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Let G = (V,€&)
a finite undirected graph with V. ={1,...,n}.
Consider a normal centered rv X = (X1,...,Xn)
with invertible covariance > such that K =
>~1 = (k;;) satisfies k;; = 0 for i # j and
{i,7} ¢ £. This is equivalent to impose that
X; and Xj are conditionally independent kno-
wing the remainder of (Xq,...,Xn).

Problems : estimation of > by maximum li-
kelihood or Bayesian techniques.



The graph G = (V,€&)
iIs decomposable if it is connected and if it
does not contain any induced cycle of length
> 4. For instance in
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mucv IS a cycle but it is not an induced cycle.
In
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abed is an induced cycle (and this second graph

is not decomposable). This has been consi-
dered for the first time by Chvatal en 1958.




For
us here : because the search of the maximum
likelihood of > becomes a linear problem if
(G is decomposable and leads to equations of
degree > 5 if G is not decomposable. There
are numerous applications of decomposable
graphs in other parts of mathematics .

. Cliques and junction trees.
Minimal separators

Perfect orderings of cliques
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The two definitions of the multiplicity of
a minimal separator.



The cliques of a
graph are its maximal complete subsets. A

junction tree has the set of cliques as set of
vertices and is such that if the clique C"” is on
the unique path from C to C’ then C" > CnC".

For instance el —e2 — @3 is a junction tree for
the decomposable graph
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where the three cliques are 1 = (amu), 2 =
(muve) and 3 = (bmwv). A connected graph is
decomposable if and only if a junction tree

exists (a neat proof of this is given by Blair
and Peyton in 1991)




If @ and b are not neigh-
bors S C V is a separator of a and b if any
path from a to b hits S
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For instance muvc is a separator of a and b.
If nothing can be taken out, S is a minimal
separator of a and b. Finally S is minimal se-
parator by itself if there exist non adjacent a
and b such that S is a minimal separator of a
and b. There are not so many of them, strictly
less that the number of cliques anyway. They
are mu and mv in the example. A connec-
ted graph is decomposable if and only if all
the minimal separators are complete (Dirac
1961).




Let C be the
family of the k cliques of the connected graph
(not necessarily decomposable). Consider a
bijection P: {1,...,k} — C and

Sp(7) =[PQ)UPR)U...UPGH —-1)]NP()

for > 2. Then P is said to be perfect if for
all j > 2 there exists 7; < j such that

Sp(3) C P(ij).

This is a deep notion : a connected graph is
decomposable if and only if a perfect ordering
of the cliques exists. If G is decomposable
and if P is perfect then Sp(j) is a minimal
separator. Given a minimal separator S, the
number vp(S) of j > 2 such that Sp(j) = S is
called the multiplicity de S. Lauritzen (1996)
observes that vp(S) > 1 and that vp(S)) does
not depend on P (we give a proof below).
T hus by definition if S denotes the set of the
minimal separators of a decomposable graph
having k cliques then
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Example :
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There are 4 cliques A ={1,2}, B={2,3,7},
C={2,4,7}, D={2,5,6,7} and two minimal
separators U = {2}, V. = {2,7}. The ordering
ABCD is perfect with So = U et S3 = S, =
V. Therefore V has multiplicity 2 and U has
multiplicity 1.
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Remark :

C

A—B—D
IS a junction tree, and

C

B—A—D
IS not.



Let S be a minimal separator of a decom-
posable graph (V,€&). Let {V1,...,V,} be the
connected components of V \ S (of course
p > 2). Let ¢ be the number of 7 =1,...,p
such that S is NOT a clique of S U V;. The
number v(S) = q — 1 is called the topological
multiplicity of S.

(The notion is introduced by Lauritzen, Speed
and Vivayan in 1979). Question : one ob-
serves that in all cases the two definitions of
multiplicity coincide. Why 7 Answer later on.



Example : If I remove the minimal separator
V ={2,7} to its graph
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o5 —e6
four connected components are obtained :
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o5 —e6
If I add V to each of them, thus for com-
ponent 1 I obtain the graph
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whose V = {2,7} is a clique. This is not the
case for the three other connected compo-
nents 3, 4 et 56. Therefore ¢ = 3 here and
the topological multiplicity of V is 2.



If (H,E(H)) is a tree (undirected) with
vertex set H and edge set £(H) a tiling of H
is a family 7 of subtrees

of H such that if £(T;) is the edge set of T;
then

{E(T1),...,E(Tg)}
is a partition of £(H). This implies

TlU...UTq:H

although (T4,...,Tp) is not a partition of the
set H.
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Example
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oh—of—ed—eb—ea
the tiles of the tiling can be chosen as
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Let G = (V,&) be a decomposable graph and
let (C,E(C)) be a junction tree of G. Let S be
the family of minimal separators of G. There
exists a unique tiling 7 of the tree (C,&(C))
by subtrees and a bijection § — Tg¢ from §
towards 7 with the following property : for all
S € S the edges of Tg are the edges {C,C'}
such that S=CnC’.

