Chapter 4

Distributions

The purpose of this chapter is to introduce distributions. Distributions generalize the
notion of function of one or several real variables. In particular, we will extend the usual
notion of derivability, which turns out to be too rigid for applications.

The definition of functions (we only consider here functions of one or several real
variables) and of the regularity of these functions (continuity, etc.) have taken a long
time to stabilize to the precise and general notions as they are now understood. For
example, a function f from R3 to R is any correspondance that associates to any element
r € R? a unique element f(z) of R. This is a very abstract and general notion.

And yet, this notion shows its limits and is not always adapted to the calculations
that one may have to make. Typically, when f represents a physical quantity as a
function of the position x. For example, if f denotes a mass density or an electric
density, and if we are interested in a very localized mass or charge, we model it by a
point mass or charge. This greatly simplifies the calculations, but the density f... is
no longer a function. Indeed, in this case the density is what is improperly called “a
Dirac function”, zero except at one point but of strictly positive integral. This cannot
be realized by any function with the Lebesgue theory for integrals. Thus, to make a
simpler calculation, we have to use an object that seems more complicated. So what
should we do ? Giving up rigorous calculations, or giving up a model with which we can
actually do the computation? Neither, obviously, and it is the aim of the distributions to
propose a rigorous, efficient and sufficiently general framework to include in particular
the functions in the usual sense and the Dirac function. In fact we have already solved
this problem by introducing the measures, since the Dirac function has been replaced
by the Dirac measure. But the distributions go further and will include in particular
the measures.

Another aspect for which the usual theory of functions seems too restrictive is the
following. Let us consider a simple partial differential equation, namely the transport
problem

ou ou
R% — —(t,x) = 4.1
Yit,2) B, S(t,a) + () =0, (11)
with a given initial condition:
VeeR, wu(0,z)=up(x). (4.2)

The study of this type of problem will come later, but an important question before
looking for a solution is to ask in which set we are working. In which space do we choose
the initial data ug 7 And in which space do we look for the solution w 7 A natural
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choice is to look for v in C'*(R?) and then to consider ug in C!(R). We can then verify
that the unique solution of the problem is given by

V(t,z) e R%,  w(t,x) = ug(z —t). (4.3)

And now, what happens if we consider an initial data ug which is not differentiable
? We can still define u by (4.3), physically it will do exactly the same thing (transla-
tion of the profile ug to the right when ¢ grows), but on the other hand v is no longer
differentiable and we can no longer put it into (4.1). What is the problem? Should
we exclude such a solution, which seems physically reasonable but which is not a so-
lution to the problem as it was posed, or should we rethink the way we pose the problem?

As for the Dirac function via the unit approximation sequences, one could approxi-
mate in a suitable sense an irregular function by a sequence of regular functions. But
it is easier to make calculations with a Dirac than with a sequence of unit approxima-
tions, and the same will be true for functions that we will call “derivable in the sense of
distributions”. Thus it is quite relevant to introduce these new spaces of “functions”.

The change of point of view on functions that leads to the definition of distributions
is the following. Rather than characterizing a function of x (for example) by evaluating
its value at each point = in R, it is characterized by all its averages weighted by a
function with compact support. In other words, instead of focusing on every f(z) for
z € R, we will focus on every {; f(s)¢(s)ds for ¢ € C§°(R).

The characterization of a function by its value at each point had already been chal-
lenged in integration, where one began to consider that two functions that differ only
at one point must be considered as equal.

This new approach is not a simple mathematical artifice. On the contrary, it is quite
natural if we look closely. Or rather a little less closely. Consider for example a function
# which describes the temperature of an infinite wire. What sense does it make to talk
about the temperature at a specific point? The temperature measures the degree of
agitation of particles. What sense would it make to measure the temperature with a
precision greater than the typical distance traveled by each particle during the measure
? And even so, no device could measure it with infinite precision. What a thermometer
measures, in the best case, is an average of the temperature over a small area around
each x point. Considering that the function # has a meaning, what is measured is not
the value 0(z), but a quantity of the form

fe<y>¢<y> ay.

where ¢ is a function which describes the weight with which the average is obtained.
We call ¢ a test function.

In addition, this point of view perfectly fits what we intend to do with the Dirac
function 4 on R. The aim of 4 is to have a function such that

fRfs(xw(x) dz = $(0), (4.4)

for any test function ¢. Rather than trying to give a doubtful explanation to the left-
hand side, we give up seeing § as an usual function by assigning it values at each point
of R and we define directly the distribution ¢ as the map ¢ — ¢(0). And it is in fact
much simpler !
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In the same spirit, we will define a weaker notion of solution for problems such that
(4.1). We will say that u is a weak solution of (4.1) if

Vo e C1(R?), J u(t, ) ((Zcf(t,x) + Zi(t,x)) dtdz =0,
RQ

with the initial condition (4.2). Thus u can be a solution without being differentiable in
the usual sense. We will say that u is a strong solution of (4.1) on R? if it is a solution
in the previous sense, that is, if u is of class C! on R? and verifies (4.1). Using an
integration by part, we see that a strong solution is a weak solution, and thus the notion
of weak solution is a generalization of the usual notion. Defining derivation in the weak
sense via integration by parts will be the key of the upcoming notion of derivation.

The aim of this chapter is to give a mathematical framework to all these ideas, by
defining in particular the derivation in the sense of distributions.

4.1 Definitions

In this section, we introduce the notion of distribution. In these notes, we have chosen to
gather all the examples in Section 4.2. The drawback of this choice is that the definitions
will be given here without example. Thus, do not hesitate to read the Section 4.2 in
parallel with this one. In particular, It is in section 4.2.1 that we will see that functions
can be identified as examples of distributions, and that in that sense the notion of
distribution “includes” in a suitable sense that of function.

4.1.1 Space of tests functions

Let © be an open set of R?. We start by collecting some properties that we will need
later for the space of the test functions C°(€2).

Recall that C§°(R?) is dense in LP(R?) for any p € [1, +o[ (see Proposition 1.18).
We have also proved a result of partition of unity with cut-off functions of class C® (see
Proposition 1.23).

The following properties of C§°(€2) are elementary and the proofs are left as exercises
for the reader.

Proposition 4.1. (i) CL(Q) is a subspace of the space of functions from R¢ to C.
(ii) If fe C*(Q2) and ¢ € CFL () then fp e CFP ().
(iil) If ¢ € CL(Q) and a € N? then 0%¢ € CL(Q).

(iv) Let ¢ € CL(Q). For x € RY we set

~o o) ifzeq,
¢lz) = {o ifzd Q.

Then we have ¢ € CF(R%).

We now recall the Leibniz formula for C* functions. For o = (ay,...,aq) and
B =(B1,...,Bq) in N? we say that 3 < o if Bj < a; for any j € [1,d]. Then we set
Q@ a!
=————  where al=ao!...q4.
<ﬁ) Bl — B! b
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Proposition 4.2 (Leibniz formula). Let u,v € C®(Q) and o € N®. Then we have

O (uv) = <g> 0By P,

p<a

The proof can be done by induction on || as for the case d = 1 (exercise).

4.1.2 Topologies on the spaces of regular functions with compact sup-
port

Let Q be an open set of R%. The aim of this section is to describe the topologies of the
spaces of regular functions that have compact support 2, and in particular C3°(2).

Let us start with the simplest of situations. Let K be a compact of 2 and k € N.
We denote by CF-(Q2) the set of functions of class C* on Q with support included in K.
Then for u € C%-(Q2) we set

[6lcx oy = O 18l pmgi - (4.5)

lo|<k
This defines a norm on C%-(Q2), and C%-(Q2) is complete for this norm.

The situation is not that simple for the space C'%(£2) of C* functions defined on 2
and with support included in K. Obviously, one can not simply replace k by 400 in the
definition (4.5). Each norm of (4.5) for k € N is a norm for C% (), but C% () is not
complete for any of these norms (a sequence of very regular functions can converge to-
wards a limit that is not that regular). To obtain a complete space, we need to consider
a topology that takes into account all the derivatives of the functions. There is no such
norm on CF (), but we can endow CZ(€Q2) with a Frechet space structure from every
norms of (4.5), for any k € N.

For ¢, ¢ € CE(2) we set
+00 1
di(¢,9) = Y opmin (L, |6 — ¢l o) )- (4.6)

k
k=0 2

This distance is not given by a norm, but it satisfies the important properties that we
need for applications.

Proposition 4.3. di is a distance on C% (), and C%(K2) is complete for this distance.
Let us recall the basic properties of the topology associated to the distance dg.

Proposition 4.4. (i) Let (¢n), oy be a sequence of elements of CE(2) and ¢ € CE(£2).
Then ¢y, tends to ¢ in CE (L) if and only if

VEeN, [¢n— ¢H0§((Q) — 0.

n—+00

(ii) A linear form T on CE () if and only if there exists k € N and C > 0 such that
for any ¢ € CE(Q) we have

T(@) < Clolen o -
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More generally, if (E,|-|g) s a normed wvector space, then a linear map T :
CR(Q) — E is continuous if there exists k € N and C' > 0 such that for any
¢ e CE(Q) we have

IT@) e < Cldlez@ -

(iii) A linear map T : CE () — CR () is continuous if for any j € N there exists k € N
and C > 0 such that for any ¢ € CE(Q) we have

IT()ci (o) < Cldler -

Now we turn to C3°(£2). The difference compared to C'Z(€2) is that the func-
tions of C°(§2) are not supported in the same compact. We note in particular that

CR(Q2) < CP(Q) for any compact K of 2. However there is no compact K of Q such
that Ci°(Q2) is included in CE(Q2).

We cannot endow C{°(€2) with a distance analoguous to (4.6) or with norms ana-
loguous to (4.5) where K would be replaced by (2, since for the corresponding topology
a sequence of functions compactly supported in €2 could converge to a function whose
support is €.

To ensure that the limit of a convergent sequence has compact support, we need a
topology defined in such a way that if (¢,,),,cy is a convergent sequence in C°(£2) then
the support of the functions ¢,, n € N, are included in a common compact K of €.
Once this is done, to also ensure the regularity of the limit, we impose that the sequence
(hn) ey is convergent in C2(£2) (this is now meaningful, since ¢,, belongs to C'% () for
all n).

Such a topology is complicated, but it does exist. We state without proof the fol-
lowing theorem.

Theorem 4.5. There exists a topology on Ci°(S2) which satisfies the following properties:
(i) A sequence (¢n),en of Ci°(2) converges to ¢ € C°(Q) if and only if

o there exists a compact K of Q such that supp(¢y,) < K for any n € N,
o 0%, goes uniformly to 0%¢ for any o € N%.

