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ACBEDGF�HJIKBEDGLMF&BEDNH&IKDNONP�LMQ�RESUT�B@S�F&P1RJO&VXW@Y[Z2\^]2_`\^acbedgfhac\^_�f)_jik\^alb`m2ion^f)ap_`q�r�bji
c
q�bj_sm2at]&\^ioau_vZ2q

Z1ikb`w�\^au_jioapm2io_`x
ZJy m2acqvz{\^acw|_jik\^a
f
Z2x-}ca2ikq�bjm2~=m2aMioap_`q|~jn^f)dodkq��&\^a�ac\^_`q

f(c+)
b�f�doio�
io_`q��
Z1~`\^io_`q��,w�y�q�bj_��Z1io~`q

f(c+) = lim
h>0,h→0

f(c + h). �;���o���
� a�ac\^_`qeZ2qs���|��qe]�f)~

f(c−) = lim
h<0,h→0

f(c + h) �;�������
b�f�doio�
io_`q����uf)mcw��cq ���acq=z�\^acw|_jik\^a

f
Z2x-}ca2ikq�bjm2~X� ���vn�f)dkq|m2~`bX~`x�q|dodkq�bX\^m/w�\^�
]2dkq-�1q�b�q�bj_�Z1io_`q�w�\^au_jioapmcq�]�f)~���\^~`w�q�f)m1��bji

� � \^m2~�_`\^m2_=ioap_`q|~jn^f)dodkqv¡&\^~jacx [a, b]
dgf�z{\^acw|_jik\^a

f
aNy�f
¢pmNy m2a�ac\^��¡2~`qe}ca2iGZ2qeZ1ikb`w�\^ap_jioaum2io_`x�b ��¤£ i c ∈ � �¥q�bj_[m2a�],\^ioap_�Z2qeZ1ikb`w�\^ap_jioaum2io_`x�Z2q

f
f)dk\^~`b

f(c+)
q|_

f(c−)
q-�!ikbj_`q|ap_�q|_=b`\^ap_[}ca2ikq�b �¦Cy�q|acb`q|��¡2dkq�Z2q�bGz�\^acw|_jik\^acb@w�\^au_jioapmcq�b
]�f)~E��\^~`w�q�f)m1��z�\^~j��q|ap_Em2a�q�bj]�f^w�qCn�q�w|_`\^~jikq|d§�^q|_G���|��q�m2a�f)a2acq�f)m

],\^m2~/dgf¨��m2do_jio]2doikw�f)_jik\^aU\^~`Z1ioa�f)io~`qtZ2q�bhz{\^acw|_jik\^acb �X© \^_`q|ªtf)mcb�bji«¢pmcqMdgfln^f)dkq|m2~$Z2q f
f)m1�¬],\^ioap_`b�Z2qZ1ikb`w�\^au_jioapm2io_`xXaNy�q�b`_N]�f^bNio�
]&\�b`x�q ��­ a1}caN��m2acq�z{\^acw|_jik\^a�w�\^au_jioapmcq�]�f)~E��\^~`w�q�f)m1��q�bj_N_`\^m^®j\^m2~`b°¯j±�²´³,µ�¶°·´¸!²¸p³�¹º³�»¼¶|²´½'¾�¿º¿k¶�¯j±�²´³,µ �uÀ q|dgf�b`qXn�\^io_Cf)ioacbji&r�]2m2ikb`¢pmNy iod!aNy Á�f�¢pmNy m2a�ac\^��¡2~`qX}ca2i2Z2q�]&\^ioau_`b�Z2q°Z1ikb`w�\^ap_jioaum2io_`xbjm2~�d§y ioap_`q|~jn^f)dodkq�¡&\^~jacx

[a, b]
ac\^_`\^acb«dkq�b

c1 < c2 < . . . < cn
q|_«w�\^apn�q|ac\^acb

c0 = a
q|_

cn+1 = b. � \^m2~
i = 0, . . . , n

ac\^_`\^acb�]�f)~
fi
dgf�z{\^acw|_jik\^a�Z2x-}ca2ikq�bjm2~

[ci, ci+1]
]�f)~

fi(ci) = f(c+
i ), fi(ci+1) = f(c−i+1)q|_

fi(x) = f(x)
bji

ci < x < ci+1.
�Âd«q�bj_/w|dgf)io~/¢pmcq

fi
q�bj_�w�\^ap_jioaumcq¨bjm2~

[ci, ci+1]
q|_$ZJy�f)]2~`Ã�b�dkq_j�cx�\^~`Ã|��q�Z2q�Älq|ikq|~`bj_j~�f^b`bviod�q-�1ikbj_`q

Mi
_`q|d�¢umcq |fi(x)| ≤ Mi

bji
x ∈ [ci, ci+1]. Å \^acw |f(x)| ≤ M =

max{M0, . . . ,Mn, f(c0), . . . , f(cn+1}
]&\^m2~[_`\^m2_

x ∈ [a, b]
q|_

f
q�bj_[¡2ikq|aM¡,\^~jacx�qeb`m2~

[a, b].

ACBEDGF�HJIKBEDGLÇÆEP¤QcÈcSJIKBEÆEP
T
W £ \^io_ T > 0.

�«acq�z�\^acw|_jik\^a
f :

� � → C
q�bj_�Z1io_`q�Z2q$]&x|~jik\pZ2q

T
bji

],\^m2~=_`\^m2_
x ∈ � �¥\^a�f

f(x + T ) = f(x).
¦�y�q|acb`q|��¡2dkq�Z2q�b�z{\^acw|_jik\^acb�Z2qv]&x|~jik\pZ2q

T
z�\^~j��qsm2a�q�bj]�f^w�qn�q�w|_`\^~jikq|d§�p¢pm2i�q�bj_°b`\^�
��q=Z1io~`q�w|_`q�Z2q�b�Z2q|m1��b`\^mcb�q�b`]�f^w�q�bXZ2q�bCz�\^acw|_jik\^acb°Z2q[]&x|~jik\pZ2q

T
~`q�bj]&q�w|_jion�q|��q|au_

� Y��Â� ­ £ q|_��ÂÉ � Y��Ê� ­ £ � q|aËq-Ì&q|_/bji
P (x) = 1

2(f(x) + f(−x))
q|_

I(x) = 1
2 (f(x) − f(−x))

\^a
f

f = P + I.)
¦Cy�q�b`]�f^w�q
n�q�w|_`\^~jikq|dCZ2q�b�z�\^acw|_jik\^acb�Íu¶�Îcµ-²´¹{±�Íu¶

T
¶�»�Ï`±^³�»�¹K³c¸c¶´·�Î1¾^²�Ð�±^²jÏ�¶j¾^¸�Ñ/q�bj_s_j~`Ã�bio�
],\^~j_�f)ap_Cq|_@b`q|~�f�ac\^_`x�Zcf)acb@dgf�bjm2io_`q°]�f)~

CM(T ).
� a�~`q|�hf)~`¢umcq�¢pmcq

f ∈ CM(T )
aNy�f�¢pmNy m2a�ac\^��¡2~`q

}ca2iGZ2qv]&\^ioau_`b=Z2qeZ1ikb�w�\^au_jioaum2io_`x�b�Zcf)acb
[0, T [

∗ Ò@Ó)Ô�Õ|ÖÂ×§Ø{Ô�Ù§Ú
Û2Ü´Ý)Þ!ß'Ü�à^Ü`Ù§ÔáÖÂ×jâ)ã;ä´Ý'×§ØGå'ÖCå�Ö;Ý)æ�çXè;é[Ö�Ü�Ó)Ó'Ú;Ö-â^ç´ê-ê-ç

�



ëeì'í�îCí�ï'ðgñ�ðKí,òôó�õ�ó�õ £ \^io_ f ∈ CM(T ) � Y�dk\^~`b a 7→
∫ a+T
a f(x)dx

q�bj_�m2acq/z{\^acw|_jik\^a¬w�\^acbj_�f)au_`q ��­ aZJy�f)m2_j~`q�be_`q|~j��q�b��Jd§y ioap_`x|��~�f)dkq�b`m2~vm2alioau_`q|~jn�f)dodkq�f�Áuf)au_�dgf/dk\^a2��mcq|m2~�Z2q
dgf/]&x|~jik\pZ2q
acq
Z2x|]&q|acZ¨]�f^beZ2q
d§y ioau_`q|~jn�f)dodkq �
ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ � \^m2~�Z2q�b�z{\^acw|_jik\^acb�w�\^au_jioapmcq�b�]�f)~���\^~`w�q�f)m1�&�2d§y ioap_`x|��~�f)dkq�Z2qv��ikq|�hf)a2a�f�m2a�b`q|acbq|_�\^aMf)]2]2doik¢umcqedgf�~`q|dgf)_jik\^aMZ2q À ��f^bjdkq�b

∫ a+T

a
f(x)dx =

∫ 0

a
+

∫ T

0
+

∫ a+T

T
f(x)dx =

∫ 0

a
+

∫ T

0
+

∫ a

0
f(x)dx

\���dgf�Z2q|~ja2ikÃ|~`qeioap_`x|��~�f)dkq�f�x|_`xv_j~�f)acb;z{\^~j��x�qv]�f)~=dkqvw���f)a2��q|��q|au_vZ2qsn�f)~jigf)¡2dkq
x = x′ − T. Å y�\^ú

∫ a+T

a
=

∫ 0

a
+

∫ T

0
+

∫ a

0
=

∫ T

0
.

