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Abstract

It is a well-known fact that, in small mean free path regimes, kinetic equations can lead
to diffusion equations. Besides, kinetic equations can be approached by a closed system of
moments equations. In this paper, we are interested in a special closure based on an entropy
minimization principle, as introduced earlier by Levermore. We investigate the behavior of
the resulting nonlinear hyperbolic system in the diffusive scaling. We first establish various
fundamental facts on this system, then we show that the hyperbolic system admits global
smooth solutions, and is consistent with the diffusion limit. Similar features are also discussed
for a simpler limited flux equation.
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1 Introduction

This quite long Introduction is organized as follows. First, we describe the general problem we
are interested in, which relies on approximate models for kinetic equations in small mean free
path (denoted ) regimes. We consider situations in which this asymptotics leads to a diffusion
equation. Then, we focus on reduced models that are intended to describe intermediate regimes,
for small but nonzero ¢ > 0. It is tempting to try to approach the kinetic equation by a finite
number of moments equations, where we get rid of the velocity variable. This requires a closure
method that defines, in a suitable way, the (k + 1)-th moment by means of the k preceeding
ones. We pay special attention to the hyperbolic system that comes from a closure based on an
entropy minimization principle, in the spirit of Levermore’s strategy [22, 23, 25]. The discussion
is completed by numerous examples and comments. At the end of this introduction, we present
our main results.



1.1 The kinetic equation

We are interested in possible approximations of the solution f. to the following kinetic equation

COufe 0 0ufe = QL) (1)

The unknown f.(¢,2,v) depends on the time and space variables (t,z) € [0,00) X R, and on
a velocity variable v that lies in some measured set (V,u), V' C R. It can be interpreted as a
density of particles in phase space, meaning that the integral

/Q /V fo(t,2,0) dpu(v) da

gives the number of particles occupying, at time ¢, a position in 2 C R and having a velocity
in YV C V. The parameter € > 0 is related to the notion of mean free path, that is the average
distance that a particle may travel between two scattering events. The dynamics of these
scattering events is embodied in the (linear) collision operator ). It is an integral operator
with respect to the variable v, but local with respect to time and space: collisions are localized
phenomena which only modify the velocity variable. We shall make the following assumption:

e The measure y is a probability measure on V', that satifies

O</02du(v):d<oo.
Vv

e The collision operator satisfies
Conservation condition: Q*(1) =0,
| Equilibrium condition: Q(1L)=0.

The conservation condition means that collisions only produce a change of the velocity of the
particle but do not induce a gain or a loss of particles. In turn, the macroscopic quantities

v
pe(t, ) == /Vfg(t,m,v) du(v), Je(t,x) == /V gfg(t,m,v) du(v)
satisfy the following local conservation law
Ope + 0, J: =0. (2)

As a consequence, the total number of particles is preserved by the equation. Concerning the
equilibrium condition, it would be more natural to assume the existence of a positive function
F(v) in the kernel of @, but we can easily reduce to the case F' = 1 (by changing the unknown
f — f/F). As a matter of fact, in most of the applications, the collision operator splits into a
gain term, that is a global operator, and a loss term, that is purely local. Namely, we have

- QN = [ Mo F) dut!) = v(w) 1 (0),
0<B<bv,v)<B<oo, 0<pB<v(v)<B<x.

In particular, let us point out that this structure leads to a physically natural maximum principle:
starting with nonnegative initial data, the solution f. remains nonnegative.
We readily check that (C1) implies

V(U):/‘/b(v,v’)du(v'):/vb(v',v) du(v') .



Then, the crucial observation relies on the following dissipation property

— v, ’U v 2 1)/ v
/ch ) Fdpu(v // V() — F(0) 2 due!) dia()
8 , /
> /V /V ) — F(0) 2 du() da(v) 2 0. (3)

We can summarize the useful properties of the collision operator as follows:

Lemma 1. Assume that (C1) and (C2) hold. Then, Q is a bounded operator on L*(V,du). The
kernel of Q) is the one-dimensional subspace of constant functions, and there holds

- [ @nsauto) =5 [ 150) = psP duto). gy [ Fauto

Furthermore, Q (resp. the adjoint Q*) satisfies a Fredholm alternative: for any g € L*(V, du)
such that [, g(v)du(v) = 0, there exists a unique h € L*(V, dp) such that Q(h) = g, (resp.

Q*(h) = g) and [y, h(v) du(v) = 0.

The dissipation property is strengthened by assuming that b is symmetric; then, the operator
admits many dissipated entropies.

Lemma 2. Assume that (C1) and (C2) hold with
b(v,v") = b(v',v). (4)

Then, for any convex function ¢ : Rt — R, we have
/Q fdp(v) > ﬁ/ v,0") (f() = f(v) (¢'(f (') =& (f(v))) dp(v) dpu(v) = 0. (5)

1.2 Diffusion Asymptotics

Coming back to the evolution problem (1), the relation (3) translates into an entropy dissipation:

dt(//de'“ dﬂf) 52// u(v) dz < 0.

It indicates the f.(t,z,v) behaves essentially like the macroscopic quantity pe(t,x) for small
values of e. Similarly, (4) implies the dissipation of [gfi, ¢(f) du(v) dx for all convex functions
¢. The diffusion asymptotics relies crucially on the additional following assumption:

(C3) /V v du(v) = 0.

