
Appendix A

Appendices

A.1 Reminder of functional analysis
Proposition A.1 (Cor. 1.4 in [Bre11]). Let E be a normed vector space and let E1 be the
space of semilinear forms on E. For ϕ P E we have

}ϕ} “ sup
�PE1

}�}E1 ď1

ˇ̌
ˇx�, ϕyE1,E

ˇ̌
ˇ .

In particular, if ϕ ‰ 0 there exists � P E1 such that x�, ϕyE1,E ‰ 0.

Theorem A.2 (Open mapping theorem, th.2.6 in [Bre11]).

Proposition A.3 (Cor. 2.7 in [Bre11]). Let E and F be two Banach spaces. Let A be a
continuous linear operator from E to F. If A is bijective, then A´1 is a continuous linear
operator from F to E.

Theorem A.4 (Closed Graph Theorem, th. 2.9 in [Bre11]). Let E and F be two Banach
spaces. Let A be a linear map from E to F. Assume that the graph of A is closed in E ˆ F.
Then A is continuous.

Proposition A.5. Let H be a Hilbert space and F be a subset of H. Then we have

pF KqK “ F .

(see Proposition 1.9 in [Bre11] for the version in normed vector spaces)

Proof. ‚ We have F Ă F KK and F KK is closed, so F Ă F KK

‚ We have F K “ F
K and H “ F ‘F

K. Let ϕ P F KK. There exist ϕ P F and ϕK P F
K “ F K

such that ϕ “ ϕ ` ϕK. Then 0 “ @
ϕ, ϕKD “ ››ϕK››2

, so ϕ “ ϕ P F .

A.2 Holomorphic functions in a Banach space
Let E be a Banach space.

Definition A.6. Let Ω be an open subset of C and f be a function from Ω to E. We say
that f is holomorphic on Ω if for all z0 P C the limit

lim
zÑz0

fpzq ´ fpz0q
z ´ z0

exists. In this case we denote by f 1pz0q this limit and we say that f 1 is the derivative of f .

Proposition A.7. Let ω be an open subset of C. Let ϕ : ω Ñ E and B : ω Ñ LpE, Fq.
(i) Assume that for all � P E1 the map z ÞÑ x�, ϕpzqyE1,E is holomorphic in ω. Then ϕ is

holomorphic .
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(ii) Assume that for all ψ P E the map z ÞÑ Bpzqψ P F is holomorphic in ω. Then B is
holomorphic.

(iii) Assume that for all ψ P E and � P F1 the map z ÞÑ x�, BpzqψyF1,F P C is holomorphic in
ω. Then B is holomorphic.

Proof. ‚ Let z0 P ω and r ą 0 such that Dpz0, 2rq Ă ω. Let

Φ “
"

ϕpzq ´ ϕpz0q
z ´ z0

, z P Dpz0, 2rqz tz0u
*

.

For all � P E1 the set �pΦq is bounded in C. By the uniform boundedness principle (see [Bre11,
Cor.2.4]), Φ is bounded. In particular ϕ is continuous at z0. This proves that ϕ is continous
on ω.
‚ Let z0 and r ą 0 as above. For � P E1 and z P Dpz0, rq, we write the integrals over Cpz0, rq
as the limit of the Riemann sums to see that

x�, ϕpzqy “ 1
2iπ

ż

Cpz0,rq
x�, ϕpζqy

ζ ´ z
dζ “

C
�,

1
2iπ

ż

Cpz0,rq
ϕpζq
ζ ´ z

dζ

G
.

By the Hahn-Banach theorem, this implies that

ϕpzq “ 1
2iπ

ż

Cpz0,rq
ϕpζq
ζ ´ z

dζ,

which in turn implies that ϕ is holomorphic.
‚ The second statement is proved similarly. Given z0 and r as above we set

B “
"

Bpzq ´ Bpz0q
z ´ z0

, z P Dpz0, 2rqz tz0u
*

.

Then B is bounded by the uniform boundedness principle, which implies that B is continuous.
‚ Then for ψ P E we write

Bpzqψ “ 1
2iπ

ż

Cpz0,rq
Bpζqψ
ζ ´ z

dζ “
˜

1
2iπ

ż

Cpz0,rq
Bpzq
ζ ´ z

dζ

¸
ψ.

This proves that
Bpzq “ 1

2iπ

ż

Cpz0,rq
Bpzq
ζ ´ z

dζ,

and gives the second statement.
‚ Finally, (iii) is a direct consequence of (i) and (ii).

90 J. Royer - Université Toulouse 3


