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Lieb’s theorem

best C >0

/HHff' dx<CH</ >

achieved for f; Gaussian
f; = e_Q", @; non-negative quadratic form on H;
Brascamp-Lieb (1976) symmetrization methods (dim(H;) = 1)
Lieb (1990) Gaussian kernels

Barthe (1998) optimal transportation
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recent new proof

Carlen-Lieb-Loss (2004)

Bennett-Carbery-Christ-Tao (2008)

evolution along heat kernel

geometric characterizations, extremals

change of variables around the Gaussian maximizer

reduction to geometric formulation
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K. Ball (1989) (convex geometry)
one-dimensional version  dim(H;) =1
decomposition of the identity of R”

m
Idgr = Z Ciuj @ uj
i=1
u; € R" unit vectors, ¢ >0
T, :R" - R, Ti(x)=(ui,x), i=1,...,m

Brascamp-Lieb inequality holds with C =1

/n ﬁﬂci(<ui,x>)dx < f[l </IR ) dy> G
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decomposition of the identity of R”

m
Idg» = Z ciu @ up, u; €R" unit vectors, ¢ >0
i=1

m
V:ZC,'<U,',V> ui, veR"
i=1
m
lv|2 = Zc,- (u, v)2, v ERT
i=1
m > n, 0<¢<1, >imici=n

(Ui)i<j<, orthonormal basis: ¢ =1 (Brascamp-Lieb = Fubini)

higher dimensional projections  Idr» = Z/m:1 ¢ PE

Loomis-Whitney : E; = et ¢ = -1
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Idgn = 27;1 Ci Ui @ uj

sketch of proof by evolution equations
(Pt);>o heat semigroup on R”, A Laplacian
Brascamp-Lieb inequality along P;, t >0

P50 ) < [T Ptso T
i=1 i=1

(at any point)
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m

afs) = Ps<exp <Zc,- log P;_s(f; T,-)>>, 0<s<t

i=1

a non-increasing  «(t) < «(0)

o/(s):P( —eHZc, GiN(eC )

Gi=logPrs(fioTi), H=>",¢G;



o' (s) = Ps (A(eH) —efl i Ci e_GiA(eG’)>
i=1

Gi=logPrs(fioTi), H=31,6G;



o' (s) = Ps (A(eH) - eHi ci e_G"A(eG")> <0
i=1

G,' = |og Pt_s(f;- o T,'), H = Z/m:l Ci G,'



o' (s) = Ps (A(eH) - eHi ci e_G"A(eG")> <0
i=1

G,' = |og Pt_s(f;- o T,'), H = Z/m:l Ci G,'

Ci
f;o

Pt( ° ,-> < [IPelfio T
i=1

i i=1

\i



o' (s) = Ps (A(eH) - eHi ci e_G’A(eG")> <0
i=1

G,' = |og Pt_s(f;- o T,'), H = Z/m:l Ci G,'

Ci
flo

Pt< <i ) < H P:(fi o T;) (for all f;, t>0)
i=1 i=1

=

1



o' (s) = Ps (A(eH) - eHi ci e_G"A(eG")> <0
i=1

G,' = |0g Pt_s(f;- o T,'), H = Z/m:l Ci G,'

=

) < H Pt(fi o T,')Ci (for all f;, t> 0)
i=1

Pt(ﬁfiqo

i=1

necessary and sufficient



o' (s) = Ps (A(eH) - eHi ci e_G’A(eG")> <0
i=1

G,' = |0g Pt_s(f;- o T,'), H = Z/m:l Ci G,'

=

) < H P:(fi o T;) (for all f;, t>0)
i=1

Pt(ﬁfiqo

i=1

necessary and sufficient

m
e A < Z cie CA(e%)
i=1



o' (s) = Ps (A(eH) - eHi ci e_G"A(eG")> <0
i=1

G,' = |0g Pt_s(f;- o T,'), H = Z/m:l Ci G,'

=

) < H Pt(fi o T,')Ci (for all f;, t> 0)
i=1

Pt(ﬁfiqo

i=1

necessary and sufficient

e A < Zc,- e CiA(e%) (forall G, H=3"",¢ G))
i=1



o' (s) = Ps (A(eH) - eHi ci e_G"A(eG")> <0
i=1

G,' = |0g Pt_s(f,- o T,'), H = Zlm:l Ci G,'

pt(H o Ti> <[[PfioT)®  (forall , t>0)
P i=1

necessary and sufficient

e A < Zc, e CiA(e (forall G, H=3"",¢ G))

infinitesimal Brascamp-Lieb condition



infinitesimal Brascamp-Lieb condition

m
e Ma(et) < Z cie CA(e%)
i=1



infinitesimal Brascamp-Lieb condition

m
e Ma(et) < Z cie CA(e%)
i=1

chain rule

A(eM) = e [AH — |VH|?]



infinitesimal Brascamp-Lieb condition

m

e Ma(et) < Z cie CA(e%)

i=1

chain rule
A(eM) = e [AH — |VH|?]
Gi [AG; — |VG;|2]

A(eb) =e



infinitesimal Brascamp-Lieb condition

m

e Ha(et) < Z cie CA(e%)

i=1

chain rule
A(eM) = e [AH — |VH|?]
A(e%) = e%[AG — |V Gif?]

