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ci ui ⊗ ui
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Brascamp-Lieb inequality along Pt , t ≥ 0

Pt

( m∏
i=1

f cii ◦ Ti

)
≤

m∏
i=1

Pt(fi ◦ Ti )
ci

let t → ∞

(4πt)n/2 Pt f →
∫
Rn

f dx

(4πt)1/2 Pt(fi ◦ Ti ) = (4πt)1/2 P i
t(fi ) ◦ Ti →

∫
R
fi dy

compatibility of dimensions
∑m

i=1 ci = n

∫
Rn

m∏
i=1

f cii

(
Ti (x)

)
dx ≤

m∏
i=1

(∫
R
fi (y) dy

)ci

, Ti (x) = 〈ui , x〉
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general principle (geometric Brascamp-Lieb)

F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)

∆ operator on E , (Pt)t≥0 semigroup

Ti : E → Ei , i = 1, . . . ,m

commute ∆(f ◦ Ti ) = (∆i f ) ◦ Ti

infinitesimal Brascamp-Lieb condition

e−H∆(eH) ≤
m∑
i=1

ci e
−Gi ∆(eGi )

some ci > 0, all gi : Ei → R, Gi = gi ◦ Ti , H =
∑m

i=1 ci Gi

necessary and sufficient

Pt

( m∏
i=1

f cii ◦ Ti

)
≤

m∏
i=1

Pt(fi ◦ Ti )
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examples

E = Sn−1 ⊂ Rn, ∆ =
1

2

n∑
i ,j=1

[ xi ∂j − xj ∂i ]2

Ti : Sn−1 → [−1,+1], i = 1, . . . , n

Ti (x) = xi , x = (x1, . . . , xn) ∈ Sn−1 coordinate maps

∆(f ◦ Ti ) = (∆i f ) ◦ Ti

∆i f (xi ) = (1− x2i ) f ′′(xi )− (n − 1) xi f
′(xi )

ultraspherical operator
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infinitesimal Brascamp-Lieb condition

e−H∆(eH) ≤
m∑
i=1

ci e
−Gi ∆(eGi )

some ci > 0, all gi : Ei → R, Gi = gi ◦ Ti , H =
∑m

i=1 ci Gi

equivalent (chain rule) to

n∑
i ,j=1

ci cj θi θj [ δij − xi xj ] ≤
n∑

i=1

ci θ
2
i [1− x2i ] (for

∑n
i=1 x

2
i = 1)

ci = 1
2∫

Sn−1

n∏
i=1

fi (xi ) dµ ≤
n∏

i=1

(∫
Sn−1

f 2i (xi ) dµ

)1/2

µ uniform probability measure on Sn−1

Carlen-Lieb-Loss (2004)
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multidimensional extensions on Sn−1

I subsets of {1, . . . , n}

TI (x) = (xk)k∈I

cI =
1

p
, p = max

i<j
#
{
I ; I ∩ {i , j} 6= ∅

}

(# I = 1, p = 2)

∫
Sn−1

∏
I

fI ◦ TI dµ ≤
∏
I

(∫
Sn−1

f pI ◦ TI dµ

)1/p

TI (x) =
∑

k∈I x
2
k

cI =
1

q
, q = max

i<j
#
{
I ; #(I ∩ {i , j}) = 1

}
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Dirichlet distributions

X =
(X1, . . . ,Xn)

X1 + · · ·+ Xn

Xi independent, gamma distributed

I subsets of {1, . . . , n}

TI (x) = (xk)k∈I

cI =
1

p
, p = max

i<j
#
{
I ; I ∩ {i , j} 6= ∅

}
E
(∏

I

fI
(
TI (X )

))
≤
∏
I

(
E
(
f pI (TI (X )

))1/p
TI (x) =

∑
k∈I xk
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discrete structures

(example : E = Sn symmetric group)

∆ Markov kernel on E (finite)

K f (x) =
∑
y∈E

K (x , y) f (y)

infinitesimal Brascamp-Lieb condition

e−H∆(eH) ≤
m∑
i=1

ci e
−Gi ∆(eGi )

some ci > 0, all gi : Ei → R, Gi = gi ◦ Ti , H =
∑m

i=1 ci Gi

equivalent to
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(example : E = Sn symmetric group)

