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logarithmic Sobolev inequalities

what they are, some history

analytic, geometric, optimal transportation proofs

last decade developments
at the interface between

analysis, probability, geometry



what are

logarithmic Sobolev inequalities ?



Sobolev inequalities

f:R™— R smooth, compactly supported

2/p
(/ yf\de> < Cm/ |V f[2dx
RrRmM JRM




2/p
(/ |f|de) < C,,,/ |V f|2dx
R™ R™
2
- Iog(/ |f|pdx> < Iog< / |Vf] dx>
P Rm

assume Pdx =1
Rm

Jensen's inequality for f2dx

log </ |f”dx> = Iog(/ |F|P~2 f2dx> > / log (|f|p_2) f2dx
R R R
p—2 2 2 2
e f<log f<dx < log |Vf\ dx



2
pp/ f2logf2dx<log< /|w dx> /f2dx:1

form of logarithmic Sobolev inequality

formally come back to Sobolev (worse constants)

issue on sharp constants

f:R" — R smooth, [, f2dx =1

fOkn Rk SR m=kn, k— o0

2
/ f2log f2dx < = |0g< / ny|2dx> / fdx =1
R~ nmwe n

sharp (Euclidean) logarithmic Sobolev inequality

used by G. Perelman (2002)



(Euclidean) logarithmic Sobolev inequality

2
/ f2log f2dx < _ log </ |Vf|2dx>, / Fdx =1
R~ 2 nmwe Jgrn Rn

dx

_ kP2
dx — du(x) =e”l (2m)72

i standard Gaussian probability measure on R”
change f? into £2 g=IxI?/2

f:R"— R smooth, [, fPdy=1

/ f2log f2du < 2/ IVF2du
n Rn



(Gaussian) logarithmic Sobolev inequality

/ f2log f2dp < 2/ IVF|? dp, / fPdpu=1
R” Rn Rn

dx

— e IXI?/2
du(x) =-e (2m)772

Sobolev type inequality (for 1)
constant is sharp
constant independent of n  (stability by product)
extension to infinite dimensional Wiener space

Gibbs measures, models from statistical mechanics



(Gaussian) logarithmic Sobolev inequality

/ f2log f2dy < 2/ \VF|? dp, / fPdp=1
Rn RN RN

dx
(27T)”/2

du(x) = e /2

different forms
Sobolev type inequality
information theory

PDE formulation



information theory description

f—Vf >0, [p.fdu=1

IVfI2
Flog fdu < =
/]R SRR 2/n f

dv =1fdu probability

/ flogfdpu = H(v|pu) (relative) entropy

|Vf? e .
o dp = I(v|p) (relative) Fisher information

1

entropy Hvlp) < z1(v|p) Fisher information

N |



PDE description

f function — probability (Lebesgue) density p

o Ix12/2

Poo = (271')”/2

Jenfdu=1, p=Ffpe, [ppdx=1

logarithmic Sobolev inequality

2

1
PoodX

/Rnplog (p%)dx:H(p\poo) < 51(pl o) 2/}

“(Va)

another formulation of the Euclidean logarithmic Sobolev inequality




trend to equilibrium

p >0 smooth, [p,pdx=1

1
H(plps) < 51(plpw)
Vix) = I
: . op
linear Fokker-Planck equation i V- [p V(logp + V)]

Boltzmann H-theorem

d

22 H(pelpoc) = = 1(pe] poo)

e~V

Pt — Poo = ~7

H(pe|pos) < e 2 H(po | poo)



history

(Euclidean) logarithmic Sobolev inequality

2
/ Flog 2 dx <  log < Vf]zdx>./ / Fdx =1
Rn 2 nme Jrn n
(Gaussian) logarithmic Sobolev inequality

/ f2log f2dp < 2/ |VF|2dpu, / f2du=1
R Rn R

dx

— e IxP/2
du(x)=e on)7?