IVHP <Y " |VG[?
i=1



infinitesimal Brascamp-Lieb condition

m

e Ha(et) < Z cie CA(e%)

i=1

chain rule
A(eM) = e [AH — |VH|?]
A(e%) = e%[AG — |V Gif?]

2 m
=|VHP <> c|VGI
i=1

i Ci VG,

i=1




infinitesimal Brascamp-Lieb condition

m

e Ha(et) < Z cie CA(e%)

i=1

chain rule
A(eM) = e [AH — |VH|?]
A(e%) = e%[AG — |V Gif?]

2 m
=|VHP <> c|VGI
i=1
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P:(fo T;) = (Pif)o T;

Gi =logPi_s(fioT;)=gio T;
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A(foT))=f"0oT,;
Pi(foT;)=(Pif)oT

Gi =log Prs(fio T;) = gio T;

infinitesimal Brascamp-Lieb condition

ZCI glo TI

for all (smooth) gi: R — R

2 m

< ZC,' ‘V(gi o Ti)‘2

i=1




infinitesimal Brascamp-Lieb condition

2 m

<> c|Vigio T

i=1

V(gioT;)




infinitesimal Brascamp-Lieb condition

2 m

<> c|Vigio T

i=1

V(gio Ti)

Ti(x) = (ui,x), V(gioTi) =gl ui



infinitesimal Brascamp-Lieb condition

2 m

<> c|Vigio T

i=1

V(gio Ti)

Ti(x) = (ui,x), V(gioT) =g ui
forall 0;eR, i=1,....m

2 m
<D b
i=1

0 uj




infinitesimal Brascamp-Lieb condition

2 m

<> c|Vigio T

i=1

V(gio Ti)

Ti(x) = (ui,x), V(gioTi) =gl ui

forall 0;eR, i=1,....m

m 2 m
Zcieiui < g c; 07
pa i—1

duality

Zc, (up, V2 < |v|?, veER"



infinitesimal Brascamp-Lieb condition

ZCI glo TI

2 m

<> c|Vigio T

i=1

Ti(x) = (ui,x), V(gioTi) =gl ui

forall 0;eR, i=1,....m

m 2 m
ZCiQiUi < g c; 07
pa i—1

duality

m

Z ci(up, v)y? <|v]?, veR"

i=

decomposition of the identity  Idp» = > ¢ u; @ u;



Brascamp-Lieb inequality along P, t >0

Pt(ﬁﬁ-q © T:) < ﬁpt(fio Ti)<
i=1 i=1



Brascamp-Lieb inequality along P, t >0

m m
Pt< fio T,-> <[ Pe(fio T)"
=1 i=1

1

let t —



Brascamp-Lieb inequality along P, t >0
m m
Pt<Hf,-C" 0 T,-> < [IPefio i)
i=1 i=1

let t —

(4mt)"2 Pof — | fdx
R"



Brascamp-Lieb inequality along P, t >0

m m

Pt<Hf,-C" 0 T,-> < [IPefio i)
i=1 i=1
let t — oo

(4mt)"2 Pf — | fdx
R"

(4mt) /2 Py(fio T))



Brascamp-Lieb inequality along P, t >0

m m

Pt<Hf,-C" 0 T,-> < [IPefio i)
i=1 i=1
let t — oo

(4mt)"2 Pf — | fdx
R"

(4mt)/2 P(fio Tj) = (4nt)/2 Pi(f) o T



Brascamp-Lieb inequality along P, t >0

m m

Pt<Hf,-C" 0 T,-> < [IPefio i)
i=1 i=1
let t — oo

(4nt)"? Pof — | fdx
R"

(4mt) /2 Py(fi o T;) = (4nt) 2 Pi(£) o Tj — / f; dy
R



Brascamp-Lieb inequality along P, t >0

Pt(ﬁffqu:) gﬁPt(f;o Ti)<

i=1 i=1

let t —

(4mt)"2 Pof — | fdx
R"

(47t)Y2 Py(fi o T;) = (4nt) 2 Pi(f) o T; — / f; dy

compatibility of dimensions >, ¢; = n



Brascamp-Lieb inequality along P, t >0

Pt(ﬁf,-qOT:) gﬁPt(f;o Ti)<

i=1 i=1

let t —

(4mt)"2 Pf — | fdx
R"

(47t)Y2 Py(fi o T;) = (4nt) 2 Pi(f) o T; — / f; dy

compatibility of dimensions >, ¢; = n



general principle (geometric Brascamp-Lieb)

F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)



general principle (geometric Brascamp-Lieb)
F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)

A operatoron E, (P:),~, semigroup



general principle (geometric Brascamp-Lieb)
F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)
A operator on E, (Pt)t20 semigroup