û ÈcSJIºP�L�ÆGB@ONü,ýuPcLpW £ \^io_ Z
d§y�q|acb`q|��¡2dkqhZ2q�bvq|au_jikq|~`bv~`q|dgf)_jiþz{b � ��acq�f)]2]2doikw�f)_jik\^a k 7→ ck

Z2q
Z
Zcf)acbsdkq�b

w�\^�
]2dkq-�1q�bsq�bj_sf)]2],q|dkx�q�m2acq�b`m2io_`q�Z2\^m2¡2dkq � � atZ1io_s¢pmcqedgf�b`x|~jikq�Z2\^m2¡2dkq ∑

k∈Z
ck

Ï`±^³c½^¶-²�ÿp¶vq|_�fh]&\^m2~
b`\^�
��q

S
bji

� ¦Gf
b�x|~jikq ∑∞
k=0 ck.

w�\^aun�q|~j��q �� ¦Gf
b�x|~jikq ∑∞
k=1 c−k

w�\^aun�q|~j��q ��¤£ i S+
q|_

S−
b`\^ap_=dkq�b=b`\^�
��q�b�Z2q�b�b`x|~jikq�b[]2~`x�w�x�Z2q|ap_`q�b���f)dk\^~`b

S = S+ + S−.

��B@ý��
D��
T«PcL/P2H L�È�SJIºPcLhHJSJI��
B@DNB
T«È2HJSJI��EOGPcLuW £ \^io_ (ak)k≥0
q|_

(bk)k≥1
Z2q|m1��bjm2io_`q�b=w�\^�
]2dkq-�2q�b�q|_b`\^io_

(ck)k∈Z

m2acq�bjm2io_`qvZ2\^m2¡2dkq � ¦Nq�b[z�\^acw|_jik\^acb«Z2qs],x|~jik\!Z2q 2π
bjm2ion�f)au_`q�b

a0 +

n
∑

k=1

(ak cos(kx) + bk sin(kx)),

n
∑

k=−n

cke
ikx

b`\^au_ef)]2]&q|dkx�q�b«Z2q�b�]&\^doÁpa
	^��q�b�_j~jio��\^ac\^��x|_j~jik¢pmcq�b � � a�]2~`x�w|ikb`q�]�f)~;z{\^ikb«Z2q�Z2q|��~`x n
bji@Z2q�]2domcb |an|2 +

|bn|2 6= 0
\^m |cn|2 + |c−n|2 6= 0.

¦Cy�q�bj]�f^w�q�n�q�w|_`\^~jikq|d�b`m2~
C

Z2q�b�],\^doÁ!a
	^��q�b
_j~jio��\^ac\^��x|_j~jik¢pmcq�bhZ2q
Z2q|��~`x ≤ n

q�bj_�ac\^_`x Tn.
�«q|�hf)~`¢umc\^acb°¢pmcq���]�f)~°dkq�bCz{\^~j��m2dkq�b�ZJy ­ m2dkq|~��pdkq�b�]2~`x�b�q|au_�f)_jik\^acb�]�f)~Cz{\^acw|_jik\^acbw|io~`w|m2dgf)io~`q�b«q|_[]�f)~�q-�1]&\^acq|au_jikq|dodkq�b�w�\^�
]2dkq-�1q�b=w�\^ioacw|ikZ2q|ap_�b`iN\^aMf

a0 = c0, ak = ck + c−k, bk = ick − ic−k, ck =
1

2
(ak − ibk) c−k =

1

2
(ak + ibk) (k > 0) �;�������

¦Gf�z{\^~j��qeq-�!]&\^acq|au_jikq|dodkq�q�bj_[]2domcb=w�\^�
]�f^w|_`q����hf)ikb[��\^ioacb=¡2ikq|a�f^Zcf)]2_`x�q�f)mMw�f^b=Z2q�b�z{\^acw|_jik\^acb=~`x�q|dodkq�b �� at]&q|m2_sw�\^acbj_�f)_`q|~v¢umcq�bji ∑n
k=−n cke

ikx = 0
]&\^m2~«_`\^m2_

x
f)dk\^~`b

ck = 0
]&\^m2~«_`\^m2_

k = −n, . . . , n.

­ aMq-ÌJq|_��!b�y iodNq|a�q�bj_=f)ioacbjiJdkqs],\^doÁ!a
	^��q P
Z2x-}ca2iJ]�f)~

P (z) = zn
∑n

k=−n ckz
k f�m2acqsioa1}ca2io_`xeZ2q�ª�x|~`\�b

z = eikx q|_eb`q�bvw�\pq�
hw|ikq|ap_`beb`\^ap_eaum2dkb � � f)~vdkq�bsz{\^~j��m2dkq�b ����� iodCq|a n�f$Z2q����|��q
],\^m2~sm2a¨]&\^doÁpa
	^��q_j~jio��\^ac\^��x|_j~jik¢umcq/Z2q
dgf�z{\^~j��q
a0 +

∑n
k=1(ak cos(kx) + bk sin(kx)). £ y iod�q�bj_vapm2d�]&\^m2~v_`\^m2_ x

f)dk\^~`b
a0 = . . . = an = b1 = . . . = bn = 0.¦Gf�b`x|~jikq

a0 +
∑∞

k=1(ak cos(kx) + bk sin(kx))
q�bj_�f)]2],q|dkx�qhm2acqhb`x|~jikqh_j~jio��\^ac\^��x|_j~jik¢umcq��@dgfMb`x|~jikqZ2\^m2¡2dkq ∑

k∈Z
cke

ikx q�bj_�f)]2]&q|dkx�qvm2acqeb�x|~jikqs_j~jio��\^ac\^��x|_j~jik¢umcq�q-�!]&\^acq|au_jikq|dodkq �
� BEP����1IKF&IºPcDNH&L
PcH L�ÈcSJIKPMÆEP�A�BEONSJIKPcSÇÆ��þONDNP���B@DNF,HJIºB@DCW £ \^io_ f ∈ CM(2π).

� a$Z2x-}ca2io_�dkq�bX_j~`\^ikbbjm2io_`q�b=bjm2ion�f)au_`q�b
(ak(f))k≥0, (bk(f))k≥1

q|_
(ck(f))k∈Z

]�f)~

�



a0(f) =
1

2π

∫ 2π

0
f(x)dx �;��� �p�

ak(f) =
1

π

∫ 2π

0
f(x) cos(kx)dx k > 0 �;�������

bk(f) =
1

2π

∫ 2π

0
f(x) sin(kx)dx k > 0 �;�������

ck(f) =
1

2π

∫ 2π

0
f(x)e−ikxdx k ∈ Z �;�������

�¼acbjikb`_`\^acb�bjm2~=dkqvz{f)io_�¢pmcqvdkqew�\!q�
hw|ikq|au_�Z2q|n^f)ap_�d§y ioap_`x|��~�f)dkq�Z2q ��� � q�bj_�Z1iþÌJx|~`q|au_�Z2q�b�Z2q|m1��bjm2ion�f)au_`b���q|_bjm2~[dkq −ikx
Zcf)acb �����!�1© \^_`\^acb�f)mcb`bji&dkq«z{f)io_[io�
]&\^~j_�f)au_«Zcf)acb�dkq�b=w�f)dkw|m2dkber ak(f) = 0

bji
f
q�bj_[io�
]�f)io~`q

q|_
bk(f) = 0

bji
f
q�bj_�]�f)io~`q � ¦Gftb`x|~jikq a0(f) +

∑∞
k=1(ak(f) cos(kx) + bk(f) sin(kx))

q�bj_
f)]2],q|dkx�q
dgf$b`x|~jikq�Z2q��c\^m2~jikq|~�»�²´¹oÿ�±^³,±^Ðhµ|»�²´¹��|¸c¶vZ2q

f
�,dgf�b�x|~jikq
Z2\^m2¡2dkq ∑

k∈Z
ck(f)eikx q�bj_ef)]2]&q|dkx�q�dgf�b�x|~jikq�Z2q

�c\^m2~jikq|~�¶jÑ-Î1±^³,¶-³�»�¹{¶-¿K¿k¶=Z2q
f.
¦Nqv]&\^doÁ!a
	^��qv_j~jio��\^ac\^��x|_j~jik¢umcq

