REMARKS ON NOISE SENSITIVITY,
BRASCAMP-LIEB AND SLEPIAN INEQUALITIES

M. LEDOUX

University of Toulouse, France

Abstract. — In a recent work, E. Mossel and J. Neeman pro-
vided a heat flow monotonicity proof of Borell’s noise sensitivity for
the Ornstein-Uhlenbeck semigroup. The argument actually includes in
a common framework noise sensitivity, Brascamp-Lieb inequalities (in-
cluding hypercontractivity) and even a weak form of Slepian inequalities.
The scheme applies furthermore to families of measures with are more
log-concave than the Gaussian measure. The discrete cube raises some
interesting issues on a class of concave functions on the plane.

1. Hypercontractivity and Gaussian noise sensitivity

Borell’s noise sensitivity theorem for the Ornstein-Uhlenbeck semigroup [Bor] ex-
presses that if v is the standard Gaussian measure dy(x) = dy"(x) = e~ lel*/2 (2:)”2/2 on
R", and if A, B are Borel measurable sets in R" and H, K are parallel half-spaces with
respectively the same Gaussian measures v(A) = v(H), v(B) = v(K), then, for every

t>0,

(1) /A Qu(1p)dy < /H Qu(Lx)dr.

Here (Qt);>9 = (QF)s>o is the Ornstein-Uhlenbeck semigroup defined, on suitable
functions f : R"” — R, by

(2) Quf(z) = /n fleTlz+V1—e2y)dy(y), t>0, z€R"

Alternatively, Q. f(x) is given by the Mehler kernel

(3) Qif(x) = . fW)a(z,y)dy(y)

where, for t > 0, (z,y) € R" x R",

4 _n _ 1 e 2 2 _ gt

(4) qt(:ﬂ,y)—qt(w,y)—l_—e_%exp(—m[le + [yl - ew-y})-



According to the representation (2), setting p = e%, if X = X" and Y = Y are
independent with distribution v = ",

/ Qi(1p)dy =P(X € A, pX +/1— p2Y € B)
A
so that the conclusion (1) reads equivalently as
P(X € A, pX +/1—-p?Y €B)<P(X € HpX ++1-p*Y € K).

In other words, if Z = (X, pX +4/1 — p?Y) is a (centered) Gaussian vector in R" x R"
with covariance matrix

Id,, pld,
(5) (pIdn 1d,, )’
then
(6) P(Ze Ax B)<P(Z € HxK).

The result then extends to any p € [—1,+1] with however the inequality in (6) reversed
when p € [—1,0]. For simplicity in the exposition, we mostly only consider p € [0, 1]
below.

Note that since H and K are (parallel) half-spaces of the form (by rotational
invariance)
(7) H={(z1,...,2,) € R% 21 <a}, K={(z1,...,2,) € R";z1 <b}

for some a,b € R,

P(X" € HpX"+/1—-p?Y" € K) =P(X' <a,pX'+/1—p2Y" <b).

Then, by the kernel representation (3), if p = e~ ¢,

a b
(8) P(X'<a,pX' +/1- 2V <b) = /_ /_ ¢ (2, y)dy' (z)dy' (y).

Towards the proof of (1), C. Borell [Bor| developed symmetrization arguments with
respect to the Gaussian measure introduced in [E]. Recently, E. Mossel and J. Neeman
[M-N] proposed an alternate semigroup proof. This proof actually involves a specific
function, called below Borell’s noise sensitivity function, satisfying some particular
concavity property. To describe this property, say that a C? function J on R? or some
open set @ in R? is p-convave for some p € R if the matrix

(311J P312J>
pOi12d  OaaJ
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is (uniformly) semi-negative definite. p = 1 amounts to standard concavity while p =0
amounts to concavity along each coordinate. Note that the preceding matrix is the
point-wise (Hadamard) product of the Hessian of J with the matrix (5) (with n = 1).

In this class of p-concave functions, two examples are of most interest. Let first
JH(u,v) = u*?,  (u,v) € [0,00)%
Since
onJ? = a(a — l)uo‘_Qvﬁ, Dao JH = B(B — l)uo‘vﬁ_2, 1o JH = afu 1P

2 as soon as a, 8 € [0,1] and

(9) (@ —=1)(8 1) < p*ap.

JH is p-concave on (0, c0)

The function JH will be called the hypercontractive function in this context.

The second example is therefore Borell’s noise sensitivity function considered in
[M-N] defined for (u,v) € [0,1]? by

JB(u,v) = Jf(u,v) =P(X' <O H(u),pX' +/1-p2Y' <271 (v))

where ®(a) = v'((—00,a]), a € R, is the distribution of the standard normal on R
and p = e~!. For the connection with Borell’s theorem, observe that if H and K are
half-spaces in R" as in (7),

(10) ﬁwmmmwzﬂammm

In order to check the p-concavity of JB, note for example that by (8),

5 St (u) e 1(v) . ) )
JP (u,v) =/ / q; (z,y)dy" (z)dy (y).

Elementary calculus therefore yields

L)
N JIB (u,v) = / g (2 (u), y)dy' (y)

and
O12J" (u,v) = qf (27 (u), @' (v)).
On the other hand, by the integral representations (2) and (3), for A smooth enough,

a/ 0 (2 y)dy () = m@mwzp@wmzpéwwﬁmwm%w
With h a smooth approximation of 1(_. y,
b
&c/ a; (z,y)dv" (y) = —pg; (z,b)¢(b)
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where ¢ = ® is the density of !. Therefore,

011 (,0) = —pa} (07,07 (0) g
Similarly, o d-1(u)
B22J " (u,v) = —pgi (271 (u), @~ (v)) pod i(0)

Hence, on (0,1)2,
811JB 822JB — ,02(812JB)2 =0

and 011J2 <0, 0228 < 0 so that J®B is indeed p-concave.

