Hypercontractive Measures,
Talagrand’s Inequality, and Influences

Dario Cordero-Erausquin and Michel Ledoux

Abstract We survey several Talagrand type inequalities and their applica-
tion to influences with the tool of hypercontractivity for both discrete and
continuous, and product and non-product models. The approach covers simi-
larly by a simple interpolation the framework of geometric influences recently
developed by N. Keller, E. Mossel and A. Sen. Geometric Brascamp-Lieb de-
compositions are also considered in this context.

1 Introduction

In the famous paper [24], M. Talagrand showed that for every function f
on the discrete cube X = {—1,+1}" equipped with the uniform probability
measure [,
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for some numerical constant C' > 1, where || - ||, denote the norms in LP(u),
1 < p < o0, and for every ¢ = 1,...,n and every z = (x1,...,2y) €
{_17+1}N7

Dif(x) = f(riz) — f(2) (2)
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with 7,2 = (z1,...,%i—1, — T4, Tit1,---,2ZN). Up to the numerical constant,
this inequality improves upon the classical spectral gap inequality (see below)

N
1
Var, (f) < 7 Z ID:fl5 - (3)

The proof of (1) is based on an hypercontractivity estimate known as
the Bonami-Beckner inequality [9], [7] (see below). Inequality (1) was actu-
ally deviced to recover (and extend) a famous result of J. Kahn, G. Kalai
and N. Linial [12] about influences on the cube. Namely, applying (1) to the
Boolean function f = 1,4 for some set A C {—1,+1}", it follows that

N

1;(4)
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where, for eachi=1,..., N,
I;(A) = p({x € A, 7z ¢ A})

is the so-called influence of the i-th coordinate on the set A (noticing that
[Dila||b = 21;(A) for every p > 1). In particular, for a set A with u(A4) = a,
there is a coordinate i, 1 < ¢ < N, such that

Ii(A)Zal—a)

( a(l —a)log N
8CN

log (a(lj\i a)) 2 8CN ®)

which is the main result of [12]. (To deduce (5) from (4), assume for example

that I;(A) < (%)1/2 for every i = 1,..., N, since if not the result holds.
Then, from (4), there exists i, 1 < ¢ < N, such that

a(l—a) _ 21;(A) - 81;(A)
CN 7 1+log(1/\/2[;(A)) ~ 4+log(N/4a(l - a))

which yields (5)). Note that (5) remarkably improves by a (optimal) factor
log N what would follow from the spectral gap inequality (3) applied to f =
1 4. The numerical constants like C' throughout this text are not sharp.

The aim of this note is to amplify the hypercontractive proof of Talagrand’s
original inequality (1) to various settings, including non-product spaces and
continuous variables, and in particular to address versions suitable to geomet-
ric influences. It is part of the folklore indeed (cf. e.g. [8]) that an inequality
similar to (1), with the same hypercontractive proof, holds for the standard
Gaussian measure ; on R (viewed as a product measure of one-dimensional
factors), that is, for every smooth enough function f on R and some con-
stant C' > 0,
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Var,(f) < C’i ||81fH§ (6)
W) = C 2 T og(10u 1, /0T

(A proof will be given in Section 2 below.) However, the significance of the lat-
ter for influences is not clear, since its application to characteristic functions
is not immediate (and requires notions of capacities). Recently, N. Keller,
E. Mossel and A. Sen [13] introduced a notion of geometric influence of a
Borel set A in RV with respect to a measure x (such as the Gaussian mea-
sure) simply as ||0; f||; for some smooth approximation f of 14, and proved
for it the analogue of (5) (with y/log N instead of log N) for the standard
Gaussian measure on RY. It is therefore of interest to seek for suitable ver-
sions of Talagrand’s inequality involving only L'-norms [|9; f||, of the partial
derivatives. While the authors of [13] use isoperimetric properties, we show
here how the common hypercontractive tool together with a simple interpo-
lation argument may be developed similarly to reach the same conclusion. In
particular, for the standard Gaussian measure z on RY, we will see that for
every smooth enough function f on RY such that |f| < 1,

Y ol (1 9if )
- [1+ log™ (1/10:f14)]

Applied to f = 14, this inequality indeed ensures the existence of a coordi-
nate i, 1 <4 < N, such that the geometric influence of A along i is at least
of the order of ¥ 1(])\%]\[, that is one of the main conclusions of [13] (where it
is shown moreover that the bound is sharp). In this continuous setting, the
hypercontractive approach yields more general examples of measures with
such an influence property in the range between exponential and Gaussian
for which only a logarithmic Sobolev type inequality is needed while [13]
required an isoperimetric inequality for the individual measures p;.