(ii) A linear form T on C§°(2) is continuous if and only if for any compact K of Q
there exist m € N and C' > 0 such that

Voe CR(Q), [T@)|<C D) [0°¢l,,- (4.7)

lal<m

4.1.3 Distributions

Now that we have described the topology of the space of test functions C§°(2), we can
define the notion of distribution.

Definition 4.6. Let Q be an open set of R%. A distribution on € is a continuous linear
form on Cg° (). We denote by D’(€2) the set of distributions on €.

In general, we denote by (T',¢) or (T',$)p/ () p() instead of T'(¢) for the image of
the test function ¢ € D(Q2) = CF°(2) by the distribution 7" € D’(€2).
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We will give many examples of distributions in Section 4.2 (they can be consulted
right now).

As the set of continuous of linear forms on a topological vector space, D'(f) is
naturally endowed with a structure of topological vector space. Thus if T" and S are two
distributions, the sum T + S is defined by

Vo e C’ (), (T+58,¢)=T,¢)+(S. ¢,
and for A\ € K we define AT by
Vo e Oy (), (AT, ¢) =T, ).

We can check that 7'+ S and \S are indeed distributions on 2 and that D’(§2) endowed
with these two operations is vector space. We then endow D’(€Q) with the weak-x*
topology.

Definition 4.7. Let Q be an open set of R%. Let (7},),y be a sequence of distributions
on 2. We say that T}, goes to T in D'(Q) if

Vo e O (), (Tn,d)

(T, ).

By the Banach-Steinhaus Theorem, we have the following result:

n—-+0o0

Proposition 4.8. Let Q be an open set of R% and (Th) e e a sequence of distributions
on Q. We suppose that for any ¢ € C*(Q) the sequence ({Ty,, ))nen is convergent. Then
the sequence (T},),cy i convergent in D'().

4.1.4 Finite order distributions

The parameters m and C' can depend on the compact K in (4.7). However, it may
happen (and it will actually often be the case) that we can choose the same integer m
for any K.

Definition 4.9. Let  be an open set of R? and T be a distribution on Q. We say that
T is a distribution of finite order if there exists m € N such that for any compact K of
Q we can find C' > 0 which satisfies

Voe CR(Q), IT@)<C Y] 09|, -

la)l<m

In this case the order of T is the smallest integer m which satisfies this property. Oth-
erwise, T' is said to be of infinite order.

We will see at section 4.2 that many usual distributions are of finite order.

Remark 4.10 (This remark can be omitted). If T" is a distribution of order m € N on €,
we only need to control a finite number of derivatives to ensure that if ¢,, tends to ¢ then
T (¢n) tends to T'(¢). Thus, a distribution of order m can be seen as a continuous linear
form on the space C§*(€2) of compactly supported functions of class C™ on . More
precisely, C§*(€2) is endowed with a topology similar to the one described in theorem
4.5. A sequence (¢n,),oy in Cg*(2) tends to ¢ € Cg*(Q2) if and only if

(i) There exists a compact K of 2 such that supp(¢,) c K for any n € N,
(ii) 0%, tends uniformly to 0%¢ for any o € N? such that |a| < m.

We can then verify that any distribution of order m on 2 extends into a continuous
linear form on C§*(€2) and conversely, a continuous linear form on C§*(€2) defines by
restriction to C§°(Q2) a distribution of order m on €.
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4.1.5 Multiplication of a distribution by a regular function

The purpose of distributions is to generalize the notion of function. In order for this to
be useful, it will be necessary to be able to generalize the operations that we usually
perform on functions to this framework and in a suitable sense. We have already seen
that we can naturally add distributions and multiply them by a scalar. To go further,
the mechanism will essentially always be the same. The operation in question is carried
over to the test function. In particular, the operation in question must preserve the space
of test functions C3°(€2). We illustrate this idea on a first example, the multiplication
by a regular function.

Proposition-Definition 4.11. Let Q be an open set of R? and T be a distribution on
Q. Let fe C®(Q). For ¢ € CL(Q) we set

UT,¢) =T, f¢).
This defines a distribution f1T on Q.

Two points have to be checked in this definition. First, the expression (T, f¢) has to
be meaningful. For this, the functions f¢ on the right has to be an element of C°(2).
This is clear here, but it will not always be the case. And then we must show that
the map ¢ — (T, f¢o) = T(f¢) is indeed a continuous linear form on C°(2). And in
general, the continuity is not obvious.

Proof. o For ¢ € CP(2) we have f¢ € C5°(2), and the map ¢ — f¢ is linear on
Ci°(Q2). Then, by composition, f7T' is a linear form on C° ().

e Let K be a compact of Q. There exists m € N and C' > 0 such that for any ¢ € C£(Q)
we have

KT, )l <C Y. (6%l -

lal<m

The function f and its derivatives are bounded on the compact K. By the Leibniz rule,
we have

(@so1<C 3 ol <¢ X X (§) 107 flueolPole

|al<m la|<m B<a
Thus, there exists a constant C' > 0 independant of ¢ such that

KT, )l < C D 107 co-

|8]<m
This proves that f7T is continuous on C{°(£2). O

Remark 4.12. We observe that if T' is of finite order m then f7T is of order at most m.
Indeed, in this case, the integer m does not depend on K in the computations of the
previous proof, and the last inequality shows that f7T' is of order not greater than m. In
fact, if f is not identically zero, then f1' has exactly the same order m as T.

Remark 4.13. Given a certain f € C®(2) the map T — fT is continuous D'(2). In
other words, if (T7,),cy is a sequence of distributions that converges to 7' € D'(Q) (in
the sense given by Definition 4.7), then f7,, converges to fT" in D'(Q).

An important remark to finish this section. There is no reasonable definition for the
product of two distributions ! One should just forget this idea.
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4.2 Important examples of distributions

In this section we give some classical examples of distributions. Other examples will
then appear in the exercises.

4.2.1 Locally integrable functions

One of the motivations for introducing the notion of distribution is that it must generalize
the notion of function. It is therefore necessary that the set of distributions contain the
set of functions in a reasonable sense. We said in the introduction that we could replace
the evaluation of a function f at each point of €2 by the evaluation of mean weights of

the form
j fodx.
Q

This defines precisely a distribution, and it is indeed with this distribution that we will
identify the function f. In order for all this to make sense, we must nevertheless restrict
ourselves to the case of locally integrable functions. The constraint is reasonable.

Proposition-Definition 4.14. Let Q be an open set of R and f € LL (). Then the
map

Ty s JQ f(@)o(x) da
is a distribution (of order 0) on ).

Proof. The map Ty is well defined, and it is linear on C°(§2) by linearity of the integral.
Let K be a compact set of €. Then f is integrable on K and for ¢ € C£(12) we have

\ | f¢‘ <[oll, [ 1f)] da.
Q K

This proves that T is a distribution of order 0 on €. O

We recall that we cannot multiply two distributions. On the other hand, the prod-
uct of two locally integrable functions is not necessarily locally integrable. But we can
multiply a locally integrable function by a regular function, and we have defined the
product of a distribution by a regular function. We check that in the case of a distri-
bution associated to a function, these two multiplications coincide. More precisely, for
fe Ll (Q)and ge C®(£) we have

loc

9Ty = Tyy.

Indeed, for any test function ¢ € C7°(§2) we have

Ty, 8 = (Ty, g8 = L £(2)(g0) () dz = L(gf)(a:w(x) de = (Tyy, ).

We have said that we want to identify the (locally integrable) functions to distribu-
tions. For this we have to be sure that two different functions are not associated with
the same distribution. This means that no information is lost by considering the set
of weighted mean values of f instead of the sets of their values up to equality almost
everywhere (it is clear that if f and g are two locally integrable functions equal almost
everywhere on (2 then we have Ty = Tj).
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Proposition 4.15. Let Q be an open set of R*. The map

{LIIOC(Q) — D'(Q)
f — Ty

1S injective.

Proof. Let f € Li () and assume that {, f¢ = 0 for all ¢ € CF(Q2). Soit K un compact

de Q. Pour z € Q on pose g(x) = sign(f(z))1x(x).
0

Proof. Let f € L{ () and assume that {;, f¢ = 0 for all ¢ € CF ().

loc

Let K be a compact of €2 and let N € N. For x € {2 we set

gn(z) = {f(a:) if x € K and |f(z)| < N,

0 otherwise.

We have g € L'(Q) and g is 0 outside K. There exists a sequence (¢y,), .y in C3°(£2)
which converges to xfl4, in L'(Q) and such that |¢,]|,, < N for all n € N (the
sequence constructed in CF (R%) belongs to C§°(€2) for n large enough). After extracting
a subsequence if necessary, we can assume that ¢, (z) goes to g(x) for almost all z € Q.
Then by the dominated convergence theorem we have

n—0o0

0=‘Lfﬁw¢n@ﬂdw———+LfﬂwMN@ﬁdx=‘£ﬂf@ﬂﬁﬂu<N@0d%

Par le théoréeme de convergence monotone on obtient a la limite N — oo

JIﬂ@Fdz:O
K

This prove that f = 0 almost everywhere on K. Since this holds for any compact K < ),
we deduce that f = 0 almost everywhere on €. O

Once we are used to distributions, we identify a distribution of the form Ty with
the corresponding function f. Moreover, we can say that a distribution 7' € D’(Q) is in
LL . (Q) (or in LP(Q) for some p € [1,+00]) if there exists f € LL _(Q) (f € LP(Q)) such

that T = Tf.

4.2.2 Dirac mass and other measures

The typical example of an object that we would like to consider as a function but which
is not is the “Dirac function”, mentioned in the introduction. What is usually meant by
a Dirac function on R? would be a positive-valued function, null outside {0} and with
an integral equal to 1. However, such a function cannot exist, since the definition of
the integral implies in particular that a function which vanishes almost everywhere on
R? has an integral equal to 0. More precisely, we would like a function f which would
satisfies

voeCFmY, [ o= 0(0). (4.

Proposition 4.16. There is no function f € Li. (R?) verifying (4.8).

loc

Proof. Assume by contradiction that there exists f € Li _(R?) which satisfies (4.8). Let
¢ € CF(R?,[0,1]) be supported in B(0,1) and such that ¢(0) = 1. For n € N* and
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z € R? we set ¢n(2) = ¢(nz). Then ¢, is supported in B(0,1), ¢,(z) € [0,1] for all
reR? and ¢,(0) = 1. With (4.8) we have for any n € N*

L=6,0) = [ fotades | () de

On the other hand, since f is integrable on B(0, 1), we have by the dominated conver-
gence theorem

| @l o
B(0

n
This gives a contradiction. O

Thus we must definitely give up the idea to see the Dirac function as a function.
But, on the other hand, the right-hand side of (4.8) does define a distribution. Thus
the Dirac will be included in the theory of distributions.