When p € [—1, 0], observe that

(11) Jf(u,v) :u—Jﬁp(u,l—v)

so that JPB is p-convex in this case.

The main result by E. Mossel and J. Neeman [M-N] expresses an integral concavity
property along the Mehler kernel (from (4)) for p-concave functions.

Theorem 1. Let p € [0,1] and let J be p-concave on O = I; x I, C R* where
Iy and Iy are open intervals. For every functions f : R" — Iy, g : R" — Iy suitably

integrable, and with p = e~ ¢,

!/n/; (1))t (z,y)dy(x)dy(y) <iJ</;fd7x/ng&0

The proof by E. Mossel and J. Neeman [M-N] of Theorem 1 relies on heat flow
monotonicity and will be emphasized in a more general context next. Before turning to
the sketch of the argument, let us illustrate its application to the two previous examples
of p-concave functions JY and JB, covering in this way hypercontractivity and noise
sensitivity at the same time.

Concerning hypercontractivity, let 1 < p < ¢ < oo and let p = e~* € (0,1) be such

that
1 qg—1
P2 p—1
Denote by ¢’ the conjugate of g, % + % = 1. Then, according to (9), the function J

with o = % and 8 = % is p-concave on (0,00)%. For then strictly positive functions
f,g:R" = R,

/n on FY (2)g" P () ez, y)dry(2)dy(y) < </ de)l/q(/ngdy)l/p,

In other words, changing f into fq/ and g into gP,

(@anwdvénfmwmb
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By duality
1Quglly < llgll,,

which amounts to hypercontractivity of the Ornstein-Uhlenbeck semigroup [Nel], [Gr]
([B-G-L]). Clearly, the conclusion of Theorem 1 for JY is actually equivalent to
hypercontractivity. Note that a prior to the proof of hypercontractivity along these
lines may be found in [H].

Apply now on the other hand Theorem 1 to the function J®. Since J®(u,0) =
JB(0,v) =0and JB(1,1) =1, for f=14 and g = 13

/n/n )Qt(m y)dy(z //qtacyd’y Ydy(y /Qt (15)d

We then recover Borell’s noise sensitivity theorem (1) since by (10)

P [ g [ atn) =PO@aE) = P OEAE) = [ Qi

for parallel half-spaces H and K such that respectively v(A) = v(H) and v(B) = v(K).
When p € [—1,0], the conclusion of Theorem 1 for the function J f is thus reversed by
(11). As pointed out in [M-N], (1) on sets may actually be turned to Theorem 1 (for
JB) through epigraphs of functions on R™ ™!

It is of interest to directly compare the conclusion of Theorem 1 for the hypercon-
tractive function JY and for Borell’s noise sensitivity function J2, and namely to show
that noise sensivity is a stronger statement implying hypercontractivity. One way to-
wards this end, however along a rather long detour, is to observe, as emphasized in [L],
that Borell’s noise sensitivity theorem may be used to reach the Gaussian isoperimetric
inequality. Now, the latter implies in turn the standard logarithmic Sobolev inequality
for the Gaussian measure, equivalent to hypercontractivity (cf. [L], [B-G-L]).

There is an alternate direct argument towards this relationship, applying the
conclusion for JB to ef and dg and letting £, — 0. To this task, it is necessary
to investigate the asymptotics of JB(eu,dv) as ¢, — 0. Similar asymptotics are
investigated in [DK-P-W].

Set p=e * >0 and fix 0 < u,v < 1. Let furthermore 0 < e < 1, § = &% where

p</€<%,and
/ 1 1 1
Z =1/2log—, U=log—, V =log-—.
€ u v

In this notation, after a change of variables,

Ux Vy
B v, VY
J* (eu, dv) I€Z2/ / 7 KZ KZ>dxdy

where

Z _ Z _
A:_E[Z+(D "(ew)] and B:—W[HZ%—(P ' (6v)]



and
~ _ (22402
dt (z,y) = (2m) gt (z,y)e” @ TVI2 0 (2,9) e R xR,

After some algebra,

Uv oZ?
JB(eu, 6v) = c / / e U= BVY=R(@.Y) g4y
om /1 — p2k 22
where
1 — 2kp + K2 1—kp 5 1—/1 )
o= o= —- P
2(1—p%) 1—p?’ — p?
and 2,2 2,2
1 U“x Vex UVaxy
R =— —2p———= ).
(z.9) 2(1 — p?) ( 2R k272 P g2 )

It is classical that
1 1
P () = —4/2log - +0<\/210g—)
€ €

@1QM:—Z—%+4@

as Z — 0o. Moreover, o(Z) can be made uniform over n < u < 1 —n for n > 0 fixed.
As a consequence, as € — 0, A, B — 1 and

as € — 0, so that

o [e.e] 1
2w /1 — p? AT JB(eu, 6v) — UV/ / e~V =BVY drdy = _ﬁ e—aU-BV.
1 o

By definition of U and V', the right-hand side is a—lﬁ uvP.