This note is divided into two main parts. In the first one, we present Tala-
grand type inequalities for various models, from the discrete cube to Gaussian
and more general product measures, by the general principle of hypercontrac-
tivity of Markov semigroups. The method of proof, originating in Talagrand’s
work, has been used recently by R. O’Donnell and K. Wimmer [20], [21] to
investigate non-product models such as random walks on some graphs which
enter the general presentation below. Actually, most of the Talagrand in-
equalities we present in the discrete setting are already contained in the work
by R. O’Donnell and K. Wimmer. It is worth mentioning that an approach
to the Talagrand inequality (1) rather based on the logarithmic Sobolev in-
equality was deviced in [22] and [11] a few years ago. The abstract semigroup
approach applies in the same way on the sphere along the decomposition of
the Laplacian. Geometric Brascamp-Lieb decompositions within this setting
are also discussed. In the second part, we address our new version (7) of
Talagrand’s inequality towards geometric influences and the recent results of
[13] by a further interpolation step on the hypercontractive proof.

Var,(f) < C

1/2 ° (7>
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In the last part of this introduction, we describe a convenient framework
in order to develop hypercontractive proofs of Talagrand type inequalities.
While of some abstract flavor, the setting easily covers two main concrete
instances, probability measures on finite state spaces (as invariant measures
of some Markov kernels) and continuous probability measures of the form
du(z) = eV @) dx on the Borel sets of R" where V' is some (smooth) potential
(as invariant measures of the associated diffusion operators A — VV - V). We
refer for the material below to the general references [2], [10], [23], [1], [4]...

Let u be a probability measure on a measurable space (X, .A). For a func-
tion f: X — R in L2(p), define its variance with respect to u by

Var, (1) = [ P ( /. fdu>2-

Similarly, whenever f > 0, define its entropy by

Eut, (/) = [ oz~ | fdulog( /. fdu>

provided it is well-defined. The LP(u)-norms, 1 < p < oo, will be denoted by
-1,

Ll(jet then (FP;),s, be a Markov semigroup with generator L acting on a
suitable class of functions on (X,.A). Assume that (P),., and L have an
invariant, reversible and ergodic probability measure p. This ensures that the
operators P; are contractions in all LP(u)-spaces, 1 < p < co. The Dirichlet
form associated to the couple (L, u) is then defined, on functions f, g of the
Dirichlet domain, as

E(f.g) = /X f(~Lg)dp.

Within this framework, the first example of interest is the case of a Markov
kernel K on a finite state space X with invariant (3 K(z,y)u(z) = p(y),
y € X) and reversible (K(z,y)u(z) = K(y,z)u(y), z,y € X) probability
measure u. The Markov operator L = K — Id generates the semigroup of
operators P, = e, t > 0, and defines the Dirichlet form

&0 = [ fLoyn =5 3 [#@) = 1] [o(o) - 9(0)] K )

z,yeX

on functions f,g : X — R. The second class of examples is the case of
X = R"™ equipped with its Borel o-field. Letting V' : R”™ — R be such that
fRn e V@) dy = 1, under mild smoothness and growth conditions on the po-
tential V, the second order operator L = A—VV -V admits du(z) = e~V (®) dx
as symmetric and invariant probability measure. The operator L generates
the Markov semigroup of operators (P,),., and defines by integration by
parts the Dirichlet form
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E(f,9) =/Rn f(—Lg)du=/Rn Vf-Vgdu

for smooth functions f, g on R™.

Given such a couple (L, 1), it is said to satisfy a spectral gap, or Poincaré,
inequality if there is a constant A > 0 such that for all functions f of the
Dirichlet domain,

AVar,(f) < E(f, f)- (®)

Similarly, it satisfies a logarithmic Sobolev inequality if there is a constant
p > 0 such that for all functions f of the Dirichlet domain,

pEnt,(f%) <2&(f, ). 9)

One speaks of the spectral gap constant (of (L,u)) as the best A > 0 for
which (8) holds, and of the logarithmic Sobolev constant (of (L, x)) as the
best p > 0 for which (9) holds. We still use A and p for these constants. It is
classical that p < A.

Both the spectral gap and logarithmic Sobolev inequalities translate equiv-
alently on the associated semigroup (P ),~ . Namely, the spectral gap inequal-
ity (8) is equivalent to saying that

1Peflly < e [I£l,

for every t > 0 and every mean zero function f in L2(u). Equivalently for the
further purposes, for every f € L?(u) and every t > 0,

Var, (f) < ——— /1% = |1 P.f12]. (10)

1—e X
On the other hand, the logarithmic Sobolev inequality gives rise to hyper-
contractivity which is a smoothing property of the semigroup. Precisely, the
logarithmic Sobolev inequality (9) is equivalent to saying that, whenever
p>1+e 2rt for all functions f in LP(u),

1B flly < W1 F1L- (11)

For simplicity, we say below that a probability measure p in this context is
hypercontractive with constant p.