Proposition-Definition 4.17. Let xg € R?. The map
5x0 Do Qb(:EO)

is a distribution on R? (of order 0), called Dirac distribution at xo (In general, when
xo = 0, we simply write § instead of dp).

Proof. The map 6y, is linear on C°(2) and for any ¢ € C°(€2) we have

|8(z0)| < [[]los -
This proves that d,, is a distribution of order 0 on €. ]

Note that Proposition 4.16 can be adapted at any point zo to see that d,, is not
the distribution associated with a function L () (short version: &, is not in L{ (R?)).

In the chapter about convolution, we have already discussed the fact that there is
no Dirac function, and we had introduced the approximations to the Dirac mass to
approximate the expected behavior of a Dirac function by regular functions. Given a
sequence (p,) of approximations of the unit on R?, we can then see that in D’(R%)

T, 5.

n—-+0oo

Indeed, for ¢ € C(R?) we have

T,.$) = me £)dz = (pn * 6)(0) —— 6(0) = (5. 6).

n—+0o0

Before this, the notion of Dirac function was already made rigorous by the measure
theory. Indeed, we defined the measure ¢ such that §({0}) = 1 and 6(R% {0}) =
which gives in particular

Vo € CF (RY), fRd $ds = ¢(0).

In fact, measures are already a generalization of functions (with non-negative values,
if we consider non-negative measures only). Indeed, if f is a locally integrable (and
positive valued) function on RY, then the measure which maps A € B(R?) to

A)=Lfd)\

(where X is the Lebesgue measure) is a locally finite measure (that is a measure which is
finite on compact sets) on (R?, B(R?)). The notion of distribution generalizes the notion
of (locally finite) measures.
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Proposition 4.18. Let p be a locally finite measure on (2, B(2)). Then the map
T,:¢— j odu
Q

is a distribution on Q.

Be careful, the fact that yu is locally finite is important to get the continuity of T),.
Note that T}, is a distribution of order 0, and that it is a positive distribution if u is a
positive measure (this means that (7),, ¢y = 0 if ¢ > 0).

Remark 4.19. We can actually show that this gives all positive distributions of order 0
and this can give another way to define the Lebesgue measure on R. Indeed, even if we
only know the integral of continuous functions, we can see that the map

T:qSHqub(x)dx

is a distribution of order 0 on R, and we can define the Lebesgue measure as the unique
Radon measure A (we do not detail this here) such that 7" = T).

4.2.3 Principal value of 1/z

The purpose of this paragraph is to define a distribution naturally associated with the
function z + 1/r on R. Recall that this function is not in Li _(R) since it is not
integrable in a neighborhood of 0. Nevertheless, it is odd and the positive and negative
parts compensate each other. We use this remark for the following definition (which
may seem rather artificial, but which turs out to be relevant for applications).

Proposition 4.20. The map
1
p.v. <> : ¢ — lim @dx
x e—0 |x|>e
is a distribution of order 1 on R. It is called the principal value of 1/x.

Proof. Let R > 0. We consider ¢ € C{°(R) supported in [—R, R]. Let € €]0, R[. Since
the function x — ¢(0)/z is odd and integrable on [—R, —¢] U [e, R] we have

[ g [ d2-00),
e<|z|<R 7T e<|z|<R r

For z € [ R, R]\ {0} we have by the mean value theorem
¢(z) — ¢(0)
x

< H¢/HL°O(—R,R) :

Then, by the dominated convergence theorem, the limit

lim M dz
e—0 e<le|<rR T
exists and its modulus is not greater than 2R |¢'|| .« (_p p). Moreover, this limit is linear
with respect to ¢, so it defines a distribution of order at most 1.
Finally, for n > 3 we consider ¢,, € C°(R, [0, 1]) supported in ]%, 2[ and equal to 1
n [2,1]. Then |¢y|,, =1 for any n > 3 and

1 1
pv.|—|,0n )= —dx — +o0.
T 2 n—-+00

This proves that the distribution p.v. (é) cannot be of order 0. It is then exactly of
order 1. ]
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4.2.4 Exercises

Exercise 1. For x € R* we set f(x) = es.

1. Prove that f belongs to Li (R*). Deduce that f defines a distribution on R*.
2. Prove that f (well defined everywhere on R) does not belong to LL (R).

3. Prove that there is no distribution 7" on R such that

Vo CFRD), (T6) = | J@)ola)de.

Ezercise 2. Let k € N. Prove that the map which to ¢ € CP(R) — ¢*)(0) is a
distribution on R and give its order.

Exercise 3. Prove that the map

T:¢eCPR)—(T,d)= Y ¢ (n)
n=0

is a distribution of infinite order on R.

Exercise 4. In this exercise we give examples in the same spirit as the Dirac mass,
since we have to integrate a function on a submanifolds of R¢ of dimension strictly less
than d. In other words, we integrate a function with respect to a measure which only
“loads” a set of zero Lebesgue measure in R%.

1. Prove that the map
T 6€C(R) ~(T,0) = | o(0.0)ds
R

is a distribution on R? and give its order.
2.Let f:R — R be a function of class C'. Prove that the map

be CPR?) fR o(f(2),2) V1T F(@)? de

is a distribution sur R? and give its order.
3.Let f:R — R and v: R — R? be two functions of class C'. Prove that the map

¢ e CP(R?) — JR Vo(f(z),z) - v(z)da

is a distribution on R? and give its order.

Exercise 5. We recall that for f € L. (R?) and y € R? we have denoted by Ty f the

loc
translation of f (7,f : z +— f(x —y)). Let T € D'(R?). For y € R? and ¢ € C°(R?) we
set

(ryT, ¢y =T, 7—y¢) .

1. Prove that this defines a distribution 7,7 on R4,
2. Prove that for f € L (R%) we have 7,Tf = T,
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4.3 Derivative of a distribution

We now turn to one of the main motivations for the notion of distribution, namely the
extansion of the notion of derivability to functions that are not differentiable in the usual
sense. The idea is to see any function as a distribution, i.e. as a linear form on C§°(2),
and to transfer the derivation to the test function ¢ (which is differentiable).

If f is a function of class C' on R (in particular, it is locally integrable), then for

any ¢ € C°(R) we have
| F@saae =~ | f@)o@)a. (49)
With the notations of proposition 4.15, this can be written as

(Ty,d) = =I5, ).
For a function f € L _(R), the left-hand side in (4.9) has no meaning. However,
the right-hand side does, and we notice that it defines a distribution. It is what we are

going to define as the derivative of T;. If this distribution is associated to a function
g€ Ll _(R), that is if there exists g € L{ .(R) such that

Vo CE(R), f F()6 () da = ng<x>¢<x> dz,

we will say that g is the derivative in the sense of distributions (or weak derivative) of
f
Ezample 4.21. For ¢ € C°(R) we have

_ JR 2| & (z) dw = fm v () da — J " (@) da

0

In each of these integrals we can do an integration by parts, this gives

[ 1ol (@) as f ba) da + +Oocz><)

Thus, if we set

o(z) = {1 =0, (4.10)

-1 ifx <0,
then for any ¢ € Ci°(R) we have

- [ teléte)dz = | gtorote) az

This means that g is the derivative in the sense of distribution of the absolute value
function. This was the expected result.

4.3.1 Definitions and first examples

We now give a precise definition for the derivatives of a distribution. As for usual
derivatives, we use different notation in dimension 1 or in higher dimension.

Proposition-Definition 4.22. Let Q be an open set of R and T € D(Q). The derivative
T’ of T is defined by
Ve CF(Q), (T.0) = —(T.4').

More generally, for k € N* we denote by T™) the distribution defined by
Vo e CF(Q), (TW,¢) = (~1)XT, ™).
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Proof. We prove that the map ¢ — — (T, ¢’) is indeed a distribution on . Let K be a
compact set of Q. There exist m € N and C' > 0 such that for any ¢ € C% () we have

KT, )l < C Y 69]oo

j=0
Then for ¢ € CF(€2) we have
m ) m+1 )
=T < C ) 1NV < C 3 169
j=0 J=0

This proves that 7" is a distribution on €. The general case follows by induction on the
order of diffentiation. O

We observe that if 7" is a distribution of order m, then T is a distribution of order
m + k. The definition is analogous in any dimension.

Proposition-Definition 4.23. Let Q be an open set of R? and T € D'(Q). Forj € [1,d]
we denote by 0., T the partial derivative of the distribution T with respect to the j-th
variable. It is defined by

Vo e Cy (), <(9ij, qb> = — <T, (9xjd>>.
More generally, for o€ N we define 0*T by
Vo e CP(Q), (T, d) = (-1)°I(T, 0°¢).

We now give some examples. In the specification of the definition, the derivative
of the distribution associated to a differentiable function has to be the distribution
associated with its derivative. This is indeed the case according to the equality (4.9) on
which the definition of T” was based.

Example 4.24. If f is a function of class C' on R, then TJQ =Ty
This is also the case in any dimension and for any order of deviation.

Ezample 4.25. Let f be a function of class C* on an open set Q of R%. Let a € N¢ with
la| < k. We have
aan - Taaf.
We now rewrite Example 4.21 in terms of differentiation in the sense of distributions.

Ezxample 4.26. If we denote by f the absolute value function on R, then we have T]’c =T,
where ¢ is defined by (4.10).

We now give the derivative of a function that is not continuous.
Ezxample 4.27. The Heaviside function is defined on R by

{1 if 2 >0,

H(z) = (4.11)

0 ifx<0.

Then we have Tj; = 4. Indeed, for ¢ € C°(R) we have
+o0

(T, ¢) = =T, ¢') = - ) ¢ (x)dz = ¢(0) = (5,¢).

We can give an example of derivative of a distribution which is not associated with
a function.
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Ezxample 4.28. The derivative 0’ of the Dirac distribution § on R is given by

Vo e CSC(R)a <5/7 ¢> = - <5a ¢,> = _¢/(O)

Finally, we give an example of a locally integrable function whose derivative is a
function which is not locally integrable.

Ezample 4.29. The function f : x — In(|z]) is in L] (R). It is differentiable on R* and
its derivative is the function x — 1/z, which is not locally integrable. Let ¢ € C°(R).

Since f is locally integrable we have by the dominated convergence theorem

—f In(|z|)¢'(z) dx = lim I,
R +

E—>

where we have set

+0o0

L= [ w(ahe@)de— [ (e da.

—a0 €

Since we have removed a neighbourhood of 0, we can do an integration by parts in both
terms. This gives

I — —In(e)p(—e) + J T2 L ne)e(e) + F ‘ﬁgf)

o T

Il
8
v
Q)
+
—
<
~—~
™
S~—
|
<
—
|
™
~
~—
—
=
—~
(O
~—

This proves that

Notice the importance of the domain on which we consider the distributions, as is
already the case for the derivation in the usual sense. Let us consider for example on
the open R* the function f defined by

1 ifz >0,
f(@_{o if 2 <0,

Then f is derivable in the usual sense on R* and its derivative is null. If we see f
as a function on R, then for any value of f at 0 we obtain a function which is not
differentiable, because it is not differentiable at 0.