Sn(f) = a0(f) +

n
∑

k=1

(ak(f) cos(kx) + bk(f) sin(kx)) =

n
∑

k=−n

ck(f)eikx �;���� ��
q�bj_�f)]2],q|dkxhb`\^�
��q
]�f)~j_jikq|dodkq�Z2q�dgf�b�x|~jikq
Z2q!�c\^m2~jikq|~�Z2q

f.
¦Cy�x|�uf)doio_`x�b`q�®Êmcb`_jiþ}�q
w�f)~vdkq�bv~`q|dgf)_jik\^acb �����b`\^au_=n�x|~jiþ}�x�q�b �

3�3 "$#&%=>�')(+*G:-,.(0/21 9;:�9�(�843�56(�>�>�(+7
� a���m2a2io_«d§y�q�bj]�f^w�qvn�q�w|_`\^~jikq|d

CM(2π)
Z2qvdgf�z{\^~j��qv�cq|~j�
io_jikq|a2acq�b`m2ion^f)ap_`q

〈f, g〉 =
1

2π

∫ 2π

0
f(x)g(x)dx �{�1��8��

� m2ikb`¢pmcqXdkq�b@z{\^acw|_jik\^acb�Z2q CM(2π)
b`\^ap_@¡&\^~jacx�q�b��^w�q|_j_`q�ioau_`x|��~�f)dkq=f�Z1m
b`q|acb � � a�ac\^_`q ‖f‖2 =

√

〈f, f〉q|_�\^aMf�_j~jion!igf)dkq|��q|au_
‖f‖2 ≤ ‖f‖∞ �{�1�o�:9��\^ú ‖f‖∞ = sup |f(x)|. À q|_j_`q�z�\^~j��qvf�_`\^m2_`q�b�dkq�bX]2~`\^]2~jikx|_`x�b[Z2q«]&\�bjio_jionpio_`x�q|_[Z2q«b�q�b`¢um2iodoioacx�f)~jio_`xsZJy m2a]2~`\pZ1m2io_[b`w�f)dgf)io~`q«�cq|~j�
io_jikq|a��ed§y�q-�2w�q|]2_jik\^a�Z1mhz§f)io_X¢pmcq«b`i 〈f, f〉 = 0,

w�y�q�bj_[�eZ1io~`qsbji ∫ 2π
0 |f(x)|2dx = 0\^aËacq�],q|m2_��uf)~�f)au_jio~�¢pmcq

f = 0
b`i

f
aNy�q�b`_�]�f^b/w�\^au_jioapmcq �[­ a z§f)io_

f
aNy�q�bj_h]�f^b/aum2dodkqtb`q|m2dkq|��q|ap_

f)m1��],\^ioap_`b�Z2q�Z1ikb`w�\^au_jioapm2io_`x
Z2q
f
��¢pm2iGb`\^ap_�q|a�ac\^��¡2~`q�}ca2i � � a�w�\^au_`\^m2~jacq�d§y�\^¡cbj_�f^w|dkq�q|a Z2x�w|dgf)~�f)au_¢umcq�Z2q|m1�lz�\^acw|_jik\^acb

f
q|_

g
Z2q

CM(2π)
b`\^au_�µ;�|¸!¹K½'¾^¿k¶-³�»¼¶´·�bji

f − g
q�b`_�aum2d�b�f)m1z=]&q|m2_��|_j~`q/q|a m2aac\^��¡2~`q�}ca2iEZ2qv]&\^ioau_`b �&À y�q�bj_=ac\^_`x f ∼ g. � � aM¢pmc\^_jikq|au_`q CM(2π)
]�f)~ ∼ q|_=d§y�q�bj]�f^w�q

CM(2π)/ ∼q�bj_�]2~`x|�2iodo¡&q|~j_jikq|aUw�\^�
]2dkq-�2q �°­ aË]�f)~j_jikw|m2doikq|~�d§y�q�bj]�f^w�qtZ2q�b�z�\^acw|_jik\^acb$w�\^ap_jioaumcq�b�Z2q�],x|~jik\!Z2q
2π

q�bj_m2aÇq�bj]�f^w�q�]2~`x|�2iodo¡&q|~j_jikq|a w�\^�
]2dkq-�2q/],\^m2~�dkqh]2~`\!Z1m2io_�b`w�f)dgf)io~`qh�cq|~j�
io_jikq|a w|i�Z2q�b`bjmcb��Gd§y�q�bj]�f^w�q Tn
Z2q�b

],\^doÁ!a
	^��q�be_j~jio��\^ac\^��x|_j~jik¢pmcq�b�Z2qhZ2q|��~`x ≤ n
q�bj_vm2a q�bj]�f^w�q
�cq|~j�
io_jikq|aÇZ2q
Z1io��q|acbjik\^a

2n + 1. < \^ikw|iZ2q�b=¡�f^b`q�b=\^~j_j�c\^��\^a�f)dkq�b�~`q|�hf)~`¢um�f)¡2dkq�b�Z2qvw�q|_�q�bj]�f^w�qhr
=?> ÷uí�ìA@pøCBCD&õ�ó�õ � \^m2~sdkqe]2~`\!Z1m2io_sb`w�f)dgf)io~`q��cq|~j�
io_jikq|a �1��8 d§y�q�bj]�f^w�q Tn

f^Z1��q|_«dkq�b�Z2q|m1��z§f)�
iododkq�b�b`m2iFE
n^f)ap_`q�b�Z2qv¡�f^b`q�b�\^~j_j�c\^ac\^~j�hf)dkq�b

e−inx, e−i(n−1)x, . . . , e−ix, 1, eix, . . . , e−inx. �{�1�o�����
1,
√

2 cos x, . . . ,
√

2 cos(nx),
√

2 sinx, . . . ,
√

2 sin(nx). �{�1�o�����
�



ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ À y�q�bj_[m2a�w�f)dkw|m2dJ¡�f^b`xvbjm2~�dkq�z{f)io_[bjm2ion�f)au_er1bji w
q�b`_�w�\^�
]2dkq-�2q���f)dk\^~`b�dgf�Z2x|~jion�x�qvZ2qdgf�z�\^acw|_jik\^a�w�\^�
]2dkq-�1q=Z2q=n^f)~jigf)¡2dkq[~`x�q|dodkq

t 7→ ewt q�b`_ wewt q|_�Z2\^acw=b`i w 6= 0
b�f�]2~jio�
io_jion�q«q�bj_

w−1ewt.Y�]2]2doik¢pm�f)au_�w�q|dgf��
w = ik

\^a�q|aMZ2x�Z1m2io_�¢pmcq
1

2π

∫ 2π

0
eiktdt = 0, k 6= 0 �{�1�o�:���

= 1, k = 0

À q�w|i=��\^au_j~`q�io�
��x�Z1igf)_`q|��q|ap_/¢pmcq/dkq$]2~`q|�
ikq|~hbjÁ1bj_`Ã|��q$q�bj_
m2acq$¡�f^b`q�\^~j_j�c\^��\^a�f)dkq�Z2q Tn. � \^m2~hdkqZ2q|m1�!ikÃ|��q�bjÁ!b`_`Ã|��q��1iod&z{f)m2_[m2a�]&q|m�]2domcb�Z2qs]�f)_jikq|acw�q����hf)ikb=w�y�q�bj_[z§f^w|iodkq �
G)B!ølù2ìAH�IJB�õ�¦Gq�w�\pq�
hw|ikq|ap_/q-�1]&\^acq|au_jikq|d«Z2qK�c\^m2~jikq|~

ck(f)
q�bj_hdkq�]2~`\pZ1m2io_�b`w�f)dgf)io~`q�Z2q�dgftz{\^acw|_jik\^a

x 7→ eikx q|_�Z2q
f
�Jq|_�],\^m2~

k > 0 1√
2
ak(f)

q|_ 1√
2
bk(f)

b`\^ap_�dkq�b�]2~`\pZ1m2io_`b�b`w�f)dgf)io~`q�b�Z2q�bvz{\^acw|_jik\^acb
√

2 cos(kx)
\^m √

2 sin(kx)
f�n�q�w

f.