This means that equilibrium functions have a null flux. In turn, Lemma 1 yields the following
claim:

Lemma 3. Assume that (C1), (C2), and (C3) hold. Then, there exists a unique x € L*(V,dpu)
(resp. x* € L*(V,du)) such that Q(x) = v (resp. Q*(x*) =v), and [, x(v) du(v) =0 (resp.
Jy x*(v) dp(v) =0).

It is quite easy to guess the behavior of the f.’s as £ goes to 0, by inserting formally in (1)
the following Hilbert expansion:



and by identifying terms having the same power of €. We compute
e~ term : QU =o0.
This implies that the leading term f(©) belongs to the kernel of the collision operator Q:
FOt, x,0) = p(t, x) .

Next, we get
Y term : QU M) =00, fO = vap(t,x).

Applying the Fredholm alternative, we can solve this equation and we readily obtain
FO(t,2,0) = X(v) Duplt, ).
Eventually, we look at
ehterm:  Q(fP) =0, /O +vo.fV.

Inserting the expressions obtained above for (0 and £, the solvability condition
| @@ duw =0
\%
leads to
dp—Do%p=0, D=- /V v x(v) dp(v) = - /V QOO X() du(v) > 0. (6)

In other words, the limit p should satisfy the heat equation with the diffusion coefficient D.

Remark 1. In the definition of fV) we can of course add any element of Ker(Q); but by virtue
of (C8), it does not contribute anymore to the limit equation satisfied by p.

Another way to obtain this limit equation uses the conservation law (2). By using Lemma 3,
we compute the current as follows:

J(t,7) = /V Y Je dutw) = /V V(0 f- + 000 f) du(v).

Inserting this expression into (2), we get

e+ 02 ([ ot auo)) 423k ([ 3 dutw)) =o. 7)

Then, motivated by (3), we replace f. by p and we get rid of the O(g) term. We obtain the heat
equation (6) by noting that

D=—/VQ*(X*)xdu(v)=—/Vx*vdu(v)>0-

Remark 2. The diffusion asymptotics relies crucially on (C3). It also explains why the time
variable has been rescaled: replacing €0y by 0; would lead to the uninteresting limit problem
Owp = 0. Effects are sensible only on a large time scale, of order O(1/e). We refer for comments
on this aspect to [12, 13, 15].

The formal derivation above can be rigorously justified. We refer for instance to [2, 3, 12,
26, 14] ete. for proofs of the following claim, which is part of the folk in kinetic theory.



Theorem 1. Assume that (C1), (C2) and (C3) hold. Let p > 0 be a constant, and let fy :
R x V — R belong to p+ L*(R x V).

i) Then, as € goes to 0, f- and p. converge to p strongly in L2 (RT x R), and p. converges

to p in C([0, T]; L*(R) — weak), where p is the solution to the heat equation (6) with initial
datum p—o = [, fo(, v) dp(v).

i) If the initial datum is close to a smooth macroscopic state, say e.g. || fo — pollr2@xvy < €,
with (po — p) € H3(R), then one has || f- — pll2 (o) xrxv) < Cr €.

We are interested in approximations of the kinetic unknown f. (¢, x,v). Of course, the solution
p to (6) provides a rough approximation. A first attempt to go further in the approximation of
fe would be to use the formal ansatz described above. This leads to the approximation

fe=p(t,z) +ex(v) Ozp(t, ). (8)

This is often referred to as the P; approximation. However, this approximation suffers from
severe drawbacks on physical viewpoints:

e The heat equation propagates information with infinite speed. Therefore it cannot describe
with accuracy intermediate regimes, the characteristic speed in (1) being ||v|[ 1y /e, large but
finite when considering bounded velocities.

e The PP, approximation does not always preserve nonnegativity: while f. is naturally non-
negative, in view of its physical meaning, the approximation (8) can be negative at some points
since the condition

elxupl < p
is certainly not fulfilled for any (¢, z,v).
Actually the two difficulties are related. Indeed, since p. and J. are moments of a nonnegative
quantity, they naturally satisfy the following limited flux condition

v [[v]| Lo
/ — fe dﬂ(v)‘ < L) Pe - (9)
v € 15

In what follows, we shall describe some remedies to treat the difficulties mentionned above.
First, we can use an expansion that is (formally) close to (8), up to O(g?) terms, but preserves
nonnegativity. The second strategy consists in using hyperbolic equations (this ensures finite
speed of propagation), that are based on a closure of the equations satisfied by the moments of
e

In order to describe the approximate models, we shall use an additional assumption on the
collision operator:

‘Je, =

(C4) Q(v) = —yv = Q*(v) for some constant v > 0.

The fact that ~ is positive comes from — [, Q(v)vdu(v) = v [, v? du(v) > 0. The condition
(C4) actually means that x(v) = x*(v) = —v/7, and thus we have D = d/vy. With (C4), (7) can
be recast as follows

’U2 v
Dupe — 62, ( / Vfadu(v)> e ( [ L du<v>) 0.

However, the last term is nothing but

2 2
—% 0,(0,J2) = % 92p- .

Therefore, we get

Oy p. — 0> v d §2782 =0 10
tPe TT v fE M(,U) + v ttPe = U. ( )



1.3 Approximate Models

To go further, we need to specify more precisely our framework. The assumptions on the velocity
set V and the measure p are crucial. Throughout the rest of this paper we assume the following;:

Assumption 1. V C R is compact, symmetric with respect to 0, (for instance, V = [—1,+1]),
and i is a probability measure on V: [, du(v) = 1.