Let now f,g on R" such that n < f,g <1 —n for some fixed n > 0. Translating the
preceding asymptotics in the inequality

g/n/;JB@f“m5ﬂy»%@%wdﬂxﬂvw)SJB(sRmfdwé/;gd{>

yields

/n o F(@)*9(y)P qi(z, y)dy(z)dy(y) < (/énde)a(/ngdv)ﬂ.

This inequality extends to all positive measurable functions f, g : R™ — R by homogene-
ity. Now, as is immediatley checked, for the values of «, 3 defined above,

(@=1)(8 1) = p*ap,

that is condition (9) of hypercontractivity holds. Given therefore any o, G (O 1)

satisfying this relation, one may choose p < k < % such that a = 1_“5 and § = 1 2 L

as above. The announced claim follows.



It is a further interesting observation due to R. O’Donnell, and communicated to us
by J. Neeman, that the conclusion of Theorem 1 implies back the p-concavity property
by by taking f(x) = a + ex and g(y) = b + ey and letting ¢ — 0. It would also be of
interest to find other relevant examples of function .J.

As announced, let us briefly sketch at this stage the heat flow proof of Theorem 1
following [M-N], the detailed argument being developed in the more general context of
Section 3. Consider, for ¢ (> 0) fixed and (smooth) functions f: R" — I, g : R" — I,

v = [ [ 1Qur@).Qu)alznd @), =0

By ergodicity, Q.f — [g. fdy and Q.9 — [p. gdvy as s — 0o so that it is enough
to show that 1 is non-decreasing in order that ¥(0) < (oc0) (which amounts to the
conclusion of the theorem). Differentiating 1) and integrating by parts with respect to
the infinitesimal generator L = A — x - V of the Ornstein-Uhlenbeck semigroup (Qs),~q
yields (see the details in Section 3), -

)= [ [ [CounIvQuE + (-0 )V Qul’ - 2000279Quf - VQu]aran.

From the hypothesis of p-concavity on J, it follows that 1)’ > 0 which is the result.

It may be mentioned that due to the product structure of both the Mehler kernel
q" and the Gaussian measure 4", the inequality of Theorem 1 immediately tensorizes
so that it is actually enough to establish it in dimension one.

The purpose of this note is to somewhat broaden the scope of Theorem 1 by E. Mossel
and J. Neeman [M-N] and of its proof to cover in the same mould various related
inequalities such as Brascamp-Lieb or Slepian inequalities. Actually, heat flow arguments
towards Brascamp-Lieb inequalities have been investigated in the recent years by
E. Carlen, E. Lieb and M. Loss [C-L-L] and J. Bennett, A. Carbery, M. Christ and T. Tao
[B-C-C-T] (see also [B-CE-L-M]) with a similar principle applied to multi-dimensional
versions of the hypercontractive JH function. In Section 2, we thus consider in this
respect the multi-dimensional versions of Theorem 1 which were recently emphasized
in [Nee], and discuss their applications to various families of concave functions towards
applications to Brascamp-Lieb and Slepian-type inequalities. In the next section, we
address extensions from the Gaussian model to families of measures dy = e~V dz with a
lower bound on the Hessian of V' following the basic semigroup interpolation argument.

The last part briefly comments on some analogous issues on the discrete cube following
[D-M-N].

It would be worthwhile to examine similarly the noise sensitivity theorem for the
Lebesgue measure \ with respect to the standard heat kernel expressing that for Borel
sets A, B in R" with finite volume,

AHt(lB)deLHt(ID)dx
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where ¥
H — —|m—y|2/4t—y t>0 cR"™
tf(a’:) - f(y)e (471'75)”/27 y & )
and C' and D are centered balls in R" such that A(4) = A(C) and A(B) = A(D). This
classical result is going back to [B-L-L] and [B-T] by rearrangement tools and one might
wonder for a heat flow proof. A similar question may be formulated on the sphere.

2. Multi-dimensional extensions

On the basis of the heat flow proof of Theorem 1, we address in this section multi-
dimensional extensions and develop connections to Brascamp-Lieb and Slepian-type
inequalities. The multi-dimensional versions of noise sensitivity were already put forward
by J. Neeman in [Nee]. The Brascamp-Lieb applications are contained with the same
approach in [C-L-L] and [B-C-C-T]. At the same time, the investigation provides a
somewhat different analytical treatment of the conclusions of Section 1.

Let J be a (smooth) real-valued function on some open subset O of R™. It will be
implicitly assumed below that a composition like J o f is meant for functions f with
values in O.

