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is arguably one of the great ideas of analysis in our times”
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Poincaré’s lemma

πn,k : Rn+1 → Rk

µ uniform (normalized) on Sn(
√
n )

if A ⊂ Rk

µ
(
π−1n,k(A) ∩ Sn(

√
n )
)



µ
(
π−1n,k(A) ∩ Sn(

√
n )
)

→ γ(A)



µ
(
π−1n,k(A) ∩ Sn(

√
n )
)
→ γ(A)



another example : Gaussian concentration

limit of spherical concentration

Poincaré’s lemma
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framework for measure concentration

metric measure space (X , d , µ)

(X , d) metric space

µ Borel measure on X , µ(X ) = 1

concentration function

αµ(r) = α(X ,d ,µ)(r) = sup
{

1− µ(Ar ); µ(A) ≥ 1
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equivalent formulation on functions (Lévy’s inequality)

F : X → R 1-Lipschitz

m median of F for µ

µ(F ≤ m), µ(F ≥ m) ≥ 1

2

A = {F ≤ m} =⇒ Ar ⊂ {F < m + r}

µ(F < m + r) ≥ 1− αµ(r), r > 0

µ
(
|F −m| < r

)
≥ 1− 2αµ(r), r > 0

deviation inequality

µ(F ≥ m + r) ≤ αµ(r), r > 0

median ↔ mean
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F : X → R 1-Lipschitz

m median of F for µ

µ(F ≤ m), µ(F ≥ m) ≥ 1

2

A = {F ≤ m} =⇒ Ar ⊂ {F < m + r}

µ(F < m + r) ≥ 1− αµ(r), r > 0

µ
(
|F −m| < r

)
≥ 1− 2αµ(r), r > 0

deviation inequality

µ(F ≥ m + r) ≤ αµ(r), r > 0

median ↔ mean



equivalent formulation on functions (Lévy’s inequality)
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dual description : observable diameter (M. Gromov)

κ > 0 (κ = 10−10)

PartDiamµ(X , d)

= inf
{
D ≥ 0, ∃A ⊂ X , Diam (A) ≤ D, µ(A) ≥ 1− κ

}

ObsDiamµ(X , d) = sup
F 1−Lip

PartDiamµF (R)

F : µ → µF
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ObsDiamµ(X , d) = sup
F 1−Lip

PartDiamµF (R)

µ state on the configuration space (X , d)

F : X → R observable

yielding the tomographic image µ→ µF on R

µF
(
]m − r ,m + r [

)
= µ

(
|F −m| < r

)
≥ 1− 2αµ(r) ∼ 1− κ

ObsDiamµ(X , d) ∼ α−1µ (κ)

ObsDiamµ(Sn) = O
( 1√

n

)
, ObsDiamγ(Rk) = O(1)
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measure concentration property

less restrictive than isoperimetry (r → 0)

easier to establish, widely shared

variety of examples and tools

• spectral methods

• probabilistic and combinatorial tools

• product measures

• geometric, functional, transportation inequalities
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illustration

simple (functional) proof of Gaussian concentration αγ(r) ≤ e−r
2/2

dγ(x) = e−|x |
2/2 dx

(2π)k/2

(Pt)t≥0 heat semigroup on Rk ,

∂tPt f
∣∣
t=0

= ∆f , P0f = f , ∆ Laplace operator

F : Rk → R Lipschitz, ‖F‖Lip = L

t > 0, at any point

φ(s) = Ps

(
ePt−sF

)
, 0 ≤ s ≤ t

interpolation φ(t) = Pt(e
F ) φ(0) = ePtF
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same methodology D. Bakry, M. Émery 1985

dµ = e−V dx , V ′′ ≥ c > 0

dµ(x) = exp

(
−

k∑
i=1

v(xi )

)
dx

Z

v : R→ R strictly convex at infinity

Gaussian concentration

αµ(r) ≤ C e−r
2/C

no isoperimetry in general
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a first application (of Gaussian concentration)

the Johnson-Lindenstrauss 1984 flatening lemma

(metric geometry, theoretical computer science)

N points p1, . . . , pN in Rn

ε > 0

there exists π : Rn → Rk linear

k ≥ c

ε2
logN

(1− ε)|pi − pj | ≤
∣∣π(pi )− π(pj)

∣∣ ≤ (1 + ε)|pi − pj |

π quasi-isometry
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find π at random

Rnk 3 X = (Xij)1≤i≤k,1≤j≤n , u ∈ Rn

F (X ) = |Xu|, |u|-Lipschitz∫
Rnk

F dγ ∼
√
k |u|

γ
(∣∣Xu −√k |u|∣∣ ≥ r |u|

)
≤ 2 e−r

2/2

r = ε
√
k , ` points u1, . . . , u` (u = pi − pj)

γ

( ⋃̀
i=1

{ |Xui√
k
/∈
[
(1− ε)|ui |, (1 + ε)|ui |

]})
≤ 2 ` e−ε

2k/2 < 1

k ∼ 1

ε2
log `, ` ∼ N2



further concentration examples

discrete cube

X = {0, 1}n

d(x , y) = #
{

1 ≤ i ≤ n; xi 6= yi
}

Hamming metric

µ uniform

αµ(r) ≤ e−r
2/2n

ObsDiamµ

(
{0, 1}n

)
) = O

(√
n
)
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symmetric group

Sn symmetric group over n objects

d(x , y) = #
{

1 ≤ i ≤ n; x(i) 6= y(i)
}
, x , y ∈ Sn

µ uniform µ
(
{x}
)

=
1

n!

αµ(r) ≤ C e−r
2/Cn

ObsDiamµ(Sn) = O
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principle of proof

n = 1

F L-Lipschitz,
∫
X1

F dµ1 = 0

Jensen

∫
X1

eF dµ1 ≤
∫
X1×X1

eF (x)−F (y)dµ1(x)dµ1(y)

∣∣F (x)− F (y)
∣∣ ≤ L d(x , y) = L 1x 6=y

∫
X1×X1

eF (x)−F (y)dµ1(x)dµ1(y) ≤ eL
2

induction over n

symmetric group : martingale arguments
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Talagrand’s inequality (1995)

µ(A) ≥ 1

2
,

induction over the dimension n

application

µ = µ1 ⊗ · · · ⊗ µn on [0, 1]n

F : Rn → R 1-Lipschitz, convex

m median

µ
(
F ≥ m + r

)
≤ 2 e−r

2/4, r > 0

same as for Gaussian
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illustration

central limit theorem

X1, . . . ,Xn independent identically distributed

0 ≤ Xi ≤ 1

1√
n

n∑
i=1

Xi −
√
n E(X1) ∼ G

G Gaussian

any F : Rn → R 1-Lipschitz convex

F (X1, . . . ,Xn)

P
(
F (X1, . . . ,Xn)− E(F ) ≥ r

)
≤ C e−r

2/C
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empirical processes

X1, . . . ,Xn independent identically distributed in (S ,S)

F collection of functions f : S → [0, 1]

Z = sup
f ∈F

n∑
i=1

f (Xi )

Z Lipschitz and convex

concentration inequalities on

P
(∣∣Z − E(Z )

∣∣ ≥ r
)
, r > 0
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Gaussian behaviour Var(Wn) = O(n)

however ! (wij exponential)

Var(Wn) = O(n2/3)

new challenges of measure concentration
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