logarithmic Sobolev inequalities

various origins

Boltzmann H-theorem

mathematical physics

quantum field theory (hypercontractivity)

information theory



L. Gross
Logarithmic Sobolev inequalities

Amer. J. Math. 97, 1061-1083 (1975)




P. Federbush
A partially alternate derivation of a result of Nelson

J. Math. Phys. 10, 50-52 (1969)




Shannon-Stam entropy power inequality

H(p) = = Jgnplogpdx, p>0, [p.pdx=1

h = h. Gaussian kernel, ¢ —0

2
e 2H(p) < 1 / Vel®

~ 2nme p

1 Vp|?
I dx < ,| d
/nPng x °8 (2n7re/n p x

(p — f2)  (Euclidean) logarithmic Sobolev inequality

A. Stam (1959)



(Gaussian) logarithmic Sobolev inequality

f:R" R smooth, [o,f2du=1, du(x)=e /2 &

(2m)n/2

/ f2log F2dp < 2/ IVF2du
. n JRN
at least 15 different proofs

two-point space (central limit theorem)
hypercontractivity
analytic semigroup theory
geometric convexity

optimal transportation



(Gaussian) logarithmic Sobolev inequality

f:R"—=R smooth, [, f2du=1, du(x)= e~ IxI?/2 __dx

(2m)n/2

/ f2log F2dp < 2/ IVF2du
. n JRN
at least 15 different proofs

two-point space (central limit theorem)
hypercontractivity
analytic semigroup theory
geometric convexity

optimal transportation



two-point space

f:{-1,+1} - R, f{71,+1} f2dv =1, v(-1)=v(+1)=3

1
/ f2log f2dv < / |Df|?dv
{-1,+1} 2 Jic141y

Df = f(+1) ~ f(~1)

f(-1)=a, f(+1)=8, $+5=1
a?loga® + ?log B2 < (o — B)?

(not so easy) exercise

L. Gross (1975)



1
/ f2log f2dv < / |Df |2 dv
{~1.41) 2 )14y

tensorization

f2log Fdv®" < / |D;f [2dv®"
/{—17+1}" { 1+1}"Z

central limit theorem

®n

V" — 1 Gaussian measure

f2log f2dp < 2/ |VF|2dpu, / fodu=1
Rn Rn Rn



hypercontractivity

two-point space
f:{-1,+1} - R, f(x)=a+ bx
P.f(x)=a+be 'x, t>0
(Pt):>o semigroup of contractions on L”(v)

l<p<g<oo, e*t>-1 =

1Pefllg < 111,

1/q

1 —tiq, L e q> <1 1 1/p
- = — < | = P = _ P)
(2|a+be | +2|a be™*| < 2|a+b| +2|a b|

A. Bonami (1970), W. Beckner (1975)



two-point space — Gaussian

dx

— o IxP/2
du(x)=e COLE

L=A —x-V Ornstein-Uhlenbeck operator (Fokker-Planck)

. invariant measure, P; = ett semi roup (contractions on [P
/ g iz

hypercontractivity property
l<p<qg<oo, et>-1_—
1Pl < NI,

E. Nelson (1966-73)

quantum field theory



L. Gross (1975)
logarithmic Sobolev inequality
equivalent

hypercontractivity

(general context of Markov operators)
1Pl < NI,
g=q(t) = 1+e(p—1), t>0

d
1Pl < 0

/ f2log 2 dp < 2/ f(—Lf)dy = 2/ \VF|? du
Rn n ]Rn



three proofs of the

logarithmic Sobolev inequality

analytic : parametrisation by heat kernels

geometric : Brunn-Minkowski inequality

measure theoretic : parametrisation by optimal transport

interface of analysis, probability and geometry



analytic proof (semigroup)
D. Bakry, M. Emery (1985)

(the?) simplest one (L. Gross 2010)

f >0 smooth, dp(x) = e /2 (2:)X"/z

(Pt);>o heat semigroup, generator A

dy

W’ t>0,X€Rn

Pef(x) = [ fly)e e

(x=0): Pr—u



analytic proof (semigroup)
D. Bakry, M. Emery (1985)