T E—E, i=1,...,m



general principle (geometric Brascamp-Lieb)
F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)
A operator on E, (Pt)t20 semigroup
T, E—E, i=1,...m
commute A(foT;)=(Aif)oT;



general principle (geometric Brascamp-Lieb)
F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)
A operator on E, (Pt)t20 semigroup
T, E—E, i=1,...m
commute A(foT;)=(Aif)oT;

infinitesimal Brascamp-Lieb condition

somec; >0, allg:E—R, G=goT, H=Y"¢G;



general principle (geometric Brascamp-Lieb)
F. Barthe, D. Cordero-Erausquin, M. L., B. Maurey (2009)
A operator on E, (Pt)t20 semigroup
T, E—E, i=1,...m
commute A(foT;)=(Aif)oT;

infinitesimal Brascamp-Lieb condition

some ¢; > 0, all gi: E; — R, G = gi o T, H= 27;1 ¢ Gj

necessary and sufficient

Pt< fi o T,-> < [IPelfio T
=1 i=1

1



examples



examples

E=S"1cR"



examples

1 n
E=S"'CR" A= 2 > X0 —x0;1
ij=1



examples
E—S"1cR, A=_. i[xia'_x'aiF
Y 2 — J J
IJ=

T;:S" Y [-1,+1], i=1,...,n

Ti(x)=x;, x=(x1,...,%x,) € S"1 coordinate maps



examples

1 n
E=S"'CR" A= 2 > X0 —x0;1
ij=1

T;:S" Y [-1,+1], i=1,...,n

Ti(x)=x;, x=(x1,...,%x,) € S"1 coordinate maps

A(foT;))=(Aif)oT;



examples

1 n
E=S"'CR" A= 2 > X0 —x0;1
ij=1

T;:S" Y [-1,+1], i=1,...,n
Ti(x)=x;, x=(x1,...,%x,) € S"1 coordinate maps
A(foT;))=(Aif)oT;
A,‘f(X,‘) = (1 — Xlz) f”(X,') — (n - 1)X,' fI(X,')

ultraspherical operator
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infinitesimal Brascamp-Lieb condition
m
e Ha(eM) < Zc,- e CiA(e%)
i=1
somec; >0, allg:E—R, G=goT, H=>" ¢G
equivalent (chain rule) to
n n
D i[5 —xix] <Y GO [l—x7] (for iy x7=1)
ij=1 i=1

1
C,':§



infinitesimal Brascamp-Lieb condition

e MA(e Zc, “in(e
some ¢; >0, all g,-:E,-—)]R, Gi=goT, H=Y1",¢G;
equivalent (chain rule) to
n n
D a5 —xix] <Y b [l—x7] (for Y7yxF=1)
ij=1 i=1

1
2

[ eoan=T1( [ mem)”

1

C =

4 uniform probability measure on S"~!

Carlen-Lieb-Loss (2004)
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Dirichlet distributions
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X1+ + X,
X; independent, gamma distributed

X =

| subsets of {1,...,n}

Ti(x) = (%) ke
c/zll), pzrpjjx#{/;/ﬂ{i,j}#@}
1/p
E(Hf,(T,( ) H( (FP(Ti(X)))
Ti(x) = Zkelxk

o (1] g = max#{li#(/0{i.j}) =1}
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multidimensional extensions
Riemannian manifolds, Lie groups

G compact Riemannian Lie group, (G;)™, Lie subgroups

& =G+ (Lie algebra)

m
if Z Ci Pgl. <Idg
i=1

m

fid fid )
[ XLsan=<T1( [ o)

fi: G —+ RT Gi-right-invariant
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J i e=efi( [ s)

i=1
achieved for f; Gaussian

fi=e 9 @ non-negative quadratic form on H;
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P2 p3 1

Ci = at+ot+c=2

1
pi’

geometric Brascamp-Lieb inequality



Young's convolution inequality (d =1)

12 % £l oy < Clp1, p2, p3) 12l 5, 131l 5,
11
+==14+=

P2

C,':%, at+o+c=2

geometric Brascamp-Lieb inequality

LGl (x3)) £ (e, G ) ey

<(Lao) (Lao) (Lse)
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p—1
1 1 1
set r'>1: == ;
p q r
1 1 1
1=
g p

aa+o+ca=2

geometric Brascamp-Lieb inequality (along )

/R R0 7P (w2 0 )) B (w3, (x,9))) d(x) d(v)

(o) (fre) " (f50)”
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(U2, (x,y)) = e X+ (L — e )12y
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S A G
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LG A(ex+ (1= ) 2) a1 ()

, 1/q 1/p
<([57e) (fL2e)
R R

duality
1Peallg < lIfall,

~1
1<p<g< oo, ezt:h
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higher dimension (Young, hypercontractivity)

Idgpe = Y ci Pg,
i=1
analogue of u® u, u = (a,b) € R?

Pu:(x,y) € R" xR" — ((ax + by)a, (ax + by)b) € R" x R"

tensorization



further inequality : Shannon's inequality

S(X\EY) < S(X) q2L S(Y)

X,Y independent random variables in R”
S(X) = [ flogf dx

f density of X
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