¤0~`ra���S��~`����~�~(���J|�u`y�r���wzrõs?� y�r6~H}��^¤�������~ I s?� ��r���~`|Sv��^����~(��wzy�vx~`|S����s�~`y�£L�s�~`y�£±s����� 5wz��ra����� ÿ æ r±{�wzy�|S|��^���Z¤0wzr��S|�~`|Cî�y6~ I ~(���Fy�r���î�y6~��6~`�Zë6r���~�wzy¥s�u`r6wz¤ñ��|��^����~��c��! �¬a¨#"�«I"x¬��ñ¾$èiwz���

F
y�rÒ��wzy6��~(�S{��z�(~0vx~(�`��wz|S��~`�Fs�~l�¡�¢~(�S{��z�(~�~`y6�`����s���~`r

E.
ìíwzr��S|�~`|�î�y�� ���$~(�S��}�~`|S¤0uÿ ì2u`�S�6wis�~tò?y��S��������~`|ñ���±���^|��z�`��u`|S�����^�S��wzrÒs�~(��}�~`|S¤0u(��{��^|���~(�ñ��y�����~(���?wzyX����~`r ¤0wzra�S|�~`|Hîay6~

E \ F ~(�S�
wzy�vx~`|S� ö �¡�÷�^��s�~�s�yt�S�6u(wz|��`¤0~ñs�~�{�|�w^ 5~(�`�S��wzr2wz|S�S�6wz�xwzr��^��~��c�
�! �¬a¨#"�«I"x¬DÝC¾ � �^r6��y�r ~(��{��z�(~"r6wz|S¤0u

E
¤0wzr��S|�~`|�îay6~ −‖x − y‖ ≤ ‖x‖ − ‖y‖ ≤ ‖x − y‖ ~`��~`rs�u(s�y���|�~�î�y6~

x 7→ ‖x‖ ~(�S��y�r6~T}�wzr6�`�S��wzrt�(wzr��S��ray6~ ÿ y��S��������~`|Z����s�ucë6r����S��wzrís�~(�$}4wzr6�`�S��wzr6�J�(wzr��S��r�y6~(��{��^|
(ε, η)

wzyt����~`r¥{��^|Z��~(�J�Sy�����~(���(wzravx~`|S�x~`r���~(��c��ìíwzr��S|�~`|Tî�y6~
x 7→ exp−‖x‖ ~(�S���(wzr��S��ray6~ ÿ ê �^{�{<~`�:ò6����(wz¤�{<w���u(~�s�~�s�~`y�£�}�wzr6�`�S��wzr6���(wzr��S��ray6~Z~(�S���(wzr��S��r�y6~��c��ì2wzra�S|�~`|�î�y6~:���C�S{��(�`|�~>y�r�����u {x ∈ E; ‖x‖ = 1}~(�S�:�(wz¤�{��z�`��~T�S�<s�~Z{���y6�

E
~(���:s�~�s���¤0~`r6����wzr"ë6r���~ ÿ y��S��������~`|$��~��S��r�����~`��wzr {1} s6�^r6� é ê ~`�:���ñ�(wzr��S��ray�����us�~�����r6wz|S¤0~��c�
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�! �¬a¨#"�«I"x¬vÐí¾�èiwz���
E
y�rL~(�S{��z�(~ñ~`y6�`����s���~`r�� 
 wzy�|�î�y6wz�

fv : x 7→ 〈v, x〉 ~(�S�C~`����~H�(wzra�S��r�y6~ ÿ ìíu`�S�6was�~�òèi�������^|S�#�c� æ r2s�����îay�� y�r6~�}�wzr6�`�S��wzr
f : E → é ê ~(���Z{<wz��üir6wz¤����^��~ñ���!~`����~�~(�S���(wz¤H����r��^����wzrí����r6u��^��|�~ñs�~{�|�was�y������Zs�~J}�wz|S¤0~(������r6u��^��|�~(��� 
 wzy�|�î�y6wz�?y�r6~C}�wzr6�`�S��wzrÚ{<wz��üir6wz¤����^��~�~(�S�F~`����~T�(wzr��S��r�y6~!ú æ rt�(wzr6�S��s��`|�~

�¡�¢~(�S{��z�(~
E
s�~(�p¤"�^�S|S���(~(�����^|S|�u(~(��s?�¢wz|�s�|�~

q
|�u(~`����~(���(wz¤�¤0~�y�r�~(�S{��z�(~�~`y6�`����s���~`r�{��^|���~${�|�was�y����������^���^��|�~

〈A,B〉 =
�S|��z�(~

ATB.
ì2wzra�S|�~`|Tîay6~

A 7→ detA
~(�S�Jy�r6~H}�wzr6�`�S��wzrõ�(wzr��S��r�y6~"s�~

E
s6�^r6� é ê . ìíwzr��S|�~`|î�y6~l�¡�¢~`r6��~`¤ñ����~Ús�~(�

A
s�~

E
��ravx~`|��S������~(��~(�S�Hy�r wzy�vx~`|S� ÿ ìíu`�S�6was�~íò�y��S��������~`|���~"�S�6u(wz|��`¤0~±s�yV�(wzy�|��

î�y��Ts�����îay6~2�¡� ��¤"�^�x~2��ravx~`|���~Ls?� y�r wzy�vx~`|S��{��^|�y�r6~2}4wzr6�`�S��wzr �(wzr��S��ray6~X~(�S��y�r wzy�vx~`|S���F�^{�{�����îay6u ö
U = é ê \ {0}). ìíwzr��S|�~`|ñîay6~���~���|�wzy�{<~�wz|S�S�6wz�xwzr��^� O(n)

~(�S�Ty�r6~�{��^|S�S��~�}�~`|S¤0u(~�s�~
E
ÿ ìíu`�S�6was�~±ò

æ �6��~`|Svx~`|�îay6~���~(�Zu(îay��^�S��wzr6�
ATA = Iq

��wzra�Z{<wz��üir6wz¤����^��~(��c�6ìíwzr��S|�~`|Cî�y6~
O(n)

~(�����(wz¤�{��z�`���
�! �¬a¨#"�«I"x¬uôL¾ � �^r6� é ê 2 ~`y6�`����s���~`ríwzrt�(wzr6�S��s��`|�~���~(��s�~`y�£Ú~`r6��~`¤H����~(�

U = {(x, y);x < 1, y < 1,−x− y < 1}, F = {(x, y);x ≤ 1, y ≤ 1,−x− y ≤ 1}.
� ~(���S��r6~`|

U
~`�

F.
ìíwzr��S|�~`|Lî�y6~

U
~(�S�2wzy�vx~`|S�L~`�íîay6~

F
~(�S�2}4~`|S¤0u ÿ ì2u`�S�6wis�~ òJ�(wzr6�S��s�u`|�~`|L��~(�

�S|�wz���±}�wz|S¤0~(�t����r6u��^��|�~(�
f1(x, y) = x, f2(x, y) = y, f3(x, y) = −x − y,

~`�¥��~(�¥~`r6��~`¤H����~(�
Uj =

{(x, y); fj(x, y) < 1} ~`� Fj = {(x, y); fj(x, y) ≤ 1} �:~`�l¤0wzr��S|�~`| ö �¡�÷�^��s�~ís�~t��� �(wzr��S��ray�����uõs�~(�}4wz|S¤0~(������r6u��^��|�~(�
fj
îay6~

Uj
~`�
Fj
��wzr��Z|�~(�S{�~(�`�S��vx~`¤0~`r��Twzy�vx~`|S��~`�F}�~`|S¤0u��c��ìíwzr��S|�~`|Cs�~�����¤��`¤0~�¤"�ªþ

r����`|�~ñîay6~
K = {(x, y); |x| ≤ 1, |y| ≤ 1, x2 + y2 ≥ 1} ~(�S�F}�~`|S¤0uñ�^{�|��(�J�¡�÷�(vxwz��|Js�~(���S��r6u��6ìíwzr��S|�~`|Tî�y6~

K
~(�S�Z�(wz¤�{��z�`���

�! �¬a¨#"�«I"x¬¥µJs?èiwz���
F
y�r6~C{��^|S�S��~C}4~`|S¤0u(~Cr6wzrÚvi��s�~Cs?� y�rt~(��{��z�(~Jr6wz|S¤0u

E
s�~Ts���¤0~`r6�S��wzrÚë6r���~���~`�F��wz���

K
y�rt�(wz¤�{��z�`�Zs�~

E.
��~T��y��Zs�~T�¡�¢~c£�~`|��`���(~�~(�S�Fs�~C¤0wzr��S|�~`|�îay6~T���H�<wz|Sr6~T��r�}�u`|S��~`y�|�~

α
s�~C�¡�¢~`r6��~`¤H����~

s�~�r6wz¤ñ��|�~(��|�u(~`���
A = {‖x− y‖; (x, y) ∈ K × F} ~(�S���^�S��~`��ra��~��ç �Zìíwzr��S|�~`|�îay�� ���$~c£����S��~ly�r6~l�Sy�����~

((xn, yn))n≥1
s�~

K × F
��~`����~�îay6~l{<wzy�|���wzy��

n ≥ 1
wzr �^���

α ≤ ‖xn − yn‖ ≤ α+ 1
n

ÿ ì2u`�S�6wis�~�ò6s�ucë6r����S��wzrõs�~�������wz|Sr6~H��r�}4u`|S��~`y�|�~��(wz¤�¤0~ñ��~ñ{���y6����|��^r6s
s�~(��¤���r6wz|��^r������~`��îay�� ���!~c£i������~�y�r6~ñ�Sy�����~Hs?�¢~`r��S��~`|��

nk
��~`r6s6�^ra�Jvx~`|��

+∞ �^��r6�S�pî�y�� y�r
x0
s6�^r6�

K
��~`���¥î�y6~

limk→+∞ xnk
= x0

ÿ ìíu`�S�6wis�~ ò$���^|��z�`��u`|S���	�^�S��wzr s�~(�t�(wz¤�{��z�`���±{��^|±��~(�±�Sy�����~(�
~c£��S|��^����~(��c�

ó �Jèiwz���
r > α

~`�H��wz���
K1

�¡� ��r���~`|���~(�`�S��wzr s�~
F
~`�Hs�~����Ú��wzy���~�}�~`|S¤0u(~0s�~0�(~`r��S|�~

x0
~`�Hs�~�|��(üxwzr

r.
ì2wzra�S|�~`|�îay�� ���>~c£����S��~�y�r ~`ra�S��~`|

k0
��~`�>îay6~0�S�

k ≥ k0
�^��wz|��

ynk
∈ K1

ÿ ìíu`�S�6wis�~¥ò?y��S��������~`|
‖x0 − ynk

‖ ≤ ‖x0 − xnk
‖+ ‖xnk

− ynk
‖).ô � 
 wzy�|�î�y6wz�

K1
~(�S�����Á�(wz¤�{��z�`�ÁúCqJ�S��������~`|$�(~`����~`�>��~ ó ��{�wzy�|>¤0wzr��S|�~`|�îay�� ����~c£i������~

y0 ∈ K1
��~`�Áîay6~

α = ‖x0 − y0‖.

 wzy�|�îay6wz�

α > 0
�S�
F
~`�
K
��wzr��Js����4 5wz��ra���Áú

�! �¬a¨#"�«I"x¬0X�s?èiwz���
F
y�r6~J{��^|S�S��~J}4~`|S¤0u(~Jr6wzrÚva��s�~Cs?� y�r�~(��{��z�(~Jr6wz|S¤0u

E
s�~Cs���¤0~`r6�S��wzr�ë6r���~���~`�$��wz���

r > 0
ë�£�u�� æ rtr6wz��~�{��^|

B(x, r)
������wzy���~T}4~`|S¤0u(~�s�~ñ�(~`r��S|�~

x
~`�Zs�~�|��(üxwzr

r.
èiwz���

F1 = ∪x∈FB(x, r).

��~C��y���s�~C�¡�¢~c£�~`|��`���(~�~(�S��s�~J¤0wzra�S|�~`|Zî�y6~
F1
~(���:}�~`|S¤0u��6èiwz���

(yn)
y�r6~C��y�����~Cs�~

F1
î�y����(wzr�vx~`|S�x~�vx~`|��

y ∈ E. ì2wzra�S|�~`|���~(��}¡�^�����Z�Sy���v��^r�����òç � 
 wzy�|Z��wzy��
n
����~c£����S��~

xn ∈ F
~`�
hn ∈ B(0, r)

��~`���Jî�y6~
xn = yn + hn.ó � é �?~c£i���S��~Ty�r6~���y�����~�s?�¢~`r��S��~`|�� nk

��~`r6s6�^r���vx~`|��
+∞ ~`�

h ∈ B(0, r)
��~`���Zî�y6~

limk→+∞ hnk
= h.ô �Z��~T{�wz��r��

y + h
~(�S�Zs6�^r6�

F
~`�
F1
~(����}4~`|S¤0u��

M6M
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èiwz���
E
y�r2~(�S{��z�(~ñ~`y6�`����s���~`rís�~�s���¤0~`r6�S��wzr

q,
��wz���

V
�¡�¢~(��{��z�(~ñs�~���~(��~`r6s�wz¤0wz|S{������S¤0~(�T�Süa¤0u`�S|S��îay6~(���

��wz���
V+

�¡�¢~`r6��~`¤ñ����~"s�~���~(��~`r6s�wz¤0wz|S{������S¤0~(���Süa¤0u`�S|S��îay6~(�
b
s�ucë6r����5þ¡{�w��S���S�ï}4�g�?��wz���

V+
�¡�¢~`r6��~`¤ñ����~0s�~

��~(�Z~`r6s�wz¤0wz|S{������S¤0~(�C�Süi¤0u`�S|S��î�y6~(�
b
{�w��S���S�ï}4�g� æ rt��~Cë�£�~

a ∈ V ��~`�!îay6~
idE − a ∈ V+.
 �^|S�S��~�¶

¶a,���ð�r¥�(wzr6�S��s�u`|��^ra����~(�Fv��^��~`y�|��F{�|�wz{�|�~(��¤0wzr��S|�~`|
(idE − a)−1 ∈ V+.¶�<���ì2wzra�S|�~`|

an(idE − a)−1an ∈ V+
{<wzy�|���wzy��"~`ra�S��~`|

n ≥ 1
ÿ ìíu`�S�6wis�~õò��^{�{�����î�y6~`| � ç ��~`�0���

s�ucë6r����S��wzr2s�~
V+).¶l¹*��ð�rt¤Hy����S��{������^r��C��~T¤0~`¤ñ��|�~ñs�~ñs�|�wz����~�{��^|

idE − a
¤0wzr��S|�~`|Jîay6~�{�wzy�|F��wzy���~`r��S��~`|

n ≥ 1

(idE − a)−1 = idE + a+ a2 + · · ·+ a2n−1 + an(idE − a)−1an.

¶7�K� � u(s�y���|�~�s�~(� � ó ��~`� � ô �$îay6~�{�wzy�|F��wzy��
n ≥ 1

wzr2� ∑2n−1
k=0

�S|��z�(~
ak ≤ �S|��z�(~ (idE − a)−1.


 �^|S�S��~ ^
� �^r6���(~`�S��~C{��^|S�S��~Twzr���y�{�{<w���~�Ñ�È Þ d ÅaÌ>îay6~ E = é ê q ¤ñy�r��?s�~T�����S�S|Sy6�`�Sy�|�~T~`y6�`����s���~`r�r6~�~`�Fs�~C�������z��~
e
���^r6wzr���îay6~��6~`��îay6~

A = [a]ee = (aij)
����wzy6�Z��~(�Z�(wi~E8"�`��~`r���� ≥ 0.

æ rt{�w���~
An = (a

(n)
ij ).^ ,��$ì2wzra�S|�~`|Jîay6~

a
(n)
ij ≥ 0

~`�Zîay6~��S|��z�(~
an ≥ 0.^ <�� � �¡�÷�^��s�~ñs�~FÎ ç �$~`� � ø��:¤0wzra�S|�~`|Jîay6~ ∑∞

k=0

�S|��z�(~
ak �(wzr�vx~`|S�x~H~`��îay6~ limn→∞

�S|��z�(~
an = 0.^ ¹*��ìíwzr��S|�~`|Tî�y6~��S|��z�(~

a2n =
∑q

i,j=1(a
(n)
ij )2.

� �¡�÷�^��s�~ñs�~FÎ ó �F¤0wzr��S|�~`|Tî�y6~�{�wzy�|���wzy6�
1 ≤ i, j ≤ qwzr2�

limn→∞ a
(n)
ij = 0

~`��s�wzr6��îay6~
limn→∞ an = 0.^ �K��èiwz���

B = (Iq − A)−1.
ì2wzra�S|�~`|Hîay6~ ö �¡�÷�^��s�~0s�y � ô �C~`��s�yrÎ ô �Cî�y6~ ∑∞

k=0A
k �(wzr�vx~`|S�x~"~`���{<wzy�|���wz¤�¤0~

B.^ .��$ì2wzra�S|�~`|Jîay6~ ö �¡�÷�^��s�~ñs�~(��Î ç �$~`�!Î$ø��$îay6~
B
����~(�Z�(wa~E8"�`��~`ra����{�w��S���S�ï}��Fwzytr�y���� ÿ èa�S��~`���4 5~(�E�c�


 �^|S�S��~ 	
æ r¥|�~`vi��~`r��C�^y2���z��w��

E
~`y6�`����s���~`r2r��¢~(���Z{��z�Zr6u(�(~(���	�^��|�~`¤0~`r��Tu`���^� ö é ê q ~`y6�`����s���~`rí���^r6wzr���îay6~���~`��wzr��~0s�wzr�r6~0y�r6~"���z��~

f = (f1, . . . , fq)
s�~

E.
æ rXr6wz��~

Gr = (〈fi, fj〉)1≤i,j≤r.
èiwz���

e = (e1, . . . , eq)���t��wzr s�~±èi����¤���s���~`r��x~`r6s�|�u(~Ú{��^|
f
~`����wz���

(cr,j)
�(vx~(�

1 ≤ j ≤ r ≤ q
��~(�ñr6wz¤H��|�~(��s�ucë6r�����{��^|

er =
∑r

j=1 crjfj.	 ,/��ìíwzr��S|�~`|�îay6~
Gr

~(�S�Fy�r6~�¤"�^�S|S���(~ñ�Süa¤0u`�S|S��îay6~�s�ucë6r���~cþ¡{�w��S���S��vx~��
	 <��Hì2wzra�S|�~`|0î�y6~��S�

1 ≤ i < r ≤ q
�^��wz|�� 〈er, fi〉 = 0

~`��îay6~���~lr6wz¤H��|�~
αr = 〈er, fr〉

~(���:¼ O �
ì2wzra�S|�~`|Jîay6~

(cr1, cr2, . . . , crr)Gr = (0, . . . , 0, αr).	 ¹�� æ rX�Sy�{�{�w���~�~`r�ë6rXî�y6~ ‖fj‖2 = 1
{�wzy�|T��wzy��

j
~`� 〈fi, fj〉 ≤ 0

{�wzy�|���wzy6�
i 6= j.

ìíwzr��S|�~`|ñîay6~
A = Iq − Gq

~(�S� ö �(wa~E8"�`��~`ra��� ≥ 0.
� �¡�÷�^��s�~0s�ytÎ û �C~`�ñs�y ù ó �J¤0wzra�S|�~`|Hîay6~ cr,j ≥ 0

{�wzy�|���wzy6�
1 ≤ j ≤ r ≤ q

ÿ 9��6u(wz|��`¤0~ñs�~|{ ������wzr��c�
	 �*�"ð�£�~`¤�{���~ ò>��wz���

E
�¡�¢~(�S{��z�(~ís�~(�"{�wz��üar6ýz¤0~(��|�u(~`����s�~2s�~`��|�u ≤ N

¤ñy�r��Ts�y {�|�was�y����Ú�����^���^��|�~
〈P,Q〉 =

∫ 1
−1 P (x)Q(x)dx.

���í���z��~±s�~tèi����¤���s��l~`r��x~`r6s�|�u(~t{��^|
(1, x, x2, . . . , xn)

~(�S��r6wz��u(~
e =

(P0, P1, . . . , PN )
ÿ ~`�

Pn
~(�S�T�^{�{<~`��uñ{<wz��üir6ýz¤0~Hs�~H��~`�x~`r6s�|�~�s�~ñs�~`��|�u

n).
æ r¥r6wz��~

Tn
��~�{�wz��üar6ýz¤0~

s�~�s�~`��|�u
n
��~`��îay6~

Tn(x) = cos(n arccos x)
{<wzy�| −1 ≤ x ≤ 1

ÿ ~`�
Tn

~(�S���^{�{�~`��ul{�wz��üir6ýz¤0~�s�~
9!���6~`�aüi���6~`v2s�~�s�~`��|�u

n).
ì2wzra�S|�~`|Jîay6~

f = (T0, T1, . . . , TN )
~(�S��y�r6~����z��~�s�~

E
s�wzra�

e
~(���Z�������z��~

s�~¥èi����¤���s����z����wa�`��u(~���ìíwzr��S|�~`|lî�y6~ 〈Ti, Tj〉 ≤ 0
�S�

0 ≤ i < j ≤ N
~`�0s�u(s�y���|�~ts�y ù ô ��î�y6~Ú��~(�{<wz��üir6ýz¤0~(�Ts�~H��~`�x~`r6s�|�~���wzr��Ts�~(�C�(wz¤H����r��^����wzr6������r6u��^��|�~(� ö �(wa~E8"�`��~`ra����{<w������S�ï}4�Cs�~(��{�wz��üir6ýz¤0~(�Cs�~

9!���6~`�aüi���6~`v<�
ç5O6O
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¶a,��

b = idE − a ∈ V+
~`r��S|��^��r6~2î�y6~

b = b∗
~`�0î�y6~t��~(��vz�^��~`y�|��0{�|�wz{�|�~(�ls�~

b
��wzr��

> 0.
� wzr6�

det b > 0
��s�wzr6�

b−1 ~c£i���S��~���ð�r6��y�����~ b−1 ~(�S���Süi¤0u`�S|S��îay6~������^|0s?�÷�^{�|��(����~Ú�(wzy�|�� (b−1)∗ = (b∗)−1.ð�r�ë6rÚ��~(�>v��^��~`y�|��>{�|�wz{�|�~(��s�~
b−1 ��wzr��$��~(�:��r�vx~`|���~(��s�~(�$vz�^��~`y�|��:{�|�wz{�|�~(��s�~ b ~`�$��wzr���s�wzr6� > 0.

� wzr6�
b−1 ∈ V+.¶�<���èiwz���

x ∈ E
� 
 w���wzr6�

y = an(x).
� ��wz|���{�y�����îay6~

(an)∗ = an,
~`�Hs?�÷�^{�|��(� � ç �CwzrV� 〈an(idE −

a)−1an(x), x〉 = 〈(idE − a)−1an(x), an(x)〉 = 〈(idE − a)−1y, y〉 ≥ 0.¶l¹*� 
 y�����îay6~
an ~`� idE − a

��wzr��Zs�~(��{�wz��üir6ýz¤0~(�Z~`r
a,
�����ñÏ�ÓzÔ�Ô�Å�ÕÖÈcÐ�Õ���ð�r±¤ñy����S��{������^r�� ö s�|�wz����~T{��^|

idE − a
��~H��~(�(wzr6st¤0~`¤H��|�~�s�~ñ�¡�¢u`���^������u ö s�u`¤0wzr��S|�~`|�wzr2wz���S��~`ra�

idE + a+ a2 + · · · + a2n−1 − a−
a2 − · · · − a2n + an(idE − a)−1(idE − a)an = idE .¶7�K� � �÷�^{�|��(� � ó �F��~(�Cv��^��~`y�|��T{�|�wz{�|�~(�Cs�~

an(idE − a)−1an ��wzr�� ≥ 0
~`�Ts�wzr6�����"�S|��z�(~�~(��� ≥ 0.

��~
|�u(�Sy������^�����¢~`r6�Sy������6{��^|Z����r6u��^|S����u�s�~������S|��z�(~��^ ,�� æ r�{�|�wi�G�(s�~:{��^|p|�u(�`y�|S|�~`r6�(~��Sy�|

n. ù �¢~(�S��u`va��s�~`ra�p{�wzy�| n = 0.
èa�����¢~(�S��vi|��^�i{<wzy�|

n,
�^��wz|��p{�y�����îay6~

An+1 = AnA
~`��~`rõy��S���������^r��

aij ≥ 0
~`���¡� ��üi{<wz�S�(�(��~�s�~�|�u(�`y�|S|�~`r6�(~tò

a
(n+1)
ij =

∑q
k=1 a

(n)
ik akj ≥ 0.� wzr6���S|��z�(~

An =
∑q

k=1 a
(n)
kk ≥ 0.^ <�� � �÷�^{�|��(��Î ç �����H��u`|S��~ ∑∞

k=1

�S|��z�(~
ak ~(��� ö ��~`|S¤0~(��{<w��S���S�ï}���� � �÷�^{�|��(� � ø������H�Sy�����~Js�~J��~(����wz¤�¤0~(�{��^|S�S��~`����~(�J~(�S�F��wz|Sr6u(~�� � wzr6�T������u`|S��~��(wzravx~`|S�x~ñ~`��~`r±{��^|S�S���`y�����~`|C��wzrt��~`|S¤0~��xu`r6u`|��^�!��~`r6s±vx~`|��

0.^ ¹*�Tèa�
C = (cij)

~`�
D = (dij)

~(�S��s�~(�T¤"�^�S|S���(~(�����^|S|�u(~(��s?�¢wz|�s�|�~
q
�^��wz|��Cwzrõ���^����s?�÷�^{�|��(�T��~��(wzy�|����

wzyõ{��^|�y�rX���^���`y�����¤�¤0u(s����^����î�y6~��S|��z�(~
CDT =

∑q
i,j=1 cijdij .

� {�{�����îay��^r��H�(~`��� ö
C = D = An ~`�

~`r¥y��S���������^ra�������Süi¤0u`�S|S��~�s�~
A
wzrí������{�|�~`¤����`|�~ñu`���^������u�� � wzr6�ñ{<wzy�|���wzy��

(i, j)
wzr2�

(a
(n)
ij )2 ≤ εn =�S|��z�(~

a2n. ù wz¤�¤0~�s?�÷�^{�|��(�!Î ó � εn ��~`r6stvx~`|�� 0
wzr¥����~T|�u(�Sy������^���^ �K� � �^r6�C�������z��~

e
��~ � ô �Z��~�|�u(u(�`|S���

B = Iq + A + · · · + A2n−1 + AnBAn. ù wz¤�¤0~�s?�÷�^{�|��(�3Î ô ����"�Sy�����~
An ��~`r6s2vx~`|�� 0

wzrí~`rís�u(s�y�����îay6~
AnBAn ��~`r6s2vx~`|�� 0

~`�Cî�y6~
Iq + A + · · · + A2n−1 ��~`r6svx~`|��

B. ù ~���wzr�����~(����wz¤�¤0~(�F{��^|S�S��~`����~(�Cs?�¢wz|�s�|�~���¤�{��^��|Js�~�������u`|S��~ ∑∞
k=0A

k. ù wz¤�¤0~ An ��~`r6stvx~`|��
0
��~(����wz¤�¤0~(��{��^|S�S��~`����~(��s?�¢wz|�s�|�~T{��^��|F��~`r6s�~`r����^y6���S��vx~`|��

B
~`��s�wzr6�T������u`|S��~ ∑∞

k=0A
k �(wzravx~`|S�x~�~`�Z�{<wzy�|���wz¤�¤0~

B.^ .���èa�
B = (bij)

�^��wz|�����~�Î$ø��C~`ra�S|��#��r6~"îay6~
bij

~(�S����������¤�����~0s�~����±��y�����~ ∑n
k=0 a

(k)
ij .

� �÷�^{�|��(�FÎ ç �
���¢~(�S�Zy�r6~��Sy�����~T{�w��S���S��vx~�wzytray�����~ ÿ ~`�Z�`|�wz�����	�^r���~H�^yt��~`r6�F���^|S�x~��c� � wzr6�

bij ≥ 0.	 ,/�Zèa�
X = (x1, . . . , xr)

T ∈ é ê r ~(�S�Fr6wzr±ray��¡��s�wzr6�

XTGrX =
r∑

i,j=1

xixj〈fi, fj〉 = ‖
r∑

i=1

xifi‖2 > 0,

���^|��
f
u`���^r��Zy�r6~����z��~����S� ∑r

i=1 xifi = 0
�^��wz|��

X = 0.
� wzr6�

Gr
~(�S�Zs�ucë6r���~cþ¡{�w��S���S��vx~��

	 <�� 
 �^|Js�ucë6r����S��wzrts�~T���ñ���z��~Cs�~�èi����¤���s����
er
~(�S�Fwz|S�S�6wz�xwzr��^� ö �¡�¢~(�S{��z�(~�~`r��x~`r6s�|�u�{��^|

f1, . . . , fr−1~`� 〈er, fr〉 > 0.
� ��wz|��F�����(wz��wzr�r6~

j
s�~�����¤"�^�S|S���(~ñ������r6~

(cr1, . . . , crq)Gr
~(�S�

q
∑

i=1

cri〈fi, fj〉 = 〈
q
∑

i=1

crifi, fj〉 = 〈er, fj〉.

	 ¹�� é �:~(���H�`���^��|�î�y6~ A �±y�r6~"s����^�xwzr��^��~�ray�����~�~`�H��~(���^y��S|�~l��~`|S¤0~(� ≥ 0.
� wzr6�

Ar = Ir − Gr
~(���

�^y6���S� ö �(wi~E8"�`��~`r���� ≥ 0
~`��wzrÚ��y��?�^{�{�����îay6~C��~£Î û �Jò ù �¢~(�S�Fs���|�~Cîay6~ G−1

r

~(�S���^y6���S� ö �(wi~E8"�`��~`r���� ≥ 0.� {�{�����îay6wzr6�J�^��wz|��F��~ ù ó �c� æ rtwz���S��~`r��Cî�y6~ (cr1, . . . , crq) = (0, . . . , 0, αr)G
−1
r

~(�S� ö �(wi~E8"�`��~`r���� ≥ 0.	 �*� é �?�Sy/80��s�~����^���`y���~`| 〈Ti, Tj〉
î�y���~(�S�Ju`���^�?{��^|Z��~������^r��x~`¤0~`ra�Cs�~Tv��^|S���^����~

x = cos t
ö

1

2

∫ π

0
2 cos it cos jt sin tdt

~`��s�~Tvxu`|S�ïë�~`|Jîay6~����¢~(�S� ≤ 0.
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º n�¬�m(©g«¼*' ¯p¬�"x¼<n!¨^m�¾���~T{�|�was�y����Zs�~ ù �^y6����ü±s�~(�Z��y�����~(� (an)n≥0
~`�

(bn)n≥0
u`���^r��������Sy�����~

(cn)n≥0s�ucë6r���~0{��^|
cn =

∑n
k=0 akbn−k,

�^��wz|��
Rc ≥ Rm = min{Ra, Rb}

~`�ñwzr �
A(z)B(z) = C(z)

{�wzy�|
|z| < Rm.� {�{��������^�S��wzr��!�!�"}4wz|S¤Hy���~0s�yL����r6ýz¤0~�s�~B�C~��F��wzrXs�yõ�(wzy�|����#80|S¤0~�î�y6~�{�wzy�|

α
|�u(~`��r6wzrõ~`r��S��~`|

{<w��S���S�ï}>~`� −1 < h < 1
�^��wz|��

(1 + h)α ~(�S�J���"��wz¤�¤0~Hs�~ñ���"��u`|S��~ ∑∞
n=0 Pn(α)hn �(vx~(� P0(α) = 1

~`�
Pn(α) = 1

n!α(α− 1) . . . (α− n+ 1)
~`�Zîay6~T��~C|��(üxwzr¥s�~��(wzravx~`|S�x~`r6�(~ñs�~��(~`�S��~���u`|S��~�~`r��S���`|�~�~`r

h
~(�S�

ç � � {�{�����îay��^r��T�(~`��� ö
h = −x2 ~`� α = −1/2

wzr¥vxwz����îay6~
B
~(�S��s�u`vx~`��wz{�{��^����~�~`r¥��u`|S��~�~`ra�S���`|�~���vx~(�

Rb = 1
��vx~(�

bn = 0
�S�
n
~(�S�F��¤�{��^��|J~`����{�wzy�|

n = 2p
{��^��|

b2p = (−1)pPp(−1/2) =
1

p!

1

2
(
1

2
+ 1) . . . (

1

2
+ p− 1) =

1.3.5. . . . (2p− 1)

2pp!
= 4−pCp

2p.