(the?) simplest one (L. Gross 2010)

0 smoot, di) = e 7

1 f|?
/flogfd,ug/ V] du, /fduzl
Rn 2 n f Rn

(Pt);~o heat semigroup, generator A

Cx—yl? dy N
Ptf(x):/nf(y)e| y‘/“W’ t>0, xeR

(x=0): Pr—pu



analytic proof (semigroup)
D. Bakry, M. Emery (1985)

(the?) simplest one (L. Gross 2010)

f >0 smooth, du(x) = e /2 (2:)X"/2

1 V|2
flogfdu—/ fd,ulog(/ fd,u)ﬁ/ V] du
Rn Rn Rn 2 Rn f

(Pt)s~o heat semigroup, generator A

dy

W’ t>0,X€Rn

Pef(x) = [ fly)e e

1
tZE (XZO): Pt—>/1/



f >0 smooth, t >0, atany point

t
P:(flog f) — P:f log Pif = / %PS(Pt_sflog Pt_sf)ds
0

d
EPS(Pt,sﬂog Ptfsf)

= Py(D(Ps-itf log Pe-sf) = APef log Peof — AP;_f )

= P ( |v'5;__:ff|2>



f >0 smooth, t >0, atany point
td
P:(f log f) — P:f log Pif = / EPS(Pt_Srog Pt_sf)ds
0
t |V P;_of|?
= Ps|———————)ds
| Crer)
VP,f = Py,(VT)

[Vf|?
f

Ve < [P < Pu(NED) Puf

u=t-—s

|V P;_sf|? |V |2
<
Pi_f — Pt‘s( f )

P:(flog ) — P:f log Pef < /OtPs(Pt_s(W:F))ds = tPt(W:F>



same proof
dp=eYdx probability measure
V:R” — R smooth

VVV > c¢c>0

2
/ f2log fPdu < / \VF|2du, / f2dp =1
n C Rn R~

weighted Riemannian manifold

Ric+VVV > ¢ >0

D. Bakry, M. Emery (1985)



geometric (convexity) proof
Brunn-Minkowski-Lusternik inequality
A, B compact subsets of R”

volp(A+ B)Y" > vol,(A)Y" 4 vol,(B)Y/"

A+B={x+y,xeAyecB}

isoperimetric inequality

B=B(0,e), €—0



Brunn-Minkowski : functional form

Prékopa-Leindler (1971) theorem

6e€[0,1], wu,v,w>0 on R”

if w(0x+(1-0)y) > u(x)v(y)'?, x,yeR"

won [ o (([oo)'([va)

u=xa,vV=XB

(equivalent, dimension free) multiplicative form of Brunn-Minkowski

vol, (AA + (1 — 0)B) > vol,(A)?vol,(B)~°



Brunn-Minkowski : functional form

Prékopa-Leindler (1971) theorem

6€[0,1], wu,v,w>0 on R”

if w(@x+(1-0)y) > u(x)’v(y)'?, x,yeR"
e [ s> ([uar) ([ var)”

dx

—|x|?/2
dX—>d/,L(X):e ||/ W



Brunn-Minkowski : functional form

Prékopa-Leindler (1971) theorem

dx
(271')”/2

dx — du(x) = e /2

f— feIXP/2

6€[0,1], wu,v,w>0 on R”

[4 1-6
then / wdp > </ udu) </ vd,u>
Rﬂ n n



Brunn-Minkowski : functional form

Prékopa-Leindler (1971) theorem

dx
(271')”/2

dx — du(x) = e /2
f— feIXP/2
6€[0,1], wu,v,w>0 on R”

if w(@x+(1-0)y) > u(x)v(y)'?, x,yeR"

won [ o= ([ o) ([var)”



Brunn-Minkowski : functional form

Prékopa-Leindler (1971) theorem

dx
(271')”/2

dx — du(x) = e /2
f— feIXP/2
6€[0,1], wu,v,w>0 on R”

it w(fx+(1-0)y) > u(x)v(y)? e 0A-0b—y?/2  x \ c Rn

won [ o> ([ o) ([var)”



f:R" — R bounded, ¢€(0,1)

u(x) = e g 77

w(Ox + (1—0)y) > u(x)lv(y)i - e 00-OP/2 e Rn

f(9X+(1—0)y) > Qg(x)fwb(iﬂz



F(0x +(1—0)y) > 0g(x) — 20520 |x — yP?