Let f1,..., fm be (smooth) functions on R™ and consider, for f = (fi1,..., fm),

v = [ JeQurdv sz,

where (Qs),~, is the Ornstein-Uhlenbeck semigroup on R" (extended on functions with
values in R™). Arguing as in Section 1, by integration by parts with respect to the
Ornstein-Uhlenbeck generator,

Ve ==Y [ 0u0QuIVQu Qi

k=1

In the preceding, replace now n by gn, ¢ > 1 integer, and assume that for every
k=1,...,m,
fe = gk o Ay
where gi : R — R and Ay, is a (constant) p x gn matrix such that Ay !4y is the identity
matrix (of R?). By the integral representation (2) of Qs,

VQsfr =e* "AVQsgr o A

where on the left-hand side the semigroup @) is acting on R?" and on the right-hand
side, it is acting on R”. Hence

W(s)=—e > ) A e © Qs fTkeVQsgr 0 Ak - VQsge 0 Agdy
ke=1"R™"



where T'yp = Ay 'Aj (which is a p x p matrix). The following proposition summarizes the
conclusion at this level of generality.

Proposition 2. In the preceding notation, provided the Hessian of J is such that
for all vectors vg, k =1,...,m, in R?,

(12) > e Thevg - vp <0,
kyf=1

then [pen Jo fdy < J([gen fdy), that is

/ J(gloAl,...,gmoAm)dVSJ(/ gloAldfy,...,/ gmoAmdq).
Ran Ra7 Ra™

To connect with Section 1, take for example p = n and ¢ = m = 2 and let A; and
As be the n x 2n matrices A; = (Id,;0,,) and Ay = (pId,; /1 — p?1d,,) so that

filz,y) =g1(x) and  fo(z,y) = g2(pz + V1 - p?y), (2,y) € R" xR".

Moreover, I'1; = I'gg = 1Id,, and I'12 = I's; = pld,,. Therefore
2 2
W'(s) = —e? [311J (VQsg1 0 A1]” +2p 012 VQsg1 0 A1 - VQsga 0 Ay
2
+ 022J |VQsg2 0 As| ]

so that the monotonicity property similarly follows from the p-concavity of the Hessian
of J expressed by (12).

We next systematically investigate illustrations of Proposition 2 for some main
examples of interest. For simplicity, we consider the one-dimensional versions p = ¢ =1,
the multi-dimensional cases being often obtained by tensor products with the identity
matrix (as in the preceding example). In particular, the meaning of condition (12) is
that the point-wise (Hadamard) multiplication of the Hessian of J and of I' is (semi-)
negative definite.

(i) The first illustration examines Brascamp-Lieb inequalities under geometric
conditions. Consider unit vectors Aq,..., A,, which decompose the identity in R" in
the sense that for 0 < ¢, <1, k=1,...,m,

m

(13) Z crAp ® A, = 1d,,.
k=1
Then, for
J(Ury oy Upy) = upt - upm

on (0,00)™ and fr(z) = gr(4k - x), g : R — R, k = 1,...,m, condition (12) of
Proposition 2 amounts to

m m
(14) Z crCeAp - Agvpvp < chvi
k=1 k=1



for all vq,...,v, € R. Now, if z = > | cpAgvr,

m m 1/2 , m 1/2
z|? = chAkvk cx < (chvi) <ch(Ak . 55)2)

k=1 k=1 k=1

Since by the decomposition (13) |z|* = 7" | cx (A - )2, it follows that

m 2 m
E cApvp| < E ckvi
k=1 k=1

which is the precisely requested inequality (14). We therefore conclude to the following

jz|* =

result.

Corollary 3. Under the decomposition (13), for non-negative functions g on R,

k=1,...,m,
m m Ck
/ [ g (Ax - 2)dy < T (/gkdv) :
" k=1 k=1 ‘YR

This inequality is part of the Brascamp-Lieb inequalities (under the geometric
condition (13), cf. e.g. [B-CE-L-M]). It is more classically stated with respect to the
Lebesgue measure as

/n kl;[lf,j’“(Ak cx)da < ;El (/Rfkdx>

which is immediately obtained after the change fp(z) = g(z)e * /2 (using that
D et Ck =)

The heat flow proof of Corollary 3 is thus going back to [C-L-L] and [B-C-C-T] in
which more general statements are considered and achieved in this way. One of the
motivations of [C-L-L] was actually to investigate similar inequalities for coordinates
on the sphere. Let S~ ! be the standard n-sphere in R™ and denote by o the uniform
(normalized) measure on it. In this framework, one result then reads as follows. If g,
k=1,... n, are, say bounded measurable, functions on R, then

/Snl J(g1(z1), ., gn(xy))do < J(/Sn1 gi1(z1)do, ..., /Sn1 gn(xn)do-)

as soon as J : R" — R is separately concave in any two variables. The proof proceeds
as the one of Proposition 2 along now the heat flow of the Laplace operator

1 O )
A= 5 Z (l’kag - xgak>
k=1
on S"!. The condition (12) then takes the form

> Oked (Oke — zpze)vrvy < 0
k=1
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which is easily seen to be satisfied under concavity of J in any two variables. The case
considered in [C-L-L] simply corresponds to

J(Uut, ... uy) = (ul---un)1/2

on RY. More general forms under decompositions (13) of the identity have been

considered in [B-CE-M], [B-CE-L-M].

