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Résumé

Inégalités de concentration, martingales et
arbres aléatoires

Cette these comporte trois parties. Dans les deux premieres parties, nous nous intéressons a
deux aspects de la concentration de la mesure. Dans la derniere partie, nous nous intéressons
a I’analyse asymptotique des arbres binaires de recherche dans le modele dit des permutations
aléatoires.

Dans la premiere partie, nous donnons des constantes optimales dans les inégalités de
concentration de type Talagrand pour le maxima de processus empiriques associés a des
variables aléatoires indépendantes. Notre méthode est basée sur la méthode dite de Herbst
et sur des techniques de calculs entropiques.

Dans la seconde partie, nous prouvons des inégalités de concentration convexe pour des
processus de comptage a temps discret et a temps continu. Nous appliquons ensuite ces
résultats pour prouver que le sup de variables aléatoires indépendantes binomiales (resp. de
Poisson) vérifie une inégalité de concentration convexe.

Dans la troisieme partie, nous étudions le comportement asymptotique des arbres binaires
de recherche. Nous utilisons essentiellement deux méthodes : le plongement et le tiltage. Nous
obtenons alors de nouveaux résultats sur I’arbre binaire de recherche ainsi que des nouvelles
preuves de résultats connus.

Abstract

Concentration inequlalities, martingales and
random trees

This Phd thesis is divided into three parts. The two first parts deal with two different aspects
of the concentration of the measure. In the third part, we are interested in the asymptotic
analysis of the binary search tree under the random permutation model

In the first part, we give optimal constants in Talagrand’s concentration inequalities
for maxima of empirical processes associated to independent and eventually non identically
distributed random variables. Our method is based on the so-called Herbst method.

In the second part, we prove convex concentration inequalities for discrete and continuous
time counting processes. Then we apply these inequalities to prove that the supremum of
independent binomial random variables and the supremun of independent Poisson random
variables satisfy convex concentration inequalities.

In the third part, we are interested in the asymptotic analysis of the binary search tree
under the random permutation model. Two methods are mainly used : the first one is the
embedding in continuous time and the second one is the tilting probability method. We get
new results on the binary search tree and also new proofs of known results.






"Il n’est de problemes qu’un manque
de solutions ne finisse par résoudre”
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L’objectif initial de ce travail était d’établir des inégalités de concentration pour des fonc-
tionnelles de variables aléatoires (éventuellement liées aux graphes aléatoires) indépendantes.
Deux axes principaux étaient envisagés :

e Essayer d’obtenir les constantes optimales (conjecturées par Massart [38]) dans les
inégalités de concentration de type Talagrand pour le supremum de fonctionnelles de va-
riables aléatoires indépendantes.

e Essayer d’obtenir des inégalités de concentration convexe (en particulier pour le
probleme classique sup{}_;", f(&) : f € F}). Ces dernicres étant plus précises que les
inégalités de concentration de type Talagrand.

L’idée était d’appliquer ensuite ces inégalités de concentration a des structures combina-
toires comme la plus grande sous-suite croissante dans une permutation aléatoire, le nombre
de cliques ou le nombre chromatique dans un graphe aléatoire ou encore la hauteur d’un
arbre binaire de recherche afin d’obtenir des bornes non asymptotiques pour ces quantités.

Nous avons réussi a réaliser partiellement ces objectifs. Nous avons obtenu pour les
inégalités de concentration de type Talagrand des constantes proches des constantes op-
timales en particulier avec un facteur variance asymptotiquement exact. Nous avons établi
des inégalités de concentration convexe pour des processus de sauts purs (en particulier pour
des variables négativement associées). Dans le cas des parties indépendantes ces inégalités
s’appliquent et donnent une inégalité de concentration convexe pour sup{P,(A); A € A}.

Ensuite nous avons essayé d’appliquer ces théoremes de concentration convexes a la plus
grande sous-suite croissante dans une permutation aléatoire. Il est possible de vérifier (a la
main) les hypotheses de ces théorémes pour les petites valeurs de n (n < 12), mais leur
vérification pour toutes les valeurs de n n’est pas immédiate. Afin de mieux comprendre ces
phénomenes, nous avons décidé d’approfondir I’étude probabiliste de cette structure. Comme
la plus grande sous-suite croissante dans une permutation aléatoire ressemble a certaines
quantités relatives aux arbres binaires de recherche (comme par exemple la hauteur), nous
avons donc étudié en détail la facon dont évolue les arbres binaires de recherche.

Les objets considérés

e Le maximum des processus empiriques associé a des variables aléatoires indépendantes :
On étudie les propriétés de concentration autour de leur moyenne des quantités Z de la
forme

Z =sup{s'(X;) + -+ 5"(X,), (s',...,s") € S}, (1)

ou X1, Xs, ... sont des variables indépendantes a valeurs dans un espace polonais X, et les
s’ sont des fonctions de X dans [—1,1].

Pour cette étude, nous utilisons des techniques entropiques (log-Sobolev) et la méthode
dites de Herbst.

e Les processus dits de sauts purs a temps discret ou continu :

Il s’agit de processus constants par morceaux dont les sauts valent au plus 1. Nous
étudions leurs propriétés de concentration pour les fonctions convexes. On utilise des tech-
niques liées aux variables négativement associées, ainsi que des techniques de calcul stochas-
tique pour les processus de sauts purs croissants.
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e Les arbres binaires de recherche :

Il s’agit de I’étude d’'un modele probabiliste d'une structure combinatoire classique uti-
lisée en informatique pour stocker de maniere efficace des données. Nous étudions la forme
assymptotique de cet arbre en utilisant des techniques de martingales et de processus de
branchement. Les deux points clés de notre approche sont le plongement et le tiltage.

Cette these comporte donc trois parties. Dans la premiere partie nous donnons des
constantes précises dans les inégalités de concentration de type Talagrand pour les processus
empiriques indexés par des classes de parties. Dans la seconde nous donnons des inégalités
de concentration convexe pour des processus de sauts purs. Finalement dans la troisieme
partie, nous nous intéressons a I’analyse asymptotique des arbres binaires de recherche dans
le modele dit des permutations aléatoires.

Premieére partie

Les inégalités de concentration de type Talagrand sont une extension aux fonctions de
variables indépendantes des inégalités exponentielles de Bennett ou de Bernstein pour les
sommes de variables indépendantes. Ce type d’inégalités est apparu la premiere fois dans les
travaux de Hoeffding [24].

Théoréme 1 (Hoeffding [24]) Soient Xi,..., X, des variables aléatoires indépendantes
telles que X; soit a valeurs dans [a;, b;]. Soit S, = > 1, (XZ' —E(XZ-)), alors pour tout x > 0,
on a

P(S, > x) < exp ( — 2° ) (2)
T > i (b — ai)?/

Azuma [6] a étendu (2) aux martingales a accroissements bornés puis McDiarmid [35, 36] a
montré comment appliquer les inégalités d’Azuma pour obtenir des inégalités de concentra-
tion pour les fonctionnelles 1-lipshitziennes en distance de Hamming de variables aléatoires
indépendantes (pour plus de détails le lecteur pourra regarder 'ouvrage de Ledoux [31] et
le cours de Saint-Flour de Massart [39], qui donnent un résumé des connaissances actuelles
sur les phénomenes de concentration de la mesure).

Les inégalités exponentielles de type Hoeffding ne prennent pas en compte la variance de
S,. Elles sont fondées sur des majorations de la transformée de Laplace de S,,. Pour améliorer
ces inégalités (dans les bandes de moyennes déviations), les majorations ultérieures de la
transformée de Laplace de S,, ont pris en compte la variance de S,,. Les résultats obtenus
ainsi sont les inégalités dites de Bennett [8] et de Bernstein.

Théoréme 2 (Bennett) Soient X,...,X, des variables aléatoires indépendantes et de

carré intégrable telles qu’il existe une constante positive b, pour laquelle X; < b pour tout
i <n. Soit S, =31, (Xi —E(Xy)) etv=>31"  E(X?). Alors pour tout x > 0, on a

v bz

P(S, 2 @) < exp (= 73h()). (3)

ot h(u) = (1 +u)log(l 4+ u) — u pour u > —1.
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Pour les variables non bornées (ayant cependant une transformée de Laplace finie sur un
voisinage de 0), il est encore possible d’obtenir une inégalité de type Bernstein.

Théoréme 3 (Inégalité de type Bernstein) Soient X,..., X, des variables aléatoires
indépendantes. Supposons qu’il existe des nombres strictement positifs v et ¢ tel que pour
tout entier k > 2

& k!
E (|X:") < =2, 4
Z (1XG[) < Sve (4)
Soit S, = >, Xi — E(X;), alors pour tout x strictement positif on a

v cx

() > =hi(— 5
an()—cg 1(@) ()

ot hy(u) = 14+ u — 1+ 2u, pour u > 0, et 0§ est la transformée de Cramer de la log-

Laplace de S,,.

En particulier, pour tout x strictement positif

P(S, > V2vr + cx) < exp(—x). (6)

Le résultat ci-dessus est du a Birgé et Massart [14]. La forme de I’équation (6) provient du
fait que hy'(z) = x + 2z (voir par exemple Rio [46]).

Talagrand ([49], théoreme 4.2.) donne une extension du résultat de Bennett aux fonc-
tionnelles de variables aléatoires indépendantes. Les inégalités de Talagrand s’appliquent en
particulier & la fonctionnelle Z,, = sup{S,(f), f € F}, ou S,(f) = f(X1)+---+ f(X,). On
obtient alors :

Théoréme 4 (Talagrand) Soient &, ...,&, des variables aléatoires indépendantes a va-
leurs dans un espace mesurable (X, X'). Soit F une famille dénombrable de fonctions mesu-
rables a valeurs dans R, vérifiant || f|leo < b < 00 pour tout f € F. Soient Z = sup{> ", f(&) :

feF}etv= E(Sup{zz;l &) : fe f}) Alors pour tout x strictement positif,

P(Z2E(Z)+2) SKexp(—%%log(l—l—%b)) (7)
et
IP(Z >E(Z) + x) <K exp ( - Q(Cﬂjx—:csz)) 8)

ou K, K', ¢; et ¢y sont des constantes universelles strictement positives. De plus, les mémes
imégalités sont valables si [’on remplace Z par —Z.

La preuve de Talagrand repose sur des inégalités isopérimétriques pour les mesures produits.
Ledoux [30] retrouve ces inégalités par des méthodes entropiques en utilisant la méthode
dite de Herbst. Il obtient (8) avec K = 2, ¢; = 42 et ¢; = 8. Mais il prend v de la
forme E(sup{>_;_, f%(&) : f € F}) + CbE(Z). Les techniques de preuves que nous uti-
lisons reposent essentiellement sur la méthode de Herbst. C’est pourquoi nous commencons
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par exposer cette méthode en quelques mots. On se donne (X;);en une suite de variables
aléatoires indépendantes a valeurs dans un espace polonais X et F une classe dénombrable
de fonctions mesurables. On note

Su(f) = F(Xi)

et on considere la quantité

Z, = sup{S,(/)}. (9)
feF

L’objectif est de déterminer les “meilleures” fonctions possibles fy(z,n) et f,(z,n), (aussi
proche que possible des fonctions que 1'on obtient dans le cas des variables gaussiennes) pour
lesquelles on ait pour tout n € IN et tout x > 0

P(Z,~E(Z,) > 7) < falaw,n), (10)
IP’(Zn _E(Z,) < —x) < f,(z,n). (11)
Explicitons la méthode de Herbst pour obtenir I'equation (10). Soit ¢ > 0, alors
IP’(Zn ~E(Z,) > g:) - P(etz" > et“ﬂE(Zn)).
En appliquant 'inégalité de Markov on a

P(Zn —E(Z,) > x) < e to—tE(Zu)+Lz, (1) 12)

ou Ly (t) = log (E(etZ”)> est la log-Laplace de Z,,. Ainsi un controle précis de Lz, don-

nera une fonction f;(z,n) convenable. Ledoux a montré comment une technique entropique
permet d’obtenir un bon controle de Ly, . Le lemme suivant de tensorisation de l’entropie
di & Ledoux [30] (on retrouve aussi ce lemme sous des formes similaires dans les travaux de

Massart [38] et de Rio [47]) s’avere étre trés utile pour la majoration de la log-Laplace de
L.

Lemme 1 (Ledoux) Soient Xi,..., X, des variables aléatoires indépendantes a valeurs
dans un espace polonais X. Soit F,, la tribu engendrée par Xy, ..., X, et FF¥ la tribu en-
gendrée par Xq, ..., Xp_1, Xgs1, ..., Xpn. On note Eﬁ lopérateur d’espérance conditionnelle

associé a FF et on se donne une fonction f strictement positive JF, -mesurable, vérifiant

E(flog f) < oo. Alors
E(flog f) — E(f)logE(f) < > E(flog(f/Ey[))- (13)
k=1
Si on applique ce lemme & f(t) = e'?" la partie gauche de I'inégalité (13) est égale &

tF'(t) — F(t)log F(t)
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ou F(t) = E(exp(tZ,)) est la transformée de Laplace de Z,. Ainsi, si on arrive a contrdler
la partie droite de (13) par un terme de la forme F(¢)V (¢) (la fonction V' faisant intervenir
le terme de variance v), on obtient apres division par F'(t)

tL/(t) — L(t) < V(1) (14)

Le lemme 1 fournit donc une inéquation différentielle vérifiée par L dont I'intégration fournit
un controle de L (dépendant de v).

Massart [38] obtient des constantes plus précises que celles de Ledoux avec v de la forme
sup{>_ 1, E( fQ(SZ-)) . f € F}+ CbE(Z), par des méthodes analogues a celles utilisées par
Ledoux, et conjecture que les inégalités (7) et (8) sont valables avec K =1, K' =1, ¢; =1
et co = 1/3. Ensuite Rio [47] obtient des inégalités de Talagrand avec un facteur de variance
asymptotiquement exact et Bousquet [15] et [16] répond positivement & la conjecture de
Massart pour la concentration a droite lorsque les variables aléatoires (Xj,...,X,) sont
indépendantes et de méme loi. Dans la suite, on appellera inégalité de concentration a droite
une inégalité de concentration du type de (10), et une inégalité de concentration a gauche
une inégalité de concentration du type de (11).

Dans la premiere partie de cette these, nous donnons des constantes précises pour les
inégalités de Talagrand dans les deux cas suivants.

e Lorsque les variables aléatoires (X, ..., X,) sont indépendantes et de méme loi, nous
donnons 'inégalité de concentration a gauche suivante :

Théoréme 5 Soit F classe dénombrable de fonctions de X dans | — 0o, 1], mesurables, de
carré intégrable et d’espérance nulle sous P. Soit o? telle que o > P(f?) pour toute f dans

F.

e Si les fonctions de F sont a valeurs dans [—1,1] alors pour tout x > 0,

v, . 4x

IP’(Z <E(Z)— ac) < exp ( . Eh(vn)), (15)

avec v, = no? + 2E(Z) et h(z) = (1 + x)log(l +z) — .
e Si pour tout f € F, et pour tout p > 2, | E(fP(X;)) |< % alors

no? t2(1 + 2t)

Ve 01l L(t) < —te B2 + - — (16)
et par conséquent pour tout x positif,
< ) < R YNl C )]
IP’(Z <E(Z) a:) _exp< (u—v)*(1 -2 2 )), (17)

ot L(t) est la log-Laplace de —Z, w = \/x +v,/2, v = +/v,/2.

On peut remarquer que les constantes obtenues sont moins bonnes que celles qu’obtient
Bousquet ([15], [16]) dans son théoreme de concentration a droite, cependant la deuxieéme
partie fournit une inégalité de concentration sous des hypotheses plus faibles; en effet on ne
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suppose plus les variables bornées mais seulement que leurs moments vérifient | E(f?(X;)) |<
o?p!
==

e Lorsque les variables aléatoires (X1, ..., X,,) sont indépendantes, nous obtenons (travail
en commun avec Rio) les inégalités de concentration suivantes. La premiére est une inégalité

de concentration a droite et la seconde une inégalité de concentration a gauche.

Théoréme 6 Soit S une classe dénombrable de fonctions mesurables a valeurs dans [—1,1]".
On suppose que E(s'(X;)) = 0 pour tout s = (s',...,s") dans S et tout entier i dans
{1,...,n}. Posons V,, = sup{var(Sn(s)) : s € 8}. On note L la log-Laplace de Z. Alors,
pour tout t > 0,

L(t) < 1B(2) + L(2E(Z) + Vi (exp(e' 1) ~ 1) (18)
Par conséquent, pour tout x > 0,
P(Z > E(Z) +z) < exp ( . glog (1 +log(1 + 2/ (2E(Z) + Vn))>> (19)
et
P(Z > E(Z) + /22(V, + 2E(Z)) + ) < exp(—=z). (20)

Théoréme 7 Sous les hypothéses du théoréme 6, pour tout t dans [0, o],

L(—t) < —tE(Z) + §(2E(Z) + V) (exp(3) — 3t — 1), (21)
Pour tout x > 0,
rosnn - s (- DY)

ou h(z) = (14 z)log(l + z) — x.

La preuve du premier théoréeme que nous présentons (bien que plus complexe que les
preuves existantes dans le cas i.i.d.) utilise les techniques log-Sobolev et de Herbst décrites
ci-dessus. Pour prouver le second théoreme, nous avons du appliquer ces techniques non pas
au processus Z, mais au processus empirique compensé Z; défini par

Zy = sup{Sn(s;) +t7! logE(eXp(—tSn(si))> 11 <i<m}.

Il est a noter que les constantes obtenues dans le théoreme 7 sont meilleures que celles
obtenues dans le théoreme 5. Cependant nous avons une hypothese plus forte sur les queues
de distribution & gauche des variables s*(X;).

Seconde partie

Les inégalités de concentration ci-dessus sont déduites d'une majoration de Fy_gz)(t) =
E(¢(Z —E(Z))) via I'inégalité de Markov, oli ¢, est la fonction qui & 2 associe ™. Notons
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M(¢¢, Z) le majorant de Fy_gz)(t). En effet, 'application de Markov conduit a I'inégalité
suivante :

IP’(Z—IE(Z) 2:v> Si&g{%}' (23)

La majoration recherchée est une majoration poissonnienne : on cherche a montrer que
E(¢:(Z-E(Z))) < E(¢(N—E(N))), ott N est une variable aléatoire de Poisson de parametre
adéquat.

Les fonctions ¢; considérées sont des fonctions convexes particulieres. Ainsi, on obtiendra
une amélioration des inégalités de concentration si 'infimum du membre de droite de (23)

est remplacé par
[ MG.2)Y
pec o(x)

ou C est I’ensemble des fonction convexes.
Ce constat motive I'introduction de la concentration convexe que l'on traite dans la
deuxieme partie de la these.

Dans la seconde partie, nous nous intéressons a des inégalités de concentration convexe.
On dira qu’'une variable aléatoire X est plus concentrée que Y pour les fonctions convexes
si pour toute fonction convexe ¢ on a IE(QS(X )) < E(gb(Y)) Ce concept a été introduit par
Hoeffding [24]. Il montre le résultat suivant.

Théoréme 8 (Hoeffding) Soient by,...,b, des variables aléatoires indépendantes de loi
pr+...+Dn

n

E(6(S.) <E(6(B(n.5)). (24)

de Bernoulli de paramétre p; et S, = by +---+ b, . Posons p = alors pour

toute fonction convexe ¢,

Dans la suite on dira qu’'une variable aléatoire Z vérifie une inégalité de concentration convexe
de type binomial si pour toute fonction convexe ¢

E(¢(2)) <E(6(Y)), (25)

ou Y est une variable aléatoire de loi binomiale B(n,E(Z)/n).
De méme, on dira qu’une variable aléatoire Z vérifie une inégalité de concentration
convexe de type Poisson, si pour toute fonction convexe ¢

E(¢(2)) <E(o(Y)), (26)

ou Y est une variable aléatoire de loi de Poisson P(E(Z)). Hoeffding explique ensuite com-
ment ce type d’inégalités permet de controler les queues de distribution. Notons tout de
méme que si on considere pour t strictement positif des fonctions convexes de la forme
¢i(x) = exp(tx), et si Z vérifie une inégalité de concentration convexe de type bindmial, on
a, en appliquant 'inégalité de Markov

IP(Z > E(Z) + x) < exp (L(t) —tr — tIE(Z)), (27)
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ou L est le logarithme de la transformée de la place d'une variable suivant la loi B(n, E(Z)/n).
Comme la fonction L est bien connue on peut optimiser le membre de droite de (27) suivant
les valeurs de t et obtenir des majorations précises de la queue de distribution de Z. Il en va
de méme si la variable Z vérifie une inégalité de concentration convexe de type Poisson.
Bretagnolle [18] donne une version fonctionnelle du résultat d’Hoeffding, puis Pinelis ([40]
et [41]) étudie un cas plus général ou les fonctions ¢ appartiennent a une classe générale de
fonctions. Shao [48] traite le cas des suites de variables aléatoires négativement associées
(N.A). Comme on le verra dans le chapitre 3, le caractere N.A. est essentiel pour I'obten-
tion de notre premier résultat de concentration convexe. C’est pourquoi nous rappelons ici
brievement une partie du travail de Shao. Rappelons qu’'une suite finie de variables aléatoires
{X;, 1 <i < n} est dite N.A si pour toute paire de sous-ensembles disjoints A; et Ay de
{1,2,...,n}
Cov{fi(X;, i € A1), fo(X;, j € Ag)} <0, (28)

si fi et fo sont des fonctions croissantes coordonnées par coordonnées et que les covariances

existent. Shao montre le résultat suivant.

Théoréme 9 (Shao) Soit {X;,1 < i < n} une suite de variables aléatoires négativement
associée et soit {X*, 1 <1 < n} une suite de variables aléatoires indépendantes, pour laquelle
X; et X ont la méme loi pour tout i =1,2,...,n. Alors

E(f(Z::Xi)) gE(fQ:jX:)) (29)

pour toute fonction convexe f sur R, dés que l'espérance du terme de droite de (29) existe.

Shao explique comment a partir de ce résultat on peut retrouver des inégalités classiques,
comme l'inégalité maximale de Rosenthal ou l'inégalité de Kolmogorov. En particulier, il
est capable d’étendre I'inégalité de Hoeffding pour une somme de variables aléatoires tirées
sans remise dans une population finie. Pinelis [41] puis Bentkus [9] obtiennent des inégalités
précises pour P(Z > z) a partir d’inégalités de concentration convexe.

Nous démontrons tout d’abord des inégalités de concentration convexe dans les deux cas
suivants.

e Nous considérons d’abord des processus de comptage (Z,)n,en & temps discret i.e.

Znir — Zn = 00U Zns1 — Zn = 1. (30)
On suppose que (Z,)nen vérifie 'hypothese suivante

Hypotheése 1 Pour tout n fizé, la suite <P(Zn+1 =k+1|2,= k)) , est décroissante.
k>0

Alors on a le théoréme suivant

Théoréme 10 Sous l’hypothése 1, le processus (Zy,)new VErifie une inégalité de concentra-
tion convexe de type binomiale. En d’autres termes, pour toute fonction ¢ convexe

E(¢(Zn)) < E(6(Yn)), (31)
ot Y, suit une loi B(n,E(Z,)/n).
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Ce théoreme est un corollaire du résultat de Shao car on verra que ’hypothese 1 implique
que les variables (Z,,, Z,4+1 — Z,) sont N.A..

e Ensuite on considere des processus de comptage (A;)¢>0 & temps continu et on donne
I’analogue du théoreme 10. L’hypothese 1 est remplacée par une hypothese sur la dérivée
(au sens de Lebesgue) du compensateur du processus (A;);>o. On rappelle que si (A¢, Ft)i>0
est un processus de comptage alors il existe un unique processus croissant prévisible (A;):>o
tel que (A; — At)>o soit une Fi-martingale (pour une étude détaillée de ces processus nous
renvoyons aux ouvrages de Brémaud [17] et de Dellacherie et Meyer [22]). Intuitivement, si
on note \; la dérivée de A, au sens de Lebesgue (I'hypothese 2 assure 'existence d’une telle
dérivée) alors \; représente la probabilité de sauts a 'instant ¢ du processus A . Ainsi il est
naturel de faire les deux hypotheses suivantes :

Hypothese 2 Le compensateur (A¢)i>o est absolument continu et p.s. fini sur [0,T] pour
tout T > 0.

Hypothese 3 E(\; | A;_) est une fonction décroissante de A;_.

L’hypothese 2 implique que A a p.s. un nombre fini de sauts sur tout intervalle [0, 7]. Nous
obtenons alors le résultat suivant

Théoréme 11 Sous les hypothéses 2 et 3, le processus (Ai)i>o vérifie une inégalité de
concentration convexe de type Poisson. En d’autres termes, pour toute fonction conveze

¢
E(¢(4)) < E(6(Y2)), (32)

ou Yy suit la loi P(E(A)).

La preuve que nous donnons de ce théoreme utilise des techniques d’équations différentielles.
L’idée est la suivante, on note h(t) = E(¢(A4;)) et g(t) = E(¢(Y;)), on trouve ensuite une
équation différentielle dont g est solution et dont h est sous-solution. Les deux points essen-
tiels dans la preuve sont les suivants : tout d’abord on calcule explicitement le compensateur
de (¢(At)—¢(A0))t>0, ensuite on note que (¢(1+A4;—)—¢(A;—), E(A; | A;_)) est négativement

associé.