L í�ì)íNMOMKùcðºìABPDJõQDJõE¦Gf$b�x|~jikq�Z2q���\^m2~jikq|~eZJy m2a¨],\^doÁ!a
	^��q�_j~jio��\^ac\^��x|_j~jik¢umcq�q�bj_vx|�uf)dkq�f)m¨]&\^doÁ!a
	^��q�dom2i
���|��q �
ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ À y�q�bj_=w|dgf)io~«f�n�q�wedgf�z{\^~j��qeq-�!]&\^acq|au_jikq|dodkq�Z1m�],\^doÁ!a
	^��qv_j~jio��\^ac\^��x|_j~jik¢pmcq �
L í�ì)íNMOMKùcðºìABRD&õQSJõ £ i f ∈ CM(2π),

dgf�]2~`\)®jq�w|_jik\^aÇ\^~j_j�c\^��\^a�f)dkq/Z2q
f
bjm2~ Tn

q�bj_�x|�uf)dkq$�$dgf�b`\^�
��q
]�f)~j_jikq|dodkq

Sn(f)
Z2qsdgf
b�x|~jikqvZ2qT�c\^m2~jikq|~�Z2q

f. ­ a�]�f)~j_jikw|m2doikq|~� � \^m2~�_`\^m2_ T ∈ Tn
\^a�f

‖f − T‖2 ≥ ‖f − Sn(f)‖2 = ‖f‖2 − ‖Sn(f)‖2 �{�1�o�U�p�
� � �Âacx|�uf)doio_`xeZ2qTV�q�b`b`q|d �

‖Sn(f)‖2 =
n

∑

−n

|ck(f)|2 = |a0(f)|2 +
1

2

n
∑

k=1

|ak(f)|2 + |bk(f)|2 ≤ ‖f‖2 �{�1�o�:���
f�n�q�w�x|�uf)doio_`x�bjiNq|_=b`q|m2dkq|��q|ap_«bji

f
q�bj_�x�¢pm2ion�f)dkq|au_«��m2aMx|dkx|��q|ap_«Z2q Tn.

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ1¦Gfvb`q|m2dkq[w��c\�b`q=��]2~`\^m2n�q|~�q�bj_�¢pmcq
f−Sn(f)

q�b`_
\^~j_j�c\^��\^a�f)d&� Tn.
� a
dkq�n�x|~jiþ}�q[q|a

��\^au_j~�f)au_eb�\^a�\^~j_j�c\^��\^a�f)doio_`x
��w���f^w|m2a Z2q�b�x|dkx|��q|au_`bvZ2q�dgf
¡�f^b`q�q-�1],\^acq|ap_jikq|dodkq �1�k��� ��w�q�¢pm2iEq�b`_�n!io_`qz{f)io_e��d§y�f)ikZ2q�Z2q�dgf�~`q|�hf)~`¢pmcq�w|i
Z2q�b�bjmcb � Y�]2~`Ã�bsw�q|dgf/iod
bjmW
�_vZJy�f)]2]2doik¢umcq|~vdkq�_j�cx�\^~`Ã|��q
Z2q�]2~`\)®;q�w|_jik\^a\^~j_j�c\^��\^a�f)dkq�Z1mMw�\^m2~`b«ZJy�f)do��Ã|¡2~`qvdoioacx�f)io~`q���w���f)]2io_j~`q ��� q�bj]�f^w�q�b��cq|~j�
io_jikq|acb �-�
3�3�3 X <�8ZY[(0/]\[(�8^*_(ô>�9`1a'b7�(c3�469;/&9�*],.7�(@:

ëeì'í�îCí�ï'ðgñ�ðKí,òdSJõ�ó�õ �&e ¶-Ð�Ðh¶�Íu¶.f�¹{¶-Ð�¾^³�³
g e ¶�¯`¶´·jÿ^¸2¶ � £ i f ∈ CM(2π)
f)dk\^~`b

cn(f)
_`q|acZtn�q|~`b 9 b`i n_`q|acZ�n�q|~`b ±∞. Å qs]2domcb

lim
n→∞

an(f) = 0, lim
n→∞

bn(f) = 0, lim
n→∞

∫ 2π

0
f(x) sin(n +

1

2
)x dx = 0.

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ Å y�f)]2~`Ã�b=d§y ioacx|�uf)doio_`xeZ2qTV�q�b`b�q|d �1�o�:� \^aMf
n

∑

k=−n

|ck|2 ≤ ‖f‖2
2

�



q|_CZ2\^acw�dgfsb`x|~jikq=��_`q|~j��q�b�]&\�bjio_jiþz�b ∑∞
k=1(|ck|2+ |c−k|2)

w�\^apn�q|~j��q[]2m2ikb`¢pmcq[b`q�b�b`\^�
��q�b�]�f)~j_jikq|dodkq�b�b`\^au_�hf'®;\^~`x�q�b�]�f)~ ‖f‖2
2. Å \^acwhb`\^a _`q|~j��q
��x|acx|~�f)dX_`q|acZln�q|~`b 9 �Gw�qh¢um2i�q|ap_j~�f)ioacqhdkq�~`x�bjm2do_�f)_�n�\^m2dom � � f)~dkq�b°z�\^~j��m2dkq�b ����� \^aMf�dkq�b[Z2q|m1��~`x�bjm2do_�f)_`b=b`m2ion^f)ap_`b �2­ a1}caN�1]2m2ikb`¢pmcq sin(n + 1

2)x = sin( 1
2x) cos(nx) +

cos(1
2x) sin(nx),

\^a�w�\^acbjikZ2Ã|~`q°bjm2~
[0, 2π[

dkq�bNz{\^acw|_jik\^acb
f1(x) = f(x) cos( 1

2x)
q|_

f2(x) = f(x) sin( 1
2x)q|_X\^a�dkq�b�]2~`\^dk\^a2��q=]�f)~�]&x|~jik\!Z1ikw|io_`x=q|a�Z2q�bXx|dkx|��q|au_`b

f1
q|_

f2
Z2q

CM(2π) � q|a�q-ÌJq|_ x 7→ f(x) cos( 1
2x)Z2x-}ca2ikb`b�f)io_=m2acqsz{\^acw|_jik\^aMZ2qv]&x|~jik\!Z2q

4π
b`q|m2dkq|��q|au_ �-� Y�dk\^~`b

∫ 2π

0
f(x) sin(n +

1

2
)x dx = an(f2) + bn(f1)

¢um2iN_`q|acZ$n�q|~`b 9 ]�f)~=dgf�]2~`q|�
ikÃ|~`qe]�f)~j_jikq�f)]2]2doik¢umcx�q�� f1
q|_

f2
~`q�bj]&q�w|_jion�q|��q|au_ �

ëeì'í�îCí�ï'ðgñ�ðKí,òhSJõiDJõ �&j ±lk�¾^¸�Íu¶nme¹º²-¹�ÏUou¿o¶�» � £ \^io_

Dn(t) =
1

2
+

n
∑

k=1

cos(kt).

Y�dk\^~`b
Dn(0) = n + 1

2

q|_[],\^m2~
t 6≡ 0

��\!Z1m2dk\
2π

\^a�f

Dn(t) =
sin(n + 1

2)t

2 sin t
2

.

Å qe]2domcb��2bji f ∈ CM(2π)
f)dk\^~`b

Sn(f)(x) =
1

π

∫ π

−π
f(x + t)Dn(t)dt.