A standard operation on Markov operators is the product operation. Let
(L, p1) and (Lo, p2) be Markov operators on respective spaces X1 and Xo.
Then

L=L®ld+1d® L,

is a Markov operator on the product space X; x X5 equipped with the prod-
uct probability measure 11 ® 2. The product semigroup (FP;),~ is similarly
obtained as the tensor product P, = P® P? of the semigroups on each factor.
For the product Dirichlet form, the spectral gap and logarithmic Sobolev con-
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stants are stable in the sense that, with the obvious notation, A = min(Ay, As)
and p = min(p1, p2). This basic stability by products will allow for constants
independent of the dimension in the Talagrand type inequalities under inves-
tigation. For the clarity of the exposition, we will not mix below products of
continuous and discrete spaces, although this may easily be considered.

Let us illustrate the preceding definitions and properties on two basic
examples. Counsider first the two-point space X = {—1, 41} with the measure
w=pii1+qdi_1,p€[0,1], p+ ¢ =1, and the Markov kernel K (z,y) = u(y),
x,y € X. Then, for every function f: X — R,

E(f.f) = /X F(~Li)dp = Var, ()

so that the spectral gap A = 1. The logarithmic Sobolev constant is known

to be
_ _2(p—9q)
logp —logq
The product chain on the discrete cube X = {—1,+1}" with the product

probability measure g = (pdyq + ¢d_1)®Y and generator L = Zfil L; is
associated to the Dirichlet form

N N
&N = [ S rLadu=pa [ 3 1Dis P
=1 i=1

where D;f is defined in (2). By the previous product property, it admits 1
as spectral gap and p given by (12) as logarithmic Sobolev constant. In its
hypercontractive formulation, the case p = ¢ is the content of the Bonami-
Beckner inequality [9], [7].

As mentioned before, M. Talagrand [24] used this hypercontractivity
on the discrete cube {—1,+1}" equipped with the product measure y =
(pds1 + qd_1)®N to prove that for any function f: {—1,+1}V — R,

(=1if p=q). (12)

Cpq(logp — log q) 1D f12
V. <
) S T D T o (1D 2 Jr 1D

i=1

N

(13)
for some numerical constant C' > 0 (this statement will be covered in
Section 2 below). This in turn yields a version of the influence result of [12]
on the biased cube.

In the continuous setting X = R™, the case of a quadratic potential V'
amounts to the Hermite or Ornstein-Uhlenbeck operator L = A—xz-V with in-
variant measure the standard Gaussian measure dy(z) = (27) /2 e~1*1*/2dy.
It is known here that A = p = 1 independently of the dimension. (More gener-
ally, if V(z)—c @ is convex for some ¢ > 0, then A > p > ¢.) Actually, L may
also be viewed as the sum ) . | L; of one-dimensional Ornstein-Uhlenbeck
operators along each coordinate, and p as the product measure of standard
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normal distributions. Within this product structure, the analogue (6) of (13)
has been known for some time, and will be recalled below.

2 Hypercontractivity and Talagrand’s Inequality

This section presents the general hypercontractive approach to Talagrand
type inequalities including the discrete cube, the Gaussian product measure
and more general non-product models. The method of proof, directly inspired
from [24], has been developed recently by R. O’Donnell and K. Wimmer
[20], [21] towards non-product extensions on suitable graphs. Besides hyper-
contractivity, a key feature necessary to develop the argument is a suitable
decomposition of the Dirichlet form along “directions” commuting with the
Markov operator or its semigroup. These directions are immediate in a prod-
uct space, but do require additional structure in more general contexts.

In the previous abstract setting of a Markov semigroup (P ),~, with gener-
ator L, assume thus that the associated Dirichlet form £ may be decomposed
along directions I acting on functions on X as

&= [ i (1)

in such a way that, for each ¢ = 1,..., N, I; commutes to (P),s, in the
sense that, for some constant x € R, every ¢t > 0 and every f in a suitable
family of functions,

Li(Pf) < e P(L(f)). (15)

These properties will be clearly illustrated on the main examples of interest
below, with in particular explicit descriptions of the classes of functions for
which (14) and (15) may hold.

We first present the Talagrand inequality in this context. The proof is the
prototype of the hypercontractive argument used throughout this note and
applied to various examples.

Theorem 1. In the preceding setting, assume that (L, p) is hypercontractive
with constant p > 0 and that (14) and (15) hold. Then, for any function f
in L (p),

N

Var(f) < C(o.m) 3 1731,
< CR) X T gL AT AT

where C(p, k) = 46+ E/P)T /).