When we comput the derivative in the sense of distributions, we no longer evaluate
the function at every point, but this distinction remains. If we see f as a function on
R*, its derivative in the sense of distributions is 0 (in other words, TJ/(' =0). On R, the
distribution 7'y has a derivative as any distribution, and this derivative is T]/c = J.

In the sense of distributions we identify two functions that are equal almost every-
where, but it is not because a function is differentiable at almost every point of R with
zero derivative that it is differentiable with zero derivative on R. In the sense of distri-
butions, the problem does not come from the differentiability at the point 0, but if we
consider a test function which is not 0 around 0 then we can see the jump at 0 and T]/c
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cannot be 0 (and cannot even be identified with a function).

We note that the derivative of a distribution of order m is a distribution of order
at most m + 1. Its order is not necessarily equal to m + 1. For example if T is the
distribution associated to a function of class C! then T and T’ are both of order 0.

The following proposition is a generalization of the Leibniz formula. We can similarly
give a result in higher dimension (generalization of proposition 4.2 given for functions).

Proposition 4.30. Let I be an interval of R, f € C*(I) and T € D'(I). Then we have
(fT) = f'T + JT".

More generally, for n € N we have
(fT)™ = Z Ck pk)pn=k)
k=0

Proof. We prove the first statement. The general case follows by induction on n as for
functions. For ¢ € C§°(I) we have

<(fT)/7 ¢> = - <fT7 ¢/> = - <T7 f¢/> = - <T7 (f¢),> + <Ta f,¢> = <T,’ f¢> + <T7 f/¢>
={fT"+ f'T,¢).
This proves that (fT) = f'T + fT'. O

4.3.2 Jumps formula in dimension 1

In this section, we compute the derivative in the sense of distributions of a piecewise C'!
function in dimension 1.

Let f be a piecewise C! function on an open interval I of R. To simplify the
notation, we assume that f has only a finite number N of discontinuities (but we can do
the same if f has an infinite —necessarily countable— number of discontinuities). Thus
there exist ay,...,an € I such that a1 < --- < ay, f has for all j € [1, N] left and right
limits at a; (that we will respectively denote by f(a;) and f (a;r)), f is differentiable on
I\{ay,...,an} and its derivative (denoted by [f’]) also has left and right limits at any
point. In particular, [f’] defines a locally integrable function on I.

Proposition 4.31. Let f be as described above. Then we have
N
Tp =Ty + ), (F(af) = f(a7))da,.
j=1

Proof. We set ag = inf(I) € [—00,a1[ and ayy1 = sup(]) €]an, +0]. For ¢ € CF(I) we
have

For the last equality we used the fact that ¢ vanishes in a neighbourhood of the (possibly
infinite) boundary points of I. O
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With this proposition we recover the derivatives of Examples 4.24, 4.26 and 4.27.

4.3.3 Examples in higher dimensions

Example 4.32. We consider on R? the function f which to (z1,2) associates

1 ifﬂjl >0,
0 ifzy<0.

f(mh‘r?) = {

This defines a function in L (R?). For ¢ € CP(R?) using the Fubini theorem and an

loc
integration by parts we have

+00
_ B f(2)0s,0(x)da = — LQER <J Oz, O(x1, T2) d:z:1> dzs = JR (0, z2) dzo,

xr1=0

hence 0., Ty is the distribution seen in the exercise 4. On the other hand

- f(:c)&z2¢(x) dz =0,
RQ

50 Oz, Ty = 0.
Erample 4.33. Let a €] — 00,d — 1[. We consider the unit ball B(1) of R% and the
function f — |z|”®. This defines an integrable function on B(1). Moreover, it is of class
C® on B(1)\ {0} and for x € B(1)\ {0} we have

Vi) = —ale ™z

Let ¢ € C§°(B(1)). Since f is integrable we have by the dominated convergence theorem

—J fVéddr = — lim fVoda.
B(1) 20JB)\B(e)

By the Green Formula we have for any ¢ €]0, 1|

—J fVodr = —f anﬁudx—af lz|~* 2 2¢ du,
B(1)\B(e) S(e) B(1)\B(e)

where S(e) is the sphere of radius € and v is the normal unit vector to S(e) directed
towards B(g). We have on the one hand

f e “ovdx
S(e)

On the other hand, using the dominated convergence theorem, we have

<S¢l — 0.

e—0

—aj 2|7 2z dz — —aj 2| 2 z¢ da
B(1)\B(e) =0 B(1)

This proves that the gradient of Ty is the distribution associated to the integrable
function x — —a |z|"* % 2. In other words, for any j € [1,d], the distribution 0Ty is
the distribution associated to the function x — —a|z|~* 2 z;.
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4.3.4 First examples of differential equations

Now that we have introduced the derivatives of a distribution, we can try to solve dif-
ferential equations in the space of distributions. As for the functions, the question is to
find the set of distributions 7" such that some relations between 1" and its derivatives
are satisfied.

We begin by a simple problem. The first question is to find all the distributions
with a zero derivative in open interval of R. Of course, the distributions associated to
constant functions are solutions. They are the only solutions in the space of differentiable
functions, but since we have enlarged the space where we look for a solution, we could
have new solutions that are not distributions associated to derivable functions. This is
actually not the case.

Proposition 4.34. Let I be an open interval of R. Let T € D'(I). Then T’ = 0 if and
only if T is constant (that is if T can be identified to a constant function).

For the proof we will use the following lemma. Notice that a function ¢ € C§°(I) has
primitives on I. They are necessarily of class C®, but in general they are not compactly
supported.

Lemma 4.35. Let I be an open interval of R and ¢ € CP(I). Then there exists
Y e CF(I) such that @' = ¢ if and only if §, ¢ = 0.

Proof. Assume that there exists 1) € C°(I) such that 1)’ = ¢. Then we have

fo- -0

Conversely, assume that §, ¢ = 0. For z € I we set ¢(z) = {7 ¢(t) dt, with a = inf(I).
Then ¢ € C(I) and ¢’ = ¢. O

Proof of proposition 4.34. We know that the derivative in the sense of distributions of
a constant function is 0. Conversely, assume that 7' € D’(I) is such that 77 = 0.
Let ¢ € C3°(I) such that {; o = 1. We set v = (T, ¢p). Let ¢ € C°(I). We have

L<¢_¢OL¢> ~,

So by Lemma 4.35 there exists ¢ € C§°(I) such that @' = ¢ — ¢ §; ¢. Then we have

<T,¢—¢0L¢> — (T, !y = —(T", 4 =0,

and on the other hand
<T7¢_¢OL¢> = <T7¢>_QL¢7

Ty =a o

This proves that T is the distribution associated to the constant function equal to a.
We note that the definition of @ does not depend of the choice of ¢y. O

hence

The following generalizations are left as exercises for the reader.
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Corollary 4.36. Let I be an open interval of R and k € N*. Let T € D'(I). Then
T®) = 0 if and only if T is a polynomials of degree at most k — 1.

Corollary 4.37. Let I be an open interval of R, k € N*, ag,...,ar € C and f a
continuous function of I. The solutions T € D'(I) of the equation

axT® + .. 4 agT = f
are exactly the solutions of the same problems set in C*(I).

Example 4.38. Let o € R. We consider the equation
T —oT =6, (4.12)

of unknown 7" € D'(R). As for the usual case, since it is an affine problem, it is enough
to find a particular solution and to add the solutions of the homogeneous problem. To
find a particular solution, we can use... the variation of the parameter. Let T € D'([I)
and S = e~ *T. Then T is solution of (4.12) if and only if e**S =0, or §' = e~ **§ = 0.
According to Example 4.27 we can take the Heaviside function H and we get a particular
solution Ty = e** H. As for the case of functions, even if we are not convinced with the
previous computation, we can check a posteriori (with Proposition 4.30 or 4.31) that
Tp is indeed a solution. Thus, the set of solutions of (4.12) is the set of distributions
associated to functions of the form

z— e*(H(z) +c),

where ¢ is a constant.

Remark 4.39. We recall that if f is a continuous function with compact support on R
then the solutions of the equation

y —ay=f

are functions of the form
t
t— Ce™ + f e®=5) f(s) ds.
—0

Notice that these solutions are precisely convolutions of functions that are solutions of
(4.12) with f. This is not a coincidence, and we will generalize this remark later on.

We observe that as in the case of functions, the difficulty to solve an equation like
(4.12) is to identify the primitive of a given distribution. As for continuous functions,
we can ensure that any distribution on an interval of R has a primitive (this is Exer-
cise 9). In particular, any function in L _(R) has a primitive in the sense of distributions.

The following proposition is left as an exercise fo the reader.

Proposition 4.40. Let f € Li (R). For x € R we set

loc
Pla) = L " ar.

Then F is in L .(R) and its derivative in the sense of distributions is f (in other words,
Tp =1T¢).
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4.3.5 Exercises

Ezercise 6. Let T € D(R), f € C*(R) and k € N. Prove that

5k

T = Y <> =) TG).

— \J

7=0
Ezercise 7. 1.Let o € C. Determine the set of distributions 7" € D’(R) such that

T = aT.
2. Solve in D'(R) the equation

T'—aT = H(z),

where H is the Heaviside function.

Ezxercise 8. For ¢ € Ci°(R?) we set
<T7 ¢> = J]R ¢(9€, —LIC‘) da.

1. Prove that it defines a distribution 7' on R2.
2. Prove that T cannot be seen as a L] .(R?) function.
3. Compute 011 — 09T

Ezxercise 9. Let I be an interval of R and let T be a distribution on I.
1. Prove that T has a primitive S € D'(I).
2. Use S to describe the set of primitives of T

Exercise 10. 1.Determine the set of primitives of § on R. Verify in particular that
the primitives of 0 can be identified to functions of L (R).

2.Let f € L'(R). Prove that the set of primitives of f (in the sense of distributions) is
the set of functions of the form (G = f), where G is a primitive of §.

Ezercise 11. Determine the set of solutions in D’(R) of the equation
~T"+T =0.
Ezercise 12. Let Q = {(21,22) € R? : |z1] < 1,|z2| < 1}. For (z1,22) € Q we set

1—x if |.CL‘2| <,

14z if |5L‘2| < —r1,
u(z) = .
1—562 if |.I1| < Z2,

1+xzo if ]ml\ < —X2.
Determine the derivatives of u in the sense of distributions on 2.