∆ Markov kernel on E (finite)

K f (x) =
∑
y∈E

K (x , y) f (y)

infinitesimal Brascamp-Lieb condition

e−H∆(eH) ≤
m∑
i=1

ci e
−Gi ∆(eGi )

some ci > 0, all gi : Ei → R, Gi = gi ◦ Ti , H =
∑m

i=1 ci Gi

equivalent to

for all K (x , y) > 0,
∑
i∈ Ix,y

ci ≤ 1, Ix ,y =
{
i = 1, . . . ,m;Ti (x) 6= Ti (y)

}



for all K (x , y) > 0,
∑
i∈ Ix,y

ci ≤ 1, Ix ,y =
{
i = 1, . . . ,m;Ti (x) 6= Ti (y)

}

example : E = Sn symmetric group

K (x , y) =
2

n(n − 1)
1x∼y , x = τy , τ transposition
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Sn
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fi (xi ) dµ ≤
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Sn

f 2i (xi ) dµ

)1/2

µ uniform probability measure on Sn
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multidimensional extensions

Riemannian manifolds, Lie groups

G compact Riemannian Lie group, (Gi )
m
i=1 Lie subgroups

Ei = G⊥i (Lie algebra)

if
m∑
i=1

ci PEi ≤ IdG

∫
G

m∏
i=1

f cii dµ ≤
m∏
i=1

(∫
G
fi dµ

)ci

fi : G → R+ Gi -right-invariant



geometric Brascamp-Lieb inequality

decomposition of the identity of Rn

IdRn =
m∑
i=1

ci ui ⊗ ui

∫
Rn

m∏
i=1

f cii

(
Ti (x)

)
dx ≤

m∏
i=1

(∫
R
fi (y) dy

)ci

, Ti (x) = 〈ui , x〉

applications to convolution inequalities

Young’s inequality, hypercontractivity...

D. Cordero-Erausquin, M. L. (2009)

sharp constants : without the Lieb theorem
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Lieb’s theorem

best C > 0∫
H

m∏
i=1

f cii

(
Ti (x)

)
dx ≤ C

m∏
i=1

(∫
Hi

fi (y) dy

)ci

achieved for fi Gaussian

fi = e−Qi , Qi non-negative quadratic form on Hi



∫
H

m∏
i=1

f cii

(
Ti (x)

)
dx ≤ C

m∏
i=1

(∫
Hi

fi (y) dy

)ci

Young’s convolution inequality

H = Rd × Rd , Hi = Rd , i = 1, 2, 3

T1(x , y) = x , T2(x , y) = y , T3(x , y) = x − y∫
Rd×Rd

f1(x)c1f2(y)c2f3(x − y)c3 dx dy

≤ C

(∫
Rd

f1 dy

)c1(∫
Rd

f2 dy

)c2(∫
Rd

f3 dy

)c3

‖f2 ∗ f3‖p′1 ≤ C ‖f2‖p2 ‖f3‖p3

optimal (Lieb’s theorem) C = C (p1, p2, p3) =
3∏

i=1

( p
1/pi
i

p′i
1/p′i

)d/2
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elementary question : R2 (n = 2)

given 0 < c1, c2, c3 < 1, c1 + c2 + c3 = 2

decomposition in 3 unit vectors u1, u2, u3 of IdR2

IdR2 = c1 u1 ⊗ u1 + c2 u2 ⊗ u2 + c3 u3 ⊗ u3

all solutions (after isometry)

u1 = (1, 0)

u2 =

([
(1− c1)(1− c2)

c1c2

]1/2
,

([
1− c3
c1c2

]1/2)

u3 =

(
−
[

(1− c1)(1− c3)

c1c3

]1/2
,

([
1− c2
c1c3

]1/2)
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Young’s convolution inequality (d = 1)