1
g(x) = 0 Qu—6)/0f (x)

: 1 2 n
Q:f(x) = ylenﬂgn{f(y)Jr T x—y| }, t>0, xeR

infimum-convolution with quadratic cost



Prékopa-Leindler theorem

w(z) = ef(?)

viy) =1

u(x) = e%Q(1*9)/9f(X)
Ox+ (1= 0)y) > u(x)v(y) =0 e 0O NyF2 0y y e R

0
/ efd,u > </ eéQue)/gfdM)
n ]Rn

1/(1+¢t)
/ efdy > </ e(l“)Qtfdu) , t>0
Rn n



€@ upe = lle”lly

Qef(x) = infyern {f(y) + 2; [x —y[?}, t>0, xeR"

Hopf-Lax representation of Hamilton-Jacobi solutions

1
0:Qifjeo = —5 IV

differentiate at t = 0

1
/ fefdy < 2/ e |VF|2du, / efdu=1
n n Rn

f — log 2 logarithmic Sobolev inequality



same proof
dp=eYdx probability measure
V:R"” - R smooth

VVV > ¢c>0

e upe = lle”lly

2
/ f2logf2du < / |VF|2dp, / f2dy=1
Rr C R~ Rn

weighted Riemannian manifold
Ric+VVV > ¢c>0

D. Cordero-Erausquin, R. McCann, M. Schmuckenschlager (2006)



le® e = Nl

analogue of hypercontractivity

equivalent to logarithmic Sobolev inequality
a—0
/ thfdM < ej:;\gn fdu

f:R"™ — R  measurable bounded

Qef(x) = infyern {F(y) + 5z |x —y[*}, t>0, x €R"



le® ], e = llell,, a>0

analogue of hypercontractivity

equivalent to logarithmic Sobolev inequality
a—0
/ thfdM < ej:;\gn fdu

f:R"™ — R  measurable bounded

Qef(x) = infyern {F(y) + 5z |x —y[*}, t>0, x €R"



/ thfdM < efR” fdu

dual form of transportation cost inequality

Wasserstein distance Wa(v, 1)? < 2H(v|p) relative entropy

d
H(1/|,u):/ Iogd—:dy, v<<

relative entropy

VA—TT— 4

Wa(v,p)> = inf // Ix — y[2dn(x,y)

Kantorovich-Rubinstein-Wasserstein distance

Wa (v, pn)? = sup{ O f dy—/ fdu}
Rn n



Wao(v,p)? < 2H(v|p),  v<<up

dx

— e XP2 9%
du(x) =e (2m)72

M. Talagrand (1996)

F. Otto, C. Villani (2000)
consequence of logarithmic Sobolev inequality
general

optimal transportation framework

le® ], e = llell,, a>0

a— 0



parametrisation proof by optimal transportation

(1, v probability measures on R” smooth densities

T:p—v

optimal :  Wh(p,v)? = |x — T(X)‘2du(x)
Rn

T =V¢, ¢ convex

Y. Brenier, S. T. Rachev - L. Riischendorf (1990)

manifold case R. McCann (1995)



transportation proof of the

logarithmic Sobolev inequality

dx
(271')"/2

du(x) = e 2

f >0, ‘fR,,fduzl, dv=1"fdu

Breniermap: T :fu — u

/bond,u:/ bdu
n Rn

T=V¢=x+V, ¢ convex
Monge-Ampere equation

f(x) e /2 = e~ ITCIF/2 qet (1d + VVi(x))



