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FROM BRUNN-MINKOWSKI TO BRASCAMP-LIEB
AND TO LOGARITHMIC SOBOLEV INEQUALITIES

S.G. BoBKOvV AND M. LEDOUX

Abstract

We develop several applications of the Brunn—Minkowski inequality in
the Prékopa—Leindler form. In particular, we show that an argument
of B. Maurey may be adapted to deduce from the Prékopa—Leindler
theorem the Brascamp—Lieb inequality for strictly convex potentials.
We deduce similarly the logarithmic Sobolev inequality for uniformly
convex potentials for which we deal more generally with arbitrary
norms and obtain some new results in this context. Applications to
transportation cost and to concentration on uniformly convex bodies
complete the exposition.

1 Introduction

The Prékopa—Leinder theorem [Pr1,2], [Le], is a functional form of the geo-
metric Brunn—Minkowski inequality which indicates that whenever ¢, s > 0,
t+ s =1, and u, v, w are non-negative measurable functions on R" such
that for all z,y € R",

w(te + sy) > u(z) v(y)®,

Jwies ( fua) ( fo). -

Applied to the characteristic functions of bounded measurable sets A and B
in R”, it yields the multiplicative form of the Brunn—Minkowski inequality
vol(tA + sB) > vol(A)! vol(B)*
for every t,s > 0, t+s =1 (cf. e.g. [P2] for a short proof, due to K. Ball, of
(1.1)). As is well known, the Brunn—Minkowski inequality may be used to
produce a direct proof of the classical isoperimetric inequality in Euclidean
space. The Prékopa—Leindler theorem has been strengthened and studied
extensively by H. Brascamp and E. Lieb in their paper [BrL]. Its dimen-
sion free character makes it a useful tool for infinite dimensional analysis
illustrated by Gaussian measures. For example, Maurey used it in [Ma] to

then
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give a simple proof of the Gaussian concentration property
ld(- A)Q 1
e1™ N dy < —
/ 7(4)
where d( -, A) denotes the (Euclidean) distance to the set A in R", as well
as of the Poincaré, or spectral gap, inequality

Vary (f) < / IV /2y (1.2)

where Var,(f) stands for the variance of f : R"™ — R with respect to the
canonical Gaussian measure v on R", and where |V f| denotes the Euclidean
length of the gradient V f of the smooth function f. (In inequalities such as
(1.2), smooth usually means locally Lipschitz for example.) For an arbitrary
Gaussian measure p with covariance matrix I', (1.2) takes the form

Var,(f) < /(rw, Vidu. (1.3)

By means of the isoperimetric inequality in Euclidean space and an asymp-
totic argument, W. Beckner [Be| recently recaptured Gross logarithmic
Sobolev inequality [Gr]

Ent, (12) = / log f2dy — / f2dylog / Pdy <2 / ViPdy  (14)

that is well known to contain both the spectral gap inequality and the
concentration properties of v (cf. [L]).
Now, let u be a log-concave measure on R” thus given by

d -V
E=e @ zeR",

where V' is a convex function on R™. Brascamp and Lieb proved in their pa-
per (although somewhat independently of their investigation of the Prékopa—
Leindler theorem) that whenever V' is strictly convex, for every smooth
function f on R™,

Var,(f) < /<v”‘1Vf, Vf)dp (1.5)

where V7! denotes the inverse of the Hessian of V, an inequality that
considerably extends the Gaussian case (1.2), (1.3). In particular, if, as
symmetric matrices, V" (x) > ¢Id for some ¢ > 0 and every z,

Var, (1) < 1 [197Pdy (1.6)

(a result known earlier in Riemannian geometry). On the other hand, it
has been shown recently in [Bo] that this inequality (1.6) actually holds for
any convex V with a constant however depending on the dimension n.
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Under the condition V” > ¢Id, ¢ > 0, the inequality (1.6) has been
strengthened into a logarithmic Sobolev inequality by means of the I's
criterion of Bakry—Emery and semigroup methods (see [B]) as

Ent,(f?) < /ny\ dp (1.7)

for any smooth function f on R™. As developed in the notes [L], such a
logarithmic Sobolev inequality entails, by the Herbst argument, Gaussian
concentration properties for the measure u. In particular,

/ealxlzd,u(m) < 00 (1.8)

for some o > 0 (actually every a < 1/2¢). It is further shown in [W],
[A], [Bo] (cf. [L]) that a log-concave measure p such that (1.8) holds for
some « > 0 satisfies the logarithmic Sobolev inequality (1.7) (again with a
constant essentially depending on the dimension).

In the first part of this work, we show how Maurey’s method may be
adapted to deduce the Brascamp—Lieb inequality (1.5) from the Prékopa—
Leindler theorem. We observe furthermore that one cannot hope for the
entropic version of the Brascamp—Lieb inequality

But, (%) <2 [ (V" 'V 1V 1)

to hold. However, we prove at the end of section 3 that it actually holds
(up to a multiplicative constant) under an additional convexity assumption
on V. Next, we show how to deduce the logarithmic Sobolev inequality
(1.7) again from the Prékopa—Leindler theorem. With respect to [Mal, we
make use of the Prékopa—Leindler inequality for the full range of values of
t,s > 0, t+s = 1 (rather than only t = s = 1/2), following in this the
recent contribution [Bo]. This approach actually allows us to deal with
more general convexity conditions involving arbitrary norms || - || on R”
(or on a finite dimensional vector space). For example, if for some ¢ > 0
and all z,y € R™,

V(z) + Viy )—Qv(“y) >

> Sllo -y,

then, for every smooth function f on R",

But, () < - [1197]2du

where || - ||, denotes the dual norm. We further discuss a similar result for
p-convex V’s, p > 2. A typical example is given by V(z) = ||z||P, p > 2, for
a p-uniformly convex norm. In section 4, we describe a transportation cost
version of our results, while in the last section we recover the concentration
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results of M. Gromov and V. Milman [GM] in uniformly convex spaces.
In particular, we describe there logarithmic Sobolev inequalities for the
uniform measure on a uniformly convex body. Our result similarly apply to
measures with log-concave densities with respect to u, and thus in particular
to the conditional probabilities with respect to arbitrary convex sets (of
positive measure).