In the further illustrations, consider X = (Xi,...,X,,) a centered Gaussian vector
on R with covariance matrix I' = A ‘A such that 'y, = 1 for every k = 1,...,m. The
vector X has the distribution of Az, € R", under the standard normal distribution
~v on R"™. Applying the general Proposition 2 to the unit vectors (1 x n matrices) Ay,
k =1,...,m, which are the lines of the matrix A and to fx(z) = gr(4x - z), v € R",
where g, : R — R, k = 1,...,m, with respect to -, yields that under condition (12),
that is here

(15) Z 8MJFM VEUy S 0
k,t=1

for all v, € R, k =1,...,m (and suitable integrability properties on the gx’s),
(16) E(J(g1(X1), e 7gm(Xm))> < J(E(gl(Xl)), - ,E(gm(Xm)))-

Note that, as in Section 1, the condition (15) is actually necessary and sufficient for
(16) to hold.

(7) This illustration deals with a correlation inequality for Gaussian vectors which
covers in particular the classical hypercontractivity property. For a Gaussian vector X
as above, let as in the first illustration,

J(Uty .oy Upy) = uft - usm
on (0,00)™, with ¢, > 0, k = 1,...,m. This function J is the suitable multi-dimensional

analogue of the hypercontractive function J. Applying the preceding conclusion (16)
yields the following statement.

Corollary 4. Assume that Iy, = 1 for every k = 1,...,m, and that

(17) Z CLCyp Fkg VEUy S ch Fkkv,f

k=1 k=1
for all v € R, k = 1,...,m. Then, for all non-negative functions g : R — R,
k=1,...,m,

m m Ch

k=1 k=1
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Note that condition (17) amounts to the fact that I' < A, in the sense of symmetric
matrices where A, is the diagonal matrix (1 )1< h<m . Observe also that if I' > A, the

conclusion is reversed in (18). While Corollary 4 is somewhat part of the folklore (implicit
for example in [B-CE-L-M]), it has been emphasized recently in [C-D-P] together with
multi-dimensional versions.

One illustration concerns the Ornstein-Uhlenbeck process Z = (Z;),~ (in dimension
one) with stationary measure v = ~' and associated Markov semigroup (Qt)i>o =
(Q%)DO. If X is the vector (Z,,...,Z;, ) with 0 < t; < --- < t,,,, the covariance matrix
I has entries I'yy = e 1" ~%l k. ¢ =1,....m. In particular, for t; = 0 and ¢t =t > 0,
the condition (17) reads

2e tercovivg < er(1 — ¢1)v? 4 ca(1 — cp)vs
for all v1,vy € R which amounts to (9)
(c1 —1)(ca —1) < e 2teico
and the conclusion of Corollary 4 leads to hypercontractivity. The condition

E CrCp € —ltr—tely, Uy < E ckvk

k(=1

leads to a multi-dimensional form of hypercontractivity

m

E( ﬁ gzk(zsk)> < I1 (E(9e(2.))) "

In terms of the Mehler kernel (4),

/ /Hgk SCk Qty— tl(x17x2) th—tm,l(ivm—l,%m)dW(iUl)"'d’Y(zm)
R k=1
m Ck
<] </gkd'7) :
k=1 \/R

(7ii) We next turn to the multi-dimensional versions of noise sensitivity following

[Nee]. Let X = (Xi,...,X,n) be a centered Gaussian vector on R™ with (non-
degenerate) covariance matrix I'. Define, for uq,..., u,, in (0,1),

(19) J(Upy .oy Upy) = ]P(Xl <ap(ur), ..., Xm < am(um))

where a1,...,q,, are smooth functions on (0,1). For specific choices of «y, this

function will turn as the multi-dimensional analogue of the noise sensitivity function J2.
Denoting by p the density of the distribution of X with respect to Lebesgue measure,
elementary (although a bit tedious, see [Nee]) differential calculus leads to

o (uy) am (Um)
Ored = oz;(uk)o/g(w)/ . / Pre d

— o0 —0

12



for k # ¢ and

! 2 ay(ur) am (Um)
Ok = (ag(wc) _ onlup)a (w) >/ / pr dz

Uk —0 —c0
er ai(ur) A, (Um,)
_O‘;{:(uk)QZI\_/ / Pre dx
ok Rk J—oo —o0
where
Pk :P(ﬂf’l»- = ,Odk('l,tk),- . '7x’m)7
Dre = p(acl, cosag(ug), ., ap(ug), ... ,xm).
Choose now o, = @1, k = 1,...,m, and where we recall the distribution function

® of the standard normal. Since

in order for the condition (15) to be satisfied, it is thus sufficient that I'yx, = 1 for every

k=1,...,m and
m
D Trepkevi =Y preThevgve > 0
k=1 Lk k£

for all vq,...,v, € R. This holds as soon as I'yy > 0 for all &, /.

For the application to the following corollary, recall that for the choice of aj, = &1,
the function J of (19) is equal to 0 if one of the u’s is (approaches) 0, and is equal to 1
if all the uy’s are equal to 1. The corollary then follows from the application of (16) to
gr = 1p,, k =1,...,m. The restriction I'y, = 1, k = 1,...,m, is lifted after a simple
scaling of the Gaussian vector and the Borel sets.

Corollary 5. Let X = (Xi,...,X,,) be a centered Gaussian vector in R™ with
(non-degenerate) covariance matrix I' such that I'yy > 0 for all k,¢ = 1,...,m. Then,
for any Borel sets By, ..., B, in R,

P(X, € Bi,..., X € Bp) <P(X1 < bi,..., Xom < bym)
where P(X}, € By) = ®(bx/ok), k =1,...,m, where o, = /T'k.