Proof. The starting point is the variance representation along the semigroup
(Pt);>o of a function f in the L?(u)-domain of the semigroup as
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Var#(f)/ooo (;/(Ptf)zdu>dt2/ooo (/XPthPtfdp)dt.

The time integral has to be handled both for the large and small values. For
the large values of ¢, we make use of the exponential decay provided by the
spectral gap in the form of (10) to get that, with 7' = 1/2p for example since
p <A,

Var,,(f) < 2 [|If]15 = [1Pr£1I3]-

We are thus left with the variance representation of

T T
112 = [PofI2 = —2 / ( /. PthPtfdu)dtzz / E(PS, Pf)dt

Now by the decomposition (14),

£ = I1Pr £ —22/ (/ Pf) du>d

Under the commutation assumption (15),

| ey < e [ (prm) an
X X

Since (P;),s, is hypercontractive with constant p > 0, for every i =1,..., N
and t >0,
12 (L), < 15O,

where p = p(t) = 1 + e 2°! < 2. After the change of variables p(t) = v, we
thus reached at this point the inequality

9 e(1+(s/p))" XN
Var, (f) < —— /||F )12 dv. (16)

This inequality actually basically amounts to Theorem 1. Indeed, by Holder’s
inequality,
0 1-6
LA, < 15O L],

where 6 = 0(v) € [0,1] is defined by 1 = £ + 152 Hence

? 2 2 ? 20(v)
[ In@lEe < nml; [ e
1 1

where b = || ()|, /I11:(f)ly < 1. It remains to evaluate the latter integral
with 20(v) = s
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2
2
) </ bds < ————
/1 U S T o)

from which the conclusion follows. O

Inequality (16) of the preceding proof may also be used towards a ver-
sion of Theorem 1 with Orlicz norms as emphasized in [24]. As in [24], let
¢:R, — R, be convex such that ¢o(z) = 22/log(e + ) for z > 1, and
©(0) =0, and denote by

||9||¢inf{6>0;/X<P(|gl/c)du§ 1}

the associated Orlicz norm of a measurable function g : X — R. Then, for
some numerical constant C' > 0,

2
/1 gl dv < ClglP> (17)

so that (16) yields

90 (1+(s/p))*
Var, (f) < =0 Z IT(f (18)

Since as pointed out in Lemma 2.5 of [24],

C gl
¢ = T 1og(lglly/Taly)

we see that (18) improves upon Theorem 1. To briefly check (17), assume by
homogeneity that [ X g%/ log(e + g)du < 1 for some non-negative function g.
Then, setting g = g lor-1g<ary, k>1, and go = g lgg<1},

Zk+1/ ghdp < C (19)

for some numerical constant C; > 0. Hence, since g, < 2% for every k,

[t = (3 [ o)

keN

2 2/v
< 4/ (Z 9~ (2—v)k / gidu) dv
1 X

keN

2
1
<C k41 2/v2—2(2—1))k/1)d / 2d
_2E</1(+) UkJrngkM

keN
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where we used (19) as convexity weights in the last step. Now, it is easy to
check that

2
/ (k + 1)2/v2-2C=vk/vg, <
1

uniformly in k so that ff HgHi dv < C1C3C5 concluding thus the claim.

We next illustrate the general Theorem 1 on various examples of interest.

On a probability space (X, A, pt), consider first the Markov operator L f =
fx fdu — f acting on integrable functions (in other words K f = fX fdu).
This operator is symmetric with respect to p with Dirichlet form

E(f. f) = /X F(~Lf)dp = Var, (/).

In particular, it has spectral gap 1. Let now X = X; x--- x Xy be a product
space with product probability measure g = p; ® --- ® puy. Consider the
product operator L = Zi\il L; where L; is acting on the i-th coordinate of a
function f as L;f = in fdu; — f. The product operator L has still spectral
gap 1. Its Dirichlet form is given by

N N
EN=Y /X F(-Lifydn = /X (Lof)2dp.

We are therefore in the setting of a decomposition of the type (14). Moreover,
it is immediately checked that L; L = L L; for every i = 1,..., N, and thus
the commutation property (15) also holds (with x = 0). Hence Theorem 1
applies for this model with hypercontractive constant p = minj<;<ny p; > 0.
In particular, Theorem 1 includes Talagrand’s inequality (13) for the hyper-
cube X = {—1,+1}" with the product measure p = (pd 1 + qd_1)®N with
hypercontractive constant given by (12), for which it is immediately checked
that, for every r > 1 and every i = 1,..., N,

/ Lifldu = (g™ +970) / Dy fI"du.
X X

More generally, as pointed out to us by J. van den Berg and D. Kiss (private
communication), we may consider similarly products of the complete graph
X1 ==Xy =/{0,...,k}, each factor being equipped with the probability
measure (; = Z?:o p;j0;. Talagrand’s approach is known to extend to this
case, as noted for instance in [14]. The hypercontractive constant of X; has
been computed in [10] and is given by

2(1 —2p")

P~ log(1/p* — 1)
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with p* = ming< <y p;, so that Theorem 1.3 from [14] follows from Theorem 1
above.