2 From Prékopa—Leindler to Brascamp—Lieb

In this section, we develop Maurey’s method [Ma] to deduce the Brascamp—
Lieb inequality (1.5) from the Prékopa—Leindler theorem. Let F be a finite
dimensional linear space with a fixed Lebesgue measure dx. Consider a
probability measure 1 on E with density V), 2 € Q, with respect to
Lebesgue measure where V' is a convex function on some open convex set
Q) C F (in particular, p is supported by €2.) The following statement is just
the Brascamp-Lieb inequality of [BrL].

PROPOSITION 2.1. Assume that V' is twice continuously differentiable and
strictly convex on 2. Then, for every smooth enough function f on {2,

Var,(f) < / (V"I L f g
where V"~ denotes the inverse of the Hessian of V.

Proof. We assume for simplicity that £ = R™ (equipped with its Eu-
clidean scalar product (-,-)). We may further assume that f is smooth
with compact support and takes non-negative values. Finally, by a simple
perturbation argument, we can also assume that V" > pId for some p > 0.
Fort,s > 0, t+s = 1, apply the Prékopa—Leindler theorem to the functions
on

(@) = T@MV@ ) = VB () = SV

/eftdu > </ef/tdu>t (2.1)

for the optimal f; given by

fi(z) = sup (f(x) — [tV (z) + sV (y) = V(tx + sy)]) , z€0.
z=txr+sy, T,y

to get

When z = tx + sy, then x = z + §(2 — y). Hence, setting z —y = h,
filz) = Sl}le (f(z4+2h) = [tV (z+2h) +sV(z—h)=V(2)]) (2.2)
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where the supremum is running over all h’s such that z + $h,2 —h € Q.
Now, let us fix t = s = 1/2. Let further § > 0 and denote by fg the optimal
function in (2.2) for 6 f. For each z € Q, the supremum in (2.2) is attained
at some point hg such that
6f,(2 + hﬁ) = %[V/(Z + h(s) — V/(Z — h(s)] ,

where we write for simplicity f’ and V' for the gradients of f and V. Since
f is smooth with compact support, and since V' is strictly convex, hs — 0
as 6§ — 0. Actually, since V”/ > pId and f’ is bounded, hs = O(6) as 6 — 0.
Therefore, by Taylor’s formula,

5f'(2) = V"(2)hs + o(6) (2.3)
where 0(8) can be chosen uniform in z. Then, again by Taylor’s formula,
f5(2) = 6f(z + hs) — [ V(z+hs)+3V(z—hs) — V(2)]

= 6f(2) + 6(f'(2), hs) — 2(V"(2)hs, hs) + 0(6?) .
By (2.3), it follows that
Jo(z) = 61 (2) + &5 (V"(2) 7' f'(2). £'(2)) + 0(6%) (2.4)

where, as before, 0(62) is uniform in z. Now, (2.1) reads for t = s = 1/2 as

_ 2
/e26fdu < (/eféd,u> .

/ 20 gy =1 + 26 / Fdp+ 262 / P2du + o(8%)
while, by (2.4),

< féd,u>2:1+26/fdu+62</fd;z>2+52/f2du

+8 [0 )t o)

from which the Brascamp-Lieb inequality easily follows as 6 — 0. The
proof of the proposition is complete. O

Clearly,

As announced in the introduction, we now ask for the entropic version
of the Brascamp—Lieb inequality, that is, does the inequality

But, () <2 [ (V" V £V 1) (2.5)

hold for every smooth function f? It is classical (replacing f by 1+e¢f and
letting € — 0) that (2.5) would strengthen the Brascamp-Lieb inequality.
On the other hand, such a logarithmic Sobolev inequality would imply by
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the Herbst argument (cf. [L]) that every f with (V" 'V f, Vf) < 1 almost
everywhere is such that

eo‘f2d,u < 00

for every aw < 1/2. However this cannot hold in general. Let us consider for
example, in dimension 1, V' (z) = —log(2x) on Q = (0, 1) and f(z) = log(z).
Then V is strictly convex and |f/|?/V” = 1. However,

1
/eand,u = 2/ e®1087)% 3 g = o0
0

for every a > 0 so that, by the preceding, (2.5) cannot hold for this V', even
with some constant instead of 2 on the right-hand side. It is easy to modify
this example to define V' on all R. It might be worthwhile mentioning that
this example does not contradict the exponential integrability result under
a Poincaré inequality (cf. e.g. [L]) since [e®ldu < oo for every a < 2.

Although (2.5) does not hold in general, we will show at the end of
the next section that it holds under a further (rather strong) convexity
condition on V.

3 From Prékopa—Leindler to Logarithmic Sobolev
Inequalities

In this section, we present an approach to logarithmic Sobolev inequalities
based on the Prékopa—Leindler theorem. It might be helpful to start with
the Gaussian case. However, the general case is no more difficult so that we
directly turn to it. Moreover, we can formulate our main result with respect
to arbitrary norms yielding some new inequalities in this context. Let thus
(E,| - ||) be a finite dimensional normed space (with a fixed Lebesgue
measure dx). Denote by (E*, || - ||,) the dual normed space. Consider an
arbitrary probability measure p on E with density e=V®, 2 € Q, with
respect to Lebesgue measure where V' is a convex function on some open
convex set ) C E. Moreover, assume that, for all t,s > 0 with t + s =1
and all z,y € €,

tV(x) +sV(y) = V(te +sy) > G |z —yl? (3.1)

for some ¢ > 0. As mentioned in the introduction, when the norm is
Euclidean, the proposition below follows from the Bakry—Emery criterion
[BE], [B] (cf. [L]). It does not seem that the semigroup methods developed
in [BE] allow the extension to arbitrary norms.
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ProprosSITION 3.1. Under (3.1), for every smooth function f on {2,
2
But, () < - [ IV1du.