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ � a�b�y�f)]2]2m2ikq�b`m2~[dgf�b`\^�
��qv]�f)~j_jikq|dodkq�ZJy m2acq�b`x|~jikqs��x�\^��x|_j~jik¢umcq�r2bji
r 6= 1

f)dk\^~`b
1 + r + . . . + rn =

1− rn+1

1− rq|_�\^aMf)]2]2doik¢umcq�w�q|dgf��
2n

q|_��
r = eit ¢pm2iGq�bj_ 6= 1

bji
t 6≡ 0

��\!Z1m2dk\
π.
Y�dk\^~`b

Dn(t) =
1

2

n
∑

k=−n

eikt =
e−int

2
× 1− ei(2n+1)t

1− eit
=

ei(n+ 1

2
)t − e−i(n+ 1

2
)t

2(e
it

2 − e−
it

2 )
=

sin(n + 1
2)t

2 sin t
2

.

� \^m2~[��\^ap_j~`q|~°dgfe}caN�1\^a�]2~`x�b�q|au_`qsZ1iþÌ&x|~`q|�
��q|ap_[d§y ioau_`x|��~�f)dkq Ik = 1
π

∫ π
−π f(x+ t) cos(kt)dt

q|a�z{f)ikb�f)ap_
dkq�w`��f)a2��q|��q|au_/Z2q/n^f)~jigf)¡2dkq

t′ = t + x
],\^m2~

x
}2�2x � � a¬\^¡2_jikq|ap_

I0 = 2a0(f)
q|_�]&\^m2~

k > 0
\^a\^¡2_jikq|au_

Ik = ak(f) cos x + bk(f) sinx
w�qe¢pm2iGw�\^acZ1m2io_�q|a�b`\^�
�hf)au_ 1

2I0 + I1 + . . . + In
f)m�~`x�bjm2do_�f)_

n�\^m2dom
Sn(f)(x).

� a/],\^m2n�f)io_Cz§f)io~`q=dgf����|��q«w��c\�b`qsf�n�q�w«dgfeb`x|~jikq�Z2qp�c\^m2~jikq|~[q-�1],\^acq|ap_jikq|dodkq�]2dom2_�	^_°¢pmcq
_j~jio��\^ac\^��x|_j~jik¢umcq �¦Nq=~`x�b`m2do_�f)_Xbjm2ion�f)au_°q�bj_C]2domcb�Z1iF
hw|iodkq«¢umcq=dkq�bC]2~`x�w�x�Z2q|au_`b � �Âd�q�bj_C_j~`Ã�b�m2_jiodkq�q|_°Z2\^a2acq=m2acq=w�\^acZ1io_jik\^abjmW
hb�f)au_`q�]&\^m2~�¢pmNy m2acq�b`x|~jikq�Z2q.�c\^m2~jikq|~ew�\^apn�q|~j��q
q|a�m2at]&\^ioau_vZ2\^a2acx � ¦Nq�b�ac\^��¡2~`q�b f(c±)

\^au_vx|_`xZ2x-}ca2ikb�q|a ���o� q|_ �����1�
=?> ÷uí�ìA@pøCBPSNõqSNõ £ \^io_ f ∈ CM(2π). £ \^io_ c ∈ � � _`q|dC¢pmcq�dkq�bvZ2x|~jion�x�q�b��$Z1~`\^io_`q
q|_����uf)mcw`�cqhq|a

c
�w�y�q�bj_«��Z1io~`qvdkq�b=Z2q|m1�$doio�
io_`q�b

f ′(c+)
q|_

f ′(c−)
Z2x-}ca2ikq�b=]�f)~

f ′(c+) = lim
h>0,h→0

1

h
(f(x + h)− f(c+)) ���1�o�:���

f ′(c−) = lim
h<0,h→0

1

h
(f(x + h)− f(c−))

�



q-�!ikbj_`q|ap_�q|_�b`\^ap_[}ca2ikq�b � Y«dk\^~`b
lim

n→∞
Sn(f)(c) =

1

2
(f(c+) + f(c−)).

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õJÉMm2do_jio]2doik\^acb�d§y�x|�uf)doio_`xebjm2ion�f)au_`q�\^¡2_`q|aumcq���dgf � ~`\^],\�bjio_jik\^a �1���
Dn(t) =

1

2
+

n
∑

k=1

cos(kt) =
sin(n + 1

2)t

2 sin t
2]�f)~ 1

πf(c+)
Z2q�w���f^¢umcq�w�\^_`xMq|_�ioau_`x|��~`\^acb�dkq�_`\^m2_hbjm2~

[0, π].
� a z§f)io_hZ2q$���|��qtf�n�q�w 1

πf(c−)
bjm2~

[−π, 0] � � m2ikb`¢pmcq ∫ π
0 cos(kt)dt = 0

bji
k > 0,

\^a�\^¡2_jikq|ap_
1

2
f(c+) =

1

π

∫ π

0
f(c+)

sin(n + 1
2)t

2 sin t
2

dt,

1

2
f(c−) =

1

π

∫ 0

−π
f(c−)

sin(n + 1
2)t

2 sin t
2

dt

Sn(f)(c)− 1

2
(f(c+) + f(c−)) =

1

π

∫ 0

−π

f(c + t)− f(c−)

2 sin t
2

sin(n +
1

2
)tdt ���1�o�r���

+
1

π

∫ π

0

f(c + t)− f(c+)

2 sin t
2

sin(n +
1

2
)tdt. ���1�o�: ��

�¼ap_j~`\pZ1m2ikb�\^acb«f)dk\^~`b=dgf�z{\^acw|_jik\^a
F+ ∈ CM(2π)

]�f)~
F+(t) = f(c+t)−f(c+)

2 sin t

2

t ∈]0, π]

F+(0) = f ′(c+)

F+(t) = 0 t ∈]− π, 0[.Y w�f)mcb`q$Z2q/d§y �uÁ!],\^_j�cÃ�b�q�bjm2~�dgf�Z2x|~jion�x�q��tZ1~`\^io_`q��
F+

q�b`_�¡2ikq|a w�\^ap_jioaumcq�]�f)~���\^~`w�q�f)m1� � �«f)]2]&q|dvr
limt→0

2
t sin t

2 = 1).� a¬q�bj_�Z2\^acw�q|aÇ]&\�bjio_jik\^a ZJy�f)]2]2doik¢pmcq|~h�
F+

dgf�Z2q|~ja2ikÃ|~`q$]�f)~j_jikq$Z2q/dgf � ~`\^]&\�bjio_jik\^a �1��� q|_�ZJy�q|aZ2x�Z1m2io~`q«¢pmcq �1�o�r� _`q|acZhn�q|~`b 9 b`i n _`q|acZ�n�q|~`b�d§y ioa1}ca2i � � a�]2~`\!w�Ã�Z2q�Z2q����|��q=]&\^m2~ �1�k�: q|_Xdkq[_j�cx�\^~`Ã|��qq�bj_[��\^au_j~`x �� \^m2~=x|ac\^acw�q|~�m2a$w�\^~`\^dodgf)io~`q��hf)a2igf)¡2dkqvZ2q«w�q«~`x�bjm2do_�f)_��!ac\^mcb°ioau_j~`\!Z1m2ikb`\^acb�m2acq�ac\^m2n�q|dodkqsZ2x-}ca2io_jik\^a
ACBEDGF�HJIKBEDGL

C1
Q�RES T«BES�F,P2R&O&V � ��acq�z�\^acw|_jik\^a f

w�\^�
]2dkq-�2q«bjm2~�� � q�bj_XZ1io_`q
C1

]�f)~���\^~`w�q�f)m1�/Zcf)acb
dkq�b=w�\^acZ1io_jik\^acb«b`m2ion^f)ap_`q�b

� ­ dodkqeq�b`_=w�\^au_jioaumcq�]�f)~=��\^~`w�q�f)m1� �� �ÂdNq-�!ikbj_`qem2acqsz�\^acw|_jik\^a
g
w�\^au_jioapmcq�]�f)~���\^~`w�q�f)m1��_`q|dodkqe¢umNy�q|aM_`\^m2_=],\^ioap_«Z2qew�\^ap_jioaum2io_`x

x
Z2q

fq|_�Z2q
g
f)dk\^~`b

f ′(x)
q-�!ikbj_`qvq|_=x|�uf)dkq

g(x).� aln�f/ac\^_`q|~�d§y�q�bj]�f^w�q�Z2q�bvz�\^acw|_jik\^acb�Z2q�],x|~jik\!Z2q
2π

¢pm2iCb`\^au_
C1

]�f)~e��\^~`w�q�f)m1�¨]�f)~
C1M(2π).