Assumption 2. For any continuous and odd function h: V — R, we have [, h(v) du(v) = 0.
Assumption 3. 0 < [, v*du(v) = d < co.

Assumption 2 strengthens (C3); it means that velocities are equally distributed with respect
to the origin. Assumption 3 means that we exclude the Dirac mass at the origin. (Note that
in the case of the Dirac mass, the only velocity is 0, and (1) is trivial.) It is convenient to
introduce now the following definition and basic properties (the proof of which is postponed to
Appendix A).

Lemma 4. Consider the Laplace transform of the measure p:
F: R — R*
B o— / exp(Bv) du(v) > 0. )
\%

Assume that the support of p is a subset of [—1,1], and that
min Supp 4= —1, max Supp p=1.
Then, the following properties hold:

o The function F is C*°, and even.

e The function G(B) := F'(8)/F(5) is a C* (increasing) diffeomorphism on (—1,+1). We
denote its inverse by GI=Y. Both G and GV are odd functions.

Given a measure p that satisfies the assumptions of Lemma 4, we define the following C*°,
and even function :

v (-1,1) — RT

]F//
u — uw?’+G'o G(*l)(u) = —

F

(G(fl)(u)) ) (12)

Throughout the paper, we shall often use the following relations:
F0)=1, F(0)=0, G(0)=0, %(0)=G(0)=d, 4'(0)=0.

For the collision operator, it is worth having in mind the following — definitely oversimplified
— operator:

Q(fe) = pe — [, pe(t,x) = /Vf&(t?x?v) dp(v). (13)

Namely, the collision operator reduces to the relaxation operator to the mean value over velocities
of the unknown, where the measure p can be chosen among the following examples:

Example 1. V = [—1,+1] endowed with the (normalized) Lebesque measure du(v) = dv/2.

Example 2. V = [-1,+1] endowed with the discrete measure dp(v) = (6_1 + 641)/2.



Example 3. A variant with unbounded velocities is given by V =R endowed with the Gaussian
measure dp(v) = exp(—v?/2) dv//27.

The collision operator (13) obviously verifies (C1-C4) in these situations. The value of the dif-
fusion coefficient D changes with the measure pu: we have D = 1/3 for Example 1, D = 1 for
Examples 2 and 3.

The closure problem consists in defining a system of equations for some macroscopic quan-
tities pz (or pe, and J¢), that depend only on the time and space variables, with the following
two-fold objective:

1. We expect that the resulting system is easier to solve than (1); for instance, it can be
solved with a reduced numerical cost;

2. It provides a “good” approximation of the evolution of the true quantities (p., Je) associated
with the solution to (1).

Therefore, we aim at approaching solutions of a linear kinetic equation by solving (possibly)
nonlinear equations, where we get rid of the velocity variable v.

1.3.1 Zeroth Order Closure

At the zeroth order, we can close the mass conservation relation (2) by considering a Fick relation
between the current and the density:

j; = -9 axb\aa

where the “diffusion” coefficient © is chosen in such a way that (9) is fulfilled. In turn, ©
might depend on p., dyp.... There are a lot of possible definitions for the coefficient ©; we
refer among others to [24, 21, 30, 32, 4]... The corresponding approached equation can also
be (formally) justified by coming back to a more microscopic level: we define an approximate
density of particles f- as a function of its zeroth moment pz: f-(t,z,v) = F(p=(t,z), v, ). Then,
we use this expression to close the mass conservation relation (2). For instance, using the Py
like approximation p. — ev0d,p: /v leads again to the heat equation. As mentioned above, this
approximation is not satisfactory since it is not, in general, nonnegative, and it does not fulfill
the physical flux limitation (9). Since (9) is a consequence of the nonnegativity of f., let us seek
an approximation that will be, by construction, nonnegative. A very simple strategy consists in
modifying the Hilbert expansion procedure by considering

fe = exp(a® + ea™ +2a@ 4. )).

We readily obtain the following conclusion for the first two terms

a'®  depends only on ¢ and z,

aM(t,z,v) = Y 0,a 0 (t, x).

Y
Truncation at the first order yields
fo(t,x,v) = exp (a(o) (t,x) —e % 9,a 0 (¢, :U)) >0, (14)
the moments of which are required to satisfy (2). We get the following system
pe(t,x) = exp(a(o)) F(a 8xa(0)/*y) ,

oo (B o(:2") =




Next, we note that
0=

Pe

9,a0) ) 92,a0)
¥ vy o

Then, under the assumption that 8%xa(0) remains bounded uniformly with respect to ¢, we
neglect the last term, and we are eventually led to the simple equation

Bup- — O, (%G(Ej;?)) ~0. (15)

= 8ra(0) + 5@(5

For the Lebesgue measure, Example 1, we have

_ sinh(5) 1

F(6 ) G(B) = coth(B) — = .
(8) 5 (8) (B) -3
Therefore, we recover the limited flux model introduced by [21] and [24] which reads as follows
~ ﬁs €0:P= YPe
Ope — 0y | — [ coth (——) — ——= =0. 16
i < £ (com ) eﬁmps)> 16)

For the discrete measure, Example 2, we get

Otpe — Oy ('5; tanh (5831,55)) =0,

VPe

while, for the Gaussian measure, Example 3, we are simply led to the heat equation.