Proof. We start as in the proof of Proposition 2.1. We may and do assume
that f2 = e9 where g is a smooth function on € with compact support.
Let t,s > 0, t+s = 1, and apply the Prékopa—Leindler theorem to the
functions on 2

u(z) = W@/ND=VE) )y = VW) | w(z) = 237V

/egtdu > </eg/td,u>t (3.2)

where the optimal function g¢; is given by
gi(z) = sup  (g(x) = [tV(2) +sV(y) = V(tz +sy)]), z€Q.
z=tx+sy, x,ye)
Since for every x,y € €,

tV(z) + sV (y) — V(tz + sy) > <L |z — y|?,

to get

we see that
g(z) < suwp (g(x) - Bz —yl?), zeQ.
z=tax+sy, x,ye)
The idea of the proof is to let t — 1 (s — 0) in (3.2) to deduce the loga-
rithmic Sobolev inequality. To this task, it might be helpful to notice that
entropy naturally arises as the derivative of LP-norms so that by Taylor’s
formula,

</eg/tdu>t = /egdu + s Ent,,(e9) + O(s%) (3.3)

ast—1(s—0).

Now, when z =tz + sy, then x = z + (2 — y), * —y = +(z — y), and
setting h = z — y and 1 = s/t, the above inequality yields

9¢(2) < sup [g(z +nh) — G [|h[*] .
heE
By a Taylor expansion,
g9(z+nh) = g(2) +1(Vg(2), h) + Ih[*O(n*)

as 7 — 0 (equivalently as s — 0). Noticing that |O(n?)| < Cn? with a
constant C' independent of z, we get that

91(2) < g(2) + nsup [(Vg(2),h) — (£ = Cn) |[n]°] .

To identify the last supremum, consider a function % on E of the form
Y(h) = (v,h) — %HhH2 where h € E, v € E* and § > 0. Writing h = Xe
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with |le|| = 1, we see that

sup (1) = sup sup (Ao,e) = 4°) = sup (Aoll. = %) = 35 ol

heE AR |le]|=1
Applying this observation to v = Vg(z), 8 = ¢ —2Cn > 0 for small
enough 7’s, we conclude that, uniformly over all z € €2,

9:(2) < 9(2) + 3 [[V9() |2+ O0r")
Hence, uniformly over all z 6 Q,
e9t(2) < e9(z 77 va H e9(2) +O( )
and thus
/eg"du < /egdu+ % / IVgllZe?du+ O(°) .
Together with (3.2) and (3.3), we thus get the logarithmic Sobolev inequal-
ity
Bat,(e!) < 5 [ Vgl e"a.

Since f2 = €9, the proof is complete. O

We now collect some remarks on the convexity condition (3.1). If V' is
twice continuously differentiable on €2, the condition (3.1) is equivalent to
the property that for all z € ), h € E,

(V"(z)h,h) > c||h|?. (3.4)
It is actually enough that (3.1) holds for some ¢,s > 0, t+s = 1. However, it
might be worthwhile noting that the proof of Proposition 3.1 only requires
that for all t,s > 0 with t + s =1, and all z,y € (,
tV (@) + sV (y) — V(tz + sy) > §(s + o(s)) ||z — g

where o(s) is a function of s € (0, 1) such that o(s)/s — 0 as s — 0.

Applying Proposition 3.1 to 1 + €f and letting € — 0 yields classically
the Poincaré inequality

1
Var, (%) < - [ 19612 (35)

for every smooth f on Q. By (3.4), this actually follows directly from the
Brascamp-Lieb inequality (1.5).

Proposition 3.1 may be extended to p-convex potentials V, p > 2.
Again, let (E,|| - ||) be a finite-dimensional normed space with a fixed
Lebesgue measure dz, and let (E*, || - ||,) be the dual normed space. Con-
sider a probability measure p on E with density e~V where V is a convex
function on some open convex set 2 C FE, such that, for some ¢ > 0, all
t,s >0witht+s=1and all x,y € Q,

tV(x) 4+ sV(y) — V(tz + sy) > }—c)(s + o(s)) |z —y||P (3.6)
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where p > 2, and where o(s) is a function of s € (0, 1) such that o(s)/s — 0
as s — 0. Denote by ¢ = p%l the conjugate number of p.

Before stating our result, it is worthwhile mentioning that the following
property of a (continuous) function V' is sufficient for (3.6) to hold: for all
r,y €Q,p=>2,

Vi) + v -2v (52) 2 S, (3.7

To derive (3.6) from (3.7), first note that since V' is convex on (2, for all
T,y €1,
cmin(t, s

(@) 4 V)~ Vit tsy) > RO e,
Indeed, this inequality holds for s = 0 and s = 1/2. In addition, its
left-hand side is concave in s € [0,1/2], while the right-hand side is a
linear function on that interval. Hence, the above inequality holds for all
s € [0,1/2] (and for all s € [1/2,1] after replacing = by y). It remains to
note that min(¢, s) > ts.

PROPOSITION 3.2. Under (3.6), for every smooth non-negative function f
on {2,

Ent,(f7) < (4)7 / IV £ 4.

Proof. Let g be a smooth function on 2 with compact support, and let
t,s > 0 with £ + s = 1. As in the proof of Proposition 3.1, the inequality
(3.2) holds true with optimal g; given by
g(z) = sup (g(:v) — [tV (z) + sV (y) — V(tx + Sy)]) , z€qQ.
z=tx+sy, x,ye)
By the assumption on V,
@) < sw (9@ = E(s+ols)lz—ylP) . zeQ.
z=tax+sy, x,yEe

Again, since x = z + (2 —y), v —y = %(z —y), setting h =z —y, n = 7,
we have that s+ o(s) = n+ o(n), and the above inequality reads, for every

z €,
() < sup (9(z -+ ) — (5 -+ o)) IIF)

By Taylor’s formula,

g(z +1h) = g(2) + n(Vg(2), b) + |R|*O(?),
as 7 — 0 (equivalently as s — 0). Using that |O(n?)| < Cn?, |o(n)| < Dn
with D = D(n) — 0 as n — 0, we get that

g1(2) Sg(2)+nigg (< z2),h) — ( ) [R][P + Cl| )
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The next lemma will allow us to estimate the last supremum and to show
that the term Cnl/h||?> does not make any influence when 7 is small.
LeEMMA 3.3. Consider a function v of the form