Une fois les théoremes 10 et 11 démontrés, nous les appliquons respectivement au su-
premun de variables binomiales indépendantes et au supremum de variables de Poisson
indépendantes. Dans le cas des variables binomiales, on construit un processus (Z,)uen
vérifiant les hypotheses du théoreme 10 et pour lequel a linstant v = nl on a 7, =
sup{Sn(p1), ..., Su(p)} ot les S, (p;) sont indépendantes de loi B(n, p;). En appliquant alors
le théoreme 10, on montre que Z,,; est plus concentré au sens des fonctions convexes qu'une
variable Y de loi B(nl,E(Z,;)/nl). De méme dans le cas des variables de Poisson, on construit
un processus (Z;)s>o vérifiant les hypotheses du théoreme 11 et pour lequel a U'instant ¢ = 1
on a Z; = sup{NW ... NO} on les N sont indépendantes de loi P(j;). En appliquant
alors le théoreme 11, on montre que Z; est plus concentré au sens des fonctions convexes
qu’'une variable Y de loi P(E(Z;)).

Dans la fin de la deuxieme partie (Chapitre 4), nous généralisons le théoreme 11 au cas
de processus (A;)i>o de sauts purs. C’est-a-dire un processus constant par morceaux dont
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les sauts sont bornés par 1. On prend A; = f(f Js—dBg ou (Bg)s>0 est un processus ponctuel
dont le compensateur est Ay = fos Audu et ot (Jg)s>o est un processus vérifiant 0 < Jg < 1.
On obtient alors un résultat ce concentration convexe faisant intervenir le compensateur C,
de A. Ce compensateur est défini par C; = fot Audu_du. Cette inégalité de concentration
convexe compare la martingale A; — C; avec une variable de Poisson recentrée.

Théoréme 12 Soit (As)s>o un processus de sauts purs. Supposons qu’il existe une constante
C > 0 tel que ||Cyl|loo < C. Alors, pour toute fonction convexe ¢, tel qu’il existe un A > 0
pour lequel lim,_, o ¢(x) exp(—Az) =0 :

a) La fonction

g(s) = E<¢(As — Ne, + Ne — C)) (33)

est décroissante.
b) Par conséquent

E(4(4, - C)) <E(4(Ne - C)). (34)

Les techniques de preuves sont similaires a celles utilisées dans le chapitre 3. Remarquons
que dans I'équation (34) la variance de Ng — C' peut étre bien supérieure a la variance de
Ay — (4, c’est pourquoi nous donnons par la suite deux inégalités de concentration convexe
(théoremes 13 et 14) faisant intervenir le compensateur quadratique Dy := fot Ao J2_du de

A, — Ch.

Théoréme 13 Soit (As)s>o un processus de sauts purs. Supposons qu’il existe une constante
D > 0 tel que || Dil|oo < D. Alors pour toute fonction convexe ¢ de classe C* dont la dérivée
seconde est croissante et tel qu’il existe un A > 0 pour lequel lim,_, o ¢(z) exp(—Az) =0 :
a) La fonction

M(s) = E(6(A, = Np, + Np = D+ D, Cy)) (35)

est décroissante.
b) Par conséquent

E(6(4 - ) <E(6(Np - D)). (36)

L’hypothése portant sur la dérivée seconde de ¢ est contraignante. En effet, on ne peut pas
avoir (36) avec ¢(x) = e ** ainsi le théoréme 13 ne permet pas d’obtenir des inégalités de
concentration a gauche. Le théoreme suivant résout partiellement ce probleme, il compare
au sens des fonctions convexes Cy; — A; avec une variable aléatoire gaussienne.

Théoréme 14 Soit (As)s>o un processus de sauts purs. Supposons qu’il existe une constante
D > 0 tel que || Di||oo < D. Alors pour toute fonction convexe ¢ de classe C* dont la dérivée
seconde est croissante et tel qu’il existe un A > 0 pour lequel lim,_, o ¢(z) exp(—Az) =0 :
a) La fonction

h(s) = E(6(Cy — Ay +Wp — Wp,)) (37)

est décroissante.
b) Par conséquent,

E(6(Ci — A1) <E(6(Wb)). (39)
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Comme signalé ci-dessus, les inégalités de concentration convexe permettent d’obtenir des
inégalités de concentration classiques. Liptser et Shiryaev [32], Courbot [20] et [21] ont obtenu
des inégalités de concentration exponentielles pour des processus a temps continu en bornant
la transformée de Laplace. Citons aussi les travaux de Wu [52], Houdré et Privault [25] et
Reynaud-Bourret [44], [45] qui obtiennent aussi par des méthodes log-Sobolev des inégalités
de concentration exponentielles pour des fonctionnelles de processus de Poisson.

Troisieme partie

Outre les maxima de processus cités précédemment, il m’a semblé naturel de chercher
des exemples d’applications du théoreme 10 du coté des structures combinatoires. Certaines
d’entres elles mettent en jeu des processus de comptage (Z,)new vérifiant (30) : la plus
grande sous-suite croissante dans une permutation aléatoire, le nombre de cliques dans un
graphe aléatoire, la hauteur d’un arbre binaire de recherche. L’application du théoreme 10
apporterait alors des bornes non asymptotiques. Pour les petites valeurs de n, 'hypothese 1
peut se vérifier a la main. Il ne semble pas immédiat d’établir ce résultat pour tout entier
n. C’est pourquoi il m’a paru néccessaire d’approndir ’analyse probabiliste de I'un de ces
exemples.

Ce travail, en collaboration avec Chauvin, Marckert et Rouault, constitue la troisieme
partie de cette these.

Dans cette partie nous étudions les propriétés asymptotiques des arbres binaires de re-
cherche (ABR) dans le modele dit des permutations aléatoires. On définit

U=>xu | J{o,1}"

n>1

’ensemble des mots finis sur I’alphabet {0, 1}. Si u et v sont dans U, on note uv la concaténation
du mot u avec le mot v. On dira alors que uv est un descendant de u et que u est un ancétre
de uv.

Un arbre binaire complet est un sous-ensemble fini de U vérifiant

e
siuv € T alors u € T,

uleT < udeT.

Les éléments de T sont appelés noeuds, et M4 est nommée la racine. On appelle feuille un
élément de T qui n’a pas de descendants. Les noeuds qui ne sont pas des feuilles sont appelés
noeuds internes. Un arbre binaire de recherche est un arbre binaire dont les noeuds internes
sont étiquetés par des nombres réels, tel que I'étiquette de tout noeud est supérieure aux
étiquettes des noeuds de son sous-arbre gauche et inférieure a celles des noeuds de son sous-
arbre droit. La profondeur d’un noeud u sera notée dans la suite |u|. Ces arbres sont utilisés
en informatique pour stocker de fagon efficace des données numériques (ou des éléments d’un
ensemble muni d’une relation d’ordre total).

Supposons que l'on veuille stocker les réels ai,as,.... On procede de la maniere sui-
vante : le nombre a; que l'on insere est comparé a l'étiquette de la racine. S’il n’y a pas
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encore d’étiquette, on donne a la racine 'étiquette a;. Si a; est plus grand (resp. plus petit)
que I'étiquette de la racine, on recommence cette procédure dans le sous-arbre droit (resp.
gauche). Au temps 0, Uarbre est réduit a "4 sans étiquette. A I'instant n, on a donc construit
un arbre binaire comportant n noeuds internes étiquetés et n + 1 feuilles. Chacune de ces
feuilles est succeptible d’accueillir la n + 1™ donnée (voir la Figure 1 pour la construction
d’un ABR jusqu’a n = 5).

FiGc. 1 — ABR construit avec les données 0.5, 0.8, 0.9, 0.3, 0.4 (les carrés vides sont les
feuilles).

Dans le modele dit des permutations aléatoires on suppose que les données (a;);en+ sont
des variables aléatoires indépendantes identiquement distribuées, dont la loi est a densité
(pour éviter les collisions). Il est évident que seuls les ordres relatifs des (a;);en+ interviennent
dans la construction de 'arbre (et non pas les valeurs des a;). C’est pourquoi, on prendra
dans la suite la loi uniforme sur [0, 1] et que I'on oubliera les valeurs des étiquettes pour
s’intérresser uniquement a la structure arborescente de I’ABR.

Soit ¢ I’élément de S,, (ensemble des permutations de {1,...,n}) tel que as1) < ag(2) <

. < @g(n)- Par symétrie du probleme, on voit que, si les (a;);en+ sont indépendantes et
identiquement distribuées (i.i.d.) alors o est uniforme sur S, (ceci justifie la terminologie
“modele des permutations aléatoires”). Toujours pour des raisons de symétrie I'insertion de
an41 se fait de fagon uniforme sur les (n + 1) feuilles. Pour plus de détails sur les ABR, nous
renvoyons le lecteur a 'ouvrage de Mahmoud [37].

On note Ug(n) le nombre de feuilles de I'arbre qui a Iinstant n sont a la profondeur k
(dans ’ABR représenté par la Figure 1 on a Uy(5) = 0, U1(5) =0, Us(5) = 2 et Us(5) = 4).
On appelle “profil” de 'arbre a I'instant n la suite des (Ux(n))g.

Ce profil peut étre codé par le polynome aléatoire >, Ux(n)z* (de degré égal a la
hauteur de I'arbre) ; et d’espérance C,(2) = [[1—g(k + 22)/(k + 1).

Jabbour [26] a montré que la suite définie par

M, (2) = Cp(2)™? Z Ug(n)z* (39)
k>0
est une martingale (positive pour z > 0). Dans cette troisitme partie, on s’intéresse en
particulier aux asymptotiques de la martingale M,,(z) (selon les valeurs de z), ce qui fournit
un outil efficace pour ’étude du comportement asymptotique de ’ABR.
Jabbour et ses coauteurs ([19], [26]) ont montré que si z > 0, la limite p.s. My (z) de la
martingale positive M,,(2) est p.s. strictement positive si z € (2, z;1), avec

c”c

2 =¢/2=0.186..., zF=c/2=2.155.. (40)

C
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et elle est nulle pour z ¢ [z, z]. Les valeurs critiques z_ et zI sont solutions de 1’équation

zlog(z/2) —z+1=0.

Il utilise ensuite cette martingale pour montrer qu’asymptotiquement le profil de ’arbre a
la forme de la courbe de Gauss. Il prouve également que

Uk(n)
lim ———— = M(2), (41)
pour k = 2zlogn + o(logn) et z € [0.6,1.4]. La méthode utilisée par Jabbour et al. repose
sur des techniques de calculs L?. Cette méthode ne permet pas d’obtenir des informations
sur la limite de la martingale sur toute la plage ]z. , 2J[ ni aux points critiques 2z, et z} car
la martingale ne converge pas L? sur toute la plage.

Dans la troisieme partie de cette these, nous poursuivons et compléetons 1’étude de cette
famille de martingales.

e Nous montrons que M, (z) =0 p.s. pour z =z, et z = 2.

e Nous précisons le comportement aux points critiques en étudiant la convergence de la
martingale dérivée

M(2) = L M.(2),

qui n’est plus positive p.s..
e Nous étendons le domaine des z pour lequel (41) est valable & tout l'intervalle (z,, z).
Notre approche est différente de celle utilisée par Jabbour et al.. Constatant que certains
calculs et résultats ressemblaient a ceux obtenus pour des marches aléatoires de branchement,
nous avons mis en évidence une relation structurelle entre ’ABR et un arbre de branchement.
Dans les paragraphes suivants, nous allons décrire succinctement les deux points clés de notre
approche : le plongement et le tiltage.

Quelques mots sur le plongement

L’idée de plonger des modeles a temps discret (comme des modeles d'urnes) dans des
processus de branchements & temps continu remonte a Athreya-Karlin [4] (voir aussi les
travaux de Athreya et Ney [5], Janson [27]). Pour 'ABR de nombreux plongement existent,
on pourra regarder par exemple les travaux de Pittel [43], de Biggins-Grey [12], de Devroye
23] ou de Arratia et al. [2].

Nous plongeons ’ABR dans un processus a temps continu de maniere a créer de 'indépendance
entre sous-arbres disjoints. Le remplacement a I’étape n+ 1 d’une feuille présente a 'instant
n par un noeud interne et deux feuilles suggere naturellement une fission binaire.

Nous introduisons un processus (1';);>o & valeurs arbres binaires que nous codons au
moyen de la fragmentation de |0, 1] suivante (voir Aldous-Shields [1]).

Processus de fragmentation de |0, 1] :
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Soit F' l'ensemble des ouverts de ]0,1[. On construit un processus (F'(t));>0 a temps
continu que I’on nomme processus de fragmentation de |0, 1].

Au temps t = 0, on pose F'(0) =]0, 1[. Au temps ¢, F'(t) est composé d’'un certain nombre
de sous-intervalles ouverts et disjoints de |0, 1[, chacun muni d’une horloge exponentielle de
parametre 1 (indépendante des autres).

Lorsqu'une horloge sonne, l'intervalle correspondant se scinde en deux, et on munit a
nouveau chacun de ces intervalles d’une horloge neuve.

Ainsi F(0) = (0,1), F(m) = {(0,1/2),(1/2,1)} ou 71 est une variable aléatoire de loi
exponentielle de parametre 1, ainsi de suite. On note 7y, 75, . . . les instants de fragmentations.

On peut interpréter les deux fragments issus d’'un méme fragment I comme étant les
fils gauche et droit de I. On voit apparaitre ainsi une structure arborescente, et méme un
processus a valeurs arbres (voir la Figure 2).

L’arbre généalogique (T'y,¢ > 0) associé a cette fragmentation (chaque fragment étant
codé par un noeud de l'arbre) est appelé arbre de Yule. On notera 9Ty les feuilles de Ty a
I'instant ¢.

On obtient alors simplement que I'arbre de Yule arrété aux temps (75,7 > 0) a la méme
loi que ’ABR. De plus ces deux arbres peuvent étre construit sur le méme espace (voir aussi
Kingman [28]).

5ok o e—_— SN

T4

T3

T2 =

T1

0 L :
0 1

F1G. 2 — Fragmentation et arbre de Yule.

La hauteur |v| d'une feuille v de T; est égale a — log, I, out I, est l'intervalle ouvert de
F(t) codé par v.

Le processus a valeurs mesures Zveé)Tt djy| apparait alors comme une marche aléatoire
de branchement a temps continu (Uchiyama [51], Biggins [11] Kyprianou [29]). Apres repa-
ramétrage , la famille associée de martingales additives peut s’écrire sous la forme

M(t,z) := Z 2lulet(1=22)
uE@Tt

ce qui donne la relation
M(7y,,2) = e E)C (2) M, (2) .
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Grace a cette formule, on peut transférer certains des résultats connus sur (M(¢,z),t > 0) a
(M,.(2),n > 0). On obtient alors une nouvelle preuve de certains résultats de Jabbour sur
la limite de la martingale M,,(z). De plus, cette relation entre les deux martingales nous
permet de déterminer la limite de la martingale M,,(z) aux deux points critiques z, et zI,
et d’étudier la martingale dérivée.

Quelques mots sur le tiltage

Cette méthode consiste a interpréter (M(t,z),z > 0) et (M,(2),n > 0) comme des
dérivées de Radon-Nikodym, et a décrire précisément le comportement des arbres et des
fragmentations sous la nouvelle probabilité.

La méthode du tiltage consiste a marquer aléatoirement une des branches de I'arbre
(plus exactement une branche “infinie”). On procede de la maniere suivante :

On se place dans le modele de fragmentation. On se donne une variable aléatoire U
uniforme sur |0, 1], indépendante de la fragmentation et on note V' (t) U'intervalle de F'(t) qui
contient U. On dit alors que l'intervalle V(¢) est marqué.

Comme ci-dessus, tous les intervalles de F'(¢) sont munis d’une horloge exponentielle de
parametre 1 sauf 'intervalle V' (¢) que 'on muni d’une horloge exponentielle de parametre
2z.

Ainsi I'intervalle V' (¢) ne se scinde pas a la méme vitesse que les autres intervalles (il se
scinde plus rapidement si 2z > 1 et moins rapidement sinon).

Comme on l'a dit ci-dessus on peut interpréter le processus de fragmentation comme
un processus a valeurs arbres. Les noeuds de 'arbre correspondant a l'intervalle marqué
constituent une branche que I'on appelle “épine d’orsale” (spine) (dans la Figure 3, le
spine correspond aux noeuds rouges). Dans la suite on appellera cette branche marquée
spine. L’évolution de ’ABR peut se décomposer en 1’évolution du spine et en I’évolution des
sous-arbres qui lui sont accrochés (ce sont les classes de la Figure 3). Ces classes peuvent
s'interpréter comme les tables d'un restaurant chinois de Dubins et Pitman [42]. Ainsi des
propriétés de ’arbre se trouvent réduites a des propriétés le long d’une seule branche, du
coup de type “somme de variables aléatoires indépendantes”.

B feuillerouge

S Uus
@ noeud interne rouge
u
2 7 feuille bleve
S S1 _
0 O noeud interne bleu
Uy
Ug

F1G. 3 — Un arbre tilté et ces différentes classes.

Ceci, nous permet dans le Chapitre 5, de présenter une preuve “conceptuelle” de la conver-
gence de M,,(z), dans la terminologie de Lyons, Pemantle et Peres[33, 34] et de démontrer
la convergence du profil normalisé

Uk(n)
E(Uk(n))
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Cette méthode (du tiltage) a été utilisée pour les marches branchantes (Biggins et Kypri-
nou [13]), pour les fragmentations (Bertoin et Rouault [10]) ainsi que pour d’autres processus
(Athreya [3], Barlow, Pemantle et Perkins [7]).
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TALAGRAND DANS LE CAS I.1.D

Une inégalité de concentration a gauche
pour les processus empiriques

Thierry KLEIN
Université de Versailles-Saint-Quentin
45 avenue des Etats-Unis
78035 Versailles cedex
klein@math.uvsq.fr

Résumé 1 Nous donnons des constantes dans l'inégalité de concentration a gauche de Ta-
lagrand pour les processus empiriques indexés par des classes de fonctions, en partant de la
méthode de Herbst. Le point nouveau est que la constante du facteur variance est exacte, ce
qui répond a une conjecture de Massart.

Abstract 1 We give new constants in Talagrand’s left concentration inequality for maxima
of empirical processes. Our approach is based on the Herbst method. The improvement we
get concerns the constant in the variance factor, which is the one conjectured by Massart.

1.1 Introduction

Soit X7, Xs,... une suite de variables aléatoires indépendantes de loi commune P a
valeur dans X’ espace polonais muni de sa tribu borélienne. Soit F une famille dénombrable
de fonctions mesurables de X dans R, de carré intégrable sous P. On pose

Su(f) = f(X0) +...+ f(X,). (1.1)

Nous regardons les propriétés de concentration de la variable aléatoire Z = sup{.S,(f) :
f € F} autour de sa moyenne. Ce probleme a été étudié dans une série de travaux successifs,
en particulier par Talagrand [6] au moyen d’inégalités isopérimétriques pour les mesures
produits. Il a obtenu une inégalité de type Bennett pour la déviation de Z par rapport a
sa moyenne. Ensuite Ledoux [2] a montré que ces inégalités pouvaient aussi étre obtenues
a partir d’inégalités de type log-Sobolev pour les mesures produit. Cette technique permet
de majorer la transformée de Laplace de Z. Massart [3] a clairement montré l'intérét des
méthodes entropiques (ou log-Sobolev) pour le calcul des constantes dans les inégalités de
Talagrand, enfin Rio [5] a obtenu une inégalité de concentration a droite de type Bernstein
avec un facteur variance asymptotiquement exact. Nous allons montrer dans cette note un
analogue de l'inégalité de Rio [5] pour la concentration de Z & gauche de sa moyenne.
Bousquet [1] a amélioré la fonction de taux, et a obtenu une inégalité de Bennett.
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1.2 Résultat

Théoréme 1 Soit F classe dénombrable de fonctions de X dans | — 0o, 1], mesurables, de
carré intégrable et d’espérance nulle sous P. Soit o2 telle que o® > P(f?) pour toute f dans
F.

e Si les fonctions de F sont a valeurs dans [—1,1] alors pour tout x > 0,

P(Z < E(Z)—z) <exp (— —h(—)), (1.2)

vt € [0, 1], L(t) < —te"B(Z) + — ——%, (1.3)

et par conséquent pour tout x positif,
P(Z < E(Z)—x) Sexp(—(u—v)z(l—Qw)), (1.4)

ot L(t) est la log-Laplace de —Z, u = \/x + v, /2, v = /0, /2.

Remarque 1 La fonction de taur de v,t*(2(1 —t))™! est (u — v)?, et nous avons en plus
une correction multiplicative comprise entre 1/2 et 1 tendant vers 1 quand xv, ' tend vers 0.
Asymptotiquement, on retrouve donc la fonction de tauz des inégalités gaussiennes.

1.3 Preuve

1.3.1 Lemme préparatoire

Nous rappelons ici le Lemme 2.1 de Rio [5] (voir aussi Massart [3], lemme 8).

Lemme 1 Soient (Xi,...,X,) des variables aléatoires indépendantes a valeurs dans un
espace polonais X. Soit F¥ la tribu engendrée par (X;)izr. Posons ¢(x) = xlog(z) —z + 1.
Soit h une variable aléatoire fonction mesurable de (X1,...,X,), strictement positive et
intégrable. Alors, pour toute famille (hy) de variables aléatoires réelles, strictement positives
et intégrables, respectivement Fr-mesurables,

E(hlogh) — E(h)log B(h) < 3 E(hé(h/hy)). (L5)
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1.3.2 Preuve

Comme dans Rio [5], on peut supposer que F est finie et procéder ensuite par passage a
la limite. On définit F}" la tribu engendrée par (X;);zr, Zx = sup{S¥(f) : f € F}. Puisque F
est finie, on peut opérer une sélection F*—mesurable d'une fonction f;, telle que Z, = S¥(f;.),

= Sn(fx). On définit ¥(z) =1 — (1 +z)e ™, Ny = fr(Xk). Soit ¢ > 0, en appliquant (1.5)
ah=e et hy =e "% on obtient I'inégalité suivante pour la transformée de Laplace F'
de —Z.

tF'(t) — F(t)log F(¢) <ZE (e 2 (t(Z — Z4))). (1.6)

On note alors que

12 1—t+tm>>

—tx __—tx - —tx
—ac +<1 () = glt)re ™ 4 r(t, ), (1.7)

p(tr) =

si q(t) = t?/(1 —t). Par conséquent (1.6) s’écrit encore

tF'(t) — F(t)log F(t) <> E(e‘tzlt—Qt(Z —Zy)+ Y E(e7r(t,Z — Zy)).

k=1 k=1

Comme > 7 _(Z — Zy) < Z et q(t) > 0, on en déduit que

tF'(t) — F(t)log F(t) < —q(t)F'(t) + z”: E <e_tz’“r(t7 Z — Zk)) . (1.8)
Puisque
or t?
= T

la fonction 7 (¢, x) est décroissante en x pour 0 <t < 1et z < 1.

e (x —1),

Puisque 1, = fi(Xk) < (Z — Zk) < 1 et r est décroissante en z,

tF' — Flog F < —q(t F’+1—tZE< —tzk< — e‘t”k(l—t+t77k)>). (1.9)

Posons S, =1 —t — e "k (1 —t 4 tn,). L’équation (1.9) devient alors pour 0 < ¢ < 1,

tF(t) — (1 — t)F(t) log F(t) ZE( 17 k(S )), (1.10)

ot E¥ est I'espérance conditionnelle par rapport a FF.

e Sous la premiére hypothése :montrons al’aide d'un développement en série entiere
de Si que :

Sp < —t*np +mi(et — 1 —t 4 1%). (1.11)
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Preuve de (1.11).

On pose pour la preuve z = 7. On a alors, pour ¢ € [0, 1],

“+o00
Sp=(1—t) = (L —t+ta)(1—te+t22%/2) = (1= 1) Y _(—1)2’t /5!
7=3
—+o0
—tr Yy (=1Yat /5!,
j=3
2 +oo
= — 20+ 22%)2 + t?’%(l —a) + (1— )22 Y (~1) a2 /)
7=3

+0o0
+ta? Y (=1 a0
j=3

Comme z est dans [—1, 1], on a la majoration suivante :

t_ -t t2
S < —t22 + 2022 + 32 + (1 — a2 (S — ) +ta(e! — 1 — t — )
23 1+t 1—t
< —t2x+x2<§ +5 — 2t + €( i )—e_t(—)).
Notons maintenant
2 1+t 1—t
alt,r) = —tu+a* (G +5 -2+ et(%) )

B(t,x) = —t2x+x2<et -1 —t+t3>,
v(t,x) = B(t, z) — a(t, x),
et montrons que v > 0. On remarque que le signe de 7 est le méme que celui de
Sty =e'(1—t)+e (1 —t)—2+2t+1> -2

comme §(0) = 0, &' (t)e! = —te ™ + (24 3t* — 2t)e! + (t — 2), §'(0) = 0 et ¢'(1) > 0 et comme
la fonction de q(y) = —ty* + (2 — 2t + 3t*)y + (t — 2) est concave on en déduit que § est
positive, ce qui acheve la preuve de (1.11).

Par (2.4) dans Rio [5] on sait que E¥(n;) = 0 et Ef(n?) < o2 On en déduit la majora-
tion suivante :
EF(Sy) < o*(el —1—t+17). (1.12)

En remarquant que e '%» < e’ E(e~'#), on obtient I'inéquation différentielle suivante valable
pour tout 0 <t <1:

tL'(t) — (1 —t)L(t) < ne'o?(e! — 1 —t +13). (1.13)
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Montrons maintenant que la fonction

et — 1 — 4t
R

G(t)=n 16

—te "E(Z) (1.14)
est une sursolution de (1.13) sur [0, 1]. Soit

ft) =tG'(t) = (1 = 1)G(t)

= %(41;(6“ —1)—(1-t)(e"—1- 4t)>.