� y��^r�� ö
A
���¢~(�S��y�r"{�wz��üir6ýz¤0~Z~`�:s�wzr6���S|S��va���^��~`¤0~`ra�:y�r6~J��u`|S��~Z~`r��S���`|�~T�(vx~(�

Ra = ∞.
� wzr6�

Rm = 1
�

�!�C��u`|S��~�~`r��S���`|�~Fs�~���wz¤�¤0~
C(x) = A(x)B(x)

�	�^�S���5}��^����s�wzr6�
Rc ≥ 1

~`����~(���(wa~E8"�`��~`ra���
(cn)

���^�S���5}�wzr��
s�wzr6�

c0 = a0b0 = 1
~`���<{�wzy�|

n > 0 cn =
∑n

k=0 akbn−k = bn + bn−1.
� {�{�����îay��^r����(~`�S��~H}4wz|S¤Hy���~ ö

n = 2p
~`� ö

n = 2p+1
{<wzy�|

p
~`ra�S��~`|�wzr�wz���S��~`r��

c2p = c2p+1 = 4−pCp
2p. ê ~(�S��~ ö wz�6��~`|Svx~`|�î�y6~�{<wzy�|

−1 < x < 1
wzr2�

C(x) =
√

1+x
1−x .�! �¬a¨#"�«I"x¬ ¶¥¾ ç ���!�í|�~`{�|�u(��~`ra���^�S��wzr ��|��^{�����îay6~±~(�S����¤�¤0u(s����^��~t~`��~(�S��}4wz|S¤0u(~Ús�~� Swz�����ñ}�~(�S��wzr6�����!�

}4wzr6�`�S��wzr
f
~(�S�F�(wzr��S��ray6~0ò����¢~(�S���S|S��va���^���Sy�|

]− π, π[.
�!�H����¤�����~ ö ���^y6���6~�s�~

f
~`r
π
~(�S�

π2.
�!������¤�����~

ö s�|�wz����~�s�~
f
~`r −π ~(�S�T�^y6���S� π2.

ìL�^���T�(wz¤�¤0~H���"}�wzr6�`�S��wzrõ~(�S�J{�u`|S��wis���î�y6~����¢~(�S���^y6���S�p���0����¤�����~ ös�|�wz����~�s�~
f
~`r
π. ù wz¤�¤0~T���ñ����¤�����~ ö ���^y6���6~�s�~ f ~`r π ~(�S� π2 ~`�Fî�y6~ f(π) = π2,

���H}�wzr6�`�S��wzr
f
~(�S�

�(wzr��S��r�y6~�~`r
π
~`�Zs�wzr6��~`rt��wzy��

(2p+ 1)π
{��^|Z{<u`|S��wis����`����u�� � wzr6�

f
~(�S�Z�(wzr��S��ray6~H��y�| é ê .�!�t}4wzr6�`�S��wzr

f
~(�S�Hu`vi��s�~`¤�¤0~`r���s�u`|S��v��^����~l~`r ��wzy��ñ{�wz��r���î�y��:r��¢~(�S�ñ{��z��s�~0���±}4wz|S¤0~

(2p + 1)π~`�����0}�wzr6�`�S��wzr
x 7→ f ′(x)

~(�S���(wzr��S��r�y6~"~`ríy�rõ��~`��{�wz��r���� æ rL{�~`y���{�|�u`vxwz��|�s?�÷�^{�|��(�T��~�s�~(���S��rõî�y6~����
s�u`|S��vxu(~�~`r

π
r��¢~c£����S��~�{��z�g��ìL�^���Jwzrí��~�¤0wzra�S|�~H|S���xwzy�|�~`y6��~`¤0~`r���~`rL���^���`y����^r��T��~(������¤�����~(� ö s�|�wz����~�~`�

ö ���^y6���6~�îay��^r6s
x
��~`r6sLvx~`|��

π
s�yL|��^{�{�wz|S� f ′x)−f(π)

x−π

î�y�����wzra��|�~(�S{�~(�`�S��vx~`¤0~`r��
2π

~`� −2π
~`����wzra�

s�wzr6��s����S�S��r6�`��~(��� � wzr6�
f
r��¢~(�S�Z{��z��s�~��`���z����~

C1.�!������¤�����~ ö ���^y6���6~�s�~
f ′
~`r
π
~(�S�

2π.
�!�H����¤�����~ ö s�|�wz����~�s�~

f
~`r −π ~(�S� −2π.

ìí�^���F�(wz¤�¤0~����
}4wzr6�`�S��wzrí~(�S�F{<u`|S��wis���îay6~����¢~(�S���^y6���S�?��������¤�����~ ö s�|�wz����~�s�~

f ′
~`r

π. ù wz¤�¤0~���������¤�����~ ö ���^y6���6~Hs�~ f ′~`r
π
~(�S�

2π
wzrÚvxwz���$îay6~J��~(�:����¤�����~(� ö s�|�wz����~T~`� ö ���^y6���6~Cs�~

f ′
~c£i���S��~`ra�F~`�$��wzra�$ë6r���~(���a~`�Fs�wzr6�

f
~(�S�

s�~��`���z����~
C1

{��^|F¤0wz|��(~��^y�£?�
ó �?��~0���^���`y���s�~(���(wi~E8"�`��~`r����Hs�~��6wzy�|S��~`|ñ~(�S���S���^r6s6�^|�s ~`�T}4wzy�|Sr����

a0 = π2/3
~`��{<wzy�|

n > 0
�^y

¤0w�üx~`r2s�~ñs�~`y�£���ra��u`��|��^�S��wzr6��{��^|Z{��^|S�S��~(�
an = 4(−1)n/n2.

ð�r�ë6r
bn = 0

���^|Z���H}4wzr6�`�S��wzr2~(�S�Z{��^��|�~��
ô �6�!�H}�wzr6�`�S��wzr

f
~(�S�Zs�~��`���z����~

C1
{��^|F¤0wz|��(~��^y�£¥~`�Z�(wzra�S��r�y6~�� 
 �^|C�(wzr6��u(î�y6~`ra���6s?�÷�^{�|��(�Z��~T�S�6u(w^þ

|��`¤0~�s�~ � ��|S��������~`�C~`����~�~(�S��u`���^��~ ö ������wz¤�¤0~ñs�~�������u`|S��~�s�~���wzy�|S��~`|��
�! �¬a¨#"�«I"x¬ ^ ¾ ç � ù wz¤�¤0~ | cos nt|

n2n ≤ un = 1
n2n

~`�tîay6~
limn→∞

un+1

un
= 1/2 < 1

��~õ�`|S�����`|�~õs�~
� � � ��~`¤ñ��~`|S�����^|��^r��S�������t�(wzr�vx~`|S�x~`r6�(~Ús�~"���±��u`|S��~ ∑∞

n=1 un
~`�H���±�(wzr�vx~`|S�x~`r6�(~�r6wz|S¤"�^��~�s�~0���t��u`|S��~

�(wzr6�S��s�u`|�u(~��xð�r6�Sy�����~�s?�÷�^{�|��(����~��(wzy�|����z{�wzy�| −1 < x < 1
���T��wz¤�¤0~�s�~$���C��u`|S��~ ∑∞

n=1
xn

n

~(�S� − log(1−
x).

���^�����^ra�
x = 1/2

s6�^r6�J�(~T|�u(�Sy������^��wzr¥wz���S��~`ra������v��^��~`y�|�s�~
f(0) = − log(1− 1

2) = log 2.ó � ù wz¤�¤0~ d
dt

cos nt
n2n = − sin nt

2n

wzrV� | d
dt

cos nt
n2n | ≤ 2−n ���±��u`|S��~��xu(wz¤0u`�S|S��îay6~"s�~�|��^����wzr 1/2

u`���^ra�
�(wzr�vx~`|S�x~`r���~��!wzrL~`rLs�u(s�y�����î�y6~H���l��u`|S��~Hs�~(�Ts�u`|S��vxu(~(��~(�S�Cr6wz|S¤"�^��~`¤0~`r����(wzravx~`|S�x~`r���~���s�wzr6����s?�÷�^{�|��(�
��~H�(wzy�|����<y�r��ï}�wz|S¤0u`¤0~`r����(wzravx~`|S�x~`r���~�� � ~H{���y6�J���l��u`|S��~�s�~�}�wzr6�`�S��wzr6�C��r����S���^��~��(wzr�vx~`|S�x~�~`rõ�^y2¤0wz��r6�
y�r±{<wz��ra� ÿ ��wzy6����~`rÚ}��^������s?�÷�^{�|��(����~ ç �c� æ rt~(����s�wzr6��s6�^r6�Z��~(�F�(wzr6s����S��wzr6��s?�÷�^{�{��������^�S��wzr2s�yÚ�S�6u(wz|��`¤0~
s�~�s�u`|S��vz�^�S��wzr2s?� y�r6~���u`|S��~�s�~C}�wzr6�`�S��wzr6��~`�

f ′
~(�S�F������wz¤�¤0~ñs�~T������u`|S��~ ∑∞

n=1
− sinnt

2n .

ç5O�ó



ô �ª���J��u`|S��~>�xu(wz¤0u`�S|S��îay6~ ∑∞
n=1(e

−it/2)n =
∑∞

n=1(cosnt−i sinnt)/2n s�~:|��^����wzr e−it/2
�(wzr�vx~`|S�x~

���^|�����|��^����wzr¥~(���Zs�~T¤0was�y���~
1/2 < 1.

è�����wz¤�¤0~�~(�S�Zs�wzr6�
e−it

2− e−it
=

1

2eit − 1
=

1

2 cos t− 1 + 2i sin t
=

2 cos t− 1− 2i sin t

5− 4 cos t
.

ð�rt{�|�~`r��^r��J����{��^|S�S��~���¤"�^����r��^��|�~Hwzr¥����~T|�u(�Sy������^�Zvxwzy���y��
ø6�6ð�r±}¡�^�����^ra�Z��~������^r��x~`¤0~`ra�Cs�~�v��^|S���^����~

u = 5− 4 cos t
s6�^r6�F�¡� ��ra��u`��|��^��~H��y���vz�^ra��~�wzr¥�

f(x) = f(0) +

∫ x

0

−2 sin tdt

5− 4 cos t
= log 2− 1

2
log(5− 4 cos x).

�! �¬a¨#"�«I"x¬ 	 ¾���~(�>}�wzr6�`�S��wzr6�
f1(x, y) = ex−|y| ~`� f2(x, y) = x−y2 ��wzra�:�(wzr��S��ray6~(���Sy�| é ê 2 ���^|:~`����~(���wzr��T��wz¤�¤0~�s�~�}�wzr6�`�S��wzr6�Tu`va��s�~`¤�¤0~`ra���(wzr��S��r�y6~(� ö y�r6~Hvz�^|S���^����~�� � wzr6�

Aj = {(x, y; fj(x, y) > 0}~(�S�Hwzy�vx~`|S�����^|H���¢~(�S�H�¡� ��¤"�^�x~"��ravx~`|���~0{��^|H���Ú}�wzr6�`�S��wzr �(wzra�S��r�y6~
fj
s�~"�¡�¢wzy�vx~`|S��s�~ é ê u`���^� ö

]0,∞[.� wzr6�
A = A1 ∩A2

~(�S�Zwzy�vx~`|S���6�(wz¤�¤0~ñ��r���~`|���~(�`�S��wzrís?� y�rtr6wz¤ñ��|�~�ë6r���s?�¢wzy�vx~`|S�����
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º n�¬�m(©g«¼*' ¯�¬0"x¼<n!¨^m�¾<èa�
U
~(�S�$y�r6~J¤"�^�S|S���(~T���^|S|�u(~��(wz¤�{���~c£�~���î�y��¢~(�S���(~Cî�y6~J���H¤"�^�S|S���(~T�zs^ Swz��r���~Ts�~

U?
� y��¢~(���T�(~�îay�� y�r6~�¤"�^�S|S���(~�y�r������^��|�~!ú � u(�`|S��|�~���~(��u`��u`¤0~`r����Hs�~

SU(2)
ÿ �(vx~(�0s�u`¤0wzr6�S�S|��^�S��wzr�� ÿ ø

{<wz��ra����c�
�! �¬a¨#"�«I"x¬õ¶¥¾ æ rt¤ñy�r���� é ê 3 s�~���wzr¥{�|�wis�y����������^���^��|�~H���^r6wzr���î�y6~�� æ r¥�(wzr6�S��s��`|�~ñ��~(�Zvx~(�`��~`y�|��Cs�~ é ê 3�Sy���vz�^ra���

X =





x
y
z



 , Y =





1
2
3



 .

ù �^���`y���~`| ‖Y ‖. æ rlr6wz��~T~`r6�Sy�����~ f(X) = x+ 2y+ 3z.
ìíwzr��S|�~`|Zîay6~J��� ‖X‖ = 1,

�^��wz|��
f(X) ≤

√
14.
 wzy�|Cî�y6~`�

X
s�~�r6wz|S¤0~ ç ���5þÖwzr¥u`���^������u!ú ÿ ó {�wz��r�����c�

�! �¬a¨#"�«I"x¬ ^ ¾?èiwz���
θ
ë�£�u�s6�^r6�

]0, π[
~`�

A =

[
1 + cos 2θ sin 2θ

sin 2θ 1− cos 2θ

]

.

ç ��9!|�wzy�vx~`|�y�r6~�¤"�^�S|S���(~�wz|S�S�6wz�xwzr��^��~
U
~`�Ty�r6~�¤"�^�S|S���(~�s����^�xwzr��^��~

D
s?�¢wz|�s�|�~ ó ��~`����~(��î�y6~

A =
UDUT

ÿ ó {<wz��ra����c�
ó �Jèa�

ρ > 0
~`�
a > 0,

¤��`¤0~(�Jî�y6~(�S�S��wzr6��{<wzy�|F��~(�Z¤"�^�S|S���(~(�
ρA

~`�
P = aI2 + ρA

ÿ ó {�wz��r�����c�
ô �Zìíwzr��S|�~`|�îay6~

P
~(�S��s�ucë6r���~�{<w��S���S��vx~�~`�J���^���`y���~`|�����|��z�`��r6~ñ���^|S|�u(~ ÿ ó {<wz��ra����c�

�! �¬a¨#"�«I"x¬ 	 ¾pèiwz���
E
y�rí~(�S{��z�(~ñ~`y6�`����s���~`rõs�~Hs���¤0~`r6�S��wzr

q
~`�C��wz��� 〈x, y〉 ��wzr2{�|�was�y����T�����^���^��|�~���èiwz���~`r�ë6r

a ∈ L(E)
��~`��îay6~

a3 = idE.
æ rts�ucë6r����T�^��wz|��F����}�wz|S¤0~T��������r6u��^��|�~ñ�Süi¤0u`�S|S��î�y6~ñ�Sy�|

E

B(x, y) = 〈x, y〉+ 〈a(x), a(y)〉 + 〈a2(x), a2(y)〉.
ç �Zìíwzr��S|�~`|�î�y6~

(x, y) 7→ B(x, y)
s�ucë6r����$y�r"r6wzy�vx~��^y�{�|�was�y����$�����^���^��|�~J��y�|

E
ÿ
E
¤Hy�r��<s�~

B
��~`|��

s����Z~`y6�`����s���~`r2{<wzy�|F�������S|Sy6�`�Sy�|�~
B
� ÿ ó {�wz��r����E�c�

ó � ù �^���`y���~`| B(a(x), a(y))−B(x, y)
~`�!s�u(s�y���|�~>s�y�|�u(��y������^�!î�y6~

a
~(�S��wz|S�S�6wz�xwzr��^�i{�wzy�|����F�S�S|Sy6�`�Sy�|�~

B
ÿ ó {<wz��ra����c�

ô �Zìíwzr��S|�~`|Cî�y6~
det a = 1.

èiwz���
f
y�r6~����z��~�wz|S�S�6wzr6wz|S¤"�^��~�s�~

E
{<wzy�|Z���0�S�S|Sy6�`�Sy�|�~

B.

 wzy�|�îay6wz�

���5þÖwzr
[a]ff ∈ SO(q)?

ÿ ó {<wz��ra����c�
ø6� æ r �Sy�{�{<w���~0s�u(��wz|S¤"�^���

q = 2
~`�
E = é ê 2 ~`y6�`����s���~`r ���^r6wzr���îay6~�� æ rV�(wzr6�S��s��`|�~ly�r6~"¤"�^�S|S���(~

���^|S|�u(~
A 6= I2

s?�¢wz|�s�|�~ ó |�u(~`����~H��~`����~�î�y6~
A3 = I2.

èiwz���
R(θ) =

[
cos θ − sin θ
sin θ cos θ

]

.
ìíwzr��S|�~`|

ö �¡�÷�^��s�~Ls�y ô �l~`�Ús�y �(wzy�|��±î�y�� ����~c£����S��~¥y�r6~í¤"�^�S|S���(~í��r�vx~`|���������~L|�u(~`����~õs?�¢wz|�s�|�~ ó ��~`����~Lîay6~
A = PR(±2π/3)P−1

ÿ ó {�wz��r�����c�

ç5O ø
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ç �Jèiwz���
(un)n≥0

y�r6~���y�����~ls�~lr6wz¤ñ��|�~(���(wz¤�{���~c£�~(��� � y6~�������r��ïë�~"���¥{���|��z��~ � ���¥��u`|S��~ ∑∞
n=0 un�(wzravx~`|S�x~c�!ú � y6~0�S����r��ïë�~����±{���|��z��~ � ���Ú��u`|S��~ ∑∞

n=0 un
�(wzravx~`|S�x~"�^�6��wz��y�¤0~`r��5�pú"ð�r6wzr6�(~`|�y�r

|�u(�Sy������^��|�~`�����^r��Z��~(�Zs�~`y�£±r6wz�S��wzr6���
ó �Jèiwz���

a = (an)n≥0
~`�
b = (bn)n≥0

s�~`y�£´��y�����~(�l�(wz¤�{���~c£�~(��� � y��÷�^{�{<~`����~2�5þÖwzr �Sy�����~¥{�|�was�y����
s�~ ù �^y6����ü c = (cn)n≥0

s�~
a
~`�
b?
ð�r6wzr6�(~`|ñy�rV�S�6u(wz|��`¤0~0|�~`�����^ra�H��~(���S|�wz������u`|S��~(� ∑∞

n=0 an
�

∑∞
n=0 bn

~`� ∑∞
n=0 cn.ô �Jèiwz���

a = (an)n≥0
~`�
b = (bn)n≥0

s�~`y�£Ò��y�����~(���(wz¤�{���~c£�~(�0~`�
c = (cn)n≥0

��~`y�|�{�|�wis�y�����s�~
ù �^y6����üx�pèiwz��� A(z), B(z), C(z)

��~(����wz¤�¤0~(��s�~(���S|�wz������u`|S��~(��~`ra�S���`|�~(�ñ�(wz|S|�~(�S{�wzr6s6�^r���~(� ö �¡� ��r�þ��u`|S��~`y�|Cs�~���~`y�|���s�����îay6~(��s�~ñ�(wzr�vx~`|S�x~`r6�(~�|�~(�S{�~(�`�S�ï}4�
Ra, Rb, Rc.

ð�r6wzr6�(~`|Jy�r¥�S�6u(wz|��`¤0~ñ|�~`�����^r��
Ra, Rb, Rc

~`�Z|�~`�����^r��
A,B,C.ø6�Zð�r6wzr6�(~`|ñ��~��S�6u(wz|��`¤0~�{<~`|S¤0~`�S���^ra�ñs�~�s�ucë6r���|���~�|���üxwzr s�~��(wzr�vx~`|S�x~`r6�(~

R
s?� y�r6~���u`|S��~�~`r��S���`|�~

∑∞
n=0 anz

n.û �Jèiwz���
fn : [a, b] → é ê y�r6~F�Sy�����~Fs�~$}�wzr6�`�S��wzr6��� � y6~Z������r��ïë�~����C{���|��z��~ � ���T�Sy�����~ (fn)n≥0

�(wzr�vx~`|S�x~
y�r��ï}�wz|S¤0u`¤0~`r��ñ��y�|

[a, b]?
èa�
f(x) = limn→∞ fn(x)

~c£����S��~���u`r6wzr6�(~`|�y�r6~��(wzr6s����S��wzr �Sy/8"�	�^r���~
{�wzy�|Zî�y6~

f
��wz���Z�(wzra�S��r�y6~��Sy�|

[a, b].� �Jèiwz���
fn : [a, b] → é ê y�r6~��Sy�����~"s�~"}�wzr6�`�S��wzr6��� � y6~��S����r��ïë�~l���±{���|��z��~ � ���2��u`|S��~ ∑∞

n=0 fn(x)�(wzravx~`|S�x~Lr6wz|S¤"�^��~`¤0~`r��¥�Sy�|
[a, b]?

èa�T��� ��u`|S��~í�(wzr�vx~`|S�x~õ{�wzy�|l��wzy��
x ∈ [a, b]

u`r6wzr6�(~`|Úy�r6~
�(wzr6s����S��wzr¥��y/8"���^r���~ñ{<wzy�|Zîay6~�������wz¤�¤0~

S
��wz�����(wzr��S��ray6~ñ�Sy�|

[a, b].;i�Jèiwz���
f : ]x0 − ε, x0 + ε[→ é ê y�r6~H}�wzr6�`�S��wzr2��r6s�ucë6r���¤0~`ra�ñs�u`|S��vz�^����~�� � y��÷�^{�{�~`����~��5þÖwzrí��u`|S��~�s�~9p�(üi��wz|$s�~

f
~`r
x0?

èiwz���
α
y�rlr6wz¤H��|�~�|�u(~`�¡� 
 |�u(�`����~`�T�(~`�S��~���u`|S��~�s�~39��(üi��wz|${<wzy�|

x0 = 0, ε = 1~`�
f(x) = (1 + x)α.4 �Jèiwz���
E
y�rÒ~(�S{��z�(~0r6wz|S¤0u�~`�

A ⊂ E.
� y6~��S����r��ïë�~l���±{���|��z��~

A
~(�S�Hwzy�vx~`|S�Áú � y6~l�S����r��ïë�~l���

{���|��z��~
A
~(�S��}�~`|S¤0u!ú � wzr�r6~`|Z���0���^|��z�`��u`|S�����^�S��wzr2s�~(��}�~`|S¤0u(�Z~`rt��~`|S¤0~(�Js�~��Sy�����~(���

M � � wzr�r6~`|F��~(���ª£���wz¤0~(�Zs?� y�r6~�r6wz|S¤0~�s6�^r6�Zy�rt~(�S{��z�(~Tvx~(�`��wz|S��~`�
E
��y�| é ê . � wzr�r6~`|Zy�r6~�s�ucë6r����S��wzrs�~(��}4wzr6�`�S��wzr6�C�(wzr��S��ray6~(���Sy�|

E.
� �¡�÷�^��s�~�s�~H�(~(�T�ª£���wz¤0~(�J~`�Ts�~ñ�(~`�S��~�s�ucë6r����S��wzr��<¤0wzr��S|�~`|�î�y6~

x 7→ ‖x‖ ~(�S�Z�(wzr��S��ray6~H��y�| E.ç5O �Jèiwz���
E
y�r�~(�S{��z�(~:r6wz|S¤0u:s�~:s���¤0~`r6�S��wzrñë6r���~$~`�

K ⊂ E.
� y6~>������r��ïë�~>���Z{���|��z��~

K
~(�S���(wz¤�{��z�`�Áú

� wzr�r6~`|�~`r6�Sy�����~�y�r6~����^|��z�`��u`|S�����^�S��wzrís�~(���(wz¤�{��z�`����s�~
E.

ç5O�û
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ç � � ucë6r���|Z��~T{�wz��üar6ýz¤0~�¤���r���¤"�^�!s?� y�r¥~`r6s�wz¤0wz|S{������S¤0~�s?� y�r¥~(�S{��z�(~�s�~�s���¤0~`r6����wzr±ë6r���~��
ó �Jèiwz���

a
y�r�~`r6s�wz¤0wz|S{������S¤0~Zs�~$�¡�¢~(�S{��z�(~Fs�~�s���¤0~`r6�S��wzr�ë6r���~

E.
� y6~��S����r��ïë�~����J{���|��z��~ �

a
~(�S��s����ªþ

�xwzr��^�������^����~c��úCð�r6wzr6�(~`|�y�r6~C�(wzr6s����S��wzrÚr6u(�(~(�����^��|�~T~`�$��y/8"���^r���~J{<wzy�|�îay6~
a
��wz����s����^�xwzr��^�������^����~

~`r±��~`|S¤0~(�Js�~���wzrt{�wz��üar6ýz¤0~T¤���r���¤"�^�¡�
ô �Jèiwz���

a
y�r´~`r6s�wz¤0wz|S{������S¤0~2s�~±�¡�¢~(�S{��z�(~2s�~ts���¤0~`r6�S��wzr ë6r���~

E
�Sy�|���~¥�(wz|S{6�"s�~(�"�(wz¤�{���~c£�~(���

� y��÷�^{�{�~`����~C�5þÖwzr�s�u(�(wz¤�{�w��S���S��wzr±s�~ � y�r�}�wz|�sÚs�~
a?
� y6~C������r��ïë�~����ñ{���|��z��~ � �������z��~

f
s�~
E
~(�S�

y�r6~T���z��~ñs�~ � y�r�}�wz|�s±{�wzy�|
a
��ú

ø6� � wzr�r6~`|±y�r6~õs�u`¤0wzr6�S�S|��^�S��wzr�s�~L�¡� ��r6u`���^������uXs�~ èi�����$�^|S�Òs6�^r6�±y�rÃ~(�S{��z�(~õ~`y6�`����s���~`r ÿ ��~(�t���z�
s?�¢u`���^������u�r6~ñ��wzr��Z{��z��s�~`¤"�^r6s�u(��c�

û �Jèiwz���
F
y�rõ��wzy6�T~(�S{��z�(~�vx~(�`��wz|S��~`��s�~H�¡�¢~(��{��z�(~�~`y6�`����s���~`r

E.
� ucë6r���|����l{�|�w^ S~(�`�S��wzrXwz|S�S�6wz�xwzr��^��~

�Sy�|
F
~`�F���0�Süa¤0u`�S|S��~ñwz|S�S�6wz�xwzr��^��~�{��^|F|��^{�{�wz|S� ö

F.� �Zð�r6wzr6�(~`|H��~��S�6u(wz|��`¤0~����^|��z�`��u`|S�����^r������Ú{�|�w^ S~(�`�S��wzrVwz|S�S�6wz�xwzr��^��~��Sy�|�y�r ��wzy6�H~(�S{��z�(~�vx~(�`��wz|S��~`�
s6�^r6�Fy�r2~(�S{��z�(~�~`y6�`����s���~`r��

;i� � y��÷�^{�{�~`����~��5þÖwzr ~`r6s�wz¤0wz|S{������S¤0~�wz|S�S�6wz�xwzr��^� ÿ wzy ����wz¤0u`�S|S��~0vx~(�`��wz|S��~`����~���s6�^r6��y�rX~(�S{��z�(~0~`y�þ
�`����s���~`rJúñì2wzra�S|�~`|Zî�y�� y�r±��~`��~`r6s�wz¤0wz|S{�������¤0~�r6~T{<~`y��Z��vxwz��|�s?�÷�^y��S|�~(�Fv��^��~`y�|���{�|�wz{�|�~(�Zî�y6~ ±1,~`�Zîay�� ���!~(�S�Zs�~�s�u`��~`|S¤���r��^ra� ±1.4 �Jèiwz���

E
y�r0{����^r"~`y6�`����s���~`r�� � u(�`|S��|�~Z���^r6��s�u`¤0wzr6�S�S|��^�S��wzr���~(�>~`r6s�wz¤0wz|S{�������¤0~(�:wz|S�S�6wz�xwzr��^y�£ ÿ wzy

����wz¤0u`�S|S��~(�Zvx~(�`��wz|S��~`����~(��Fs�~
E
s�~ñs�u`��~`|S¤���r��^r��Zþ ç ��ì2�`¤0~�îay6~(�S�S��wzr±{�wzy�|��(~`y�£Ús�~�s�u`��~`|S¤���r��^ra�

ç �
M �Zð�r6wzr6�(~`|T��~H�S�6u(wz|��`¤0~�s�~ñ����s�u(�(wz¤�{�w��S���S��wzrL{<wz���^��|�~�s?� y�rL~`r6s�wz¤0wz|S{������S¤0~���ravx~`|��S������~�s?� y�rL~(�Sþ
{��z�(~�~`y6�`����s���~`r��

ç5O �Jèa�
U
~(�S��y�r6~�¤"�^�S|S���(~"���^|S|�u(~0�(wz¤�{���~c£�~��?îay��¢~(�S���(~�îay6~�����¤"�^�S|S���(~"�zs^ Swz��r���~0s�~

U?
� y��¢~(�S���(~

îay�� y�r6~T¤"�^�S|S���(~�y�r������^��|�~!ú � u(�`|S��|�~���~(�Zu`��u`¤0~`ra���Js�~
SU(2)

ÿ �(vx~(�ñs�u`¤0wzr6���S|��^�S��wzr��c�

ç5O6�
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º n�¬�m(©g«¼*'t¯p¬F"x¼Án�¨^m�¾ � ucë6r���|���~�{�wz��üar6ýz¤0~>¤���r���¤"�^�as?� y�rñ~`r6s�wz¤0wz|S{������S¤0~$s?� y�rH~(��{��z�(~�s�~>s���¤0~`r6�S��wzr
ë6r���~��
�! �¬a¨#"�«I"x¬í¶t¾�èiwz���

E
y�rt~(�S{��z�(~�~`y6�`����s���~`rt~`�Z��wz���

A
~`�
B
s�~`y�£Ú��wzy6�F~(�S{��z�(~(�Fvx~(�`��wz|S��~`�����Sy�{�{���u`¤0~`r�þ

���^��|�~(�Js�~
E
�����¢~(�S� ö s���|�~ñ��~`���Jîay6~

A+ B = E
~`�
A ∩B = {0}. æ r¥r6wz��~ñ{��^| p ����{�|�w^ S~(�`�S��wzrís�~ E�Sy�|

A
{��^|��^�����`��~`¤0~`ra� ö

B,
���¢~(�S� ö s���|�~ñî�y6~��S�

a ∈ A ~`�
b ∈ B �^��wz|��

p(a+ b) = a.ç � æ r´��y�{�{<w���~¥s6�^r6�"�(~`�S��~¥îay6~(�S�S��wzr´îay6~
A
~`�
B
��wzra�lwz|S�S�6wz�xwzr��^y�£?�:ìíwzr��S|�~`|�î�y6~±{�wzy�|0��wzy��

x ∈ E wzr2� ‖p(x)‖2 ≤ ‖x‖2.ó � æ rõ�Sy�{�{�w���~�s6�^r6�C�(~`�S��~�îay6~(�S�S��wzrõîay6~ñ{�wzy�|T��wzy��
x ∈ E

wzrX� ‖p(x)‖2 ≤ ‖x‖2 ~`�TwzrLvx~`y��T~`rs�u(s�y���|�~�îay6~
A
~`�
B
��wzr��Zwz|S�S�6wz�xwzr��^y�£?� 
 wzy�|��(~`������wzrÚë�£�~

a ∈ A ~`�
b ∈ B. 9!|�wzy�vx~`|Z��~(�Zs�~`y�£r6wz¤H��|�~(�

r
~`�
s
��~`���Hîay6~l{<wzy�|H��wzy��

λ
|�u(~`��wzrÒ�^���

rλ + s = ‖λa + b‖2 − ‖p(λa + b)‖2.
ð�r

y��S���������^ra�J�^��wz|��Z��~C}¡�^���Zîay6~
rλ+ s ≥ 0

{<wzy�|F��wzy��
λ
|�u(~`�¡��¤0wzr��S|�~`|Cî�y6~ 〈a, b〉 = 0.

�! �¬a¨#"�«I"x¬ ^ ¾?èiwz���
n
y�r2~`r��S��~`| ≥ 2.ç �Jèiwz���

M = (mij)1≤i,j≤n
���í¤"�^�S|S���(~±��üa¤0u`�S|S��îay6~Ú|�u(~`����~Ús?�¢wz|�s�|�~

n
s�ucë6r���~±{��^|

mii = 1
{<wzy�|

i = 1, . . . , n
~`�
mij = 1/2

�S�
i 6= j.

ì2wzra�S|�~`|Cîay6~
M
~(�S�Js�ucë6r���~ñ{<w��S���S��vx~��Áì2u`�S�6wis�~"ò�wzr¥{�~`y��

s�u`¤0wzra�S|�~`|��¡� ��s�~`r��S����u
n∑

i=1

x2
i +

∑

1≤i<j≤n

xixj =
1

2

n∑

i=1

x2
i +

1

2

(
n∑

i=1

xi

)2

.


 wzy�|�î�y6wz�
M
~(�S�Z~`����~���r�vx~`|��S������~!ú

ó �Jèiwz���
E
y�r ~(�S{��z�(~l~`y6�`����s���~`rVs�~0s���¤0~`r6�S��wzr

n
~`�
u1, u2, . . . , un

s�~(�ñvx~(�`��~`y�|��ñs�~
E
s�~�r6wz|S¤0~

ç ��~`���Cîay6~�s�~ñ{���y6���Á{�wzy�|
i 6= j

wzrõ�^���J��wzyz Swzy�|�� ‖ui − uj‖2 = 1.
ìíwzr��S|�~`|�î�y6~ 〈ui, uj〉 = 1/2{�wzy�|

i 6= j.
èa�
X
~(�S�Fy�r±vx~(�`��~`y�|C�(wz��wzr�r6~�s�~ é ê n s�~ñ�(wz¤�{<w����^ra��~(� (x1, . . . , xn)

��~`�!î�y6~
n∑

i=1

xiui = 0

¤0wzra�S|�~`|Jîay6~
MX = 0.