1.3.2 First Order Closure

We can also complete (2) by looking at the evolution equation for the current J.(¢,x). We set

P.(t,x) := /Vv2 fe du(v).

Integrating (1) with respect to the velocity variable yields, by using (C4)

20y, + 0, P, = / YQ(f.) dulv) = / vQ (fp) dp(v) = — J. . (17)
v E A\ €
The second equality, combined to (3), shows that the right-hand side is actually a O(1) quantity.
Of course, (2) and (17) do not form a closed system of equations, since there is no reason why
P. should be defined directly by means of p. and J..
Observe that
P, =dp. +cK., (18)

where K. (t, ) = e~ [, v* (f: — pc) dp(v) is O(1) thanks to (3). Hence, as € tends to 0, we
recover (6) as follows:
Op+ 0, J =0, v = —d0zp.

It is quite usual to close the system by imposing an expression for the kinetic pressure like
0<P.:=E ﬁs < HUH%OO 1/0\67

which involves the so-called Eddington factor =. For instance, we can go back to (18) and get
rid of the O(g) remainder. The corresponding system reads

{(m +0,J. =0,

~ R ~ (19)
e20iJ. +d0pp- = —J- .



(This system is sometimes called the P; approximation.) The approximation (19) can also be
justified through an expansion on Legendre polynomials of f.; however, such an approximation
is known to be satisfactory only under strong isotropy assumptions, see [4]. Therefore, a huge
variety of Eddington factors, possibly depending on pg, 9,.p, and so on, has been proposed. We
refer, among other works, to [30, 24, 32, 4], and for a recent overview of numerical methods for
such problems, we refer to [5]. These approximations can be obtained by postulating that the
approximate density is a given function of its two first moments p. and j;, say

J/c;(tvxu U) - @(ﬁ5<t, .%'), j\a(tv x)?”) )

so that the second moment of fe can be computed in terms of p. and j; We shall now present
such a closure, based on an entropy minimization principle.

1.3.3 Entropy Minimization Principle

Closing the moments system by using an entropy minimization principle has been first introduced
by Levermore [22, 23, 25]. It has also been used successfully in radiative transfer theory, see
[10, 38]. Let us now describe precisely this closure method. We define the (convex) entropy
functional

H(f) = fIn(f) = f +1> 0. (20)

Then, for p. and fg given, we wish to minimize the quantity

[ 1) duto).
;

under the constraints
—~ (Y -~
[ ranw=p. [ 5dut) =7,
v v E

The minimizer obtained in this way will be our approximate density of particles. A quick
calculation yields the following expression for the minimizer

~

fo(v) = erothv/e 5 0 (21)

where the Lagrange multipliers g, A\; are determined by the following system:

ﬁ&‘:e/\OIF 71 i
3
—~ 22
jzle)‘OIF/ M —fg M ) 22
© 3 15 € 15

We note that A; is uniquely determined provided that we have & ]je| < pe, see Lemma 4. This
constraint is nothing but the limited flux condition (9).
Now, we use the previous formulae to close the moment system. Using (21) and (22), we

compute
> A _F” J. N 7.
/#kw@:aw%f)=%0@ﬂ =) = (=)
Vv g F Pe Pe

We are thus led to the following system of equations
0=+ Oud- = 0,
~ e -~ 23
528tjs+8x (P:—: ZZJ(E;)) = _’7J€~ ( )

9



In the next section, we shall detail some properties of system (23) such as hyperbolicity, and
the existence of a convex entropy. Following the approach of [16], we shall also show that (23)
admits global smooth solutions, that satisfy some uniform bounds with respect to €.

We can expect that the system (23) is consistent with the diffusion limit since, expanding
formally €20, .40, (Pe w(ejs/ﬁg))—l—yj& ~ d@xﬁg—l—'yjs, we recover (6). Besides, the approximate
microscopic density is given by

R __exp <v GHD (&Z-/Z)\E))
Fo G (eJ./p:)

fe(t, 2, v) = pe >0. (24)

Performing straightforward Taylor expansions leads to

as well as

~ =R 0.0,
f&(tal‘?v) = Pe exp <_E/U xff?) 9
Y Pe
so that (24) formally looks like (8) or (14).
The example of (13) endowed with the discrete measure (Example 2), is particularly illumi-
nating. We have only two velocities +1 and —1, and (1) can be recast as

f-—f+

1
8tf:|:ifa$f:|:::|: 2 )
€ 2¢e

where the unknowns fi (¢, x) stand for f(¢,x,+1). This is the so-called Goldstein-Taylor model,
see [11, 36]. The two first moments p. = $(f + f-), J- = 5=(f+ — f-), are solutions to (19),
with d = 1. A remarkable feature is that (19) can be recast as a damped wave equation (see
also (10))

g Ostpe + O¢pe — aZxﬁs =0.

Z

The solution of this damped wave equation can be explicitely computed by using a stochastic
argument, as shown in [19]. This probabilistic approach can be used to deduce in a very elegant
way the convergence of p. towards the solution to (6), see [27]. For the discrete measure, we
compute

F(3) = cosh(8),  G(8) = tanh(8),  (u)=1 we (1,1).

Hence, we realize that (23) is nothing but (19): the entropy minimization closure actually
provides a very good approximation of the original equation (1), since it gives the exact solution!
This example shows that it could be dangerous to remove the (formally) smallest term in (19).
If we get rid of 528tj€, we are simply led to

Ope+0pde =0,  Jo=—0up,

and we recover the heat equation (6) that propagates at infinite speed. This is clearly not con-
sistent with the approximation procedure and we cannot go back to the kinetic approximation.
Indeed, the relation J. = —8,p. = L= G(M1/e) = £ tanh(A;/e) makes sense only under the
limited flux condition €|0,p.| < pe.

