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high dimensional effect
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find F at random

concentration of spherical measures in high dimension

Lévy’s inequality

u(IF —ml <w(n) > 1-2e (D)2

F:S"—=R, F(x)=]|x]

||| gauge of K

most sections are spherical
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new proof by V. Milman 1970

asymptotic geometric analysis

“The concentration of measure phenomenon, ubiquitous
ins probability theory and statistical mechanics,

was brought to geometry (starting from Banach spaces)

by Vitali Milman, following the earlier work by Paul Lévy"

(M. Gromov 1999)

“The idea of concentration of measure,
which was discovered by Vitali Milman,

is arguably one of the great ideas of analysis in our times”

(M. Talagrand 1996)
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Ar={xeS"d(x,A) <r}

infinitesimal form

r—20 vol (0A) > vol (0B)
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another example : Gaussian concentration

limit of spherical concentration
Poincaré’s lemma
Tk : R — RK
i uniform (normalized) on S"(y/n)
if ACRF
#(ma k(A NS"(Vn)) = 2(A)

dx
(27T)k/2

dy(x) = e P12
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Gaussian isoperimetric inequality (in R¥)

dx
(27|.)k/2

extremal sets are half-spaces H = {x € R¥; x; < a}

(balls with centers at infinity)

if ’Y(A)EW(H):(D(Q):/_Q e_X2/2\;j;—7r

then ~(A,) > vy(H,) = ®(a+7r), r>0
A, Euclidean neighbourhood

C. Borell, V. Sudakov - B. Tsirelson 1974
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i (A) > § = 0(0)

b2y dx
d)(t)/ e /2E

then v(A,) > ®(0+r) > 1—e"/2 r>0

r=5 or 10, v(Ar) = 1

independent of the dimension k

extension to Wiener space
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(X,d) metric space

i Borel measure on X, pu(X)=1

concentration function

au(r) = apxdu(r) = sup{l—u(A); p(A) =3}, r>0

A = {XGX;d(X,A)< r}

p uniformon ST C R, (r) < e—(n=1)r?/2

v standard Gaussian on RF: . (r) < e=’/2
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equivalent formulation on functions (Lévy’s inequality)
F:X — R 1-Lipschitz

m median of F for

N = =

A={F<m} = A C{F<m+r}
pw(F<m+4r) >1—aur), r>0
p(|F=m|<r) >1=2au(r), r>0

deviation inequality
p(F>m+r) < au(r), r>0

median <+ mean
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ObsDiam,(X,d) = sup PartDiam,,(R)
F 1-Lip

i state on the configuration space (X, d)

F: X — R observable

yielding the tomographic image p — pur on R
MF(]m—r,m+r[) = ,u(|F—m| < r) >1-2a,(r) ~1—k

ObsDiam,, (X, d) ~ 04;1 (k)

ObsDiam,, (S") = o( ObsDiam., (R¥) = O(1)

il
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measure concentration property

less restrictive than isoperimetry (r — 0)

easier to establish, widely shared

variety of examples and tools

spectral methods
probabilistic and combinatorial tools
product measures

geometric, functional, transportation inequalities
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(Pt);>o heat semigroup on R,

8tPtf‘t:0 = Af, Pof=1f, A Laplace operator

F:RK =R Lipschitz,  |[Fy;, =L
t >0, atany point
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¢'(s) < L2g(s), 0<s<t
integrate
Pt(eF) _ gb(t) S ¢(0) eLQt _ ePtF+L2t

t:%: Py — ~

/ oF dy < el FIV+17/2
Rk
Chebyschev's inequality
VF> [ Fdy+r) < e PP r>o

. . 2
Gaussian concentration «.,(r) < e /2
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same methodology D. Bakry, M. Emery 1985

dp = e Vdx, V'">c>0

) = o0 (=3 v(x)) 5

i=1

v :R — R strictly convex at infinity

Gaussian concentration
2
au(r) < Ce /¢

no isoperimetry in general
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a first application (of Gaussian concentration)
the Johnson-Lindenstrauss 1984 flatening lemma

(metric geometry, theoretical computer science)