� u(s�y���|�~Hs�~��(~(�`�!~`��s�y ç ��îay6~
(u1, u2, . . . , un)

~(�S�Fy�r6~����z��~�s�~
E.

�! �¬a¨#"�«I"x¬ 	 ¾!èiwz���
θ > 0.

æ r±{�w���~
t = 2 ch θ

~`�Zwzr¥�(wzr6�S��s��`|�~���~(��s�~`y�£Ú¤"�^�S|S���(~(�

A =

[
−1 t
0 1

]

, B =

[
1 0
t −1

]

.

ù �^���`y���~`| AB, ��wzr s�u`��~`|S¤���r��^ra�"~`���	�¥�S|��z�(~ ÿ |��^{�{�~`��ò 2 ch2 θ − 1 = ch 2θ),
~`��~`rÒs�u(s�y���|�~±��wzr

{<wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��îay6~���9�|�wzy�vx~`|�y�r6~�¤"�^�S|S���(~���ravx~`|��S������~
P
~`�Ty�r6~�¤"�^�S|S���(~�s����^�xwzr��^��~

D
|�u(~`����~(�

s?�¢wz|�s�|�~ ó ��~`����~(��îay6~
AB = PDP−1.

ð�r2s�u(s�y���|�~
(AB)n �S� n ~(�S�Fy�rt~`ra�S��~`|�|�~`���^�S�ï}S�

×�ØzÆ��cÔ"È�É&ÅFÇ�ÜJÊkl�Î�ÜF×JÜBÇ�Ü�ÝxÍ
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º ¾ 	 ¾ñèa�T�¡�¢~(�S{��z�(~õvx~(�`��wz|S��~`�
E
~(���Ús�~õs���¤0~`r6����wzr ë6r���~õ~`�t�S�

a
~(����y�rÃ~`r6s�wz¤0wz|S{�������¤0~ s�~

E
����~

{<wz��üir6ýz¤0~ñ¤���r���¤"�^��s�~
a
~(�S�J��~�{�wz��üar6ýz¤0~H¤0wzr���îay6~ñr6wzr2r�y��

P
s�~ñ{���y6�����z�Cs�~`��|�uñ��~`�pî�y6~

P (a)
~(�S�

�¡�¢~`r6s�wz¤0wz|S{������S¤0~ñray��¡�
¶ö,Á¾�èiwz���

x = a+ b
��vx~(�

a ∈ A ~`�
b ∈ B. � �÷�^{�|��(� 
 üi�S���^�xwz|�~ ‖x‖2 = ‖a‖2 + ‖b‖2 ≥ ‖a‖2.

¶÷<?¾ 
 y�����î�y6~
p(λa+ b) = λa

wzr2�
rλ+ s = ‖λa+ b‖2 − ‖p(λa+ b)‖2 = λ2(‖a‖2 − ‖a‖2) + 2λ〈a, b〉 + ‖b‖2.

� wzr6�
r = 2〈a, b〉 ~`� s = ‖b‖2 r6~�s�u`{<~`r6s�~`ra��{��z�Cs�~ λ. � ~�{���y6�C���0}�wzr6�`�S��wzrX�#80r6~ λ 7→ rλ + s

~(�S�
��wzyz 5wzy�|�� ≥ 0

{��^|��aüa{�wz�S�(�(��~ñò��(~(�`�6r��¢~(�S��{�w����S������~Zîay6~Z�S�
r = 0,

ÿ ����r6wzr
rλ+s

�����^r��x~Cs�~Z�S����r6~�î�y��^r6s
λ
v��^|S��~�~`r��S|�~ ∞ ~`�

+∞ �c� � wzr6� a ~`� b ��wzr���wz|S�S�6wz�xwzr��^y�£?�
^ ,Á¾6��� ��s�~`r��S����uC��~Zs�u`¤0wzra�S|�~���¤�¤0u(s����^��~`¤0~`ra�F~`r"s�u`vx~`��wz{�{��^r�����~Z��~(�(wzr6s"¤0~`¤ñ��|�~��ið�r6�Sy�����~��a�S�

XT =
(x1, . . . , xn)

�^��wz|��
XTMX

~(�S����~0{�|�~`¤���~`|ñ¤0~`¤ñ��|�~ls�~��¡� ��s�~`r��S����u��p~`����~0��~(�(wzr6sX¤0~`¤ñ��|�~"u`���^ra�ñy�r6~
��wz¤�¤0~Hs�~H���^|S|�u(����~(������wzyz Swzy�|�� ≥ 0.

� wzr6�
M
~(�S�Cs�u   ö y�r6~�¤"�^�S|S���(~�{�w��S���S��vx~�� 
 wzy�|Jvxwz��|Cî�y��¢~`����~�~(�S�s�ucë6r���~H{�w��S���S��vx~��Á����|�~(����~ ö vxu`|S�ïë�~`|Cîay6~

XTMX = 0
~`ra�S|��^��r6~

X = 0.
ìL�^������~���~(�(wzr6s2¤0~`¤ñ��|�~�ray��

~`r��S|��^��r6~ ∑n
i=1 x

2
i = 0

~`�Ts�wzr6�
X = 0.

�!�"¤"�^�S|S���(~
M
~(�S�J��r�vx~`|��S������~����^|Ts�ucë6r���~�{<w��S���S��vx~ ÿ ���¢~(�S�Cs�y

�(wzy�|���c�
^ <?¾ 
 y�����îay6~

1 = ‖ui − uj‖2 = ‖ui‖2 − 2〈ui, uj〉 + ‖uj‖2 = 2 − 2〈ui, uj〉,
wzr � 〈ui, uj〉 = 1/2.ð�r6�Sy�����~�wzrL¤ñy����S��{�����~������^���^��|�~`¤0~`ra� ∑n

i=1 xiui
{��^|

uj
{�wzy�|Twz����~`r���| 1

2 (xj +
∑n

i=1 xi) = 0. ù wz¤�¤0~���¢~(�S�Fva|��^�?{�wzy�|F��wzy��
j
���¢~(����s���|�~

MX = 0. ù wz¤�¤0~ M ~(�S�F��ravx~`|��S������~����(~`����~`ra�S|��^��r6~
X = 0

~`�Zs�wzr6�
��~(�

(u1, . . . , un)
��wzr��Z��r6s�u`{�~`r6s6�^r������ ù wz¤�¤0~�����s���¤0~`r6�S��wzr2s�~ E ~(�S�

n
�����¢~(�S���^y6���S�?y�r6~����z��~�s�~

E.

	 ¾
AB =

[
t2 − 1 −t
t −1

]

=

[
4ch 2θ − 1 −2ch θ

2ch θ −1

]

=

[
e2θ + 1 + e−2θ −eθ − e−θ

eθ + e−θ −1

]

.

ð�r6�Sy�����~
det(AB) = detAdetB = (−1)2 = 1,

~`�C�S|��z�(~
(AB) = t2 − 2 = 2ch 2θ.


 y�����îay6~
AB

~(�S�
s?�¢wz|�s�|�~ ó �a��wzr"{�wz��üir6ýz¤0~J���^|��z�`��u`|S���S�S��îay6~C~(�S�

X2−X �S|��z�(~ (AB)+det(AB) = X2− 2Xch (2θ)+1.èi~(�ñv��^��~`y�|���{�|�wz{�|�~(����~0���^���`y���~`ra�ñ}¡�z�`����~`¤0~`r���~`�H��wzr��
ch (2θ) ± sh (2θ) = e±2θ. ù wz¤�¤0~ θ > 0

��~(�
vz�^��~`y�|��p{�|�wz{�|�~(����wzra�ps����S�S��r6�`��~(��~`�

AB
~(�S��s�wzr6��s����^�xwzr��^�������^����~�� ù �^���`y���wzr6��y�r�vx~(�`��~`y�|p{�|�wz{�|�~ (x, y)T�z����wi�`��u ö ����vz�^��~`y�|�{�|�wz{�|�~

e2θ :
���!���^�S���S}��^���

(t2 − 1)x− ty = e2θx,
wzy¥~`r6�(wz|�~

(e2θ + 1 + e−2θ)x− (eθ + e−θ)y = e2θx,

wzyV~`r6�(wz|�~
x = eθy.

æ r {�~`y���{��^|ñ~c£�~`¤�{���~0{�|�~`r6s�|�~
y = 1

~`�ñy�r vx~(�`��~`y�|ñ{�|�wz{�|�~ls�~
e2θ ~(�S� f1 =

(eθ, 1)T .
� ~�¤��`¤0~ñy�r¥vx~(�`��~`y�|�{�|�wz{�|�~Hs�~

e−2θ ~(�S� f2 = (1, eθ)T .
�!��¤"�^�S|S���(~

P
s�~H�����^r��x~`¤0~`ra�Cs�~

���z��~�~`r��S|�~��������z��~����^r6wzr���îay6~
e
~`�F�������z��~

f = (f1, f2)
���^�S���5}¡�^���

P =

[
eθ 1
1 eθ

]

, P−1 =
1

e2θ − 1

[
eθ −1
−1 eθ

]

.

� vx~(�
D =

[
e2θ 0
0 e−2θ

] wzrH�
AB = PDP−1.

ð�r�ë6r�{�wzy�|
n
~`r��S��~`|

> 0
wzrñ�

(AB)n = (PDP−1)n =

PDnP−1
ÿ wzrX{�~`y�����~�vxwz��|�{��^|�|�u(�`y�|S|�~`r6�(~"�Sy�|

n
�c� ù wz¤�¤0~ det(AB) = 1

�^��wz|��
AB

~(�S����ravx~`|��S������~
ç5O64



~`�HwzrX{�~`y��H�(wzr6�S��s�u`|�~`|
(AB)n {<wzy�| n ~`r��S��~`| < 0. é �:~(�S�ñ�`���^��|Hîay6~ (AB)−1 = PD−1P−1 ~`�ñs�wzr6�

(AB)n = (PDP−1)n = PDnP−1 �^y6���S�?{�wzy�| n ≤ 0.
Î:|�~c}S��{�wzy�|Z��wzy���~`r��S��~`|�|�~`���^�S�ï}Fò

(AB)n =
1

e2θ − 1

[
eθ 1
1 eθ

] [
e2nθ 0
0 e−2nθ

] [
eθ −1
−1 eθ

]

=
1

e2θ − 1

[
e(2n+2)θ − e−2nθ −e(2n+1)θ + e(−2n+1)θ

e(2n+1)θ − e(−2n+1)θ −e2nθ + e(−2n+2)θ

]

=
1

sh θ

[
sh (2n+ 1)θ −sh 2nθ

sh 2nθ −sh (2n− 1)θ

]

.

ç5O6M



`a'p«�½<¬�¨^mg« ©�kt¦Z¾´b?§�1�§�©g«¬a¨�º�°±¬an�² ³ã«§�m
2ieme §('A'!ka¬6ºk`aÝF¹?º�¬� �§6o ¬�' ¯P%�§('�§6®$)�m�¬¥¯p¬b?¬���©�¬ao?1p¨ª¬u<6·�·*<

º n�¬�m(©g«¼*'¥¯p¬Q"x¼<n!¨^m�¾aèiwz���
(un)n≥0

y�r6~$�Sy�����~:s�~�r6wz¤ñ��|�~(���(wz¤�{���~c£�~(��� � y6~>�S����r��ïë�~:���F{���|��z��~ � ������u`|S��~
∑∞

n=0 un
�(wzr�vx~`|S�x~c�pú � y6~��S����r��ïë�~T���H{���|��z��~ � ������u`|S��~ ∑∞

n=0 un
�(wzravx~`|S�x~ñ�^�6��wz��y�¤0~`ra�5�pú 
 |�u(�`����~`|���~

����~`r¥~`r��S|�~ñ��~(�Zs�~`y�£�r6wz�S��wzr6�g�
�! �¬a¨#"�«I"x¬2¶t¾?èiwz���

(un)n≥0
y�r6~C��y�����~J|�u(~`����~C{�w��S���S��vx~C��~`����~Tî�y6~

u0 = u1 = 1
~`�$��~`����~Tîay6~T�S�

n ≥ 1
wzr

�^���
2(n+ 1)un+1 =

∑n
k=0 ukun−k.ç � ù �^���`y���~`| u2, u3, u4.
ìíwzr��S|�~`|T{��^|C|�u(�`y�|S|�~`r6�(~���y�|

n
îay6~

un ≤
√

2
(
√

2)n
.
ð�rLs�u(s�y���|�~Hîay6~H���"��u`|S��~

~`ra�S���`|�~ ∑∞
n=0 unx

n ��y�r0|��(üxwzr�s�~Z�(wzr�vx~`|S�x~`r6�(~ R ≥
√

2
ÿ ìíu`�S�6was�~ñò�|��^{�{<~`��~`|:���0Ñ�ÇIÚ>Ð6ßÕ4ß�ÓzÐ�s�y

|���üxwzrXs�~��(wzr�vx~`|S�x~`r6�(~��c� æ rõr6wz��~�s�u(��wz|S¤"�^����{��^|
f(x)

���Ú��wz¤�¤0~�s�~��(~`�S��~���u`|S��~�~`r��S���`|�~0{<wzy�|
−R < x < R.ó � 
 wzy�|

n ≥ 0
wzr {�w���~

vn =
∑n

k=0 ukun−k
~`�±s�wzr6�

v0 = 1
~`�
vn = 2(n + 1)un+1

{�wzy�|
n ≥ 1.

ìíwzr��S|�~`| ö �¡�÷�^��s�~�s�yV�(wzy�|���î�y6~"{<wzy�| −R < x < R
��~(�H��wz¤�¤0~(��s�~(����u`|S��~(��~`r��S���`|�~(�

∑∞
n=0 vnx

n ~`� ∑∞
n=0(n+1)un+1x

n ��wzr���|�~(�S{�~(�`�S��vx~`¤0~`r�� f(x)2
~`�
f ′(x).

ð�r"s�u(s�y���|�~F���Cv��^��~`y�|
s�~

2f ′x)− f(x)2.ô � � u(s�y���|�~�s�y ó ��îay6~T{�wzy�| −R < t < R
wzr2�

∫ t

0

2f ′(x)
1 + f(x)2

dx = t.

� �¡�÷�^��s�~�s�y"�����^r��x~`¤0~`r��Fs�~Zv��^|S���^����~
u = f(x)

ÿ r6~Z{��z�:wzy�������~`|:îay6~
f(0) = 1 = tg π

4

�c�x���^���`y���~`|
�¡� ��ra��u`��|��^��~ñ�`��s�~(���Sy6��~`��~`rts�u(s�y���|�~

f(t)
{�wzy�| −R < t < R.

�! �¬a¨#"�«I"x¬ ^ ¾!èiwz���
n
y�r¥~`r��S��~`|

> 0
~`�
E
�¡�¢~(�S{��z�(~ñvx~(�`��wz|S��~`��s�~�s���¤0~`r6�S��wzr

n(n+ 1)/2
s�~(��¤"�^�S|S���(~(�

|�u(~`����~(�ñ�Süi¤0u`�S|S��î�y6~(�ñs?�¢wz|�s�|�~
n
¤Hy�r��:s?� y�r6~�r6wz|S¤0~"î�y6~`���(wzr6îay6~���èiwz���

P
�¡�¢~`r6��~`¤H����~"s�~(��¤"�^�S|S���(~(�

As�~
E
î�y��>��wzr��ñ{�w��S���S��vx~(���!���¢~(�S� ö s���|�~"��~`����~(�Hîay6~�{�wzy�|ñ��wzy���~"¤"�^�S|S���(~"�(wz��wzr�r6~

X
s?�¢wz|�s�|�~

n
wzrV�^���

XTAX ≥ 0
ÿ s�~(�C�^y���~`y�|���s�����~`ra�J�^y6���S� � ��~`¤���s�ucë6r���~�{<w��S���S��vx~c��{�wzy�| � {<w������S��vx~c�ø�c�

ç �Jèiwz���
X
ë�£�u�� 
 wzy�|�îay6wz�<�¡�÷�^{�{��������^�S��wzr�s�~

E
s6�^r6� é ê s�ucë6r���~�{��^| A 7→ XTAX

~(�S�>~`����~J�(wzr��S��r�y6~!ú
ó �Zìíwzr��S|�~`|ñîay6~

P
~(�S�C}4~`|S¤0u ÿ ìíu`�S�6wis�~tò<y��S��������~`|���~ ç �J~`����{��^|ñ~c£�~`¤�{���~������Ú���^|��z�`��u`|S�����^�S��wzrVs�~(�

}�~`|S¤0u(�F{��^|Z��~(�Z��y�����~(�Zs6�^r6�F��~(�Z~(�S{��z�(~(��r6wz|S¤0u(��c�
�! �¬a¨#"�«I"x¬ 	 ¾$ð�r2 5y6�S�S�ïëÁ�^ra��vxwz�S|�~Ú|�u`{�wzr6��~��p��r6s���îay6~`����~(��î�y6~`����~(��s�~(����u`|S��~(���Sy���v��^r���~(����wzr����(wzr�vx~`|5þ
�x~`r���~(��ò

∞∑

n=1

nn

n!2n
,

∞∑

n=1

n!2n

nn
,

∞∑

n=1

(

log(1 +
1√
n

)

)2

,

∞∑

n=1

(−1)n log(
n+ 1

n
).
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	 ¼�¨^¨^«²Ákt¯�¬í®�%ïk���¨^¬an!½Á¬2¯P%�§('�§6®$)�m�¬6º�°±¬an�² ³ã«§�m�º-`aÝF¹?º´b�¬��!©�¬io?1�¨^¬2<6·Á·�<?¾

º ¾ 	 ¾��Jwz��wzr6�
sn =

∑n
k=0 uk.

� ��|�~�î�y6~F���T��u`|S��~ ∑∞
n=0 un

�(wzr�vx~`|S�x~�~(���>s���|�~Zîay6~
limn→∞ sn

~c£i���S��~�~`�
~(�S�!ë6r���~�� � ��|�~:îay6~:������u`|S��~ ∑∞

n=0 un
�(wzr�vx~`|S�x~F�^�6��wz��y�¤0~`ra��~(�S��s���|�~�îay6~����J��u`|S��~ ∑∞

n=0 ‖un‖
�(wzr�vx~`|S�x~��

q�r �S�6u(wz|��`¤0~õs�y �(wzy�|��±�#80|S¤0~Lîay�� y�r6~í��u`|S��~2îay��C�(wzravx~`|S�x~X�^�6��wz��y�¤0~`r��t�(wzravx~`|S�x~��F���¢~c£�~`¤�{���~ís�~
un = (−1)n/(n+ 1)

¤0wzra�S|�~ñîay�� y�r6~���u`|S��~�{�~`y��Z�(wzr�vx~`|S�x~`|T���^r6�F�(wzr�vx~`|S�x~`|��^�6��wz��y�¤0~`ra���
¶ö,Á¾

2.2u2 = u0u1 + u1u0 = 2 ⇒ u2 = 1/2

2.3u3 = u0u2 + u2
1 + u2u0 = 2 ⇒ u3 = 1/3

2.4u4 = u0u3 + u1u2 + u2u1 + u3u0 = 5/3 ⇒ u4 = 5/24.

ì2wzra�S|�wzr6��{��^|$|�u(�`y�|S|�~`r6�(~Tîay6~
un ≤ 2−(n−1)/2. ù �¢~(����u`vi��s�~`r���{�wzy�| n = 0

~`� ç ��èay�{�{�w���wzr6���(~`���Hva|��^�
  y6��îay�� ö

n ≥ 1.
� ��wz|��

2(n+ 1)un+1 ≤
n∑

k=0

√
2

(
√

2)k

√
2

(
√

2)n−k
=

2(n+ 1)

(
√

2)n
,

~`�$���H|�u(�`y�|S|�~`r6�(~�~(����u`��~`r6s�y6~�� ê �^{�{<~`��wzr6�F�^��wz|��Fîay6~C��~J|���üxwzr R s�~ ∑∞
n=0 unx

n ~(���:�¡� y�r���îay6~�u`��u`¤0~`r��s�~
[0,∞]

��~`�6îay6~$���J��u`|S��~F�(wzr�vx~`|S�x~Z�S� |x| < R
~`��s���vx~`|S�x~F�S� |x| > R.

æ �6��~`|Svxwzr6���^��wz|���îay6~��S� |x| < √
2�^��wz|��

un|x|n ≤
√

2(
|x|

(
√

2)
)n.

� wzr6�ñ��~���~`|S¤0~ñ�xu`r6u`|��^�
un|x|n

~(�S�Z¤"�ª Swz|�u�{��^|���~���~`|S¤0~��xu`r6u`|��^�ps?� y�r6~H��u`|S��~��xu(wz¤0u`�S|S��î�y6~�s�~�|��^����wzr
|x|√

2
∈ [0, 1[,

s�wzr6���(wzr�vx~`|S�x~`ra��~�� � �÷�^{�|��(�:��~Z�S�6u(wz|��`¤0~Js�~��(wz¤�{��^|��^����wzrÚs�~(�>��u`|S��~(� ö ��~`|S¤0~(�:{�w��S���S�ï}4�g�����
��u`|S��~ ∑∞

n=0 unx
n �(wzr�vx~`|S�x~Z�^�6��wz��y�¤0~`ra���xs�wzr6�F�(wzr�vx~`|S�x~�� � wzr6� R ≥ |x| {�wzy�|���wzy�� x ��~`��î�y6~ |x| < √

2~`��s�wzr6�
R ≥

√
2.

¶ù<�¾$��~��(wzy�|���s�����îay6~l�S�
cn =

∑n
k=0 akbn−k

{�wzy�|H��wzy��
n
~`��î�y6~��S�

Ra
~`�
A(x)

��wzr�����~(�ñ|���üxwzr
s�~��(wzravx~`|S�x~`r6�(~0~`�T������wz¤�¤0~ ÿ {<wzy�| |x| < Ra)

s�~ ∑∞
n=0 anx

n �^��wz|�� Rc ≥ min(Ra, Rb)
~`�
C(x) =

A(x)B(x)
�S� |x| < min(Ra, Rb).

� {�{�����îay6wzr6���(~�{�|S��r6�`��{�~ ö
an = bn = un.

� ��wz|��
cn = vn

�
A = B =

f
~`�Zs�wzr6�

C = f2.��~Z�(wzy�|���s�����îay6~
Ra

~(�S�>�^y6��������~�|��(üxwzr"s�~F�(wzravx~`|S�x~`r6�(~�s�~ ∑∞
n=0(n+1)an+1x

n ~`��î�y6~F���C��wz¤�¤0~~(�S�
A′(x)

{�wzy�| |x| < Ra.
� wzr6��{�wzy�| |x| < R

������wz¤�¤0~ñs�~ ∑∞
n=0(n+ 1)un+1x

n ~(�S� f ′(x).��~C�(wzy�|��$s�����~`r�ë6rÚî�y6~���~�|���üxwzr�s�~C�(wzr�vx~`|S�x~`r6�(~�s�~ ∑∞
n=0(an− bn)xn ~(�S� ≥ min(Ra, Rb)

~`��î�y6~
������wz¤�¤0~�s6�^r6�F��~ñs�����î�y6~�s�~ñ�(wzr�vx~`|S�x~`r6�(~ñ~(���

A(x)−B(x).
� {�{�����î�y6wzr6���(~`��� ö

an = 2(n+ 1)un+1~`�
bn = vn. ù wz¤�¤0~ a0− b0 = 1

~`�
an− bn = 0

�S�
n ≥ 1

�^��wz|��
A(x)−B(x)

��~F���^���`y���~Js�~ ó ¤"�^r����`|�~(�
î�y��?}�wzy�|Sr�������~`ra�

2f ′(x)− f(x)2 = 1
�S� |x| < R.

¶ ¹�¾J��~ ó ��}�wzy�|Sr����Ú{<wzy�| |x| < R
�¡�¢u`���^������u 2f ′(x)

1+f(x)2 = 1.
ð�r ��r���u`��|��^r��¥��~(�ls�~`y�£´¤0~`¤H��|�~(�t�Sy�|

�¡� ��r���~`|Sv��^����~±s?�¢~c£i�S|�u`¤�����u(�
0
~`�
t
wzr �¥�¡�¢~c£�{�|�~(���S��wzr �^r�r6wzr6�(u(~�����~Ú�����^r��x~`¤0~`r��ls�~"v��^|S���^����~���r6s���î�y6u

s�wzr�r6~
t =

∫ f(t)

1

2du

1 + u2
= [2 arctan u]

f(t)
1 = 2arctan f(t)− π

2
,

f(t) = tan(
t

2
+
π

4
) =

1 + tan t
2

1− tan t
2

= tan t+
1

cos t
.

ç�ç�ç



ÿ ê ~`¤"�^|�îay6~0ò�wzrtvx~`|S|���~`r±�����(~`r6�(~Hî�y6~��(~�|�u(��y������^�Z{<~`|S¤0~`�Zs�~�¤0wzr��S|�~`|Jîay6~ R = π/2 >
√

2.

^ ,Á¾J���÷�^{�{��������^�S��wzr&~(�S�l����r6u��^��|�~��F~`�Ú��wzy���~õ�^{�{��������^�S��wzrÃ����r6u��^��|�~Ls�ucë6r���~õ�Sy�|�y�r ~(�S{��z�(~ír6wz|S¤0uís�~
s���¤0~`r6�S��wzrtë6r���~�~(���Z�(wzr��S��r�y6~��
^ <?¾Áèiwz���

(An)n≥0
y�r6~��Sy�����~Zs�~

P
îay����(wzr�vx~`|S�x~�vx~`|��

A.
ì2wzra�S|�wzr6�>îay6~

A
~(�S�:�^y6���S�6s6�^r6�

P.
ð�rl~E�?~`�

{<wzy�|:��wzy��
X
wzr��

XTAnX ≥ 0
{��^|:��üi{<wz�S�(�(��~�� � �÷�^{�|��(�>��~ ç �

lim XTAnX = XTAX
~`�$�(wz¤�¤0~����

����¤�����~Cs?� y�r6~���y�����~ ≥ 0
~(�S� ≥ 0

wzrt�
XTAX ≥ 0. ù wz¤�¤0~ A ∈ E wzrt�

A ∈ P ~`�$s�wzr6�
P
~(�S�>}�~`|S¤0u��

	 ¾ H wz��|J��~(���S��wzrts�~���~`{���~`¤ñ��|�~ ó6O6O�ç �

ç�ç�ó



°±¬an�²�<t@aoX¬2§('='�k�¬�º-`a'�« ½Á¬a¨ªmª«�©�k2¦J§6np®!b�§�1p§�©g«¬�¨�`aÝF¹
°±¬x½<¼Á«¨:'?npoXka¨ª¼�,2¯P%�§6®²�@�1�¨^¬2®4«�'!ka§6«¨ª¬�º

�õ¨^¬aoX¬�©(©�¨ª¬í§6n ¯�¬a¨p'p«¬�¨:�ñ°%¯P%�§6®²�@�1�¨^¬¥¯p¬2®§õm�¬ioX§6«�'!¬2¯pn ¹�·Zõ�·�¿X§6n���õ�,i·�<6·�·*<
èiwz���

n
y�r ~`ra�S��~`| ≥ 2

~`����wz���
E
�¡�¢~(�S{��z�(~0vx~(�`��wz|S��~`�$�Sy�| é ê s�~(��¤"�^�S|S���(~(�H���^|S|�u(~(�ñ|�u(~`����~(��s?�¢wz|�s�|�~

n.
èiwz���

f : E → é ê y�r6~H}�wz|S¤0~ñ����r6u��^��|�~���y�| E ��~`����~�î�y6~�s�~H{���y6�T{<wzy�|C��wzy6�
X
~`�
Y
s6�^r6�

E
wzrL�^���

f(XY ) = f(Y X).
��~���y���s�y {�|�wz�����`¤0~0~(�S��s�~�¤0wzra�S|�~`|Hîay��÷�^��wz|�������~c£i������~�y�rX|�u(~`�

c
��~`��î�y6~0{<wzy�|

��wzy��
X ∈ E

wzrõ�^���
f(X) = c

�S|��z�(~
X.

� �^r6�C��wzy���~����l�Sy�����~ñ{�wzy�|
k = 1, . . . , n Pk = (pij) ∈ E

~(�S�
s�ucë6r���{��^|

pij = 0
���

(i, j) 6= (k, k)
~`�
pkk = 1.ç �Jèiwz���

X = (xij) ∈ E.
ìíwzr��S|�~`|���~(���#80|S¤"�^�S��wzr6���Sy���v��^r���~(�Úò

P1 + . . . + Pn = In, P
2
k = Pk,

PkXPk = xkkPk
~`�
f(XPk) = f(PkXPk) = xkkf(Pk).ó � � �^r6�?��~����z��{��^|S�S���`y�����~`|
n = 2,

�S|�wzy�vx~`|
U ∈ E ��r�vx~`|���������~���~`����~�îay6~ P2U = UP1.

ì2�`¤0~�îay6~(�S�S��wzr
{�wzy�|

n
î�y6~`���(wzr6îay6~��6ð�r�ë6r��6���

k ≥ 2
�S|�wzy�vx~`|

Uk ∈ E
��r�vx~`|���������~���~`����~�îay6~

Pk = UkP1U
−1
k .ô � æ r�{�w���~

c = f(P1).
ìíwzr��S|�~`| ö �¡�÷�^��s�~>s�y ó �?îay6~

c = f(Pk)
{�wzy�|���wzy��

k = 1, . . . , n.
ð�rñu(�`|S��v��^r��

X = X(P1 + . . .+ Pn)
¤0wzra�S|�~`| ö �¡�÷�^��s�~�s�~T��������r6u��^|S����u�s�~

f
~`�Zs�y ç �$î�y6~

f(X) = c
�S|��z�(~

X.

°±¬x½<¼Á«¨:'?npoXka¨ª¼·,2¯&%ï§('�§6®$)�m�¬6º
�õ¨^¬ao ¬x©(©�¨^¬2§6n ¯�¬a¨p'p«¬�¨7�ñ° ¯P%�§('�§6®$)�m�¬¥¯p¬2®§õm�¬ioX§6«�'!¬2¯pn�Y2§6n¾,�,2¼Z"x©�¼�1p¨ª¬2<�·�·*<
èiwz���

a
�
b
~`�
c
�S|�wz���ñr6wz¤H��|�~(�H{�w��S���S�ï}��ñwzyVr�y������ æ rV�(wzr6�S��s��`|�~l��~(�H�S|�wz����}�wzr6�`�S��wzr6���#80r6~(��s�~

x
ò

A = x + a, B = x + b
~`�
C = x + c,

�^��r6�S��îay6~t��~(�"s�~`y�£ }�wzr6�`�S��wzr6��s�ucë6r���~(�l�Sy�|
]0,+∞[

{��^|
R = (

√
A+

√
B)(

√
B +

√
C)(

√
C +

√
A)

~`�
J = x+

√
AB +

√
BC +

√
CAç �Jèiwz���

s > 0
ë�£�u���ìíwzr��S|�~`|�î�y6~ ∫ +∞

s
dx√
ABC

.
~(�S��y�r6~���r���u`��|��^��~T�(wzr�vx~`|S�x~`ra��~ ÿ ì2u`�S�6wis�~ñò�¤0wzr��S|�~`|

îay6~T����}�wzr6�`�S��wzr
x 7→ 1√

ABC

~(�S��u(îay���vz�^��~`ra��~ ö
x−3/2 î�y��^r6s x ��~`r6stvx~`|��F�¡� ��r�ë6r��¡�Á~`�Zy��S��������~`|���~�S�6u(wz|��`¤0~�s?�¢u(îay���vz�^��~`r6�(~ñs�~(����r���u`��|��^��~(�Z��¤�{�|�wz{�|�~(�E�c� æ rts�u(�S����r6~�s�u(��wz|S¤"�^���F{��^|

I(s)
���ñv��^��~`y�|

s�~$�(~`�S��~���r���u`��|��^��~ ÿ r6~${��z�����6~`|����6~`| ö �������^���`y���~`|�{�wzy�|
a, b, c

îay6~`���(wzr6î�y6~(��c� � y6~`����~F~(�S�p���J����¤�����~
s�~
I(s)

îay��^r6s
s→ +∞?

ìíwzr��S|�~`|�î�y6~
I ′(x) = − 1√

ABC
. ù �^���`y���~`| I(s) î�y��^r6s a = b = c ≥ 0.

ó � � u(�(wz¤�{�w���~`|H~`r u`��u`¤0~`ra�����S��¤�{���~(�ñ���Ú}|��z�`�S��wzrV|��^�S��wzr�r6~`����~ 2
u2−a

~`�H���^���`y���~`| ∫ U√
s+a

2du
u2−a

�(vx~(�
U >

√
s+ a.

ð�r s�u(s�y���|�~
I(s)

s6�^r6�0��~¥���z�0{��^|S�S���`y�����~`|
b = c = 0

{��^|0��~¥�����^r��x~`¤0~`r��Ús�~
v��^|S���^����~

u =
√
x+ a.