< \^ikw|iEf)dk\^~`b=dkqs~`x�bjm2do_�f)_«w�\^�
��\pZ2qv]2~`\^�
ikb
L í�ì)íNMOMKùcðºìABKSNõFsGõ �:t o1µj±^²�u-Ðh¶�Íu¶nmv¹K²-¹�Ï�op¿o¶|» � £ i f ∈ C1M(2π)

f)dk\^~`b[]&\^m2~=_`\^m2_
x
\^aMf

lim
n→∞

Sn(f)(x) =
1

2
(f(x+) + f(x−)).

­ a�]�f)~j_jikw|m2doikq|~���b`i f ∈ C1M(2π)
q|_=q�bj_=Z2qv]2domcb�w�\^au_jioaumcq��&f)dk\^~`b[dgf
b�\^�
��qeZ2qsdgf
b`x|~jikqvZ2qT��\^m2~jikq|~�Z2q

f
q|a

x
q�bj_�x|�uf)dkq��

f(x).

�



3wv X <�8ZY[(0/]\[(�8^*_(yx�8�9�z�<{/21|(|3)}�9;~^~�>
V°ikq|aÇq|ap_`q|acZ1mN�E���|��q/bji

f ∈ C1M(2π)
dgfMw�\^apn�q|~j��q|acw�q/Z2q�dgf�b�x|~jikqhZ2q���\^m2~jikq|~�Z2q

f
aNy�q�bj_�]�f^b

_`\^m^®;\^m2~`b@m2a2iþz{\^~j��q�r�]2m2ikb`¢pmcq�dkq�b
Sn(f)

b`\^au_
Z2q�b@],\^doÁ!a
	^��q�bG_j~jio��\^ac\^��x|_j~jik¢pmcq�b��^iodkb@b`\^au_�Z2\^acw°w�\^au_jioapmcbq|_�dgf�w�\^aun�q|~j��q|acw�q�m2a2iþz�\^~j��q
q|ap_j~�f)ioacq|~�f)io_vdgf�w�\^ap_jioaum2io_`x�Z2q
f.
¦Gq�]2�pÁ!b`ikw|ikq|a¨¡2~jio_�f)a2a2ik¢umcq!��io¡2¡cbvb�y�q|a

��\^au_j~�f)io_=z{\^~j_�bjm2~j]2~jikb�r
ëeì'í�îCí�ï'ðgñ�ðKí,òhsGõKó �&� o1µ|³�±^Ð�u-³,¶�Íu¶���¹§¯�¯´· � £ \^io_ f ∈ CM(2π)

Z2x-}ca2ikqe]�f)~
f(kπ) = 0

]&\^m2~
k
q|au_jikq|~

q|_=]�f)~
f(x) = π

2 − x
2

]&\^m2~
0 < x < 2π. £ \^io_

Sn(f)(x) =
n

∑

k=1

sinkx

k

dgf
b`\^�
��qv]�f)~j_jikq|dodkqeZ2q�b�f�b`x|~jikqvZ2qT�c\^m2~jikq|~ � Y�dk\^~`b maxx Sn(f)(x) = Sn(f)( π
n+1)

q|_

lim
n→∞

Sn(f)(
π

n + 1
) =

∫ π

0

sin t

t
dt = 1, 857... > f(0+) =

π

2
= 1, 578...

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õc¦Nq=w�f)dkw|m2d,Z2q�b�w�\!q�
hw|ikq|au_`b�Z2q[�c\^m2~jikq|~�b`q°z§f)io_�z§f^w|iodkq|��q|au_�q|ah~`q|�hf)~`¢pm�f)au_�¢umcq
f
q�bj_io�
]�f)io~`q�q|_[]�f)~=m2acqvioap_`x|��~�f)_jik\^aM]�f)~=]�f)~j_jikq�b � � aMx|_jmcZ1ikq�f)dk\^~`b[dkq�b=ª�x|~`\�b�Z2qsdgf
Z2x|~jion�x�q�r

Sn(f)′(t) =
sin(n + 1

2 )t

2 sin t
2

− 1

2

w�f)dkw|m2dkx�qe��d§y�f)ikZ2qvZ2q�dgf � ~`\^]&\�bjio_jik\^a �1���/� � \^m2~=w�f)dkw|m2dkq|~=w�q�b�ª�x|~`\�b��1\^a$~�f)]2],q|dodkqs¢pmcq sin a = sin b
bjiJq|_

b`q|m2dkq|��q|au_sbjiE\^mM¡2ikq|a
a = b

\^m�¡2ikq|a
a + b = π

��\!Z1m2dk\
2π).

¦Cy�x|_jmcZ2q�Z2q�b=n�f)~jigf)_jik\^acb�Z2qedgf�z{\^acw|_jik\^a��\^au_j~`qh¢pmcq�dkq
�hf'�1io��m2� q�b`_�f)_j_`q|ioau_�q|a
π/(n + 1). � \^m2~�w�f)dkw|m2dkq|~edgf$doio�
io_`q�Z2q Sn(f)( π

n+1)
\^alb`q

~�f)]2],q|dodkq$¢pmcq�bji
f
q�bj_�w�\^au_jioapmcq�bjm2~�d§y ioap_`q|~jn^f)dodkq

[0, 1]
f)dk\^~`b�dkqh_j�cx�\^~`Ã|��q$Z2q�b�b`\^�
��q�b�Z2q���ikq|�hf)a2aq|au_j~�f)ioacq

lim
n→∞

1

n

n
∑

k=1

f(
k

n
) =

∫ 1

0
f(x)dx.

Y�]2]2doik¢pmc\^acb�w�q|dgfh��dgf�z�\^acw|_jik\^a sinπx
x

q|a�dgf�]2~`\^dk\^a2��q�f)au_«]�f)~�w�\^au_jioapm2io_`x�q|a
0
]�f)~

π.
� a�\^¡2_jikq|au_

lim
n→∞

Sn(f)(
π

n + 1
) =

∫ 1

0

sinπx

x
dx =

∫ π

0

sin t

t
dt.

­ acbjm2io_`qsd§y�x|_jmcZ2qeZ2q�dgf�z�\^acw|_jik\^a g(t) = sin t− t + t2

π

bjm2~
[0, π]

��\^ap_j~`qebjm2~
]0, π[

¢pmcq
g(t) > 0

q|_=¢pmcq
sin t

t > 1− t
π . Å \^acw

∫ π

0

sin t

t
dt >

∫ π

0
(1− t

π
)dt =

π

2¦Nqew�f)dkw|m2dNapm2��x|~jik¢umcq�Z2q ∫ π
0

sin t
t dt

b`q�z§f)io_[]�f)~{�����W�w�
q|_[dgf
Z2x|��\^acbj_j~�f)_jik\^atq�bj_=w�\^�
]2dkÃ|_`q �
Étf)ioap_`q|a�f)au_��
bji

f
q�bj_�w�\^au_jioaumcq$q|_�Zcf)acb

C1M(2π),
dgf � ~`\^]&\�bjio_jik\^a �c��� w|iXZ2q�b`b�\^mcbe��\^au_j~`q/¢pmNy�\^aÇf¡2ikq|atw�\^apn�q|~j��q|acw�q�m2a2iþz�\^~j��q�Z2q�b�b`\^�
��q�b�]�f)~j_jikq|dodkq�bsn�q|~`b

f.
Y«m2]�f)~�f�n�f)au_��Nf)]2]2~jion�\^ikb�\^acb�w�q|_j_`q�ac\^_jik\^aZ2qsz�\^acw|_jik\^a�w�\^au_jioaumcq�q|_

C1
]�f)~[��\^~`w�q�f)m1� �

�



ëeì'í�îCí�ï'ðgñ�ðKí,òKsGõQDJõ £ \^io_ f
w�\^au_jioaumcq[b`m2~E� � q|_@_`q|dodkqX¢pmNy iod!q-�1ikbj_`q�m2acqCz{\^acw|_jik\^a

g
w�\^ap_jioaumcq�]�f)~@��\^~`w�q�f)m1�f�n�q�w
dgf$]2~`\^]2~jikx|_`xhbjm2ion^f)ap_`q�rJq|a¨_`\^m2_e]&\^ioau_�Z2q
w�\^ap_jioaum2io_`x

x
Z2q

g
f)dk\^~`b

f ′(x)
q-�1ikbj_`q
q|_�x|�uf)dkq

g(x).
Å f)acb«w�q�b=w�\^acZ1io_jik\^acb��2]&\^m2~=_`\^mcb a < b

\^a�f$r

f(b)− f(a) =

∫ b

a
g(t)dt. ���c�o�:8��

£ iGZ2qs]2domcb f
q�bj_=Z2qv]&x|~jik\pZ2q

2π
f)dk\^~`b

kak(f) = −bk(g), kbk(f) = ak(g), kck(f) = −ick(g). ���c����9��
­ a�]�f)~j_jikw|m2doikq|~�� c0(g) = 0.