When T'yy < 0 whenever k& # /¢, the inequality in the conclusion of Corollary 5
is reversed. As developed in [Nee], the result applies similarly to Gaussian vectors
X1,...,X,, with covariance identity matrix. A related work by M. Isaksson and E.
Mossel [I-M] establishes the conclusion of Corollary 5 under the hypothesis that the
off-diagonal elements of the inverse of I' are non-positive. Their approach relies on a
rearrangement inequality for kernels on the sphere. Corollary 5 (as well as actually, after
some work, the result of [I-M] — see [Nee]) covers the example of the Ornstein-Uhlenbeck
process, and thus of C. Borell’s result [Bor] in the form of the following corollary.
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Corollary 6. Let (Z:),, be the Ornstein-Uhlenbeck process on the line, and let
0<t; <---<ty,. For any Borel sets By,...,B,, in R,

]P(Ztl € Bl?"‘7Ztm € Bm) < P(Ztl < bl?"'aZtm < bm)
where P(Z;, € By,) = v(By) = ®(bg), k=1,...,m.

(iv) This illustration is a variation on the previous multi-dimensional noise sensitivity
result which actually leads to a weak form of the classical Slepian inequalities. Let

as above X = (Xi,...,X,,) be a centered Gaussian vector on R™ with covariance
matrix I' = T'* such that Ty, = 1 for every k = 1,...,m. Consider furthermore
Y = (Y1,...,Y,,) a centered Gaussian vector on R™ with covariance matrix 'Y also

such that T'Y, =1 for every k =1,...,m, yielding a J function (19)
J(Upy .oy Up) :IP’(Yl <ai(ur),...,Ym < am(um)), Upye ooy Uy € (0,1).

Choose now again ay = ®~1. Arguing as (i) towards (15), the condition is now that

m

SN Thepkevi = pre TRy veve > 0

k=1 t£k P,
for all vy,...,v, € R (where p is here the density of the law of Y'). This holds as soon
as Fkye >0 and
2 2
(i)™ < (ko)

for all k£ # ¢. As a conclusion

Corollary 7. Let X = (X1,...,X,,) and Y = (Y3,...,Y,,) be centered Gaussian
vectors on R™ with respective (non-degenerate) covariance matrices X and 'Y, Assume
that T;X, =TY, =1 and . .

ITie| <T1

for all for every k,£ = 1,...,m. Then, for any Borel sets By, ..., B,, in R,
P(Xy € By,.... X € Bp) <P(Y1 <by,...,Y, <bn)
where P(X}, € By) = ®(bx), k = 1,...,m. In particular, for every r1,...,7y, in R,

]P(Xl S?“l,...,XmS’l“m>§P(Y1 S?‘l,...,YmS’l“m).

This result is of course a (very) weak form (in particular through the constraint
I'Y, > 0) of the classical Slepian lemma which indicates that for Gaussian vectors X and
Y in R™, the conclusion of Corollary 7 holds whenever I';\, = T'}, and FkXZ <TY, for all
k.0 =1,...,m. Note that the traditional proof of Slepian’s lemma ([S], [F], [Go]) is an
interpolation between the covariances 'Y and I'Y which is not the same as the one at
the root of Corollary 7.
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3. Log-concave measures

In this section, we develop the heat flow proof of Theorem 1 of E. Mossel and
J. Neeman in the somewhat extended context of probability measures du = e~ Vdx
on R"™ such that V is smooth potential with a uniform lower bound on its Hessian.
The typical application actually concerns potentials V' which are more convex than the
quadratic one, corresponding to Gaussian measures. The argument may be developed in
the more general context of Markov diffusion semigroups and the I'-calculus as exposed
in [B-G-L| although for the simplicity of this note, we stay in the familiar Euclidean
case.

Consider therefore a probability measure du = e~Vdx on the Borel sets of R”,
invariant and symmetric measure of the second order differential operator L = A—VV -V
where V' is a smooth potential on R". The (symmetric) semigroup (F;),, with generator
L may be represented by (smooth) probability kernels -

(20) Phie) = [ Wl dy).

It will be assumed that V — ¢ @ is convex for some ¢ € R, in other words the Hessian
of V is bounded from below by cId, as symmetric matrices. It is by now classical
(cf. [B-G-L]) that this convexity assumption ensures that for all (smooth) h : R" — R,

(21) IVP,h| < e “*P,(|Vh]).

The Gaussian example of the Ornstein-Uhlenbeck semigroup (Q¢),~, with invariant
measure 7 is included with ¢ = 1. In this case, due to the representation (2), the
gradient bound (20) actually turns into the identity

VQih = e7'Q:(Vh).

We start with the analogue of Theorem 1 in this context following therefore the
argument of [M-N].

Theorem 8. Let J be p-concave, p > 0, on O =1 x I, C R? where I; and Iy are

open intervals. Then, for every f : R" — I, g : R™ — I suitably integrable, and with
p=e t>0,

[ [ 1@ s@)me. dy)nto) < J< [ san [ gdﬂ)

Proof. 1t is enough to assume that f and g are taking values in respective compact
sub-intervals of I; and I5. Set

w6 = [ [ 1P, Pgt)pde.ddua), s=0.
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The task is to show that 1 is non-decreasing. Taking derivative in time s,

= [ [ 03Pt Pt LP. At d)i)
- /n/n 02 J (Ps f (), Psg(y)) LPsg(y)pe(z, dy)du(z).

