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u′′ = 2u3 + xu Painlevé II equation (similar for GOE)



extremal eigenvalues

largest eigenvalue λNN = max1≤k≤N λ
N
k

λ̂NN = λNN/
√
N → 2

fluctuations around 2

Gaussian Orthogonal or Unitary Ensemble (GOE, GUE)

N2/3
[
λ̂NN − 2

]
→ FTW C. Tracy, H. Widom (1994)

rate (mean)1/3 : N1/6
[
λNN − 2

√
N
]

GUE FTW(s) = exp

(
−
∫ ∞
s

(x − s)u(x)2dx

)
, s ∈ R
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u′′ = 2u3 + xu Painlevé II equation (similar for GOE)



extremal eigenvalues

largest eigenvalue λNN = max1≤k≤N λ
N
k

λ̂NN = λNN/
√
N → 2

fluctuations around 2

Gaussian Orthogonal or Unitary Ensemble (GOE, GUE)

N2/3
[
λ̂NN − 2

]
→ FTW C. Tracy, H. Widom (1994)

rate (mean)1/3 : N1/6
[
λNN − 2

√
N
]

GUE FTW(s) = exp

(
−
∫ ∞
s

(x − s)u(x)2dx

)
, s ∈ R
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KN(x , y) =
N−1∑
`=0

P`(x)P`(y)

P` Hermite orthogonal polynomials for dµ(x) = e−βx
2/4 dx

Z

orthogonal polynomial asymptotics
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extremal eigenvalues

largest eigenvalue λNN = max1≤k≤N λ
N
k

λ̂NN = λNN/
√
N → 2

fluctuations around 2
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N2/3
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−
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concentration inequalities

Sn = 1√
n

(X1 + · · ·+ Xn)

F (X ) = F (X1, . . . ,Xn), F : Rn → R 1-Lipschitz

X1, . . . ,Xn independenty standard Gaussian

P
(
F (X ) ≥ E

(
F (X )

)
+ t
)
≤ e−t

2/2, t ≥ 0

0 ≤ Xi ≤ 1 independent, F 1-Lipschitz and convex

P
(
F (X ) ≥ E

(
F (X )

)
+ t
)
≤ 2 e−t

2/4, t ≥ 0

M. Talagrand (1995)
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several (specific) approaches

variety of techniques

to the non asymptotic inequalities

fragmentary results : geometric percolation model

orthogonal polynomial bounds, Riemann-Hilbert methods (GUE, GOE)
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moment recurrence equations

Gaussian Unitary Ensemble (GUE)

Harer-Zagier (1986) (map enumeration)

aNp = E
(
Tr
(
(XN)

2p))
= E

( N∑
k=1

(λNk )2p
)
, p ∈ N

three term recurrence equation

(p + 1)aNp = (4p − 2)NaNp−1 + (p − 1)(2p − 1)(2p − 3)aNp−2

aNp = E
(
Tr
(
(XN)

2p)) ≤ C (4N)p eCp
3/N2

, p3 ≥ N2

P
(
λ̂NN ≥ 2 + ε

)
≤ C e−N ε3/2/C , 0 < ε ≤ 1
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extends to various unitary invariant models

P(dX ) =
1

Z
exp

(
− Tr

(
v(X )

))
dX , v : R→ R

dµ = e−v dx
Z classical orthogonal polynomials

continuous : Hermite, Laguerre, Jacobi

discrete : Charlier, Meixner, Krawtchouk, Hahn

oriented percolation model

length of the longest increasing subsequence

real Gaussian Orthogonal Ensemble (GOE)

five term recurrence equation
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combinatorial moment method

Wigner matrices (proof of Wigner’s theorem)

E
( N∑

k=1

(λNk )
p
)

= E
(
Tr
(
(XN)

p))
asymptotic results : A. Soshnikov (1999)

O. Feldheim, S. Sodin (2009)

non asymptotic moment inequalities

P
(
λ̂NN ≥ 2 + ε

)
≤ C e−N ε3/2/C , 0 < ε ≤ 1

entries XN
ij symmetric, subGaussian

extension to sample covariance matrices
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sample covariance matrices

multivariate statistical inference

principal component analysis

population (Y1, . . . ,YN)

Yj vector in RM (characters)

sample covariance matrix Y ∗Y

M ∼ κN, N →∞

(Gaussian) Wishart matrix models
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sample covariance matrices

Y = YM,N = (Yij)1≤i≤M,1≤j≤N M × N matrix (M ≥ N)

Yij independent identically distributed

E(Yij) = 0, E
(
(Yij)

2
)

= 1

eigenvalues 0 ≤ λN1 ≤ · · · ≤ λNN of Y ∗Y

asymptotic spectral measure M ∼ κN, κ ≥ 1

λ̂Nk = λNk /N

1

N

N∑
k=1

δ
λ̂Nk
→ ρ on

(
(
√
κ− 1)2, (

√
κ+ 1)2

)
ρ Marchenko-Pastur distribution
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Tracy-Widom theorem for the largest eigenvalue

O. Feldheim, S. Sodin (2009)

non asymptotic moment inequalities

largest eigenvalue (symmetric, subGaussian entries)

P
(
λ̂NN ≥ (

√
κ+ 1)2 + ε

)
≤ C e−N ε3/2/C , 0 < ε ≤ 1
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tridiagonal models (β-ensembles)

GOE, GUE, Wishart models

joint law of the eigenvalues (λN1 ≤ · · · ≤ λNN) of XN

PN(dx) =
1

Z

∣∣∆N(x)
∣∣β N∏

k=1

e−βx
2
k /4 dxk

β = 1 : GOE β = 2 : GUE
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tridiagonal representation

g1 χN−1 0 · · · · · · 0

χN−1 g2 χN−2 0 · · ·
...

0 χN−2 g3 χN−3
. . .

...
... 0

. . .
. . .

. . . 0
... · · · . . . χ2 gN−1 χ1

0 · · · · · · 0 χ1 gN


g1, . . . , gN independent standard normal

χN−1, . . . , χ1 independent chi-variables

same GOE eigenvalues

H. Trotter (1984), A. Edelman, I. Dimitriu (2002)
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A. Ramirez, B. Rider, B. Virag (2007)

new proof of Tracy-Widom theorem (every β)

new description of the Tracy-Widom distribution

TWβ = sup
f

{
2√
β

∫ ∞
0

f 2(x) dB(x)−
∫ ∞
0

[
f ′(x)2 + x f 2(x)

]
dx

}
f (0) = 0,

∫∞
0 f 2(x)dx = 1∫∞

0 [f ′(x)2 + x f 2(x)]dx <∞

Painlevé equation ?
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bounds on the largest eigenvalue λNN = max1≤k≤N λ
N
k

λNN = sup
|v |=1

( N∑
i=1

giv
2
i + 2

N−1∑
i=1

χN−ivivi+1

)

explicit computations

P
(
λ̂NN ≥ 2 + ε

)
≤ C e−N ε3/2/C , 0 < ε ≤ 1

P
(
λ̂NN ≤ 2− ε

)
≤ C e−N

2 ε3/C , 0 < ε ≤ 1

β-ensembles (GOE, GUE, Wishart models)
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