Ezxercise 13. For (t,r) € R? we set

Loyfe—
G(t,x)_{Q e -zl >0,

0 otherwise

Prove that G € L (R?) and compute (d¢ — 0z)G in the sense of distributions.

loc
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Exercise 14. For (t,x) € R? we set

e 4t
VAt

Prove that G € L{ (R?) and compute (J; — 0, )G in the sense of distributions.

loc

G(t,z) = H(t)

Ezercise 15. 1. Let u be a probability measure on (R, B(R)). For z € R we set f(z) =
] — o0, a]).
a. Prove that f is a nondecreasing function, tends to 0 at —oo and tends to 1 at +oo0.
b. Prove that in the sense of distributions, we have f’' = pu.
2. Let f be a nondecreasing function on R. Suppose that f tends to 0 at —o0 and tends
to 1 at +00. Prove that there exists a probability measure p on (R, B(R)) such that, in
the sense of distributions, f' = pu.

4.4 Compactly supported distributions

In this section we focus on the case of compactly supported distributions, that is distri-
butions that vanish outside a compact subset of €.

4.4.1 Restriction of a distribution - Support

Proposition 4.41 (Restriction of a distribution). Let Q and w be two open sets of RY
such that w < Q. Let T be a distribution on ). Then the restriction T,, of T to C{(w)
(we identify a function ¢ € C°(w) to its extension by 0 on Q) defines a distribution on
w.

Proof. T defines a linear map on C{°(w). Let K be a compact set of w. This is also a
compact set of €2, so there exist m € N and C' > 0 such that for any ¢ € C£(w) ~ CE(Q)
we have

Tu(®) = 1T (@) <C 3] 070, -

laf<m

This proves that T, is indeed a distribution on w. ]

Definition 4.42. Let © be an open set of R and T be a distribution on €. We say that
T vanishes on w if its restriction to w is zero, that is if (T, ¢) = 0 for any ¢ € C°(2)
supported in w.

Lemma 4.43. Let Q be an open set of R® and T be a distribution on Q. We denote by
O the union of all the open sets of Q on which T vanishes. Then T wvanishes on O (in
particular, O is then the biggest open set on which T vanishes).

Proof. Let ¢ € C3°(O). Let K be the support of ¢. Since K is compact, there exist
n € N and open sets w1, ...,w, < 2 such that K U?:l w; and T vanishes on w; for any
je1,n]. Let x1,...,xn € C°(O) be an associated partition of unity (supp(x;) < w;j
for any j € [1,n] and };7_; x; = 1 on K). Then supp(x;¢) < w; for any j € [1,n] and

@6 = 3T x568) =0

This proves that T is vanishes on O. O

Definition 4.44. Let Q be an open set of R and let T be a distribution on Q. The
support of T', denoted by supp(7’), is the complementary set in  of the biggest open
set on which 7" vanishes.
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Example 4.45. « If f is a continuous function on € then supp(7’s) = supp(f).

+ supp(d) = {0}.

o Let fe L () and w be an open set of Q. Then the restriction of T to w is the

loc
distribution associated to the restriction on w of f. In particular T’y vanishes on w

if and only if f is almost everywhere 0 on w. Thus supp(7’y) is the complementary
set of the biggest open set of 2 on which f is almost everywhere 0.

Proposition 4.46. Let Q be an open set of R and T a distribution on €.
(i) supp(T) is a closed set of §)
(ii) Let ¢ € CF(RY) such that supp(T) nsupp(¢) = &. Then (T, ¢) = 0.
(iii) For any o € N, we have supp(0“T) < supp(T).

Remark 4.47. Let T be a distribution on Q. There can exist ¢ € C°(€2) such that ¢ =0
on supp(7T) but (T, ¢) # 0. For example, we have supp(d’) = {0} and for ¢ € C°(R) we
have

(&' 0) = =¢/(0).

But we can have ¢(0) = 0 and ¢/(0) # 0. In that case ¢ = 0 on supp(T’) but (T, ¢y # 0.
However, 0 belongs to the support of ¢ so supp(T') N supp(¢) # .

4.4.2 Compactly supported distributions

We now consider distributions on £2 whose support is a compact subset of 2. We denote
by £'(£2) the set of compactly supported distributions on €.

Since a distribution has “locally a finite order” it is not surprising that compactly
supported distributions are of finite order.

Lemma 4.48. Let Q be an open set of RY and T € £'(2). Let x € CL(Q) equal to 1 on
a neighbourhood* of supp(T). Then for any ¢ € CF () we have

<T7 ¢> = <T7 X¢> :

Proof. Let ¢ € Ci°(€2). Since supp(T') nsupp((1 — x)¢) = & we have (T, (1 — x)¢) = 0,
hence (T, ¢) — (T, x@). 0

Proposition 4.49. A compactly supported distribution is of finite order. More precisely,
if K is a compact neighbourhood of supp(T') in 2, then there exist m € N et C' > 0 such
that for any ¢ € CF°(2) we have

(T, o)l <C )} sup|og(x)]. (4.13)
laj<m zeK

Proof. Let € be an open set of R and T € £'(Q2). By Proposition 1.22 there exists

x € C(£,[0,1]) supported in K such that x = 1 in a neighbourhood of supp(7T).

There exist m € N and Cx > 0 such that

Vo e CR(Q), KT, <Ck Y| [0l

lal<m

! As for Remark 4.47, it is not enough to assume that x is equal to 1 on supp(T).
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Then, by Lemma 4.48 and the Leibniz rule, we have for any ¢ € C7°(2)

KT, 9 = KT x$)l < Cx Y, 10°(xd)l < C D) 10%¢]0 5

lal<m |a|<m

for some constant C' which does not depend of ¢. This proves (4.13) and in particular
T is of finite order. O

We observe that another consequence of lemma 4.48 is that a compactly supported
distribution can be extended to a linear form on C* (). Indeed, if ¢ € C*(Q2) has a non
compact support, we can define (T', ¢) as (T, x¢), with x equal to 1 in a neighbourhood
of the support of 7. This definition does not depend of the choice of x, and this new
map is a linear form on C*(Q).

Let us now define a topology on C*®(£2), to see a compactly supported distribution
as a continuous linear map on C*(Q2). For n € N we set

K, = {x € Q| |z| < n and dist(z, R\Q) > 2*”}.

This defines a sequence (K,),,cy of compacts of 2 such that

QzUKn.

neN

Moreover, if K is a compact set of ) then there exists n € N such that K < K.
For u,v e C* () we set

+00

1.
doo(u,v) = Z o i (1, |u— ””c;;n(Q) )-

n=0

This defines a distance on C*(Q2), and (C*(Q2),dy ) is a complete metric space.

With this topology, a sequence (uy),,.y of C*(£2) converges to u € C*(Q) if and
only if for any o € N? and any compact K of Q the sequence (0%uy)nen converges to
0“u uniformly on K.

We can now check that if T" is a compactly supported distribution on 2, extended
to a linear form on C*°(2), then T is in fact continuous on C*(£2).

4.4.3 Point-supported distributions

Among the compactly supported distributions, we now consider those supported on a
point. We know that the support of a function cannot be a singleton. However, it is
the case for the Dirac distribution and its derivatives. We prove that there is no other
possibility.

Proposition 4.50. Let T be a distribution on R? such that supp(T) = {0}. Then there
exist m € N and constants c,, € C, |a| < m, such that

T = Z a0,

lal<m

Proof. e By the previous proposition, T is of finite order, so there exist m € N and
C > 0 such that for any ¢ € C°(R%) we have

(T, <C Y 10, -

|al<m
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Let x € CP(R,[0,1]) be equal to 1 in a neighbourhood of 0 and supported in B(0, 1).
For ¢ €]0,1] and = € R? we set y.(z) = X(%). Then x. is supported in B(0,¢) and there
exists Cy > 0 such that for any « € N with |a| < m we have

ol

[0%Xellop < Cxe

o Let ¢ e CP(RY). For x € R? we set

°6(0) o

al

Y(z) = x(x) [ o(z) = ]

|aj<m

Then v € CF(R?) and 0% (0) = 0 for any a € N¢ with |a| < m. By the Taylor formula,
there exists Cy > 0 such that for || < m, € €]0,1] and « € B(0,¢) we have

|0%Y(z)] < Cye™ 1710l

Then by the Leibniz formula we have, for any |a| < m,

ot = s 3% (5) e Pt [t = g, = g

z€B(0,¢) B=a e—0 e—0
By Lemma 4.48 we have

<T7 7/)> = <T7 X€w> = 290(5) — 0.

e—0
This proves that (T, 1) = 0. Thus,

<T7 ¢> = <T7 X¢> = Z aa¢ < > Z Ca <aa5, ¢>7

|al<m lal<n

where for |a| < m we have set

Ca = (=1)l <T T'X . O

This proposition is useful when we want to show that a distribution is a Dirac
distribution. We can first show that its support is reduced to a point, which reduces the
possibilities. It only remains to check that there cannot be a term involving a derivative
of the Dirac distribution.

4.5 Convolution

In this section, we generalize the convolution product to distributions. This cannot be
done in complete generality, but we can go further than what will be discussed here.

4.5.1 Derivation and integration under the bracket

We begin by generalizing to the distributions the theorems of derivation under the
integral sign and the Fubini Theorem.

2Check that this definition of ¢, does not depend of the choice of x
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Theorem 4.51 (Derivation under the bracket). Let T € D'(R?%) and ® € C®(R?
R¥). We assume that there exists a compact set K of R? such that supp(T) ¢ K or
supp(®(-,A\)) € K for all A\ e RY. For A € R” we set

F(A) =T, 2(, A\))pr () p(r) -
Then F is of class C* on RY and for a € NV and X\ € R” we have
0" F(\) = (T, 330(, \).

Proof. « Let A\g € R”. Let K be a compact neighbourhood of K in R?. There exist
m € N and C' > 0 such that for all A € R¥ we have

[F(X) = F(0)| = [KT,8(, X) — 8, 2| < C Y sup |62 (@, A) — Bz, A0)) .

la|<m zeK

Let 7 > |\o|. By the Mean Value Inequality we have for any A € B(r)

|IF(\) — F(\)| < C Z sup sup
jal<m,|<1 7K MEB )

6“8(1)35)\1’|)\ )\0|———>0

This proves that F' is continuous on Ag, and then on R”.
e We denote by (eq,...,e,) the canonical basis of R”. Let A € R” and j € [1,v]. For
h € R* we have
F(A+ hej) — F(X)
h

- <T> a)\jq)('a )‘)> = <T7 \Ilh('a )‘)>7
where

P(z, A+ hej) — P(z,N)

h

For any A € R we have supp(V,(-,A)) < K if supp(®(-,\)) < K. Moreover, 0*W¥y,
converges uniformly to 0 as h tends to 0 for any a € N% so we get as above that
the derivative of F' with respect to \; exists and is given by <T, (9,\j(I>(-, )\)> Thus, F'is
continuous, its partial derivatives exist and are as given by the proposition. We conclude
by applying this result to the successive derivatives of ® with respect to A. O

\I/h({E, A) =

- a)\j¢)<$, )\)

Proposition 4.52. Let T € D'(R?) and ® € C*(R? x R¥). We suppose that there exists
a compact set K of R? such that supp(T) = K or supp(®(-,\)) < K for any X € R.
Let P =[[;_,laj,b;] be a rectangular cuboid of R”. Then we have

| a@oeapan- <T, [ e d)\>_

Proof. Let P" = [[/_s[a;,b;]. For A1 € [a1,b1] we set

F(\) = <T,f:f/d>(~;sh)\’) ddel>.