In the case of the Gaussian measure (Example 3), we have

F(3) =exp(8%/2), G(B)=f, v =1+u> uek.

10



In this case, system (23) is nothing but the rescaled isothermal Euler system:

Oipe + O d. =0,
~ AL ~ ~ 25
g2 (élglE +8x( f) > + Oppe = —v J: . (25)

Pe

A detailed analysis of the convergence to the heat equation has been performed by Junca and
Rascle [17] for BV initial data; we shall use some of their arguments when studying the conver-
gence of solutions to (23). It is also worth mentioning that in this case, the approximate density
of particles, given by (24), reads

-~ v —us(t, z))? v
fe(t,z,v) du(v) = p-(t,x) exp [—( 2(t ) ] \;l%,

with u, = sjs /p- and dv the Lebesgue measure on R. We recover the classical Maxwellian
distribution.

Remark 3. We can use any convex function to define the entropy functional instead of using
those based on the function s — sln(s). For instance, if we use the function s — s%/2, and
perform the same minimization procedure, we would obtain f-(t,z,v) = p-(t, z)+ev J.(t, x), with
(P, J2) solution to (19). Neglecting £28,.J., we recover (8). The entropy (20) has the advantage
to ensure the nonnegativity of the approximate density. There are also strong physical arguments
for this expression, see [6, 22, 23, 25].

Remark 4. It has been noticed that the entropy minimization approach proposed by Levermore
may suffer from some severe drawbacks, at least when one tries to approximate the full gas
dynamics Boltzmann equation or o kinetic equation with unbounded velocities. We refer for
instance to [18] and [9]. Besides, for numerical purposes, other choices of moment closures,
which do not necessarily guarantee nonnegativity, can provide sharp results for a still reasonable
numerical cost, and regions of negative density remain negligeable. We refer for approaches
based on Hermite polynomials expansions to [9, 34, 33]. Note, however, that the entropy closure
has been used successfully for applications in radiative transfer theory, see [10] and [38]. For an
analysis of discrete velocity models and applications to gas dynamics, we refer to [28, 29].

1.4 Main results

Our objective is to investigate the solutions to (23), and to establish the convergence, as € tends
to 0, of both p. and f. towards the solution to the heat equation. We shall prove in this way
the consistency of the entropy minimization model in the diffusion regime. Here we focus on
smooth solutions that are bounded away from vacuum. We refer to [7] for the study of weak
solutions that include vacuum regions. Our first main result is stated as follows:

Theorem 2. Assume that Assumptions 1, 2 and 3 are satisfied. Let p > 0. There exist two
constants 6 > 0 and C > 0 such that, for any e €]0,1], and for any (po, Jo) with | po—pll g2w) < 9§

and |le Jollgzry < 6, there exists a unique global solution (p},jg) to (23) with initial data
(po, Jo), and that satisfies (p: — p, J.) € C(RT; H2(R)) NCL(RT; HY(R)). Furthermore, denoting
Ue =€ Je/pe, this global smooth solution satisfies the estimate

1 [T
~ 2 ~ 2 ~ 2
sup (17:0) = ey + 10 wy) + 55 | 100 gy

< O (lloo = Plifaqey + oz ey) -

11



Furthermore, we can show the convergence of p. towards the solution to the heat equation
by using arguments quite close to those of Junca and Rascle [17]. For simplicity, we consider
initial data pg and wg that are independent of . Then we obtain the following result:

Theorem 3. Assume that the assumptions of Theorem 1-ii) and Theorem 2 are fulifilled. Let r
be the solution to the heat equation (6) with initial data pg. Then, there exists a constant C' > 0
such that

1Pe = rllz2@+xr) < Ce.

Furthermore, let J/”\E(t,x,v) be defined by (24). Then, we have

If- - fellzo,myxrxv) < Cre.

Remark 5. The result of Theorem 2 also holds when the measure p is the Gaussian measure
(Example 3). In this case, we have seen that the system (23) is the rescaled isothermal Euler
system (25). Theorems 2 and 3 thus give an analogous result to the convergence result of [17],
but for global smooth solutions.

The proof also adapts to a multidimensional framework, in the spirit of [39]. We refer to [8]
for the treatment of the isothermal Euler equations.

We can also deal with nonlinear collision models. For instance, the linear collision operator
(C2) can be replaced by a(p)(p — f), for a smooth function o : Rt — (0, B). This model arises
in radiative transfer theory, see e.g. [2]. The right-hand side in (23) becomes —o(p)J.

Our second convergence result is concerned with the simpler conservation equation (15). We
obtain a result in the same spirit, at least locally in time.