Il s’agit donc de montrer que, pour tout ¢ dans [0, 1],
ft) >no*el(el — 1 —t+1t°). (1.15)
Cela revient & montrer que , pour tout ¢ dans [0, 1]
D(t) = (5t — 1) + 1 —t — 4t% — 16€* 4 16¢'(1 4+t — t3) > 0.
Nous avons les formules suivantes pour les dérivées de D,
D =e"(2t 4+ 1) — 1 — 8t — 32e* + 16e'(2 + t — 312 — 13),
D® =8¢ (10t + 3) — 8 — 64 + 16¢'(3 — 5t — 612 — %),
D® =16 (5t + 11) — 128¢* — 16¢'(2 + 17t — 9t> — %),

Montrons que D®) est positive. Soit

D®) (t)

Set '
R(t) =™ (11 4 5t) — 8e' — (2 4+ 17t — 9t* — %),
R'(t) =e* (38 + 15t) — 8¢’ — (17 — 18t — 3t?) > 0.

R(t) =

Donc R est croissante sur [0,1[ . Or R(0) = 1 donc R(t) > 0 sur [0, 1] et D) > 0 sur [0, 1].
On en déduit alors facilement que D(t) > 0. Ce qui entraine que G(t) est une sursolution de
(1.13).

Comme de plus G(0) = L(0) et G'(0) = L'(0), on en déduit que pour tout ¢ € [0, 1] on a

L{t) < G(b). (1.16)

_ edt_q_ s 1. .
Comme sur [0, 1] on a t(1 —e™") <2 1%5 4t on en déduit que pour t € [0, 1] :

et — 1 —4t
Holow

P(ZSE(Z)—x) < exp <Un T

(1.17)

Preuve de (1.2) pour z < v,(e* — 1)/4.

ett—1—4¢
16

L’expression exp (vn — tx) est optimisée pour ty vérifiant

Un
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En réinjectant ¢y dans (1.17) on obtient (1.2).

Preuve de (1.2) pour x > v,(e* — 1) /4.
Pour obtenir (1.2) quand x > v,(e* — 1)/4 il suffit de remarquer que pour tout f € F on a

P(Z < E(Z) —z) < P(So(f) < E(Z) — 2), (1.18)

et que le membre de droite de (1.18) peut étre majoré d’apres I'inégalité de Bennett classique,
par

- EBE(Z
P(S,(f) < E(Z)—x) <exp <— n02h<x72(>)). (1.19)
no
On conclut en remarquant que pour x > v,(e* — 1) /4, puisque v, /2 > E(Z),
2 24x
—E(Z) >
v=BZ) 2l =F—9) 2 55
Donc, comme h est croissante, (1.19) devient
P(So(f) < B(Z) —a) <exp | — na2h< 24u ) (1.20)
e - 25n02/ | '

Or le majorant de (1.20)est & nouveau inférieur a la borne de (1.2).

eSous la deuxiéme hypothése : comme 1, = fi(X;) avec fp Fr—mesurable on a
| EF(nf) |< o?p!/2. Montrons alors, a Paide d'un développement en série entiere de Sy que :

2

EY <ol (142t =3t +1%). 1.21
“<Sk)_a2(1—t)2( + 3t +t°) (1.21)
Preuve de (1.21).
Posons x = 7. Alors
x? o= 4
S = —t*x + 17 (1 —x)+(1—0)) (=) g +tz )itig D

1=3

et par conséquent,

2 +o0o +o0o
EF(S)) < %(3153 (L)Y (1),
=3 =3

o2t?

< ——— (142t —3t2+1t3).
_2(1_t>2(+ 3%+ %)
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ce qui prouve (1.21).
On obtient alors I'inéquation différentielle suivante, valable pour tout 0 <t < 1 :

tL'(t) — (1 — t)L(t) < no'tie! (142t — 32 + %) (1.22)
= 21— 1) ' '
Cette équation peut s’écrire
/
L(t) no?e 5 .3
< —(1+2t— 3t t7). 1.23
<te—t) e T A +) (1.23)

Définissons la fonction G par
no?et(t + 2t%)
Gt) = ————
®) 2(1—1t)

Alors 2t(1 - ) 23)
no<e'(l + 5t —t- — 2t

"(t) = .

G'(t) 2(1 —1t)?

Nous allons montrer que pour tout ¢ dans [0, 1],

n 2€2t
G'(t) > ﬁ(l 2t — 32+ 13).

Pour cela il suffit de montrer que

Dt)=1+4+5t—1> =288 —e'(1+2t =32 +1)>0. (H)

DO(t) = =12 — ' (=54 2t + 6t + %) < 0,
D@ (t) = =2 — 12t — e'(—1 — 4t + 3t* +- %), DP(0) = —1,
D'(t) =5 — 2t — 6t* — e'(3 — 4t + t°).

On en déduit que D’ est décroissante. (H) est donc une conséquence immédiate de la posi-
tivité de la fonction concave D aux bords de l'intervalle. Aprés majoration et intégration de
(1.23) on obtient :

no? t2(1 + 2t) vy, (1 + 2t)

L(t) < —te 'E(Z S V< tE(Z)+ 2 1.24
Par le calcul usuel de Cramer-Chernov on obtient
L (1 + 2t
P(Z < E(Z) — 1) < exp (%% ~tz). (1.25)

Pour obtenir une borne on prend alors le réel ¢* minimisant 3v,t?(1 —t)~! — ¢z. Aprés calcul

1
on trouve t* = 1 — wi (x + w,) "2, ot wy, = v,/2 que on réinjecte dans (1.25), pour obtenir
(1.4) . 0O
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Empirical processes and
concentration around the mean

T. Klein and E. Rio, UMR 8100 CNRS, Université de Versailes
Saint Quentin en Yvelines, 45 Avenue des Etats Unis, 78035 VERSAILLES.

Abstract 1 In this paper we give optimal constants in Talagrand’s concentration inequali-
ties for maxima of empirical processes associated to independent and eventually non identi-
cally distributed random variables. These bounds are then applied to concentration inequal-
ities for Rademacher processes. Our approach is based on the entropy method introduced
by Ledoux.

Mathematics subject classifications. (01991) - 60 FE 15, 60 F 10.

2.1 Introduction

Let X1, X, ... be a sequence of independent random variables with values in some Polish
space X and let S be a countable class of measurable functions from X into [—1,1]". For s
in S, denoting by s',...,s" the components of s, we set

Sa(s) = s (Xy) + -+ + s"(X,). (2.1)

In this paper we are interested in concentration inequalities for Z = sup{S,(s) : s € S}.

Now let us recall the main results in this direction. Starting from concentration inequal-
ities for product measures, Talagrand in [8] (1996) obtains Bennett type upper bounds on
the Laplace transform of Z. More precisely he proves

log Eexp(tZ) < tE(Z) 4 aV,, (" — bt — 1) (2.2)

for any positive A\. Here V,, is close to the maximal variance of S,(s). The conjecture
concerning the constants is then a = b = 1. Neverthless is seems dificult to reach the
exact constants via Talagrand’s method. In order to obtain concentration inequalities more
directly, Ledoux in [3] (1996) uses a Log-Sobolev type method together with a powerfull
argument of tensorization of the entropy. When applied to exp(¢Z), this method yields a
differential inequality (this is the so-called Herbst argument) on the Laplace transform of Z
and gives (2.2) again. This method makes it possible to reach optimal constants, as noted
by Massart in [5] (2000), who obtains explicit constants, not far from the optimal constant)
in (2.2). Later on, the constants in Talagrand’s inequality have been improved in the case of
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identically distributed random variables by Rio in [7] (2002) who obtains optimal constants
in the moderate deviations bandwith, and next by Bousquet in [1] (2002), who obtains (2.2)
with a = b = 1 for positive values of t. The case of negative values of ¢ has been studied
by Klein in [2] (2002), who obtains (2.2) for b = 4 and a = 1/16 (note that Klein’s result is
optimal in the moderate deviations bandwith).

Here we are interested in optimal constants in Talagrand’s inequalities for non identi-
cally distributed random variables. Our approach to obtain the best constants is to apply
the lemma of tensorizarion of the entropy method proposed by Ledoux in [3] (1996). The
relative entropies are then bounded up via the duality lemma for the entropy together with
convexity inequalities. However the bounds are more intricated as in the iid case, and there-
fore the differential inequalities differ from the optimal differentiel inequality of Bousquet in
[1] (2002). Consequently the results are suboptimal in the large deviations bandwith. We
start by right-hand side deviations.

Theorem 1 Let S be a countable class of measurable functions with values in [—1,1]".
Suppose that E(s'(X;)) = 0 for any s = (s',...s") in & and any integer i in [1,n]. Set
V. = sup{VarS,(s) : s € §}. Let L denote the logarithm of the Laplace transform of Z.
Then, for any positive t,

L(t) < 1B(Z) + L(2E(Z) + Vi(exp(e' 1) ~ 1) (2.3)

Consequently, for any positive x,
x
P(Z > E(Z)+x) <exp < —3 log <1 +log(1 4+ z/(2E(Z) + Vn))>> (2.4)

and

P(Z > E(Z) + /22(V,, + 2E(Z)) + ) < exp(—z). (2.5)

Remark 1 In the spirit of Massart’s paper (see [5]), Theorem 1 (2.4) can be improved for
large values of x to get a Bennett’s type inequality.

Remark 2 Some different concentration inequalities for set-indexed empirical processes are
given by Rio in [6] (2001). These concentration can be applied to non identically distributed
random variables (cf. Rio [6]) Theorem 4.2 and Remark 4.1). However, due to the concavity
of the polynomial function u(1 — w), the variance factor was suboptimal for non identically
distributed random variables. Here, as a byproduct of Theorem 1 (2.8), we get below the
upper bound for the variance of Z.

Corollary 1 Under the assumptions of Theorem 1 (2.3), Var Z < V,, + 2E(Z).

46



uliAariiingy 2. HivNivoAatd 1 o Uy OUINUIDIN LI VAL IUIN DUy 4 Yy 1ATLATIVAIND LJAIND

LE CAS D'INDEPENDANCE

For left-hand side deviations, the concentration bounds are similar. We emphasize that
the proof of Theorem 1 is not relevant for left-hand side deviations. This is the reason why
we need to compensate the empirical process for left-hand side deviations. However, due
to technical difficulties, we are able to bound up the Laplace tranform only on some finite
interval. So, let ¢/ be the function defined by

W(t) = (exp(2t) +1)/2. (2.6)
We denote by ty the positive solution of the equation
() log (1) = 1, (2.7)

The so-defined real ¢( belongs to [0.463, 0.464]. Theorem 2 (2.8) below extends Theorem 1
(2.3) to the interval [—tg,0]. Next we proceed as Klein in [2] (2002) to get a Bennett-type
inequality without constraint on x.

Theorem 2 Under the assumptions of Theorem 1, for any t in [0, to],
t
L(—t) < —tE(Z) + §(2E(Z) + V,,)(exp(3t) — 3t — 1). (2.8)

For any positive x,

P(Z <E(Z) — ) < exp ( - 2E(Zg+ Vnh<2E(23;+ Vn)) (2.9)

where h(z) = (1 + z)log(l + z) — x.

Remark 3 Theorem 2 (2.9) improve on Theorem 1.1, inequality (2) in Klein (see [2]). How-
ever Klein gives additionnal results for functions with values in | — oo, 1] and subexponential
tails on the left (cf. inequality (3), Theorem 1.1).

Let us now discuss the applications of Theorems 1 and 2. One of the most popular em-
pirical processes associated to non identically distributed random variables is the so-called
Rademacher process, as defined by Ledoux and Talagrand in [4] (1991), section 4.3. Let
(€:)i=0 be a sequence of iid random variables with P(e; = 1) = P(¢; = —1) = 1/2. Let T
be some countable set and (¢;);>0 be a sequence of real-valued functions on 7" such that
> i (pi(t))? < oo for each ¢ in T. Assume that

Z = su 5iit}<ooa.s.
MQZZ wilt)

>0
Then, if
v =sup 3 (i(8)? < o0,

teT 2o
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2.2. TENSORIZATION OF ENTROPY AND RELATED INEQUALITIES.

the random variable Z satisfies the concentration inequality (4.10) in Ledoux and Talagrand
[4] (1991): if mz denotes a median of Z, then

P(Z > myz +2V2Vzx) < 4dexp(—z). (2.10)

This inequality implies the integrability of Z and some similar inequality for the concen-
tration of Z around it means. If x is not too large, Theorem 1 (2.5) may be used to get a
sharper bound. Setting

M = supsup |p;i(t)],
i>0 teT

the bounds in Theorem 1 yield:

P(Z > E(Z) + /22E(Z) + V)z + Mz) < exp(—z). (2.11)

This new inequality is relevant if V/M? > 1 and E(Z) << V. In that case (2.11) improves
on (2.10) in the moderate deviations bandwith x << V/M?2.

2.2 'Tensorization of entropy and related inequalities.

In this section we apply the method of tensorization of the entropy to get an upper bound
on the entropy of positive functionnals f of independent random variables X, X, ..., X,,.

Let F, be the o-field generated by (Xi,...,X,) and F* be the o-field generated by
(X1, s Xeo1, Xea1, -+, X5). Let Efj denote the conditional expectation operator associated
to F*. Let f be some positive F,-measurable random variable such that E(f log f) < oo. In
this paper, the main tool for proving concentration inequalities is the following consequence
of the tensorization inequality in Ledoux [3] (1996).

Proposition 1 Let g1, go, . . ., gn be any sequence of positive and integrable random variables
such that E(g;log g;) < oo. Then

E(flog f) — E(f)logE(f) < Y E(gxlog(ge/Ekgr)) + > E((f — gi) log(f/EL ).

k=1 k=1

Proof. Set f, = E¥f. By the tensorization inequality in Ledoux (1996)

E(flog f) <Y E(flog(f/fx)). (2.12)

Now

E(flog(f/fr)) = E(grlog(f/ fr)) + E((f — gi) log(f/ fk))-
Since E*(f/fr) = 1, we have:

E(gx log(f/fr)) < sup{E(grh) : h F,-measurable, E(e") = 1}.
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Hence, from the duality formula for the relative entropy in Ledoux (1996),

E(gx log(f/fr)) < E(gxlog(gr/Ergr))-

It follows that

E(flog(f/ fr)) < E(grlog(g/Engr)) +E((f — g)log(f/ fi)), (2.13)

and Proposition 1 follows.

2.3 Right-hand side deviations.

To prove Theorems 1 and 2, we start by proving the results for a finite class of functions.
The reults in the countable case are derived from the finite case using the Beppo-Levi lemma.
Consequently, throughout the sequel we may assume that S = {s1,..., s}

As mentionned in the introduction, the deviation of Z on the right is easier to handle than
the deviation on the left. In fact, for positive ¢, the functionnal exp(tZ) is an increasing
and convex function with respect to the variables s¥(X}). This is no more the case for
negative values of t. Consequently, upper bounds for the Laplace transform of Z via the
Herbst-Ledoux method are more difficult to handle for negative values of ¢. In section 2.4,
we will introduce compensated processes in order to handle the deviation on the left.

Throughout section 2.3, ¢ is a positive real. Let 7 be the first integer such that Z = S,,(s,).
Set f = exp(tZ) and f, = E¥(f). Let P* denote the conditional probability measure
conditionally to F*. Set

gr = ZPJ;(T = i) exp(tSn(si)). (2.14)

Let F' denote the Laplace transform of Z. From Proposition 1,

tF'(t) = F(t)log F(t) < Y Elgxlog(ge/Efgr)) + Y E((f — o) log(f/ELf)).  (2.15)

k=1 k=1

Clearly g < f, which implies that

E((f = gx) log(f/ fi)) < log(|lf/ frlloc)E(f — gr)- (2.16)

Therefore the upper bound on the second term in (3.3) will be derived from Lemma 2 below.
Lemma 2 Amost surely (f/fir) < exp(tst(Xy)) < exp(t).

Proof. Let S%(s) = S,(s) — s¥(X},). Let 75, be the first integer in [1,m] such that

S¥(s,,) = sup{S¥(s) : s € S}.
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Clearly
[ 2 exp(tS(s,)) expltst (X)), (2.17)

Since the stopping time 75, is F*-measurable, E* (sljk (X%)) = 0 by the centering assumption
on the elements of S. It follows that

Eff> exp(tSﬁ(sTk))Eﬁ(eXp(tsﬁk (Xk)) > exp(tSﬁ(sTk)). (2.18)
Now exp(tS¥(s,,)) > exp(tS¥(s,)), which ensures that
f < frexp(tsh(Xe)) < frexp(t).

Hence Lemma 2 holds. =

From both (2.15), (2.17) and Lemma 2 we get that

E(flog(f/fr)) < E(grlog(ge/Ergr)) + tE(f — g). (2.19)
Let
hi = Z PR (1 = i) exp(tS*(s;)). (2.20)

The random variable hy, is positive and F-measurable. Hence

E(gs log(gx/ Brge) = B (T ((g1/he) loa(oe/ Fiar) ).

Next, by the Young inequality zy < xlogx — x + eV applied to © = (gx/hx) and e¥ =

(gk/Eﬁgk%
hi By ((gr/ i) 1og(gr/ Exgr)) < Bl ((gr1og(ge/hw) — g + ),

which ensures that

E; (g log(gi/Ekar)) < EX((gr1og(gr/hw) — gr + hu).

Putting this inequality in (2.19), we get

E(flog(f/fx)) < E(grlog(gr/hx) + (1 +t)(hx — gx)) + tE(f — hy). (2.21)

In order to bound up the second term on right hand, we will use Lemma 3 below.

Lemma 3 Let (hy)r<n be the finite sequence of random variables defined in (2.20). Then

SOE(f - i) < P (£) log F(1).

k=1
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Proof. Since the random variables S¥(s) are F* measurable,
hy = E* < Z L= exp(tSﬁ(sQ)) = EF < exp(tSﬁ(sJ)) .
i=1
It follows that

STE(f — ) = ZE( (1 — exp(—ts*(Xy)) — e'ts (Xk)))thetF’(t). (2.22)

Now, from Lemma 2, ts*(X},) > log(f/fx). Since 1 —exp(—tz)—te'x is a decreasing function
of z on the interval [—1, 1], it follows that

E(f(1 — exp(—tsy(Xy)) — te'sy (X)) < E(f — fu — €' flog(f/ fi)).

From the equality E(fx) = E(f), we get that

E(f — fu — €' flog(f/hx)) = —"E(f log(f/ f&))-

Hence, summing on k and applying (2.14),
ZE( f(1 —exp(—tsf (X)) — te's (Xk))> <eé'(FlogF —tF'),

which, together with (2.22), implies Lemma 3. m
Next, we have to bound up the first term on right hand in (2.21). Let
r(t,z) =xlogx + (1 +t)(1 — z).

Clearly
grlog(gr/hi) + (1 +t)(he — gi)) = hur(t, g/ hi).

From the convexity of r with respect to x,

er(t, gu/h) < 3 PE(r = i) exp(tSh(s:)r(t, exp(ts (X))
which ensures that
Ef(hur(t, 9e/h)) < 3 Pi(r = i) exp(tSi(sE(r(t exp(ts} (X0))). (223)
Here we need the bound below.

Lemma 4 For any function s in S,

Er(t, exp(ts*(Xy))) < %E(sk(Xk))2,
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Proof. Let
n(z) =r(t,e™) = twe™ + (t +1)(1 — ™).

We will prove that, for any = in | — oo, 1],
n(x) < xn'(0) + (tz)?/2. (2.24)

Indeed,
n(z) — zn'(0) = tx(e” — 1) — (1 + ) ("™ — 1 — tx).

If x is negative, then
n(x) — 2n'(0) < twe™ — e +1 < (tx)?/2.
If  belongs to [0, 1], then
n(x) — oy (0) < tw(e"” — 1) — (1 +to) (™ — 1 —tx) < (tx)* — (e —tx — 1) < (tx)?/2.

Hence (2.24) holds. Since the random variables s*(X},) are centered, taking z = s*(z;,) and
integrating with respect to the marginal law of X, we get Lemma 4. m

From Lemma 4 and (2.23) we have:
t2
B (her(t g /) < 5 BE( 3 Ly exp(tSh(s) E(H(X0)?). (2.25)

Now exp(tS¥(s;)) < exp(t +tS,(s;)), and therefrom
& t2et

D E(her(t g0/h) < 5B D0 Lo exp(18,(s0)) Y E(sH(X0))?).

k=1

Since >, E(sF(X))? < V,,, we infer that

S E(her(t gu/he)) < %thtVnF(t). (2.26)

k=1

Together with Lemma 2 and (2.21), (2.26) leads to the differential inequality :

tL' — (te' + 1)L < te'(V,,/2). (2.27)
Let (t) = t 2 exp(1 — exp(t)). Then

Y(t)(tL' — (te' +1)L) = (tyL)".
Hence, multiplying (2.27) by -, we get that

(tyL) < (V,/2)e" exp(1 — €). (2.28)
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Since ty(t) ~ (1/t) as t tends to 0, integrating (2.28) gives
ty()L(t) < E(Z) + (Va/2)(1 — exp(l — ")),

which implies Theorem 1 (2.3). m

To prove Theorem 1 (2.4) we apply both Markov’s inequality to the random variable
exp(tZ) and Theorem 1 (2.3) with

t = log (1 +log(1 + z/(2E(Z) + vn))).

Theorem 1 (2.5) is a straightforward byproduct of the upper bound on the log-Laplace
transform of Z — E(Z) below (cf. Rio (2000), p. 153).

Lemma 5 Under the assumptions of Theorem 1, for any t in |0, 1],

t2
2— 2t

L(t) < tE(Z) + (2B(Z) + V,,)

Proof. From Theorem 1 (2.3), it is enough to prove that
exp(e’ —1) < 1+¢/(1—1).
This inequality holds if and only if
At)=1—¢" —log(l—1t) > 0. (2.29)

Expanding A in power series yields A(t) = >_. bt/ with b; = (1/7) — (1/5!). Now (2.29) is
an immediate consequence of the fact that b; > 0 for any j > 0. m

2.4 Compensated empirical processes.

In this section we prove Theorem 2. We start by proving Theorem 2 (2.8). Throughout
the section, t is any positive real. For i in {1,...,m}, let

Li(t) = 10gE<exp(—tSn(si))).

Let us define the exponentially compensated empirical process T'(s;,t) by

T(si,t) = Sn(si) + 17 L(t). (2.30)
We set
Zy = sup T(s;t) and f; = exp(—tZ;). (2.31)
1<i<m
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Let
F(t) = E(f;) = E(exp(~tZy)). (2.32)

Our purpose is to obtain a differential inequality for F' via the log-Sobolev method. Let 7,
denote the first integer i such that Z; = T'(s;,t). Since the random functions T'(s;,t) are
analytical functions of ¢, the random function f; is continuous and piecewise analytic, with
derivative with respect to ¢, almost everywhere (a.e.)

fi=—=Zfi — (L., (t) — t ' L, (1)) fr = —(Ze + tZ)) i, (2.33)

where tZ] = L (t) —t 'L, (t) by convention. Consequently the Fubini theorem applies and

F(t)=1— / tIE((Zu +uZ!) f.)du. (2.34)

Therefrom the function F' is absolutely continuous with respect to the Lebesgue measure,
with a.e. derivative in the sense of Lebesgue

F'(t) = —E((Z: + tZ)) ). (2.35)

Moreover, from the elementary lower bound f; > exp(—2nt), the function log F is absolutely
continuous with respect to the Lebesgue measure, with a.e. derivative F'/F if F’ is the
above defined function.

We now apply Proposition 1 to the random function f;. Clearly
E(filog f;) — E(f)) logE(f;) = E(*Z]f;) +tF'(t) — F(t)log F(t) a.e. (2.36)
Hence, applying Proposition 1 with f = f; and setting fy = E* f;,
tF' — Flog F < —E(t*Z,f) + Y E(gilog(ge/Ekgr)) + Y _E((g — f))log(fi/f)). (2.37)
k=1 k=1
Now choose

gr = Z PE (7, = i) exp(—tSn(s;) — Ls(1)). (2.38)

By definition of Z;,
exp(—tSn(si) — Li(t)) > exp(—tZy),

which implies that gx > f. Therefore the upper bound on the second term in (2.37) will be
derived from Lemma 6 below.

Lemma 6 Set l;;(t) = logE(exp(—ts¥(X}))). For fixed t, let T = 7;. Then a.s.

(fu/ ) < exp(tsk(Xy) + Ui (1) < ¥(2).
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Proof. Let S%(s) = S,(s) — s*(X},). Set
Z% = sup{S¥(s) + t 'logE(exp(—tS¥(s))) : s € S}.
Let 71 be the first integer in [1,m] such that
Sk (s7,) + 1" log Eexp(—tS(sy,)) = 2%
Clearly
fi < exp(—tZ(k)) exp(—ts'jk (X&) = lir, (1)).
Since the stopping time 73, is Fr-measurable, it follows that
EFf, < exp(—tZ®). (2.39)
Now, by definition of Z®*)
exp(—tZ®) < exp(—tZ + ts¥(Xy) + L (1)), (2.40)

which ensures that
(i) f) < exp(tsk(Xi) + b (1))

To conclude the proof of Lemma 6, recall that E(exp(tX)) < cosh(t), for any centered
random variable X with values in [—1, 1], which implies the second part of Lemma 6. m

The next step to bound up the second term on right hand is Lemma 7 below.