By the theorem of derivation under the bracket, F' is of class C' on [ay,b1] and for

A1 € [a1,b1] we have
F,()\l) = <T‘,Jv (I)(, )\1, )\/) d)\/> .
Hence

bl bl
f < J )\1, d)\ > d)\l ( a1 < f J )\1,)\/ d)\/ d)\1>

We proceed similarly to “get out of the bracket" the integrals with respect to every other
variables. O
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4.5.2 Convolution of a distribution with a function

In this paragraph we define the convolution product of a distribution and a regular
function, one of them at least being compactly supported.
Recall that for f € Ll _(R?) and ¢ € C*(R?) (one at least being compactly sup-

loc

ported) the convolution (f * ¢) is defined by

(o)) = | Fote =) dy
With the notations introduced for distributions this can also be written as

(f # @) (@) = {Ty, o — ).

We recall that we have set Pg = ¢ the function g : y — g(—y) and 7,¢ is the function
y— g(y — x). Thus we can also write

(f *9)(@) = Ty )

Note that if ¢ is compactly supported, this is still the case for Txgzvb, so this can be
generalized to a general distribution.

Definition 4.53. Let T € D'(R?) and ¢ € CL(R?), or T € £'(RY) and ¢ € C*(R?). For
z € R? we set

(T 9)(w) = (T, = ) = (T, 7).
This defines a function on R?, called the convolution of 7' and ¢.

Example 4.54. As usual the specification for defining an operation on distributions is that
it should coincide with the usual operation for a distribution associated with a function.
Here the definition has effectively been chosen in such a way that for f € LL (R¢) and
¢ € C*(RY), one at least being is compactly supported, we have

(Ty = @) = f 0.

Ezxample 4.55. The convolution of functions had no unit element, because the Dirac
mass is not a function. Now that we can define the convolution with a distribution, we
observe that

Vipe CORY), (6x1) = .

We now give some properties of this convolution product. We first prove that two
distributions which have the same convolution product with test functions are equal.

Lemma 4.56. Let T € D'(R?). We suppose that for ¢ € CF(RY) we have T * ¢ = 0.
Then T = 0.

Proof. For any ¢ € C°(RY) we have
(T.¢) = (T )(0) =0,
soT =0. O

Corollary 4.57. If T1,T» € D'(R?) are such that Ty + ¢ = Ty * ¢ for any ¢ € CL(R?)
then T1 = TQ.

Now we generalize the fact that the convolution of two compactly supported functions
is compactly supported.
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Proposition 4.58. If T € £&'(R?) is supported in B(0, Ry) and ¢ € C°(R?) is supported
in B(0, Ry) with Ry, Ry > 0, then (T * ¢) vanishes outside B(0, Ry + Ra).

Proof. Let z € R? such that |z| > Ry + Ry. Then the supports of T and ¢(x — -) are
disjoint, so (T * ¢)(z) = 0. O

We have seen in Proposition 1.18 that if one of the term of the convolution is regular,
then the product is also regular and the derivatives of the product can be obtained by
differentiating this term. Here, we have an analoguous result, and we can put the
derivative on any term.

Proposition 4.59. Let T € D'(RY) and ¢ € CFP(RY), or T € &'(RY) et ¢ € C*(RY).
Then (T * ¢) is a function of class C* on RY and for any o € N we have

0T # ) =T x(0°¢) = (0°T) * ¢.

Proof. By the theorem of derivation under the bracket, (7" * ¢) is of class C* and for
any o € N? we have

AT % ¢) = (1,05 (pw =) = (T, (25¢)(w — )y = T * (0°9).
Moreover, for z,y € R we have
(x —y) = (~D)egg(z —y),
so we also have
(T,050(x — )y = (=D)I(T,0%(¢(w — ) ) = (°T, d(a — ). O

We now generalize to this context the good behavior of the convolution with trans-
lations, and we show the associativity of the convolution of a distribution with two
functions.

Proposition 4.60. Let T € D'(RY) and ¢ € C(RY), or T € £'(RY) and ¢ € C*(RY).
Then for a € R* we have

Ta(T * ¢) = T * (Ta9).
Proof. At x € R?, these two functions are equal to (T, ¢(z — a — -)). O

Proposition 4.61. Let T € D'(R?) and ¢ € C(RY), or T € £'(R?Y) and ¢ € C*(RY).
Let g € CF(RY). Then we have

(T#)x =T x (= 9).

Proof. Let P be a rectangular cuboid of R? containing the support of ¢. For z € R? we
have

(T+0)x6) @) = [ (T x0)a = potw)dy = | Tota =y o) dy
By the theorem of integration under the bracket we have
(T s 0)8)(@) = (T, [ wlo == Do)y ) = @09 =) = (T+ (62 0) (o),

and the conclusion follows. O

In the next section, we will also use the following equality.
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Proposition 4.62. Let T € D'(R?) and ¢ € C(RY), or T € £'(R?) and ¢ € C*(RY)
Let ¢ € CF(RY). Then we have

(T, ¢y = (T, = ).

Proof. As in the previous proof we consider a rectangular cuboid P containing the
support of ¢ and we apply the theorem of integration under the bracket to get

ey = | (e 0)@)o@)de = | il =)ota) da
_ <T, sz(;p ~é(2) d:z:>
= (7] 9~ aota)an )
_ <T, D * ¢> . 0

4.5.3 Density of regular functions in the space of distributions

We used convolution to prove that C°(R%) is dense in the Lebesgue spaces LP(R?),
p € [1,+0[. In the same way, we can prove that C§°(R?) (that can be seen as a part of
D'(RY) since each f € CF(RY) is identified as a distribution of R?) is dense in D'(R%).
Be careful, this seems to be a strong result since D’(R?) is larger than LP(R9), but the
notion of density is not the same, and it is “easier” to be dense for the topology of
D'(R?) than for the topology of LP(R?). For example, we get in particular that we can
approach any f € L®(R?) by a sequence of functions in C§°(R?) for the topology of
D'(R?), which was not the case for the topology of L*(R%).

Proposition 4.63. Let Q be an open set of RY and T € D'(2). Then there exists a
sequence (fn),en of functions in C§°(§2) which converges to T' in the sense of distributions
(in other words, Ty, converges to T in D'(f2)).

Proof. Let (Kp),cy be a non-decreasing sequence (for the inclusion) of compacts sets
in © such that | J,.y Kn = Q. For n € N we consider x, € C§°(£2) such that x, = 1 in
a neighbourhood of K, and then &, such that B(x,2e,) < Q for all = € supp(x,). We
can choose the €y, n € N, in such a way that the sequence (&), is non-increasing and
goes to 0. Let (pz)e=0 be an approximation of the unit. For n € N we set

fn = (xnT) * pe,,.
Let ¢ € D(Q2). For n € N we have by Proposition 4.62

There exist a compact subset K of Q2 and N € N such that pz, *¢ is compactly supported
in K for any n > N. In addition for any a € N, 0%(p7, * ¢) = pz, * 0°¢ converges
uniformly to 0%¢. Thus,

(T, pz, * ¢) (T, 9.

Choosing N larger if necessary, we can assume that y, = 1 on K for any n > N. Then
we have

n—-+aoo

<fn7 ¢> = <T7 Xn(p\é/n * ¢)> = <T7p\5/n * ¢> 400 <T7 ¢> :
This means that f, goes to T in the sense of distributions. O
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4.5.4 Fundamental solution of a PDE

Let P be a differential operator with constants coefficients on R?. This means that there
exists m € N and constants b, for o € N, |a| < m such that

P= > byo"
|a|<m

The formal adjoint of P is defined by

Pro= > (16" (bag).

la|<m

We consider the problem
Pu = f, (4.14)

where f is a given function and u is the unknown.

Definition 4.64. A distribution G' on R% is said to be a fundamental solution of the
equation (4.14) if we have, in the sense of distributions,

PG =0.
This means that for ¢ € CF(R?) we have

(G, P*¢)pi(ray pray = ¢(0).-

The following proposition is a direct consequence of Proposition 4.59, according to
which P(G * f) = (PG) % f for any f e C°(R?).

Proposition 4.65. Assume that G € D'(R?) is an fundamental solution of the equation
(4.14). Then for any f € CL(R?) the function u = G = f is a solution of (4.14) in the
sense of distributions.

Ezxample 4.66. Recall that H' = ¢, where H is the Heaviside function. For f € C{°(R)
and x € R we have

D@ = [ )

The proposition says that (H # f)’ = f. This is indeed the case.
Ezample 4.67. Let z € C with Im(z) > 0. We consider on R the equation

—u" = 2Pu=f.

For z = i, we have already mentioned this example in the end of the chapter about the
Fourier Transform. In particular, we observed that this problem can be simply solved
with the variation of parameters. This gives the particular solution

u: T —f o9z f (y) dt,
R

which is exactly what is given by Proposition 4.65 with the fundamental solution (or
Green function) G given by

k]

2z

G.(z) =
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Ezxample 4.68. We have seen in Example 3.30 that in dimension d > 3 the fundamental
solution of the Poisson equation
—Au = f. (4.15)

is given by
1

(d —2)o(59-1) |27

In general, we want to solve equations like (4.14) with source terms that are more
general than f € CF(R%). Under some conditions, we can define the convolution of two
distributions, and we can state Proposition 4.65 for some f € D'(R?). In the following
section, we define for example the convolution of two distributions, one of which being
compactly supported.

But instead of pushing further the general theory, we give results for some particular
situations which will include some models we are interested in.

G(x) =

Proposition 4.69. Let p,q,r € [1,4+0] such that

11 1
S =14
poq r

Let us suppose that G € LP(R?) is a fundamental solution of (4.14). Then for f € LI(R?)
we have u = G * f € L"(R?) and, in the sense of distributions, Pu = f.

Proof. The fact that u belongs to L"(RY) has been proved in Proposition 1.10. Let
¢ € C(R?). By the Fubini Theorem, we have

| @ o - | G — ) f(y)(P*0) () dy da
R4 zeR? JyeRd

[ ([ e nerawa) 4
[ ([ oo nas)

- [ (] oo @) ay
- | fwowa.