W(h) = (v,h) = 2|[hl[P +bl[n]*, heE,

where v € E*, a,b > 0. Then, if b < 5 (1+\C|Lv|| )q*1}

q 2(g—1)
aup () < Ly (LEIE )

heE qad! a
Proof. Writing h = Ae with [le|| = 1,

sup ¥(h) = sup sup (A(v,e) = 2IAP+ b)\z) = sup ()\||v||* — AP+ b)\2> .
hek AER [|e]|=1 AR

The value Al|v|[« — $[A[P is maximized at Ao = (%)qil and is equal to
|lv]|4/qa?™! at this point. On the other hand, consider the function

P(A) = Allvll, = §AP +bA%, A>0,
and assume that [jv||, > 0. Clearly, ¢ is maximized for some A\; > 0 at

which point

¢ (M) = o], —a )"+ 200 = 0.
Moreover, ¢”(\) = —a(p — 1)\P~2 4 2b, so that, for some Ay > 0, ¢ is
convex on [0, A\2] and concave on [A2,00). Since ¢'(0) = |jv]|, > 0, we may
conclude that ¢ increases on [0, \1] and decreases on [A,00). Now, for a
fixed € > 1 to be chosen later on, we have

F0720) = —(0 = Dl + 26 (0121)" <0

provided that . 1 )
b<by=35(5)" (O—Dvli™

Hence, for b < by, A1 < §971)\y. Choose than § = 1 + ﬁ so that by =
()Y Thus, for b € (0,bo), /(871 Xg) < 0. This implies that

2T
1+ o\
A < 097N = <7””‘>

a
Therefore, for b < by,

iugw(h) = (A1) < sup ()\||UH* - %]AV’) + bA?
€

_ ||U||* +b)\2

qa?=T

/\

< Bl 4 b(1+ [ollva)® o)

which is the result. Lemma 3.3 is proved. O
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We may now conclude the proof of the proposition. In our case v =
Vyg(z), a = ¢ — Dp, b = Cn. In particular, the condition b < %(m)q_l
is satisfied for sufficiently small n’s. Therefore, since ||Vg(z)|, is bounded

above and since D = o(1), we get that
sup (k) < ¢~ [Vg(2)|[] +o(1),
€
and thus, uniformly over all z € §,
9:(2) < 9(2) +ng eV ()| + o(n) -
Hence, uniformly in z € 2,
e9t(2) < 9(2) 4 nq—ch—QHVQ(Z)Hzeg(Z) +o(n).
Arguing then as in the proof of Proposition 3.1, we get as n — 0 that

But, (¢7) < g 10 [ [Vigled

which amounts to the inequality of the proposition, replacing e9 by f9.
Proposition 3.2 is thus established. O

As was mentioned to us by M. Schmuckenschlager, one may consider, as
a more general condition than (3.6), potentials V' such that for all ¢,s > 0
witht+s=1and all z,y € ,
tV(z) +sV(y) =Vt + sy > (s +o(s)) @ (|lz — yl])
where ® is a convex non-negative function on RT. Under some techni-
cal assumptions on ¥ in order to achieve the analogue of Lemma 3.3,
Proposition 3.2 extends to yield that, for every smooth function f on €2,

But,(e/) < [ #°(197].)e/du (33)

where ®*(u) = sup,~qluv—®(v)] is the Legendre transform of ®. Inequality
(3.8) is of particular interest for its formal relation to large deviations. For
the applications below to transportation inequalities and uniformly convex
bodies, we however only consider the classical case ®(u) = uP, p > 2.

We would like to mention that the main results, Propositions 3.1 and 3.2,
still hold for measures with log-concave densities with respect to u, p satis-
fying the hypotheses of either Proposition 3.1 or 3.2. In particular, one may
choose for h the characteristic function of some convex set B (of positive

measure), and the results apply to the conditional probability

_ WANB)
pB(A) = “uB)

For example, if v is the canonical Gaussian measure on R™, each measure
~vp will satisfy the logarithmic Sobolev inequality

Ent., (f2) < 2/|Vf|2d737

A Borel set in E.
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with thus a constant uniform in B. Such a result has to be compared with
the corresponding inequalities for the conditional restriction with respect
to Lebesgue measures that essentially depends on the size and shape of B.

To conclude this section, we show how the preceding techniques may
be used to produce a version of the Brascamp—Lieb inequality for entropy
under some restriction on V.

PROPOSITION 3.4. As in Proposition 2.1, assume that V' is twice contin-
uously differentiable and strictly convex on §). Assume furthermore that,
for any h € E, the function x — (V"(x)h,h) is concave on ). Then, for
every smooth function f on €,

Ent,o(£2) < 3/<v"‘1w, V F)du.

Proof. We start as in the proof of Propositions 2.1 and 3.1, and let £ = R"
with its Euclidean structure. Let g be a smooth function with compact
support in 2. We also assume that V" > pId for some p > 0. We start from
(3.2) of the proof of Proposition 3.1, but now bound below the expression
L(s) =tV(z)+sV(y)—V(tx+sy), t,s >0,t+s=1,z,y € Q, z =t + sy,
with the help of the representation
1
L(s) = %S / [s(V”(rz + (1 =)o)k, k) +t(V"(rz + (1 — r)y)k, k‘}}er

0
where z = tx + sy and k = x — y. By concavity of V" and convexity of V,
(V"(rz+ (1=r)z)k, k) > r(V"(2)k, k) + Q=) (V" (2)k, k) > r(V"(2)k, k)
and similarly with y instead of z. Therefore

S 1 S
L(s) > %/O rdr*(V"(2)k, k) = %(V”(z)k,k).