Under these circumstances the number of edges
of Tg is the topological multiplicity of S. Fur-
thermore if C and C’ are two distinct cliques
consider the unique path (C = Cp,Cq,...,Cq =
C") from C to C'. Let S; € S such that {C;_1, C;}

is in Ts.. Then
cnc' =nlS;.

In particular CNC’' = S if C and C' are in Tg.
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Consider again the example :

X
X

o5 — 00O
There are 4 cliques A = {1,2}, B=1{2,3,7},
C={2,4,7}, D={2,5,6,7} and two minimal
separators U = {2}, V = {2,7}. The ordering
ABCD of the cliques is perfect with S, = U et
S3 =54 = V. Thus V has multiplicity 2 and U
has multiplicity 1. Consider the junction tree

ol

C

A—B—D
Then Ty = AB et Ty, = BCD.
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Recall that saying that is P is a perfect orde-
ring of the set C of the k cliques of a decom-
posable graph is to say that there exists 1y <J
such that Sp(j) C P(i;). There exist in gene-
ral several possible z'j'S. Actually we fix one
such i for each 3 and we create the graph ha-
ving C as vertex set with having the k—1 edges
{P(i;), P(j)}. A beautiful result of Beeri, Fa-
gin, Maier and Yannakakis (1983) claims that
this graph is a junction tree and conversely
that any junction tree can be constructed
from a perfect ordering and from a choice
of the 5 — ;. Let us say that a junction tree
IS adapted to the perfect ordering P if there

exists a choice j — i, giving the tree.
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Let P be a perfect or-
dering of the set C of the k cliques of a de-
composable graph and let S be in the set S
of the minimal separators. Consider the set
of cliques J(P,S) =

{CeC; dj>2telque P(j) =CetSp(j) =S}

Its importance in terms of Gaussian graphical
models will be explained later on. Just remark
that vp(S) = |J(P,S)|. Consider now a junc-
tion tree adapted to P and let 7 be the tiling
of this tree by the minimal separators. We
transform this undirected tree into a rooted
tree by taking P(1) as a root. This transforms
C into a partially ordered set : C < C’ if the
unique path from P(1) to C' passes through
C.
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Now for all S € § the subtree T'¢ has a mini-
mal point M(S) for this partial order. Here is
now a useful result ruling out the old contest
between multiplicities (recall that the number
of vertices of a tree is the number of edges
plus one ) :

J(P,S) =Tg\ {M(S)}. In particular vp(S) is
the topological multiplicity |Tg¢| — 1 of S.
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Let P and P’ two perfect orde-
rings such that P(1) N P(2) = P'(1) n P/(2),
that is to say Sp(2) = Spi(2) (denoted S5).
Then J(P,S) = J(P',S) if S#% S5 and

J(S2, P)U{P(1)} = J(S2, P)U{P'(1)}.
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Let G (V,E) be a decomposable
graph with V {1,...,n}. Let S, be the
symmetric matrices of order n, let P, C Sp
be the positive definite ones, let ZSg C Sn
be the subspace of matrices (z;;) such that
zij; = 0 if 4 £ j and {i,j} ¢ £). Finally let
Po = ZSg NPy be the positive definite ma-
trices with zeros prescribed by G. The model
is therefore

Denote by « the natural projection of &, on
ZSqa and denote Qg = w(Pél). This set Qg
IS @ convex cone with numerous properties :
it carries the useful part of >~ 1 and of §—1
when the unknown covariance is 2 and the
empirical covariance is S. The cone Qg is the
dual of the cone Pg. Finally, Qg is charac-
terized by the fact that the restriction xzo of
x € Qn to any clique C' is positive definite.
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Letusfix a:C—R and 8:S — R and let us
introduce the function x — H(a,3;x) on Qg
by

HCEC det(:cc)a(C)
[Iges det(xg)v(S)B(S)

Define the measure on Qg by

H(a,B;x) =

uedz) = H(~(IC14+1), ~S (15141 2) 1o, (r)da.
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An important result is that if P is a perfect
ordering and if for all § € S different from
Sp(2) one has

> (alC) - B(8) =0
CeJ(P,S)
then by a long calculation one sees that there
exists a number I («, 3) with the following ei-
genvalue property : for all y € Pg

/QG e—trxyH(Oz,ﬁ; x)uc(de) =T (o, B)H(a, B; W(y_l)).

A conclusion of the present lecture is the
above fact is not linked to a particular perfect
ordering P but only to the minimal separator
Sol
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