F(x) e /2 = e ITOIP2 qet (1d + VVb(x))

1

log f = [[x]> = | TJ?] + log det (Id + VV¥))

integrate with respect to f du

1 [ |Vf?
< = d
= 2/Rn Foan

logarithmic Sobolev inequality



f(x) e M2 = e7ITOIP/2 get(1d + VVi(x))

1

log f = = [|x|* = |T|?] + logdet (Id + VV¥)

N

1
= —x- V- V|2 + log det (Id + VV))

integrate with respect to f du

2
< 1/ V] du
2 Rn f

logarithmic Sobolev inequality



F(x) e PP/2 = e ITOI/2 qet (1d + VVb(x))

log f = ! “x\z — \T|2] + log det (Id + VV@Z))

N

1
< X VY- S |VO 4 Ay

integrate with respect to f du

2
< 1/ V] du
2 Rn f

logarithmic Sobolev inequality



F(x) e /2 = e ITOIP2 qet (1d + VVb(x))

1

log f = [[x]> = | TJ?] + log det (Id + VV¥))

integrate with respect to f du

1 [ |Vf?
< = d
= 2/Rn Foan

logarithmic Sobolev inequality



f(x)

log f

e P12 = o= ITCI/2 Get (1d + VVih(x))

= % [Ix[> = | TI?] + log det (Id + VVv))
1 2
< Ly =SVl

integrate with respect to f du

1 [ |Vf]?
< =
= 2/Rn Foan

logarithmic Sobolev inequality



F(x) e P72 = e ITOIP/2 qet (1d + VVb(x))

1
logf = 7 [[x]> = | TJ?] + log det (Id + VV¥)
1 2
< Ly — 5 VY

integrate with respect to f du

1
/flogfdug/ wadu—/ |V |*f dp
Rn Rn 2 Rn

1 [ |Vf]?
< = d
= 2/Rn Foar

logarithmic Sobolev inequality




F(x) e P72 = e ITOIP/2 qet (1d + VVb(x))

1
logf = 7 [[x]> = | TJ?] + log det (Id + VV¥)
1 2
< Ly — 5 VY

integrate with respect to f du

1
/ flogfdu < — w-wdu—/ V> f dp
Rn Rn 2 Rn

1 [ |Vf]?
< = d
= 2/Rn Foar

logarithmic Sobolev inequality




same proof
dp=eYdx probability measure
V:R” — R smooth

VVV > c¢c>0

2
/ f2log fPdu < / \VF|2du, / f2dp =1
n C Rn R~

weighted Riemannian manifold

Ric+VVV > ¢ >0

D. Cordero-Erausquin (2002)



general parametrisation
Top = (1-0)Id+60T, 6€][0,1]
(Ton=mp, Tip=Tp=v)
To:pu — fadu
dp = e Vdx
Monge-Ampeére equation

eV = foTye VoTedet((1 - 0)Id + 0 VVg)
VV¢  symmetric positive definite

non-smooth analysis, PDE methods



optimal parametrisation and entropy

J. Lott - C. Villani, K.-Th. Sturm (2006-10)

Ricci curvature lower bounds in metric measure space

Riemannian geometry of (P2, W2)

(P2, Wa) probability measures (second moment)

F. Otto (2001), C. Villani (2005)



Lo, i1 probability measures on R”

T :po — p1  optimal
To=(1-6)Id+0T, 6 €[0,1] geodesicin (P2, Wa)

reference measure  du=e Ydx on R", VVV >c¢, ceR

c-convexity property of entropy along geodesic 1y = Ty(po) = fy it

H relative entropy, W, Wasserstein distance

R. McCann (1995) displacement convexity



Lo, i1 probability measures on R”