ÿ � �^r6�J�(~`�S��~�î�y6~(���S��wzr���{<~`r6��~`| ö s����S�S��r���y6~`|
a > 0

~`�
a = 0.)ô � ÿ ç �$ìíwzr��S|�~`|Cî�y6~

J(x) = (
√
A+

√
B)(

√
A+

√
C)− a > x.ÿ ó �$ð�r2s�u(s�y���|�~ñîay6~

J ′(x) = R
2
√

ABC
.ÿ ô � � vx~(��s�~`y�£±~c£i{�|�~(������wzr6�Z�S��¤������^��|�~(� ö ÿ ç �c�6¤0wzr��S|�~`|Jîay6~

R2 = (J + a)(J + b)(J + c).ø6�Zìíwzr��S|�~`|"��vx~(� ç �c� ô � ó ��~`� ô � ô ��î�y6~
2I ′(J(x))J ′(x) = I ′(x)

{�wzy�|���wzy��
x > 0.

ð�r s�u(s�y���|�~��
��vx~(�"���t����¤�����~ ö �¡� ��r�ë6r��$s�~

I(s)
���^���`y���u(~Ú�^y ç �c�pî�y6~

2I(J(x)) = I(x).
ð�rVu(�`|S��v��^r��

I(s) =
∫ J(s)
s +

∫ +∞
J(s)

dx√
ABC

,
¤0wzra�S|�~`|Jîay6~

I(s) = 2
∫ J(s)
s

dx√
ABC

.û � ÿ c!ØxÏ`Å+d Õ¡Ø�Õ4ß ���¥èiwz���
(Jn)+∞n=0

��� ��y�����~Vs�~X}4wzr6�`�S��wzr6�ís�ucë6r���~(�L�Sy�|
]0,+∞[

{��^|
J0(x) = x

~`���
{�wzy�|

n ≥ 0, Jn+1(x) = Jn(J(x)).
ìíwzr��S|�~`|õ{��^|L|�u(�`y�|S|�~`r6�(~ ��y�|

n
ö �¡�÷�^��s�~ s�y�ø��2îay6~

I(s) = 2n+1
∫ Jn+1(s)
Jn(s)

dx√
ABC

� u`¤0wzr��S|�~`| ö �¡�÷�^��s�~ís�y �����^r��x~`¤0~`ra�¥s�~ívz�^|S���^����~
x = st

î�y6~
lims→+∞

√
s
∫ J(s)
s

dx√
ABC

=
∫ 4
1

dt
t3/2 = 1.

ì2wzra�S|�~`|�î�y6~
(Jn(x))n≥0

~(�S�Cy�r6~��Sy�����~��S�S|S���`��~`¤0~`r��
�`|�wz�����	�^r���~Fs�wzr������C����¤�����~�r6~${�~`y��k�`�S|�~�y�r�r6wz¤ñ��|�~�ë6r��¡��ð�r0s�u(s�y���|�~Fîay6~

limn→∞ Jn(x)/4n+1 =
1/I(x)2.

ç�ç�ô



°±¬an�²�<t@aoX¬2§('='�k�¬�º-`a'�« ½Á¬a¨ªmª«�©�k2¦J§6np®!b�§�1p§�©g«¬�¨�`aÝF¹
°±¬x½<¼Á«¨:'?npoXka¨ª¼�<õ¯P%�§6®²�@�1�¨^¬2®4«�'!ka§6«¨ª¬�º

� ¨ª¬ioX¬x©(©�¨^¬¥§6n ¯p¬�¨�'�«¬�¨���°%¯&%ï§6®²�@�1p¨ª¬2¯�¬í® §õmg¬aoX§6«�'�¬¥¯�n�,+�X§6n¿,/�õ¼Z"�©�¼�1�¨^¬?<�·�·�<

èiwz���
0 < θ < π.

æ r {�w���~
t = 2 cos θ.

èiwz���
E = C

2 �¡�¢~(�S{��z�(~lvx~(�`��wz|S��~`�F�(wz¤�{���~c£�~Ú���^r6wzr���îay6~ls�~s���¤0~`r6�S��wzr ó ~`�C��wz���
e = (e1, e2)

���"���z��~ñ���^r6wzr���îay6~�� æ rí�(wzr6�S��s��`|�~���~(�Cs�~`y�£2~`r6s�wz¤0wz|S{������S¤0~(�
a
~`�

b
s�~

E
s�~T¤"�^�S|S���(~(�Z|�~`{�|�u(��~`r����^�S��vx~(�J|�~(�S{<~(�`�S��vx~(�Js6�^r6�F�������z��~

e :

[a]ee = A =

[
−1 t
0 1

]

, [b]ee = B =

[
1 0
t −1

]

.

ù �^���`y���~`| AB, ��wzr s�u`��~`|S¤���r��^r��t~`��¤0wzr��S|�~`|±îay6~2��� �S|��z�(~í~(�S� 2 cos 2θ.
ð�r s�u(s�y���|�~2��~2{�wz��üar6ýz¤0~

���^|��z�`��u`|S���S�S��î�y6~ñs�~
c = a ◦ b. 9�|�wzy�vx~`|���~(�:v��^��~`y�|���{�|�wz{�|�~(�Fs�~ c ~`��y�r6~C���z��~ f = (f1, f2)

s�~Cvx~(�`��~`y�|��
{�|�wz{�|�~(��s�~

c.

 |�u(�`����~`|

[c]ff
~`����~(�

[fi]
e.
ð�rñs�u(s�y���|�~:y�r6~�¤"�^�S|S���(~���ravx~`|��S������~

P
~`��y�r6~>¤"�^�S|S���(~>s����^�xwzr��^��~

D
��~`����~(��îay6~

AB = PDP−1.
ð�r¥s�u(s�y���|�~

(AB)n �S� n ~(�S�Fy�r2~`r��S��~`|Z|�~`���^�S�ï}S�
°±¬x½<¼Á«¨:'?npoXka¨ª¼v<õ¯&%ï§('�§6®$)�m�¬6º

�õ¨^¬aoX¬�©(©�¨ª¬í§6n ¯�¬a¨p'p«¬�¨:�ñ°%¯P%�§('�§6®°)�mg¬¥¯p¬2®§õm�¬ao §6«�'!¬2¯pnD<K,¥§6nC<�.X¼Z"�©�¼�1p¨ª¬?<6·�·*<
èiwz���

α = 1+
√

2
~`�
β = 1−

√
2.
��~J��y��:s�y�{�|�wz�����`¤0~T~(�S�:s�~�¤0wzr��S|�~`|����H�(wzr�vx~`|S�x~`r6�(~�s�~Z���H��u`|S��~

∑∞
k=1

1
k sin(π

5α
k).ç �Zìíwzr��S|�~`|Z���0�(wzr��x~`|S�x~`r6�(~H�^�6��wz��y6~�s�~(����u`|S��~(�Z�Sy���v��^r���~(�

∞∑

k=1

βk,
∞∑

k=1

sin(
π

5
βk),

∞∑

k=1

1

k
sin(

π

5
βk).

ó �Zìíwzr��S|�~`| ö �¡�÷�^��s�~Cs�yÚ�`|S�����`|�~Js�~ ê ��~`¤"�^r�rÚî�y6~J�S� 1 ≤ a < b ≤ 12
���H��u`|S��~ ∑∞

q=0(
1

12q+a − 1
12q+b)�(wzravx~`|S�x~�� æ rL{<w���~

Sp(a) =
∑p−1

q=0
1

12q+a .
ð����T�(~�îay6~

limp→∞ Sp(a)
~c£i���S��~�~`��~(�S�Cë6r���~!ú"ð��S�

�(~�îay6~
limp→∞(Sp(a)− Sp(b))

~c£����S��~�~`�Z~(�S��ë6r���~!ú
ô � æ r¥�(wzr6����s��`|�~������Sy�����~Hs?�¢~`r��S��~`|��

(Lk)k≥1
s�ucë6r���~�{��^|

L1 = 2, L2 = 6
~`�
Lk+2 = 2Lk+1 + Lk.ìíwzr��S|�~`|0{��^|"|�u(�`y�|S|�~`r6�(~¥�Sy�|

k
îay6~

Lk = αk + βk
ÿ ¤0u`�S�6was�~ ò��S�

L′k = αk + βk ¤0wzr��S|�~`|
L′1 = L1

�
L′2 = L2

~`�
L′k+2 = 2L′k+1 + L′k)

� ù �^���`y���~`|�~`r6��y�����~±��~(�0|�~(�S��~(�"¤0was�y���w ç5O s�~(�r6wz¤H��|�~(�
Lk

{<wzy�|
k = 1, . . . , 12, 13, 14.

� u(s�y���|�~�s�y±|�u(�Sy������^�Zîay6~T��~(��|�~(�S��~(�F¤0wis�y���w ç5O s�~
Lk}�wz|S¤0~`r���y�r6~C�Sy�����~Ts�~�{�u`|S��was�~ ç�ó �6èa�

i = 0, 1, 2, . . . , 9,
��wz���

ai
��~Jr6wz¤ñ��|�~�s�~

k = 1, . . . , 12
��~`���

îay6~
Lk ≡ i

¤0wis�y���w ç5O � � wzr�r6~`|Z����v��^��~`y�|�s�~(�
ai
{�wzy�|

i = 0, . . . , 9.ø6�Zìíwzr��S|�~`|Fîay6~����H��u`|S��~ ∑∞
k=1

1
k sin(π

5Lk)
�(wzr�vx~`|S�x~ ÿ ìíu`�S�6was�~�òa�(wzr6����s�u`|�~`|F���ñ�Sy�����~

(s12p)
∞
p=1

s�~
��~(�F��wz¤�¤0~(�Z{��^|S�S��~`����~(����y�|Svx~`������u(~(����~`y���~`¤0~`ra��{�wzy�|

n = 12p
~`�F¤0wzr��S|�~`|Jîay6~

s12p =

12∑

c=1

sin(
π

5
Lc)Sp(c).

� u(s�y���|�~�s�y ó �:~`� ô �:î�y6~
limp→∞ s12p

~c£����S��~T~`�Z~(�S�$ë6r���~���ì2wzra�S|�~`|J�^y6���S�?îay6~J{�wzy�|
1 ≤ c ≤ 12wzr¥�

limp→∞(s12p+c − s12p) = 0.
� u(s�y���|�~�s�~T��wzy��J�(~`����î�y6~

limn→∞ sn
~c£i������~�~`�Z~(�S��ë6r���~��c�

û �Zìíwzr��S|�~`|�îay6~ñ���l��u`|S��~ ∑∞
k=1

1
k sin(π

5Lk) cos(π
5β

k)
�(wzravx~`|S�x~ ÿ ì2u`�S�6wis�~�ò�y��S��������~`|

cos 2θ = 1 −
2 sin2 θ,

��~T|�u(��y������^��s�~�ø��$~`�Z��~T�S�6u(wz|��`¤0~H�Sy�|F������wz¤�¤0~�s�~�s�~`y�£t��u`|S��~(�E�c�
� �Zìíwzr��S|�~`|����C�(wzr�vx~`|S�x~`r6�(~�s�~:���C��u`|S��~ ∑∞

k=1
1
k sin(π

5α
k)
ÿ ìíu`�S�6wis�~Còzu(�`|S��|�~

αk = Lk−βk,
y��S��������~`|

sin(a− b) = sin a cos b− sin b cos a
~`�Z��~T�S�6u(wz|��`¤0~H�Sy�|F������wz¤�¤0~�s�~ñs�~`y�£Ú��u`|S��~(�E�c�

ç�ç ø
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èiwz���
K
y�r��(wz|S{6��î�y6~`���(wzr6îay6~��

n
y�r�~`ra�S��~`|

> 1
�
E = Kn ¤ñy�r���s�~:�	�F���z��~$���^r6wzr���î�y6~ e = (e1, . . . , en),~`����wz���

a ∈ L(E)
s�ucë6r���{��^|

a(ej) = ej+1
{<wzy�|

j = 1, . . . , n− 1
~`�
a(en) = e1.ç �Zð��`|S��|�~

[a]ee
~`�

[idE + a]ee
s6�^r6����~(�T���z�J{��^|S�S���`y�����~`|��

n = 4
wzy û � � �^r6�C��~ñ���z�C�xu`r6u`|��^�¡�<���^���`y���~`|

ak(e1)
{�wzy�|

k = 0, . . . , n − 1.
ì2wzra�S|�~`|tî�y6~í��~í{<wz��üir6ýz¤0~L¤���r���¤"�^��s�~

a
~(�S�±s�~Ls�~`��|�u

nÿ ìíu`�S�6was�~Úò<�S��wzrõ��vz�^���
P (a) = 0L(E)

{<wzy�|
P
r6wzrLr�y���s�~�s�~`��|�u ≤ n − 1,

wz�6��~`|Svx~`|�îay��÷�^��wz|��
P (a)(e1) = 0E

�(wzr6s�y���� ö y�r6~F�(wzr��S|��zs����`�S��wzr��c� ù �^���`y���~`| an− idE
ÿ ìíu`�S�6wis�~�ò����^���`y���~`|

an(ej)−
ej
�T~`�ñs�u(s�y���|�~ls�yX|�u(�Sy������^����~�{�wz��üir6ýz¤0~0���^|��z�`��u`|S���S�S��îay6~ls�~

a
ÿ ì2u`�S�6wis�~tò?y��S��������~`|���~0�(wzy�|���c�

� y6~`����~(�p��wzr��p��~(��vz�^��~`y�|���{�|�wz{�|�~(��s�~
a
s6�^r6�!��~:���z�!{��^|S�S���`y�����~`|�w��

K
~(�S�!��~:�(wz|S{6��s�~>�(wz¤�{���~c£�~(�p~`�

w��
n = 4

wzy û ú � �^r6����~F���z���xu`r6u`|��^�¡��¤0wzr��S|�~`|>{��^|����J}4wz|S¤Hy���~Zs�y�����r6ýz¤0~Zîay��¢wzr"�
(idE +a)n =

∑n
k=0C

k
na

k.ó �Jèa�
n
~(�S�Úy�r ~`r��S��~`| ≥ 0

~`�±�S�
n =

∑

k≥0 εk(n)2k �(vx~(�
εk(n) = 0

wzy ç �$wzr r6wz��~ ‖n‖ =
∑

k≥0 εk(n)
~`�������

n > 0,
wzr r6wz��~

v(n) = inf{k ≥ 0; εk(n) = 1}
ÿ�
 �^|l~c£�~`¤�{���~���{�y�����îay6~

76 = 22 + 23 + 26 �^��wz|�� ‖76‖ = 3
~`�
v(76) = 2).

ì2wzra�S|�~`|ñîay6~
v(n) = 1 + ‖n − 1‖ − ‖n‖ÿ ìíu`�S�6was�~lò�u(�`|S��|�~

n = 2v + 2v+1p
~`�
n− 1 = 1 + 2 + . . . + 2v−1 + 2v+1p).

ð�rís�u(s�y���|�~�î�y6~
v(n!) = n− ‖n‖ ÿ ìíu`�S�6was�~�ò�wz�6��~`|Svx~`|Tîay6~ v(ab) = v(a) + v(b)).

ìíwzr��S|�~`|Tîay6~ñ�S�
0 ≤ k ≤ n�^��wz|��

v(Ck
n) = ‖k‖ + ‖n − k‖ − ‖n‖. ð�r´s�u(s�y���|�~tîay6~±�S� n = 2r �(vx~(� r ~`r��S��~`| ≥ 0

~`�0�S�
1 ≤ k ≤ n− 1

�^��wz|��
v(Ck

n) ≥ 1.
ìíwzr��S|�~`|Jîay6~��S�

n = 2r(2p+ 1)
~`�
k = 2r ��vx~(� r ~`r��S��~`| ≥ 0~`�

p
~`ra�S��~`| ≥ 1

�^��wz|��
v(Ck

n) = 0.ô � æ rX�Sy�{�{�w���~�s6�^r6���(~`�S��~"î�y6~(�S�S��wzrVî�y6~
K = {0, 1} ~(�S����~��(wz|S{6� ö s�~`y�£Lu`��u`¤0~`ra�����!ìíwzr��S|�~`| ö�¡�÷�^��s�~�s�~(� ç �$~`� ó �$î�y6~

(idE + a)n = 0L(E)
�S��~`�Z��~`y���~`¤0~`ra�J�S�

n
~(�S�Fy�r6~�{�y��������^r6�(~�s�~ ó �

ø6�£c!ØxÏ`Å+d Õ¡Ø�Õ4ß �`�<èa�
z = (z1, . . . , zn) ∈ N

n ~(����y�r6~ñ��y�����~ñs?�¢~`r��S��~`|�� ≥ 0,
�¡�÷�^{�{��������^�S��wzr

z 7→ D(z)
s�~

N
n s6�^r6�

N
n ~(�S�Zs�ucë6r���~�{��^|
D(z) = D(z1, . . . , zn) = (|z1 − z2|, |z2 − z3|, . . . , |zn−1 − zn|, |zn − z1|).

� ��r6�S��{�wzy�|
n = 4

{��^|�~c£�~`¤�{���~���~(������u`|�u(�!s�~
z = (1, 76, 35, 3)

��wzra�
D(z) = (75, 41, 32, 2), D2(z) =

(34, 9, 30, 73), D3(z) = (25, 21, 43, 39), D4(z) = (4, 22, 4, 14), . . . , D8(z) = (0, 0, 0, 0).� �÷�^y��S|�~T{��^|S���6�S�
z ∈ N

n ~`� x ∈ Kn = E,
��vx~(�

K = {0, 1} wzrt�(wzr�vi��~`r���s?�¢u(�`|S��|�~ z ≡ x mod 2�S�
zk
� ���V{��^|S����uLs�~

xk
{�wzy�|

k = 1, . . . , n.
æ r �Sy�{�{�w���~2s�u(��wz|S¤"�^���tî�y6~

n
~(���ly�r6~í{�y����5þ

���^r6�(~�s�~ ó ~`��î�y6~
z ∈ N

n ~(�S��ë�£�u���ìíwzr��S|�~`| ö �¡�÷�^��s�~ls�y ô �ñî�y6~ Dn(z) ≡ 0E mod 2
{<wzy�|

��wzy��
z ∈ N

n
ÿ ìíu`�S�6was�~2ò?¤0wzr��S|�~`|�îay6~

z ≡ x mod 2
~`ra�S|��^��r6~

D(z) ≡ (idE + a)(x) mod 2~`��î�y6~
Dk(z) ≡ (idE + a)k(x) mod 2

{�wzy�|"��wzy��Ú~`r��S��~`|
k ≥ 0).

ì2wzra�S|�~`|�{��^|l|�u(�`y�|S|�~`r6�(~
�Sy�|

k
îay�� ����~c£����S��~

z(k) ∈ Nn ��~`�Zîay6~ Dnk(z) = 2kz(k).
ð�r s�u(s�y���|�~±î�y�� ���Z~c£����S��~

k
��~`�Zî�y6~

Dnk(z) = (0, . . . , 0)
ÿ ìíu`�S�6wis�~0ò6�S�

M = max1≤j≤n zj
¤0wzr��S|�~`|Tî�y6~���wzy���u`��u`¤0~`r��Ts�~����0��y�����~

D(z)
~(�S� ≤M).

°±¬x½<¼Á«¨:'?npoXka¨ª¼V¹X¯&%ï§('�§6®$)�m�¬6º
�õ¨ª¬ioX¬�©(©�¨ª¬2§6n´¯p¬�¨�'�«¬a¨:��° ¯&%�§('!§6®$)�m�¬2¯�¬2® §õmg¬aoX§6«�'�¬¥¯�n·�V§6n��t'�¼i½Á¬io21p¨^¬?<6·Á·�<

æ r �(wzr6�S��s��`|�~0���t�Sy�����~
(fn)n≥1

s�~�}�wzr6�`�S��wzr6�ñ�Sy�|
I =]0,∞[

s�ucë6r���~0{��^|
f1(x) = x, f2(x) = x(x +

1), fn+1(x) = (n+x)fn(x).
��~���y���s�y�{�|�wz�����`¤0~>~(�S��s�~�¤0wzra�S|�~`|�îay6~

L(x) = limn→∞ fn(x)/(n!nx−1)

ç�ç�û



~c£i���S��~��p~(�S� ö v��^��~`y�|���s6�^r6�
I
~`��î�y6~

x 7→ L(x)
~(�S��s�u`|S��v��^����~ls6�^r6�

I.

 wzy�|��(~`���2wzr �(wzr6����s��`|�~l��~(�

�Sy�����~(�
(un)n≥1, (vn)n≥1, (wn)n≥1

s�~H}4wzr6�`�S��wzr6���Sy�|
I
s�ucë6r���~(�T{��^|

un(x) = log(n + x) − x log(n +
1) + (x− 1) log n, vn = u′n

~`�
wn = u′′n.ç �Zìíwzr��S|�~`|¥îay6~õ{�wzy�|

x
ë�£�uõ��~(� ô ��u`|S��~(� ∑∞

k=1 uk(x),
∑∞

k=1 vk(x),
∑∞

k=1wk(x)
�(wzr�vx~`|S�x~`ra�

ÿ ìíu`�S�6was�~´ò�y��S��������~`|
log(1 + h) = h − h2

2 + h2ε(h)
��vx~(�

ε(h) → 0
{�wzy�|

h → 0).
èiwz���

U(x), V (x),W (x)
��~`y�|��ñ��wz¤�¤0~(��|�~(�S{�~(�`�S��vx~(���?ìíwzr��S|�~`|

L(x) = x expU(x)
ÿ ì2u`�S�6wis�~tò�����¤�þ

{����ïë�~`| ∑n−1
k=1 uk(x)).ó �Zìíwzr��S|�~`|�î�y6~ |wk(x)| ≤ 1/k2 {�wzy�|"��wzy�� x ∈ I.

ð�r´s�u(s�y���|�~2��~(�"�(wzravx~`|S�x~`r6�(~(��r6wz|S¤"�^��~2~`�
y�r��ï}�wz|S¤0~H��y�|

I
s�~ ∑∞

k=1 vk.
Á�y6�S�S�ïë�~`|

V ′ = W.
èiwz���

J = [a, b] ⊂ I.
Á�y6�S�S�ïë�~`|T���0�(wzravx~`|S�x~`r6�(~

y�r��ï}�wz|S¤0~�s�~ ∑∞
k=1 vk

�Sy�|
J,
 5y6�S�S�ïë�~`|

U ′ = V
�Sy�|

J
�z 5y6�S�S�ïë�~`|

U ′ = V
�Sy�|

I.

ç�ç5�
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ÿ Î��z��~Hs�~�èi����¤���s���s�yí��u`�S|����(s�|�~�|�u`��y�����~`|� � �^r6�Jy�rõ~(�S{��z�(~�~`y6�`����s���~`rLs�~�s���¤0~`r6�S��wzr
n
wzrL�(wzr6�S��s��`|�~

y�r6~��Sy�����~
(f0, . . . , fn)

s�~
n+ 1

vx~(�`��~`y�|��Z��~`����~�îay6~ ‖fi − fj‖2 = 1
�S�
i 6= j

~`����~`����~�î�y6~
f0 = 0.ç � ù �^���`y���~`| 〈fi, fj〉

�S�
1 ≤ i < j ≤ n.

ì2wzra�S|�~`|$îay6~
(f1, . . . , fn)

~(�S�:y�r6~����z��~Js�~
E
ÿ ìíu`�S�6was�~Hò��S�

∑n
i=1 λifi = 0,

¤ñy����S��{�����~`|������^���^��|�~`¤0~`r��:��~(� ó ¤0~`¤H��|�~(�>{��^|
fj
{�wzy�|

j = 1, . . . , n
~`����ra�S|�was�y���|�~

s =
∑n

i=1 λi)
�

ó �Jèiwz���
(e1, . . . , en)

���Ú���z��~0s�~lèi����¤���s����z����wi�`��u(~ ö
(f1, . . . , fn).

æ rXvx~`y��H¤0wzr��S|�~`|�î�y�� ���:~c£i���S��~
s�~(�Úr6wz¤H��|�~(�±|�u(~`���

(a1, . . . , an)
~`�

(b1, . . . , bn−1)
��~`���±î�y6~2{<wzy�|±��wzy��

j = 1, . . . , n
wzr �^���

fj = ajej +
∑j−1

i=1 biei.

 wzy�|t�(~`���Òwzr {�|�wi�G�(s�~í{��^|±|�u(�`y�|S|�~`r6�(~õ�Sy�|

j :
�S�����¢~(�S�Úvi|��^�T{<wzy�|

j < n
��r��S|�wis�y�����wzr6�J��~(�Zr6wz¤H��|�~(�

aj+1, bj
~`�Z��~(��r6wz¤ñ��|�~(�

c1, . . . , cj−1
��~`���Jî�y6~

fj+1 = c1e1 +
. . . + cj−1ej−1 + bjej + aj+1ej+1.

� u`¤0wzr��S|�~`|l�^��wz|���îay6~
fj+1 − fj

~(�S��wz|S�S�6wz�xwzr��^� ö
Fj−1,�¡�¢~(�S{��z�(~�~`r��x~`r6s�|�u0{��^|

(f1, . . . , fj−1)
wzyõ{��^|

(e1, . . . , ej−1),
~`��~`rXs�u(s�y���|�~0îay6~

ci = bi
{�wzy�|

i = 1, . . . , j − 1.ô �Zð�r ���^���`y����^ra�"s�~±s�~`y�£Ò¤"�^r����`|�~(��{��^|���~ ç ~`����~ ó ��~(� ô r6wz¤ñ��|�~(� ‖fj‖2, ‖fj+1‖2, 〈fj, fj+1〉¤0wzra�S|�~`|:îay6~
a2

j+1 = 1− 1
4a2

j

~`�
ajbj = −1

2 +a2
j .
� ��|�~�{<wzy�|�îay6wz�

aj > 0,
���^���`y���~`|

a1
~`��¤0wzr��S|�~`|

a2
j = j+1

2j .

°±¬x½<¼Á«¨:'?npoXka¨ª¼r� ¯&%ï§('�§6®$)�m�¬6º
�õ¨^¬ao ¬x©(©�¨^¬2§6n´¯�¬a¨p'p«¬�¨���° ¯&%ï§('�§6®$)�m�¬¥¯p¬¥®§õm�¬ioX§6«�'!¬í¯�n�<�.õ§6nD<�¿t'!¼i½<¬ao?1�¨^¬2<�·�·�<

 wzy�|

x
|�u(~`� 6= 1

wzrõ{<w���~
y = y(x) = −x

1−x .
èiwz���

I = [0, 1]
�
J = [−1, 1

2 ]
~`�
K = I ∩ J, ~`����wz���{<wzy�|

n ≥ 1
��~(��}�wzr6�`�S��wzr6��s�ucë6r���~(��|�~(�S{�~(�`�S��vx~`¤0~`r��J��y�|

I, J,K
{��^|

un(x) =
1

n2
(xn + (1− x)n), vn(x) =

1

n2
(xn + yn), wn(x) =

1

n3
(xn + (1− x)n + yn − 1) .

ç ��9!|��z�(~`|���~���|��^{��6~�s�~
x 7→ y(x)

ÿ ê �^{�{<~`�Fò (ax+b
cx+d )′ = 1

(cx+d)2
det

[
a b
c d

]

).
ì2wzra�S|�~`|ñî�y6~���~(�

��u`|S��~(� ∑∞
n=1 un,

∑∞
n=1 vn,

∑∞
n=1wn

�(wzravx~`|S�x~`r��"r6wz|S¤"�^��~`¤0~`ra�ls6�^r6�
I, J,K

~`��ü wzr��0{�wzy�|
��wz¤�¤0~(��s�~(��}4wzr6�`�S��wzr6�J�(wzr��S��ray6~(�

U, V,W.ó �Jèa�
Iε = [ε, 1 − ε]

��vx~(�
0 < ε < 1

2 ,
¤0wzr��S|�~`|Tî�y6~ ∑∞

n=1 u
′
n

�(wzr�vx~`|S�x~Hr6wz|S¤"�^��~`¤0~`r���s6�^r6�
Iε.
ð�r

s�u(s�y���|�~�î�y6~
U ′ ~c£����S��~��Sy�| Iε ��{�y����C�Sy�| ]0, 1[

~`��üt~(�S�C�(wzr��S��r�y6~��?ìíwzr��S|�~`|Ts�~H¤��`¤0~Hîay6~
V ′ ~`�

W ′ ~c£i���S��~`ra��~`�Z��wzra���(wzr��S��ray6~(�J�Sy�| ]− 1, 1
2 [
~`�

]0, 1
2 [.ô � æ rl|��^{�{<~`����~Jî�y6~�{<wzy�| −1 < h < 1

������wz¤�¤0~Js�~ ∑∞
n=1

1
nh

n−1 ~(�S� − 1
h log(1−h). ù �^���`y���~`| U ′~`�

V ′ s6�^r6� ]0, 1[
~`�

]− 1, 1
2 [.
ð�r¥�zs�¤0~`�S���^r��

U(0) = π2/6,
~`�Z~`r±wz�6��~`|Svz�^ra�

V (0) = 0
���^���`y���~`|

U
~`�
V
s6�^r6�

I
~`�
J.ø6�Jèa�

0 < x < 1
2

¤0wzra�S|�~`|Jîay6~
(1− x)W ′(x) = −U(x) + 1

xV (x)
~`�F¤0wzr��S|�~`|Cî�y6~

W (x) =
π2

6
log(1− x) +

1

6
(log(1− x))3 − 1

2
(log x)(log(1− x))2.

ç�ç ;
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�õ¨^¬aoX¬�©(©�¨ª¬2§6n´¯p¬�¨�'p« ¬a¨:�ñ°-¯&%�§6®²�@�1p¨^¬¥¯p¬2®§õm�¬ao §6«�'!¬2¯pnD<õ§6n´À ¯�k�"x¬ao?1p¨ª¬u<6·Á·�<

\ ¶>]Zèiwz���
T = (tij)1≤i,j≤n

y�r6~F¤"�^�S|S���(~����^|S|�u(~F|�u(~`����~�s?�¢wz|�s�|�~
n
î�y��6��wz�����S|S���^r���y����^��|�~Z��r�}�u`|S��~`y�|�~ ÿ ���¢~(�S�

ö s���|�~�î�y6~
tij = 0

���
1 ≤ i < j ≤ n

�c��~`�F��ravx~`|��S������~��
ç �Zìíwzr��S|�~`|Cî�y6~

T−1 = (t′ij)1≤i,j≤n
~(�S���S|S���^r���y����^��|�~ñ��r�}�u`|S��~`y�|�~ ÿ ìíu`�S�6wis�~"ò6s���|�~ñ{<wzy�|�îay6wz�!��~(�

tii��wzra�Fr6wzrtr�y����g��{�y�����s�u`¤0wzra�S|�~`|�{��^|Z|�u(�`y�|S|�~`r6�(~H�Sy�|
i
î�y6~

t′ik = 0
{<wzy�|

k > i
�c�

ó � æ r��Sy�{�{<w���~�s�~J{���y6�:îay6~
T
~(�S�$wz|S�S�6wz�xwzr��^��~���ìíwzr��S|�~`|Fîay6~

T
~(�S�:s����^�xwzr��^��~�� � u(�`|S��|�~���wzy���~(�$��~(�

¤"�^�S|S���(~(�Jî�y�����wzra� ö ����}�wz���Fs����^�xwzr��^��~(�J~`�Zwz|S�S�6wz�xwzr��^��~(�g�
\_^ ]�èay�|$�¡�¢~(�S{��z�(~�|�u(~`� Pd

s�~(�${�wz��üar6ýz¤0~(�$s�~Js�~`��|�u ≤ d
wzrÚ�(wzr6�S��s��`|�~�����}�wz|S¤0~Z��������r6u��^��|�~T�Süi¤0u`�S|S��î�y6~

〈P,Q〉 =
d∑

i=0

P (i)(−i)Q(i)(−i).

ç �Zìíwzr��S|�~`|0îay6~Ú���¢~(�S��y�rÒ{�|�was�y����0�����^���^��|�~ ÿ ìíu`�S�6wis�~õòp���
P
�
apx

p {�wzy�|���~`|S¤0~±s�~Ú{���y6�����^y��s�~`��|�u��6���^���`y���~`|
P (p)(−p) �c�ó �Jèiwz���

(E0, · · · , Ed)
�������z��~:s�~ Pd

s�ucë6r���~:{��^|
Ei(x) = xi,

~`�p��wz���
(P0, · · · , Pd)

���Z���z��~>wz|S�S�6wzr6wz|5þ
¤"�^��~Hs�~Hèi����¤���s��T~`r��x~`r6s�|�u(~ñ{��^|

(E0, · · · , Ed)
{�wzy�|Z��~�{�|�wis�y����J�����^���^��|�~ñ�`�!s�~(����y6���Áèiwz���

Td
���

¤"�^�S|S���(~Z���^|S|�u(~Fs?�¢wz|�s�|�~
d+1

s�ucë6r���~Z{��^|
Td = (P

(j)
i (−j))0≤i,j≤d.