Thus,

g(z) < sup (g(x) — %S<V”(z)k:,k:>) , 2z€Q, k=y—=.
z=tx+sy, x,yes
Since z = z + sk, by Taylor’s formula,

gt(2) < sup (g(z + sk) — %S V"(2)k, k>)
k;z+sk,z—tkeQ

< 9(2) + ssup ((6/(2).k) = § (V" (2. K) + O(s)

where O(s) is uniform in z. Since V" > pId, for s small enough, it is easily

seen that . )
9t(2) < g(2) + F(V"(2)” ¢'(2).9'(2)) + O(s°)
where, again, the constant in O(s?) can be chosen independent of z. Hence,
uniformly over all z € Q)
e9(2) < ) 4 32(V"(2)7 g/ (2),4/(2)) 2P + O(s?)
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and thus 5
/egtd,u < /egd,u + ZS / <V”_1g’,g’> eIdu + O(s%).

As in the proof of Proposition 3.1, it then follows from (3.2) and (3.3) as
s — 0 (t — 1), that

3 _
Ent,,(e?) < 1/<V” Y9 g ety
Applying this inequality to ¢ such that e9 = f2, we get that
But, (/) <3 [ (V"' ).

This inequality readily extends to all locally Lipschitz function f on §2.
Proposition 3.4 is thereby established. O

The following example illustrates the applicability of Proposition 3.4.
Let E = R, Q = (0,00), and let p with density C'e=*"/P, x > 0, with
respect to Lebesgue measure on ). Proposition 3.4 can be applied in the
case 2 < p < 3 since then V”(z) = (p — 1)2P~2 is a concave function in
x > 0. Thus, for every smooth function f on (0, c0),

Ent,(f2) < % /0 227 ' (2)dpu().

On the other hand, it is plain that the example developed after (2.5) does
not satisfy the requirements of Proposition 3.4.

4 Infimum-convolution and Transportation Inequalities

The logarithmic Sobolev inequality of Proposition 3.2 may be used to pro-
duce in an easy way sharp concentration inequalities for the measure u by
means of the Herbst argument. The argument consists in applying Propo-
sition 3.2 to f9 = eM, X\ € R, where g is Lipschitz and mean-zero to deduce
a differential inequality on the Laplace transform of g. We refer to [AMS],
[L] for details.

COROLLARY 4.1. Under (3.6), for every Lipschitz function g on Q C E
with respect to || - || and with Lipschitz semi-norm less than or equal to 1
(equivalently ||Vyg||, <1 almost everywhere), and every t > 0,

o e )

As is classical (cf. [L]), this concentration property on functions implies

(is essentially equivalent to the fact) that for every measurable set A with
p(A) > 1/2, and every € > 0,

w(Ag) > 1 —e " (4.1)
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where A. is the e-neighborhood of A with respect to the norm on £ and
where ¢, > 0 only depends on p and c.

There is however an other way to concentration via transportation in-
equalities put forward recently in the work of K. Marton [M]. This approach
has been further developed in the papers [T], [D], [BoG] etc (cf. [L]).

Let as before (E,|| - ||) be a finite dimensional normed space (with a
fixed Lebesgue measure). Given p > 1 and two probability measures p and
v on E, define the Kantorovich—Rubinstein distance

Wytp.) = int ([ [ e = slrarton) "

where the infimum is taken over all probability measures m on E X E with
marginal distributions p and v. As is well known, W), represents a metric
on the space of all probability measures on FE with finite moment of order p.
The value W} (11, v) may be viewed as the minimal cost needed to transport
the measure p into v provided that the cost to transport the point x into
y is equal to ||z — y|[P.

Let us take again the framework of Proposition 3.2, and consider a Borel
probability measure p on E with density e~V with respect to Lebesgue
measure, where V' is a convex function on E satisfying (3.6) that is, for all
t,s >0 witht+s=1andall x,y € E,

tV(2) +sV(y) = Vit + sy) = £ (s + o(s)) [z — y|I”,
where p > 2, ¢ > 0, and where o(s) is a function of s € (0,1) such that
o(s)/s — 0 as s — 0. (One may consider more generally V' defined on some
open convex subset of E. We leave this to the interested reader.)

If v is a probability measure on E that is absolutely continuous with
respect to p with density dv/du, we denote by

D]l ) /—1og

the informational divergence or relative entropy of v with respect to .

PRrROPOSITION 4.2. For every probability measure v on E with a finite
moment of order p which is absolutely continuous with respect to u,

W2 (1,v) < ED(v|n) (4.2)

Proposition 4.2 provides a kind of extension of a recent observation by

M. Talagrand [T] in the case E = R", p = 2 and p = ~y the canonical Gaus-

sian measure for which he establishes (4.2) by induction over the dimension

with best constant ¢ = 1. The proof we present extends the proof given in

[BoG] in the Gaussian case. To view the concentration content of Propo-

sition 4.2, consider, following [M], two measurable sets A and B in E with
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w(A), u(B) > 0 at distance € > 0. Apply then (4.2) to the conditional prob-
abilities pa(-) = u(-NA)/u(A) and pup(-) = u(-NB)/u(B). By definition,
D(pallp) = log1/u(A), D(ppllp) = log1/u(B), while Wp(ua, pp) = €
(since every measure 7 on E x E with marginals p4 and pp is supported
by A x B). Hence, by (4.2) and the triangle inequality for 1,

9 S WP(IU’AHU’B)
< Wplpa, 1) + Wp(p, 1)

< (g)l/p(oogﬁ)l@ (log ﬁ)l/p)

Choosing for B the complement of the neighborhood of order £ > 0 of a
set A with u(A) > 1/2 then easily yields a concentration result of the type
(4.1) (even with sharper numerical constants). As emphasized by Marton,
transportation inequalities describe in this way a more symmetric version
of concentration.

In the recent contribution [OV], F. Otto and C. Villani remarkably
showed that the Euclidean transportation inequality (with p = 2) may
actually be deduced from the corresponding logarithmic Sobolev inequality.
Their argument is based on dissipation of entropy along the associated heat
semigroup. Moreover, as was recently mentioned to us by G. Blower [Bl], an
alternate proof of Proposition 4.2 may be given using the Brenier—McCann
theorem [Bre], [Mc] about monotone measure preserving maps.