Theorem 4. Assume that Assumptions 1, 2 and 3 are satisfied. Let p > 0. There exist
three constants § > 0, C > 0 and T, > 0 such that, for any € €]0,1], and for any py with
10 — Pl gary < 0, there exists a unique solution pe € C([0,Ty];p + H4(R)) to

O — O, <D(Ef;f€) aﬁy”ﬁ) —0,
13

(26)
[)\Elt=0 = pO )

where we have set D(B) := G(B)/5. Moreover, the solution p. satisfies the estimates

sup [|5:(t) = 7l ars(e) < €, sup |5:(t) = llwreee) < /2
te[0,T%] te[0,T%]

Let r be the solution to the heat equation (6) with initial data py. Then, we also have

sup |[pe(t) = (8l 2wy < C e
t€[0,T%]

Eventually, if we set

~ R €V 8xﬁg(t,x)>
(t,x,v):=p(t,x) exp| ——————= | >0,
Il )= peltr) p( ¥ pe(t, z)

then Hﬁ — fellz2(0,1) xrx vy tends to 0 as e — 0, with rate O(e) under the assumptions of
Theorem 1-ii).

Theorems 2, 3 and 4 indicate that the equations (23) and (16) provide some good approxi-
mations of the solution to the original problem (1) for small values of the parameter €. These
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results need smallness assumptions on the initial data for which, in some sense, the diffusion
driven regime applies. Note however that the smallness hypothesis is independent of ¢.

The remainder of the paper is organized as follows. We first deal with the system (23). The
first task is to prove that (23) is a 2 x 2 symmetrizable hyperbolic system of balance laws. Then
we shall show that (23) satisfies the so-called Kawashima condition (see below and [16, 35] for
the definition); for fixed £ > 0, this property yields the global existence of smooth solutions
for small initial data, by applying the result of [16]. However, a careful analysis of the energy
estimates of [16] for the system (23) leads to uniform conclusions with respect to €, and allows
us to prove Theorems 2 and 3. (In the general case, it is not clear whether the result of [16] can
be made uniform with respect to €). The proof of Theorems 2 and 3 is detailed in section 2.

Eventually, we turn to the proof of Theorem 4 in section 3, which relies on a suitable
regularization technique and on standard energy estimates for quasilinear parabolic equations.
The key point is to check that the estimates are uniform with respect to .

2 Proof of Theorem 2

For hyperbolic systems of balance laws that are partially dissipative and are endowed with a
strictly convex entropy, a general theory of global existence of smooth solutions (with small
initial data) has been developed by Hanouzet and Natalini [16]. This global existence result
relies on the so-called Kawashima condition (see e.g. [35] and the references in [16]). In this
section, we are going to show that the system (23) satisfies all the assumptions of [16], and thus
admits global smooth solutions. However, it is not clear whether the bounds obtained in [16]
are uniform with respect to the small parameter . For the particular system (23) that we study
here, we give a detailed proof of this uniformity with respect to €. The method is more or less
the one developed in [16], but some refined estimates are needed. To simplify, we shall consider
that 7 =1 in (23). The general case is similar.

2.1 General facts on the hyperbolic system

In this paragraph, we establish some basic properties of the system (23). We always consider
a measure u that satisfies Assumptions 1-2-3, as well as the assumptions of Lemma 4. We also
keep the notation IF for the Laplace transform, and the notation G = F'/FF (see Lemma 4). The
function 1 is defined by (12).
We focus on the system without source term (the unknowns are now denoted p and J for
convenience):
3tﬂ + 8:13'] =0 )
20,7 + 0, (pw(ei)> 0. 27)
In all what follows, we use the notation u := e.J/p to denote the (rescaled) velocity.
System (27) meets the classical hyperbolicity properties, as shown in the following;:

Proposition 1. The system (27) is stricly hyperbolic in the open set {(p,J)/p > 0,e|J| < p}.
Its characteristic speeds Aj o are given by

61:2([), J) = iAlQ(g,;]) ,  with }\1’2(u) — 1/1,(“) + \/1/”(10)2 ; 4u¢'(u) + 41/)(71) . (28)

Moreover, the function
eJ

J
H(p,J):=plnp—pln [IF o G(_l)(%)] + &JG(_I)(?) , (29)
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is a strictly convex entropy for (27). The corresponding fluz is given by
J 1 J J
Fp,J):=JInp—JIn [IF o GH)(%)] +- m/»(%) G(*U(%) : (30)

Proof. If we write system (27) under the compact form

o, (5) + 0 A(p, J) =0,

we compute the Jacobian matrix

0 1
DA.(p,J) = (1@)(”) am) 1¢/(U)> .

g2 5
The reader will then check that the eigenvalues of DA.(p,J) are real, distinct, and given by
(28). The discriminant of the characteristic polynomial is positive since

¢ (u)? — dud) (u) + 49 (u) = (' (u) — 2u)? + 4(Y(u) —u?) > 4G o GH(u) > 0.

Thus, the system (27) is strictly hyperbolic. Eigenvectors of the Jacobian DA.(p, J) are given
by

That H is an entropy for (27) with flux F is a simple application of the chain rule. The
calculations are omitted. The Hessian matrix of H is

B 1 Y(u) —eu
DQH(pa J) - pG,OG(_1)<’U,) <_€u 2,_:2 > )

therefore H is a strictly convex function of the conservative variables (p, J). O

Remark 6. The expression of the entropy might look complicated, though it is very natural. As
a matter of fact, the entropy H(p, J) is nothing but

Hmﬂzﬁﬁmﬁww,

where f. is the minimizer obtained in (21)-(22). That H is an entropy was already noted in [22].

Observe that the characteristic speeds of (27) only depend on the velocity u. This situation
looks very much like the isothermal Euler system (25).