ì2wzra�S|�~`|>î�y6~
Td
~(�S���S|S���^r���y�þ

���^��|�~J��r�}4u`|S��~`y�|�~C~`�:wz|S�S�6wz�xwzr��^��~���ð�rly��S���������^ra�:��~
A
~`�$��~F}¡�^���:îay6~ 〈Ei, Pi〉

~(�S�
> 0,

¤0wzra�S|�~`|Fî�y6~
Td
~(�S�����T¤"�^�S|S���(~���s�~`r��S����uJs?�¢wz|�s�|�~

d+1,
���¢~(�S� ö s���|�~Zîay6~

P
(j)
i (−j) = 0 si i 6= j, = 1 si i = j.ô �Jèa�

S
~(����s6�^r6� Pd

�i���^���`y���~`| 〈S, Pi〉 −S(i)
i (−i) ö �¡�÷�^��s�~Cs�~J����s�ucë6r����S��wzrts�yÚ{�|�was�y����F�����^���^��|�~T�Sy�|

Pd
~`��s�y ó �c�6ð�r2s�u(s�y���|�~

S(x)−
∑d

i=0 S
(i)(−i)Pi(x).ø6� æ rt�(wzr6�S��s��`|�~���~T{<wz��üir6ýz¤0~

Qj
s�ucë6r���{��^|

Qj(x) = P ′
j+1(x− 1)− Pj(x). ù �^���`y���~`| Q(i)

j (−i) ö�¡�÷�^��s�~�s�y ó �F~`�
Qj(x)

ö �¡�÷�^��s�~�s�y ô �c�
û � æ rõ�(wzr6�S��s��`|�~���~�{<wz��üir6ýz¤0~

Rj(x) = Pj(x) − x(x+j)j−1

j! .
ì2wzra�S|�~`|�î�y6~

Rj(0) = 0
~`��� ö �¡�÷�^��s�~

s�y2ø��c��îay6~
R′

j+1(x− 1) = Rj(x).
ð�rís�u(s�y���|�~H{��^|�|�u(�`y�|S|�~`r6�(~��Sy�|

j
îay6~

Rj
~(�S�J��~�{�wz��üar6ýz¤0~

ray��¡�6ì2wzra�S|�~`|�îay6~�{<wzy�|F��wzy��
S
s�~ Pd

wzr2�
S(x) =

∑d
i=0 S

(i)(−i)x(x+i)i−1

i! .

°±¬x½<¼Á«¨:'?npoXka¨ª¼v.õ¯&%ï§('�§6®$)�m�¬6º
�õ¨^¬ao ¬x©(©�¨^¬¥§6n ¯�¬a¨p'p«¬�¨���°%¯P%�§('�§6®$)�m�¬¥¯p¬2®§õm�¬ioX§6«�'!¬2¯pn ¿X§6n¾,i¹õ¯pk�"�¬ao?1�¨^¬?<�·�·*<
èiwz���

p > 0
� æ r¥�(wzr6����s��`|�~��¡�¢u(î�y��^�S��wzr2s�����u`|�~`ra�S��~`����~Hs�yt��~(�(wzr6s¥wz|�s�|�~��Sy���v��^r���~0ò

x(1− x)f ′′(x) + (p− 3x)f ′(x)− f(x) = 0.

æ r2��wzy����^����~H�S|�wzy�vx~`|Jy�r6~H��wz��y��S��wzr
fp
s�~ñ�(~`�S��~�u(î�y��^�S��wzríî�y��p��wz���Js�ucë6r���~�s6�^r6�Zy�r2��r���~`|Sv��^����~�wzy�vx~`|S�

�(wzr���~`r��^r��
0,
��~`����~:îay6~

fp(0) = 1
~`��îay��a��wz���ps�u`vx~`��wz{�{��^����~F~`rH��u`|S��~:~`r��S���`|�~�~`r

0
ò
fp(x) =

∑∞
k=0 akx

k.ç �6ìíwzr��S|�~`|Jîay6~��S�?y�r6~ñ��~`����~���u`|S��~�~c£����S��~��6s�~�|��(üxwzr2s�~ñ�(wzr�vx~`|S�x~`r6�(~
R > 0

���^��wz|�����~(���(wa~E8"�`��~`ra���
���^�S���5}�wzr��Z����|�~`���^�S��wzrís�~T|�u(�`y�|S|�~`r6�(~

(k + p)ak+1 = (k + 1)ak,
{<wzy�|F��wzy��

k ≥ 0.ó �:ð�r s�u(s�y���|�~2�¡�¢~c£i{�|�~(������wzr s�~(�l�(wa~E8"�`��~`ra���
ak

~`r }�wzr6�`�S��wzr s�~
k
~`�
p
� ù �^���`y���~`|���~t|���üxwzr s�~�(wzr�vx~`|S�x~`r6�(~�s�~�������u`|S��~�~`r��S���`|�~��^��r6�S�!wz����~`ray6~�� 
 |�u(�`����~`|

f1, f2
~`�
f3.

ç�ç54
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èiwz���
k
~`�
n
s�~(��~`r��S��~`|�����~`���Hîay6~

1 ≤ k ≤ n/2
~`����wz���

Sk,n = (aij)
���t¤"�^�S|S���(~l��üa¤0u`�S|S��îay6~0|�u(~`����~

s?�¢wz|�s�|�~
n
s�wzra�J��~(�J�(wa~E8"�`��~`ra���T��wzr��

0
wzy

1
�Ás�~H��wz|S��~ñîay6~

aii = 0
{<wzy�|J��wzy��

i
�Á~`�Jîay6~

aij = 1
�S��~`�

��~`y���~`¤0~`r��$�S� {i, j} = {2, 3}, {3, 4}, {4, 5}, . . . , {n−1, n} wzy {1, k+1}. ��~���y��>s�y�{�|�wz�����`¤0~J~(�S��s�~�S|�wzy�vx~`|���~(�
(k, n)

��~`���Zîay6~T��~(�F¤"�^�S|S���(~(�
Ck,n = 2In − Sk,n

ÿ�� s�~ ù �^|S���^r � �F��wz��~`r���s�ucë6r���~(��{<w��S���S��vx~(�g�æ rtr6wz��~
Pk,n(x) = det(xIn + Sk,n)

~`��~`r±{��^|S�S���`y�����~`|Jwzr¥r6wz��~
Pn = P1,n.ç �Zð��`|S��|�~X��~(�±¤"�^�S|S���(~(�

S1,5, S2,5, S3,6. ù �^���`y���~`| P2(x)
~`�

P3(x).
æ rÃ�(wzr�vi��~`r��

P0(x) = 1
~`�

P1(x) = x.

 wzy�|

n ≥ 2
��~`rVs�u`vx~`��wz{�{��^ra�

det(xIn + S1,n)
{��^|�|��^{�{<wz|S� ö ���¥s�~`|Sr����`|�~"������r6~��¤0wzra�S|�~`|Xî�y6~

Pn(x) − xPn−1(x) + Pn−2(x) = 0
~`�L¤0wzr��S|�~`| {��^|í|�u(�`y�|S|�~`r6�(~´�Sy�|

n
îay6~

Pn(2 cos θ) = sin(n+1)θ
sin θ

�S�
0 < θ < π.

ð�r s�u(s�y���|�~l��~(��v��^��~`y�|���{�|�wz{�|�~(��s�~
S1,n

~`��s�~
C1,n,~`�F¤0wzra�S|�~`|Jîay6~

C1,n
~(�S�Zs�ucë6r���~ñ{<w��S���S��vx~��

ó �Jèa�
a ∈ é ê , �S� b = (b1, . . . , bq)

~(�S�Fy�r±vx~(�`��~`y�|�������r6~�s�~ é ê q ~`�Z�S� C ~(���Fy�r6~T¤"�^�S|S���(~��Süi¤0u`�S|S��î�y6~
|�u(~`����~�s?�¢wz|�s�|�~

q
wzr¥�(wzr6����s��`|�~�����¤"�^�S|S���(~�{��^|F����wi�(�Z�Süi¤0u`�S|S��î�y6~ñs?�¢wz|�s�|�~

q + 1

M(a; b;C) =

[
a b
bT C

]

.

ìíwzr��S|�~`|Lî�y6~
Sk,n + xIn = M(x; b;Sk,n−1 + xIn−1)

{�wzy�|¥y�r�vx~(�`��~`y�|2������r6~
b
s�~ é ê n−1�(wzravx~`r��^����~��<ð�rís�u`vx~`��wz{�{��^ra�

det(Sk,n + xIn)
{��^|�|��^{�{�wz|S� ö ����{�|�~`¤����`|�~�������r6~��Á¤0wzr��S|�~`|�î�y6~

Pk,n(x) = xPn−1(x)−Pn−1−k(x)Pk−1(x).
ð�r�s�u(s�y���|�~>îay6~

Pk,n(2 cos θ) = 1
sin2 θ

(sin 2θ sinnθ−
sin(n−k)θ sin kθ)

���
0 < θ < π.

ð�r0s�u(s�y���|�~Fîay6~
detCk,n = 2n−k(n−k).


 wzy�|�îay6~`�����(wzy�{���~(�
(k, n)

ÿ �(vx~(�
1 ≤ k ≤ n/2

�F���5þÖwzr
detCk,n > 0?

ÿ ì2u`�S�6wis�~0ò�s������`y���~`|
k ≤ 2, k = 3, k ≥ 4).ô � æ rl�zs�¤0~`� ÿ 9���� M � ø6� ô �p�����^{�� ó ��îay6~Z�S�

C
~(����y�r6~F¤"�^�S|S���(~��Süi¤0u`�S|S��îay6~Zs�ucë6r���~Z{�w��S���S��vx~Zs?�¢wz|�s�|�~

q
~`���S�

detM(a; b;C) > 0,
�^��wz|��

M(a; b;C)
~(�S��s�ucë6r���~${<w������S��vx~�� � u(s�y���|�~Fs�y ó ��wzy6����~(���(wzy�{���~(�

(k, n)
��~`���Zîay6~

Ck,n
~(�S�Zs�ucë6r���~ñ{<w������S��vx~��

ø6�£c!ØxÏ`Å+d Õ¡Ø�Õ4ß �`� ù �^���`y���~`|>���Tr6wz|S¤0~�s�~ S1,n
ÿ vxwz��| 
 |�wz{�� ç5O � ø6�a�����^{�� ó �c��ì2wzra�S|�~`|:îay6~

P2,n(2 cos θ) =
1

sin θ (sin(n+ 1)θ − sin(n− 3)θ).
ð�r2s�u(s�y���|�~���~(�Fv��^��~`y�|��F{�|�wz{�|�~(��~`�F����r6wz|S¤0~�s�~

S2,n.°±¬x½<¼Á«¨"¯&%�§('!§6®$)�m�¬?'?n�o k�¨^¼ À?º
�õ¨ª¬ioX¬�©(©�¨ª¬2§6n´¦�j��C³&µ��Cjú��° ¯&%�§('!§6®$)�m�¬2¯�¬2® §õmg¬aoX§6«�'�¬2¯�n´ÀX§6n¿,�·:W`§('<½!«¬�¨><6·Á·�¹

èiwz���
0 < p < 1

�
ç �Zìíwzr��S|�~`|�îay6~"��~(����r���u`��|��^��~(� ∫ 1

0
xp−1

1+x dx,
∫∞
0

xp−1

1+x dx
~`�����2��u`|S��~ ∑∞

n=0
(−1)n

n+p

�(wzravx~`|S�x~`r���� æ r
r6wz��~�s6�^r6�C���l��y�����~ñ|�~(�S{�~(�`�S��vx~`¤0~`r���{��^|

I
~`�
J
��~(�Cvz�^��~`y�|��Ts�~(�C��r���u`��|��^��~(��~`�C{��^|

S
���l��wz¤�¤0~

s�~T������u`|S��~��
ó �Zìíwzr��S|�~`|�î�y6~

I = S
ÿ ìíu`�S�6was�~2ò!~c£�{������`����~`|H��~"|�~(�S��~�s�~0���t��u`|S��~"~`r��S���`|�~ ∑∞

n=0(−1)nxn)
�!ð�r

s�u(s�y���|�~�îay6~
J
~(�S�F������wz¤�¤0~�s�~T���0��u`|S��~��Sy���v��^r���~

1

p
+ 2p

∞∑

n=1

(−1)n−1

n2 − p2

ÿ ìíu`�S�6was�~�ò�}��^��|�~T��~������^r��x~`¤0~`r���s�~Tvz�^|S���^����~
x 7→ 1/x

s6�^r6� ∫∞
1 xp−1/(1 + x) dx).ô � æ rX�(wzr6�S��s��`|�~0���l}4wzr6�`�S��wzr

f
s�~�{�u`|S��was�~

2π
��~`����~0îay6~

f(x) = cos px
�S� |x| ≤ π.

� �^r6����~����z�
{��^|S�S���`y�����~`|0w��

p = 1/3,
s�~(���S��r6~`|���~Ú��|��^{��6~±s�~Ú�(~`�S��~�}�wzr6�`�S��wzr ~`r��S|�~ −2π

~`�
4π. ê ~`vx~`r��^r���^yõ���z�T�xu`r6u`|��^�

0 < p < 1,
���^���`y���~`|���~(���(wi~E8"�`��~`r�����s�~��6wzy�|S��~`|��S|S���xwzr6wz¤0u`�S|S��îay6~(��s�~

f.
� y6~`�

�S�6u(wz|��`¤0~2s�y´�(wzy�|��"���^|��^ra�S���lîay6~
f
~(�S�0���õ��wz¤�¤0~¥s�~t���X��u`|S��~ts�~t�6wzy�|S��~`|ÁúíqJ�S��������~`|��(~tî�y��

{�|�u(�G�(s�~�{�wzy�|F¤0wzr��S|�~`|Cî�y6~
J = π

sin(πp) .
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°±¬in!²�<t@ao ¬¥§('A'!ka¬6º-`a'�« ½<¬�¨^mg« ©�k¥¦C§6n�®�b�§�1p§�©g«¬�¨0`aÝF¹?¾
¦C§�¨ª©g« ¬i®$¯P%�§('�§6®°)�mg¬¥¯�n´oX§�¨^¯�«�,�<N'!¼i½<¬ao?1�¨^¬?<�·�·*<

� y�|�u(~0ò ó �6~`y�|�~(��� � y6�`y�r¥s�wi�`y�¤0~`r����Á��~(�Z���^���`y����^�S|S���(~(�Cq 
 èÚ��wzr��C�^y���wz|S����u(~(���
� 8"�����^�x~ñs�~(�Z|�u(�Sy������^���Z��~ ó�ç r6wgvx~`¤ñ��|�~ ö ç5� �6~`y�|�~(�

º n�¬�m(©g«¼*' ¯�¬u"x¼<n!¨^mas!ð�r6wzr6�(~`|C��~ñ�S�6u(wz|��`¤0~�s�yí�(wzy�|��C�(wzr6�(~`|Sr��^r��T��~H{�|�was�y����Ts�~ ù �^y6����ü2s�~�s�~`y�£�Sy�����~(�Z~`���(wzr6�(~`|Sr��^ra����~(����u`|S��~(�Z�(wz|S|�~(�S{�wzr6s6�^r���~(���
�! �¬a¨#"�«I"x¬L¶ûs æ r¥�(wzr6����s��`|�~�{<wzy�|

α > 0
��~(�F��ra��u`��|��^��~(����¤�{�|�wz{�|�~(�Hò

I(α) =

∫ +∞

1

cos t

tα
dt ; J(α) =

∫ +∞

1

cos2 t

tα
dt ;

ç �Zìíwzr��S|�~`�ñîay6~
I(α)

~(�S���^�6��wz��y�¤0~`ra�J�(wzravx~`|S�x~`r���~H{<wzy�|Z��wzy��
α > 1

�
ó � � �¡�÷�^��s�~ñs?� y�r6~���ra��u`��|��^�S��wzr¥{��^|Z{��^|S�S��~(���6¤0wzr��S|�~`�Hîay6~

I(α)
~(�S�Z�(wzravx~`|S�x~`r���~H{<wzy�|F��wzy��

α > 0
�

ô �Zð�r2y��S���������^r��T����}4wz|S¤Hy���~
cos 2t = 2 cos2 t− 1

��¤0wzra�S|�~`��î�y6~
J(α)

�(wzravx~`|S�x~����!~`�J��~`y���~`¤0~`ra���S�
α > 1

�

�! �¬a¨#"�«I"x¬ ^ s�èiwz���
(un)n≥1

y�r6~���y�����~ ö ��~`|S¤0~(���S�S|S���`��~`¤0~`ra��{�w��S���S�ï}4�g� æ rõ�Sy�{�{�w���~�î�y6~���~�|��^{�{<wz|S�
un+1

un

{�w������(s�~2y�r s�u`vx~`��wz{�{<~`¤0~`ra�t����¤�����uLs?�¢wz|�s�|�~ ó s�~í���õ}�wz|S¤0~ un+1

un
= 1 − a

n + b
n2 + εn

n2

�(vx~(�
limn→∞ εn = 0.

�!~F��y��>s�~F�¡�¢~c£�~`|��`���(~Z~(�S�>s�~�¤0wzra�S|�~`|$îay6~�������u`|S��~ ∑+∞
n=1 un

�(wzravx~`|S�x~��S�6~`�:��~`y���~`¤0~`r��
�S�
a > 1

�TÂ�ü�Ð ØLß�Ï`ß
limn→∞

un+1

un
= 1

È`Õ�ÓzÐ Ì(Øzß4ÕFh`Å�È>dïØXÆSÙT��d�È2Ñ�È¥Ñ�y Î£d�ÈcÔ7f�ÈcÆ`Õ�Ð<È Þ ÈcÆcÔ0È(Õ Þ Ø^Ì±Ñ�È
Ï�ÓzÐÁÏ�d ÅiÆSÈ0È`Ð>�aÇcÐ<ÇcÆSØ�d å^� æ r±{�w���~���{�wzy�|

n ≥ 1
�
vn = na un

~`�
zn = ln

(
vn+1

vn

) �
ç �Zìíwzr��S|�~`�x� ö �¡�÷�^��s�~�s?� y�rXs�u`vx~`��wz{�{�~`¤0~`r�������¤�����u�s�~

zk
~`r

1/k
s?�¢wz|�s�|�~ ó îay6~����l��u`|S��~ ∑+∞

k=1 zk~(�S�Z�(wzravx~`|S�x~`r���~��
ó � H u`|S�ïë�~`��îay6~Z������wz¤�¤0~�{��^|S�S��~`����~ ∑n

k=1 zk
���¢~c£�{�|S��¤0~�~`r0}4wzr6�`�S��wzr�s�~

vn+1
~`�$s�~

v1
�xð�rls�u(s�y���|�~

îay6~T�����Sy�����~
(vn)

~(���Z�(wzr�vx~`|S�x~`r���~�~`�Zîay6~
v = limn→∞ vn

~(�S�Z�S�S|S���`��~`¤0~`ra��{�w��S���S��vx~��
ô � � u(s�y�����~`��s�~(�Tî�y6~(�S�S��wzr6�C{�|�u(�(u(s�~`ra��~(��y�ríu(îay���v��^��~`r���s�~

un
~`�T�(wzr6�`��y6~`��îay6~H���"��u`|S��~ ∑+∞

n=1 un�(wzravx~`|S�x~ñ�S��~`�Z��~`y���~`¤0~`ra�J�S�
a > 1

�
�! �¬a¨#"�«I"x¬ 	 s æ r �(wzr6�S��s��`|�~±���í�Sy�����~±s�~�}�wzr6�`�S��wzr6�

(fn(x))
�Sy�|��¡� ��r���~`|Sv��^����~

I =]0, 2]
s�ucë6r���~Ú{��^|

f0(x) = 1
~`����{<wzy�|

n ≥ 0,
{��^|

fn+1(x) = 2fn(x)− x(fn(x))2.ç �Zìíwzr��S|�~`|Z{��^|�|�u(�`y�|S|�~`r6�(~ñîay6~T{<wzy�|
n ≥ 0

~`�
x ∈ I wzr¥�

fn(x) =
1

x
(1 − (1− x)2

n
).

ó �Jèiwz���
c ∈]0, 1[

ë�£�u��>ìíwzr��S|�~`|Úîay6~t���X��y�����~
(fn)

�(wzravx~`|S�x~L�S��¤�{���~`¤0~`r��Ús6�^r6�
I
~`��s�wzr�r6~`|����

����¤�����~��iì2wzra�S|�~`|Fî�y��¢~`����~T�(wzr�vx~`|S�x~Cy�r��ï}�wz|S¤0u`¤0~`r��Zs6�^r6�
[c, 1]

~`��s6�^r6�
[1, 2− c]. ì2wzra�S|�~`|�îay��¢~`����~r6~Ú�(wzr�vx~`|S�x~Ú{��z��y�r��ï}�wz|S¤0u`¤0~`r��ls6�^r6�

]0, 1]
~`��î�y��¢~`����~�r6~Ú�(wzr�vx~`|S�x~t{��z��y�r��ï}4wz|S¤0u`¤0~`ra�"s6�^r6�

[1, 2]

ÿ ×�Ø�Æ��cÔ"È0É&ÅFÇ�ÜJÊ�à�ÎñÛxÜTÛ^à�ÎTÊaÜJÊ�àpÎ�á�ÜJÊ�àp×CÛ�ÜCázà�×ZÊaÜCázà�×�á�ÜJÊ�à£Ç�Û�Ü�Ûªà£ÇpÊaÜ$â��
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	 ¼�¨^¨z« ²Ákt¯p¬2®�%�k��p¨ª¬in�½<¬¥¯&%ï§('�§6®$)�m�¬6º�°±¬an�² ³ã«§�m�º-`aÝF¹?º�¦J§�¨ª©g«¬a®3,�<N'!¼i½�¾k<6·Á·�<�¾

º ¾ 	 ¾�èa�
u = (un)n≥0, v = (vn)n≥0, w = (wn)n≥0,

��wzr����S|�wz�����Sy�����~(�$�(wz¤�{���~c£�~(����wzrÚs����$îay6~
w
~(�S�:��~

{�|�was�y����Ts�~ ù �^y6����ü¥s�~ u ~`� v �S� wn =
∑n

k=0 ukvn−k
{�wzy�|���wzy��

n ≥ 0.
� �^r6���(~(�C�(wzr6s����S��wzr6���Á���!��~(�

��u`|S��~(� ∑∞
n=0 un

~`� ∑∞
n=0 vn

��wzra�J�^�6��wz��y�¤0~`r��T�(wzr�vx~`|S�x~`ra��~(�T~`��s�~���wz¤�¤0~(�
U
~`�
V
���^��wz|�� ∑∞

n=0 wn~(�S���^�6��wz��y�¤0~`r��T�(wzr�vx~`|S�x~`ra��~H~`�Z�	����wz¤�¤0~
W
���^�S���5}¡�^���

W = UV.

¶t¾�,�¾ 
 y�����îay6~
t−α| cos t| ≤ t−α ~`�Jîay6~�{�wzy�| α > 1

�¡� ��r���u`��|��^��~ ∫∞
1 t−αdt

�(wzravx~`|S�x~�����~ñ�S�6u(wz|��`¤0~Hs�~
�(wz¤�{��^|��^����wzr¥¤0wzra�S|�~ñîay6~ ∫∞

1 t−α cos tdt
�(wzr�vx~`|S�x~H�^�6��wz��y�¤0~`r�����s�wzr6�ñ�(wzr�vx~`|S�x~ ÿ �(wzy�|��E�c�

¶t¾°<�¾£9�|��^r6�5}�wz|S¤0wzr6�
I(x) =

∫ x
1 t

−α cos tdt
{��^|l�¡� ��ra��u`��|��^�S��wzr {��^|l{��^|S�S��~(�l�xwzy�vx~`|Sr6u(~í{��^|

u′(t) =
cos t

~`�
v(t) = t−α.

æ r wz���S��~`ra�
I(x) = − sin 1 + x−α sinx + α

∫ x
1 t

−α−1 sin tdt.
èa�
α > 0

�^��wz|��
limx→∞ x−α sinx = 0

~`�"s�~Ú{���y6� ∫∞
1 t−α−1 sin tdt

�(wzr�vx~`|S�x~��:{��^|0y�r6~±¤0u`�S�6wis�~2�^r��^��wz��y6~í�^y ç �
{�y�����î�y6~

α + 1 > 1. ù �¢~(���Ts���|�~�îay6~ limx→∞ I(x)
~c£����S��~�~`�T~(���Jë6r���~��?s�wzr6��s���|�~�îay6~ ∫∞

1 t−α cos tdt�(wzr�vx~`|S�x~��
¶t¾�¹?¾�èa�

α > 0
�^��wz|��

J =
∫∞
1 t−α cos(2t) dt

�(wzr�vx~`|S�x~���wzr ��~�vxwz����{��^|ñ��~"�����^r��x~`¤0~`r��0s�~"vz�^|S���^����~
u = 2t,

s����?u(wz¤0wz|S{������S¤0~�îay��<r6~T�����^r��x~T{��z�����ñr��^�Sy�|�~Ts?� y�r6~T��ra��u`��|��^��~���¤�{�|�wz{�|�~���~`�Fî�y���|��^¤��`r6~��^y
ó �c�Áð�r6��y�����~

K =
∫∞
1 t−αdt

�(wzravx~`|S�x~��S��~`�T��~`y���~`¤0~`r����S�
α > 1

ÿ �(wzy�|���c� � wzr6�ñ�¡� ��ra��u`��|��^��~���¤�{�|�wz{�|�~
L =

∫∞
1 t−α cos2 tdt

~(�S�C������wz¤�¤0~ J+K
2

w��
J
~(���J��wzyz Swzy�|��T�(wzr�vx~`|S�x~`r���~�� � �÷�^{�|��(�T��~ñ�S�6u(wz|��`¤0~��Sy�|

���0��wz¤�¤0~Hs�~ñs�~`y�£t��r���u`��|��^��~(�C��¤�{�|�wz{�|�~(���
L
�(wzravx~`|S�x~H����~`����~`y���~`¤0~`ra�C���

K
�(wzr�vx~`|S�x~��<~`�Js�wzr6�H�S��~`�

��~`y���~`¤0~`r��C�S�
α > 1.

^ ¾�,Á¾
zn = a log(1 +

1

n
) + log(1− a

n
+

b

n2
+
εn
n2

).


 y�����îay6~
log(1 + h) = h− h2

2 + h2ε(h)
��vx~(�

limh→0 ε(h) = 0,
wzr¥�

zn = a(
1

n
− 1

2n2
) + (−a

n
+

b

n2
+
εn
n2

)− 1

2
(−a
n

+
b

n2
+
εn
n2

)2 +
ε′n
n2

=
2b− a− a2

2n2
+
ε′′n
n2

∼ 2b− a− a2

2n2
.

� �÷�^{�|��(�Z��~��S�6u(wz|��`¤0~�s?�¢u(îay���v��^��~`r6�(~ñ~`�F��~��`|S�����`|�~�s�~ ê ��~`¤"�^r�r���������u`|S��~ ∑∞
k=1 zk

�(wzravx~`|S�x~��
^ ¾°<?¾ ∑n

k=1 zk =
∑n

k=1(log vk+1 − log vk) = log vn+1 − log v1.
� ��|�~Cîay6~T������u`|S��~ ∑∞

k=1 zk
�(wzr�vx~`|S�x~

~(�S��s���|�~Lîay6~
limn→∞

∑n
k=1 zk

~c£i���S��~í~`�Ú~(�S�0ë6r���~����(~íî�y��T~`r��S|��^��r6~õîay6~¥��� ����¤�����~Ls�~
log vn+1 =

log v1 +
∑n

k=1 zk
~c£����S��~�~`�C~(�S�Fë6r���~�� 
 y�����î�y6~ñ����}4wzr6�`�S��wzrí~c£i{�wzr6~`r��S��~`����~�~(�S���(wzra�S��r�y6~��<wzr¥~`r2s�u(s�y����

î�y6~
vn = exp(log vn)

��y�r6~�����¤�����~�ë6r���~
v
~`�Z���S|S���`��~`¤0~`r���{�w��S���S��vx~��

^ ¾�¹�¾ 
 y�����îay6~
un = n−avn

wzr±�
un ∼ n−av

~`�$s�wzr6�Js?�÷�^{�|��(�$��~J�S�6u(wz|��`¤0~Js?�¢u(îay���vz�^��~`r6�(~T~`�:��~J�`|S�����`|�~
s�~ ê ��~`¤"�^r�rt������u`|S��~ ∑∞

k=1 uk
�(wzravx~`|S�x~H����~`�Z��~`y���~`¤0~`r��C�S�

a > 1.
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	 ¾I,Á¾ ù �¢~(�S�Z�S|S��vi���^�?{<wzy�| n = 0.
èa��vi|��^�?{�wzy�|

n− 1 ≥ 0
�^��wz|��F����|�u(�`y�|S|�~`r6�(~H���¢u`��~`r6sõò

fn(x) = 2fn−1(x)− xf 2
n−1(x)

= 2[
1

x
(1− (1− x)2

n−1
)]− x[

1

x
(1− (1− x)2

n−1
)]2

=
1

x
(2− 2(1− x)2

n−1 − 1 + 2(1 − x)2
n−1 − (1− x)2

n
)

=
1

x
(1− (1− x)2

n
).

	 ¾�<?¾ 
 y�����î�y6~
fn(2) = 0

{�wzy�|���wzy��
n,
wzrt��s�wzr6�

limn→∞ fn(2) = 0.
èa�
x ∈]0, 2[

��wzyt�S� |1− x| < 1,

�^��wz|��
limn→∞(1 − x)2

n
= 0

~`�
limn→∞ fn(x) = 1/x,

s?�¢w��2���"�(wzr�vx~`|S�x~`r6�(~��S��¤�{���~ñvx~`|��C����}�wzr6�`�S��wzr
f
s�ucë6r���~H�Sy�|

]0, 2]
{��^|

f(x) = 1/x
���
x 6= 2

~`�
f(2) = 0.

�>�¢u`�Sy6s�~ñs�~(�Zv��^|S���^�S��wzr6�Cs�~�����}�wzr6�`�S��wzr
gns�ucë6r���~��Sy�|

]0, 2]
{��^|

gn(x) = f(x) − fn(x) = |f(x) − fn(x)| ¤0wzra�S|�~0î�y6~ gn
s�u(�`|�wz������y�|

]0, 1]
s�~

+∞ ö
0
�`|�wz�����Sy�|

[1, 2[
s�~

0
ö

1/2,
~`���	�^�S���5}��^���

gn(2) = 0.
� wzr6�

mn = sup
x∈[c,1]

|f(x)− fn(x)| = gn(c) =
1

c
(1− c)2

n →n→∞= 0

sup
x∈[1,2−c]

|f(x)− fn(x)| = gn(1− c) =
1

1− c
c2

n →n→∞= 0

sup
x∈]0,1]

|f(x)− fn(x)| = ∞

sup
x∈[1,2]

|f(x)− fn(x)| = 1/2,

s?�¢w��t��~(�Zs����?u`|�~`r����F|�u(�Sy������^���g� æ r±{<~`y��F|�~`¤"�^|�îay6~`|�îay6~T��~(��}�wzr6�`�S��wzr6�
fn
u`���^r��J�(wzr��S��r�y6~(�C�Sy�|

]0, 2]
~`�

�(wzr�vx~`|S�x~��^r��ñvx~`|��J���0}�wzr6�`�S��wzr
f
s������(wzr��S��ray6~�~`r ó �Á���pr6~ñ{�wzy�vz�^���Cü¥�(vxwz��|��(wzravx~`|S�x~`r6�(~�y�r��ï}4wz|S¤0~��Sy�|

y�r���ra��~`|Svz�^����~ñ�(wzr���~`r��^r�� ó �a{��^|���~C�S�6u(wz|��`¤0~�s�y±�(wzy�|��Fî�y��?s����Fîay6~J���H����¤�����~Cy�r��ï}�wz|S¤0~�s?� y�r6~C��y�����~Cs�~
}4wzr6�`�S��wzr6���(wzr��S��ray6~(��~(�S�ñ�(wzr��S��ray6~�� é ravxwaîay6~`|H�(~"�S�6u(wz|��`¤0~ls�wzr�r��^����s�wzr6�"y�r6~��^y��S|�~"s�u`¤0wzr6�S�S|��^�S��wzrs�~�����r6wzr¥�(wzr�vx~`|S�x~`r6�(~Hy�r��ï}�wz|S¤0~��Sy�|

[1, 2].

ç�ó�ó



°±¬in!²�<t@ao ¬¥§('A'!ka¬6º-`a'�« ½<¬�¨^mg« ©�k¥¦C§6n�®�b�§�1p§�©g«¬�¨0`aÝF¹?¾
¦C§�¨g©g«¬i®:¯&%�§6®²�@�1p¨^¬2®4«�'!ka§6« ¨^¬t¯�n´o §�¨ª¯�«�,�<t'�¼i½Á¬ao?1p¨ª¬?<6·�·*<

� y�|�u(~0ò ó �6~`y�|�~(��� � y6�`y�r¥s�wi�`y�¤0~`r����Á��~(�Z���^���`y����^�S|S���(~(�Cq 
 èÚ��wzr��C�^y���wz|S����u(~(���
� 8"�����^�x~�s�~(�Z|�u(�Sy������^���Z��~ ó�ç r6w�vx~`¤H��|�~ ö ç5� �6~`y�|�~(�g�

º n�¬�m(©g«¼*'´¯p¬�"x¼<n!¨^m0s?ð�r6wzr6�(~`|Z��~��S�6u(wz|��`¤0~Hs�~ ù �(üi��~`ü>UC�^¤�������wzr��
�! �¬a¨#"�«I"x¬t¶¥¾ æ rÚr6wz��~

α = 1
2(−1+

√
5)
~`�
β = 1

2(−1−
√

5)
��~(�$|��z�`��r6~(�$s�y�{�wz��üar6ýz¤0~

X2 +X − 1.æ rt|��^{�{<~`����~ñî�y6~
Ik
~(�S�F����¤"�^�S|S���(~���s�~`ra�S����uñs?�¢wz|�s�|�~

k.
æ r2�(wzr6�S��s��`|�~���~(�F¤"�^�S|S���(~(�

A =









0 1 0 0 1
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0









, J =









1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1









.