Lemma 7 Let (gi) be the finite sequence of random variables defined in (2.38). Set ¢ =
logt. Then, for any t in [0, to],

(t

ZE< Ik — 10g(fk/f)) o(0) (Z E(gx log(gx/Engr)) — E(f log f)) :

Proof. Since the random variables S¥(s) are F* measurable,
E*(g1) ZPk i) exp(—tS*(s;) — Li(t) 4 (1)) (2.41)
It follows that E*(g.) = E*(f exp(ts®(Xy) + lx-(1))). Hence

ZE(gk — ZE( exp(tsf(Xy) + L () — 1)) (2.42)

Now, for x in [—1,1], the function # — €” — 1 — z1(t) is nonincreasing. Now, setting
ne = ts5(Xy) + L, (t), we have

n

E(ge = f) = Y E((e% = 1= mai(t) + mu(®)f).

k=1 k=1
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Since n, > log(fx/f) by Lemma 6, we infer that

> E(g— f <ZE( (el ) = 1= w(0)Tog(fu/ ) + me (1))

t) (Z E(flog(f/fr)) — E(flog f)) :

k=1

Hence, applying (2.13), we obtain

> E(g— f) < (1) (ZE@ log(g1/ Epgr) + (9 — ) log(fk/f)) — E(f log f)) - (243)

Now, from Lemma 6 we know that log(fr/f) < logw(t). Since (gr — f) > 0, it follows that

ZE( g — )log(fi/ 1)) < log vt ZE g — (2.44)

Putting this bound in (2.43), we infer that

n

(1= () log (¢) ZEgk— < (t) S E(gi log(g/ Egr)) — b(1)E(f log f).

k=1

Since 1 — ¢ (t)log(t) > 0 for any ¢ in [0, [, both the above inequality and (2.44) imply
lemma 7. m

From Lemma 7 and the differential inequality (2.37) we then get that

(1= @)(tF' — FlogF) < gE(t*Z;f — flog f) —E(t*Zf) + zn:E(gk log(gx/ Engr))-
k=1
Now from (2.36) we know that E(t*Z]f — flog f) = —tF’, whence
(F—(1-9)FlogF < —E(°Zf) + 3 Elgilog(on/Ergr)). (249
k=1
Let us now bound up the first term on right hand in (2.45). Set wy, = (gx/E¥g). Then

EX(gelog(ge/Elrgr)) = Ek(gx) Ex(wy, log wy).

From (2.41), by convexity of the function z log z,

E*(gr)wy logwy, < Z PF(r =4)(—tsi(Xy) — lus(t)) exp(—tS,(s;) — Li(t)).
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Consequently

Ef(gilog(ge/Elgr)) < Z Py (T = i) exp(—tS5(si) — Li(t) + lei(£)) (8, (8) — Lki(t)).

Since

Z PE(r = i) exp(—tS"(s;) — Li 4 lps) (ty; — li) =
E¥ < Z L —; exp(—tSk(s;) — Li + i) (), — lki))>
it implies that

E(ge0g(gr/ Exgn)) < E( exp(—tZ, + ts5(Xe) + o), — bir)),

From the convexity of the functions lx;, we know that ¢/} — I > 0. Hence, applying
Lemma 6, we get

E(gr 10g(ge/ Engr))) < W(OE((th, — ) f).
Since t*Z] = tL' — L,, it follows that

—E(*Z{f) + ) E(gxlog(ge/Ehgr)) < ((t) = VE((tL, — L.) ). (2.46)

k=1

Both (2.45) and (2.46) yield, for ¢ in [0, to],
tF' — (1 = @)Flog F < (¢(t) — DE((tL; — Lr)f). (2.47)
Set A =log F. Since tL. — L, <sup,(tL; — L;), dividing by F', we infer that

EA = (1= @)A < ((t) — 1) sup(tL} — L. (2.48)
Next, we derive an upper bound on tL; — L; from the lemma below.

Lemma 8 Let Y be a random variable with values in [—1,1], such that E(Y) = 0 and
E(Y?) =v. Then, for any t in ]0,2],

E(tYe™) —E(e™)logE(e™) < v(l1 + (t —1)e).

Proof. From the duality formula on the entropy, we know that, for any positive c,
H(T) <E(Tlog(T/c)—T + ¢).

Taking T' = exp(tY’) we then get that

"
'(k‘— 1 —logc).

H(T) <c—1—lochE (YF) o

k=2
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From the assumptions on Y, we know that E(Y*) < v for £ > 3. Hence, for ¢ < €2,

H(T) Sc—l—logc—i—vzy(k‘—l—logc).

k=2

Next taking the optimal value ¢ = 1 + v(e’ — ¢ — 1) (note that ¢ < €2 for ¢ in ]0,2]) in the
above upper bound, we obtain

H(T) <wt(e" —1) — (1 +v(e' —t —1))log(1 +v(e! —t —1)) <v(1+ (t —1)e"),

which completes the proof of Lemma 8. m

Since tL, — L; = >, (tl}; — l;), from Lemma 8 applied to the r.v.’s sF(X}),
tL — L; < V(14 (t —1)e") (2.49)
Both the above bound and (2.48) lead to the differential inequality below.
Proposition 2 For any t in [0, o],

tA — (1 —log)A < %Vn(e% — 1)1+ (t = 1)eh).

Before integrating the above differential inequality to get bounds on A, we link the log-
Laplace L_z of —Z with A.

Lemma 9 For any positive t,
L_7(t) —sup L;(t) < A(t) < min(L_z(t),0).
Proof. By definition of Z;,
exp(—tZ;) = exp (irgf(—tSn(si) - Lz(t))> > exp(—tZ — Slilp L)),
Consequently, for any positive t,
exp(A(t)) > exp(—sup L;(t))E exp(—tZ),
which gives the first inequality. Next, by definition of Z;,
exp(A(t)) = E( inf exp(~tS,(s:) = Li(1)) ) < B exp(~tSu(s1) = Li(1)) ) = 1,

which ensures that A(t) < 0. Moreover L;(t) > 0 by the centering assumption on the random
variables S, (s). Hence

exp(A(1)) < E( inf exp(~£S4(s:)) ) = Elexp(~t2))
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which completes the proof. m
It remains to bound up A. Set A(¢) = t~'A(t) and

1(t) = /0 Wy,

u

Then (7\61), =1t 2(tN — (1 — p)A)el. Consequently, from Proposition 2,
~ ! Vn
(Aef) < o5(€ = DA+ (t = Vel (2.50)

Since Ael is absolutely continuous with respect to the Lebesgue measure, integrating (2.50)
yields

B B ¢
A(t) < Ae)e! @10 1 % / w2 (e — 1) (1 + (u—1)e")e! @ 10gy (2.51)

for 0 < e < t. The control of the integral on right hand side will be done via the bounds for
¢ below, whose proof is carried out in section 2.5.

Lemma 10 For any positive t, t < p(t) < texp(2t) — (t2/2).

By Lemma 10, limg /(¢) = 0. Furthermore A(e) < e *L_(¢) by Lemma 9. Therefore

limsup A(e)e! @10 < —R(Z)e™ 1O, (2.52)

e—0

Now I(u) —I(t) < (u—t) by Lemma 10. Consequently, letting ¢ — 0 in (2.51) and applying
(2.52), we get

t
At) < —E(Z)te 1™ 4 %Vnte_t/ u (e — 1)(1 + (u— 1)e*)e"du. (2.53)
0

To bound up L_z, we then apply the Bennett bound L;(t) < V,,(e" —t — 1) together with
Lemma 9. This yields the proposition below.

Proposition 3 Let the function J be defined by

1

J(t) = 5/0 u?(e® — 1) (1 + (u— 1)e")e"du.

For any t in [0, to],

L_z(t) +tR(Z) <tR(Z)(1 — e 1O) 4 Vi te LI (t).

To complete the proof of Theorem 2 (2.8), we bound up the functions appearing in
Proposition 3 via Lemma 11 below, proved in section 2.5.
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Lemma 11 For any ¢ in [0, to],
(a) e —t—1+te " J(t) < (exp(3t) — 3t — 1),
(b) 1 —exp(—1(t)) < 2(exp(3t) — 3t —1).

Next, proceeding as in Klein ([2]), we prove Theorem 2 (2.9). For sake of brievity, set
E =E(Z). From Theorem 2 (2.8) and Markov’s exponential inequality,

P(Z <FE—x) <exp (%v(e?’t —3t—1)— ta:) (2.54)
for any ¢ in [0,¢o] (here v =2F +V},). Let then
zo = zv(exp(3ty) — 1). (2.55)

For z in [0, 2], let ¢(x) be the unique solution of the equation x = v(exp(3t) — 1)/3. The
number t(z) belongs to [0,%y]. Consequently, from (2.54) applied with ¢t = t(z) we obtain
Theorem 2 (2.8) for = in [0, zo).

It remains to prove Theorem 1 (2.9) for z > . Notice then that zq > v. Hence it is
enough to prove that Theorem 1 (2.9) still holds for x > v. Since Z > S,,(s) for each s in S,
from the Bennett inequality for independent and bounded random variables,

P(Z < B —2) <P(S(s) < 7 — B) < exp(—Vah((z — E)/Va) (2.56)

for > E(Z). To complete the proof, we bound up the function on right hand in (2.56) via
Lemma 12 below.

Lemma 12 Let £ =E(Z) and v =V,, + 2E. For any x > v,
IV, h((x — E)/V,) > vh(3z/v).
Proof. Set y = x —v. Then Lemma 12 holds if
A(E,y) = WV,h(1 + (E +y)/Va) — (Vo + 2E)h(3 + 3y/(V + 2E)) > 0 (2.57)

for any y > 0. Now A(0,0) = V,,(9h(1) — h(3)) > 0 and, noting that h'(u) = log(1 + u), we
have

g—é(E, 0) =9log(2+ E/V,) — 2h(3) > 9log 2 — 2h(3) > 0,
which ensures that A(E,0) > 0. Next
%(E,O) =9log(2+ E/V,) —3logd >0
and, noting that h”(u) = 1/(1 + u),
160°A 1 1

“C 2By = - > 0.
A ey oy A(V,, + 2E) + 3y

Consequently A(E,y) is a convex and increasing function of y. Since A(FE,0) > 0, it implies
2.57, and therefrom Lemma 12.
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2.5 Technical tools.

In this section, we prove Lemmas 10 and 11.

Proof of Lemma 10. By definition of ¢ and ¢,
p(t) = t(t) + 9(t) log cosh(t) > ¢,
since 1(t) > 1 for any nonnegative ¢t. Next
texp(2t) — (t7/2) — o(t) = ¥(t) (¢ tanh(t) — log cosh(t) — (e +1)7'¢?),
so that Lemma 10 holds if
p(t) := ttanh(t) — log cosh(t) — (e* 4+ 1)"'* > 0
for ¢ in [0,to]. Now p(0) = 0 and
2cosh*(t)p/(t) =2t —t(e ® +1) — 2 =t(1 —t — e ).

Since exp(—2t) < 1 —t for ¢ in [0,1/2], the above identity ensures that p’(¢) > 0 on [0, to],
which implies Lemma 10.

Proof of Lemma 11. We start by proving (a). Clearly (a) holds if
at) =3l (e® =3t —1)+e'(1+t—e)—J(t) >0 (2.58)

for any t in [0,4]. (with the convention «(0) = 0). The function « is analytic on the real
line. To prove (2.58), we then note that a®(0) = 0 for s = 1,2. Consequently (a) holds if,
for ¢ in [0, 4],

a®(t) = 3 (—t 4 (19/3)) — 4e* + e'(—3t — 5) + (8/3) > 0. (2.59)
Now (2.59) holds if a™®(t) > 0, since a®(0) > 0. Next
B(t) == e taW(t) = 3e*(—2t + 11) — 8e* — 3
satisfies 3(0) > 0 and, for ¢ in [0, 4],
B(t) = 12e* (5 — t) — 8e' > e (12e" — 8) > 0,

which ensures that 3(t) > 0 for ¢ in [0,4]. Hence Lemma 11 (a) holds.
To prove (b), we apply Lemma 10 to bound up the function 7(t). This gives

62t -1 t2

I(t) < /0 (e — u/2)du = .

Now, recall ty < 1/2. For t in [0, 1/2], expanding exp(2t) in entire series yields

1 1
2 3§ k—3 2 3 E :

E>3 k>3
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Hence, for t < tg,
I(t) St+387 + (de — 10)° <t + 387 + L8P i=H(1). (2.60)
From (2.60), Lemma 11 b) holds if
d(t) = 2(e* — 3t — 1) — t + texp(—y(t)) > 0.
Now d(0) = d'(0) = 0 and

_ 2 3
d'(t) = 2¢ ~y(t) <e4t+(3/4)t [A+(T/8)E _q _ %t _ %F i 1745153 4 %t”‘ X i‘;‘—éﬁ).

Now
64t+(3/4)t2/4+(7/8)t3 > et > 144t + 8252,

which ensures that d”(¢t) > 0 for any positive t. Consequently d(¢) > 0, which implies Lemma
11 b).
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Abstract 1 In this paper, we prove convex concentration inequalities for discrete and con-
tinuous time counting processes. Then we apply these inequalities to prove that the supremum
of independent binomial random variables and the supremun of independent Poisson random
variables satisfy convexr concentration inequalities.

AMS Classification: 60E15, 60F10.
Keywords: Martingales, counting processes, records, convex concentration inequality, Nega-
tively associated variables, 3—ary search trees.

3.1 Introduction.

In this paper, we will introduce the concept of binomial (resp. Poissonian) convex con-
centration inequality for discrete (resp. continuous) time process see Definition 1 (resp.
Definition 2). We will then give examples of processes who satisfy these inequalities.

This concept was first introduced by Hoeffding in [6]. In this paper, Hoeffding com-
pares E (¢(S,)) with E (¢(S¥)), when S,, = >°" | X; is the sum of independent Bernoulli
distributed random variables with parameters p; and S’ is B(n, p)—distributed with p the
arithmetic mean of the p;’s.

Proposition 1 (Hoeffding [6], Shorack-Wellner [12]). Let by,... b, be independent ran-

dom wvariables Bernoulli distributed with parameters p; and S, = by +---+ b, . Let p =
M+ ... +pn

n

then for any convex function ¢ we have

E(gf)(Sn)) < E(qb(B(n, p))). (3.1)

These inequalities are very useful to derive tail inequalities as pointed by Hoeffding [6],
Bretagnolle [3] who gave a functional version of this result, Pinelis in [7] and [8] studies
a more general case where the function ¢ is in a general class of functions. Shao in [11]
treats the case of Negatively Associated (N.A) random variables and shows how convex
concentrations inequalities lead to classical inequalities like Rosenthal maximal inequality
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or Kolmogorov inequality. In particular, he is able to extend Hoeffding’s inequality on the
probability bounds for the sum of a random sample without replacement from a finite popu-
lation. Bentkus in [1] uses convex concentration inequalities to give bounds for probabilities
tails of discrete martingales with bounded jumps.

In this paper, we introduce a class of discrete processes which satisfy convex concentra-
tion inequalities. Our approach is similar to Shao’s approach [11]. Indeed our first result
(Theorem 1) states that under some appropriate hypothesis on the discrete process (Z,)neN
(Assumption 1), for any convex function ¢,

E(¢(Zn)) <E(¢(5n)), (3.2)

where S, is B(nl,E(Z,)/nl)—distributed'. The key argument in the proof of this result is
that (Z,+1 — Zn, Z,) is N.A. for any n € IN.

Next, we give an analogue of Theorem 1 for continuous time counting processes (A4;)
(see Dellacherie-Meyer [5] or Brémaud [2] for complete study of these processes and in
particular for properties of their compensators). Our result for continuous time process
states that under some appropriate hypothesis (Assumption 2 and Assumption 3), for any
convex function ¢

E(¢(Ar)) <E(o(V)), (3-3)

where Y; is P(E(A;))—distributed (Assumption 2, concerning the absolutely continuity of
the compensator of A; is due to Reynaud-Bourret [10]). The proof of the continuous time
theorem (Theorem 2) relies on differential equations.

Section 3.4 is devoted to applications of Theorems 1 and 2. First, we will prove that
suprema of binomial (resp. Poissonian) independent random variables are more concentrated
in the sence of convex concentration inequality than a single binomial (resp. Poissonian)
variable. In other words, let (Y;);<;<, be independent random variables with distribution
B(n,p;) and Z,, = sup(Y1,...,Y,). For any convex function ¢

E(¢(Z,)) < E(¢(Sn)), (3.4)
where S, is B(n,[E(Z,)/n)—distributed. In the same way, if (N (i))l <i<, are independent
random variables with Poisson distribution with parameter p; and A, = sup(N®, ... N®)
for any convex function ¢

E(¢(Ar)) <E(o(V3)), (3.5)

where Y; is P(E(A;))—distributed. The key argument here, is that we are able to compute the
compensator of (A;);>o. The result is, in fact, a concentration inequality for the supremum
of a set indexed Poisson process, when the class of sets is a class of disjoint sets. So it is
quite natural to formulate the question below.

(Q) Does the process (sup(Il;(A4), A € A)),., satisfy a convex
Poissonian concentration inequality when (II;);>¢ is a Poisson process ?

1B(n,p) is the binomial distribution with parameters n and p, £(\) is the exponential distribution of
parameter A, b(p) is the Bernoulli distribution of parameter p and P(u) is the Poisson distribution of
parameter (.
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Reynaud-Bourret (see [9]) proved that the answer is positive if we restrict the functions ¢
to be of the form ¢,(z) = exp(Az). We can then conjecture that the question (Q) has a
positive answer.

In the last application we study the example of 3—ary search trees, and we show that
they are an example for which Theorem 1 is valid.

3.2 Definitions and statement of results

Let (Z,)new+ be a nondecreasing discrete time process, with Z; = 0 and with jumps
equal to 1. In this paper we are interested in concentration inequalities for the process Z.

Definition 1 . A process (X,)new s said to satisfy a binomial convex concentration in-
equality if for any n € IN, any convex function ¢ we have

E(¢(X,) <E(o(Ya)), (3.6)
where Y, is B(n,E(X,)/n)—distributed.
We will also consider continuous time counting processes. We recall that (A;);>0 is a counting
process if it is a random increasing piecewise constant function with Ay = 0 and with jumps
equal to 1 (for a complete description of these processes see Brémaud [2]). Let (F;)i>0 be
a filtration and assume that (A;)i>o is (F;)—measurable. Let (A¢)¢>o be the compensator
of the counting process A, i.e. the nondecreasing function such that (M; = A; — Ay)i>o is
a martingale (see Brémaud [2] or Dellacherie and Meyer [5] for a complete description of

compensators). In the sequel we are interested in concentration inequalities for the process
A.

Definition 2 . A process (Xi)i>o is said to satisfy a Poissonian convex concentration in-
equality, if for any t > 0 and any convex function ¢ we have

E(¢(X) <E(o(V)), (3.7)
where Yy is P(E(Xy))—distributed.

3.2.1 Theorem for discrete time processes

Let (Z,)new+ be a nondecreasing discrete time process, with Zy = 0 and jumps equal
to 1, i.e. Zpi1—2Zy=0o0r Z,y1—Z, =1. We suppose that (Z,),en+ satisfies the following
assumption

Assumption 1 . For any fixed n, the sequence
(P(Znﬂ =k+1 | Zy = k))kzo
18 MONINCTEASING.

Theorem 1 (Discrete time). Under Assumption 1, the process (Z,)neN satisfies a binomial
convex concentration inequality. In other words, for any convex function ¢ we have

E(¢(Zn)) <E(¢(Yn)), (3.8)
where Y,, is B(n,E(Z,)/n)—distributed.
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3.2.2 Theorem for continuous time processes

Let (At)i>0 be a counting process, whose compensator (A;);>o satisfies the following two
assumptions.

Assumption 2 . The compensator (A¢)i>o is absolutely continuous and a.s. finite on [0,T].

Note that Assumption 2 implies that A has a.s. a finite number of jumps (recall the
jumps are equal to 1). In the sequel we will denote by As the derivative of dA; with respect
to ds (see Reynaud-Bourret [10] who introduces this assumption and gives other applications
for counting processes).

Assumption 3 . E(\; | A;_) is a nonincreasing function of A;_.

Theorem 2 (Continuous time). Under Assumptions 2 and 3, the process (Ai)i>o satisfies
a Poissonian convex concentration inequality. In other words, for any convex function ¢ we
have

E(¢(4r) <E(¢(Y1)), (3.9)
where Yy is P(E(A:))—distributed.

3.3 Proofs

3.3.1 Proof of theorem 1

Theorem 1 will be a consequence of Theorem 3, which is Theorem 1 in Shao [11]. We
briefly recall Shao’s setting. A finite family of random variables {X;, 1 <i < n} is said to be
negatively associated (IN.A.) if for every pair of disjoint subsets A; and Ay of {1,2,...,n},

COV{fl(XZ',i € Al), fQ(Xj,j - Ag)} S 0, (310)

whenever f; and f, are coordinatewise increasing and the covariance exists. An infinite
family is N.A. if every finite subfamily is N.A.

Theorem 3 (Shao [11]). Let {X;,1 <i <n} be a N.A sequence and let {X},1 <i <n} be
a sequence of independent random variables such that X; and X} have the same distribution
for eachi=1,2,...,n. Then

E(f(Z::Xi)) SE(f(Z::XZ)) (3.11)

for any convex function f on R, whenever the expectation on the right hand side of (3.11)
er1sts.

Remark 1 . The proof of Theorem 3 requires only that (Sp, Xpy1) is N.A. for any n € IN.

Theorem 3 implies the following lemma.
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Lemma 1 . Let ¢ be a convex function. Under the assumptions of
Theorem 1, we have

E(¢(Zn)) < E(6(Sn)), (3.12)
where S, is the sum of independent Bernoulli variables, a; + --- + a,, such that E(a;) =
E(Z; — Z;_4).

Proof: Let b,,1 = Z,11 — Z,, and let us prove that (Z,,b,1) is N.A for any n € IN.
We will first prove that the function

in nonincreasing in ¢ € IN.

Set u, (k) =P(bpy1 = 1| Z, = k) and «, (k) = P(Z, = k), we have

> i Un (1))

n, k)= - _
PR = )

Y

Hence

(k4 1) S8t (1) (1) — un (b + D (k +1) 35, an(i)'

n, k) — p(n, k = % . k+1 .
p(n. k) = p(n,k +1) S i) SE (i)

Using Assumption 1, we get
p(n, k) — p(n,k+1) > 0.

Hence, p(n,t) is nonincreasing.
Let ¢ > 0, since p(n,t) is nonincreasing we have

Plb,i1 =12, >t) <P(byy =1).
This equation can be written as
P(Z, >t bpr1=1) <P(Z, > t)P(byy1 = 1).
Since b, 1 = 0 or b, 1 = 1 we get, for any (s,t) € R?,
P(Z, > t, byp1 > 5) <P(Z, > t)P(byt1 > 5).

In other words
COV{IZTLZt Ibn+123} S 0. (313)

From this inequality we get that, for any nondecreasing functions f and g,
Cov{f(Zn), 9(bn+1)} < 0. (3.14)

From (3.14) and Theorem 3 (cf. Remark 1), we then get Lemma 1. O
Theorem 1 is an easy consequence of both Lemma 1 and Proposition 1 stated in the intro-
duction.

71



3.3. PROOFS

3.3.2 Proof of theorem 2

We will use differential equation technics to prove Theorem 2. The key point is the

lemma below which gives a concrete description of the compensator of <¢(At) —o(Ao)) .
0

Lemma 2 . Let ¢ be a nondecreasing convex function. Then the predictable compensator

<At(At, ¢)>t>0 of (gb(At) — ¢(A0)>t>0 is defined by

Mano) = | (614 Au) - 6(A) ) Auds, (3.15)

Proof: Using the fact that the process (A:)¢>o is piecewise constant with jumps equal
to 1, we have

o) — o(a0) = [ (601 A) 64, )) A

since the process (A;)i>o is cadlag, the process (A;-)i>o is left-continuous and so is the
process (¢(1 4+ As_) — ¢(As-))s>0. Using Theorem T8, p. 27 in Brémaud [2| we get that

t
Vim [ (614 A) = 6(4.)) (@A, — A
0
is a (F;)—martingale. This ends the proof of Lemma 2. O

In order to prove Theorem 2, we will exhibit differential equations satisfied by E (¢(A))
and E (¢(Ny)). Denote by C the set of all convex functions and by Cy the set of all convex
functions of the class C?. Let (N;)s>0 be a Poisson point process on R*, with E(N;) = E(A4,).
Let

h(¢,t) =E(¢(Ar)), g(0,t) =E (6(Vy)) -
For a € R, set A} = Ay +a, N = N, + a. Let

ha(d,1) = E(6(AY)) . ga(d, 1) =E (o(IV})).
Note that hg = h and gy = ¢g. Then

oo

g(0,1) = Y d(k)eME(A)" /R,

k=0
Using the definition of A; and Fubini’s theorem, we get

d
%E(At) =E(\).

Consequently

WK

%(qx ) = EQu) (= Y @(k)e“AE(A) /R + g Bk +1)eEE(A,) k).

e
Il

0
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This equation can be written in the following way

%(gb, t) =E(\) (E(gb(Nt +1) - ¢(Nt))>

whence
%(qs, t) +E(M)go(9:t) — E(A)g1(e, 1) = 0. (3.16)

Let us now deal with A. From Lemma 2, we have

6.6 = BloA) = (64 + B [ (14400 - o4 )rds) . @an

From Fubini’s theorem, t +— h(¢,t) is absolutely continuous with respect to Lebesgue’s

measure and, denoting by 7 its derivative,

fl—i’(qs, t) = E<(¢(1 +A) — cb(At_))At). (3.18)

Let E4~ denote the expectation conditionally to A,_. Then

D00 =E (B (001 + 4) o4, )
=E((8(1+ 4) = 6(4 ) B ().