Non-product examples may be considered similarly as has been thus em-
phasized recently in [20] and [21] with similar arguments. Let for example G
be a finite group, and let S be a symmetric set of generators of G. The Cayley
graph associated to .S is the graph with vertices the element of G and edges
the couples (x, xs) where z € G and s € S. The transition kernel associated
to this graph is

K(I7y) = 713(343771); xay€G7
where |S| is the cardinal of S. The uniform probability measure p on G is an
invariant and reversible measure for K. This framework includes the example
of G = §,, the symmetric group on n elements with the set of transpositions as
generating set and the uniform measure as invariant and symmetric measure.
Given such a finite Cayley graph G with generator set S, kernel K and
uniform measure p as invariant measure, the associated Dirichlet form may
be expressed on functions f : G — R in the form (14)

E(f.1) = |ZZ (s2) = f(@)] () 2|S|Z|| Sl

seSzeG sES

where for s € S, D, f(z) = f(sz) — f(z), * € G. In order that the operators
D, commute to K in the sense of (15) (with again x = 0), it is necessary to
assume that S is stable by conjugacy in the sense that

forallue S, uwSu'l=S8

as it is the case for the set of transpositions on the symmetric group S™.
The following statement from [20] is thus an immediate consequence of the
general Theorem 1.

Corollary 2. Under the preceding notation and assumptions, denote by p the
logarithmic Sobolev constant of the chain (K, u). Then for every function f
on G,

D fl5
-
ar,, (f |5‘ Z 1+log 1D fll2/1Ds fll1)

One may wonder for the significance of this Talagrand type inequality for
influences. For A C G and s € S, define the influence Is(A) of the direction
s on the set A by

L(A) = p({z € G;z € A, sz ¢ A}).

As on the discrete cube, given A C G with pu(A) = a, Corollary 2 yields the
existence of s € S such that
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I;(A) > %a(l—a)p log (1+ a(l—a) plog (H_Cip) (20)

) > 1
Cpa(l—a)/ — C
(where C' > 1 is numerical). However, with respect to the spectral gap in-
equality of the chain (K, u)

)\V&I‘# 2|S| Z ” Sf||2a

we see that (20) is only of interest provided that plog(l + (1/p)) > A.
This is the case on the symmetric discrete cube {—1,+1}" for which, in
the Cayley graph normalization of Dirichlet forms, A = p = 1/N. On the
symmetric group, it is known that the spectral gap A is % whereas its
logarithmic Sobolev constant p is of the order of 1/nlogn ([10], [17]) so that
plog(1+ (1/p)) and X are actually of the same order for large n, and hence
yield the existence of a transposition 7 with influence at least only of the
order of 1/n. It is pointed out in [21] that this result is however optimal. The
paper [20] presents examples in the more general context of Schreier graphs
for which (20) yields influences strictly better than the ones from the spectral
gap inequality.

Theorem 1 may also be illustrated on continuous models such as Gaussian
measures. While the next corollary is stated in some generality, it is already
of interest for products of one-dimensional factors and covers in particular
the example (6) of the standard Gaussian product measure.

Corollary 3. Let du;(z) = e Vi@®dx, i = 1,...,N, on X; = R™ be hyper-
contractive with constant p; > 0. Let p = 11 ®---Quy on X = X1 x---x Xn.
Assume in addition that V" > —k, k € R, i = 1,...,N. Then, for any smooth
function f on X,

IVifll3

Var, (f) < C(p,
a2 (b, lzlmog IV ll2/ 1V fh)

Mz

where p = mini<;<y pi, and where V;f denotes the gradient of f in the
direction X;, i =1,...,N.

Corollary 3 again follows from Theorem 1. Indeed, the product structure
immediately allows for the decomposition (14) of the Dirichlet form

N
&)= [ VA=Y [ 9P
=1

along smooth functions with thus I';(f) = |V, f|. On the other hand, the basic
commutation (15) between the semigroup and the gradients V; is described
here as a curvature condition. Namely, whenever the Hessian V" of a smooth
potential V on R™ is (uniformly) bounded below by —k, k € R, the semigroup
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(P;);>o generated by the operator L = A —VV -V commutes to the gradient
in the sense that, for every smooth function f and every ¢t > 0,

VP f| < e P (V). (21)

In the product setting of Corollary 3, the semigroup (F;),-, is the tensor
product of the semigroups along every coordinate so that (21) ensures that