2.2 Preliminary transformations

Recall that system (23) reads (dropping in this section the ~ symbols):
ﬁtp + ﬁxJ =0 ,
1 eJ 1 (32)
0 + =5 0 (w(p)) o

€
and thus has the classical structure described by Equation (6) in [16]. The set of equilibrium
points is the half-line {p > 0, J = 0}. Furthermore, we have seen that a strictly convex entropy
for (32) is given by the following formula (see Proposition 1):
eJ eJ

H(p,J) :=pInp—pln [IF o GH)(?)] +eJ G(_I)(?) .
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Using the velocity u := eJ/p, (32) reads

1
1
Oc(pu) + = 0z (p¥(u)) = —— pu.

In order to simplify some computations, it is convenient to rescale the time variable, and we
introduce the new unknowns

p(t,z) := plet,z), u(t,x) :=u(et,z). (33)

Then (p, J = pu/e) is a global smooth solution to (32) if, and only if, (p,u) is a global smooth
solution to

Op + 9, (pT) =0,
_ o 1 (34)
0(pu) + 0 (p9(u) = —— pu.

A strictly convex entropy for (34) is given by

H(p,J) :=pInp—pln [IF oGV (;) } JG(=D (;) .

Here, we have used the notation J = pu.

We are going to construct global smooth solutions to (34) that are close to a given equilibrium
point, and we shall thus obtain global smooth solutions to (32).

We consider a fixed equilibrium point (p,0) for (34), p > 0, and following [16], we define the
entropic variables:

(™ _oms 7o oy - (0(P/P) —InF oG (@)
W= (WD .= VH(p, J) — VH(p,0) = ( . ) , (35)

in order to use Godunov’s symmetrization. Note that this is a change of variables from the
set {(p,J)/p > 0,|J| < p} to the whole plane R?. After a few simplifications, one shows that
for smooth solutions (p,J) away from vacuum, (34) is equivalent to a quasilinear symmetric
hyperbolic system for W = (Wy, Ws):

Ag(Wa) IV + A1 (W) 0,0 = — (@(%@) | (36)

where Ay(Ws) is a symmetric positive definite matrix, A;(W3) is symmetric, and are defined as
follows:

(1 G(W2)
Ag(Wa) == (G(WQ> m@(m)) , (37)

T R W A S ) I O R U O R O PR R TN OB
Thanks to our new time scaling, both Ay and A; are independent of €. Note that they depend
only on the second component of the vector W. This will be extensively used in what follows.

In the entropic variables, the set of equilibrium points is the line {Wy = 0}. Since G is
an odd function that is increasing, we can write G(Wa) = Wy I'(W3), where I'(W3) > 0, and
I' € C*(R). Therefore (36) is strictly entropy dissipative in the sense of [16, definition 2].
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We now check the Kawashima condition, using Lemma 2 in [16]. In the entropic variables,
the equilibrium point (p,0) becomes the origin, see (35). Let x € R, and let X € R\ {0}. Then
the Kawashima condition is equivalent to

(<40(0) + 410 (7 ) 0.

Using (37)-(38), we compute

[ A40(0) + A1 (0)] (f)() —x <2) £0.

The Kawashima condition is thus satisfied, and we can apply the global existence result of [16]:
there exists § = 6(p,e) > 0 such that, for any Wy € H*(R) with |[Wo| y2r) < 6, (36) has a
unique global smooth solution with initial data Wy. (Here, smooth means C([0, +oo[; H(R)) N
CY([0, +-oc[; HY(R))). In the next paragraph, we are going to show that the radius §(p, &) can be
chosen independent of e.

2.3 Energy estimates

We first introduce some classical notations. The Sobolev space H*(R) (k = 0, 1,2), is equipped

with the usual norm i
wm:z/mmwM.
j=0 %

Given any positive time 7' > 0, and any function W = (Wy, Ws) € C([0,T]; H*(R)), we introduce
the energy functional

1 T T
M@F:swnww@+/’Wwﬂﬁm+s/nawmwwr (39)
0<t<T € Jo 0

Let us remark that the classical Sobolev imbeddings yield the following useful inequalities:

Wl oo (jo,rywr00m))y < CN(T) IWall 2o, 1wt 00 m)) < C Ve Ne(T),
N(T)

10zW | L2 (o, 170 (r)) < C NG

for some numerical constant C.
Note that (36) has solutions in the space C([0,T]; H*(R)) N C([0,T]; H'(R)), at least for a
small enough time 7, thanks to Kato’s result [20]. We are going to prove the following:

Proposition 2. Let T > 0, and assume that W € C([0,T); H*(R)) N C([0,T]; H(R)) is a
solution to (36). There exists an increasing function C : RT™ — RT | that is independent of T, ¢,
and W, such that the following inequality holds:

N-(T)? < C(IW || oo (0.17xR)) {Ne(0)? + Ne(T)? (1 + N(T) } -

The proof splits into several steps. One first estimates the L°°(H?) norm of W and the
L?(H?) norm of the component Ws, by using the classical procedure of [20]. However, special
attention is needed when dealing with the second order derivatives, in order to derive uniform
bounds. Eventually, one recovers the L2(H') estimate of 9,W; by using the Kawashima condi-
tion. (This final step was already achieved in [16], but it is crucial to check the independence of
the constants with respect to .)
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2.3.1 The L>(L?) estimate of W

Let W € C([0,T); H*(R)) N CL([0, T]; H'(R)) be a solution to (36). In the original variables, it
corresponds to a solution (7, J) € C([0,T]; p+H2(R)) x C([0,T]; HX(R)) to (34), that is bounded
away from vacuum.