Now, using the convexity of ¢, on one hand ((b(l +A;) —(b(At_)) is a nondecreasing function
of A;_, and on the other hand, from Assumption 3, E4:-(),) is a nonincreasing function of
Ai_. Hence (¢(1+ Ai) — ¢(Ar-), E4=(),)) is negatively associated, which ensures that

%(@ t) SE(o(1+ A-) — o(Ar-))JE(N).

From the convexity of ¢
P14+ Ar) — ¢(Ar) < O(1+ Ay — o(1 + Ay),

because A;_ < A;. Therefore

dh
(6.1) < B(3(1+ A) — (A))E(N). (319)
In other words dh
—(6,0) + (ho(6,1) = ha(6,1) E(A) < 0. (3.20)
Replacing ¢ by ¢, : © +— ¢(x + a) in (3.16) and (3.20), we get, for any a € R,
dga
T O+ (9a(6.0) — gusa (6,1 E(N) =0, (3:21)
dhg
E(@% t) + (ha(¢> t) - ha-i—l (¢> t)>E()‘t) S 0. (322)

73



3.3. PROOFS

Now, define, for u € R and x € R™, the function ¢, by
oOu(z) = (u— )4 =sup(u — z,0),

and consider £ = {¢,,u € R}.
It is easy to see that ¢,(x +y) = 0 as soon as y > u. Hence
(3.23)

hy(Pu,t) = gy(¢u,t) =0 for any y > u.

Let y be the first integer greater than u. From equation (3.23),
hy(Gus t) < gy(Pu, t). (3.24)

Now, let us prove, by backward induction on k, that hy(¢y,t) < gr(du,t) for any k in [0, y].

If hy(u,t) < gr(du,t) at rank k then
dgy—
Pt (Gust) + g-1(90, DE(N) = gu(60s DEOV), (3.25)

Both the initial condition
he-1(0u, 0) = ge1(du, 0) = (u =k + 1)

and equations (3.25) and (3.26) imply that hx_1(¢u,t) < gr—1(¢u,t). Hence by induction we
get that ho(du,t) < go(¢u,t). Whence Theorem 2 is proved for any ¢ € £.

Now, if ¢ € Cy, thanks to Taylor formula, we can write
+o00o
o) =6(0) + 26O+ [ (o= 00" (u)d (3.27)
0

Now (z —u)y = (x —u) + (u — x)4. Hence equation (3.27) becomes

¢(x) = ¢(0) + z¢'(0) + /OOO ((z —u) + (u—x)4) ¢" (u)du. (3.28)

Then
E(6(40) = 0(0) + EC)o0) + E( [ (A=) + (u = A1) o))

Since the functional inside the integral is nonnegative, Fubini’s theorem applies and

consequently
E (¢(Ar)) = #(0) +E(4,)9/(0) + /0

Now, from the validity of Theorem 2 for the elements of £, we get
E (6(A) < 0(0) + ECVS () + [ E((Ne— )+ (u— N)2) ) ().
0

Using again Fubini’s theorem we have
E(6(4) <E(¢(V))- (3.29)
OJ

h E((At —u) + (u— At)+)(b”(u)du.

We complete the proof using a density argument since Cs is dense in C.
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3.4 Applications.

In this section, we will give applications of Theorems 1 and 2 of Section 3.2. The first two
applications show that suprema of independent binomial random variables (resp. Poisson
variables) satisfy a binomial (resp. Poissonian) convex concentration inequality. The third
deals with 3—ary search trees. We will show that the process of saturated nodes in an 3—ary
search tree is an easy example of discrete time models which satisfied Assumption 1.

3.4.1 Supremum of binomial random variables

Let p;1 > py > ... > p; be a nonincreasing sequence of reals. The aim of this section is
to give a concentration inequality for Z = sup(By, ..., B;) where the B;’s are independent
B(n, p;)-distributed random variables.

Theorem 4 . If Z = sup(By, ..., By), then, for any convex function ¢, we have
E(¢(Z)) <E(o(Y)), where the B;’s are independent B(n, p;)-distributed random variables
andY ~ B(nl,E(Z)/nl).

A discrete time representation

Here, we introduce a discrete time counting process (Z,)yen such that
7 =27, (3.30)

Next, we apply Theorem 1 to Z, with u = nl.

Let X;;, ¢ = 1..n, j = 1..l be independent variables such that X;; is Bernoulli distributed
with parameter p;. Assume that the p;’s are nonincreasing. If uw = an + b with 0 < b < n,
we define Z,, by

Zu = max (Su(p1), Su(p2)s -+ Su(pa), Sy(Pas) ). (3.31)
where S,,(pj) = >, Xi; is B(m, p;)—distributed.

Lemma 3 . (Z,).en satisfies the hypothesis of Theorem 1.

The proof of Lemma 3 requires the two technical lemmas below whose proofs are postponed
to the end of the section.

Lemma 4 . Let Y be a B(n,p)—distributed random variable and let us denote by G its
distribution function. Then for any k > 1 we have

G*(k) — G(k—1)G(k+1)>0. (3.32)
Lemma 5 . Assume that py > py . Set
P(Sj(p2) < k)P(Su(p1) = k)
P<5j(p2) = k‘>IP’<Sn(pl) < k:) '

; 18 nondecreasing with respect to k

(3.33)

[k(p1,p2) =

Then the sequence (Ix(p1,p2))r=1
for any j € {0,...,n—1}.

.....
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Proof of lemma 3.
Define F(m7j7 l) = P(Sm(p]) < k)?

a

Nay1(k) = P(Sy(par1) = k) [ [ F(n, i, k),

i=1
and, for any i € {1,...,a},

Ni(k):F(b,a—i—l,k—l)ﬁF(n,m,k)P(S (pi) = H F(n,m,k—1).

m=1 m=i+1
Set U = ]P)(Z]'_H =k +1 | Zj = ]{3) Then

Na+l (k>
St Ni(k)

U =

P(Xy(p; = 1)). (3.34)

Let

~ Ni(k)

=1 .
* + Na-l—l(k)

(3.35)

i=1
From (3.34), we get that (uy)ren is nonincreasing if and only if (¢x)ren is nondecreasing.

Let
N;(k)

Na-i-l(k) '

It is enough to prove that each sequence (v;(k))genw is nondecreasing . From the definition
of the numbers Ny (k), ..., Noy1(k),

P(S;(pa) < k) P(Sn(pi)
P(S;(pa) = k) P(Sn(p:)
(
(

~—

L P(Su(pm) <k
Hm i+1 P(Sn(pm) < k)
k)

<
<k)

vi(k) =

=k)
< k)
o Hm i1 (Sn pm)
Ik(pwpa)l—[m - (Sn pm)

Using Lemmas 4 and 5 we get that (v;(k))ren is a product of two nondecreasing sequences.
Consequently (c)ren is nondecreasing, which ends up the proof. U

Proofs of the technical lemmas

Proof of lemma 4: It is a well known log-concavity result (see Pinelis [8] for instance).
Anyway it can easily be proven by induction that

log G(k) > %(logG(k‘ — 1)+ logG(k + 1))
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Proof of Lemma 5: We will first prove this lemma when p; = p; = p. Set j = n —m, then

I (p1, p2) becomes < ) ( )
P(Sp—m < k)P(S, =k
Ie(p1,p2) = P(Sn_m _ k)IP’(Sn < k:)

Set
i (n—m—k:)!P<S"—m<k>
T =k P<Sn§k> ’

then '
n! <
I =— (1 —p)"I,.
k(p17p2) (n—m)!( p) k
Since the factor in front of I, is independent of k, (Iix(py, p2))ken is nondecreasing if and
only if (Ix)rew is nondecreasing. Now let J;, be the inverse of I. Then J;, = J,gl) + J,gQ) with

o =k P(Sam <k, Sm < k=S, )
B (n—m—k‘)!< P(Sp_m < k) )’
@ =k (P(Sy_m =k)P(S, =0)
= (n—m—k:)!( P(Sp_m < k) )

Consequently, it is enough to show that (J,gl))kem and <Jl£2))ke]N are nonincreasing. Set
ri = P(Sp—m = 1) and ¢; = P(S; <i). Then, setting

(n—Fk—1)! 1
(n_m_k_l)!zj OTJZ] 0T

(k) =

we get
Jm _ 5 k—1 k k k—1
S (k)Y rigees Y i~ (n—m— k)Y riges Y1y
’Yl(k> i=0 =0 i=0 j=0

Hence J,gl) — J,Sr)l has the same sign as

k—1 k k k—1
o (k)= ((n — k) TiQh—i Z r;—(n—m-—k) Z TiQh—i rj> )
Now k—1 k—1
d1(k) = (n — k)hf(ZTiQk—i - %Zﬁ')-
i=0 i=0

The right hand side of this inequality is positive since the sequence (¢;);en is nondecreasing.
Hence (J,E,l))kem is nonincreasing.

Let us deal now with J,ﬁ”. Denoting by F' the distribution function of S,,_,, and setting
(n—k-1)! (A—p)"

(n—m—k)F(k—1)F(k)’

Ya(k) =
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we have
I = JE =) (0= K)(F (k) = F (k= 1) F (k)
—Or—m—kﬂF%+ly—F%»F%—1». (3.36)

Using Lemma 4, we see that the right hand side of (3.36) is nonnegative. Then (J ,§2))kelN
is nonincreasing, whence (Jg)ren is nonincreasing. Which implies that (Ix)ren is nonde-
creasing.

Consider now the case where p; > py and j = n — m. Write

Ii.(p1, p2)

Ii(p1,p2) = [’f(pl’m)]k(pl p1)

and set
Ly = Iy (p1,p2) _ P(S;(p2) < k)P(S;(p1) = k)
I(p, ;1) P(Sj(p2) = k)P(S;(p1) < k)
We now prove that (Ly)ren is nondecreasing, which will be enough to conclude.
For i =1,2 set r; = p;/(1 — p;) (note that since p; > py we have r; < ry). Setting

Y3 = )
L —po

_ ﬂP(Sj(pz) <k)
" RS, () < B)

Expanding Lj, we see that L;,; — L; as the same sign as Ay, with

_ X Ot i ()

Zf:o (Z)ri Zf:o (Z)Té

we get

Ly

Let . o

SO AW
Yo (Ot Al + ()t

with Ay_1(r) = Zi:ol (J)r®. Then it is obvious that Ay = Ci(r1) — Cj(r2). Hence Lemma 5

will be proved if we prove that Cj(r) is nondecreasing. Taking the derivative with respect

to r in (3.37) we see that the sign of Cj(r) is the same as the one of

Cr(r) (3.37)

do(r) = A2+ ()% (rA_ () = (k= DA (1))
J

Now

d(r) (ki (Z)rf _ (i) (k1) + ki (Z) (k1)) (3.38)

i= =1
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is a polynomial function in r for which the coefficient of r*+% is

SO0 O0e -0

For0<i<2k—2andi+1<u<k—1,it is easy to check that

()62 = ()6t
W)= ()G 69

This last inequality implies that dy(r) is nonnegative. Which concludes the proof of Lemma 5.
O

whence

3.4.2 Supremum of Poisson random variables

Let 11 > ... > p, be a finite nonincreasing sequence of real numbers. The aim of this
section is to give a concentration inequality for

W =sup(Ys,...,Y),)
where the Y;’s are independent and P(u;)—distributed.

Theorem 5 . For any conver function ¢ we have if Y ~ P(E(W)) the following inequality
E(o(W)) < E(o(Y)). (3.40)

A continuous time model representation

Here, we introduce a continuous time counting process (A;):>o, such that
W= A, (3.41)

Next, we will apply Theorem 2 to A; with t = 1.
Let p be equal to pg + ...+ . Let (7;);en be i.i.d random variables £ (p)—distributed.
Define the process S, by Sy = 0 and for any n > 0, S, = Z;‘:l T;. It is well known that
Ny = ZZ:{ 145, < is a Poisson point process. Consider now the nonincreasing sequence of
real numbers (¢;)1<i<, with sum 1 defined by t;u = ;. Let a; = 23:1 t;i. Then N,, — N,, ,
is P(u;)—distributed. By homogeneity we can assume that g = 1 in the sequel. We define
fort <1,

ND =N, —N,,_, (3.42)
and

k(t) = sup(i, a; < t).

We consider
At = Sup(N(l), ceey N(k(t))7 Nt - Nak(t))
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Lemma 6 (Compensator of Ay). If a; < t < a1 define Ay by setting \y =1 if A, =
N, — N, and Ny = 0 otherwise. Then Ay = fot Aodu is the compensator of A;.

Ak (t)

Proof of Lemma 6: Let t be in [a;, a;41] and s < t we will show that

t
E” (At — A, — / )\udu) =0. (3.43)
Suppose first that s > a;. Then

At = Sup{Aai, Nt — Nai}, (344)
A = sup{A,,, Ny — N, }. (3.45)

If Ay = Ny — N,,, we have Ay, = N, — N,, and A\, =1 for any u € [s,?]. As the event
B:={A,=N,—N,} (3.46)

is Fs-measurable and N; — N is independent of F;, we have

E7 ((At A, /: )\udu) n{B}) — g% ((Nt N, (t— s)) IL{B})

= LnE"™ (N, — N, — (t —s))
=LnE (N, — N, — (t—s)) =0. (3.47)

Now on B¢ we have Ny — N, < A, whence A; = A,,. Then
d:=A, — (Ns— N,)

is a positive number and is Fy-measurable. Now if NV, — Ng < 6 we have A, = A,, and A\, =0
for all u € [s,t]. This implies

t
EZs <<At — A, —/ )\udu> ]]-{BC}]]-{Nt—NS<6}) = 0. (348)
If N; — Ny > § let 7 be the first time in |s, ¢] such that N, — N,, = A,,. Note that 7 is a

(Fi)i>o-stopping time. Then A; = Ny — N,,, As = A,y Ay = 0if w € [s,7] and A\, = 1 if
u € [7,t]. Hence

¢
E]:s ((At — AS—/ )\udu)]l{Bc}]l{Nt_NSZ(;}> =
o ((Nt N, —(t— T)) IL{Bc}IL{Nt_NSZ(;}> . (3.49)
Clearly {N; — N; > 6} = {N, — N, > 0} = {7 < t}. Therefore
t
E]:s ((At — AS_/ )\udU/)]l{Bc}]l{Nt_NSZ(S}) =

1L pe, B (Eﬂ <(Nt N, —(t— r))n{Nt_NTZO})) — 0. (3.50)
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Putting together equations (3.47) (3.48) (3.50), we get

t
E7 (At — A, —/ )\udu) =0, (3.51)
for any a; < s <t < a;41. Using similar arguments we see that equation (3.51) is valid for
any 0 < s <t <1 U

Thanks to the following lemma, Theorem 5 is an easy consequence of Theorem 2, with
t=1.

Lemma 7 . (A;, \;), satisfies Assumption 3

Proof of Lemma 7: First, for a fixed ¢, A, = A;_ almost surely. Hence E (\; | A4;_) =
E (X | A;) almost surely. If ¢ € [a;, a;1[, then \, = 1 iff A, = Ny — N,,. Consequently

E ()\t ‘ At) - P(At - Nt - Nai

Ay). (3.52)
We now prove that the sequence (uy(t)); defined below is nonincreasing. Let
Uk(t) = ]P(At = Nt — Nai | At = kf) (353)

If V=N, — N,, then

P(V; =k NY <k, j=1.1)
The end of the proof needs the following lemma whose proof is postponed to the end of

the section.

ug(t) = (3.54)

Lemma 8 . (i) For any 1 < j <1,

P(V; =k, NO < k)

wld) = B =%, N0 < k) 1BV, < b, NO =& (3.55)
18 monincreasing with respect to k.
(17) For any i >0,
P(N® < k)
M;(k) = —&———= :
(k) B(NO < ) (3.56)

15 nondecreasing with respect to k.

Recall we have to show that (ug(t))ren is nonincreasing. From the independence of the
random variables N and N, — N,,, setting

D(k) =P(V = k) ﬁP(N(j) <k)
+P(V < k) ZX_:P(N@'—“) =k) [ P(VY < k) ] POV <k),

u=0 I>i—u I<i—u
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we get '

P(V = k) [T;-, P(ND < k)
D(Fk)

Set Wi(t) = (ux(t))~'. Rewriting (3.57) we have

uk(t) =

W 1 . BV < k:)IP’(N =k) PV <kPNY <k)P(ND =F)
F T BV RP(NO <k) | P(V = RP(NO < B)P(NGD < k)
PR U k:) ( W < k) IP’(N(2) < k)P(NW = k)

Any component of this sum is of the form a3, with

P(V < k)P(NU) = k) 1 P(VY < k)
pv—npvo <p 4 A =11

A —

(3.57)

Using Lemma 8, we see that both a4 and [, are nondecreasing sequences of k, which

ends the proof of Lemma 7.

Proof of lemma 8

g

(i) Let t € [a;, a;+1[. Let us prove that (vg(j))x is nonincreasing for all j < i. Recall that

P(V; =k, NO < k)
P(V; =k, NO <k)+P(V; <k, NO =k)’

vp(j) =

Fix j and set vy = vg(j). It is enough to show that

P(V < k)P(NU) =
P(V = k)P(NU <

Ui =

is nondecreasing in k.

As 6,41 < tj, and t — a; < 0;, there exists 6 in ]0, 1] such that t — a;, = 6¢;.

(3.59) becomes now

S 0t /)
2en=07 /T
ok St /nl

k p—t
Now, we set, Sj(u) = >, _,t7/n! and
K(0,k) = 0"1S;(k)S;(k + 1).

Then

(Ukt1 — Up)K(0, k) = S;(k) (Z 8:?) —05;(k+1) (Z tjjn>

n=0

(3.58)

(3.59)

Equation

(3.60)
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We will show that for 6 €]0, 1] and ¢; > 0,

P) = S;(k) + Z (t.—é'sj(k) — %Sj(kz + 1)) 0. (3.61)

D> (j—?sm - %Smf + 1>) 0. (362
0

Now using the fact that # < 1 and 0 > 62 we get

B L (8 i Z-
P(0) >0 tjsj(k:—1)+(k+1>! +§ Esj(k)—msj(k;ﬂ) 0. (3.63)

We can do the same thing for each power of 6, and we get that P(6) > 0 for any 6 € [0, 1].
(i) Let P, =S¢ #7/nl =S2F_ ¢,, then
Mz(ki + 1) B P]? B Pk2—1 + Ck(QPk_l + Ck)
Mi(k)  PeniPeor P2+ ce(Piot + copr Poc1/cr)
. Pk2—l + CkPk_l + CkPk
P;f_l + ke Pi1 + cp1Pea’

Expanding the polynomial function

Ok = cp Py, — Ck+1Pk—1 = Ck(Pk ——DF 1)

k + 1
we see that 0, > 0, which implies that M;(k) is nondecreasing. O

3.4.3 3-ary search trees

An 3-ary search tree is a data structure that grows by the progressive insertion of keys
into a tree with branch factor 3. Each node contains 0, 1, 2 keys and gives rise to 3 branches
as soon as it contains 2 keys We call saturated a node containing two keys.

For each ¢ € {1,2,3} let X, " denote the number of nodes containing i — 1 keys after having
introduced n — 1 keys in the tree. The purpose is to give a binomial convex concentration
inequality for XY, In other words we have the following theorem.
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Theorem 6 . The number of saturated nodes in an 3-ary search tree satisfies a binomial
convex concentration inequality, i.e. for any conver function ¢,

E (6(X)) <E(4(Y)), (3.64)
where Y is B(n, E(X,Sg))/n)—distributed.

Construction of an 3—ary tree

Let us first recall Chauvin and Pouyanne description of 3—ary search trees (see [4] for
a general description of m—ary search trees). One throws a sequence of numbers in [0, 1]
named keys, uniformly in [0, 1]™". The keys are placed one after another in an 3-ary tree
(one node root, from each node grow 3 branches). The following recursive rule describes the
way a key named k is inserted in the tree.
i) If the root contains strictly less than 2 keys, then k is inserted in the root. One draws
usually keys in a root from left to right in increasing order.
it) If the root is already saturated, i.e. if it contains 2 keys named ky, ks, ordered such that
k1 < ko, then corresponds to each interval I} =] — oo, k1|, Iy =|ki, k2|, I3 =]ks, 00[ a subtree
being itself an 3-ary search tree. one draws usually the branches corresponding to Iy, I, I3
from left to right. In this situation, k is inserted in the subtree that corresponds to the inter-
val I; such that k € I;. Let F,,, the o—field generated up to time n. For each i € {1,2,3} and

n > 1, we define X as the number of node which contains i — 1 keys after the insertion of
the n—1—th key; such nodes are named nodes of type 7. Nodes of type 3 are called saturated.

Proof of theorem 6

We are interested in the saturated nodes. We recall the two following equations that can
be found in [4].

n—1=2X% 4 x® (3.65)

n=Xb42x? (3.66)

Hence if X\” is known then X\" and X\? are also known. It is clear that Xffl)l = x¥
(3)

or Xﬁl = xP 41 (the number of saturated nodes is an nondecreasing function). Xy
increases only if the n-th keys is added in a node of type 2, this is done with probability
%XT(?). Hence

PXP, = XP + 1| XO) =P(X, = X® + 1] x1, x?)

2 2
= ~X@® =Z(n—-1-2X¥).
n n
The last equation implies that (Xy(bg))nem satisfies Assumption 1. Theorem 6 follows. 0

Remark 2 . We proved that for m = 3, the process of saturated nodes <Xq(1m)> satis-
nelN
fies a binomial convex concentration inequality. The problem to know if this concentration

inequality holds for m > 3 is open.
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CHAPTER 4. CAS DES MARTINGALES

Convex concentration inequalities
for nondecreasing jump processes
with bounded jumps

Thierry KLEIN
Université de versailles
45 avenue des Etats-Unis
78035 Versailles cedex
klein@math.uvsq.fr

Abstract 1 In this paper, we prove convex concentration inequalities for continuous time
nondecreasing jump processes with bounded jumps. These results can be seen as the contin-
uous time analogues of Bentkus result in [1].

AMS Classification: 60E15, 60F10.
Keywords: Martingales, counting processes, records, convex concentration inequality.

4.1 Introduction.

In this paper, we give convex concentration inequalities for the martingales associated to
continuous time nondecreasing jump processes with bounded jumps.

Definition 1 We say that a random variable X, is more concentrated for the convex func-
tions than a random variable Y if for any convex function ¢

E(6(x)) <E(s(V)).

This concept was first introduced by Hoeffding in [7]. In this paper, Hoeffding compares
E (¢(S,)) with E (¢(S})), when S,, = > | X; is the sum of independent Bernoulli distributed
random variables with parameters p; and S’ is B(n,p)—distributed with p the arithmetic
mean of the p;’s.

Proposition 1 (Hoeffding [7], Shorack-Wellner [17]). Let by, ..., b, be independent ran-

dom wvariables Bernoulli distributed with parameters p; and S, = by +---+ b, . Let p =
P1+ ...+ Dn

n

then for any convex function ¢ we have

E(6(5.)) <E(o(B(n.p))). (4.1

These inequalities are very useful to derive tail inequalities as pointed by Hoeffding [7],
Bretagnolle [3] who gave a functional version of this result, Pinelis in [11] and [12] studies a
more general case where the function ¢ is in a general class of functions. Shao in [16] treats the
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case of Negatively Associated (N.A) random variables and shows how convex concentrations
inequalities lead to classical inequalities like Rosenthal maximal inequality or Kolmogorov
inequality. In particular, he is able to extend Hoeffding’s inequality on the probability bounds
for the sum of a random sample without replacement from a finite population. Bentkus in
[1] uses convex concentration inequalities to give bounds for probabilities tails of discrete
martingales with bounded jumps. Klein in [9] give convex concentration inequalities for
discrete and continuous time counting processes.

In this paper, we give the analogue of Bentkus result when looking at continuous time
martingales. These results generalize the results in [9] since the jumps of the processes
considered here are bounded by 1. Let (A;);>o be a pure bounded jump increasing process
i.e. (A¢)i>o is piecewise constant and 0 < A; — A~ < 1 (see Dellacherie-Meyer [6] or
Brémaud [2] for complete study of these processes and in particular for properties of their
compensator). We note (C});>¢ is predictable compensator’. Then we prove (see Theorem 1)
that, for any convex function ¢

E(¢(A: — Cy) < E(¢(Ne — 0)), (4.2)

where N¢ is P(C)—distributed and C' > ||Cy||o. The variance of the majorizing Poisson
random variable No—C ' is related to the compensator of A;, and, consequently, may be much
greater than the optimal variance factor. Consequently, in Section 4.3, we give concentration
inequalities involving the quadratic compensator of (A; — C;). However, in that case, the
comparison inequality holds only for convex functions with nondecreasing second derivative.
Consequently, one can derive only right hand side deviations inequalities from this inequality.
This is the reason why we give in Section 4.4 another comparison inequality involving convex
function with nonincreasing second derivative, in which, we compare (A; — C;) with gaussian
random variables. As pointed above convex concentration inequalities are very usefull to
derive left and right more precise concentration inequalities as in Pinelis [12] and in Bentkus
[1] in the discrete case. For continuous time processes and exponential inequalities derived
from bands on the Laplace transform, we refer to Liptser and Shiryaev [10], Courbot [4, 5]
and to Wu [18], Houdré and Privault in [8] and Reynaud-Bourret [13, 14] who obtained via
the log-Sobolev method concentration inequalities for Poisson processes.

4.2 Expectation type result.
Let (Bs, As)s>0 be a point process, where the intensity g satisfies 0 < Ay < 1. Consider
a measurable process (Js)s>o such that 0 < J, < 1, and N be a poisson point process

independent of the other processes.