ç � ù �^���`y���~`| A2 �^��r6�S��îay6~��S|��z�(~ (A)
~`�F�S|��z�(~

(A2).ó � ù �^���`y���~`| A2 +A− I5− J, (A− 2I5)J
~`�F~`r±s�u(s�y���|�~�î�y6~

P (X) = (X − 2)(X2 +X − 1)
~(�S�

y�r {�wz��üir6ýz¤0~¥�^r�r�y����^��~`y�|Ús�~
A.


 wzy�|�îay6wz�C�(~t|�u(�Sy������^�"~`r��S|��^��r6~cþ¡�5þ¡���Tîay6~
A,

~`r´���^r��lîay��¢~`r�þ
s�wz¤0wz|S{������S¤0~ s�~ é ê 5,

�zs�¤0~`�íy�r6~ ���z��~ s�~ s����^�xwzr��^�����	�^�S��wzrJú 
 wzy�|�î�y6wz��~c£����S��~X����y�r6~X¤"�ªþ
�S|S���(~L��ravx~`|��S������~

P
~`� ô ~`r��S��~`|��

(n2, nα, nβ)
{�w��S���S�ï}��Úwzy r�y����±��~`���±îay6~

A = PDP−1 �(vx~(�
D = diag(2In2 , αInα , βInβ

)?ô �Zìíwzr��S|�~`|�îay6~
(n2, nα, nβ)

���^�S���S}4wzra���^y¥�Sü��S���`¤0~T����r6u��^��|�~
n2 + nα + nβ = 5, 2n2 + αnα + βnβ =

�S|��z�(~
(A), 4n2 + α2nα + β2nβ =

�S|��z�(~
(A2)

ÿ ìíu`�S�6was�~�ò<�(wz¤�{��^|�~`|��S|��z�(~
(D)

~`�C�S|��z�(~
(A)

~`�C�(wz¤�{��^|�~`|T�S|��z�(~
(D2)

~`�T�S|��z�(~
(A2)).

ð�rLs�ucþ
s�y���|�~�îay6~

(n2, nα, nβ) = (1, 2, 2)
ÿ ê �^{�{�~`�$ò α2 = −α + 1

~`�
β2 = −β + 1.)

ð�rõs�u(s�y���|�~���~(�
{�wz��üar6ýz¤0~(�Z¤���r���¤"�^��~`�Z���^|��z�`��u`|S���S�S��îay6~ñs�~

A.

�! �¬a¨#"�«I"x¬ ^ ¾>èiwz���
E
�¡�¢~(��{��z�(~�vx~(�`��wz|S��~`�:�Sy�| é ê s�~(�ñ{<wz��üir6ýz¤0~(� ö �(wi~E8"�`��~`r�����s6�^r6� é ê ~`�ñs�~0s�~`��|�u

≤ 4.
èiwz���

P (k) ��~ k ���`¤0~Z{<wz��üir6ýz¤0~Fs�u`|S��vxuZs�~ P. 
 wzy�| P,Q ∈ E ����wz��� B(P,Q)
��~�r6wzy�vx~��^y"{<wz��üir6ýz¤0~

s�ucë6r���{��^|
B(P,Q)(X) =

∑4
k=0 (−1)kP (k)(X)Q(4−k)(X)ç � ù �^���`y���~`| B(P,Q)

s6�^r6����~(��s�~`y�£V���z�H��y���vz�^ra����ò
P (X) = Q(X) = X

~`�
P (X) = Q(X) =

X4 − 1.ó �Jèiwz���
P,Q ∈ E � � y6~`����~J~(���>���Hs�u`|S��vxu(~Js�y�{<wz��üir6ýz¤0~ B(P,Q)

úTð�rls�u(s�y���|�~Tî�y6~
B(P,Q)

~(�S�:y�r
{�wz��üar6ýz¤0~��(wzr6�S���^ra���?���¢~(�S� ö s���|�~�îay6~

B
~(�S�Ty�r6~H}4wz|S¤0~�s�~

E × E.
ìíwzr��S|�~`|�îay6~��(~`�S��~H}�wz|S¤0~

~(�S�F��������r6u��^��|�~H~`�Z�Süi¤0u`�S|S��î�y6~��
ô � ê �^{�{<~`��~`|�îay��^r6sõ~(�S���(~�î�y�� y�r6~�}�wz|S¤0~���������r6u��^��|�~0�Süi¤0u`�S|S��î�y6~�~(�S��y�rL{�|�wis�y����ñ�����^���^��|�~��?ð����T�(~îay6~

B
s�ucë6r����Jy�r±{�|�was�y����������^���^��|�~��Sy�|

E
ú

°±¬in!²�<t@ao ¬¥§('A'!ka¬6º-`a'�« ½<¬�¨^mg« ©�k¥¦C§6n�®�b�§�1p§�©g«¬�¨0`aÝF¹?¾
	 ¼�¨^¨^«²�k¥¯pn���§�¨ª©g«¬a®$¯P%�§6®²�@�1�¨^¬2®4«�'�k�§6«¨ª¬2¯pn oX§�¨^¯p«�,/<r'!¼i½Á¬io?1�¨^¬2<6·Á·�<

¶a,�s 
 �^|J���^���`y��
A2 =









2 0 1 1 0
0 2 0 1 1
1 0 2 0 1
1 1 0 2 0
0 1 1 0 2









,
�S|��z�(~

(A) = 0,
�S|��z�(~

(A2) = 10.

ç�ó�ô



¶�<ðs 
 �^|"���^���`y��
A2 + A − I5 − J = (A − 2I5)J = 0.

� wzr6�¥�(wz¤�¤0~
J = A2 + A − I5

�^��wz|��
0 = (A − 2I5)J = (A − 2I5)(A

2 + A − I5)
�(~lî�y��:¤0wzr��S|�~Úî�y6~

P (X) = (X − 2)(X2 + X − 1)~(�S��s6�^r6�l�¡� ��s�u��^���^r�r�y����^��~`y�|ts�~
A.

� �^r6� é ê � P ~(���l���`��r6s�uí~`�l��~(�l|��z�`��r6~(�Ú��wzr��Ú�S��¤�{���~(��� ù wz¤�¤0~{��^|Cs�ucë6r����S��wzrõs�y¥{�wz��üir6ýz¤0~ñ¤���r���¤"�^�
mA

�(~`��y����`��s���va����~ñ��wzy���{�wz��üar6ýz¤0~��^r�r�y����^��~`y�|�wzrõ�0îay6~
mAs���va����~

P.
� wzr6�

mA
~(�S���^y6���S�>���`��r6s�u"~`���¥s�~(�ñ|��z�`��r6~(���S��¤�{���~(��� � �÷�^{�|��(�ñ��~l�(wzy�|���� ÿ ù ���^{ ç � 
 |�wz{��û � ç �ñ�(~`���í~`ra�S|��^��r6~�îay6~
A
�zs�¤0~`��y�r6~"���z��~�s�~Ús����^�xwzr��^�������^�S��wzr ~`��î�y6~���wzrÒ�S{<~(�`�S|�~

Λ
~(�����(wzra��~`r�y

s6�^r6���¡�¢~`r6��~`¤ñ����~ {2, α, β} s�~(�H|��z�`��r6~(��s�~ P. èiwz��� nλ
���2¤Hy����S��{������`����uts�~"���2v��^��~`y�|�{�|�wz{�|�~

λ ∈ Λ,��wz���
Eλ

�¡�¢~(��{��z�(~±{�|�wz{�|�~t�(wz|S|�~(�S{�wzr6s6�^r����:~`�0�(wzr�vx~`r6wzr6�
nλ = 0

~`�
Eλ = {0} �S� λ r��¢~(����{��z��y�r6~vz�^��~`y�|�{�|�wz{�|�~�� ù wz¤�¤0~ A ~(���Hs����^�xwzr��^�������^����~��

dimEλ = nλ.
èa�

(n2, nα, nβ)
~(�S���^��r6�S�$s�ucë6r��¡����wz���

D = diag(2In2 , αInα , βInβ
).
èiwz���>�^��wz|��

f2, fα, fβ
s�~(�����z��~(��|�~(�S{�~(�`�S��vx~(��{�wzy�|

E2, Eα, Eβ ,
��wz���

f
��~`y�|

y�r���wzr�����wz���
e
�������z��~����^r6wzr���î�y6~Hs�~ é ê 5 ~`�J��wz���

P = [id é ê 5 ]ef

����¤"�^�S|S���(~�s�~������^r��x~`¤0~`r��Ts�~T���z��~�s�~
e
ö
f.
� ��wz|��Zwzr¥�

A = PDP−1.

¶l¹ýs æ rV�
A2 = PDP−1PDP−1 = PD2P−1.

� �÷�^{�|��(�H��~"�(wzy�|��ñ�S|��z�(~
MN =

�S|��z�(~
NM.

� wzr6�
0 =

�S|��z�(~
A =

�S|��z�(~
DP−1P =

�S|��z�(~
D = 2n2 + αnα + βnβ

~`�
10 =

�S|��z�(~
A2 =

�S|��z�(~
D2P−1P =�S|��z�(~

D = 4n2 + α2nα + β2nβ.
ð�r�ë6r¥{�y�����î�y6~

A
~(�S�Js����^�xwzr��^�������^����~ñ���0��wz¤�¤0~�s�~(��s���¤0~`r6����wzr6�Js�~(�

~(�S{��z�(~(��{�|�wz{�|�~(�Z~(�S�Fu`���^��~ ö û � � �¢w��±��~T�Sü��S���`¤0~J����r6u��^��|�~�� ù �¢~(�S�Fy�r±�Süi�����`¤0~Js�~ ù |��^¤0~`|��6~`r±~E�?~`����wzrs�u`��~`|S¤���r��^r��T~(�S�
det





1 1 1
2 α β
4 α2 β2



 = 4(α − β) = 4
√

5 6= 0.

è��Ú��wz��y��S��wzrõ~(�S�Ty�r���î�y6~�� H u`|S�ïë�wzr6��î�y6~����¢~(�S�
(1, 2, 2). ù �¢~(�S���`���^��|�{�wzy�|C���l{�|�~`¤����`|�~�� 
 wzy�|���� ó �`¤0~wzrõy��S��������~

α + β = −1
~`��{<wzy�|T��� ô �`¤0~0�^y6�����¡����vx~(�

α2 = −α + 1.
� wzr6�

dimE2 = 1,dimEα =
dimEβ = 2.

9�wzy���~(���(~(�Ts���¤0~`r6�S��wzr6����wzra�C{�w��S���S��vx~(�Ts�wzr6��s?�÷�^{�|��(�T��~H�(wzy�|��
mA = P

�<��~�{�wz��üar6ýz¤0~
���^|��z�`��u`|S���S�S��î�y6~

PA
~(�S�

(X − 2)(X2 +X − 1)2.�£Îãò���~��(wzra��~c£i��~Hs�~��(~`��~c£�~`|��`���(~�{<~`y����`�S|�~��S|�wzy�vxu�s6�^r6�Z�¡�¢~c£�~`|��`���(~ û �L;�s�y ù ���^{�� ç s�yt�(wzy�|����
^ ,�s 
 y�����îay6~

B(P,Q) = PQ(4) − P ′Q′′′ + P ′′Q′′ − P ′′′Q′ + P (4)Q (∗)wzrívxwz����îay6~
B(P, P ) = 2PP (4) − 2P ′P ′′′ + (P ′′)2.

èa�
P (X)

wzrLwz���S��~`r��
B(P, P ) = 0,

�S�
P (X) =

X4 − 1
wzrtwz���S��~`ra�

B(P, P ) = −48.

^ <þsJð�r ���^���`y����^r�� ö {��^|S�S��|±s�~ ÿ�Ó �lwzr �S|�wzy�vx~
B(P,Q)′ = P (5)Q + PP (5) î�y��T~(�S�"ray������^|���~(�{<wz��üir6ýz¤0~(����wzra�ñs�~�s�~`��|�u ≤ 4.

� wzr6�
B(P,Q)

~(�S���(wzr6�����^r���� æ rõvxwz������¤�¤0u(s����^��~`¤0~`ra� ö {��^|S�S��|�s�~ÿ�Ó �Zîay6~
B(P,Q) = B(Q,P ) :

���¢~(�S�Js���|�~Hî�y6~ñ����}�wz|S¤0~ñ~(�S�C�Süi¤0u`�S|S��î�y6~��<ð�r�ë6r2���
P, P1, Q

��wzra�Cs6�^r6�
E
~`�Z�S�

λ
~`�
λ1
��wzra�Zs�~(��|�u(~`����� ÿ�Ó ��¤0wzra�S|�~�îay6~

B(λP + λ1P1, Q) = λB(P,Q) + λ1B(P1, Q)
�(~Tî�y��

~(�S�Fs���|�~�î�y6~
P 7→ B(P,Q)

~(�S������r6u��^��|�~T{<wzy�|���wzy��
Q
ë�£�u�� � ���^y6��~�s�~C�����Süa¤0u`�S|S��~Twzrt~`r±s�u(s�y����Zîay6~

Q 7→ B(P,Q)
~(�S�F����r6u��^��|�~ñ{<wzy�|F��wzy��

P
ë�£�u�� � wzr6�

B
~(�S�Fy�r6~T}�wz|S¤0~T��������r6u��^��|�~ñ�Süi¤0u`�S|S��î�y6~��

^ ¹�s
B
��~`|��^����y�rl{�|�wis�y����F�����^���^��|�~T�S��wzr±��vz�^���

B(P, P ) > 0
{<wzy�|���wzy��

P
îay��<r��¢~(�S�:{��z����~J{�wz��üar6ýz¤0~

r�y��¡���!~(�Z~c£�~`¤�{���~(�Js�y ç �$¤0wzr��S|�~`ra�J��wzy6��s�~`y�£Úîay6~����¢~(�S��}¡�^y�£��

ç�ó ø



°±¬an�²�<X«I@ioX¬¥§('A'�k�¬6º-`aÝF¹�¾~�£ �§6oX¬+' ¯&%�¶l»t¶�Ì�Í�bZ�'¯�¬aX�§('<½!«¬a¨0<�·�·�¹�¾
� y�|�u(~ ó ��� � y6�`y�r±s�wa�`y�¤0~`ra���Áèi~`y���~(����~(�F���^���`y����^�S|S���(~(��q 
 èl��wzra���^y���wz|S����u(~(��� � 8"�����^�x~�s�~(��|�u(�Sy������^���

��~ñìí�^|�s��?ø�}�u`vi|S��~`| ö ç5� ���
º n�¬�m(©g«¼*'X¯p¬�"x¼Án�¨^m�¾ � wzr�r6~`|���~(�>�ª£���wz¤0~(��s?� y�r6~Fr6wz|S¤0~�s6�^r6��y�r0~(�S{��z�(~Fvx~(�`��wz|S��~`�

E
�Sy�| é ê . � wzr�r6~`|y�r6~Zs�ucë6r����S��wzrls�~(��}4wzr6�`�S��wzr6�:�(wzr��S��r�y6~(�:|�u(~`����~(�>��y�|

E.
� �¡�÷�^��s�~Zs�~Z�(~(�$�ª£i��wz¤0~(��~`�:s�~Z�(~`�S��~Zs�ucë6r����S��wzr��

¤0wzr��S|�~`|Jîay6~
x 7→ ‖x‖ ~(�S�Z�(wzr��S��ray6~H��y�| E.

�! �¬a¨#"�«I"x¬L¶
ç �Jèiwz���

R
��~í|���üxwzr s�~L�(wzr�vx~`|S�x~`r6�(~Xs�~í��� ��u`|S��~L~`r��S���`|�~ ∑∞

k=1
1√
k
xk ~`�±��wz��� f(x)

���V��wz¤�¤0~��
ù �^���`y���~`| R ~`��s���|�~����

f(R)
~c£����S��~�~`��~(�S��ë6r���~���ì2�`¤0~�îay6~(�S�S��wzr¥��vx~(�

f(−R).ó �Zìíwzr��S|�~`|$î�y6~�������u`|S��~�{�|�u(�(u(s�~`r���~Jr6~��(wzr�vx~`|S�x~C{��z�>r6wz|S¤"�^��~`¤0~`r��Fs6�^r6�
[−1, 0].

ìíwzr��S|�~`|�îay��¢~`����~
�(wzravx~`|S�x~Jy�r��ï}�wz|S¤0u`¤0~`r��Zs6�^r6�

[−1, 0]
ÿ ì2u`�S�6wis�~�ò�y��S��������~`|$��~J{<wz��ra��s�yÚ�(wzy�|����Sy���v��^r����iî�y��¢wzr�r6~

s�~`¤"�^r6s�~�{��z��s�~�|�~(s�u`¤0wzr��S|�~`|lò<���
(uk)

~(�S�Ty�r6~��Sy�����~�î�y���s�u(�`|�wz����vx~`|��
0
�?�^��wz|��T���Ú��wz¤�¤0~

rns�~T������u`|S��~ ∑∞
k=n(−1)kuk

���^�S���5}¡�^��� |rn| ≤ un).
ìíwzr��S|�~`|Cî�y6~

f
~(�S���(wzra�S��r�y6~H�Sy�|

[−1, 1[.ô � æ r2{<w���~
g(x) = (1 − x)f(x)

{�wzy�| −1 ≤ x < 1.
èiwz��� ∑∞

n=0 cnx
n ��~ñs�u`vx~`��wz{�{�~`¤0~`r���~`rí��u`|S��~~`ra�S���`|�~Fs�~

g
�^y�vxwz���S��r��^�x~Fs�~

0
~`����wz���

Rc
��wzr�|��(üxwzr0s�~F�(wzravx~`|S�x~`r6�(~�� ù �^���`y���~`| c0, c1 ~`� cn {�wzy�|

n ≥ 2.
ìíwzr��S|�~`|>îay6~����T��u`|S��~ ∑∞

n=0 cn
�(wzravx~`|S�x~Z~`�:�C{�wzy�|���wz¤�¤0~

0.
ìíwzr��S|�~`|>îay6~

cn ∼ − 1
2n3/2�S�

n→∞ ~`�Z~`r2s�u(s�y���|�~
Rc.ø6�Zìíwzr��S|�~`|�î�y6~ ∑∞

n=0 cnx
n �(wzravx~`|S�x~¥r6wz|S¤"�^��~`¤0~`ra����y�|

[−1, 1]
~`�"s�u(s�y���|�~2s�y ô ���L����¤�����~2s�~

(1− x)f(x)
���
x→ 1

{��^|Zv��^��~`y�|��F��r�}�u`|S��~`y�|�~(���
�! �¬a¨#"�«I"x¬ ^
ç � ù �^���`y���~`|Z�¡� ��ra��u`��|��^��~ ∫ 2π

0 sin x
2 cos(kx) dx

{�wzy�|
k
~`r��S��~`| ≥ 0.ó � æ r"�(wzr6����s��`|�~Z���C}�wzr6�`�S��wzr

f
s�~F{�u`|S��was�~

2π
s�ucë6r���~Z{��^|

f(x) = | sin x
2 |
{<wzy�|���wzy��

x
|�u(~`�¡��9�|��z�(~`|

��wzr���|��^{��6~Zs6�^r6���¡� ��ra��~`|Svz�^����~
[−2π, 4π]. ù �^���`y���~`|>��~(���(wa~E8"�`��~`ra���>s�~F�6wzy�|S��~`|��S|S���xwzr6wz¤0u`�S|S��îay6~(���ìíwzr��S|�~`|�î�y6~0�	�±��u`|S��~0s�~0��wzy�|S��~`|��(wzravx~`|S�x~"r6wz|S¤"�^��~`¤0~`ra��~`�Hs�wzr�r6~`|H���±��wz¤�¤0~0~`rt 5y6�S�S�ïëÁ�^r��

vxwz�S|�~�|�u`{�wzr6��~��
ô �Zð�rts�u(s�y���|�~ñ��~(�Z��wz¤�¤0~(�Zs�~(�J��u`|S��~(�

∞∑

k=1

1

4k2 − 1
,

∞∑

k=1

1

(4k2 − 1)2
,

∞∑

k=1

sin2 kx
2

4k2 − 1

ÿ ìíu`�S�6was�~(�ñò
x = 0,


 �^|���~`vz�^�p~`�
sin2 a = 1

2(1− cos 2a)).

×�ØzÆ��cÔ"ÈHßÐÁÑzß�Ï�Ø�Õ4ß �HÉ � ù S ô � � ç S ó � � ó S ô � � ô S ô � � ø S ó � Î ç S ç �(Î ó S ô �(Î ô S ô �

ç�ó�û
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º:	 ¾?èiwz���
E
y�rÚ~(�S{��z�(~�vx~(�`��wz|S��~`�?�Sy�|

R.
q�r6~Jr6wz|S¤0~

x 7→ ‖x‖ �Sy�| E ~(�S�>y�r6~T�^{�{��������^�S��wzrts�~
E
s6�^r6�

[0,∞[
��~`����~�î�y6~

µ 
 wzy�|���wzy6� x, y ∈ E wzr ‖x+ y‖ ≤ ‖x‖+ ‖y‖.µ 
 wzy�|���wzy�� λ |�u(~`�!~`�F��wzy�� x s�~ E wzr2� ‖λx‖ = |λ|‖x‖.µ èa� ‖x‖ = 0
�^��wz|��

x = 0.q�r6~�}4wzr6�`�S��wzr
f : E → R

~(�S�Js�����~ñ�(wzr��S��ray6~��Sy�|
E
�S��{�wzy�|Z��wzy��

x ∈ E ~`�Z{�wzy�|���wzy��
ε > 0

����~c£����S��~
r > 0

��~`�>î�y6~"{<wzy�|ñ��wzy��
y ∈ E

���^�S���S}��^�����^ra� ‖y − x‖ ≤ r
�^��wz|�� |f(y) − f(x)| ≤ ε.

æ |H�¡�!�ª£i��wz¤0~
ç s�~(��r6wz|S¤0~(�0�^{�{�����îay6uÚ�^yÒ�(wzy�{���~

(y, x − y)
~`r��S|��^��r6~ ‖x‖ − ‖y‖ ≤ ‖x − y‖ ~`���Süi¤0u`�S|S��îay6~`¤0~`r��

‖y‖ − ‖x‖ ≤ ‖y − x‖. �>�÷�ª£i��wz¤0~ ó �^{�{�����î�y6u ö λ = −1
~`� ö

y − x
~`r��S|��^��r6~ ‖x − y‖ = ‖y − x‖ ~`�s�wzr6� −‖y − x‖ ≤ ‖y‖ − ‖x‖ ≤ ‖y − x‖. ð�rt{�|�~`r��^r�� r = ε

wzr±vxwz����îay6~
x 7→ ‖x‖ ~(���Z�(wzr��S��r�y6~��

¶a,Á¾ � {�{�����îay6wzr6�!��~>�`|S�����`|�~>s�~ � � � ��~`¤ñ��~`|S� ö
uk = |x|k/k1/2.

æ rñwz���S��~`r���î�y6~
limk→∞ uk+1/uk = |x|.�!�"��u`|S��~ñ�(wzr�vx~`|S�x~�s�wzr6���^�6��wz��y�¤0~`r����S� |x| < 1

~`�Js���vx~`|S�x~H��|�w����S���`|�~`¤0~`r����S� |x| > 1. ù �¢~(�S�Js���|�~�î�y6~
R = 1. ù wz¤�¤0~����"��u`|S��~�s�~ ê ��~`¤"�^r�r ∑∞

k=1 k
−1/2 s���vx~`|S�x~ ÿ ���^| 1/2 ≤ 1)

~`��~(�S� ö ��~`|S¤0~(�T{�w��S���S�ï}����
f(R) = ∞ ~`�Cr��¢~(���C{��z�Cë6r���~�� ù wz¤�¤0~�������u`|S��~ ∑∞

k=1(−1)kk−1/2 ~(�S���^����~`|Sr6u(~�~`���(wz¤�¤0~����lvz�^��~`y�|�^�6��wz��y6~
k−1/2 s�~0��wzrX��~`|S¤0~"�xu`r6u`|��^�$s�u(�`|�wz���Hvx~`|�� O ��wzr ~(�S�ñs6�^r6�ñ��~(�H�(wzr6s����S��wzr6��s?�÷�^{�{��������^�S��wzr s�y�S�6u(wz|��`¤0~ñs�~(�Z��u`|S��~(�J�^����~`|Sr6u(~(�J~`�Z�(~`�S��~���u`|S��~��(wzr�vx~`|S�x~�ò

f(R)
~c£����S��~�~`�Z~(�S��ë6r���~��

¶�<?¾�èiwz���
Mk = sup

x∈[−1,0]
|x|k/k1/2 = k−1/2.

�!�0��u`|S��~ ∑∞
k=1Mk

s���vx~`|S�x~��(wz¤�¤0~�viy2�`�!s�~(����y6��~`������r�� üt��{��z���(wzravx~`|S�x~`r6�(~�r6wz|S¤"�^��~�� ù ~`{�~`r6s6�^r����r6wz���^r��±{��^|
fn(x) =

∑n
k=1 x

kk−1/2 ~`�Úwz�6��~`|Sv��^r��±îay6~¥{�wzy�| x ∈ [−1, 0]
��� ��u`|S��~ ∑∞

k=1 x
kk−1/2���^�S���5}¡�^�����^yt�`|S�����`|�~�s�~(�Z��u`|S��~(���^����~`|Sr6u(~(�g����~T|�u(�Sy������^�F|��^{�{�~`��u�s�yt�(wzy�|���}�wzy�|Sr����Z{<wzy�|F��wzy��

x ∈ [−1, 0]

|f(x)− fn(x)| ≤ |x|n+1(n+ 1)−1/2 ≤ mn = (n+ 1)−1/2 →n→∞ 0.

ù wz¤�¤0~±��~Ú{<wz��üir6ýz¤0~ fn
~(���0�(wzr��S��r�y��:���í����¤�����~Úy�r��ï}�wz|S¤0~

f
��y�|

[−1, 0]
~(���0�(wzr��S��r�y6~�� � ~Ú{���y6�

f~(�S���(wzr��S��ray6~��Sy�|
]− 1, 1[

�(wz¤�¤0~H�¡�¢~(�S�Z��wzy���~H��wz¤�¤0~ñs�~ñ��u`|S��~ñ~`ra�S���`|�~Hs6�^r6�J��wzrt��r���~`|Sv��^����~ÚÓzÅ�zzÈcÆcÕ�s�~
�(wzr�vx~`|S�x~`r6�(~ ÿ �(wzy�|���c� � wzr6�

f
~(�S�Z�(wzr��S��ray6~H�Sy�|

[−1, 1[.

¶l¹�¾ � {�{�����îay6wzr6����~��S�6u(wz|��`¤0~l�Sy�|���~�{�|�wis�y����Hs�~ ù �^y6����üX{�wzy�|���~(����u`|S��~(�H~`r��S���`|�~(���^y�£õs�~`y�£X�Sy�����~(�
(ak)

~`�
(bk)

s�ucë6r���~(�Z{��^|
a0 = 1, a1 = −1

~`�
ak = 0

�S�
k > 1

��~`�
b0 = 0

~`�
bk = k−1/2 {<wzy�| k > 0.æ r¥wz���S��~`r��

c0 = 0, c1 = 1
~`����{<wzy�|

n > 1 :

cn =

n∑

k=0

akbn−k = bn − bn−1 = n−1/2 − (n− 1)−1/2

é ��~(�S�Z�`���^��|Jî�y��¢wzr2��{��^|���u`��~(���(wz{��^�x~
n∑

k=0

ck = n−1/2 →n→∞ 0.

ð�r�ë6r���~`r±¤Hy����S��{������^r��C���^y���~`�Z���z�F{��^|Zy�r6~�îay��^r��S����uH�(wzrz  y���y6u(~

cn =
(n− 1)1/2 − n1/2

(n− 1)1/2n1/2
× (n− 1)1/2 + n1/2

(n− 1)1/2 + n1/2
=

−1

((n− 1)1/2 + n1/2)(n− 1)1/2n1/2
∼ −1

2n3/2
.

ç�ó6�



��~F�`|S�����`|�~Fs�~ � � � ��~`¤ñ��~`|S�>�^{�{�����îay6u ö
un = |cnxn| s�wzr�r6~ limn un+1/un = |x| limn(n+1)−3/2n3/2 =

|x|, �(~�îay��?¤0wzr��S|�~ñîay6~ Rc = 1.

¶7�!¾ ù wz¤�¤0~ |cn| ∼ An−3/2 �^��wz|�� ∑∞
k=1 |ck|

�(wzr�vx~`|S�x~±{��^|���~��S�6u(wz|��`¤0~±s?�¢u(î�y���v��^��~`r6�(~±s�~(����u`|S��~(�
ö ��~`|S¤0~(�2{<w��S���S�ï}��¥~`�2{��^|¥��~V�`|S����u`|�~Vs�~ ê ��~`¤"�^r�r��T�^{�{��������^����~ ���`�����^| 3/2 > 1. ù wz¤�¤0~ Mk =
supx∈[−1,1] |ckxk| = ck

�����(wzr�vx~`|S�x~`r6�(~Tr6wz|S¤"�^��~C~(�S���z�(î�y�����~�� ù wz¤�¤0~J��~(�:��wz¤�¤0~(�:{��^|S�S��~`����~(�Fs�~��(~`�S��~��u`|S��~J��wzr����(wzr��S��r�y6~(� ÿ ���^|:{�wz��üar6wz¤����^��~(�E�����H��wz¤�¤0~
C(x)

s�~J�(~`�S��~C��u`|S��~C�Sy�|
[−1, 1]

~(�S�:�(wzra�S��r�y6~�� æ r
���(v��^���>s?�÷�^y��S|�~Z{��^|S�:î�y6~

C(x) = (1−x)f(x)
���
x ∈ [−1, 1[

~`�>îay6~
C(1) = 0. ù wz¤�¤0~ C ~(�S���(wzr��S��ray6~

~`r ç wzr¥~`rts�u(s�y����Jîay6~
(1− x)f(x)

��~`r6s±vx~`|�� O �S�
x
��~`r6s±vx~`|�� ç {��^|Zvz�^��~`y�|��Z��r�}4u`|S��~`y�|�~(���

^ ,Á¾ � �÷�^{�|��(�����T�`���z����~Fs�~�{�|�~`¤����`|�~
sin a cos b = 1

2 (sin(b+a)−sin(b−a)). � {�{�����î�y��^ra�>�(~`�S��~�}�wz|S¤ñy���~ö
a = x/2

~`�
b = kx

wzrtwz���S��~`r��Cî�y6~��¡� ��ra��u`��|��^��~
Ik
~(�S�

4/(1 − 4k2)
{�wzy�|

k
~`ra�S��~`| ≥ 0.

^ <?¾ � |��^{��6~�ò ô  5wz�����$}�~(�S��wzr6��� ù wi~E8"�`��~`r����Zs�~T�6wzy�|S��~`| a0(f) = I0
2π = 2

π

~`��{<wzy�|
k > 0 ak(f) = Ik

π =
4

π(1−4k2) . ù wz¤�¤0~ f ~(�S�F{��^��|�~��6wzrí� bk(f) = 0.
�!����u`|S��~�s�~��6wzy�|S��~`|�s�~

f
~(�S�Zs�wzr6�

2

π
+

∞∑

k=1

4 cos(kx)

π(1− 4k2)
.

æ |Z{<wzy�|
k ≥ 1

wzrí�
Mk = sup

x

∣
∣
∣
∣

4 cos(kx)

π(1− 4k2)

∣
∣
∣
∣
=

4

π(4k2 − 1)
∼ Ak−2.