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ £ i [a, b]
acq¨w�\^au_jikq|ap_M]�f^b�Z2q ]&\^ioau_MZ2q¨Z1ikb�w�\^au_jioaum2io_`xÇZ2q

g
�=w�y�q�b`_�dkq _j�cx�\^~`Ã|��q

z�\^acZcf)��q|ap_�f)dEZ1m�w�f)dkw|m2dJioau_`x|��~�f)d � £ i ]a, b[
acqvw�\^ap_jikq|au_«]�f^b[Z2qs],\^ioap_`b=Z2qsZ1ikb`w�\^au_jioapm2io_`x�Z2q

g
�hf)ikb=b`i

a\^m
b
b�\^au_�Z2q�b[]&\^ioau_`b«Z2qvZ1ikb`w�\^au_jioapm2io_`x�Z2q

g,
\^a�x�w|~jio_=]&\^m2~

0 < h < (b− a)/2
¢umcq

f(b− h)− f(a + h) =

∫ b−h

a+h
g(t)dt

q|_�\^atz§f)io_«_`q|acZ1~`q
h
n�q|~`b 91� ¦Gf/w�\^ap_jioaum2io_`x
Z2q f

q|ap_j~`q�f)dk\^~`bsq|at]2ikbj_`q�q|_�dkq���q|��¡2~`q�Z2q��uf)mcw`�cq�_`q|acZn�q|~`b
f(b) − f(a).

¦Nqe��q|��¡2~`q�Z2q�Z1~`\^io_`q�_`q|acZ�_j~jion!igf)dkq-��q|ap_sn�q|~`b ∫ b
a g(t)dt,

q|_�\^atf
dkq�~`x�bjm2do_�f)_sZcf)acbw�qew�f^b �£ i ]a, b[
w�\^au_jikq|au_$Z2q�b�],\^ioap_`b�Z2q�Z1ikb`w�\^au_jioapm2io_`xtZ2q

g
�Cac\^_`\^acb/w�q|m1�¬w|i

c1 < c2 < . . . < cn
q|_w�\^aun�q|ac\^acb

c0 = a
q|_

cn+1 = b. � \^m2~ i = 0, . . . , n
\^a f

f(ci+1) − f(ci) =
∫ ci+1

ci

g(t)dt
ZJy�f)]2~`Ã�bedkq

Z2x|¡2m2_�Z2qvdgf�Z2x|��\^acbj_j~�f)_jik\^a �,­ aMb`\^�
�hf)ap_�w�q�b=x|�uf)doio_`x�b«\^a�f�dkqv~`x�bjm2do_�f)_ �c�o�:81�� \^m2~ k
q|au_jikq|~�ac\^aUaum2d§��f)]2]2doik¢umc\^acb �c�o�:8 � 1

2π (g(x) − ikf(x))e−ikx ]2dom2_�	^_M¢pmNy��
g(x),

q|_��
1
2πf(x)e−ikx ]2dom2_�	^_«¢umNy�� f(x).

Y«dk\^~`b

0 =
1

2π

∫ 2π

0
(g(x) − ikf(x))e−ikxdx = ck(g)− ikck(f).

¦Nq�b�Z2q|m1��f)m2_j~`q�b�x|�uf)doio_`x�b«Z2q �c�á��9 b�y�q|aMZ2x�Z1m2ikb`q|ap_=]�f)~ �����1�
G)B!ølù2ìAH�IJB�õ�¦Gf z{\^acw|_jik\^a

g
Z2q�dgf � ~`\^]&\�bjio_jik\^a �c�o� q�bj_�q|a���x|acx|~�f)dsz�~`\^ikZ2q|��q|au_Mf)]2]&q|dkx�qtz�\^acw|_jik\^a

Z2x|~jion�x�q�Z2q
f
q|_�q|a w�\^acb`x�¢pmcq|acw�q$]2dom2_�	^_�ac\^_`x�q

f ′. £ \^io_ � Étf)ikb�iod°z§f)m2_�~`x�f)doikb�q|~�¢pmcq/w�q�aNy�q�b`_�]�f^b�dgfZ2x|~jion�x�q�\^~`Z1ioa�f)io~`q�f)m1�t]&\^ioau_`bvZ2q
Z1ikb�w�\^au_jioaum2io_`x�Z2q
g.
¦Cy�q-�1q|�
]2dkq�dkq�]2domcbvb`io�
]2dkq
q�bj_

f(x) = |x|. À q¢um2i�®;\^mcq�dkqe~�	^dkq�Z2q
g
q�b`_�ikw|i

g(x) = 1
]&\^m2~

x > 0
�
g(x) = −1

]&\^m2~
x < 0

q|_«aNy io�
],\^~j_`q�¢umc\^iE],\^m2~
g(0).

Y«mcw|m2a�w`�c\^iþ�tZ2q
g(0)

acq�Z2\^a2acq|~�f
f ′(0)

¢pm2iGaNy�q-�1ikbj_`qe]�f^b �,À q�w|iEZ1io_���ac\^_`q|~ g = f ′
q�b`_=m2a f)¡2mcbZ2qvdgf)a2�uf)��qv¡2ikq|aMw�\^�
��\!Z2q � YEn�q�wvw�q|_«f)¡2mcb=Z2qvdgf)a2�uf)��q��cdkq�b�z�\^~j��m2dkq�b �c�á��9 b�qsdoikb`q|au_

kak(f) = −bk(f
′), kbk(f) = ak(f

′), kck(f) = −ick(f
′).

=?> ÷uí�ìA@pøCB�sNõQSJõ � Íp¶�¿þ¾�Ï`±�³c½)¶-²{ÿu¶-³�Ï´¶�¸!³c¹ �|±�²´Ðh¶ � £ i f ∈ C1M(2π)
q|_«bji

f
q�bj_�w�\^au_jioaumcq
f)dk\^~`b

mn =
max |Sn(f)(x)− f(x)| = ‖Sn(f)− f‖∞

b´f)_jikb;z{f)io_
limn→∞mn = 0.

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ © \^mcb���\^ap_j~`\^acb°dkq�~`x�bjm2do_�f)_�q|ah]2~`\^m2n�f)au_�dgf�w�\^aun�q|~j��q|acw�q�ac\^~j�hf)dkq��1w�y�q�bj_°��Z1io~`q�q|a��\^au_j~�f)au_s¢pmcq
∞
∑

k=1

|ak(f)|+ |bk(f)|

 



w�\^aun�q|~j��q �,© \^_`\^acb[]�f)~ g
m2acqsz{\^acw|_jik\^a�w�\^au_jioapmcqe]�f)~=��\^~`w�q�f)m1��_`q|dodkq�¢umNy�q|a�_`\^m2_�],\^ioap_�Z2qew�\^au_jioapm2io_`x

x
Z2q

g
f)dk\^~`b

f ′(x)
q-�1ikbj_`q�q|_vx|�uf)dkq

g(x).
� a f)]2]2doik¢pmcq�f)dk\^~`b �c����9 ]2m2ikbsd§y ioacx|�uf)doio_`x
Z2q £ w`����f)~jªh]&\^m2~x�w|~jio~`q

n
∑

k=1

|ak(f)| =
n

∑

k=1

1

k
|bk(g)| ≤ (

n
∑

k=1

1

k2
)1/2(

n
∑

k=1

|bk(g)|2)1/2.

¦Nqs��q|��¡2~`qeZ2qvZ1~`\^io_`qvZ2qsd§y ioacx|�uf)doio_`xvq�b`_[¡,\^~jacxsq|a
n
]�f)~°d§y ioacx|�uf)doio_`x�Z2q�V°q�b�b`q|d �1�o�:� f)]2]2doik¢umcx�qe� g

�2q|_]�f)~�dgf
w�\^apn�q|~j��q|acw�q�Z2qvdgf�b`x|~jikqeZ2qe��ikq|�hf)a2a ∑∞
k=1

1
k2 .