‖f2 ∗ f3‖p′1 ≤ C (p1, p2, p3) ‖f2‖p2 ‖f3‖p3

1 +
1

p′1
=

1

p2
+

1

p3

ci = 1
pi
, c1 + c2 + c3 = 2
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1

p2
+

1

p3
= 1 +

1

p′1

ci = 1
pi
, c1 + c2 + c3 = 2

geometric Brascamp-Lieb inequality

∫
R2

f c11 (x) f c22

(
〈u2, (x , y)〉

)
f c33

(
〈u3, (x , y)〉

)
dx dy

≤
(∫

R
f1 dy

)c1(∫
R
f2 dy

)c2(∫
R
f3 dy

)c3
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linear transformation

x → x

〈u2, (x , y)〉 → const. y

〈u3, (x , y)〉 → const. (x − y)

∫
R×R

f1(x)c1 f2(y)c2 f3(x − y)c3dx dy

≤ C

(∫
R
f1 dy

)c1(∫
Rd

f2 dy

)c2(∫
R
f3 dy

)c3

C = C (c1, c2, c3) = C (p1, p2, p3), ci = 1
pi

optimal C = C (p1, p2, p3) =
3∏

i=1

( p
1/pi
i

p′i
1/p′i

)1/2
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∫
H

m∏
i=1

f cii

(
Ti (x)

)
dx ≤ C

m∏
i=1

(∫
Hi

fi (y) dy

)ci

Young’s convolution inequality

H = Rd × Rd , Hi = Rd , i = 1, 2, 3

T1(x , y) = x , T2(x , y) = y , T3(x , y) = x − y∫
Rd×Rd

f1(x)c1f2(y)c2f3(x − y)c3 dx dy

≤ C

(∫
Rd

f1 dy

)c1(∫
Rd

f2 dy

)c2(∫
Rd

f3 dy

)c3

‖f2 ∗ f3‖p′1 ≤ C ‖f2‖p2 ‖f3‖p3

optimal (Lieb’s theorem) C = C (p1, p2, p3) =
3∏

i=1

( p
1/pi
i

p′i
1/p′i

)d/2



hypercontractivity (d = 1)

Gaussian measure dγ(x) = e−x
2/2 dx√

2π

Hermite or Ornstein-Uhlenbeck semigroup

Pt f (x) =

∫
R
f
(
e−tx + (1− e−2t)1/2y

)
dγ(y), t ≥ 0, x ∈ R

hypercontractivity Nelson (1973)

1 < p < q <∞, e2t = q−1
p−1

‖Pt f ‖q ≤ ‖f ‖p

Lieb’s theorem (Brascamp-Lieb, Beckner)
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1 < p < q <∞, e2t = q−1
p−1

set r ′ > 1 :
1

p
=

1

q
+

1

r ′

1

q′
+

1

p
+

1

r
= 2

c1 + c2 + c3 = 2
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IdR2 = c1 u1 ⊗ u1 + c2 u2 ⊗ u2 + c3 u3 ⊗ u3

all solutions (after isometry)

u1 = (1, 0)

u2 =

([
(1− c1)(1− c2)

c1c2

]1/2
,

([
1− c3
c1c2

]1/2)

u3 =

(
−
[

(1− c1)(1− c3)

c1c3

]1/2
,

([
1− c2
c1c3

]1/2)



1 < p < q <∞, e2t = q−1
p−1

set r ′ > 1 :
1

p
=

1

q
+

1

r ′

1

q′
+

1

p
+

1

r
= 2

c1 + c2 + c3 = 2

geometric Brascamp-Lieb inequality (along γ)

∫
R2

f
1/q′

1 (x) f
1/p
2

(
〈u2, (x , y)〉

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r



1 < p < q <∞, e2t = q−1
p−1

set r ′ > 1 :
1

p
=

1

q
+

1

r ′

1

q′
+

1

p
+

1

r
= 2

c1 + c2 + c3 = 2

geometric Brascamp-Lieb inequality (along γ)

∫
R2

f
1/q′

1 (x) f
1/p
2

(
〈u2, (x , y)〉

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r



〈u2, (x , y)〉 = e−tx + (1− e−2t)1/2y



hypercontractivity (d = 1)

Gaussian measure dγ(x) = e−x
2/2 dx√

2π

Hermite or Ornstein-Uhlenbeck semigroup

Pt f (x) =

∫
R
f
(
e−tx + (1− e−2t)1/2y

)
dγ(y), t ≥ 0, x ∈ R

hypercontractivity Nelson (1973)