Proof of Proposition 4.2. Givent,s >0 witht+s=1, and z,y € E, let
Ly(z,y) = 5 [tV (@) + sV(y) = V(tz + sy)] -
Applying Prékopa—Leindler’s theorem to
u(z) = e 9@VE gy (y) = WV y(z) = eV

1> < / e du>t( / et/ d,u)s (4.3)

provided the functions f and g satisfy

fy) <g(x)+ Ls(z,y), zyek. (4.4)
Given g, the optimal function f = Lgg in (4.4) is defined by

Leg(y) = inf [g(x) + Ly(x,y)]
so that (4.3) becomes

< / e_sgdu) 1/5( / ethgduy/t <1. (4.5)

According to Maurey’s terminology [Ma], the function Lgg is the infimum-
convolution of the function g with Lg(z,y), and nowadays inequalities of

we get
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the form (4.5) are often called infimum-convolution inequalities. In general,
the function L;g does not need to be measurable, and the left integral
in (4.5) should then be understood as the lower integral. If g is upper
semicontinuous, then Lgg is also upper semicontinuous (as an infimum of
upper semicontinuous functions). In particular, Lsg is measurable in this
case. By a continuity argument, (4.5) extends to measurable functions
possibly taking the value +oo.
Now, as a consequence of the convexity assumption on V,
liminf Ly(z,y) > ||z —y||P.
s—0 p

As a result, letting s — 0 in (4.5), we arrive at an infimum-convolution
inequality of another form,
ol dp < el 9 (4.6)

which thus holds true for at least all bounded measurable functions f and
g satisfying

fy) <g(x)+glle—ylP, zyek. (4.7)
Now, we can write (4.6) equivalently with the help of the entropy functional

as /(f/gd,u>udM§Ent#(u)

where u is an arbitrary non-negative u-integrable function on E. We used
here that

Ent,(u) = sup/uv du
where the supremum is running over all functions v with [e’dy < 1. For
u = dv/du, Ent,(u) = D(v||p) so that the above inequality takes the form
/fdy—/gdu<D(1/]m). (4.8)

We should therefore maximize the left-hand side of (4.8) subject to (4.7).
To this end, we may apply the duality relations put forward in [K], [Lev],
[R] that show in particular that

sup { [ = [ dis 1) =900 Jlo—yIP forall . € B =2 W),
Proposition 4.2 then immediately follows. |

When V is twice continuously differentiable, Proposition 4.2 can be
generalized as follows. Note that
T(w,y) = lim Ly (2, y) = V(y) = V(@) + (V'(2),z —y)

=5 [ (Ve 1= ). @ - )ar.
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As above, we may therefore conclude that, for all bounded measurable
functions f and g on F satisfying f(z) < g(y) +T'(z,y) for all x,y € E, we

have
/efdugefgd“.

According to [K], and under the mild condition that for some measurable
functions a and b defined on E, T'(x,y) < a(x)+b(y), this general infimum-
convolution inequality is equivalent to the transportation inequality

inf { // T(x,y)dn(x,y); ™ has marginals v and ,u} <D(v||lp).

This holds in particular as soon as ||[V”|| is bounded on E.

It is worthwhile mentioning that the transportation inequality of Propo-
sition 4.2 with p = 2 may also be seen to imply the Poincaré inequality (3.5).
Start indeed from the equivalent formulation (4.6) holding for all functions
f and g satisfying (4.7) (with thus p = 2), and assume for simplicity that
fgd,u = 0. Then, apply (4.6) to dg, where g is smooth with compact sup-
port, and denote by fs the optimal function f satisfying (4.7) with 6g. As
in the proof of Proposition 2.2, it is easily seen that

fs(y) = 69(y) — ||V + o(6?)
uniformly over the support of g. Then (4.6) yields

2 2
12 [erdp=1+ % [@du 3 1901+ o)

from which (3.5) follows as 6 — 0.

5 Logarithmic Sobolev Inequalities for Uniformly Convex
Bodies

Proposition 3.2 and Corollary 4.1 may be applied to norms of uniformly
p-convex Banach spaces. Concentration in the form of Corollary 4.1 was
actually established directly from the Maurey argument in [S]. The modulus

of convexity ég of a Banach space (E,|| - ||) is defined as the function of
0<e<?2
6p(e) = inf {1~ |5 = llyl =1, lle —yll = ¢}

E is uniformly convex if 5E( ) > 0 for each ¢ > 0. It is said to have
a modulus of convexity of power type p > 2 (with constant C' > 0) if
6(g) > CeP for every e. Equivalently (see for example [P1]), for every z,y
in F,

T+y
Jall? + e =2 | =52 =

—yll” (5.1)
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for some ¢ > 0. Our result will thus applicable to V(z) = ||z||P for p > 2.
{p-norm on R", 1 < p < oo,

n 1/p
qup:(DxivD) T g

i=1
have moduli of convexity of power type max(p,2) (cf. [LiT]). As proved by
G. Pisier [P1], every uniformly convex Banach space admits an equivalent
norm with a modulus of convexity of power type p for some p > 2.
Assume now that F is finite dimensional with dimension n and unit ball
B with norm || - || satisfying (5.1). According to (3.7), Proposition 3.2 and
Corollary 4.1 may thus be applied to the measure u on £ with density with
respect to Lebesgue measure
du -t exp(—||z|” 5.2
dr T(1+4 %)VOI(B) p(=llz[l") (5:2)
For the ¢p-norms || - || P> 2 (5.1) actually holds with optimal ¢ = p2~P
(cf. [LiT]). Therefore, by (3.7), for all t,s >0, t+ s =1, and all z,y € R,
tlally + sllzlly — [tz + syl > 277 min(t, s) ||z — ylfp. (5.3)
As developed by Schmuckenschlager [S], the preceding may be used to
recover some aspects of the concentration of measure phenomenon of Gro-
mov and Milman [GM] for uniformly convex bodies. Recall B the unit ball
of the uniformly convex finite dimensional Banach space (E, || - ||) satisfy-
ing (5.1). Properly transferring the measure p of (5.2) to the normalized
surface measure Agp of B with respect to itself defined by