By integration by parts in space with respect to the operator L, expressed by (for smooth
functions &, ¢ : R" — R),

- §(-LQ)dy = | VE-V(dy,

RTL

it holds
/n/nalj(Psf( ), Psg(y))LPs f (2)pe(z, dy)dp(z)
/n/n 31 (Psf(2), Psg(y))pi (e, dy)} VP, f(2)du(z)
/n | I (Puf(@), Pg() VP f(a ) b, dy)du()

- [ ORI P W) VP @) Voo d)d(z).
For z € R™ fixed, consider h(y) = 8,.J(Psf(x), Psg(y)), y € R™. Since
VPh(z) = /R hy)V.pi(z,dy), z€R",
at z =z,
[ 00 (Paf(@), Pgl) VRS (2) - Vapili,dy) = VPb(a) - VP.f ).
Now, by (21),
VPA(z)| < e Py (IVA]) (z) = e~ /R V)|, dy).

Since

Vh(y) = d12J (Psf(x), Psg(y)) VPsg(y),
it follows that

/Rn/ 31J Psf(m‘) Psg(y ))Vl,pt(m dy) - VP, f(z)du(z)
ct/ / 012 | (Ps f (2 W) |V Psg)| |V Ps f () |pe (2, dy)dp(z).
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Summarizing, and by the symmetric conclusion in the y variable, 1'(s) is bounded
from below by

[ [ CounIvPs?+ (-0m)V Pl 267 012119 PV Pagl . dy)a)
From the hypothesis on the Hessian of J, it follows that v’ > 0 which is the result. 0O

As in the Gaussian case, the examples of illustration of Theorem 8 cover both
hypercontractivity and noise sensitivity for the choices of J = JH or J = JB. The
noise sensitivity part, with ¢ > 0, actually turns into a comparison theorem.

Corollary 9. Let (P;),», be the Markov semigroup with invariant reversible
measure dy = e~V dx where V' is a smooth potential on R such that Hess(V) > cId,
with ¢ > 0. Then, whenever A, B are Borel sets in R" and H, K are respective parallel
half-spaces such that u(A) =~v(H), u(B) = v(K), then

[ Pmin< [ Qutin

As in the Gaussian (cf. [L]), this property may be shown to imply the isoperimetric
comparison theorem of [B-L] (see [B-G-L]) comparing the isoperimetric profile of
measures dyu = e~ dr with ¢ > 0 to the Gaussian one. The choice of J! yields
hypercontractivity of the semigroup associated to this family of invariant measures,
and thus the equivalent logarithmic Sobolev inequality for u (cf. [B-G-LJ).

We next turn to the multi-dimensional version of the preceding result, with therefore
in the following ¢ > 0. Let X = (X;),., be the Markov process with generator
L = A —VV -V and initial invariant distribution dyu = e~V dz. We are interested in the
distribution of (X3,,..., X, ) where 0 <t; <--- <t,,. Consider the covariance matrix
I" the Ornstein-Uhlenbeck process at speed ct, that is T = e ¢lts %l k. ¢ =1,....m. In
the Gaussian case, this extension (for thus the Ornstein-Uhlenbeck process) was achieved
by the study of general Gaussian vectors. In the present case, we deal with the kernels
as given by (20), for simplicity one-dimensional.

Theorem 10. In the preceding notation, assume that the point-wise product
of (|0ke|)1<po<m and I' is (semi-) negative-definite. Then, for every f; : R — I,

¢t =1,...,m, suitably integrable,

/"'/J(fl(xl)a---vfm(xm))ptm—tm1(xm—17dxm)"'ptg—tl(mladx2)d,u($1)
R R

gJ(/Rfldu,...,/Rfmdu)

We outline the argument when m = 3. Consider

(s) = / / / J(Pof(2), Pag(y), Pah(2))pe—u(y, d2)pe (. dy)dpu(), 5> 0,
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for t > u > 0 and three functions f, g, h. Differentiating 1) and integrating by parts in
space leads to consider expressions such as

[ [ [ oupsty.d2)op.(o.d)0, P.s disa)
RJRJR

Arguing as in the proof of Theorem 8, this expression is equal to
/ 0x Psk 0. Ps f du(x)
R

where k = k(y) = [ 01J pr—u(y, dz). Now by (21)
0. Psk| < e™ Py (|0yk]).

Since

ayk:/812th_u(y,dz)—|—/01J5’ypt_u(y,d2),
R R

similarly
0,41 < [ oraTlpaly.d2) + 0 [ 00T10,p1- 0, d2)
R R

The proof is then completed in the same way.

With the J function (19) associated to a finite-dimensional distribution of the
Ornstein-Uhlenbeck process, the following consequence holds true.

Corollary 11. Let ¢ >0 and 0 < t; < --- <t,,. For any Borel sets By,...,B,, in
R,
P(Xy, € By,..., Xy, € Bp) <P(Zet, <b1,...,Zct,, <bp)

where P(Xy, € By) = u(By) = ®(bk), k =1,...,m and where (Zct),> is the Ornstein-
Uhlenbeck with speed ct.