� �÷�^{�|��(�"��~±�`|S�����`|�~ts�~ ê ��~`¤"�^r�r ÿ �^{�{��������^����~¥���^| ó ¼ ç �����L��u`|S��~ ∑∞
k=1Mk

�(wzravx~`|S�x~¥~`�����L��u`|S��~±s�~
�6wzy�|S��~`|Cs�~

f
�(wzravx~`|S�x~ñr6wz|S¤"�^��~`¤0~`ra��������r��^��~`¤0~`ra���

f
~(���

C1M(2π)
���^|

f
~(�S���(wzra�S��r�y6~ ÿ

sinx/2
~(�S�

�(wzr��S��r�y6~��
x 7→ |x| �^y6�����Z~`�����L�(wz¤�{<w���u(~¥s�~±s�~`y�£ }�wzr6�`�S��wzr6�0�(wzra�S��r�y6~(��~(�S�0�(wzr��S��ray6~��L�0ð�r6��y�����~t�S�

g(x) = f ′(x) = 1
2 cos x

2

{�wzy�|
0 < x < 2π

~`���S��wzr {�|�wz��wzr��x~
g
{��^|

2π
{�u`|S��wis����`����u��pwzr �(wzr6�S���^��~

î�y6~
g(0+) = 1/2

~`�
g(2π−) = −1/2

~c£i������~`r��T~`�C��wzra�Zë6r���~(��� � wzr6�
f ′
~(�S������~`rí���"|�~(�S�S|S���`�S��wzrís?� y�r6~

}4wzr6�`�S��wzr �(wzra�S��r�y6~"{��^|�¤0wz|��(~��^y�£�� æ rX~(�S������~`rXs6�^r6����~(���(wzr6s����S��wzr6�ñs?�÷�^{�{��������^�S��wzrVs�yL�S�6u(wz|��`¤0~0s�~
� ��|S��������~`�J~`���(wz¤�¤0~

f
~(�S�J�(wzr��S��r�y6~��

f
~(�S�Zu`���^��~ ö ������wz¤�¤0~�s�~�������u`|S��~�s�~���wzy�|S��~`|��

^ ¹�¾ 
 y�����îay6~�{<wzy�|F��wzy��
x
wzr2�

| sin x
2
| = 2

π
+

∞∑

k=1

4 cos(kx)

π(1− 4k2)
,

}��^����wzr6�
x = 0.

æ r wz���S��~`r�� ∑∞
k=1

1
4k2−1

= 1/2. ê �^{�{�~`��wzr6�H~`r6��y�����~0�¡�¢u`���^������uÚs�~ 
 �^|���~`v��^�¡�!v��^���^����~{<wzy�|Z��wzy��
f
�(wzra�S��r�y6~H{��^|F¤0wz|��(~��^y�£

1

2π

∫ 2π

0
|f(x)|2dx = |a0(f)|2 +

1

2

∞∑

k=1

(|ak(f)|2 + |bk(f)|2).


 wzy�|J�¡�÷�^{�{�����î�y6~`|J���`�?����}��^y������^���`y���~`| ∫ 2π
0 | sin x

2 |2dx =
∫ 2π
0

1
2 (1− cos x)dx = π.

æ rtwz���S��~`ra�C�^��r6�S�
∞∑

k=1

1

(4k2 − 1)2
=
π2

16
− 1

2
.

ç�ó ;



� y��^r�� ö ���ñs�~`|Sr����`|�~T��wz¤�¤0~���~`r�|�~`¤�{����z���^r��
sin2 kx

2

{��^| 1
2(1− cos kx),

~`��~`rÚy��S���������^r������H��wz¤�¤0~Js�~
������u`|S��~�s�~��6wzy�|S��~`|J~`�Z��~T{�|�~`¤���~`|�|�u(�Sy������^�Js�~��(~FÎ ô wzr2�^|S|S��vx~ ö

∞∑

k=1

sin2 kx
2

4k2 − 1
=
π

4
| sin x

2
|.

ç�ó64



°±¬an�²�<X«I@ao ¬¥§('A'!ka¬6º-`aÝF¹?¾-�£ �§6oX¬+' ¯&%�¶�Ì�Ð0� ^ j��ÿÌ>µ(»>�C¶lµ`j:� ¯p¬>X?§('<½!« ¬a¨0<�·�·Á¹?¾
� y�|�u(~ ó ��� � y6�`y�r±s�wa�`y�¤0~`ra���Áèi~`y���~(����~(�F���^���`y����^�S|S���(~(��q 
 èl��wzra���^y���wz|S����u(~(��� � 8"�����^�x~�s�~(��|�u(�Sy������^���

��~ñìí�^|�s��?ø�}�u`vi|S��~`| ö ç5� ���
º n�¬�m(©g«¼*'Ò¯�¬�"x¼Án�¨^m�¾ � y��÷�^{�{<~`����~cþ¡�5þÖwzrt~`r6s�wz¤0wz|S{�������¤0~Cwz|S�S�6wz�xwzr��^� ÿ wzy�����wz¤0u`�S|S��~Jvx~(�`��wz|S��~`����~��>s?� y�r
~(�S{��z�(~ñ~`y6�`����s���~`rJú�ìíwzr��S|�~`|Tîay�� y�r¥��~`��~`r6s�wz¤0wz|S{�������¤0~ñr6~ñ{<~`y��T�(vxwz��|Ts?�÷�^y��S|�~(��v��^��~`y�|���{�|�wz{�|�~(�Cîay6~
±1,

~`�Zî�y�� ���!~(���Zs�~�s�u`��~`|S¤���r��^r�� ±1.

�! �¬a¨#"�«I"x¬Ú¶¥¾Áèiwz���
A
y�r6~�¤"�^�S|S���(~

(n, n)
�Süi¤0u`�S|S��î�y6~Z|�u(~`����~Z��~`����~Zîay6~

A3 = In.
ì2wzra�S|�~`|:îay6~

A = In.

�! �¬a¨#"�«I"x¬ ^ ¾>èiwz���
a
~`�
b
����r6u��^��|�~`¤0~`r�����r6s�u`{�~`r6s6�^r�����~`��s�~�r6wz|S¤0~ ç s6�^r6����~�{����^rV~`y6�`����s���~`r

E
~`�

��wz���
f ∈ L(E)

s�ucë6r��!{��^|
f(x) = 〈x, a〉a+ 〈x, b〉b.ç �Zìíwzr��S|�~`|�îay6~

f = f∗
~`�Zîay6~

f
~(���Zs�ucë6r���{<w������S�ï}5�

ó � ù �^���`y���~`|C~`r±}4wzr6�`�S��wzr2s�~ 〈a, b〉 ��~(�Zv��^��~`y�|��Z{�|�wz{�|�~(�Js�~ f ~`�Z�S|�wzy�vx~`|C~`r±}4wzr6�`�S��wzrís�~ a ~`� b y�r6~���z��~�s�~ñs����^�xwzr��^�������^�S��wzr2s�~
f.

�! �¬a¨#"�«I"x¬ 	 ¾�èiwz���
E
y�rL~(��{��z�(~H~`y6�`����s���~`rXs�~�s���¤0~`r6�S��wzr ô �

e = e1, e2, e3)
y�r6~����z��~�wz|S�S�6wzr6wz|S¤"�^��~

s�~
E
~`�
u ∈ L(E)

��~`�!îay6~
[u]ee = M

��wz���

M =





−1 0 0
0 2 −3
0 −1 2



 .

ç �Zìíwzr��S|�~`|�îay6~
u
���S|�wz���Zvz�^��~`y�|���{�|�wz{�|�~(��s����S�S��r6�`��~(� −1, α, β.ó �Jèiwz���

vα
~`�
vβ

s�~(�0vx~(�`��~`y�|��0{�|�wz{�|�~(�"s�~
u
�z����wi�`��u(� ö

α
~`�
β
|�~(�S{<~(�`�S��vx~`¤0~`ra���>ìíwzr��S|�~`|�î�y6~

〈u(vα), u(vβ)〉 < ‖vα‖‖vβ‖
ÿ r6wz��~`���¡� ��r6u`���^������uñ���S|S���`��~��c�

ô �Jèiwz��� Cj = u(ej)
�
j = 1, 2, 3.

ìíwzr��S|�~`|pî�y6~ C = (C1, C2, C3)
~(�S�?y�r6~����z��~�s�~

E.
èa�
f = (f1, f2, f3)~(�S�C���"���z��~�wz|S�S�6wzr6wz|S¤"�^��~�s�~�èi����¤���s��ñ�z����wi�`��u(~ ö C, ~c£�{�|S��¤0~`|���~(�Cvx~(�`��~`y�|���s�~ f ~`r2}�wzr6�`�S��wzrs�~(�Fvx~(�`��~`y�|��Js�~

e.

�! �¬a¨#"�«I"x¬í°L¾�èiwz���Z����¤"�^�S|S���(~ñ�(wz¤�{���~c£�~

A =
1

2

[

3 −1−i√
2

−1+i√
2

3

]

.

ç �Zìíwzr��S|�~`| ö �¡�÷�^��s�~Hs�yt�(wzy�|���îay6~
A
~(�S�Zs����^�xwzr��^�����	�^����~ñ~`� ö v��^��~`y�|��Z{�|�wz{�|�~(��|�u(~`����~(���

ó ��9!|�wzy�vx~`|�y�r6~T¤"�^�S|S���(~
P
s�~

SU(2)
��~`����~�îay6~

P ∗AP
��wz���Zs����^�xwzr��^��~��

�! �¬a¨#"�«I"x¬?�H¾�èiwz���
a
y�r±|�u(~`�!~`�Z���H}�wz|S¤0~�îay��zs�|��^�S��î�y6~

q
��y�| é ê 2 s�ucë6r���~�{��^|

q(x, y) = (1 + a)x2 + 2xy + y2.

� �����`y���~`|Z�����S����r��^�Sy�|�~�s�~
q
�Sy���v��^r��Z��~(�Zvz�^��~`y�|��Js�~

a.
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ç�ó6M



°±¬an�²�<L«I@aoX¬¥§('='�k�¬�ºA`aÝF¹�¾ 	 ¼Á¨ª¨z«²�k±¯p¬t®V%�¬� �§6oX¬�'´¯P%�¶�Ì�Ð0� ^ j�� Ì�µ(»>�T¶"µ`j��A¯p¬>X?§('<½!«¬�¨
<6·Á·�¹�¾

º n�¬�m(©g«¼*'Ò¯�¬�"x¼Án�¨^m
�
æ rls�����î�y�� y�rÚ~`r6s�wz¤0wz|S{������S¤0~

f
s?� y�r�~(��{��z�(~J~`y6�`����s���~`r

E
~(�S�$y�rl~`r6s�wz¤0wz|5þ

{������S¤0~�wz|S�S�6wz�xwzr��^��s�~
E
��� ���?vxu`|S�ïë�~��¡� y�r6~ñs�~(�Zs�~`y�£�{�|�wz{�|S��u`��u(�Cu(îay���vz�^��~`ra��~(���Sy���v��^r���~(�Hò

���
f
~(�S�Z��r�vx~`|���������~�~`�

f−1 = f∗
�

��� ∀x, y ∈ E, ‖f(x)‖ = ‖x‖ �èiwz���
x ∈ E \ {0E}

y�rÚvx~(�`��~`y�|F{�|�wz{�|�~Ts�~
f
{�wzy�|:���Hv��^��~`y�|${�|�wz{�|�~

λ ∈ R
� æ rt� ‖f(x)‖ = |λ| ‖x‖ =

‖x‖ ~`��s�wzr6� |λ| = 1
{�y����

λ ∈ {−1, 1} �æ rí�
f ◦ f∗ = idE

~`��s�wzr6�
det(f) det(f ∗) = 1

~`���(wz¤�¤0~
det(f) = det(f ∗)

��wzrí�
(det f)2 = 1

~`�
s�wzr6�

det f ∈ {−1, 1} �

�! �¬a¨#"a«$"�¬0¶
�

 y�����î�y6~

A
~(�S���Süi¤0u`�S|S��îay6~:|�u(~`����~��zs?�÷�^{�|��(����~$�S�6u(wz|��`¤0~F�S{�~(�`�S|��^�¡�

A
~(�S��s����^�xwzr��^���ïþ

���^����~ ÿ wzr0r��a�^y�|���{��z� ö y��S��������~`|:îay6~
A
s����^�xwzr��^������~�s6�^r6�>��~Z��|�wzy�{�~Zwz|S�S�6wz�xwzr��^�$��~`�:s�wzr6�Z����~c£����S��~Fy�r6~

¤"�^�S|S���(~���r�vx~`|��S������~
P ∈ GLn(R)

~`�Jy�r6~�¤"�^�S|S���(~�s����^�xwzr��^��~
D ∈ Mn(R)

��~`����~(�Tîay6~
P−1AP = D

�
æ |��

(P−1AP )3 = P−1A3P
~`�$�(wz¤�¤0~

A3 = In
�awzrÚ�

D3 = In
~`�$s�wzr6�����S�

λ
y�r��(wi~E8"�`��~`r��Fs����^�xwzr��^�

s�~
D
��wzrõ�

λ3 = 1
� ù wz¤�¤0~ λ ~(����|�u(~`�¡�<wzrL� λ = 1

� � ��r6�S�¡�
D = In

~`�C{��^|C��y�����~��
P−1AP = In

~`r
��wz|S��~�îay6~

A = PP−1 = In
�

�! �¬a¨#"a«$"�¬ ^
�
, ◦ ] 
 wzy�|Z¤0wzra�S|�~`|Jîay6~ f ~(�S�Z�Süi¤0u`�S|S��î�y6~���������y/80��s�~T¤0wzr��S|�~`|Cî�y6~

∀x, y ∈ E, 〈f(x), y〉 = 〈x, f(y)〉
æ |���{��^|�s�ucë6r����S��wzr2s�~

f
~`�Zs?�÷�^{�|��(����~(�F{�|�wz{�|S��u`��u(��s�yt{�|�wis�y����������^���^��|�~���wzr2�Úò

〈f(x), y〉 = 〈 〈x, a〉 a + 〈x, b〉 b, y〉 = 〈x, a〉 〈a, y〉 + 〈x, b〉 〈b, y〉 .
æ r ~`r s�u(s�y���� ÿ {�~`|S¤ñy���~`|

x
~`�
y
�`�ïþÖs�~(���Sy6���îay6~ 〈f(y), x〉 = 〈y, a〉 〈a, x〉 + 〈y, b〉 〈b, x〉 ~`��wzr�(wzr6�S���^��~�îay6~ 〈f(x), y〉 = 〈f(y), x〉 = 〈x, f(y)〉 �
 wzy�|J¤0wzr��S|�~`|Jîay6~

f
~(�S�Zs�ucë6r���{�w��S���S�ï}S�������Sy/80��s�~T¤0wzr��S|�~`|Cî�y6~
∀x ∈ E, 〈x, f(x)〉 ≥ 0 et 〈x, f(x)〉 = 0 ⇒ x = 0E .

æ |�����~�|�u(��y������^�p�`�ïþÖs�~(����y6��¤0wzr��S|�~�îay6~ 〈x, f(x)〉 = 〈x, a〉 2+ 〈x, b〉 2 ≥ 0
~`�!s�wzr6�$î�y6~���� 〈x, f(x)〉 = 0�^��wz|���� 〈x, a〉 = 〈x, b〉 = 0

�¡�¢~��
x
~(�S�Cwz|S�S�6wz�xwzr��^� ö

a
~`� ö

b
~`�T�(wz¤�¤0~

(a, b)
~(�S�Cy�r6~����z��~Hs�yí{����^r

E
�
x
~(���Zwz|S�S�6wz�xwzr��^� ö ��wzy��Fvx~(�`��~`y�|Cs�~

E
~`�Zs�wzr6�

x = 0E
�

< ◦ ] B = (a, b)
~(���$y�r6~T���z��~�s�~

E
~`�
f(a) = ‖a‖2a+ 〈a, b〉 b = a+ 〈a, b〉 b � f(b) = 〈a, b〉 a+ b

ÿ wzr
��y��S��������u�îay6~

a
~`�
b
��wzra�Zy�r������^��|�~(��c������¤"�^�S|S���(~�s�~

f
s6�^r6�

B
~(�S�

M =

[
1 〈a, b〉

〈a, b〉 1

]

.

� vx~(�"��~0{�wz��üar6ýz¤0~l���^|��z�`��u`|S���S�S��î�y6~�s�~"ì¸wzrV�S|�wzy�vx~lîay6~
1 ± 〈a, b〉 ��wzra�ñ��~(�Hvz�^��~`y�|��ñ{�|�wz{�|�~(��s�~ f~`�0î�y6~

a ± b 6= 0E
��wzra��vx~(�`��~`y�|0{�|�wz{�|�~(�"�z����wi�`��u(��� � ��r6���¡��y�r6~Ú���z��~�s�~±s����^�xwzr��^�����	�^�S��wzr´s�~

f
~(�S�

(a+ b, a− b)
�Áèa� 〈a, b〉 = 0

�^��wz|��
f
~(�S�F�¡� ��s�~`r��S����uH~`�Z��wzy��Fvx~(�`��~`y�|�r6wzr¥r�y��!~(�S�Fvx~(�`��~`y�|�{�|�wz{�|�~��

�! �¬a¨#"a«$"�¬ 	
�
, ◦ ]$��~J{�wz��üar6ýz¤0~J���^|��z�`��u`|S���S�S��î�y6~Ts�~ M ~(���

PM = −(X+1)(X2− 4X+1)
�a��~

{<wz��üir6ýz¤0~
X2 − 4X + 1

�zs�¤0~`�Cs�~`y�£t|��z�`��r6~(��|�u(~`����~(�Cs����S�S��r6�`��~(�
α
~`�
β
{�w��S���S��vx~(� ÿ

∆ = 16 − 4 > 0
�

ç�ô6O



α+β = 4 > 0
~`�
αβ = 1 > 0

�c� � wzr6�
M
�zs�¤0~`�:�S|�wz���$v��^��~`y�|��>{�|�wz{�|�~(�$|�u(~`����~(�$s����S�S��r6�`��~(� −1

�
α
~`�
β
�

< ◦ ]���~(�ñvx~(�`��~`y�|�� vα
~`�
vβ
��wzra�Hs�~(�Hvx~(�`��~`y�|��ñ{�|�wz{�|�~(���ps�wzr6�

u(vα) = αvα
~`�
u(vβ) = βvβ

~`�
�(wz¤�¤0~

αβ = 1
��wzr2�

〈u(vα), u(vβ)〉 = 〈αvα, βvβ〉 = αβ 〈vα, vβ〉 = 〈vα, vβ〉 .ð�r�ë6r��as?�÷�^{�|��(�$�¡� ��r6u`���^������uTs�~ ù �^y6����üaþ èi�����$�^|S�x� 〈vα, vβ〉 ≤ ‖vα‖‖vβ‖
��vx~(�Ju`���^������uC�S��~`�$��~`y���~`¤0~`r��F�S�

��~(�Zvx~(�`��~`y�|��
vα
~`�
vβ
��wzr����(wz����r6u��^��|�~(�J�(~�îay���~(�S�Z~c£��`��y¥{�y�����î�y6~

vα
~`�
vβ
��wzr��Js�~(�Fvx~(�`��~`y�|��Z{�|�wz{�|�~(�

�z����wi�`��u(� ö s�~(�Fv��^��~`y�|��Z{�|�wz{�|�~(��s������S��r6�`��~(���6��� ��r6u`���^������uHs�~`¤"�^r6s�u(~ñ~(�S�F����~`rt{�|�wzy�vxu(~��¹ ◦ ] ù wz¤�¤0~ (e1, e2, e3)
~(�S��y�r6~C���z��~Ts�~

E
�
(u(e1), u(e2), u(e3))

~(�S��y�r6~J���z��~�s�~
E
����~`�F��~`y���~`¤0~`ra�

�S�
u
~(�S�Z���  S~(�`�S�ï}��(~�î�y��!~(���F��~����z�F{�y�����îay6~

det(u) = (−1)αβ = −1 6= 0
�

ù wzr6�S�S|Sy�����wzr6�Zy�r6~ñwz|S�S�6wz�xwzr��^������u(~ (v1, v2, v3)
s�~

(u(e1), u(e2), u(e3))
ò

v1 = u(e1) = −e1
�

v2 = u(e2)− 〈u(e2),v1〉
‖v1‖2 v1 = u(e2) = 2e2 − e3

�
v3 = u(e3)− 〈u(e3),v2〉

‖v2‖2 v2 − 〈u(e3),v1〉
‖v1‖2 v1 = −3e2 + 2e3 − −8

5 (2e2 − e3) = 1
5 (e2 + 2e3).æ r ~`r s�u(s�y������¡�¢wz|S�S�6wzr6wz|S¤"�^������u(~

(f1, f2, f3)
s�~

(u(e1), u(e2), u(e3))
ò
f1 = 1

‖v1‖v1 = −e1
�
f2 =

1
‖v2‖v2 = 1√

5
(2e2 − e3)

~`�
f3 = 1

‖v3‖v3 = 1√
5
(e2 + 2e3).

�! �¬a¨#"a«$"�¬¥°
�
, ◦ ] A ~(�S�Fs�~T���H}�wz|S¤0~ [ a b

b a

] ��vx~(�
a
|�u(~`�¡�6s�wzr6�

A
~(�S�F�6~`|S¤����S��~`r�r6~�~`�Zs�wzr6���

s?�÷�^{�|��(�Z��~��(wzy�|����
A
~(�S�Zs����^�xwzr��^�������^����~H~`� ö v��^��~`y�|��F{�|�wz{�|�~(�Z|�u(~`����~(���

< ◦ ] æ rL� A = 1
2

[
3 e−3iπ/4

e3iπ/4 3

] ~`�C{��^|��Sy�����~��Á�S|��z�(~
(A) = 3

~`�
det(A) = 1

4(9 − 1) = 2
� é �p~`r

|�u(�Sy�����~�î�y6~$��~:{<wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��î�y6~Fs�~
A
~(�S�

PA = X2− �S|��z�(~ (A)X+det(A) = X2−3X+2 =
(X − 1)(X − 2)

�6��~(��v��^��~`y�|��F{�|�wz{�|�~(�Zs�~
A
��wzr��Zs�wzr6�

1
~`�

2
� æ r±r6wz��~`|��

E1
~`�
E2

��~(�Z��wzy6�5þÖ~(�S{��z�(~(�
vx~(�`��wz|S��~`����{�|�wz{�|�~(�J�(wz|S|�~(�S{<wzr6s6�^ra����� ù wz¤�¤0~

A− I2 = A =
1

2

[
1 e−3iπ/4

e3iπ/4 1

]

,

wzrÒ�
E1 = vect(−e−3iπ/4, 1) = vect(e1)

w��
e1 = (eiπ/4, 1)

� ù wz¤�¤0~ (eiπ/4,−1) ⊥ (eiπ/4, 1)
�pwzr

�
E2 = vect(e2)

w��
e2 = (eiπ/4,−1)

� æ r � ‖e1‖ = ‖e2‖ =
√

2
~`�

(v1, v2) = ( 1
‖e1‖e1,

1
‖e2‖e2)~(�S�Ly�r6~Ò���z��~Òwz|S�S�6wzr6wz|S¤"�^��~�� æ rA�

det(v1, v2) = 1
2 (−eiπ/4 − eiπ/4) = −eiπ/4 = e5iπ/4 � 
 �^|�Sy�����~��

det(e−5iπ/4v1, v2) = 1
� æ r´�

e−5iπ/4v1 = 1√
2
e3iπ/4(eiπ/4, 1) = 1√

2
(−1, e3iπ/4)

~`�0s�wzr6�t�S�
P = 1√

2

[
−1 eiπ/4

e3iπ/4 −1

]

= 1
2

[
−
√

(2) 1 + i

−1 + i −
√

(2)

] �^��wz|��
P ∈ SU(2)

~`�
P ∗AP =

[
1 0
0 2

] �
�! �¬a¨#"a«$"�¬ý�

�
æ r �^{�{�����îay6~í��� ¤0u`�S�6was�~Ls�~ � �^y6���Lò

q(x, y) = y2 + 2yx + (1 + a)x2 =
(y + x)2 + ax2 � æ rL~`rõs�u(s�y�����îay6~H�����S����r��^�Sy�|�~�s�~ q ~(��� ÿ ó � O �C�S� a > 0

� ÿ ç � ç �J�S�
a < 0

~`� ÿ ç � O �J�S�
a = 0

�

ç�ô�ç
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ç �Jèiwz���
f
y�r6~í}�wzr6�`�S��wzr �(wzr��S��ray6~ �(wz¤�{���~c£�~í��y�|

[a, b[
��vx~(� −∞ < a < b ≤ ∞.

� y6~L�S����r��ïþ
ë�~L���V{���|��z��~ � �¡� ��r���u`��|��^��~ ��¤�{�|�wz{�|�~

I =
∫ b
a f(t)dt

�(wzr�vx~`|S�x~c�púXð�rÃ���z�ts�~õ�(wzravx~`|S�x~`r6�(~´�
îay��÷�^{�{<~`����~cþ¡�5þÖwzrÚv��^��~`y�|$s�~

I?
èa��s�~J{���y6�

f ≥ 0,
s�wzr�r6~`|�y�r6~C�(wzr6s����S��wzrÚr6u(�(~(���	�^��|�~C~`���Sy/8"���^ra��~

s�~��(wzravx~`|S�x~`r6�(~Hs�~
I.ó �Jèiwz���

(un)n≥0
y�r6~���y�����~ls�~lr6wz¤ñ��|�~(���(wz¤�{���~c£�~(��� � y6~�������r��ïë�~"���¥{���|��z��~ � ���¥��u`|S��~ ∑∞

n=0 un�(wzravx~`|S�x~c�!ú � y6~0�S����r��ïë�~����±{���|��z��~ � ���Ú��u`|S��~ ∑∞
n=0 un

�(wzravx~`|S�x~"�^�6��wz��y�¤0~`r��5�pú"ð�r6wzr6�(~`|�y�r
|�u(�Sy������^�"|�~`�����^r��"��~(�"s�~`y�£ r6wz�S��wzr6�l~`�0¤0wzr��S|�~`|l{��^|0y�r´�(wzr��S|�~¥~c£�~`¤�{���~2î�y��¢~`����~(��r6~¥��wzr��0{��z�
u(îay���vz�^��~`ra��~(���

ô �Zð�r6wzr6�(~`|���~��S�6u(wz|��`¤0~ñs�~��(wzravx~`|S�x~`r6�(~Hs�~(�Z��u`|S��~(���^����~`|Sr6u(~(���
ø6�Jèiwz���

a = (an)n≥0
~`�
b = (bn)n≥0

s�~`y�£Ò��y�����~(���(wz¤�{���~c£�~(�0~`�
c = (cn)n≥0

��~`y�|�{�|�wis�y�����s�~
ù �^y6����üx��èiwz��� A(z), B(z), C(z)

��~(�F��wz¤�¤0~(��s�~(�$�S|�wz���F��u`|S��~(��~`r��S���`|�~(�Z�(wz|S|�~(�S{�wzr6s6�^r���~(� ö �¡� ��ra��ucþ|S��~`y�|$s�~���~`y�|��$s�����îay6~(�:s�~J�(wzr�vx~`|S�x~`r6�(~�s�~Z|���üxwzr6��|�~(�S{�~(�`�S�ï}4�
Ra, Rb, Rc.

ð�r6wzr6�(~`|�y�r"�S�6u(wz|��`¤0~
|�~`�����^ra�

Ra, Rb, Rc
~`�Z|�~`�����^r��

A,B,C.û �Jèiwz���
fn : [a, b] → é ê y�r6~F�Sy�����~Fs�~$}�wzr6�`�S��wzr6��� � y6~Z������r��ïë�~����C{���|��z��~ � ���T�Sy�����~ (fn)n≥0

�(wzr�vx~`|S�x~
y�r��ï}�wz|S¤0u`¤0~`r��C�Sy�|

[a, b]
�!ú�èa�

f(x) = limn→∞ fn(x)
~c£i���S��~���u`r6wzr6�(~`|�y�r6~��(wzr6s����S��wzr2�Sy/8"�	�^r���~

{�wzy�|Zî�y6~
f
��wz���Z�(wzra�S��r�y6~��Sy�|

[a, b].� �Jèiwz���
un : [a, b] → é ê y�r6~l�Sy�����~"s�~0}4wzr6�`�S��wzr6��� � y6~"�S����r��ïë�~"���±{���|��z��~ � ���t��u`|S��~ ∑∞

n=0 un(x)�(wzravx~`|S�x~±r6wz|S¤"�^��~`¤0~`r��Ú�Sy�|
[a, b]

��ú¥èa�F���õ��u`|S��~±�(wzravx~`|S�x~t{�wzy�|���wzy��
x ∈ [a, b]

u`r6wzr6�(~`|0y�r6~
�(wzr6s����S��wzr¥��y/8"���^r���~ñ{<wzy�|Zîay6~�������wz¤�¤0~

S
��wz�����(wzr��S��ray6~ñ�Sy�|

[a, b].;i�Jèiwz���
f : ]x0 − ε, x0 + ε[→ é ê y�r6~H}�wzr6�`�S��wzr2��r6s�ucë6r���¤0~`ra�ñs�u`|S��vz�^����~�� � y��÷�^{�{�~`����~��5þÖwzrí��u`|S��~�s�~9p�(üi��wz|$s�~

f
~`r
x0?