VP f| < e P(|Vif]) (22)

along the partial gradients V;, ¢ = 1,..., N and hence (15) holds on smooth
functions. This commutation property (with x = —1) is for example explicit
on the integral representation

P f(z) = / fleTlz+ (1 —e ) 2y)duly), z€R", t>0,  (23)

of the Ornstein-Uhlenbeck semigroup with generator L = A — x - V and
invariant and symmetric measure the standard Gaussian distribution. The
assumption V" > —k describes a curvature property of the generator L and
is linked to Ricci curvature on Riemannian manifolds. Since only x € R is
required here, it appears as a mild property, shared by numerous potentials
such as for example double-well potentials on the line of the form V(x) =
ar* — bx?, a,b > 0. Recall that the assumption V" > ¢ > 0 (for example
the quadratic potential with the Gaussian measure as invariant measure)
actually implies that u satisfies a logarithmic Sobolev inequality, and thus
hypercontractivity (with constant c). We refer for example to [2], [15], [4]...
for an account on (21) and the preceding discussion.

Corollary 3 admits generalizations in broader settings. Weighted measures
on Riemannian manifolds with a lower bound on the Ricci curvature may
be considered similarly with the same conclusions. In another direction, the
hypercontractive approach may be developed in presence of suitable geomet-
ric decompositions. The next statements deal with the example of the sphere
and with geometric decompositions of the identity in Euclidean space which
are familiar in the context of Brascamp-Lieb inequalities (see [6] for further
illustrations in a Markovian framework).

A non-product example in the continuous setting is the one of the standard
sphere S"~! C R™ (n > 2) equipped with its uniform normalized measure
p. Consider, for every i,j = 1,...,n, D;; = 2;0; — x;0;. These will be the
directions along which the Talagrand inequality may be considered since

e = [ feana=53 [ (o0t
ij—=1

The operators D;; namely commute in an essential way to the spherical
Laplacian A = %Z?_j:l D?; so that (15) holds with x = 0. Finally, the
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logarithmic Sobolev constant is known to be n —1 [2], [15], [4].... Corollary 4
thus again follows from the general Theorem 1.

Corollary 4. For every smooth enough function f:S""! = R,

n

Lo 1Dy, £113
Vi < — '
ar,(f) < n iz 1+ log (HDUfH2/||Duf||1)

=1
Up to the numerical constant, this inequality improves upon the Poincaré
inequality for p (with constant A\ =n — 1).
We turn to geometric Brascamp-Lieb decompositions. Consider thus Ej,
1 =1,...,m, subspaces in R", and ¢; > 0,7 =1,...,m, such that

Id]Rn = Z C; C)E1 (24)

i=1
where Qp, is the projection onto E;. In particular, for every z € R", |z|? =

S ¢i|Qp, (z)|* and thus, for every smooth function f on R™,

m

()= [ witan=3cf [ |on(rnlan).

i=1

Furthermore, Qg, (VP f) = e 'P.(Qg,(Vf)) which may be examplified on
the representation (23) of the Ornstein-Uhlenbeck semigroup with hypercon-
tractive constant 1. Theorem 1 thus yields the following conclusion.

Corollary 5. Under the decomposition (24), for p the standard Gaussian
measure on R™, and for every smooth function f on R™,

n |Q5.(V1)];
Var 4 i -
ar(f) < ; 1+ log (1Qz. (VN)Il,/ Qs (VD)

3 Hypercontractivity and Geometric Influences

In the continuous context of the preceding section, and as discussed in the
introduction, the L2-norms of gradients in Corollary 3 are not well-suited to
the (geometric) influences of [13] which require L'-norms. In order to reach
L'-norms through the hypercontractive argument, a further simple interpo-
lation trick will be necessary.

To this task, we use an additional feature of the curvature condition
V" > —k, k > 0, namely that the action of the semigroup (7;),-, with gen-
erator L = A — VV -V on bounded functions yields functions with bounded
gradients. More precisely (cf. [15], [4]...), for every smooth function f with
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|| <1, and every 0 < ¢t < 1/2k,

1
VP f| < —. 25
VP f| < i (25)
This property may again be illustrated in case of the Ornstein-Uhlenbeck
semigroup (22) for which, by integration by parts,

eft

VP f(z) = A—e2)2 /Rn yfle 'z + (1—e ) 2y)du(y).