1 < p < q <∞, e2t = q−1
p−1

‖Pt f ‖q ≤ ‖f ‖p

Lieb’s theorem (Brascamp-Lieb, Beckner)



〈u2, (x , y)〉 = e−tx + (1− e−2t)1/2y

∫
R2

f
1/q′

1 (x) f
1/p
2

(
e−tx + (1− e−2t)1/2y

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r

f3 ≡ 1

f1 → f q
′

1 , f2 → f p2

∫
R2

f1(x) f2
(
e−tx + (1− e−2t)1/2y

)
dγ(x) dγ(y)

≤
(∫

R
f q
′

1 dγ

)1/q′(∫
R
f p2 dγ

)1/p



〈u2, (x , y)〉 = e−tx + (1− e−2t)1/2y

∫
R2

f
1/q′

1 (x) f
1/p
2

(
e−tx + (1− e−2t)1/2y

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r

f3 ≡ 1

f1 → f q
′

1 , f2 → f p2

∫
R2

f1(x) f2
(
e−tx + (1− e−2t)1/2y

)
dγ(x) dγ(y)

≤
(∫

R
f q
′

1 dγ

)1/q′(∫
R
f p2 dγ

)1/p



〈u2, (x , y)〉 = e−tx + (1− e−2t)1/2y

∫
R2

f
1/q′

1 (x) f
1/p
2

(
e−tx + (1− e−2t)1/2y

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r

f3 ≡ 1

f1 → f q
′

1 , f2 → f p2

∫
R2

f1(x) f2
(
e−tx + (1− e−2t)1/2y

)
dγ(x) dγ(y)

≤
(∫

R
f q
′

1 dγ

)1/q′(∫
R
f p2 dγ

)1/p



〈u2, (x , y)〉 = e−tx + (1− e−2t)1/2y

∫
R2

f
1/q′

1 (x) f
1/p
2

(
e−tx + (1− e−2t)1/2y

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r

f3 ≡ 1

f1 → f q
′

1 , f2 → f p2

∫
R2

f1(x) f2
(
e−tx + (1− e−2t)1/2y

)
dγ(x) dγ(y)

≤
(∫

R
f q
′

1 dγ

)1/q′(∫
R
f p2 dγ

)1/p



〈u2, (x , y)〉 = e−tx + (1− e−2t)1/2y

∫
R2

f
1/q′

1 (x) f
1/p
2

(
e−tx + (1− e−2t)1/2y

)
f
1/r
3

(
〈u3, (x , y)〉

)
dγ(x) dγ(y)

≤
(∫

R
f1 dγ

)1/q′(∫
R
f2 dγ

)1/p(∫
R
f3 dγ

)1/r

f3 ≡ 1

f1 → f q
′

1 , f2 → f p2

∫
R2

f1(x) f2
(
e−tx + (1− e−2t)1/2y

)
dγ(x) dγ(y)

≤
(∫

R
f q
′

1 dγ

)1/q′(∫
R
f p2 dγ

)1/p



∫
R2

f1(x) f2
(
e−tx + (1− e−2t)1/2y

)
dγ(x) dγ(y)

≤
(∫

R
f q
′

1 dγ

)1/q′(∫
R
f p2 dγ

)1/p

duality

‖Pt f2‖q ≤ ‖f2‖p

1 < p < q <∞, e2t = q−1
p−1

hypercontractivity



higher dimension (Young, hypercontractivity)

IdRn =
∑
i=1

ci PEi

analogue of u ⊗ u, u = (a, b) ∈ R2

Pu : (x , y) ∈ Rn × Rn →
(
(ax + by)a, (ax + by)b

)
∈ Rn × Rn

tensorization
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higher dimension (Young, hypercontractivity)

IdRn =
∑
i=1

ci PEi

analogue of u ⊗ u, u = (a, b) ∈ R2

Pu : (x , y) ∈ Rn × Rn →
(
(ax + by)a, (ax + by)b

)
∈ Rn × Rn

tensorization



further inequality : Shannon’s inequality

S
(X + Y√

2

)
≤ S(X ) + S(Y )

2

X ,Y independent random variables in Rn

S(X ) =
∫
f log f dx

f density of X
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