Definition 2 We call pure jump process, a process (As)s>o of the form

Asz/ Ju—dBy.
0

'Recall that A, — C; is a F,-martingale.

90



CHAPTER 4. CAS DES MARTINGALES

Remark 1 The process (As)s>o is piecewise constant, jumps when the process B jumps with
Jumps equal to J,_. The predictable compensator of Ay is Cy = fot AsJs_ds.

Assumption 1 Assume that there is some constant C' > 0 such that ||Cy||. < C.

Theorem 1 Let (As)s>o be a pure jump process, then under Assumption 1, for any convex
function ¢, such that lim,_, o (gb(x) exp(—A:v)) =0 for some positive A:
a) The function

9(s) = E(#(4, = No, + N — ) (43)

18 MONINCTEASING.
b) Consequently

E(4(4, - C)) <E(4(Ne - C)). (4.4)

Proof of Theorem 1: Throughout the proof we assume that lim,, 27 '¢(z) < +o0o. The
general case follows via the Beppo Levi lemma.
Proof of a) Conditionning on F, we get

9(s) = B(E™ (6(Ne — Ne, + 4, - C))). (4.5)

Since N¢ — Ng, is independent of Fy and is P(C' — C)—distributed,

= C —C,)F
g(s) = E( Z exp(Cs — C’)%qb(k + As — C’)) (4.6)
k=0
Applying Fubini’s Theorem we have
- C—C,)*
g(s) = ZE(eXp(CS - m%mk + A, — 0)). (4.7)
k=0
For k > 0, let
(C —C,)k

fuls) = exp(C, — O)

hi(s) = ok + A, — C).

Since the function f; is a.c. and h, is of bounded variation we may apply the product
formula for Stieltjes integral (see Dellacherie Meyer [6] or Brémaud [2]) i.e.

Al (s) = f(O0) = [ (Al)dhala) + hafu-)dia). (19
Note that E >~ fx(0)hg(0) = g(0), hence,

g(5) = g(0)+ 3 E /0 fewydhe(u) + S F /0 i (u—)dfs(u). (4.9)
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In order to have more readable equations, we set X = A, +k—C, then
s dA,
) = () + [ (o0, + X0) - (X)) 2, (4.10)
0 u—
and
:/ exp(C, — C)A\J,_du,
0
B (C — ) (O —-C,)F!
_/o exp(C, o — = 1)l ))\uJu_du for k>1.
Consequently,
[ it = [ i) (o0 + x) - 60xi) . (1.11)
/ o(u—)dfo () = / (=) exp(C — C)Audu_du, (4.12)
(C—COF  (C—Cy )+t
/ hao(u=)dfi(u / has(u—) exp(Cly — 0)( R ))\uJu_du for k > 1.
(4.13)

Since X = x4 1 equations (4.12) and (4.13) can be written in the following way

/0 (=) df(u) = /0 " (hlu=) = hss(u—)) exp(Cy — (J)%A Jo_du.

From Theorem T8 of Brémaud page 27 in [2] and the fact that

A(Jue + X — ¢<Xu’i>>>

fi(w) ( Ju_

is predictable, the compensator of the process

/OS ot (2= X?) - ¢<X£_’>> ”

is equal to
| st (o0 + X9) = 61 A,
0

which ensures that

/ fro(uw)dhy(u / fr(u Ju_+X5’f>) H(x P )))\ du. (4.14)
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Hence

o) =90+ B | i) (604 X = 0(XE) — e (60 + X ) G(X1) ) Ay

(4.15)
Using the convexity of ¢ we see that
O+ XI) = o(xP) < T (601 + XP) — o(X 1)),
It follows that g(s) is nonincreasing. hence a) is proved.
Proof of b): Using a) we get for any ¢ > 0
E(#(4 — No, + No — €) ) <E(6(Ne - C)). (4.16)
Now we apply Jensen inequality for the conditional expectation with respect to F;:
E¢(E” (4, — No, + No — C) ) S E(E9(4, — No, + Ne = C)). (4.17)

Since A; is Fi-measurable and Ng — Ng, is independent of F;, the left hand side of equation
(4.17) is equal to E(p(A, + C’t)>. This ends the proof of b). O

4.3 Variance type result.

We introduce the quadratic process
D, = / A2 _du, (4.18)
0

and we make the following assumption.

Assumption 2 . Assume that there is some constant D > 0 such that || Dyl < D.

Theorem 2 . Let (A,)s>0 be a pure jump process, then under Assumption 2, for any C*
conver function ¢ with nondecreasing second derivative, such that lim . ¢(z)e % = 0 for
some positive A.
a) The function

h(s) = IE(gb(AS — Np. +Np—D+D, — cs)). (4.19)

18 MONINCTEASING.
b) Consequently,

E(6(4 - C)) <E(¢(Np - D)). (4.20)
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Remark 2 Theorem 2 recovers right-hand side concentration inequalities. For instance,
following Bentkus proof in [1], on can prove

P(At > x) < %QIP(ND D> x) (4.21)

Note that this inequality is stronger (at least for large values of x ) than the following classical
exponential inequality,

IP’(At o> x) < exp ( - Dh(x/D)), (4.22)
where h(u) = (1 4+ u)log(1 + u) — u.

Proof of Theorem 2: The proof is similar to the proof of Theorem 1. Throughout the
proof we assume that lim, . 2 '¢(x) < +oo. The general case follows via the Beppo Levi
lemma. Take first the conditional expectation with respect to F;

g(s) = E(exp(Ds -D)Y %gf)(%&s +D,—~Cy— D+ k:)). (4.23)
Define now :
(D - DS)k

fuls) = exp(D. = D)=~

hi(s) = ¢(As — Cs+ Dy — D + k).
Using again the product formula and since E >~ fx(0)hg(0) = g(0), we have

0) + ZE / s Fr(w)dhy(u) + ZE / s P (u—)df(w). (4.24)
0 0
Let Y =A, +D,—C,+ k— D, as in the previous section we have
*o(Jue + YD) = (Y,
h = dA AJu_d 4.25
k<s>/0( - - [ - TN @29
fols) = / exp(Dy — D)AJEdu, (4.26)
0
y D — D,)* D — D)kt
fr(s) = /0 exp(D,, — D)(( X A = 1;! JAud_du for k > 1. (4.27)
Consequently
(k)y _ (k)
/ fr(uw)dhg(u / fr(u O u-+ Y ) PV )dAu
/ L@ VOV = Ty Adadu,  (4.29)
/8 o(u=)dfo(u) = / ho(u—) exp(D, — D)A\yJ2_du, and for k > 1, (4.29)
0
s D — D,)* D — D)kt
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Since Yu(fﬂ) = Yu(f) + 1, the two last equations can be written in the following way

/0 D) dfi(u) = /0 " (h(um) —hk+1(u—))exp(Du—D)%)\ T2 du. (4.31)

From Theorem T8 of Brémaud page 27 in [2] and the fact that

O(Ju + Y ) —o(v )
Ju_

fu(w)
is predictable, the compensator of the process

(k) (k)
/fk Ju_+Y ) ¢(Yu_)dAu

u_

is equal to .
/0 ) (907, + ¥ = 6() ) Mudu
which ensures that
/ Folw)dhy (u / Felw) (o(J, _+Yu(ﬁ))—¢(Yu@)—¢'(Yﬁ>)(1—Ju_)Ju_)Audu. (4.32)
Consider now
S(y,a) = dla+y) = 6(y) — ¢'(y)a(l - a) + (6y) — 6(1 + ) )a.
If g(s) = g(s) — 9(0),

ZE / Filu Juz ) Audu. (4.33)

Tthe function inside the mtegral in equation (4.33) has the same sign as the sign of
S(Y. " J,_). Now, rewritting (4.33), we get

S(y.a) = ¢y +a) — o(y) — a¢'(y) — a*(d(y + 1) — 8(y) — ¢'(y))-
Using Taylor formula, we have

oy +a) — o(y) —ad'(y) = a2/0 (1—1)¢"(at + y)dt.

Since ¢” is nondecreasing and a € [0, 1], we have:

by +a) — oy) — ad'(y) < a? /O (1= )6"(t + y)dt.
Since .
/0 (1= 6" (t + y)dt = by + 1) — 3(y) — (1),

it implies that S(y,a) < 0 for a € [0, 1]. Hence g is nonincreasing and a) is proved.
The proof of b) is the same as the proof of Theorem 1 b). O
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4.4 Brownian Case

Now, it is quite natural to ask if Theorem 2 also provides left-hand-side concentration
inequalities for the process (A; — Cy)i>0. Unfortunately the answer is negative (for exanple
the second derivative of the function ¢,(z) = exp(tx) for nonpositive ¢ is nondecreasing).
That is why we introduce a brownian motion in order to get the analogous to equations
(4.21) and (4.22) for the left-hand side. Let (W)s> be a Brownian motion independent of
everything else.

Theorem 3 Let (Ay).>0 be a pure jump process, then under Assumption 2, for any C*

convex function ¢ with nondecreasing second derivative and such that lim 4, ¢(x)e 4% = 0
for some positive A.
a) The function
h(s) = E(cb(Cs — A+ Wp — WDS)) (4.34)
18 MONINCTEASING.
b) Consequently,
E(6(Ci — 4)) < E(o(Wp)). (4:35)

Remark 3 This Theorem gives bounds for P(At - < x) Indeed,
P(At — Ct S —fL’) == P(Ct — At Z Z‘),

set dx(y) = exp(Ay) for any A positive, ¢y is a conver function with nondecreasing second
deriwvative. We can apply Theorem 3,

IP’(At - < —a:) <exp < — v+ LWD()\)>,

§exp<— )\x+D)\2/2).

where Ly, is the logarithm of the laplace transform of the variable Wp which is N'(0, D)-
distributed. Consequently

2

IP’(At—C’t < —a:) §exp<—2x—D>.

Note that Pinelis in [12] derives more precise inequalities from inequalities in the style of

(4.35).

Proof: Throughout the proof we assume that lim, ., ¢”(x) < +oo. Note that, since ¢”
is nondeacreasing, lim_, ¢"(z) exixts in R,. The general case follows via the Beppo Levi
lemma.We may assume D > || Dy||« + € for some positive €. First we take the conditionnal
expectation with respect to Fj

(4.36)

h(s) =E</]R¢(Cs—As+x)exp<— Q(Dx_ D5)> 2W(Zx_ DS)).
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Applying Fubini Theorem, we get

2

hs) = /R E(9(C. — A+ )esp (5 (D‘T_ Ds)) QW(Z‘”_ DS)). (4.37)

Define
fx(s) = ¢(CS - As + .Z')7

x? ) 1
2(D—-D,)"\/(D-D,)

As previously, we can apply the product formula for Stieltjes integral

9x(s) = exp(—

£900:05) = £:0)200) + [ Lulw-dgw) + [ glwdw) (4.3
0 0
Hence
s dx s dx
= E/gxudfzu——i—/E/ (u—)dg, (1) —. 4.39
[B [ i+ [E [ pe-dnwZ @
Set Zix_) = C, — A,_ + x. As in the previous section we have the following integral
representations
(=) - u— - Z(m B T
/ A2 ) NZ2u2) g4, + / Aadu_ @' (Z5)du, (4.40)
1 x?
(s) == D’ - . 4,
9a(5) 2/0 #(u) <D D, (D—Du)Q)du (4.41)
Consequently,

2

| sttt =3 [ fwmna@Di (5=~ 5 po e

s (x) _ _ (z) s
[ st = [ gt BT =D gy [ g2

Let us deal with the first term in the right-hand side of equation (4.39). From Theorem T8
of Brémaud page 27 in [2] and the fact that

(2 — J,_) — (25
Ju_

e (u)

is predictable, the compensator of the process

s (@) _ _ ()
o Joe
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is equal to .
/O gu(w) (62 = 1) = $(Z) ) Nudu,

which ensures that
E [ L(w)dfo(u) = E ) . 7@ 7. = (2 + I, (Z) )\ du.
[ a:@at) =B [ 0. (2 = 910) = 9(ZE) + 1, (2) ) At

So the first term in the right-hand-side of equation (4.39) is equal to

(z () ’ T dx
/ / aul) (A2 = 112) = (2 4 TS (2N (442

Now we deal with the second term in the right-hand side of equation (4.39). Using the
integral representation we get

//fx s (u dx: //f “o:wDi(5 1Du_<Df2Du>2)¢d§7rd“‘

(4.43)
Set
/ H(ZD) e x? ) D), dx
X
p " 2(D—Dy)/ (D - D.)2 Var’
/ H(Z)a? ex < x? ) D! dx
P\ "2 -D.)/) (D =D Jar
Then, the second term in the right-hand side of equation (4.39) is
/E/Sf (1) dga (u) -2 = 11@/8(1 () — To(u))du (4.44)
& o x 9z 271’ 2 o 1 2 . .

Next we integrate by parts I twice to get ride of 22 in the integral. Set

U(z) = 2p(Z),

2(D — D)

Z(w)
Since —— =1 we get

ox

2 /
_ () (2) —z D, dr
B = [ (20(22) + 6(22)) ex0 (57555 ) Tp= By e

Setting

I(u) = /Rxcb’(Zf_)) eXp <2<D_ic Du)) (D —Dl%u)?’/2 \;l;_w’
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we have

2(D— D)
We thus get
—x? D! dx
L= [ ¢"(Z")e z u . 4.45
1= [0z e (55 p) T (1.45)
Hence

[& [ ttusinin == =38 [ [ (s@0p )i a0

Setting h(t) = h(t) — h(0), we get from equations (4.42) and (4.46),

) = [ B [ ) (628 = 1) = (20 + I 2) - T Wfﬁ))mu%'
(4.47)
Define 2
1) = 9o — 6) — 6(a) + 66/ (a) — 2-0"(a).
Then

') = ¢'(x) — ¢'(z — 5) — 6¢" ().
Clearly [(0) = 0 and I’ < 0 as soon as ¢’ is convex. Consequently, the function [ is nonpositive.
This conclude the proof of a). The proof of b) is the same as the proof of Theorem 1 b). [
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CHAPTER 5. MARTINGALES ET ARBRES ALEATOIRES

Martingales, Embedding and Tilting of Binary Trees

B. Chauvin , T. Klein , J-F. Marckert , A. Rouault
Université de versailles
45 avenue des Etats-Unis
78035 Versailles cedex
name@math.uvsq.fr

September, the 22th

Abstract 1 We are interested in the asymptotic analysis of the binary search tree (BST)
under the random permutation model. Two methods are mainly used: the first one is the
embedding in continuous time and the second one is the tilting probability method. Combin-
ing both gives a commutative scheme between four models:

beddi
BST ﬂ;ng Yule tree / fragmentation
\L tilting \J] tilting
embedding

tilted BST """ tilted Yule tree / tilted fragmentation

In this paper we focus on the upper embedding arrow and on the tilting arrows. We thus
get new results on the BST and also new proofs of known results. In particular, thanks to
the left tilting arrow, we give a conceptual proof (in the sense of Lyons, Pemantle, Peres) of
the asymptotic behavior of the profile.

Key words. Binary search tree, fragmentation, branching random walk, probability
tilting, convergence of martingales, Chinese restaurant.

A.M.S. Classification. 60J25, 60J80, 68W40, 60C05, 60G42, 60G44.

5.1 Introduction

5.1.1 The model of binary search trees

For a convenient definition of trees we are going to work with, let first define

U=xu | J{o1}"

n>1

as the set of finite words on the alphabet {0, 1} (with X as an empty word). For v and v in
U, denote by uv the concatenation of the word u with the word v (by convention we set, for
any u € U, "u = u). If v # X we say that uv is a descendant of u and u is an ancestor of
uv. Moreover u0 (resp. ul) is called left (resp. right) child of w.
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A complete binary tree T is a finite subset of U such that

el
ifuveT thenu e T,
uleT < udeT.

The elements of T" are called nodes , and "X is called the root ; |u|, the number of letters in
u, is the depth of u (with M| = 0). Write BinTree for the set of complete binary trees.

A tree T € BinTree can be described by giving the set 9T of its leaves, that is, the
nodes that are in 7' but with no descendants in 7. The nodes of T\OT are called internal
nodes!.

We study binary search trees (BST), which are widely used to store totally ordered data
(the monograph of Mahmoud [28] gives an overview of the state of the art).

Let A be a totally ordered set of elements named keys and for n > 1, let (aq, ..., a,) be
picked up without replacement from A. The (labeled) binary search tree built from these
data is a complete binary tree in which each internal node is associated with a key belonging
to (ai, ..., a,) in the following way:

The first key a; is assigned to the root. The next key as is assigned to the left child of
the root if it is smaller than aq, or it is assigned to the right child of the root if it is larger
than a;. We proceed further inserting key by key recursively. We get a labeled complete
binary tree with n internal nodes such that the keys of the left subtree of any given node u
are smaller than the key of u, and the keys of the right subtree are larger than the key of u.

(1
b

Figure 5.1: BST built with the sequence of data 0.5, 0.8, 0.9, 0.3, 0.4 (empty squares are
leaves).

To study the shape of these trees for large n, it is classical to introduce a random model.
One usually assumes that the data (z;);>1 successively inserted are i.i.d. random variables
with a continuous distribution F. For every n > 1, the string x1, .., z, induces (a.s.) a
permutation o, such that z,,1) < Ts,(2) < -+ < Ts,(n). Since the z; are exchangeable, o,
is uniformly distributed on the set S, of permutations of {1,..,n}. Since this claim is not
sensitive to F' we will assume, for the sake of simplicity that F' is the uniform distribution
on [0, 1]. This is the so-called random permutation model.

!Some authors consider non complete binary trees, removing the third condition in the above definition.
The boundary is then the set of nodes that are not in T' but whose predecessors are in T ([6]). It can be
seen as a set of external (or available nodes). Here, we choose to work with complete trees, but this choice
has no impact on the results.
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Again by exchangeability, o, is independent of the vector (24, (1), Zo,(2), - - - s Ton(n)) and
we have

P(xn—i-l € ($an(j)7$an(j + 1)) |(7n) = P(xn—H c (wan(j)>a7an(j + 1)))
= Plopi(j+1)=n+1)=(n+1)"

for every j = 0,1,..,n, where 5,0y := 0 and z,,(n+1) := 1. One can also express this
property with the help of the sequential ranks of the permutation: the random variables
R, = 25:1 I;,<z,, k > 1 are independent and R, is uniform on {1,...,k} (see for instance

Mahmoud [28], section 2.3) , so that P(R,y1 =j+ 1| Ry,..,R,) = (n+ 1)
In term of binary search tree, this is translated by the fact that the insertion of the n+ 1st
key in the tree with n internal nodes is uniform among its n + 1 leaves.

In this model, the law of the sequence of the underlying (unlabelled) trees is a Markov
chain (7,,n > 0) on BinTree defined by 7, = {*4} and

Z"L—i—l = ,]:1 U {Dn+10, Dn-i—ll} )
P(Dpir=u|T) = (n+1)"Y, wedT,, (5.1)

(Dy+1 is the random node where the n + 1-st key is inserted). It is a particular case (a = 1)
of the diffusion-limited aggregation (DLA) on a binary tree, where a constant « is given and
the growing of the tree is random with probability of insertion at a leaf u proportional to
a~ Il (Aldous-Shields [1], Barlow-Pemantle-Perkins [6]).

To describe the evolution of the BST, two important random variables are the saturation
level h,, and the height H,,:

hy, = min{|u| : w € 07} , H, = max{|u|:u € 07,} (5.2)

which grow logarithmically (see for instance Devroye [14] )

hn
a.s. lim = =0.3733... lim
n—oo logn n—oo logn

= ¢=4.31107..., (5.3)

where ¢ and ¢ are the two solutions of the equation 7y(x) = 1 where

() :leog%—x—l—)\, x>0, (5.4)

is the Cramer transform of the Poisson distribution of parameter A\. Function 7, has its min-

imum at x = 2. It corresponds to the rate of propagation of the insertion depth: 2113;” Lo
A more accurate information on 7, is provided by the whole profile
Ur(n) = #{u e d7,,|u| =k} , k>1, (5.5)

counting the number of leaves of 7,, at each level. Notice that Ug(n) = 0 for k¥ > H,, and
for k < h,. To get asymptotic results, it is rather natural to code the profile thanks to the
so-called polynomial level ", Uy (n)z*, whose degree is H,,.
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For z ¢ 37~ ={0,-1/2,—-1,-3/2,---} let

1 1
M, (2) = —— Up(n)z* = 2 , n>0, 5.6
where
n—1
k+2z -2z
e =15y = (7). oz G- (57)

and let F,) be the o-field generated by all the events {u € 7;};<,ucy. Jabbour [13, 21]
proved that (M, (z), F(n))n is a martingale to which, for the sake of simplicity we refer from
now as the BST martingale. If z > 0, this positive martingale is a.s. convergent; the limit
Mo(z) is positive a.s. if z € (2, z), with

2o = /2=0186..., 2 =c/2=2.155.. (5.8)

c

and My (z) = 0 for z ¢ [z, 2]] (Jabbour [21]). This martingale is also the main tool to
prove that the limit profile has a Gaussian shape (see Theorem 1 in [21]).

5.1.2 Embedding of BST in a continuous time model

The aim of the present paper is to revisit the study of this family of martingales, im-
proving results (in the critical case, on the uniformity of convergence), using either the
embedding method or the tilting probability method. It allows to get more complete results
on the profile of BSTs.

The idea of embedding discrete models (such as urn models) in continuous time branching
processes goes back at least to Athreya-Karlin [4]. It is described for instance in Athreya
and Ney ([5], section 9) and it has been recently revisited by Janson [22]. For the BST,
various embeddings are mentioned in Devroye [14], in particular those due to Pittel [32], and
Biggins [10, 11]. Here, we work with a variant of the Yule process, taking into account the
tree (or “genealogical”) structure.

Let (ut)i>0 be a Poisson point process taking values in U with intensity measure vy, the
counting measure on U. Let (T;);>0 be a BinTree valued process such that Ty = {4} and
. jumps only when w. jumps. Let ¢ be a jump time for u.; T; is obtained from T;_ in the
following way:

if uy ¢ Oy keep Ty, = Ty and if uy, € O, take T, = Ty U {0, usl}.

The counting process (IV;);>o defined by

Nt = #{ﬂTt (59)

is the classical Yule (or binary fission) process (Athreya-Ney [5]). In the following, we refer
to the continuous-time tree process (T;);>¢ as the Yule tree process.
We note 0 =79 < 73 < 7o < ... the successive jump times (of T.),

T, =1inf{t: Ny =n+1}. (5.10)
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Figure 5.2: Continuous time binary branching process.

5.1.3 Yule process and fragmentation process

This Yule tree process can also be seen as a fragmentation process. We may encode dyadic
open subintervals of [0, 1] with elements of U. We set I = (0,1) and for u = ujuy...ux, € U

k k
L= (w22 Y 2.
j=1 j=1

With this coding, the evolution corresponding to the previous process is a very simple ex-
ample of fragmentation process. This idea goes back to Aldous and Shields ([1] Section
7f and 7g). In other words, for ¢ > 0, F'(¢) is a finite family of intervals. At time 0, we
have Fy = (0, 1). Identically independent exponential £(1) random variables? are associated
with each intervals of F(¢). Each interval in F'(t) splits into two parts (with same size)
independently of each other after an exponential time £(1).

Hence, one has F(0) = (0,1), F(r) = ((0,1/2),(1/2,1)) where 74 ~ £(1), etc... One
can interpret the two fragments I,,0 and [,; issued from I, as the two children of I,, one
being the left (resp. right) fragment [,y (resp. I,1), obtaining thus a tree structure. With
this interpretation, one observes that when n fragments are present, each of them will split
first equally likely. An interval with length 27% corresponds to a leaf at depth % in the
corresponding tree structure.

The following proposition allows to build on the same probability space, the Yule tree
process and the BST. This observation was also made in Aldous-Shields [1] section 1, (see
also Kingman [23] p.237 and Tavaré [35] p.164 in other contexts).

Lemma 1  a) The jump time intervals (1, — Tn—1)n are independent and satisfy:

Tp — Tn1 ~ E(n) for any n > 1. (5.11)

b) The processes (To)n>1 and (7, ) are independent.

n>1

2E(N) is the exponential distribution of parameter A, U([0,1]) is the uniform distribution on [0, 1], and
Be(p) is the Bernoulli distribution of parameter p.
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Figure 5.3: Fragmentation and its tree representation.

¢) (embedding)
()1 = (T) o (5.12)

where 2 means equality in distribution.

Proof: a) and b) are direct consequences of the properties of Poisson processes: a) comes
from the definition of the intensity measure, and b) from the independence of jump chain
and jump times. c) is clear since the evolution rules of the two Markov chains are the same
in both models. [ |

A first easy and useful consequence of a) is
E(e™12)) = C,(2)7L. (5.13)

If we consider only the size of the fragments, the Yule tree process can be seen as a particular
case of branching random walk in continuous time: individuals have an £(1) distributed
lifetime, and at their death, they produce children, whose relative positions are distributed
according to a point process Z. Individuals do not move during their lives. If we denote the
set of individuals alive at time t by Z; and for u € Z; the position of individual u by X,
then the classical family of “additive” martingales, parameterized by € in IR (sometimes in
C) and indexed by ¢t > 0 is given by

m(t,0) == > exp(6X, — tL(9)),

ueZ

where L(0) = E [ €’ Z(dz) — 1 (see [36], [25], and [8] for the fragmentation).
Here, we have Z = 251,42, Z; = 0T, and X,, = —|u|log 2. For easier use, we set z = 277
and then consider the family of martingales

M(t,z) := Z Zlulet1=22) (5.14)

uEZy
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In particular M(¢,1/2) =1 and M(t,1) = e *N,. A classical result (see Athreya-Ney [5] or
Devroye [14] 5.4) says that

£ = tlirglo e "Ny ~E(1). (5.15)

Taking again the (very) particular case z = 1, we remark that since lim, 7, = oo a.s.
(see Lemma 1 a) ) we get from (5.15)

hr{n ne ™ =¢  as.. (5.16)
The definitions of the martingales together with the embedding Lemma 1 c) give:
Proposition 1 (martingale connection) For z ¢ 7~
M (7, 2) = €20 ()M, (2), (5.17)
where T, is independent of M,(z).