Mo (A) = vol (Uogtgl tA)

vol(B) ’
yields that, for every Lipschitz function g on 0B with respect to the metric
induced by B, with Lipschitz coefficient less than or equal to 1, and every
t>0,

A C 0B,

AoB <9 > /gd/\aB + t) <2e7" (5.4)

where ¢, > 0 only depends on ¢ and p. The argument relies on the ob-
servation that if ¢ is Lipschitz on 0B, G(z) = |z|g(z/||x|) on E is such
that ||G||1;, < 4[lglly;p, and the fact that if y has a density that is invari-
ant under the norm, then the distribution of ¢ under Ayp coincides with
the distribution of g(x/||z||) under p. In addition, medy,,(9) = medy, (G)
(cf. [S]). By standard arguments, (5.4) implies that, for every measurable
set A with A\gp(A) > 1/2, and every € > 0,

Aop(Az) > 1 —e "% (5.5)
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where A; denotes the neighborhood of order ¢ > 0 in the metric on B
induced by the norm || - || (and where ¢, > 0 is another constant only
depending on p). It has been shown by Gromov and Milman [GM] that if
Aop is the surface measure on the unit sphere 0B of a uniformly convex
n-dimensional normed space F,

A(AL) > 1 — e @™5(E) (5.6)
for some @ > 0 and every € > 0 where §};(¢) > 0is determined by 6g(e) > 0.
A simple proof of this result, also based on the Brunn—Minkowski inequality,
was provided recently by J. Arias-de-Reyna, K. Ball and R. Villa [ArBV].
Given two non-empty sets A, A’ C B at distance ¢ € (0,1), we have by
definition of the modulus of convexity that

% (A+ A c (1 — 6E(5))B,
so that, by the Brunn—Minkowski inequality,
AN (A) < (1= 6p(2)"
where we denote by Ap uniform measure on B. Taking for A’ the comple-
ment of A, we get, when Ag(A) > 1/2,
AB(A) > 1—2(1—6p(e)) ™" > 1 —2e7 2086,

One needs however to transfer this result to the surface measure which can
be performed in the same spirit as the arguments developed in [S].

While the preceding arguments yield concentration results for both the
uniform and surface measures on a uniformly convex body B, we would
like to follow here a similar route but at the level of logarithmic Sobolev
inequalities. Following section 3, we prove here some logarithmic Sobolev
inequality for the uniform distribution A on B by pushing in an appro-
priate way the measure (5.2) to Ag. We first illustrate the procedure for
the uniform distribution on the Euclidean unit ball in R™ for which we
determine in particular the order in n of its logarithmic Sobolev constant.

Recall (1.4) the logarithmic Sobolev inequality for the canonical Gaus-
sian measure v on R™,

But, (%) <2 [ V/Pdy

holding for all smooth functions f. Applying this inequality to functions of
the form f(U) with a map U : R™ — B that pushes forward v to Ap, we
get

Futy, (£2) < 2012, / IV PdAs, (5.7)

where [|U[|;, is Lipschitz seminorm of U. Therefore, our task will be to
find a map U with Lipschitz constant as small as possible. Since both ~
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and Ap are spherically invariant it seems natural to try to choose U in the
class of spherically invariant maps, that is, of the form,

U) = ullz) &, = eR"\{0)
where u is function on (0, 00). For such maps, we have:

LEMMA 5.1. [|U||4, < oo if and only if [ully;, < oo and u(0%) = 0. In this
case,
1UlLip = el -
Proof. Write arbitrary points z1,z2 € R™ \ {0} as 1 = Aje1, 22 = e
with A1 > 0, A2 > 0, |e1| = |e2| = 1, so that
U(ﬂ?l) = u()\1)61 s U(IQ) = U()\Q)EQ .
Set t = (e1,e2) € [-1,1]. Since
|21 — w2 = A+ 03— 2\ Mot

and 5

‘U(:L‘l) — U(l’g)‘ = u()\1)2 + u()\2)2 — 2u()\1)u()\2)t,
the inequality |U(z1) — U(x2)| < C'|z1 — 22| for some C > 0 is equivalent
to
u(A)? + u(Xo)? — 2u(A)u(Xo) t < C? (N2 + A2 — 2\ t).
This inequality is linear in ¢. Hence, it holds for all ¢t € [—1, 1] if and only
if it holds for the end points t =1 and t = —1. In the case t = 1, i.e. when
e1 = eg, it reads
‘u()\l) — u()\g)‘ S C|)\1 — )\2|
where the best constant is C' = |[lul|;;,- In the case t = —1, i.e., when
e1 = —eg, it reads
[u(A1) +u(A2)| < ClAL + Aol

Clearly, it holds for all A1, Ay > 0 if and only if it holds for Ay = Ao = A > 0,
in which case it becomes |u(\)| < CA. It is necessary for C' to be finite that
u(0%) = 0. But in this case, the above inequality holds with C' = [ul|j4,
and the lemma is proved in this way. |

In order to determine a sharp constant in the logarithmic Sobolev in-
equality (5.7) for the uniform measure Ap on the Euclidean unit ball B,
we thus reduced the problem to find w : [0,00) — [0,1) with «(0) = 0 and
smallest Lipschitz norm. If we restrict ourselves to increasing non-negative
functions, the function w such that U pushes forward « into Ap is uniquely
determined by the relation

y(z e R |U(z)| <s) =Ag(y € B;ly| <s), se(0,1),
which is just
v(z e R%u(lz]) <s)=s", se(0,1).
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LEMMA 5.2 ||ul[y;, = w,ll/"/\/27r where wy, = 7r"/2/F(% + 1) is the volume

of B.
Proof. Setting s = u(r), r > 0, the definition of u becomes

0 / —lyf2/2
- e dy
2m)™2 J{jz)<r}

)" 0

Clearly, u is strictly increasing, positive and of class C'°°(0,00). We will
show that w is concave so that

ull i = u'(07). (5.8)
Indeed, set g(r) = i t"~1e=t/2dt so that

nw, 1/n
u(r) = —( )

V2T
Thus, u is concave if and only if ¢'/™ is concave. For a positive function g,
we have in general

u(r)* =v(z e R |z| <r) =

g(r)tm.