This proves that P(G = f) = f in the sense of distributions. O

In Example 4.66 we have H € L®(R), and the result is valid for any f € L'(R). For
Example 4.67 we have G € LP(R) for any p € [1, +0o0]. We now consider the Helmholtz
equation in dimension 3.

Example 4.70. For z € C such that Im(z) > 0 we consider on R? the equation

(A = 2%)u = f.
For z € R3\ {0} we set
ezl
G:(x) = el

This defines a function G, € L*(R3).
On R3\ {0} we have
(A - 2*)G, =0.
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Let ¢ € C°(R?). By the Green formula we have

—f G.(A + 2Y)¢dr = — lim GL(A + 2%)pdx
R3

e—0 |z|=e

= — lim G, 0,¢dx + lim 0,G, ¢pdux.

€20 J|z|=¢ || =e
We have ,
6225
Gzayqﬁdx:f oppdr = Oe) — 0,
fm:s jal=c 47E e
and

J 0,G, pdx = f e’ (1 —ize) qﬁdm 0 #(0).
|z|=¢e

|z|=¢ 47‘(’62

This proves that (—A — 22)G, = § in the sense of distributions. Thus, if for f € L?(R?)
we set

etzlz—yl
u(z) = fms mf(y) dy,

then u € L?(R?) and in the sense of distributions we have (—A — 22)u = f.

Ezample 4.71. For (t,z) € R? we set

G(t,z) = H(t)

Then G € L (R?) and in the sense of distributions we have
(0t = 0za)G = 6.
Indeed, for ¢ € CF(R?) we have
(0t = 0za) G, §) = (G, (=0t = Ona) )

— _ lim f % (0 + Or) (1, 2) da b
e—07F zeR
For ¢t > 0 and z € R we have

22

QG 7) = 0aaG(t, ) 6“( ! "”2)
,T) = )= — | ——5+—5 | .
! o VAT \ 9t3 443
Thus, after using an integration by part we get

_2?
€ 4de

<(at - §$$)G7 ¢> = lim

e—0t Jer V4me

¢(e,x)dx

e
= 1i —_— 2
lim - ﬁ¢>(€, Ven) dn
= QS(O’ O)

For ¢t > 0 the function G(t) = G(t,-) is integrable on R, and we can see G as a
continuous and bounded function from R* to L!(R). Let us consider now a function f
defined on R¥% x R such that for any ¢ > 0 the function f(t) = f(t,-) belongs to LP(R)
for some p € [1,400]. Let us suppose that f is continuous from R* to LP(R), with

+o0
fo ()] oy < +o0.
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We can consider the function u from R¥ to LP(R) defined as

t
u(t) = f—o G(t — s) = f(s)ds.

This means that for ¢ > 0 the function u(t) € LP(R) is defined for z € R by

u(t,z) = J J RG(t — s,z —y)f(s,y)dyds. (4.16)

We can then check that in the sense of distributions on R"; x R we have
&gu - 8mu = f

We could go even further. Even if it is not included in the framework we have discussed
so far, we could imagine a source term f supported at time ¢t = 0. Formally, we take
f(t,x) = 0(t)up(z), where ug € LP(R). Concretely, we define f as the distribution

b e CP(R?) HJ ) (0, ) da.

Formally, the expression (4.16) becomes

_lz—yl?

u(t, x) J G(t uo(y) dy = \/HJ 1 up(y) dy. (4.17)

And even if we did not give any general result including this case, we can verify that
the function u defined this way is bounded as a function from R* to LP(R), it satisfies
in the sense of distributions the heat equation

O — Oggu = 0, sur R x R,
and it verifies the initial condition u(0) = wp in the sense that

[, ) = voll o) T2 0

4.5.5 Convolution of two distributions, one of which at least being
compactly supported

Now we define the convolution of two distributions. This section can be omitted. One
should simply remember that under certain conditions one can define the convolution
of two distributions, and that this convolution verifies the good expected properties (in
particular, the Dirac distribution is indeed a unit for this product on £’(R%)).

Proposition-Definition 4.72. Let T and S be two distributions on R%, one of which
at least being compactly supported. We denote by T = S the unique distribution on R¢
such that

Vope CLRY), (T#8)%dp="Tx(Sx0e).

Proof. Uniqueness comes from Corollary 4.57. For the existence we consider on C° (R9)
the linear form

L: ¢ (T (S *(P9)))(0).
If S e &(RY) then S * (Pg) € CL(RY), so T * (S * (Pe)) is a function of class C*,
whereas if T € £'(RY) then T defines a linear map from C*(R9) to itself, and S  (P¢)
belongs to C*(R%). In any case, L(¢) is well defined.
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Let K be a compact set of R?. Let R > 0 such that K < B(0,R) and T or S is
supported in B(0, R).

Let ¢ € CF(R?) be supported in K. If S is supported in B(0, R) then S * ¢ has is
supported in B(0,2R). Otherwise T is supported in B(0, R). In any case there exist
mp € N and Cr > 0 which do not depend of T" and R such that

L@l <Cr Y, sup [0°(S«(P)(x)| =Cr Y, sup |(S#3*(Pe))()].

|z|<2R |z|<2R

la|<my la|<mr

But there exist mg € N and Cs > 0 such that for ¢ € C°(R?) supported in B(0, R) and
x € B(0,2R) we have

(S 9)@)| = KSv@—N<Cs Y, %] -
|Bl<msg

Applied with ¢ = 0“P¢ we finally get

L@l<crcs Y, 0%

|B|l<mr+ms

This proves that the map L is a distribution on R?.
Let us prove that L+ ¢ = T * (S = ¢) for any ¢ € C°(R?). For 2 € R? we have

(L #@)(2) = (L7,PG) = (T (S * (P P)))(0) = (T # (S * (7-26))) (0)
= (T (7 (S 6)))(0) = (7 (T # (S * 6)))(0)
— (T+ (5 #9))(@).

Thus T % S is defined as the distribution L. O
Ezamples 4.73. o For T e D'(R?) we have T+ =5+ T =T.

o Let T € D'(RY) and f € CP(RY) or T € &'(R?) and f € C*®(RY). Then we have
T 5Ty = Trys.

We prove the commutativity, the good behaviour of the derivation and the associa-
tivity for this convolution.

Proposition 4.74. Let T and S be two distributions on R, one of which at least being
compactly supported. Then we have

T+S=8=T.
Proof. By Corollary 4.57 it is enough to prove that for any ¢ € C°(RY) we have
(T+S)xp=(S+T)= .
For this it is enough to prove that for 1 € C°(RY) we have
(T*8) %) s = ((§%T)x¢) * .

Let ¢, € CP(RY). By Proposition 4.61 (twice), the definition of 7'+ S and the com-
mutativity of the convolution of functions we have

(T#8) @) = (T *5)*(pxt)) =T (S (¢ 1))

=T ((S*¢)xp) =T (¢ (S*¢))
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Similarly,
(S§#T)x@)xtp = (S*T)*(pxv) = (S*T)*(thx9)
Sk (Tx(Ys) = S+ ((Txp)+9)
Sk (fx (T e)) = (S )+ (T e)
= (T %) = (S = ¢). O

Proposition 4.75. Let T and S be two distributions on R?, one of which at least being
compactly supported. For o € N® we have

0T +S) = (0°T) S =T = (0°9).
Proof. Let ¢ € CF(R?). By Proposition 4.59 we have
(0%(T#8))xp = (T5)*(0°¢) = T#(S%(0°9)) = T*(0%(Sx¢)) = (0°T)(S*¢) = ((0°T)*S)*¢

and

(T 9)x = Tx (Sx (2°9)) = T % ((0°) @) = (T% (0°9)) x . O

Proposition 4.76. Let T, R and S be two distributions on R%, one of which at least
being compactly supported. Then we have

(T«S)*R=T=(S*R).
Proof. For ¢ € CF(R?) we have

(T*S)*R)xdp=(T*S)x(Rxp) =T (S*(Rx¢p)) =T =((S*R) =)
(T (S R) o .

4.6 Fourier Transform

4.6.1 Tempered distributions

The Fourier transform has been naturally defined on L'(R?), then to its restriction on
LYRY) n L2(R?) (or on S(RY)) and then it has been extended to L2(R?). Now we want
to extend the Fourier transform to distributions.

Most of the usual operations on functions (derivation, multiplication by a regular
function, etc.) are extended to distributions by reporting the operation on the test
functions to which we apply the distribution. It is reasonable to want to proceed in the
same way for the Fourier transform.

Recall that in Section 2.4 we have chosen S(R?) instead of C§°(R?) as the space in
which we can derive and multiply by polynomial functions as much as we wish. The
reason was Proposition 2.18 which shows that the Schwartz space has a nice behavior
with respect to the Fourier transform. This is not the case for C§°(R?) which is not even
stable under Fourier transform. Even worse, we can check that a function ¢ € C§°(R9)
such that ¢ € C(R?) is 0 (for d = 1, the Fourier transform of ¢ can be extended to
a holomorphic function on C whose restriction on R cannot be compactly supported if
it is not 0). However, since CF°(RY) = S(R?), the Fourier transform of a function in
C&(R?) at least belongs to S(RY).

Thus, the Fourier transform F¢ of a function ¢ € CL(R?) is not in C§°(R?) in gen-
eral, so we cannot apply a distribution to it. To generalize the Fourier transform to
distributions, we have to ... change the definition of a distribution. Thus we will not
extend the Fourier transform to continuous linear forms on C§°(RY), but to continuous
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linear forms on S(R?).

The purpose of this paragraph is therefore to introduce the continuous linear forms
on S(R?). They will be called tempered distributions. For this we first have to describe
the topology of S(R?).

This is another advantage of the tempered distributions over the usual distributions,
the topology of S(RY) is simpler to describe than the topology of C§°(R?).

For ke N et ¢ € S(R?) we set

Ni(9) = sup [a%0%g| .

laf,|8|<k

We observe that this defines a norm on S(R?), but a norm for which S(R?) is not
complete. As we did for C%(9), we define on S(R?) a topology that is associated to
every norm at the same time. It is given by the distance defined on ¢, € S(R?) by

ds(6,6) = ) o min (1NG(6 — ).
keN

Proposition 4.77. (S(R%),ds) is a complete metric space.

Proposition 4.78. (i) Let (¢n), oy be a sequence in S(R?) and ¢ € S(RY). Then ¢y,
tends to ¢ in S(RY) if and only if

VEEN, Ni(gn — ) ——— 0.

n—+00

(i) A linear form T on S(RY) is continuous if and only if there exist k€ N and C > 0
such that for any ¢ € S(R?) we have

T(¢)] < CNik(9).

