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ObsDiam,(S") = O (

Si-
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infinite dimensional analysis (Wiener space)
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triple description of Gaussian concentration o (r) < e /2

e geometric
e functional

¢ measure/information theoretic

notion of curvature bound in metric measure spaces

complementary to PDE and calculus of variations viewpoint
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0el[0,1], wu,v,w:R" >R,
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u=xa, v=xg multiplicative form of Brunn-Minkowski

vol, (A + (1 — 0)B) > vol,(A)’vol,(B)~?
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concentration: 0 =1/2, w=1 v=xa u= ed(A)?/4

d(A2/agy < 1
e
/ 7= 50

WA > 1-2e7/ (A) >

N -

extension : du = e_vdx, V'>c>0
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f>0 smooth,/fdvzl
1 f|?
/flogfd7§2/|vf| dvy

[ flogfdy = H(fdvy|dy) entropy

f 2
/Wf’ dv  Fisher information

f—f2: /fZIogf2d7§2/]Vf\2dfy

A. Stam (1959), L. Gross (1975)



concentration via the logarithmic Sobolev inequality (I. Herbst)

F:R" — R 1-Lipschitz, [Fdy=0
f=e/[edy, NeR
differential inequality on [ e d~y
/e/\de < M2 AeR

Y{F<r}) > 1—e "2 r>0
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transportation cost inequality

v probability measure on R", v << v

Wa(v,7)? < H(v|7)

Hv|v) = /IogZ:dV

relative entropy

Wa (v, v)? inf // Ix — y[2dn(x,y)
Ve—T—y

Kantorovich-Rubinstein-Wasserstein distance

M. Talagrand (1996)



concentration via the transportation cost inequality (K. Marton)

ABCR", d(AB)>r>0

ya = v(-1A), 8 = (-|B)

Wa(va,v8) < <|og 7(1/4))1/2+ ('087(15))1/2

< Wa(yame) < (log 7(1/\))1/2+ (log 7(13))1/2

v(A) > 1/2, B = complement of A,

S

v(A) > 1— e7’2/4, r>n
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Prékopa-Leindler inequality

foone ([ (o)

logarithmic Sobolev inequality

f2
/flogfdu < g/’vf| du

transportation cost inequality

Wa(v,1n)? < CH(v|p)

[ probability measure on R”

or more general spaces
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F. Otto, C. Villani (1999)

PDE and transportation methods

hypercontractivity of Hamilton-Jacobi equations

P. Cattiaux, A. Guillin (2004), N. Gozlan, P.-M. Samson (2009)

transportation cost inequality is equivalent

to logarithmic Sobolev inequality for semi-convex functions
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heat kernel parametrisation
logarithmic Sobolev inequality [ flog f dy < %fw dvy

generator Lf = Af —x-Vf, P;,=et" semigroup

invariant and symmetric for - (Gaussian measure)

d 1 |Cltf‘2
— [ P:f log Pif = —=
dt/ ¢f log Pf dy 2/ P.f dy

commutation  |[VP:f| < e 'P,(|Vf])

equivalent to a curvature condition
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> curvature principle

analogue of Bochner's formula for Markov operator

diffusion processes, statistical mechanics,

geometric functional inequalities

Markov chains, discrete structures

Y. Ollivier (2008)
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Riemannian geometry of (P, W>) F. Otto (2001), C. Villani (2005)

(Brunn-Minkowski, transportation cost inequalities)

v probability measure on RR”

T :~v— v, -~ Gaussian measure
triangular transportation H. Knothe (1957)

. 2 1 2
optimal :  Wh(v,v)” = 5 |x = T(x)|"d~(x)

Y. Brenier, S. T. Rachev - L. Riischendorf (1990) 7 =V¢, ¢ convex

manifold case R. McCann (1995)
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Monge-Ampeére equation

e—\x\2/2 = fhoTy e_|T9‘2/2dCt((1 —0)Id + qu,/)

¢"”  symmetric positive definite

non-smooth analysis, PDE methods
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Prékopa-Leindler theorem on a Riemannian manifold X

D. Cordero-Erausquin, R. McCann, M. Schmuckenschlager (2001, 2006)
dp = e Vdx,

Ric + Hess(V) > ¢

it w(zp(x,y)) > e PU=DIX 200 ())1=0 Xy e X

for every zy(x, y) theta-barycenter of x,y

wen [wan> (foan)([oan)”

characterizes curvature

Ric + Hess(V) > ¢
K. Bacher (2008), E. Hillion (2009)
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c-convexity property of entropy along geodesic 19 = Ty(po)

H(uo | 1) < (1= 0)H(uo | 1) + OH(p1 | ) — c O(1 — ) Wa(po, p1)?

characterizes V" > ¢

reference measure  du = e Vdx

extends to (weighted) manifolds

characterizes Ric 4 Hess(V) > ¢

K. Th. Sturm (2005)
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definition of lower bound on curvature

in metric measure space

H(po | 1) < (1 —0)H(po| p) +0H(u1 [ ) — cO(1 — 0) Wa (o, p11)

o generalizes Ricci curvature in Riemannian manifolds
o allows for geometric and functional inequalities

¢ main result : stability of the definition by Gromov-Hausdorff limit

analysis on singular spaces (limits of Riemannian manifolds)