(gl/n)/ — %g(l/n)—lg/
and N
(gl/n)// _ 1 (l o 1) g(l/n)729/ + %g(l/n)flgu

n n
so that (¢'/™)"” < 0 if and only if gg” < (1- %)g’z. In our case
g(r) = r=le=m/2  and g'(r) = ((n -1)— rz)r”*Qe*TQ/Z.
Therefore the inequality gg” < (1 —1)¢/ 2 amounts to
((n=1) = r)g(r) < (1= 1) rme™/2.
Since equality holds at » = 0, in order to check the preceding inequality it
suffices to compare the derivatives of both sides. This yields
—2rg(r)+ ((n—l)—rz)r”_le_?"Q/2 < (n-1) pi—le=r?/2 _ (1 - %) prtle=r?/2
that reduces to —2¢(r) < % rme~"*/2 Since the latter is clearly satisfied, we
conclude that ¢'/™ is indeed concave on (0,00). Now, from the definition,
g(r) = ==+ O(r"*1) as r — 0. Hence ¢g'/"(r) is equivalent to n~'/"r near
zero. Therefore,

(g7)(r) = Lgn (g (r) = Lgn Y (r)r" e /2 pw as ¢ — OF,

As a result, , 1
1/n n
u, 0+ _ (nCL)n) 1/1’L / 0+ _ Wn )
(07) = T (o) (0%) =
By (5.8), Lemma 5.2 is established. ]
Combining Lemmas 5.1 and 5.3 with (5.7), we may conclude to the

following result.
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PROPOSITION 5.3. For the uniform measure A\g on the Euclidean unit
ball B,

2/n
Euty, (/%) < 4" [ [V7Pdrs.

2
‘Un/n

Note that “2— =T'(% + 1)_2/n behaves as 1 for large n. The inequality
is, up to a constant, sharp as can be seen by testing it on the functions
r — e X\ € R. Tt may be shown that the Poincaré constant is of the
same order. Somewhat surprisingly, when restricted to radial functions
on B, the logarithmic Sobolev constant is still of the order of 1/n while the
Poincaré constant behaves as 1/n? (cf. [Bol, [L]).

On the basis of this example, it is possible to extend similarly Propo-
sition 5.3 to uniformly convex bodies. Let (E,|| - ||) be an n-dimensional
normed space with unit ball B = {z € E : ||z|| < 1} equipped with the
uniform distribution A\g on B.

As in the preceding sections, assume B is uniformly convex in the sense
that, for all ,s > 0 with t +s = 1 and all x,y € E (equivalently, z,y € B),

thall” + sllyll” — Itz + syllP > £ (s + o(s)) |z — y|I” (5.9)
where p > 2, ¢ > 0, and where o(s) is a function of s € (0,1) such that

o(s)/s — 0, as s — 0. Denote by ¢ the conjugate number of p, and by
(E*, || - ||+) the dual space.

PROPOSITION 5.4. For every smooth non-negative function f on B,
4 q\ 41
Bat (1) < —— (9" [19s1ans.
7 (1) e

Proof. As for Proposition 5.3, the proof is based on two steps corresponding
to Lemma 5.1 and Lemma 5.2.

LEMMA 5.5. Let U : E — E be a map defined by
Ulz) = u(llzl)gzr, z€FE,

(B
where u is function on [0, c0) with a finite Lipschitz constant and such that
u(0) = 0 (by continuity, U(0) = 0). Then,
||UHLip <3 ”uHLip'

If moreover, u is non-decreasing, then ||Ul|p;, < 2 [lul[;,-

Proof. As we have seen from Lemma 5.1, the constants 3 and 2 may be
replaced by 1 in the case of the Euclidean norm. In general however, we
have to use another argument which deteriorates the original constant.
The function z — ||z|| has a finite Lipschitz constant, so, by Rademacher’s
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theorem, it is differentiable at almost every point x # 0. For such points,
for all h € E, we have Taylor’s representation
|z +ehl| = [[z]| + (D(z),h)e +o(c) as -0
where D(z) € E*, and moreover ||[D(z)||, < 1. By an approximation
argument, we may assume that u is everywhere differentiable, so that
u(||z +ehl]) = u(l|z) + o' (|z]|) (D(z), h)e + o(e) .
Therefore,
x+eh
U(z+eh) = u(||a: + shH)

|z + ehl|
=U(x) +¢ [(——“ﬂﬁ!) + LTl ﬁﬂjﬁ”)) (D(z),h)x + (‘m”) h} +o(g) .
Hence, U is differentiable at x, and its derivative U'(z) : E — FE is given

by Uz + eh) — Uz)

U'(x)h = lim
e—0 g
(el w(lel))
= (=2 + (2l ) (D), o) g + el .
Since u s Lipschits, u(llzl)] < Jullupllell and [(lz)] < Jullip, while

|{D(x),h)| < ||h]]. Consequently,

1T (@)l < 3 [Jullp 5] -
In case u is non-decreasing, for some tg € (0, ||z||), u(||z||) = «/(to)]|z], so
that

[ (=45 () D). 1) 2] < o Ul = (1) (D). )|
which is clearly bounded by ||u|]L1p||h|| The lemma follows. ]

As in the proof of Proposition 5.3, one can uniquely push forward the

measure 4 of (5.2) to Ap by a map U of the form
U) =u(lal) . =€ B,
where u : [0,00) — [0,1) is an increasing non-negative function. This
function is defined by the relation
uee BU@) < s) =As(y e B:Jyl <s). se(0,1),
that is,
p(z € Eyu(|z]]) <s)=s", se€(0,1).
Exactly as in Lemma 5.2, (replacing e~ t*/2 by e=*") one can show that
-1
lullgs, =T(5 +1) 7"

It is then easy to conclude the proof of Proposition 5.4 as the proof of
Proposition 5.3 by means of the logarithmic Sobolev inequality of Proposi-
tion 3.2 applied to the measure p of (5.2). 0
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