� aM]2~`\pw�Ã�Z2q�Z2qv���|��qe]&\^m2~ ∑n
k=1 |bk(f)| q|_dkqv_j�cx�\^~`Ã|��qeq�bj_=��\^ap_j~`x �

v � >
')(+*G:�,�9�7;~)(0/�:�9�(�843���%[/,>N(0Y�%[7

=?> ÷uí�ìA@pøCB��JõKó�õ £ i f ∈ CM(2π)
f)dk\^~`b

limn→∞ ‖Sn(f)− f‖2
2 = 0.

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ © \^mcbCf)dodk\^acb�b�f)m2_`q|~CZ2q|m1�
f^bj]&q�w|_`b@z{f^bj_jikZ1ikq|m1��Z2q°dgfsZ2x|��\^acbj_j~�f)_jik\^aN��w�\^~j~`q�bj]&\^acZcf)au_f)m1��Z2q|m1��f�
�~j�hf)_jik\^acb�bjm2ion^f)ap_`q�b
��� £ i f ∈ CM(2π)

q|_�bji
ε > 0

iod°q-�1ikbj_`q
g1

w�\^au_jioapmcq�Z2qh]&x|~jik\!Z2q
2π

_`q|dodkq$¢umcq ‖f − g1‖2 ≤ ε� Étx|_j�c\pZ2q�r!]2~`Ã�b�Z2q�bX]&\^ioau_`b[Z2q�Z1ikb`w�\^ap_jioaum2io_`xeZ2q f
��~`q|�
]2dgf^w�q|~[]�f)~�m2acq«z�\^acw|_jik\^a$doioacx�f)io~`qvf^b`b`q|ª

]&q|au_jmcq �-�
�1� £ i g1

w�\^au_jioapmcq�Z2q/],x|~jik\!Z2q
2π

q|_
bji
ε > 0

iod�q-�1ikbj_`q
g2

doioacx�f)io~`q/]�f)~���\^~`w�q�f)m1�J��w�\^au_jioaumcq�Z2q
]&x|~jik\pZ2q

2π,
q|_�_`q|dodkq�¢pmcq ‖g1 − g2‖∞ ≤ ε � É�x|_j�c\!Z2q�r
f)]2]2doik¢pmcq|~�dkq�_j�cx�\^~`Ã|��q�Z2q���q|ioacq�bjm2~d§y m2a2iþz{\^~j��qew�\^au_jioapm2io_`x �-� � f)~ �1�o�:9 w�q|dgf�q|au_j~�f)ioacq ‖g1 − g2‖2 ≤ ε.� a�]2~`q|acZ�Z2\^acw

f, ε, g1, g2
w�\^�
��q�w|i2Z2q�b`bjmcb��'q|_
\^a�f)]2]2doik¢umcq°dkq°_j�cx�\^~`Ã|��q[Z2q�dgf�w�\^apn�q|~j��q|acw�q[m2a2iþz�\^~j��q

�c��� � g2
],\^m2~[�uf)~�f)ap_jio~[d§y�q-�!ikbj_`q|acw�qvZJy m2a�q|ap_jikq|~

N > 0
_`q|dN¢pmcq

n ≥ N
q|au_j~�f)ioacq ‖Sn(g2)− g2‖∞ ≤ ε.Y w�f)mcb`q
Z2q �1�o�:9 \^a q|alZ2x�Z1m2io_ ‖Sn(g2) − g2‖2 ≤ ε. ­ a ~�f^b`b`q|��¡2dgf)ap_�w�q|_j_`q�ioacx|�uf)doio_`xhf�n�q�w ��� q|_ ���\^al\^¡2_jikq|au_�¢pmcq
bji

n ≥ N
\^a f ‖Sn(g2) − f‖2 ≤ 3ε,

\^m ‖Sn(g2) − f‖2
2 ≤ 9ε2.

� a f)]2]2doik¢pmcqhf)dk\^~`b
�1�k�U� f)m ]&\^doÁ!a
	^��q�_j~jio��\^ac\^��x|_j~jik¢umcq

T = Sn(g2)
q|_�\^aË\^¡2_jikq|au_�}ca�f)dkq|��q|au_$¢umcq�b`i

n ≥ N
f)dk\^~`b

‖Sn(f)− f‖2 ≤ 3ε,
w�qv¢um2iGf^w��cÃ|n�qedgf
Z2x|��\^acb`_j~�f)_jik\^a�Z1m�_j�cx�\^~`Ã|��q �

L í�ì)íNMOMKùcðºìAB��JõQDJõ �&� ±^²-Ð�¸p¿k¶�Íu¶ � ¾^²´·�¶-½'¾�¿ � £ i f
q|_

g
b`\^au_«Zcf)acb

CM(2π)
f)dk\^~`b

‖f‖2
2 =

1

2π

∫ 2π

0
|f(x)|2dx =

∞
∑

−∞
|ck(f)|2

= |a0(f)|2 +
1

2

∞
∑

k=1

|ak(f)|2 + |bk(f)|2.

〈f, g〉 =
1

2π

∫ 2π

0
f(x)g(x)dx =

∞
∑

−∞
ck(f)ck(g)

= a0(f)a0(g) +
1

2

∞
∑

k=1

(ak(f)ak(g) + bk(f)bk(g)).

ö�÷pølí,òGï�ñ�ì'ù1ñ�ðKí�ò�õ � alf)]2]2doik¢pmcq �1�o�U� �&w�y�q�bj_e��Z1io~`q � Á!_j��f)��\^~`q
q|a¨x�w|~jion^f)ap_ |f − Sn(f)‖2 = ‖f‖2 −
‖Sn(f)‖2. Å y�f)]2~`Ã�b�dkq����cx�\^~`Ã|��q �1�o� \^a$f�Z2\^acw limn→∞ ‖Sn(f)‖2

2 = ‖f‖2
2.
� ~°ZJy�f)]2~`Ã�b�dkq����cx�\^~`Ã|��q

8



�1�o� \^a�f
‖Sn(f)‖2 =

n
∑

−n

|ck(f)|2 = |a0(f)|2 +
1

2

n
∑

k=1

|ak(f)|2 + |bk(f)|2,

ZJy�\^ú�dkqv]2~`q|�
ikq|~=~`x�bjm2do_�f)_ �� \^m2~sf�n�\^io~=dkq�w�f^b[��x|acx|~�f)d 〈f, g〉 \^a�m2_jiodoikb`qsd§y ikZ2q|ap_jio_`x�Z2qv]&\^dgf)~jikb�f)_jik\^aMZ2q�b=q�b`]�f^w�q�b[]2~`x|�2iodo¡,q|~j_jikq|acbw�\^�
]2dkq-�1q�b � n�\^io~«w�\^m2~`b�ZJy�f)do��Ã|¡2~`qedoioacx�f)io~`q�� � ~`\^]&\�bjio_jik\^a ���o� ��w`��f)]2io_j~`q ��� ¢um2iE],q|~j��q|_«Z2qe~`q|_j~`\^m2n�q|~�dkq]2~`\pZ1m2io_=�cq|~j�
io_jikq|at¢um�f)acZM\^a�w�\^a2a�f)io_�dkq�b[ac\^~j��q�b���q|_=\^aMx�w|~jio_

〈f, g〉 =
1

4

3
∑

m=0

i−m‖f + img‖2.

À q|dgf
w�\^acZ1m2io_���dgf�Z2q|m1�1ikÃ|��qvz{\^~j��m2dkq��cw�f)~«bji a
q|_

b
b`\^ap_�Z2q�b=w�\^�
]2dkq-�2q�b�\^aMf

ab =
1

4

3
∑

m=0

i−m|a + imb|2.

¦Cy�q-�1q|�
]2dkq�dkq�]2domcbsbjio�
]2dkq�q|_«dkq�]2domcbsbj],q�w|_�f^w|m2dgf)io~`q�ZJy�f)]2]2doikw�f)_jik\^a Z2q�dgf�z�\^~j��m2dkq�Z2q � f)~`b`q|n^f)d�b`q�z§f)io_q|a�]2~`q|a�f)au_«dgf�z�\^acw|_jik\^a
f
Z2qsdgf � ~`\^],\�bjio_jik\^a �c�o� �cw�qv¢um2iEZ2\^a2acq

∞
∑

k=1

1

k2
=

π2

6
.

�:9