As suggested by J. Neeman following his arguments developed in [Nee|, Corollary 11
may be used towards a comparison property between hitting times. For a Borel set B
in R, let e = inf{t > 0; X; ¢ B} be the exit time of the Markov process X = (Xt)i>0
from the set B.

Corollary 12. Under the preceding notation, for any s > 0,

where H is a half-line in R such that v(H) = u(B) and Z = (Zct),>, the Ornstein-
Uhlenbeck process at speed ct.
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4. The discrete cube

To conclude this note, we briefly address in this last section the corresponding noise
sensitivity issue on the discrete cube and collect a few remarks and questions.

The discrete framework actually leads to a 4-point definition of p-concavity similar
to the standard characterization of concavity. Say namely that a function J on some
open convex set O of R? is strongly p-concave for some p € R if for all (u,v) € O,
(u',0") € O,

11— 1-— 1
— J(u,v) + TpJ(u',v)—FTpJ(u,v')ﬁ- %J(u',v’)

<J

(u—l—u' U—i—U’)
) ’

Lemma 13. Strong p-concavity implies p-concavity (for smooth functions).

Proof. By a Taylor expansion, at any (a,b) € O, (h,k) € R? such that
(a+h,btk)eO,
(1+p)[J(a+hb+k)+ J(a—hb—k)—2J(a,b)]
+(1=p)[J(a+h,b—k)+ J(a—h,b+ k) —2J(a,b)]
= 2h2811J(a, b) + 4phk:812J(a, b) + 2k2822J(a, b) + O(h2 + ]{72>

Withu=a+h,v=b+k, v =a—h, v =b—k, (22) implies the p-concavity of J as
h,k — 0. O

The definition of strong concavity actually amounts to Theorem 1 on the two-point
space ¥ = {—1,+1}. Namely, for the kernel K,(z,y) =1+ pzy, (z,y) € £ x X, (22) is
equivalent to saying that for every functions f,¢g: % — R,

/E/EJ(f(w),g(y))Kp(x,y)du(w)du(y) SJ(/Efdu,/Egdu)

where p is the uniform probability measure on ¥ = {—1,+1}.

It is immediately seen that strong p-concavity is stable by product on the discrete
cube. On X" = {—1,+1}" equipped with the uniform product measure p, let for p € R
and x = (z1,...,2,) €EX", y= (Y1,...,Yn) € X",

n

K,(z,y) = H(1 + piyi)-

1=1

Proposition 14. Let J be strongly p-concave on O = I} x I where I, and Iy are
open intervals. Then for every f : X" — Iy, g : X" — I

| 0@ 9@ Ko p)duonty) < J( [ sa /ngd“)-
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It is a main result, namely the Bonami-Beckner hypercontrativity theorem [Bon],
[Be], that the hypercontractive function J¥ is strongly p-concave under (9) (along the
equivalence between hypercontractivity and Theorem 1 described in Section 1 for the
Ornstein-Uhlenbeck semigroup). However, we could not establish directly the strong
p-concavity of J™ in this case. Such a proof could give a better understanding of the
strong p-concavity property.

On the other hand, it is not true in general that p-concavity implies back strong
p-concavity and one example, taken from [D-M-N], is simply Borell’s noise sensitivity
function JB (with parameter p € (0,1)). Indeed, for u = v = 1 and v/ = v’ = 0, (22)
would imply that

1

(23) 1+p<4JB<% 5)

since JB(1,1) = 1 and JB(1,0) = JB(0,1) = JB(0,0) = 0. But

»(25) L/ / 4t (2, gy (@) (y) = / & (az)dy (x)

where a0 = —1\/% and p = e~!. Taking the derivative in « easily shows that
—p

™

4/000 ®(az)dy' (z) =1+ 2 arctan(a)

so that (23) indeed fails as p — 0.

It would be of interest to understand which additional property to p-concavity
ensures strong p-concavity. In this direction, A. De, E. Mossel and J. Neeman [D-M-N]
recently observed by a suitable Taylor expansion that there exists, for any p € (—1,+1),
C(p) > 0 such that

(93J/])3 (u,v)

Ot Oiv < C(p) [UU(I —u)(1 - U)]—C(p)

for all 4,5 > 0 with ¢ + 7 = 3. This property then implies that for every
u,u',v,v" € [e,1 — €] for some € > 0,
1 + I+p

1—0p 1—0p 1+p
JB( )—l—T Jf(u',v) + T Jf(u,v') + 1 Jf’(u',v')

)+ Clp) O (ju— '[P+ o = '),

< JB<u+u’,v+v’

- 2 2
As a main achievement, the authors of [D-M-N] recover from this conclusion the majority
is stablest result of [M-OD-O]. One further observation of [D-M-N] is that the preceding
two-point inequality is still good enough to reach, after tensorization and the central
limit theorem, Borell’s noise sensitivity theorem for the Ornstein-Uhlenbeck semigroup.

Acknowledgements. This note grew up out of discussions and exchanges with J. Nee-
man and E. Mossel around their works [M-NJ, [Nee] and [D-M-N] . In particular, Sec-
tion 1, the first part of Section 2 and Section 4 are directly following their contributions.
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