N points pi,...,py in R”

e>0
there exists 7 : R” — RK linear

c
k > €—2|ogN

(1 =&)lpi = pil < |7(pi)) = 7(py)| < (L+€)lpi — pjl

T quasi-isometry



find 7 at random

Rnng:(Xij) JeR

1<i<k,1<j<n>
F(X) = [Xul, |ul-Lipschitz
/ Fdy ~ Vk|u|
Rnk

7<’X“ — Vklul| > f\u\) <2e "2

r=evk, ( points ui,...,u (u=pi—pj)

’Y(il{’j%" ¢ [(1—5)\u,-|,(1+8),ui]}) < ore SRR < g

1

! 2
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further concentration examples

discrete cube
X ={0,1}"
d(x,y) = # {1 <i<n x# y,-} Hamming metric
1 uniform

ap(r) < e—r2/2n

ObsDiam,, ({0,1}")) = O(v/n)
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symmetric group

S" symmetric group over n objects

d(x,y) = #{1<i < n x(i) # y(i)},

1 uniform M({X}):%

a,(r) < Ce r/Cn
ObsDiam,(S") = O(v/n)

B. Maurey 1979

x,yeS"
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discrete cube
X =4{0,1}"
d(XaY)Z#{lﬁiﬁn; X,-;éy,-} Hamming metric
1 uniform : product measure

aﬂ(r) < e—r2/2n

same on any product space

d(x,y) = #{1<i<n xi#y}  Hamming metric

=1 Q@ Un



principle of proof
n=1

F  L-Lipschitz, le Fdu; =0

Jensen / efduy < / eFCI=FW gy (x)dpa(y)
X1 XlXXI

‘F(X)_ F(y)‘ < Ld(Xay) = L]-x;ﬁy

/ PV FW gy (x)dpua(y) < e
X1 ><X1

induction over n

symmetric group : martingale arguments
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Ho= p1 &
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X = Xy x - x X,
d(x,y) = #{1<i<nx #y}
= 1@ @ Un

au(r) < emr/2n

weighted Hamming metric
n
dW(Xﬂy) = Z Wi ]-X,-;éy,-a w; >0
i=1

2 2
au(r) < e’ /2wl ) |W‘2 =i Wi2



X =Xy x -+ x X,
d(x,y) = {1</<nx,7éy,}

Ho= p1 @ & fhp
au(r) < emr/2n

weighted Hamming metric

n
y) = ZW/' ]-X,-;éy,-v w; >0

Q
=
S
A
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Talagrand’s inequality (1995)

,u(dW(X,A) 2 r) S e—r2/2\W|2

N =



Talagrand’s inequality (1995)

1 2
i > < —re/4
5 ,u( sup dy(x,A) > r) < 2e

lw|=1
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Talagrand’s inequality (1995)
1
A = 5. sup du(x,A) 2 r) < 267/
lw|=1

induction over the dimension n

application
p=p - --@pu, on [0,1]"
F:R"” — R 1-Lipschitz, convex
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Talagrand’s inequality (1995)
: u( sup dw(x,A) > r) < 2e
|w|=1

induction over the dimension n

application
p=p - --@pu, on [0,1]"
F:R"” — R 1-Lipschitz, convex
m  median
,u(F > m—l—r) < 2€—r2/4’ r>0

same as for Gaussian
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illustration

central limit theorem
X1,..., X, independent identically distributed
0<X <1
10
ﬁiz_;xi ~VnE(X1) ~ G
G Gaussian

any F:R"” — R 1-Lipschitz convex

F(X1,...,Xn)

P(F(Xl,...,X,,)—E(F) > r) < Ce /€



empirical processes
Xi,...,X, independent identically distributed in (S,S)

F  collection of functions f:S — [0,1]

Z = sup (X
fefiZ; ( )

Z Lipschitz and convex

concentration inequalities on

P(|Z-E(@2)|=r), r>0
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oriented last passage percolation

wjj, 1<1i,j<n, iidrandom variables
W, = max g wijj
IJ Sk

7 up/right paths from (1,1) to (n,n)



oriented last passage percolation

7 up/right paths from (1,1) to (n,n)

('n‘r\,)

(4,1
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n_max g wjj

(iy)er
W, 2n-Lipschitz (in the w;'s)
w;; Gaussian or Bernoulli

IP’(W,, ZE(WH)H) < Cer/cn

Gaussian behaviour ~ Var(W,) = O(n)

however! (w; exponential)
Var(W,) = O(n*/?)

new challenges of measure concentration
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