This connection allows us to transfer known results about the Yule martingales to BST
martingales, thus giving a very simple proof of known results (such that in Theorem 1 below)
about the BST martingale and also getting much more. In particular, in Theorem 4 2), we
give the answer to the question asked in [21], about critical values of z, with a straightforward
argument.

5.1.4 Tiltings of the models

We introduce now (and develop in Section 5.3) the tilting or biasing method which allows
us to interpret the martingales as Radon-Nikodym derivatives. In order to do that, we need
to “enlarge” the probability space [8, 12, 26]. Roughly speaking it consists in marking at
random a special “ray” or branch of the tree, called spine, both in the discrete and in
the continuous case. It allows to deduce important properties of the population from the
behavior of the spine.

For the fragmentation process (F()):>o let us denote by F; the o-algebra of the interval
fragmentation up to time ¢ and V be a U([0,1]) r.v. independent of the filtration (F),s,.
Since P(V € {k277,0 < k < 27,5 € Nk € N}) = 0, we may define P-a.s. for every t a
unique S(t) € Usuch that Ig() is an interval of F'(t) and V' € Igy). In other words, S(t) is
the element of U coding the fragment containing V, its length is 2715®I and

P(S(t)=u| F) =271, ue o, (5.18)

(we choose a fragment at random with probability equals to its length, it is the classical
size-biasing setting). As a consequence of the general theory of homogeneous fragmentations
(see Bertoin [7]) or by a direct computation, we see that (|S(¢)|,¢ > 0) is an homogeneous
Poisson process with parameter 1. In particular, if

E(t, 2) := (22)19Wlt1-22) (5.19)
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then EE(t,z) = 1. Conditionally on F, = F, V o(S(r),r < s), the restriction of the
fragmentation F'(. + s) to the interval Ig is distributed as a rescaling of F'(.) by a factor
2-156) which entails that (E(t, z), .7%)
and the definition (5.14) we get

150 18 a martingale. By the size biasing scheme (5.18)

M(t,2) =E[E(t,2) | Fi]. (5.20)

Coming back to the discrete time, let F,) be the o-algebra generated by F(7y),..., F(7,)
and let us denote Spine,, := S(7,,) and s,, := |Spine,,|. Applying (5.18) at the (F;,¢t > 0)
stopping time 7, we get for every leaf u € 97, (and k > 1) :

P(Spine, = u | Fiy) =27 | P(s, =k | Fny) = Up(n)27 . (5.21)

Let .7?(0) be the trivial o-algebra, and for n > 1 let .7?(”) be the o-algebra obtained from
Fny by adjunction of S(m),...,5(7,). Let us consider &,(z) = E[E(Tn,z) | .7?(”)} (with
&o(z) :=1). From (5.13) we have

En(z) = (22)50 ()L, (5.22)

From the martingale property of £(¢, z) and the definition of &,(z) we see that (£,(z), .7?(”))
is a martingale. Like in (5.20), we get easily

Mo(2) = E [E4(2) | Fwy] s (5.23)

so that the martingales M (¢, z) and M,,(z) are obtained from the “exponential martingales”
E(z,t) and &,(2) by projection. All these martingales are precisely the main tool to tilt
probabilities. In particular we define P(#) on (F,t > 0) by

2z
Pf; = £(t,2) P, (5.24)

which yields by projection on (Fy, ¢t > 0)

2z
IP"(E) = M(t,2) P, . (5.25)
If /P (resp. “P(?) is the restriction of P (resp. P22)) to V,,F,, the discrete versions of the
above relations are

dP(Zz) :5n(z) dP\f(n) ) dP‘(iZ) :Mn(’z) dP|f(n) : (526>

|# ) (n)
The probabilities P(?) that are given above will have a representation (or an interpretation)
further in the paper. In one word, one can say that under P(%) the evolution of the fragmen-

tation (or the the one of the Yule tree or BST tree) is biaised. The parameter z serves for a
speed-tuner of the spine (z > 1/2 corresponds to a speed up and z < 1/2 to a slow down).

Let us now explain the content of the paper. In Section 5.2, we explore the direct
consequences of embedding. First, we exhibit (on the same space of probability) a family
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of uniform r.v. attached to the nodes of the tree. These random variables give, for every
node u, the limiting proportion of leaves issued from u among those issued from its parent.
They are exactly the r.v. called “fictitious” by Devroye in [14] p. 258 in its “backward”
construction of a typical realization of 7,, for n fixed. In a second part of Section 5.2, we
study the convergence of the BST martingale M, (z). For z > 0, the embedding method
allows to recover very quickly the behavior of the limit M, (z): positive when z € (2., z1),

zero when z ¢ [z, zF]. In the critical case z = 2z the behavior was unknown. We prove
that Mo (zF) = 0 a.s. and get the convergence of the derivative. We also give a strong
version of the “quicksort” equation.

In Section 5.3, we define the biased models (continuous time and discrete time). After
enlarging the space, we prove that the growing tree process can be decomposed into a spine
evolution together with the evolution of subtrees issued from nodes of the spine. We follow
the way initiated by Lyons, Pemantle, Peres ([26],[27]) and followed by many other authors
([3],[12],[6]). In this study, we use several times the Chinese restaurant model of Dubins and
Pitman ([31] p.58). In Section 5.4, we explore the benefits of the tilting method. In a first
part, we revisit the behavior of the martingales M,,(z), giving “conceptual” proofs. In a
second part, thanks to this method, we are able to describe the asymptotic behavior of the
profile Ux(n) when k = 2zlogn + o(y/logn) in the whole range z € (z_, z}), providing large

deviations results around k£ = 2logn. Previously, the result was known only on a subdomain
due to a L? method ([13]).

5.2 Some benefits of the embedding method

Let us begin with the study of some meaningful random variables arising as a.s limits
and playing an important role in the results of Subsection 5.2.2.

5.2.1 Uniform r.v. in the BST

For every u € U, let 7™ = inf{t : u € T} the time (a.s. finite) at which u appears in
the tree, and for t > 0, let

the tree process growing from u. In particular we denote
N = o .

Fort > 7, the number of leaves at time ¢ in the subtree issued from node wis n{* := N t(Q_L)T(u).
The branching property and (5.15) give that a.s. for every u € U

lim e 'N™ =¢, , lime'n" =¢, e, (5.27)

t—o0 t—o00

where &, is distributed as £ i.e. £(1). Moreover, if u and v are not in the same line of descent,
the r.v. &, and &, are independent. Since

n](fu) _ nguO) + n](ful) and T(uO) _ T(ul)’ (528)
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a small computation yields

n,(0) ¢ n® ¢
t a.s. U(uo) — u0 7 t a.s. U(ul) —1— U(uO) — #1’ (529)
ngu) guO + gul ngu) SuO + éul
which allows to attach a U([0, 1]) r.v. to each node of U. In particular we set
oo % 5.30
§o+ & (5:30)
so that
{=8x=¢"(S+&) , L=U&™ , &G=(1-U)e™. (5.31)

If ©0 and ul are brother nodes, we have U™ + U®) = 1. We claim that if the finite set of
nodes vy, . . ., v, does not contain any pair of brothers, the corresponding r.v. U®), .. U®)
are independent. When none of the v; is an ancestor of another (“stopping line” property)
it is a consequence of the branching property. In the general case, it is sufficient to prove
that U™ is independent of (U™, v < u). To simplify the reading, let us give the details only
for |u| = 2, for instance u = 00. We have, from (5.28)

£7(00) §oo ©) _ (€00 + Eo1)e ™™+

= , U
oo + Em (€00 + &01)e ™0 4 (€1g + &1p)e OO

Actually, from the branching property, £y and &y are independent of &, &1, 700, 70, 700) (1),

Moreover since &y and &y are independent and £(1) distributed, then &y/ (&0 + &o1) and

(€00 + &o1) are independent, which allows to conclude that U®” and U©® are independent.
Finally, multiplying along the line of the ancestors of a node u, we get the representation

(w)
a.s. lim n]if— = H U™, (5.32)

Notice that relation (5.32) gives a strong (which means a.s.) version of the analogy between
BST and branching random walks, first given by Devroye [14].

5.2.2 Martingales

For both models a family of martingales plays an essential role: the discrete-time mar-
tingale (5.6) in the BST, and the continuous time “additive martingale” (5.14) in the Yule
tree. They are closely related by the martingale connection of Proposition 1. Thus, the
embedding method is the key tool for proving and enlarging convergence results on the BST
martingale (Theorem 4) and its derivative (Theorem 5).
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Known results
The following theorem gives a summary of the main properties of the BST martingale,
proved in [21] and [13].

Theorem 1 1) For z € (0,00), the positive martingale M, (z) is a.s. convergent when
n — oo and the limit denoted M (z) satisfies

(e M=) / (e M ) 01 M) g (5.33)
0

2) a) for z € (2, zF) there exists p > 1 such that the LP convergence holds, and
Mu(2) >0 a.s.,

b) for z & [z;, 2]
Moo(2) =0 a.s.

3) On every compact of {z € C: |z — 1] < g} , M, (2) and all its z-derivative are a.s.
uniformly convergent as n — oc.

As a consequence of known results for the branching random walks ([8, 9, 36]), we have
for the additive martingale:

Theorem 2 1) For z € (2., z), the positive martingale M(t,z) is a.s. convergent when
t — oo and the limit denoted by M (o0, z) satisfies

M (00, z) = 2e1729™ (My(o0, 2) + M (00, 2))  a.s. (5.34)

where My(oo, z) and My(0o, z) are independent, distributed as M (oo, z) and independent of
T1-
2) a) For z € (z,,z1) there exists p > 1 such that the LP convergence holds, and

c”c

M(oco,z) >0 a.s..
b) For z € (0,00) \ (2, 2F), then M(c0,2) =0 a.s..

c ¢
Notice that the zero limit at the critical points 2z, and 2] is known in the continuous-time
case and not in the discrete-time case.

The derivative p
M(t,z) = —M(
(t,2) = - M(t,2)

is a martingale which is no more positive. It is called the derivative martingale. Its behavior
is ruled by the following theorem.

Theorem 3 1) For z € (z.,z2), the derivative martingale is convergent a.s. when n — oo.

c ) ”c

2) a) For z = z_, the derivative martingale is convergent a.s. to a finite positive limit

c

M'(c0, z;) and E(M'(c0, 2;)) = +oc.

b) For z = zI, the derivative martingale is convergent a.s. to a finite negative limit

M'(00,z}) and E(M'(00,2})) = —oc.
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New results

Theorem 4 1) For z € (0,00) we have a.s.
a) (limit martingale connection)

€2z—1

M(oo,z):m

Moo(2) (5.35)
where & ~ E(1) is defined in (5.15), and independent of Moo(2).
b)
Moo(2) = 2 (U Moo 0)(2) + (1 = U)* "Moo 1) (2)) (5.36)

where U ~ U([0,1]) is defined in (5.29), Moo (0)(2), Moso,1)(2) are independent (and inde-
pendent of U) and distributed as Moo(2).
2) For z = zf, My (2) =0 a.s.

The results on the derivative martingales

M) = M, (2)

are given in the following theorem, where ¥ the digamma function is defined by

n—1

I(z) 1
W(r) = == =lim (logn - ). 5.37
() T(z) w087 ; PR (5:37)
Theorem 5 1) For z € [z, z1], M (z) converges a.s. and its limit M _(z) is related to

Mo(2) and M' (0, z) by

£2z 1

M(oe,2) = F55

(ML (2) +2(log€ — ¥(22)) Muo(2)) a.s. (5.38)

where & ~ E(1) is defined in (5.15) and is independent of My (z) and M. (z). Moreover
M _(2) satisfies a.s.

M (2) = UM (z)—l—z(l U)* "ML, 1)(2)
+ 2z(U* 110 U) Moooy(2) +22 (1 — U)2Z "og(1 = U)) Meo,1)(2)
+ 27T Myo(2) (5.39)

where U ~ U([0,1]) is defined in (5.29), and the r.v. M () and M /() are indepen-
dent (and independent of U) and distributed as M. _(z).

2)a) M._(27) >0 and M. _(2]) <0 a.s.
b) E(ML(z,)) = —E(ML(2})) = +o0
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¢) For z = zX, M/ _(2) satisfies the same equation as in Theorem 4 b)
M._(2) = z(UQZ-lM;O,(O)(z) +(1- U)2z‘1/\/lgo7(1)(z)> a.s., (5.40)
where U, M )(2), M y(2) are as above. Moreover

2z—1
e

Ty Mol

M' (00, 2) (5.41)

An easy and remarkable consequence of Theorem 5 1) is obtained in the following corol-
lary, just taking z = 1 in (5.38) and (5.39) (remember that M, (1) = 1). The distribution
version (weaker) of (5.43) below is the subject of a broad literature (see for instance Fill,
Janson, Devroye, Neininger, Résler, Riischendorf [18, 19, 15, 29, 34, 33]) and some properties
of the distribution of M/ (1) remain unknown.

Corollary 2 We have
M'(00,1) =& (ML (1) +2(logé +v—1)) a.s., (5.42)

where v is the Euler constant, and M’ _(1) satisfies the a.s. version of the quicksort equa-
tion:

ML (1) = UM, (1) + (1 = U)M, 1y(1) +2U log U +2(1 — U) log(1 = U) + 1, (5.43)
where as above, M (1) and M_ /(1) are independent (and independent of U), dis-
tributed as M’ (1) and U ~ U([0,1]).

The following proposition gives an answer to a natural question asked in [13]: what is
the optimal domain in the complex plane where the BST martingale is L' —convergent and
uniformly convergent? Notice that for z € IR, the notations coincide with those of [21].

Theorem 6 Let
f(zq) =1+ q(2Rz — 1) — 2|27 .
Let V, ={z: f(z,q) > 0} and V := Ujg<2Vy-
Asn — oo, {M,(2)} converges, a.s. and in L', uniformly on every compact C' of V.
Proofs

In this section we use several times the following lemma.

Lemma 3 For z ¢ 37~ we have

Q) Ouz) ~ ﬁ(—;@ (5.44)
b) a.s. liin emI=E0 (2) = f;(;_z) (5.45)
c) a.s. liin {%8 — 2Tn:| = 2[—U(22) + log{]. (5.46)
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Proof: a) Use Stirling formula.
b) By (5.44) and (5.16) we get lim,, e™(1=22)n22=1 = 2571 55
c) Use
Ch(z) < 2
Co(z) Jj+2z

Y

Il
=)

J

(5.16) and (5.37). |

Proof of Theorem 4:

1) a) Since M(t, z) converges a.s. when t — oo, and since lim, 7, = oo a.s. we have
lim,, M (1,,,2) = M (00, z). It remains to apply the martingale connection Proposition 1 and
Lemma 3.

b) For t > 7, we have the decomposition

M(t, 2) = 2e72 [MO(t — 71, 2) + MO (t — 7, 2)] (5.47)
where for ¢+ = 0,1
uG@Tgi)

and T is defined in Section 5.2.1. Take t = 7, in (5.47), condition on the first split time 74,
apply the branching property, let n — oo and apply the limit martingale connection (5.35)
to get

52,2—1 (1-22) gz—l %z—l
—F(QZ)MOO(Z) = ze (F(2Z)Moo,(0)(z) + me’(l)(z)) (5.48)

where & and & come from section 5.2.1, which yields b) with the help of (5.31).
2) The result for critical points comes directly from the limit martingale connection (5.35)
and the analogous known result in continuous time in Theorem 2 2) b). |

Proof of Theorem 5: 1) Taking derivatives in the martingale connection (Proposition 1)
gives
Ch(2)

M (7 2) = {0:@)

— 2Tn:| 1720 (2) My (2) + eI ()M (2). (5.49)

n

For z € [z.,zf], let n — oo in (5.49). From Lemma 3 and known results in continuous
time (Theorem 3) , we get that M/'(oco) satisfies (5.38).
To prove (5.39), we differentiate (5.47) with respect to z

M'(t,2) = (271 = 27 M(t, 2) + 207297 | MO (1 — 7y 2) + MW (£ — 7, z)] ,

and we use the same technique as above: take t = 7,, let n — oo, apply (5.38) and its
analogs with (M'® M® M’ &), instead of (M', M, M',€), and use (5.31).
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For z = z£, 2) a) and 2) b) are consequences of Theorem 3 2), since M (zF) = 0.

Formula (5.40) of 2) ¢) is straightforward from (5.39) since M, (2) = 0. Formula (5.41)
is (5.38) for z = zF u

c

Proof of Theorem 6: Uniform convergence of martingales in the continuous time BRW
has been studied by Biggins [9] Theorem 6. See also Bertoin-Rouault [8].

It is possible to give a proof of the uniform a.s. convergence of M,, directly from these
papers. Actually, for the uniform L! convergence, we will prove

lij{fn sup Esup IM,,(2) — Mn(2)] =0. (5.50)

n>N zeC

Since (sup,ce |[Mn(2) = Mn(2)])n>n is a submartingale, this will imply also the a.s. uniform
convergence. From (5.13) and the martingale connection (Proposition 1), we have

Ma(2) = Mn(2) = E[M(7y, 2) = M (7, 2)| Fm)]

so that taking supremum and expectation we get

Esup | M,(z) — My(2)| <E (sup |M (7, 2) — M(7n, z)|) :

zeC zeC

Taking again the supremum in n we get

sup Esup [M,(2) = My(2) < Esup (suplM(5.2) = M, )]
n>N  zeC n>N \zeC
< E sup <sup|M(T, z) — M(TN,Z)|) : (5.51)
T>7N zeC
We set
['(t) = sup (sup |M(T, z) — M(t, z)]) : (5.52)
T>t \zeC

Since, a.s. the martingale M (¢, z) converges uniformly for z € C' we have lim; I'(¢) = 0
a.s.. From equation (11) in the proof of Proposition 3 in [8], T'(0) is in L'. Since a.s.
I'(t) < T'(0), using the dominated convergence theorem, we get

lim B (D(t)) = 0. (5.53)
Now, since a.s. lim,, 7,, = +00, we have lim,, E(F(Tn)) = 0 which allows to end the proof.
|
5.3 Biased models and tilting probability
In this Section, we construct an enlarged probability space and we describe the tools

(spine evolution, Chinese restaurant) which will give the key arguments in the proof of
Theorems 7 and 9 of Section 5.4.
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5.3.1 Construction of biased trees

We call marked tree a tree with a distinguished leaf. More precisely let
MBinTree := {(T,u); T € BinTree,u € 0T’} .

If T = (T,u) is a marked tree, we say that u is the red leaf of T, that {v € OT, v # u} is the
set of blue leaves of T, and that ancestors of u are red nodes, and other internal nodes are
blue. We denote by 9T the set of leaves of T with their colors.

Let z > 0 be a parameter. We define on U x {red, blue} x {0,1} a Poisson point process
;= (uy, ¢, €) with intensity measure

1 1
vy ® {220red + Opiue} ® {550 + 551}

and we denote by Q®2) its law. Let us construct continuous time process (’JNTt)tZO with values
in MBinTree which starts from N
TO - (%7 %>7

such that . jumps only when 4. jumps. Let ¢ be a jump time for u.; ﬁ‘t is obtained from
T in the following way: N
—if (uy, ¢;) ¢ Oy, then Ty, = Ty
—if (ug, ) € 8th, then the new tree is T, = Ty, U {w;0, u;1} and its colors are given by
e if ¢, = blue, the blue leaf u; becomes a blue node and two (new) blue leaves u;0, u;1
appear.
e if ¢; = red, the red leaf u; becomes a red node, two new leaves appear: ue; which is
red and w;(1 — ¢;) which is blue.
One notes again the successive jump times (7,),. Once again, (7, — 7,_1),n > 1 are
independent and exponentially distributed, and

It is clear by construction that the set of red nodes is a branch ; the red branch is called
Spine and Spine,, is the red leaf of Tz, . Its length is s, = |Spine,| .

In terms of the second construction of the Yule process, we have now two kinds of nodes
(blue and red). With each blue node w is associated a clock £(1), and at its death it gives
two blue nodes u0 and ul. With each red node u is associated a clock £(2z) and at its death
it gives two nodes a red one u0 (resp. ul) and a blue one ul (resp. u0) with probability 1/2
(resp. 1/2). Ancestor is assumed red.

We can also see this process as a branching process with immigration, as presented in
[35] (see also [31] chap. 10 and [17]). The spine is a Poisson process of rate 2z and at each
jump time of this process begins a new Poisson process of rate 1 independent of the spine
process and independent of all other Poisson processes already running.

One can again define a discrete time process

7, =T,
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containing all the tree structure (and the color) of rﬁ’%. The discrete evolution is as follows:
’ZN; is a complete binary tree with 2n + 1 nodes, n blue leaves and one red one. To construct
7,41 we choose the red leaf with probability 2z/(n +2z) and each blue one with probability
1/(n+22).

— If the chosen leaf v is blue, 7,4, = 7, U {(v1, blue), (v0, blue)}.

— If the leaf chosen v is red, we toss a fair coin. We put ’j;H =T,U {(v1, blue), (v0, red)},
if the coin is heads and 7,1 = 7,, U {(v0, blue), (v1, red)} if it is tails.

5.3.2 Tilted probability

We use the change of measure defined in (5.26) that we now recall:

ap) — 2" ap (5.54)
2oy Cu(2)

so that, in particular P! = 9P, We often omit the superscript d for simplicity when no
confusion is possible. Proposition 2 below gives an intuitive interpretation of the change of
probability done in (5.26).

Proposition 2 The law of (T,), under Q@2 is 9P?*) It is called a biased BST and for
simplicity we denote by P := 9TP??) the biased probability.

Proof: The dynamics we described above yields the following conditional probabilities.
For any blue leaf v, (v, blue) € 07, and

N N ~ 1
@(QZ)(SpinenJrl = Spine,, 7,,11 = 7, U (v0, blue)(v1, blue)|T,) =
n+ 2z
For the red leaf, Spine, = v and
z . N B ~ 1 2z
Q®*)(Spine,, | = v0, 7,1 = 7, U (v0, red)(v1, blue)|T,,) = 2n+ 2z
similarly,
Z . _ B ~ 1 2z
Q© )(Splnen+1 =L, Ty =T, U (00, blue)(vl, red)|T,) = 2n+ 2z

Summing up, we have for any colored tree tni1 with n + 1 nodes that can be obtained from
7, by one insertion

~ ~ Sn+4+1—Sn
(T = bt To) = = 5.55
@ ( n+1 n-l—l‘ n) n+ 2 ( )
" (1/2)
~ ~ Sn+1—Sn
W(Tog1 = taa|Ty) = :
@ ( n+1 n+1| n) n+1
It is clear that @(2Z)/Q(]_> = H;l:_é —(2Z)Sj;:_;szj (G+1) = (QZ)STL Cn(z)_l = gn(z) Hence) d@(2z) is

absolutely continuous with respect to QM with the Radon-Nikodym derivative announced
in (5.54) (see Lemma 1 and 2 in Biggins [12] for a detailed proof in another context). |
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5.3.3 Spine evolution

Thanks to the previous subsections, it appears that

n—1
sn=1+) & (5.56)
1
where (€)r>1 are independent and for every k > 1, ¢, ~ Be(kizz). In particular,
n—1 92
E®*)(s,) = 1+
(5n) 21: k+2z

n—1 n—1 2
2z 2z
Var(22) — § _ E
ar™ (sn) —k+2z & (k + 2z) ' (5.57)

Asn — o0
E®)(s,) = 2zlogn —22¥(2z2) + o(1)
Var®) (s,) = 2zlogn —22W(2z2) — 42°V'(22) + o(1) . (5.58)
We can now apply known results on sums of independent r.v. or notice that s, — E??)(s,)
is a martingale, to get the following asymptotic behavior (see [30]).
Proposition 3 For any parameter z > 0,

1) (strong law)
Sn

lim =2z, P® g5, (5.59)
logn

2) (law of the iterated logarithm) P3*)-qa.s.

Sn, — 2z logn ) Sp — 2z logn
=—1, limsup

lim inf

= +1. (5.60)

2v/2zlognlogloglogn 2v/2zlog nlogloglogn

Sp, — 2zlogn

V2zlogn

3) (central limit theorem) The distribution of
standard normal distribution N'(0,1).

under P@?) converges to a

4) (local limit theorem)

: (22) _ (k — Mn)2 _
lim sup [v/27V,, P* (s, = k) —exp ( — v )| T 0 (5.61)
n k n

where i, = E®)(s,) and V,, = Var® (s,).
5) (large deviations) The family of distributions of (s,, n > 0) under P2 satisfies the

large deviation principle on [0,00) with speed logn and rate function ny, where the
function ny is defined in (5.4).
We give more details in Section 4.2.