More generally, if (E,|-|g) is a normed vector space, then a linear map T :
S(R?Y) — E is continuous if and only if there exist k € N and C > 0 such that for
any ¢ € S(R?) we have

IT(0)] 5z < CNi ().

(iii) A linear map T : S — S is continuous if for any j € N there exist ke N and C > 0
such that for any ¢ € S(R?) we have

Ni(T(¢)) < CNi(9)-

Now that we have defined the topology of S(R?), we can give the basic properties.

Proposition 4.79. (i) Let a € N?. The map ¢ — x%¢ is continuous from S(RY) to
itself. More generally, if f is a function of class C* on R% with slowly increasing
derivatives (see definition 2.3), then the multiplication by f is a continuous map

on S(R?).
(ii) Let a € N%. The map ¢ — 0%¢ is continuous from S(R?) to itself.
(iii) Let p € [1,+00]. The inclusion S(R?) = LP(R?) is continuous.

(iv) The Fourier transform and its inverse are continuous functions on S(R?).
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Proof. The first two properties are left as exercises.
e For ¢ € S(R?) we have ¢, = No(¢), so the inclusion S(RY) = L®(R?) is continuous.
Now let p € [1,+00[. Let k € N such that kp > d. For ¢ € S(R?) we have

161, = fRd(l + |2]) (L + )M |6(2)” da < ONG()P

with 1
e (1 + [z])kP

This proves that the inclusion S(R?) = LP(R?) is continuous.
e Let a, € N% Using propositions 2.18 and 2.11 we have for any ¢ € S(R?)

£20°9(¢)| = sup

xeR4

o) < s

sup

ceRd L1 Rd)

Since multiplication by z”, derivation 0* and inclusion in L'(R%) are continuous maps
on S(R?), there exists k € N and C' > 0 independants of ¢ such that

This proves that the Fourier transform is continuous on S(R?). O

< CNg(9).
LR k(9)

Proposition 4.80. (i) CF(R?) is dense in S(RY).
(ii) The inclusion of C°(R?) in S(R?) is continuous.

Proof. o Let x € C(R%,[0,1]) supported in B(0,2) and equal to 1 on B(0,1). For
n e N* and z € R? we set x,(z) = x(%).

Let ¢ € S(R?). For any n € N* we have x,¢ € CL(R?). Let o, 3 € N%. By the
Leibniz rule we have

05((1 — Xn)qﬁ) = Z (g) 0/3—5(1 — Xn)a%.

B<p

Since 05_5(1 — Xn) is supported outside B(n) we have

278 (1 — X")aBQSHLw(Rd) s H|~T|_1 PP~ xn)

L”(Rd)Ma|+|ﬁ|+l(¢) Pl

Hence

=*0( - xmb)”m (Rd) n—too 0

and so, for any k € N,
0.

Nk(Qb - Xn¢)

n—+ao0

Thus the sequence (xn¢)nen+ tends to ¢ in S(RY), which proves the first point.

e Let us now consider a sequence (¢y,),.y that converges to ¢ in Ci° (R?). There exists
a compact set K of R?, ke N and C > 0 such that ¢, is supported in K for any n € N
and 0%¢,, converges uniformly to 0%¢ uniformly on R?. This proves that ¢, converges
to ¢ in S(R?) and gives the second property. O

Now that the topology of S(R?) is well understood, we can consider the continuous
linear forms theron.
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Definition 4.81. A tempered distribution on R? is a continuous linear form of S(R?).
The space of tempered distributions is denoted by S’(R?).

Since C§°(R?) is continuously included and dense in S(R?), we have the following
link with the usual distributions.

Proposition 4.82. (i) By restriction, a continuous linear form on S(RY) induces a
continuous linear form on CF(RY). Thus we have S'(R?) < D'(RY).

(ii) Let T € D'(RY). Assume that there evist k € N and C > 0 such that for any
¢ € CF(RY) we have

KT, ¢)l < CNi(9).

Then T can be uniquely extended to a tempered distribution.

Ezxamples 4.83. o Compactly supported distributions (for example, a Dirac mass at
one point) can be extended into tempered distributions.

o If f e L'(R?) then Ty : ¢ (pa f¢ is a tempered distribution.
o If f is measurable and slowly increasing on R? then T} is a tempered distribution.

e The function e® defines a distribution on R but not a tempered distribution.

Basic operations on tempered distributions are defined as for usual distributions.
Proposition-Definition 4.84. Let T € S'(R).
(i) Let o e N We define the tempered distribution 0“T by

Voe S(RY), (0°T, ¢y = (—1)I*(T,0%9).

(ii) Let f be a smooth function with slowly increasing derivatives. We define the tem-
pered distribution fT by

Vo e S(RY), (fT,¢) =T, fd).

(iii) Let y € RY. We define the tempered distribution 7, T by

Vo e S(Rd)a (ryT, ) =T, 7—y9).

Remark 4.85. Let T' € S'(R%) and « € Nd. By restriction, 7' defines a distribution
T € D'(R?) on R? and its derivative 0°T € D’'(R?) can be extended into a tempered
distribution. This extension is exactly the tempered distribution 0*T that we just
defined.

Definition 4.86. Let (7},),,.y be a sequence of tempered distributions. Then T}, tends
to T in S'(RY) if

Ve SRY), (Tn ¢) (T, ).

n—+0o0
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4.6.2 Fourier transform of tempered distributions

Now that we have introduced the tempered distributions, we can define their Fourier
transforms. As for the other operations, the definition of the Fourier transform for
distributions should generalize the definition already known for functions. The definition
is based on Corollary 2.22.

Proposition-Definition 4.87. Let T € S'(RY). Then the map T' defined by
<T7 ¢> = <T7 é>

is a tempered distribution on R®, called the Fourier transform of T. It can also be

denoted by FT.

By definition, we have

(516) = (176)

for f € S(R?). This is also the case for f € L?(R%) by Remark 2.24, and it is easy to see
that it holds for f e L'(R?), using the density of S(R?) in L'(R?) or observing that the
computation we made in the corollary 2.22 is still valid for f e L'(R9).

Let us now give an example of Fourier transform for a distribution which is not a
function.

Ezample 4.88. For ¢ € S(RY) we have

5.6y = 3(0) = f o) da,
” 5=1.

Conversely, by the inversion formula for the Fourier transform we have

W= | deds = no).
" 1= (2m)4s.

We now conclude this chapter by extending to distributions some usual properties
of the Fourier transform.

Proposition 4.89. Let T € S'(R?) and a € RY. We note e, the function’ y — e~ =
e~y We have
F(1,T) = e FT

and

Fle_oT) = 1o FT.
Proof. Let ¢ € S(R?). By Proposition 2.12.(iii) we have F(7,¢) = e, F¢ and F(e_q¢) =
ToF @. We see that this can be extended to distributions by writing
(F(1aT), ) = (1T, F§) = (T, 70 Fp) = (T, Fleat)) = (FT, ea) = (eaF T, $)

and

<'F(e—aT)7 ¢> = <e—aT7 F¢> = <T7 e—af¢> = <T7 F(T—a¢)> = <]:T7 T—a¢> = <TafT7 ¢> :
O

3We give two expressions to emphisize the fact that a and y can both play the roles of & and &, if we
refer to the notations of Proposition 2.12.(iii).
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Now we extend to distributions the results of Propositions 2.16 and 2.17.

Proposition 4.90. Let T € S'(RY) and a € N%. Then we have
F(0°T) = (i§)* F(T)

and

F(x°T) = (id)*F(T).
Proof. Let ¢ € S(R?). By Propositions 2.16 and 2.17 we have
(F(0°T),¢) = (=1)*UT,0°F ) = (—1)°UT, F((~iy)*9)) = (FT, (iy)*¢) = {(iy)°T. F¢)

and

(Fy*T),¢) = (T,y* Fo) =T, F((—10)*¢)) = (FT,(—i0)*¢) = {(i0)*FT, ¢).
The conclusions follow. O

We now generalize the inversion formula of Proposition 2.14. Recall that we have
defined on Ll(Rd) the operator F , analogous to the Fourier transform. This definition
can be extended to a tempered distribution T by

Vo e S(RY), (FT,¢y={(T,F¢).

The operator P can equally be extended to tempered distributions by the definition
Vo e S(RY), (PT, ¢y ={(T,Ps).

The equalities (2.6) are then still valid for a tempered distribution.

Proposition 4.91. For T € S'(R?%) we have

_ 1 1 _
T=FFI= —-PFFTI = —FFPT = FFT.
(2m)4 (2m)4
The following result gives an expression analoguous to (2.4) for compactly supported
distributions.

Proposition 4.92. Let T be a compactly supported distribution on R®. Then T is (the
distribution associated to) a C* function with slowly increasing derivatives, and for
¢ e R we have

T(&) =<(Teg).

Proof. e For ¢ € R? we set f(¢) = (T, e¢). By the theorem of derivation under the
bracket, f is of class C® on R? and for any o € N% and & € R? we have

0% f (&) = (T, (—iz)%eg) .

e Let K be a compact neighbourhood of the support of T. There exist m € N and
C > 0 such that for any ¢ € R?

0 F©) < C ), sup (a7 (x%e )|

18<m zeK

4Everywhere we note y the dummy variable, it can play the role of the variables z or £.
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Thus there exists C' > 0 such that for any ¢ € R? we have

0 F()l < CL+1g™).

This proves that the derivatives of f are slowly increasing.
o Let ¢ € CP(RY). Let P be a rectangular cuboid of R? containing the support of ¢.
By the theorem of integration under the bracket we have

Ay, = | (e oty - <T, [ swe dy> — (T, Fg) = (FT,0).

and so F1T' = T}. OJ

If T"and S are two compactly supported distributions, we have defined the convolu-
tion T S, and the product T'G has a meaning since £ and G are regular functions. In
that case we can generalize proposition 2.13.

Proposition 4.93. (i) Let T € &'(RY) and ¢ € C§(R?Y). Then we have
F(T = 4) = F(T) F(@).
(ii) Let T,S € &'(RY). Then we have
F(T = S)=F(T)F(S).

Proof. By proposition 4.92, all the Fourier transforms are functions.
(i) Let & e R Since (T * ) € CF(RY) we have

Fe0)(©) = | 4T 0)@)ds
- | ey a

(o)

= e—i z+-)-€ 2)dx
(r] v(o)de)
= (T.ech())
= T(€)9 ().
(ii)  We have
F(T=S)(§) =T * S, e¢) = ((T'xS5)#(Peg))(0) = (T'*(S*(Peg)))(0) = (T, P(S * (Peg))) -
But for z € R% we have

(S = (Peﬁ))(_x) = (S, (Peg)(—x — )y =5, 65(:(} +) = S‘(é“)e—iac'f7

SO

F(T # S)( <T S(e e§> FS)(€). 0
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