èiwz���
α
y�rlr6wz¤H��|�~�|�u(~`�¡� 
 |�u(�`����~`�T�(~`�S��~���u`|S��~�s�~39��(üi��wz|${<wzy�|

x0 = 0, ε = 1~`�
f(x) = (1 + x)α.4 � � wzr�r6~`|��¡�¢~c£�{�|�~(���S��wzr0s�~(���(wi~E8"�`��~`r�����s�~F��wzy�|S��~`|��S|S���xwzr6wz¤0u`�S|S��î�y6~(�$~`��~c£i{�wzr6~`r��S��~`���:s?� y�r6~$}4wzr6�cþ

�S��wzr
f
s�~H{<u`|S��wis�~

2π
~`�C�(wzra�S��r�y6~�{��^|C¤0wz|��(~��^y�£���ð�r6wzr6�(~`|���~ñ�S�6u(wz|��`¤0~�s�~ � ��|S��������~`�T~`rí{�|�ucþ

�`�����^ra�Z��~(�F�aüa{�wz�S�(�(��~(�Z~`�Z��~���~`r6�Zs�~(�Z�Süi¤ñ��wz��~(�Zy��S��������u(�g�
M �Zð�r6wzr6�(~`|����¥}�wz|S¤ñy���~±s�~ 
 �^|���~`vz�^�Z��wzy6�ñ}�wz|S¤0~��S|S���xwzr6wz¤0u`�S|S��î�y6~��>~`r {�|�u(�`�����^r��0s�~(���(wzr6s����S��wzr6�
�Sy/8"�	�^r���~(��s�~Tv��^����s�����u��

ç5O �Jèiwz���
E
y�rÒ~(�S{��z�(~0r6wz|S¤0u�~`�

A ⊂ E.
� y6~��S����r��ïë�~l���±{���|��z��~

A
~(�S�Hwzy�vx~`|S�Áú � y6~l�S����r��ïë�~l���

{���|��z��~
A
~(�S��}�~`|S¤0u!ú � wzr�r6~`|Z���0���^|��z�`��u`|S�����^�S��wzr2s�~(��}�~`|S¤0u(�Z~`rt��~`|S¤0~(�Js�~��Sy�����~(���

ç�ç � � wzr�r6~`|F��~(���ª£���wz¤0~(�Zs?� y�r6~�r6wz|S¤0~�s6�^r6�Zy�rt~(�S{��z�(~Tvx~(�`��wz|S��~`�
E
��y�| é ê . � wzr�r6~`|Zy�r6~�s�ucë6r����S��wzrs�~(��}�wzr6�`�S��wzr6�>�(wzra�S��r�y6~(�:|�u(~`����~(�>�Sy�|

E.
� �¡�÷�^��s�~�s�~F�(~(�>�ª£i��wz¤0~(�:~`��s�~Z�(~`�S��~Zs�ucë6r����S��wzr���¤0wzr��S|�~`|

îay6~
x 7→ ‖x‖ ~(���Z�(wzr��S��r�y6~��Sy�| E.ç�ó � � wzr�r6~`|ñy�r6~"s�~(���`|S��{��S��wzr s�~(�ñ{��^|S�S��~(�H�(wz¤�{��z�`��~(��s?� y�rV~(��{��z�(~�vx~(�`��wz|S��~`�:r6wz|S¤0uls�~"s���¤0~`r6�S��wzr

ë6r���~��6ð�r6wzr6�(~`|Zy�rt�S�6u(wz|��`¤0~�|�~`���^�S�ï}��^y�£Ú}4wzr6�`�S��wzr6���(wzr��S��r�y6~(�C|�u(~`����~(�Zs�ucë6r���~(�J�Sy�|Zy�rt�(wz¤�{��z�`���

ç�ô�ó
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ç � � ucë6r���|Z��~T{�wz��üar6ýz¤0~�¤���r���¤"�^�!s?� y�r¥~`r6s�wz¤0wz|S{������S¤0~�s?� y�r¥~(�S{��z�(~�s�~�s���¤0~`r6����wzr±ë6r���~��
ó �Jèiwz���

a
y�r�~`r6s�wz¤0wz|S{������S¤0~Zs�~$�¡�¢~(�S{��z�(~Fs�~�s���¤0~`r6�S��wzr�ë6r���~

E.
� y6~��S����r��ïë�~����J{���|��z��~ �

a
~(�S��s����ªþ

�xwzr��^�������^����~c��úCð�r6wzr6�(~`|�y�r6~C�(wzr6s����S��wzrÚr6u(�(~(�����^��|�~T~`�$��y/8"���^r���~J{<wzy�|�îay6~
a
��wz����s����^�xwzr��^�������^����~

~`r±��~`|S¤0~(�Js�~���wzrt{�wz��üar6ýz¤0~T¤���r���¤"�^�¡�
ô � � wzr�r6~`|±y�r6~õs�u`¤0wzr6�S�S|��^�S��wzr�s�~L�¡� ��r6u`���^������uXs�~ èi�����$�^|S�Òs6�^r6�±y�rÃ~(�S{��z�(~õ~`y6�`����s���~`r ÿ ��~(�t���z�
s?�¢u`���^������u�r6~ñ��wzr��Z{��z��s�~`¤"�^r6s�u(��c�

ø6�Jèiwz���
F
y�rõ��wzy6�T~(�S{��z�(~�vx~(�`��wz|S��~`��s�~H�¡�¢~(��{��z�(~�~`y6�`����s���~`r

E.
� ucë6r���|����l{�|�w^ S~(�`�S��wzrXwz|S�S�6wz�xwzr��^��~

�Sy�|
F
~`�F���0�Süa¤0u`�S|S��~ñwz|S�S�6wz�xwzr��^��~�{��^|F|��^{�{�wz|S� ö

F.û �Zð�r6wzr6�(~`|H��~��S�6u(wz|��`¤0~����^|��z�`��u`|S�����^r������Ú{�|�w^ S~(�`�S��wzrVwz|S�S�6wz�xwzr��^��~��Sy�|�y�r ��wzy6�H~(�S{��z�(~�vx~(�`��wz|S��~`�
s6�^r6�Fy�r2~(�S{��z�(~�~`y6�`����s���~`r��

� � � y��÷�^{�{�~`����~��5þÖwzr ~`r6s�wz¤0wz|S{������S¤0~�wz|S�S�6wz�xwzr��^� ÿ wzy ����wz¤0u`�S|S��~0vx~(�`��wz|S��~`����~���s6�^r6��y�rX~(�S{��z�(~0~`y�þ
�`����s���~`rJúñì2wzra�S|�~`|Zî�y�� y�r±��~`��~`r6s�wz¤0wz|S{�������¤0~�r6~T{<~`y��Z��vxwz��|�s?�÷�^y��S|�~(�Fv��^��~`y�|���{�|�wz{�|�~(�Zî�y6~ ±1,~`�Zîay�� ���!~(�S�Zs�~�s�u`��~`|S¤���r��^ra� ±1.;i�Jèiwz���

E
y�r2{����^rõ~`y6�`����s���~`r�� � u(�`|S��|�~��	�^r6�Js�u`¤0wzr6�S�S|��^�S��wzrõ��~(�T~`r6s�wz¤0wz|S{������S¤0~(��wz|S�S�6wz�xwzr��^y�£

uÿ wzy±����wz¤0u`�S|S��~(��vx~(�`��wz|S��~`����~(��Fs�~
E
��~`���Zîay6~

det u = −1.
ì?�`¤0~�î�y6~(���S��wzrt{<wzy�|

det u = 1.4 �Zð�r6wzr6�(~`|J��~T�S�6u(wz|��`¤0~ñ�S{�~(�`�S|��^��{�wzy�|Zy�rt~(�S{��z�(~�~`y6�`����s���~`r��<ð�r6wzr6�(~`|J��~T�S�6u(wz|��`¤0~ñs�~�����s�u(�(wz¤�þ
{�w��S���S��wzr±{�wz���^��|�~�s?� y�r¥~`r6s�wz¤0wz|S{������S¤0~ñ��r�vx~`|��S������~Hs?� y�r¥~(�S{��z�(~�~`y6�`����s���~`r��

M �Jèa�
U
~(�S��y�r6~�¤"�^�S|S���(~"���^|S|�u(~0�(wz¤�{���~c£�~��?îay��¢~(�S���(~�îay6~�����¤"�^�S|S���(~"�zs^ Swz��r���~0s�~

U?
� y��¢~(�S���(~

îay�� y�r6~T¤"�^�S|S���(~�y�r������^��|�~!ú � u(�`|S��|�~���~(�Zu`��u`¤0~`ra���Js�~
SU(2)

ÿ �(vx~(�ñs�u`¤0wzr6���S|��^�S��wzr��c�
ç5O �Zð�r6wzr6�(~`|���~(���ª£���wz¤0~(��s?� y�rL{�|�was�y����������^���^��|�~��6~`|S¤����S��~`r�� � wzr�r6~`|�y�r6~H}4wz|S¤Hy���~�s�~�{<wz���^|S�����^�S��wzr

s�y±{�|�wis�y��������z���^���^��|�~��6~`|S¤����S��~`r��
ç�ç � � wzr�r6~`|Fy�r6~�s�ucë6r����S��wzr¥~`�Fy�r6~T{�|�wz{�|S��u`��uH���^|��z�`��u`|S���S�S��îay6~�s�~(�Z~`r6s�wz¤0wz|S{������S¤0~(��r6wz|S¤"�^y�£±s?� y�r

~(�S{��z�(~T�6~`|S¤����S��~`r��
ç�ó �Zð�r6wzr6�(~`|���~��S�6u(wz|��`¤0~ñs?� ��r6~`|S�S��~�s�~�èaüa��vx~(�S��~`|��

ç�ô�ô
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� y�|�u(~ ó ��� � y6�`y�r±s�wa�`y�¤0~`ra���Áèi~`y���~(����~(�F���^���`y����^�S|S���(~(��q 
 èl��wzra���^y���wz|S����u(~(��� � 8"�����^�x~�s�~(��|�u(�Sy������^���

��~ H ~`r6s�|�~(s�� ó�û wa�`��wz��|�~ ö ç5� ���
º n�¬�m(©g«¼*' ¯�¬0"x¼<n!¨^m�¾<èa�

U
~(�S�$y�r6~J¤"�^�S|S���(~T���^|S|�u(~��(wz¤�{���~c£�~���î�y��¢~(�S���(~Cî�y6~J���H¤"�^�S|S���(~T�zs^ Swz��r���~Ts�~

U?
� y��¢~(�����(~�îay�� y�r6~T¤"�^�S|S���(~�y�r������^��|�~!ú � u(�`|S��|�~���~(�Zu`��u`¤0~`r����Cs�~

SU(2)
ÿ ��vx~(�ñs�u`¤0wzr6�S�S|��^�S��wzr��c�

�! �¬a¨#"�«I"x¬ ¶t¾�èiwz���
A
y�r6~�¤"�^�S|S���(~�|�u(~`����~�î�y6~`���(wzr6îay6~ ö s�~`y�£2������r6~(��~`�T�S|�wz�����(wz��wzr�r6~(��� æ rLr6wz��~

In���Ú¤"�^�S|S���(~0��s�~`ra�S����u"s?�¢wz|�s�|�~
n
~`�ñwzrX�(wzr6�S��s��`|�~"���Ú¤"�^�S|S���(~0���^|S|�u(~0s?�¢wz|�s�|�~ û |�u(~`����~0u(�`|S����~�{��^|ñ����wa�(�

M =

[
−8 I2 A

0 13 I3

]

.
ì2wzra�S|�~`|�îay�� ���Á~c£����S��~Cs�~`y�£"¤"�^�S|S���(~(�����^|S|�u(~(�

P
~`�
D
|�u(~`����~(��s?�¢wz|�s�|�~ û ��~`����~(�

î�y6~
P
��wz������r�vx~`|��S������~��

D
��wz����s����^�xwzr��^��~±~`�

M = PDP−1,
~`��{�|�u(�`����~`|

D
ÿ ¤0u`�S�6was�~õòp{�wz��üar6ýz¤0~

¤���r���¤"�^��s�~T�¡�¢~`r6s�wz¤0wz|S{������S¤0~�s�~
R

5 s�wzr�� M ~(�S�Z¤"�^�S|S���(~�|�~`{�|�u(��~`r����^�S��vx~�s6�^r6�F�������z��~����^r6wzr���îay6~��c�
�! �¬a¨#"�«I"x¬ ^ ¾ � �^r6�

R
3 ~`y6�`����s���~`r2���^r6wzr���îay6~��6wzr¥�(wzr6�S��s��`|�~���~T{����^r¥vx~(�`��wz|S��~`�

F = {(x, y, z); 6x+ 3y + 2z = 0}.
� wzr�r6~`|:y�r6~F���z��~Zwz|S�S�6wzr6wz|S¤"�^��~Cs�~

F⊥. ù �^���`y���~`|:��~F{�|�w^ 5~`��uJwz|S�S�6wz�xwzr��^�Ás�y0vx~(�`��~`y�| ~v = (7, 14,− 35
2 )�Sy�|

F⊥,
{�y����Z~`r¥s�u(s�y���|�~���~�{�|�w^ 5~`��u�wz|S�S�6wz�xwzr��^�ps�~

~v
�Sy�|

F.

�! �¬a¨#"�«I"x¬ 	 ¾�èiwz��~`r��
a
~`�
b
s�~`y�£�~`r6s�wz¤0wz|S{�������¤0~(�Z�Süi¤0u`�S|S��î�y6~(�Fs�~C�¡�¢~(�S{��z�(~T~`y6�`����s���~`r

E
s�~Ts���¤0~`r�þ

�S��wzr
q
����~`���Fîay6~

a
~`�
c = b− a ��wz��~`ra��s6�^r6�F�¡�¢~`r6��~`¤H����~ P s�~(�Z~`r6s�wz¤0wz|S{������S¤0~(�C�Süi¤0u`�S|S��î�y6~(�Fs�ucë6r����

{<w��S���S�ï}��Zs�~
E.ç �Zìíwzr��S|�~`|�îay6~

b
~(�S�Zs6�^r6� P.ó � æ rõr6wz��~�{��^|

r
�¡� y�r���îay6~0u`��u`¤0~`r���s�~ P ��~`��îay6~

r2 = a−1 ~`�ñwzrõr6wz��~ u = rbr
��ìíwzr��S|�~`|Hîay6~

rcr = u− idE
~`�Zîay6~

a−1 − b−1 = r(idE − u−1)r.ô �Zìíwzr��S|�~`|�îay6~
u− idE

~`�
u
��wzra��s6�^r6� P.ø6�Jèiwz���

e
y�r6~T�<wzr¥s�~�s����^�xwzr��^�����	�^�S��wzr2s�~

u
~`�Z��wz���

[u]ee = diag(λ1, . . . , λq).
ìíwzr��S|�~`|�îay6~

λk > 1{�wzy�|:��wzy��
k = 1, . . . , q. ù �^���`y���~`| [idE −u−1]ee

~`r"}�wzr6�`�S��wzr�s�~(�
(λ1, . . . , λq)

~`�$~`rÚs�u(s�y���|�~Tî�y6~
idE − u−1 ~(�S�Zs6�^r6� P. ð�r2s�u(s�y���|�~ñîay6~ a−1 − b−1 ~(�S�Zs6�^r6� P.

�! �¬a¨#"�«I"x¬ °L¾ � �^r6�
R

2 ~`y6�`����s���~`r ���^r6wzr���îay6~���wzr �(wzr6�S��s��`|�~Ú�¡�¢~`r6s�wz¤0wz|S{������S¤0~t�Süi¤0u`�S|S��îay6~ a s�wzr������¤"�^�S|S���(~�|�~`{�|�u(��~`r����^�S��vx~ls6�^r6�T�������z��~����^r6wzr���îay6~
e = (e1, e2)

~(�S�
A =

[
−10 3
3 −10

]

.
9�|�wzy�vx~`|

y�r6~����z��~Hwz|S�S�6wzr6wz|S¤"�^��~
f = (f1, f2)

��~`����~ñîay6~����0¤"�^�S|S���(~ñ|�~`{�|�u(��~`ra���^�S��vx~Hs�~
a
s6�^r6�J�(~`�S��~ñ���z��~ñ��wz���

s����^�xwzr��^��~ ÿ wzr�{�|�u(�`����~`|���s�wzr6�J��~(�:�(wiwz|�s�wzr�r6u(~(��s�~
f1
~`�
f2
s6�^r6�$�������z��~

e
�c�ið�rÚs�u(s�y���|�~Cy�r6~�¤"�^�S|S���(~

wz|S�S�6wz�xwzr��^��~
U
~`�Fy�r6~�¤"�^�S|S���(~�s����^�xwzr��^��~

D
��~`����~(��îay6~

A = UDU−1.
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º:	 ¾ H wz��|��(wzy�|���{<wz��ü��(wz{���u��
¶t¾ é �Á~(���>�`���^��|$îay6~Z��~�{<wz��üir6ýz¤0~����^|��z�`��u`|S�����S��î�y6~Cs�~ M ~(�S�

(X+8)2(X−13)3.

 y�����î�y6~Jwzrls�~`¤"�^r6s�~

s�~F¤0wzr��S|�~`|$î�y6~
M
~(�S��s����^�xwzr��^�������^����~��i���¢~(�S��u(î�y���v��^��~`r��:s?�÷�^{�|��(����~Z�(wzy�|�� ö ¤0wzr��S|�~`|:îay6~���~�{�wz��üar6ýz¤0~

Q(X) = (X + 8)(X − 13)
~(�S�Fy�r±{�wz��üir6ýz¤0~ñ�^r�r�y����^��~`y�|Ts�~

M.
æ |

M + 8I5 =

[
0 A
0 21 I3

]

, M − 13I5 =

[
−21 I2 A

0 0

]

~`��s�wzr6�
M
~(���F����~`r¥s����^�xwzr��^�������^����~ñ���^|

Q(M) = (M + 8I5)(M − 13I5) =

[
0 A
0 21 I3

] [
−21 I2 A

0 0

]

=

[
0 0
0 0

]

.

�!�Ò¤"�^�S|S���(~
D
~(���Ú���^���`y���u(~V�(vx~(�õ��~(�±v��^��~`y�|��Ú{�|�wz{�|�~(�¥~`�±��~`y�|��t¤ñy����S��{������`����u(�¥~`�t~(���±{��^|t~c£�~`¤�{���~

[
−8 I2 0

0 13 I3

]

.
æ r�{�~`y��!�^y6���S��vxu`|S�ïë�~`|�î�y6~

P =

[
I2 A/21
0 I3

] �(wzrava��~`ra��~`��îay6~
P−1 =

[
I2 −A/21
0 I3

]

.

^ ¾ é r��S|�wis�y�����wzr6�!��~�vx~(�`��~`y�| ~n = (6, 3, 2) ∈ R
3.
� ��wz|��

F
~(�����¡�¢~`r6��~`¤ñ����~:s�~(��vx~(�`��~`y�|�� ~X = (x, y, z)

��~`���
î�y6~ 〈 ~X,~n〉 = 0

��s�wzr6�
F⊥ ~(�S��s�~Fs���¤0~`r6�S��wzr ç ~`� ~n ~`r0s�wzr�r6~�y�r6~����z��~��xð�����~Fr��¢~(����{��z��wz|S�S�6wzr6wz|S¤"�^��~��¤"�^�����(wz¤�¤0~ ‖~n‖2 = 36 + 9 + 4 = 49 = 72 ��~tvx~(�`��~`y�| ~u = 1

7~n = (6
7 ,

3
7 ,

2
7)
s�wzr�r6~2y�r6~¥���z��~

wz|S�S�6wzr6wz|S¤"�^��~Hs�~
F⊥.

�!��{�|�w^ 5~(�`�S��wzr¥s�~
~v
�Sy�|

F⊥ ~(����s�wzr6�

〈~v, ~u〉~u = (7× 6

7
+ 14× 3

7
− 17, 5 × 2

7
)~u = 7~u = (6, 3, 2)

�!��{�|�w^ S~(�`�S��wzr2wz|S�S�6wz�xwzr��^��~ñs�~
~v
�Sy�|

F
~(�S�Zs�wzr6�

~v − 〈~v, ~u〉~u = (7, 14,−35

2
)− (6, 3, 2) = (1, 11,−39

2
).

	 ,�¾ � ��|�~tîay6~
a
~`�
c
��wzr��"s6�^r6� P ~(�S�0s���|�~tîay6~±{�wzy�|0��wzy��

x ∈ E \ {0} wzr � 〈x, a(x)〉 > 0
~`�

〈x, c(x)〉 > 0.
æ r2������~`r

b ∈ P ���^|Z{�wzy�|F��wzy��
x ∈ E \ {0} wzr2�

〈x, b(x)〉 = 〈x, (a+ c)(x)〉 = 〈x, a(x)〉 + 〈x, c(x)〉 > 0.

	 <�¾�ð�rí��~T{����z���^r��Ts6�^r6�Zy�r6~ñ�<wzr¥s�~ñs����^�xwzr��^�������^�S��wzrís�~
a
wzr¥vxwz����î�y6~

r = a−1/2 ~`� a �(wz¤�¤ñy���~`ra�~`��î�y6~
a−1/2aa−1/2 = idE.

æ rõ�
rcr = r(b − a)r = rbr − rar = u − a−1/2aa−1/2 = u − idE

~`�
a−1 − b−1 = r2 − (r−1u−1r−1)−1 = r2 − ru−1r = r(idE − u−1)r.	 ¹?¾!èiwz���

x ∈ E \ {0}. � ��wz|��g��~`rty��S���������^r�����~T}��^���Zîay6~ r∗ = r
~`��~`r±{�w����^ra�

y = r(x)
wzr2�

〈x, (u− idE)(x)〉 = 〈x, rcr(x)〉 = 〈r(x), c(r(x))〉 = 〈y, c(y)〉.
ìí�^���

y 6= 0
�!���^|

r
~(�S�ñ��ravx~`|��S������~Ús�wzr6�"s�~lr6w�ü��^y r�y��¡�p�(~lîay��:~`ra�S|��^��r6~

r(x) 6= 0
�S�
x 6= 0.

� wzr6���
�(wz¤�¤0~

c ∈ P wzr � 〈y, c(y)〉 > 0
~`�ls�wzr6�

u − idE ∈ P. æ r {�|�wi�G�(s�~ts�~±¤��`¤0~¥{<wzy�|0¤0wzra�S|�~`|î�y6~
u ∈ P ~`rí|�~`¤�{����z���^ra�

c
{��^|

b
�K9!wzy���~c}�wz������y�r6~0�^y��S|�~�¤0u`�S�6wis�~�~(�S�T{<w�����������~��<~`rõwz�6��~`|Sv��^r���îay6~

u = (u− idE) + idE
~(���Z������wz¤�¤0~�s�~�s�~`y�£tu`��u`¤0~`r����Js�~ P ~`�Zs�wzr6��~(�S�Zs6�^r6� P.	 ��¾ æ rX�ls�wzr6�

[u − idE ]ee = diag(λ1 − 1, . . . , λq − 1).
æ rí�	�^���Ts?�÷�^{�|��(�C��~ ô î�y6~

u − idE ∈ P �<~`�wzrt���^���Zs?�÷�^{�|��(�F��~��(wzy�|��Fîay�� y�rt~`r6s�wz¤0wz|S{������S¤0~ñ�Süi¤0u`�S|S��îay6~�~(�S�Fs6�^r6� P �S�?~`�Z��~`y���~`¤0~`r�����~(��vz�^��~`y�|��
{�|�wz{�|�~(����wzra���S�S|S���`��~`¤0~`r��J{<w������S��vx~(��� � wzr6�

λk − 1 > 0
{�wzy�|

k = 1, . . . , q.
æ |

[u−1]ee = diag(λ−1
1 , . . . , λ−1

q ), [idE − u−1]ee = diag(1− λ−1
1 , . . . , 1− λ−1

q ).

ç�ô�û



ù wz¤�¤0~ λk − 1 > 0
wzrt�

1− λ−1
q > 0

{�wzy�|
k = 1, . . . , q,

�(~Tî�y��?~`ra�S|��^��r6~�î�y6~C�¡�¢~`r6s�wz¤0wz|S{������S¤0~���ü�þ
¤0u`�S|S��î�y6~

idE−u−1 ~(�S��s6�^r6� P {�y�����î�y6~���~(�pv��^��~`y�|���{�|�wz{�|�~(����wzr����S�S|S���`��~`¤0~`ra��{�w��S���S��vx~(���z�p��r��^��~`¤0~`r�����S�
x ∈ E \ {0} ~`���S�?wzrt{�w���~ y = r(x)( 6= 0

�(wz¤�¤0~�wzr¥�¡�÷��vay��$wzr¥�
〈x, (b−1 − a−1)(x)〉 = 〈x, r(idE − u−1)r(x)〉 = 〈r(x), (idE − u−1)r(x)〉 = 〈y, (idE − u−1)y〉.

ù ~�r6wz¤ñ��|�~ 〈y, (idE − u−1)y〉 ~(�S� > 0
{�y�����î�y6~

idE − u−1 ∈ P. � wzr6� b−1 − a−1 ∈ P.°L¾ 
 y�����îay6~
detA = 91

~`�T�S|��z�(~
A = −20

��~�{<wz��üir6ýz¤0~����^|��z�`��u`|S���S�S��îay6~�s�~
A
~(�S�

X2 + 20X + 91~`���õs�wzr6�2{<wzy�|"|��z�`��r6~(� −7,−13. ù wz¤�¤0~¥���õ¤"�^�S|S���(~ A ~(�S�"�Süi¤0u`�S|S��î�y6~��:~`����~¥~(�S�"|�~`{�|�u(��~`r����^�S��vx~
s?� y�rÚ~`r6s�wz¤0wz|S{�������¤0~��Süa¤0u`�S|S��îay6~Cs�~

R
2 ~`y6�`����s���~`r±���^r6wzr���î�y6~Tîay��<~(���$s����^�xwzr��^�������^����~�s6�^r6�$y�r6~C��wzr�����¢~(�S{��z�(~l{�|�wz{�|�~

E−7
~(�S�ñ�¡�¢~`r6��~`¤ñ����~�s�~(�

(x, y) ∈ R
2 ��~`����îay6~ −10x + 3y = −7x

~`�H~(�S�Hs�~"���z��~
(1, 1).

q�r6~"���z��~0wz|S�S�6wzr6wz|S¤"�^��~Ús�~
E−7

~(�S�ñs�wzr6�
f1 = (1/

√
2, 1/

√
2).

� ~"¤��`¤0~����¡�¢~(�S{��z�(~l{�|�wz{�|�~
E−13

~(�S���¡�¢~`r6��~`¤ñ����~¥s�~(�
(x, y) ∈ R

2 ��~`���0îay6~ −10x + 3y = −13x
~`��~(�S��s�~Ú���z��~

(1,−1).
qJr6~

���z��~Twz|S�S�6wzr6wz|S¤"�^��~�s�~
E−13

~(�S��s�wzr6�
f2 = (1/

√
2,−1/

√
2). ù wz¤�¤0~ a ~(�S�$��üa¤0u`�S|S��îay6~�����~(�F~(�S{��z�(~(�{�|�wz{�|�~(����wzr���wz|S�S�6wz�xwzr��^y�£ ÿ �(wzy�|��E��~`�Ts�wzr6�

f = (f1, f2)
~(�S�Cy�r6~H��wzrLs�~Hs����^�xwzr��^�������^�S��wzrXs�~

a.
æ r

�±s�wzr6�
[a]ff =

[
−7 0
0 −13

]

= D.
� ~�{���y6�

[a]ee = [id]ef [a]ff [id]fe
w��

U = [id]ef
~(�S�����Ú¤"�^�S|S���(~"s�y

�����^r��x~`¤0~`r��Ús�~Ú�¡�÷�^r6�`��~`r�r6~±���z��~
e
vx~`|��0���¥r6wzy�vx~`����~t���z��~

f. é �F�Sy/80��{�wzy�|0���^���`y���~`| U s?�¢u(�`|S��|�~±~`r
�(wz��wzr�r6~(�Z��~(���(wz¤�{�w����^ra��~(��s�~(�Fvx~(�`��~`y�|��Js�~

f
s6�^r6���������z��~

e.
æ r2wz���S��~`r��

U =

[
1√
2

− 1√
2

1√
2

1√
2

]

.

ù wz¤�¤0~ U ~(�S�F����¤"�^�S|S���(~�s�~������^r��x~`¤0~`r��Ts?� y�r6~���wzr±vx~`|��Fy�r6~��^y��S|�~���wzr������¢~(�S�Fy�r6~�¤"�^�S|S���(~�wz|S�S�6w^þ
�xwzr��^��~������zs±îay6~

U−1 = UT =

[
1√
2

1√
2

− 1√
2

1√
2

]

.

æ r2������~`r
A = UDU−1 wzy

[
−10 3
3 −10

]

=

[
1√
2

− 1√
2

1√
2

1√
2

][
−7 0
0 −13

][ 1√
2

1√
2

− 1√
2

1√
2

]

.

ç�ô6�



°±¬an�²v<X«$@ioX¬2§('='�k�¬�ºk`aÝF¹?¾~�! �§6o ¬�' ¯P%�¶�»t¶:Ì�Í2bK� ¯�n�,i¹X¼Z"�©�¼�1p¨ª¬u<6·Á·�¹?¾
� y�|�u(~ ó ��� � y6�`y�r±s�wa�`y�¤0~`ra���Áèi~`y���~(����~(�F���^���`y����^�S|S���(~(��q 
 èl��wzra���^y���wz|S����u(~(��� � 8"�����^�x~�s�~(��|�u(�Sy������^���

��~ H ~`r6s�|�~(s�� ó�û wa�`��wz��|�~ ö ç5� ���
º n�¬�m(©g«¼*'Ã¯p¬N"x¼Án�¨ªmx¾�èiwz���

f
y�r6~H}4wzr6�`�S��wzrX�(wzra�S��r�y6~��(wz¤�{���~c£�~��Sy�|

[a, b[
�(vx~(� −∞ < a < b ≤ ∞.� y6~l�S����r��ïë�~l���±{���|��z��~ � �¡� ��ra��u`��|��^��~l��¤�{�|�wz{�|�~

I =
∫ b
a f(t)dt

�(wzr�vx~`|S�x~c�pú�ð�rÒ���z��s�~"�(wzr�vx~`|S�x~`r6�(~��
î�y��÷�^{�{�~`����~cþ¡�5þÖwzrXv��^��~`y�|ñs�~

I?
èa��s�~�{���y6�

f ≥ 0,
s�wzr�r6~`|�y�r6~0�(wzr6s����S��wzr r6u(�(~(�����^��|�~�~`���Sy/8"���^ra��~�s�~

�(wzr�vx~`|S�x~`r6�(~�s�~
I.

¦�¨ª¼�1p®I@ioX¬ ¶¥¾Zèiwz���
a = (an)n≥0 b = (bn)n≥0

~`�
c = (cn)n≥0

��~(���S|�wz���0�Sy�����~(��s�~�|�u(~`���0s�ucë6r���~(�
|�~(�S{<~(�`�S��vx~`¤0~`ra�J{��^|

a0 = 1
~`�
an = n− 1

�S�
n ≥ 1

�6{��^|
b0 = 0

~`�
bn = n−∑n−1

k=0(n− k − 1)bk
���

n ≥ 1
�6~`�J{��^|

cn = n
{<wzy�|J��wzy��

n ≥ 0.
èiwz���

A(z), B(z), C(z)
��~(����wz¤�¤0~(�Cs�~(�Z�S|�wz���J��u`|S��~(�C~`r��S���`|�~(�

�(wz|S|�~(�S{<wzr6s6�^ra��~(� ö �¡� ��r���u`|S��~`y�|Js�~���~`y�|��Zs�����îay6~(�Zs�~��(wzr�vx~`|S�x~`r6�(~�s�~�|��(üxwzr6��|�~(�S{�~(�`�S�ï}4�
Ra, Rb, Rc.ç � � wzr�r6~`|

C(z), Rc, A(z), Ra.
ì2u`�S�6wis�~õò�|��^{�{�~`��~`|0s?�÷�^�<wz|�s ��~(�0|��(üxwzr6�0s�~t�(wzravx~`|S�x~`r6�(~¥~`����~(�

��wz¤�¤0~(��s�~(�Zs�~`y�£t��u`|S��~(�Z~`r��S���`|�~(� ∑∞
n=0 z

n ~`� ∑∞
n=0(n+ 1)zn.ó �Zìíwzr��S|�~`|ñîay6~

c
~(�S����~�{�|�wis�y����ñs�~ ù �^y6����üXs�~ a ~`� b ~`�ñ~`r s�u(s�y���|�~ B(z)

ö �¡�÷�^��s�~"s�y ç � ÿ æ r�zs�¤0~`���	�^r6�Zs�u`¤0wzr6�S�S|��^�S��wzr2îay6~
Rb

~(�S�Fr6wzr±r�y��$�c�
ô �Zð�r¥�zs�¤0~`�S���^ra�J����s�u(�(wz¤�{�w��S���S��wzrí~`rtu`��u`¤0~`r����C�S��¤�{���~(���(wz¤�{���~c£�~(�

z

1− 2z + 2z2
=

1

2i

[
1

1− (1 + i)z
− 1

1− (1− i)z

]

,

s�u`vx~`��wz{�{�~`| z
1−2z+2z2

~`rV��u`|S��~"~`r��S���`|�~�� 
 wzy�|�î�y6wz�F��wzrV|��(üxwzrÒs�~"�(wzr�vx~`|S�x~`r6�(~Ú~(�S�H��� ≥ 1/
√

2?

ù �^���`y���~`| bn {<wzy�|Z��wzy�� n. ìí~`�S�S|�~ bn2−n/2 ��wzy6�F����}4wz|S¤0~T����{���y6���S��¤�{���~�{�w����S������~��
¦�¨ª¼�1p®I@ioX¬ ^ ¾!èiwz���

a
y�r¥|�u(~`��r6wzr±r�y��¡� æ r±r6wz��~`|��

A = eaπ.ç �Jèiwz���
n
y�r2~`ra�S��~`| ≥ 0. ù �^���`y���~`|T�¡�6��ra��u`��|��^��~ In =

∫ π
0 e(a+in)xdx

ÿ ê �^{�{�~`�$ò d
dxe

zx = zezx {�wzy�|
z
�(wz¤�{���~c£�~J�c� � wzr�r6~`|T��~(�C{��^|S�S��~(�C|�u(~`����~�~`�J��¤"�^����r��^��|�~�s�yír6wz¤ñ��|�~��(wz¤�{���~c£�~

In.
ð�rõs�u(s�y���|�~

∫ π
0 e

ax cos(nx)dx
~`� ∫ π

0 eax sin(nx)dx.ó � æ r �(wzr6����s��`|�~"~`r6�Sy�����~"��~(��}�wzr6�`�S��wzr6�
f
~`�
g
s�ucë6r���~(���Sy�|

R
s�~�{�u`|S��wis�~

2π
��~`����~(��î�y6~

f(x) =
g(x) = eax �S� 0 < x < π

����~`����~(�Jî�y6~
f(0) = 1, f(π) = eaπ, g(0) = g(π) = 0,

~`�Z��~`����~(�Cî�y6~
f��wz��� Þ ØzßÆ�È�~`� g ��wz���$ßÔ Þ ØzßÆSÈgÍ � ~(���S��r6~`|���~(�p��|��^{��6~(��s�~ f ~`� g �Sy�| [−π, 3π]

s6�^r6�p��~����z��{��^|S�S���`y�����~`|
a = 1/2

ÿ y�r0��üi�S���`¤0~�s?�÷�ª£�~(��{<wzy�|������zî�y6~���|��^{��6~�� ù wz¤�¤0~ eπ/2 = 4, 105 = 3, 06(π/2),
�¡� y�r�����u

s?�÷�ª£�~(� ç �`¤
= π/2

~(�S�F|�~(�(wz¤�¤"�^r6s�u(~��c�
ô � ê �^{�{<~`��~`|�����s�ucë6r����S��wzr�s�~(�p�(wa~E8"�`��~`ra����s�~:�6wzy�|S��~`|��S|S���xwzr6wz¤0u`�S|S��îay6~(��s?� y�r6~:}4wzr6�`�S��wzr�s�~>{�u`|S��wis�~

2π
îay6~`���(wzr6îay6~�~`�����^���`y���~`|

an(f)
~`�
an(g)

{�wzy�|
n = 0

{�y����ñ{�wzy�|
n ≥ 1. ù �^���`y���~`|�~`r6�Sy�����~

bn(f)
~`�
bn(g)

{<wzy�|
n ≥ 1.

��~(����u`|S��~(��s�~��6wzy�|S��~`|Js�~
f
~`�
g
�(wzr�vx~`|S�x~`ra�C~`����~(�J~`rt��wzy��Z{�wz��r��

xvx~`|��
f(x)

~`�
g(x)? ù wzravx~`|S�x~`r��T~`����~(�Fr6wz|S¤"�^��~`¤0~`r��Áú

×�ØzÆ��cÔ"ÈHßÐÁÑzß�Ï�Ø�Õ4ß �HÉ � ù S ó � � ç S ô � � ó S ó � � ô S ø � Î ç S ó ��Î ó S ç ��Î ô S � �

ç�ô ;
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º:	 ¾ 
 wzy�|

a ≤ X < b
r6wz��wzr6�

F (X) =
∫ X
a f(x)dx.

� ��|�~�î�y6~
I =

∫ b
a f(t)dt

�(wzr�vx~`|S�x~�~(�S�Cs���|�~Hîay6~
limX→b F (X)
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∑∞
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√
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√
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ù wz¤�¤0~ e(a+in)x = eax(cosnx+ i sinnx),
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−π f(x)dx
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π
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−π f(x) cosnxdx
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bn(f) =

1
π
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−π f(x) sinnxdx.
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