T :po — p1  optimal
To=(1-6)Id+0T, 6 €[0,1] geodesicin (P2, Wa)

reference measure  du=e Ydx on R", VVV >c¢, ceR

c-convexity property of entropy along geodesic 1y = Ty(po) = fy it

H relative entropy, W, Wasserstein distance

R. McCann (1995) displacement convexity



Lo, i1 probability measures on R”

T :po — p1  optimal
To=(1-6)Id+0T, 6 €[0,1] geodesicin (P2, Wa)

reference measure  du=e Ydx on R", VVV >c¢, ceR

c-convexity property of entropy along geodesic 1y = Ty(po) = fy it

H relative entropy, W, Wasserstein distance

R. McCann (1995) displacement convexity



Lo, i1 probability measures on R”

T :po — p1  optimal
To=(1-6)Id+0T, 6 €[0,1] geodesicin (P2, Wa)

reference measure  du=e Ydx on R", VVV >c¢, ceR

c-convexity property of entropy along geodesic 1y = Ty(po) = fy it

H relative entropy, W, Wasserstein distance

R. McCann (1995) displacement convexity



Lo, i1 probability measures on R”

T :po — p1  optimal

To=(1-6)Id+0T, 6 €[0,1] geodesicin (P2, Wa)

reference measure  du=e Ydx on R", VVV >c¢, ceR
c-convexity property of entropy along geodesic 1y = Ty(po) = fy it

c=0  H(uglp) < (1—0)H(uo|p)+ 0H(p1|p)

H relative entropy, W, Wasserstein distance

R. McCann (1995) displacement convexity



Lo, i1 probability measures on R”

T :po — p1  optimal

To=(1-6)Id+0T, 6 €[0,1] geodesicin (P2, Wa)

reference measure  du=e Ydx on R", VVV >c¢, ceR
c-convexity property of entropy along geodesic 1y = Ty(po) = fy it

H(uo | 1) < (1—0)H(puo | 1) + OH(p1 | 1) — c O(1 — ) Wa(po, p1)?

H relative entropy, W, Wasserstein distance

R. McCann (1995) displacement convexity



c-convexity property of entropy along geodesic 19 = Ty(po)

H(pg | 1) < (1 —0)H(po| p) +O0H(u1 [ ) — cO(1 — 0)Wa (o, p11)

characterizes VVV > ¢

reference measure  dp = e~ Vdx

extends to weighted manifolds
characterizes Ric+VVV > ¢

M. von Renesse, K.-Th. Sturm (2005)



notion of Ricci curvature bound

in a metric measure space (length space) (X, d,u)
(16)gepo,1) geodesicin (P2(X), Wa) connecting  fuo, 111

definition of lower bound on curvature

postulate that entropy is c-convex along one geodesic (:“9)96[0,1]

H(po | 1) < (1 —0)H(po| p) +0H(u1 [ ) — cO(1 — 0)Wa(po, p11)

H relative entropy, W, Wasserstein distance



J. Lott - C. Villani, K.-Th. Sturm (2006-09)
definition of lower bound on curvature

in metric measure space

H(po [ 11) < (1= 0)H(uo | ) + OH(pa | 12) — ¢ 0(1 — 8) Wa(pio, p1)?

<

generalizes Ricci curvature in Riemannian manifolds

<

allows for geometric and functional inequalities

¢ main result : stability by Gromov-Hausdorff limit

<

analysis on singular spaces (limits of Riemannian manifolds)



mass transportation method

e F. Barthe (1998) : geometric Brascamp-Lieb inequalities,
inverse forms

e D. Cordero-Erausquin, R. McCann, M.
Schmuckenschlager (2001, 2006) : extension of
Prékopa-Leindler theorem to manifolds, J. Lott - C. Villani,
K.-Th. Sturm (2006-10) : notion of Ricci curvature bound
in metric measure spaces

e D. Cordero-Erausquin (2002) : transportation cost and
functional inequalities (logarithmic Sobolev...),
D. Cordero-Erausquin, B. Nazaret, C. Villani (2004) :
optimal classical Sobolev inequalities



	Intro