With this additional tool, the following statement then presents the ex-

pected result. The setting is similar to the one of Corollary 3. Dependence
on p and & for the constant C’(p, k) below may be drawn from the proof. It
will of course be independent of N.
Theorem 6. Let dp;(z) = e Vi@ dz, i = 1,...,N, on X; = R™ be hyper-
contractive with constant p; > 0. Let p = 11 ®---Q@uy on X = X1 x---x Xn,
and set as before p = miny<;<n p;. Assume in addition that V' > —k, k > 0,
i=1,...,N. Then, for some constant C'(p, k) > 1 and for any smooth func-
tion f on X such that |f| <1,

o~ Vil (L4 1Vaf )
=L+ logt (/W)

Proof. We follow the same line of reasoning as in the proof of Theorem 1,
starting on the basis of (10) from

N T
2 2 _ . 20, ) d
1712 = I1Pr s 2§;A<Z;V3f @t
N T
Vi Py 2d>d
<4;/0 </X 2 f|"dp | dit

for some T' > 0. By (22) along each coordinate, for each ¢t > 0,

Var,(f) < C'(p, k)

VP f| < e P(|V;P.f]).
Hence, by the hypercontractivity property as in Theorem 1,

IViPaflly < e | ViPif],
where p = p(t) = 1 + e~ 2°* < 2. We then proceed to the interpolation trick.
Namely, by (25) and the tensor product form of the semigroup, |V;P.f| <

=12 for 0 <t < 1/2k, so that in this range,

IViPor fly < e<0F1/PE 4= (=127, p|1/P
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(where we used again (22)). As a consequence, provided T' < 1/2k,

N T
— T > ae i i - dt.
115 = 1Prfl5 < 4TS |Vifll, / £~ (=1/p0))| g, p| G/PO)~1 gy
=1 0

We are then left with the estimate of the latter integral that only requires
elementary calculus. Set b = ||V, f]|; and 6(t) = % —1 < 1. Assuming
T<1,

T T
/ 4= (=1/p(1)) 0(1) gy < / =172 400 gp.
0 ~Jo
Distinguish between two cases. When b > 1,

T T
/ 1200 gy < b/ t=12dt < 2bV/T.
0 0

When b < 1, use that 6(t) > pt/2 for every 0 < ¢ < 1/2p. Hence, provided
T <1/2p,

T T C 1
/ =200t g/ YR < — 7
0 0 \/ﬁ [1 +10g(1/b)} /

where C' > 1 is numerical. Summarizing, in all cases, provided T is chosen
smaller than min (1, i), we have

/T —(=1/p0)p0(0) gy < 2C 1+b .
0 T VP 14 logt(1/b)]
1 1
7 2p7 2K
with C'(p, k) = C"/p*/?>T for some further numerical constant C". If x < cp,
then this constant is of order p~%/2. O

Choosing for example T' = min (1 ) and using (10), Theorem 6 follows

The preceding proof may actually be adapted to interpolate between
Corollary 3 and Theorem 6 as

VAT (L + VIV )

Var,(f) < C
g S +logt (IVF12/19:£12)]

for any smooth function f on X such that |f| < 1, and any 1 < ¢ < 2 (where
C depends on p,  and q).

As announced in the introduction, the conclusion of Theorem 6 may be
interpreted in terms of influences. Namely, for f = 14 (or some smooth
approximation), define ||V, f]|; as the geometric influence I;(A) of the i-th
coordinate on the set A. In other words, I;(A) is the surface measure of
the section of A along the fiber of x € X = X; x .-+ x Xy in the i-th
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direction, 1 < ¢ < N, averaged over the remaining coordinates (see [13]).
Then Theorem 6 yields that

N L(A)(1+ Li(A))
A)(1 - p(A)) < Clp,k
u(A) (1 = u(4)) < Clp );[1+log+ (1/1;(A))]

Proceeding as in the introduction for influences on the cube, the following
consequence holds.

172"

Corollary 7. In the setting of Theorem 6, for any Borel set A in X with
w(A) = a, there is a coordinate i, 1 <i < N, such that

a(l—a) N \'?_ a(1—a)(logN)¥/?
L) =z =7y (k)g a(l — a)) = CN

where C' only depends on p and k.

It is worthwhile mentioning that when N = 1, I;(A) corresponds to the
surface measure (Minkowski content)

1
T(A) = liminf — [u(A.) — u(A
pt(A) =Timinf = [p(Ac) = p(A)]
of A C R™, so that Corollary 7 contains the quantitative form of the isoperi-
metric inequality for Gaussian measures

a(l - a) <10g a(ll—a)) "

Recall indeed (cf. e.g. [15,16]) that the Gaussian isoperimetric inequality in-
dicates that pt(A) > ¢ o @ 1(a) (a = p(A)) where p(z) = (2m)~1/2e=7"/2,
r €R, P(t) = fioo ¢(z)dz, t € R, and that ¢ o @~ (u) ~ u(2log 2)1/? as
u — 0. This conclusion, for hypercontractive log-concave measures, was es-
tablished previously in [3]. See [18,19] for recent improvements in this regard.