To study the growing of the biased BST away from the spine, we need to recall the
Chinese restaurant model.
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5.3.4 Chinese restaurant model (CRM)

Let & > 0 be a parameter. We recall here the Pitman (0, 6) Chinese restaurant model
(see Pitman [31] p.58). An initially empty restaurant has an unlimited number of tables
numbered 1,2,..., each capable of seating an unlimited number of customers. Customers
1,2,... arrive one by one and are seated according to the following:

Person 1 sits at table 1. For n > 1 assume that n customers have already entered the
restaurant, and are seated in some arrangement, with at least one customer at each of the
table j, for j from 1 to k, where k is the number of tables occupied by the n first customers
to arrive. Let A;(n) the number of customers on table j at time n. The n + 1-st customer
sits at table j with probability A;(n)/(n + 0) for any j < k. With probability /(60 + n) ,
the n + 1-st customer sits on the new table k + 1.

The sequence

A(n) = (Ay(n), Az(n),...)
is a Markov chain which describes the evolution of the occupation of the Chinese restaurant,
we denote by CR"Y its distribution.

Further we will take § = 2z. So, for z > 1/2 the creation of new tables is encouraged.
This has to be compared with the speed-tuner of the spine.

5.3.5 Decomposition of the biased BST along the Spine

For every n, on ’ZN}L there is a red branch. Each blue node and each blue leaf has some red
ancestors. We class the blue leaves of 7, according to their highest red ancestors; in other
words, let wg, uq, ..., us, be the set of red nodes (with uy = "« and for i > 1, u; is the red
child of u;_1). We denote by

Si(n) = {u|u blue leaf of T,,, u; highest red ancestor of u}.

See Figure 5.4.

S, us m redleave
® redinternal node
UQQSH O blueinternal node
Uy U blueleave
Uo
Figure 5.4: A marked tree and the different classes.
We denote by |S;(n)| = card S;(n) and
() = (1So(n)] S:(0). .

the sequence of classes sizes at time n. It satisfies

S(0) = (0,0,...), S(1)=(1,0,0,...),

123



5.3. BIASED MODELS AND TILTING PROBABILITY

and for any n,
“+oo
> 1Si(n)] = n.
i=0

Recall that s, is the height of the red leaf. At time n, the class S, is the “first empty class”.
(S(k))k>0 is a Markov chain whose transition at time n can be described as follows:
a) choose class j with probability |S;(n)|/(n + 2z) and set

|1Si(n +1)| = [Si(n)] + 0

for i = 0,1, ... where ¢ is the Kronecker symbol.
b) choose the red leaf with probability 2z/(n + 2z) and set

|Si(n+1)] = |Si(n)] fori<s,,
[Se,(n+1)| = 1,
Spi1 = Sp+ 1. (5.62)

Thus
A;(n) 2 |S,_1(n)]| for any i > 1.

and we may assert
Proposition 4 Under P??) | the Markov chain S(n),n > 0 is CR*) distributed.

In [2] p.52, a Chinese restaurant is also considered for the BST, but associated with the
insertion node, which does not allow to keep track of the dynamics of the spine.

We now study some conditional evolutions. Let us denote by §; = inf{j|u; € ’j;} the
birth date of node u;; we have 3y = 0, and, for any [ > 1

3 :inf{k ‘ sk:l}.

It is clear that
|Si(n)| >0 <= n > Bi1.

Since at time ;1 there are one red leaf, a unique blue leaf on S;, and ;11 — 1 blue leaves
on others sub-trees, the evolution conditionally on [;, is given by the following relations:

( 1Si(Bis)] = 1, 1
Si(Bis1 +1)| = 1+b; where by ~Be( -
[Si(Big1 + 1) 1 WHETE O e<ﬁi+1 + 2Z> (5.63)
' B ' Ck—1 _
\ 1Si(Bisr + k)| = cr-1 + b where by Be(@-“ +k—1+ 22)7

(conditionally on |S;(Bip1 +J)| =¢j,j=1,...,k—1).

In other words, we have the following proposition.
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Proposition 5 Conditionally on B;y1, the distribution of (|Si(Bii1 + k)|, k > 0) under P(2?)
is the same as (Ay(k),k > 0) under CR@*Fix171),

Another decomposition will be useful in the rest of the paper. We use the notation P for
4p(22) [ for the corresponding expectation, with a superscript if we take a conditional one.
We denote by = = {;,i € N}.

[1]

Proposition 6 Under P, fori fized, the process (Si(n),n > [B;y1) has the same distribution
as Tw,m), that is a (non-biased) BST with W;i(n) leaves where (W;(Bix1 + k), k > 0) is an
inhomogeneous Markov chain on {1,2,...} with initial state W;(5;11) = 1 and the following
transition rule:

° [f ﬁi—i—l + k€ =, then Wi(ﬁlq_l + k+ 1) = Wi(ﬁi—i—l + ]{?)

o If Bior + k ¢ 2, then Wi(Bipa + k + 1) = WiBipa + k) ~ Be(Wiu )y

Notice that this evolution of W; does not give a contradiction with (5.63) since we are
conditioning with respect to = which is richer than o(f5;11).

Proof: The fact that W;(n) is the distribution size of S;(n) is a consequence that at times
(Bk)k>: a new class is created and so no new node arrives on S;. It remains to show that
knowing W;(n), S;(n) is distributed as BST with size W;(n). This comes from the growing
rule of the subtree under S;. Indeed, knowing that “a node arrives” in .5;, this node is
inserted uniformly among the leaves already present on S;, independently from the past.
This growing rule is the same as in the classical BST. [ |

5.4 Benefits of tilting

We use the method of the tilted probability to revisit the problem of convergence of the
family M,,(z) (subsection 5.4.1) and the convergence of profile (subsection 5.4.2).

The method was initiated by R. Lyons ([26, 27] and developed in several papers involving
branching processes or their generalizations ([24, 3, 12, 8]. The main idea consists in changing
probability and studying under P the spine evolution and the subtrees issued from nodes of
the spine. It is a use to call this method “conceptual”.

5.4.1 Conceptual proof of convergence of (M, (z),n > 1)

For every z > 0, M,(2) is a positive (F(,), P) martingale and then converges P-a.s. to
Mo(z). The L' convergence is equivalent to [ My (2)dP = 1.

The main argument to decide on this convergence lies on the following lemma. It comes
from a classical result of measure theory (the most frequently cited reference is [16] Th.
4.3.3, see also [3, 12]).

Lemma 4 Fiz z > 0 and let M(z) = limsup,, M, (z) (notice that M(z) = My (2) P-a.s.)

i) Mo(2)7" is a (Fin), P) martingale
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i) [ Moo(2)dP = 1 if and only if P(M(z) < o0) = 1. In that case the two measures P
and P are absolutely continuous on Fo)y = VpF(n) with density Mo (2).

iii) Moo(2) = 0 P-a.s. if and only if P(M(z) = 00) = 1. In that case the two measures P
and P are are mutually singular on F(s).

Thanks to this dichotomy, we are now able to give alternative proofs of Theorem 1 and
Theorem 4 2). For an easier reading we summarize these results in the following theorem.

Theorem 7  a) If z ¢ [z, 2] (subcritical case), then P-a.s. lim, M, (z) = 0.

b) If z = 2E (critical case), then P-a.s. lim, M, (z) = 0.

c) If z € (2, 2F) (supercritical), then P-a.s. lim, M, (z) > 0.

Subcritical and critical cases (proof of Theorem 7 a)b))

For any z > 0, we start from

M, (2) > 5.64
02 55 (564
and we consider the right hand side under P. From (5.59) and (5.44) we get
nl —logC), ~
lim 2n08% — 08 (2) =mn(22)—1, P-—as.
n logn

In the “subcritical case”, i.e. z ¢ [z, zf], we have 15(2z) > 1 (see (5.4)) and

lirrln Ci(;) —o00 P—as. (5.65)

In the critical case, ny(22) = 1, we use directly in (5.64) the law of iterated logarithm (5.60)
instead of the strong law (5.59). This yields in both cases M(z) = lim sup,, M,,(z) = 400,
P- a.s. and by Lemma (4) iii), My (z) =0, P- as.

Supercritical case (proof of Theorem 7 c) for z € (1/2,z}))
We will show that for z € (1/2,z})

lim inf M,,(z) < 0o, P- ass. . (5.66)

This is sufficient since by Lemma 4 i) M, (z)~" is P-a.s. convergent. Its limit is nonzero
according to (5.66). It will imply that M,,(z) converges P- a.s. and allows to conclude with
Lemma (4)ii). We stress that for technical reasons, we were able to reach this aim only for
z € (1/2,zF).

Consider 0, = o(5;1s,<n, > 1) the o-algebra containing the birth date of the red nodes
(before time n). By Fatou’s lemma, (5.66) is a consequence of the following result.
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Proposition 7 For z € (1/2,z]),

limsup E7 (M, (2)) < 400 P- a.s..

n

Proof: With the previous decomposition along the spine and by definition of S;(n), we may
write

Sn—1
Z z'“‘:zs"—i-z Z z
uedT, i=0 weS;(n)
hence
Sn—1
Eo" Z el = gon 4 Z Eo" Z 2l
uedT, i=0 ueS;(n)

For every 7 < s, — 1, we have

Ny M = BRSO Y

u€S;(n) ueS;(n)

From Proposition 6

EE:1Si(n)] Z Al — ZiC\si(n)\(Z)v

u€S;(n)
hence

Sn—1

En ) oM =y Z AT Clgym (2) - (5.67)

uw€dT,

The main problem is that, knowing o, |S;(n)| is difficult to handle. Since
k — Ci(2) is decreasing for z < 1/2 and k — Cj(2) is non decreasing for z > 1/2, (5.68)

we introduce a new sequence of random variables that will bound |S;(n)| for the stochastic
order.

Recall that if X and Y are two random variables, we say X dominates Y for the stochastic
order if for any x € R, P(X > x) > P(Y > ). It implies that for any increasing function g
we have Eg(X) > Eg(Y).

From Proposition 6, the law of |S;(n)| conditionally on P= is stochastically dominated by
the law of A;(n — B;41) under CR¥+1) and a fortiori by the law of A;(n).

Since z > 1/2, thanks to (5.68),

E* (Cls,m)(2)) < CRP (Cayay(2)). (5.69)
Following Barbour & al. [2] page 93 (equations (4.73), (4.74)),

ANE=) (k — 1)1
2O (k—a)

CRWM(A; (k) =a) =
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where 2™ = x(x+1)...(x+n — 1) (this is sometimes called the Polya distribution). In the
sequel of this proof 2z = 6 so that ™ = C,(z)n!. Finally, one obtains (denoting 3 = ;1)

Bln — 1) = 49 50—

CRO(Cy()) = PO O
A(n) B “~ al (n—a)
B(©O+B)"
- ﬁ( 500 —1), (5.70)

where for the last display we applied Chu-Vandermonde’s formula :

zn: <n) 2Dy=i) = (z 1 )™, (5.71)

=0 \J

From (5.67), (5.69) and (5.70) we get

- snl g ()
E°» Z AUl < g 4 Z 2 5:1 0+ Bir1) . (5.72)

: 3™
u€0Ty, i=1 i+1
Dividing by C,(z) and setting
0 +B)™ (n—1)!  T(O)O+B+n)I(B+1)I(n)
B o) r@+s)IrB+nl@+n) ’

equation (5.72) can be rewritten

an(3,0) =3

Sn sp—1 '
E"Mo(2) € 2 + > an(Bi, 0)2'. (5.73)
Cu(z) i=1
, . 2T (2)
Since lim ————— =1, one can find C(#) > 0 such that for every z > 1
z—oo ['(x + 0)

1 ['(z) C(0)
C(0)z? = ['(z+0) = xf

which yields
0+ 5+n)’
Bnd
For 3 < n and n > 6, this gives a,(3,0) < C'37% where C’ is a constant depending only
on 6. Since F;11 < n for i < s, — 1, this yields, coming back to the notation § = 2z

a,(8,0) < C(0)°T(0)

s +0o

Y (B (5.74)

E”"Mn z) <
( ) On(Z) p

Since sg,_, <1 < sg,,, the strong law (5.59) gives

limlOgﬁl _ 1 3
Ll 22
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(recall that P = P(22), hence

lim ((ﬂi+l>1—2zzi)1/i — m@)-1/22 - P g

(see (5.4)) and the series in the right hand side of (5.74) converges P-a.s..

For the same reasons, lim, 2*"C,(2)~™! = 0, P-a.s. This ends the proof of Proposition 7
and then the proof of Theorem 7. [ |

5.4.2 Convergence of profiles
Random measures and profiles

The profile of the tree 7, is the sequence

Jabbour in [21] introduced the random measure counting the heights of leaves in 7,

Ty = ZUk(n)ék = Z Ol -

u€dT,

Extreme points of the support of r, are h, and H,. We are interested in the asymptotic
behavior of 7, and of its “local” contributions Uy (n),k > 1. It is related to the behavior
of its intensity Er, (which is a non-random measure). We may also look at the random
measure counting the heights of leaves in the Yule tree:

pe=> O

ucdTy

As it is clear from (5.3) and as it appears below, the convenient scalings are (logn)~! for
the BST and ¢! for the Yule tree process.

Our purpose is, from the one hand to explore some direct links between p; as t — oo
and r, as n — oo, and from the other hand, to give a conceptual proof of the convergence
of profiles. A first result concerns the intensity of these measures.

Proposition 8 a) For x > 2

tll)rg% log E(p(Jat,00[)) = 1—mn(z) (5.75)

lim logE(r,(Jzlogn, o)) = 1—m(z). (5.76)

n—oo logn

b) For x < 2, replacing |xt, 00| (resp. Jxlogn,ool) by |0, xt[ (resp. 0,xlogn|) the same
results hold.
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Remark 1

—for x €]¢, [ , na(w) < 1, so there are (in mean) about n'~"@®) leaves of height ~ xlogn.

We call this interval |¢/, ¢[ “supercritical area”.

— for z € [0, [U]c, 00[, ma(x) > 1, so there are (in mean) a very small number of leaves of

height ~ xlogn. We call this set “subcritical area”.
We call the set {¢/,c} “critical area” .

Proof: Relation (5.75) is easy to obtain, noticing first that by size biasing, for any nonnegative

bounded function f,
[ f@pdan) =B (s(0) | 7]

so that

E / f(@)pi(dz) = E[25OL£(S (1))

and then using large deviations for the Poisson process (|S(t)|,t > 0).
For the BST, we have similarly

/ F(@)ra(dz) = E[2 £(5,) | Fon]

so that

E / F@)ralde) = E[2 f(s,)] .

and then (5.76) follows using large deviations for (s,,) of Proposition 3.

Notice that the limit in (5.76) is related to (3) of [13].

In the supercritical area we have a.s. convergences:

Theorem 8 a) For xz € (2,¢) a.s.

o1
Jim n log py(Jat,00]) = 1 —na(2)

lim

e logr,(Jzlogn,oo[) = 1—m(x)

(5.77)

(5.78)

b) For x € (c,2) replacing |xt, 00| (resp. Jxlogn,ool) by |0, xt[ (resp. 0, xlogn[) the same

results hold.

A sharp (non logarithmic) version of relation (5.77) is proved in section 5 of [9] (see
also Theorem 5 in [8]). Relation (5.78) is proved by Jabbour [21] in his Theorem 1 (in an
equivalent variant for v, = (n+1)~'r, ), using Gartner-Ellis theorem. Let us explain shortly

how (5.78) can be deduced from (5.77) by embedding.
Taking t = 7, in (5.77) we have

1
a.s. lim — log p,, (Jx7n, 00]) = 1 — ma(x)
n—oo ’7'n

(5.79)
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Now since limne ™ = ¢ (cf. (5.16)) we get

a.s. lim
n—oo logn

log ry,(JaT,,00]) = 1 —n2(x) . (5.80)

Taking into account that for every v/ > 1 > v a.s. there exists ny such that for n >
no, Yxlogn < z7, < vyxrlogn, and using the monotonicity of a — r,(]a,cc[) we get the
result.

Let us now consider sharp results for the profile. It is well known that

' n

where S is the Stirling number of the first kind, so from Hwang ([20]), we get, for any
¢>0asn— ooand k — oo such that r = k/logn < /¢

E Ug(n) = %(1 +0(1)), (5.81)
which yields easily
L (o)
E Ug(n) ~ m (5.82)
(see also [13]).
At the level of random variables Jabbour et al. proved in [13] that P — a.s.
lim E%:Zi) — Mo(2), (5.83)

for k = 2zlogn + o(logn) and 2z € [0.6, 1.4]. Since their approach laid on L? estima-
tions, they guessed that the range [0.6, 1.4] may be extended to [ := (1 —271/2 14271/2) =
(0.293...,1.707...) which is the maximal interval corresponding to a L? convergence of M,,(z).
In the following subsection we extend the validity of the above result to the entire supercrit-
ical interval (2., zF). Our method consists in adapting the proof of the analogous result in
the fragmentation model ([8]). Its main interest is that the random limit M (z) appears
naturally as the usual Radon-Nikodym derivative dIP /dIP; so it is a “conceptual” proof in
the Lyons sense ([26]). Although one can obtain a sharper result adapting for instance the
Biggins’ method ([9]), we prefere to use the conceptual method to illustrate once more its

strength.
Main result

Theorem 9 For k = 2zlogn + o(\/logn) and z € (2., z}) then

- Uk(n)
hgn A Moo(2),

holds in P-probability.
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Proof: Let P:= P22 as defined in Section 5.3 especially by formulas (5.26).
We actually will prove that

lim Us(n)

in L2(P), which will entail (5.83). Indeed, the variables U (n) and M, (z) are F(o)-measurable
and M,,(z) converges P-a.s. to My, (z). Since z is supercritical, the probabilities P and P

Ur(n)
To prove (5.84) we first remark that

2 (e etion) =B (e = (585)

so that it is enough to prove that

=1 (5.84)

are equivalent on F( , and then will converge in P-probability to M (2).

2
limsup E Ui(n)

" <Mn<z>2<E<Uk<n>>>2) <1 (5.56)

Using again the change of probability and the size-biasing, especially formula (5.21), we get

Uk(n)Q
B RO )
ol Uil

Setting

Cn(2)27F
E(Uk(n)) *

the last display of (5.87) becomes

B(k,n) = = 2 B, (5.88)

: (Mn(z)g?&gk(nw) ~E (ﬁw ]['Sn:k) ' (5.89)

The idea is now to replace A(k,n) (resp. M,(z)) by a similar quantity A(k,n) (resp.
M., (2)), computed with elements above some “dotted line”, then apply the Markov property
A(k,n)

to v B I, =« and the local central limit theorem to the remaining part of the trajectory
z
n

of the spine. Consider again a marked BST . Let (a,,),en any increasing sequence of integers
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Figure 5.5: A marked tree and the different classes. On the right, what is known in 4,, (and
the apparition date of the red points).

and let A,, be the o-field
A, = 0{bo, 01, -, Ba,, |So(n)], ..., |Sa, (n)|};

A, contains the birth date of the «,, first classes and the number of nodes of each of these
classes. Consider R(n), the subtree rooted at u,, (the red node at level «,); see Figure 5.5.
It contains a red branch and its number of blue leaves is

Jo=n—=>_[Si(n)|.
=1

Lemma 5 a) Let 6 € (0,00). Under PO and conditionally on A,, R(n) is distributed as
T;, (under P@)),

b) Under P and conditionally on {fB,, = B}, the distribution of J,, is that of Ai(n — 3)
under CRY) for any B <n —1.

Proof: a) It is clear that R(n) has J, nodes. The problem is to show that R(n) has the good
“tree structure” distribution. Insertions in the subtree rooted in u,, occur at times which
are not A, measurable. But, as a matter of fact, these insertion times are not important.
Suppose that at time j an insertion occurs in the subtree rooted in u,, . At time j — 1, there
were (say) k blue leaves and one red one in this subtree and (say) m blue leaves in the whole
tree (m = j — 2). A simple computation shows that knowing that the insertion occurs in
the subtree rooted in u,,, the insertion occurs on the red node with probability 6/(0 + k)
and on each blue leave of the subtree with probability 1/(k 4 ). These probabilities do not
depend on j. The evolution of the tree structure of the subtree is the same as the one of the
usual marked tree.

b) It is the result of Proposition 5 with z = 1/2. |

Let us choose a,, = [+/logn| and denote by = {v € dT, : v e S;(n) for some i < a,}
the set of leaves below the “dotted line”. Let

Vi (2) = A VI Cu(2)2""
./\/ln(z) = ~ T(Z) s A(k,n) = % Hml:km‘
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The cost of taking A and M instead of A and M is given by the following lemma.

Lemma 6 For every q > 0,
E (1A(k,n) = Ak, m)] ) = ol(logn)™) , B (|Ma(2) = My(2)]) = o((logn)™),  (5.90)

which implies

~ (1 A(k,n) B A\(l{;,n B L
E(‘ RE R D — o((logn)™9) (5.91)
Proof of Lemma 6 We have
— Slul
M, (2) — M, (2) = )
uECn—En "

Using Lemma 5 a) with 6 = 1 we get
s X )00
UGCn_Zn
From Lemma 5 b) and formula (5.70) we have for § <n —1

(n—p)
E(Cy, (2)|Ba, = B) = CRD(Ca,(n-p)) = B2+ /)7 (5.92)

(n—pB)pn="  (n—p)

which from (5.70) gives

) 2 B (48P p
5 (M- 30) = 5 E (g o) 6%
and since
B(2z + B)=H) on Cu(z)
(n—B)B0=0 " n— 3 Cs(2)
we get

E (/\/ln(z) —~ /\7”(2)) = 2R ((n i 3) <c;zz) - Of(z)))
)

(Ek(2),k > 1) and its stopping

~—

We use here the exponential martingale (introduced in (5.22
time (3, , so that the above formula becomes

E(Mn(z) - M\n(z)) = 2K (£, (2)L,(2)) (5.94)
where (writing [ for f3,) : e
I,(z) = — (n_ﬁCi(z)) :
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We write II,, for II,,(2) and we will prove that II,, is bounded by a (deterministic) constant

which will give
EQMn@)—ﬂZx@)::oa—%>.

For 2z <1 and § < n we have Cs(z) > C,(z) (see (5.68) so that II,, <1.
When 2z > 1, we have

and using the inequality 14 22 < (1 — %)_22 we get

n

===

I, < (n—1)% — (- 1)¥) < -

(5.95)

where the last inequality comes from Taylor formula. So, estimation (5.95) holds in any case.

For A we may use the same method. We have, for ever u € U,
][\u|:k < Zon =k lul—an

Adding and taking conditional expectations, we get

E'An Z ][M:k < Za”_kCJn(Z)

UGCn_Zn
so that

E(ﬁ“@—AJ@D:O@”ﬂB%mV

where B(k,n) was defined in (5.88). From (5.81)

—k
B(k:,n) ~ \/ﬁ e(2zlogn_k) (M%)

In particular if £ = 2zlogn + o(+/logn) then
B(k,n) ~ V2rk
so that

E(ﬁ“@—AM@D:O@”Qk

which, joined with (5.95) proves the first part of the lemma.

To get (5.91), it is enough to tilt again and use the triangular inequality.

(5.96)

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)
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Proof of Theorem 9 (end):
From (5.89) and (5.91) we have

E Ur(n) = A\(/{;,n) S
- <Mn(2)2(EUk(n))2) =k </\7n(z) 18n=k> +o((logn)™). (5.102)

By conditioning on the dotted line and applying Lemma 5 a), we may replace the above
indicator function by P(s,, = k') where n’ =n — (3,, and k' = k — «,,. However, to control
n’ which is random, we first split the main term of (5.102) into

E (fl(k’”) I, _ ) <E (&k’”) ﬁﬁanz%> +E (&k’”) I, s 6an<%> . (5.103)

On the one hand, we will prove further that, for v, = exp(z~'a,),

~ [ Ak
E Mﬁﬁamn = o(1). (5.104)
On the other hand, the second term of (5.103) becomes
~ (A _ (A _
g(Akn,y oo | =E Mﬁﬁamﬁ(sn/ k)| . (5.105)
M, (2) M, (2)

Taking into account the local central limit theorem (5.61), we may, for any € > 0, find rq > 0
such that for r > r

_ 1
B(s, = k) < ——
27V,

(5.106)

:

and since V,. = 2z log r+o(log ) we may assume 7 large enough to ensure V,. > 2z(1—¢) logr.
Choose ng such that n — v, > rq for n > ny. It entails

i (A P / L+ — [ A(k,n)
E P <»\/HP Sy = ]{; < E Y ‘ ‘
<”W”M% ( ))<¢M4Pwm%m—%» (MM@) (5107)

Now, again by (5.90) and (5.88)

E L(k,n) i (A1) o((logn)™ = n) + o((logn)™4
E(ﬁ@@)SE(Wm@)+(“g> B(k.n) + o{(logn) "

From (5.100) this gives

(A 1
limsup E /(\k:7 n) Ts =k, Bop<mm | < i ’
n Mn(z) 1—¢
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for any e. If we admit (5.104) for a while, equations (5.103) and (5.102) lead to (5.86) which
ends the proof of the theorem.
It remains to prove (5.104). By (5.91)

~ [ A(k,n) = (A(k,n) S
E ( e ﬂﬁamﬂ) B (o T, ) +ol(logm) ). (5,108
Now, since U(k,n) < 27*C,(2) M, (z) we have A(k,n) < B(k,n)>M,(z) and then
E (ﬁi(:)) nﬁanzﬂm) < B(k,n)2 P(Ba, > ) < Blk,n)? P(s,, < o) (5.109)

(for the last inequality see the definition of /3).

As said in Proposition 3 5), the family (sy, ¢ > 0) satisfies under P the large deviation
principle on [0, 00) with speed log ¢ and rate function 7,, . Therefore, taking v, = exp %=
we get

1 ~
limsup —log P(s,, < ay,) < —n2.(2) = —2(1 —log2) <0

n

which, joined with (5.100) gives (5.104). This ends the proof of the theorem. |
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