Theorem 6 admits also generalizations in broader settings such as weighted
measures on Riemannian manifolds with a lower bound on the Ricci curvature
(this ensures that both (21) and (25) hold).

Besides the Gaussian measure, N. Keller, E. Mossel and A. Sen [13] also
investigate with isoperimetric tools products of one-dimensional distributions

of the type coe™!*1"dz, 1 < a < oo, for which they produce influences at least
of the order of W where 8 = 2(1 — 1) (a = 2 corresponding to the
Gaussian case). The proof of Theorem 6 may be adapted to cover this result
but only seemingly for 1 < a < 2. Convexity of the potentials |z|® ensures
(21) and (25). When 1 < a < 2, measures c,e”1?I” dz are not hypercontrac-
tive. Nevertheless, the hypercontractive theorems in Orlicz norms of [5] still

indicate that the semigroup (F%;),-, generated by the potential |z|* is such

pt(A) >

Ql=
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that, for every bounded function g with ||g||,, =1 and every 0 <t <1,

1P:gll5 < Cllglly exp (= ctlog”(1+ (1/]g]1))) (26)

for 8 > 0 and some constants C,c > 0, and similarly for the product semi-
group with constants independent of N. The hypercontractive step in the
proof of Theorem 6 is then modified into

1
2 _
19:Paf 3 < CIVflly [ 672 exp (= ctlog 1+ (1/|Vifl, )t
0
As a consequence, for any smooth f with |f] <1,

o~ Vil (L IVif )
= [1+log* (1/VifIh)] "

We thus conclude to the influence result of [13] in this range. When o > 2
(8 € (1,2)), the potentials are hypercontractive in the usual sense so that
the preceding proofs yield (27) but only for 5 = 1. We do not know how to
reach the exponent 3/2 in this case by the hypercontractive argument.

We conclude this note by the L! versions of Corollaries 4 and 5. In the case
of the sphere, the proof is identical to the one of Theorem 6 provided one
uses that |D;; f| < |V f| which ensures that |D;; P, f| < 1/+/t. The behavior
of the constant is drawn from the proof of Theorem 6.

Var,(f) < C (27)

Theorem 8. For every smooth enough function f : S*™! — R such that
Ifl<1,
c 1D fll, (L + 11D f,)

Vi 52 [+ log™ (11D £1,)]

Var,(f) <

Application to geometric influences I;;(A) as the limit of || Dy; fl|, as f
approaches the characteristic function of the set A may be drawn as in the
previous corresponding statements. From a geometric perspective, I;;(A) can
be viewed as the average over x of the boundary of the section of A in the
2-plane x + span(e;, e;). We do not know if the order n~!/2 of the constant
in Theorem 8 is optimal.

As announced, the last statement is the L'-version of the geometric decom-
positions of Corollary 5 which seems again of interest for influences. Under
the corresponding commutation properties, the proof is developed similarly.

Proposition 9. Under the decomposition (24), for u the standard Gaussian
measure on R™ and for every smooth function f on R™ such that |f]| < 1,

Vory () < 03, 198V 1+ 105911
2 = [L+logt (1/1Qe (VL)Y
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where C > 0 is numerical.

Let us illustrate the last statement on a simple decomposition. As in the
Loomis-Whitney inequality, consider the decomposition

n

Id]Rn = Z ‘n i 1 QEL

i=1

with B; = e;+, i = 1,...,n, (e1,...,e,) orthonormal basis. Proposition 9
applied to f = 14 for a Borel set A in R™ with p(A) = a then shows that
there is a coordinate i, 1 < i < n, such that

. 1 1/2
Q= (VA = Fall - a>(1°ga<>)

1—a

for some constant C' > 0. Now, ||Qg, (V f)||; may be interpreted as the bound-
ary measure of the hyperplane section

AT = {(ac~el,...,x~ei_1,m'ei+1,...,:E~en); (-e1,...,x€...,x-€,) € A}

along the coordinate x-e; € R averaged over the standard Gaussian measure.
By Fubini’s theorem, there is - ¢; € R (or even a set with measure as close
to 1 as possible) such that

1/2
) 2 & alt )10 s (28)

The interesting point here is that a is the full measure of A. Indeed, recall
that the isoperimetric inequality for u indicates that pu*(A) > ¢ o @~ 1(a),
hence a quantitative lower bound for p*(A) of the same form as (28). When
A is a half-space in R”, thus extremal set for the isoperimetric problem
and satisfying ut(A4) = p o @ 1(a), it is easy to see that there is indeed a
coordinate x - e; such that A* ¢ is again a half-space in the lower-dimensional
space. The preceding (28) therefore extends this property to all sets.
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