To obtain the L>°(L?) estimate, we slightly modify the entropy ]ﬁl, and define

which is still, of course, a strictly convex entropy for the system (34). Its flux is denoted ¢(p, J).
Moreover, the entropy 7 satisfies

For the smooth solution (5, J) € C([0,T]; 5+ H2(R)) x C([0,T]; H2(R)) to (34), we integrate

the balance law ~
1 >~ (71) J

on+0,q=—--JG =1,
€ P

over the strip [0, ¢] x R?, and we obtain

t 1 [t ~ 7
/ndm‘ —i—//JG(_l) i derds=0.
R 0 € JoJr P
Using the convexity properties of 7, we get
1/, ~ o~ o ~
= (=22 +177) <00y < ¢ (l6=pl* +177) .

where the constant C' only depends on p, and the norms ||p — || e (j0,4xR)> ”j||Loo([0’t]><R). To
conclude, we use the definition (35), and we thus derive the bounds

1 o~
S W < (5, J) < O,

where the constant C' only depends on p, and the norm ||[W{| o (o 4xra), but is independent of
€. Eventually, we obtain:

1 t
W ()13 + - /0 [Wa(7)[[5 dr < C([[Wall oo (0,0xr)) N=(0)? . (40)

2.3.2 The L®°(H!) estimate of W

One first differentiates (36) with respect to the space variable z, then takes the scalar product
with 0, W, and integrates over the strip [0,¢] x R. Defining the matrix

(41)

AWo) i= Ag(Wa) ™1 Ay (W) = (0 Yo G(Wa) —G(W2)¢' o G(WQ)) ,

1 ' o G(Wa)

and performing some simplifications (see equations (52)-(53)-(54)-(55) in [16]), we obtain the
relation

t t
1/A0(W2)8IW-8dox‘ +1// G' (W) (9, W2)? dx ds
2 R 0 g JoJr

t
1
:// |:§(T1+T27T3)+T4 dl‘dS, (42)
0JR
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where we have set:

Ty = (8,Wa) AL (W) 0, W - 0, W,
T2 = (
T3 = (Gng)AO(WQ)A/(Wz)axW ' a’rwa

Ty:= - (0. Wa) Ay(Wa) Ayt (Wr) (G(%/2)> L0, W .

Using Cauchy-Schwarz’ inequality, and the Sobolev imbedding H?(R) C W*°(R), we obtain

t ¢
[ 171+ 7 s < COW i o) 10:W oy [ [ 10:Wall001W] o s
< C(IW | oo (o xr)) N=(t)? .
Using (36)-(37)-(38), we compute the scalar equation

1 G(Ws)
e G/(Wy)

OWa + W1 + ¢ 0 G(Wa) 9, Wa = (43)

Thanks to (43), we also obtain

t t
1
[ [ 17l deds < COWlimuapea) | [ Q081+ 2 1W2l) 10,3021 10,301 d ds

t
1
< C(IW | e (0,0 xR)) 1102 W | Loo (j0, xR) /O/RlaacW| \3xW2!+g|W2H3zW2!dwd5
< C(|W | oo oy xr)) Ne(t)?.

Eventually, we have

t t
1
/ / (T3] de ds < CUIW e 0. xx) / / L \wal 10, Wl 10,W| der dis
0JR 0JR €
< CUW | e o) N-(1)°

The left hand side of (42) is easily estimated from below, and summing up, we obtain the
L>°(H') uniform estimate:

1 t
18:W ()5 + B /0 18:Wa(r)[[§ d < CUIW | oo 0,0xm)) (Ne(0)? + Ne(2)?) - (44)

2.3.3 The L™(H?) estimate of W

The beginning is the same as in the former paragraph. One differentiates twice (36) with respect
to the space variable z, then takes the scalar product with 0., W, and integrates over the strip
[0,t] x R. Using the relations (58)-(59) of [16], we are led to the relation

' t
! / Ag(W)0s W - 0o W de| 4 / / G/ (W) (D0 Wo)? dr ds
2 Jr 0 €JoJr

t
1
:// [5(51+52)+2(S3*S4)+55+S6*S7*58*SQ drds, (45)
0JR
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where we have set:

St 1= (11V2) Ap(Wa) s W - D W,
S 1= (0, Wa) A4 (We) D W - O W,

= %W 4 wya, [Aol(Wg) <G(8V2)>} W |

S 1= (0:W2) Ag(W2) A'(W2)0oeW - Ona W,

Ss3:

L 3xxW2 / —1 0

Sy = 2 A (W) A (W) (G(W2)> W
o (axWQ)Q 1" -1 0

SG L € AO(WQ)AO (W2) G(WQ) : 8cha

S7 1= (02 Wa) Ag(W2) A'(W2)0: W - 0 W,
Sg := (0:Wa)? Ag(W2) A" (Wa)Ou W - 0 W,

So 1= éG”(Wg) (0. W2)? Dy W

Let us start with the easy terms. Since G” is an odd function, we have:

t t
W
[ 1salae s < s qoan [ [ 22 @002 012l s
0J/R 0JR €

t
Wa| |0z Wa
Y ] e
< C(|W | oo oy xr)) Ne()*
In a similar way, we have
t
/0 /R 85| dads < C(IW| e ou1cmy) Ne(t)?

and .
/0 /R 17 dards < CIW | (jo.zy) Ne(H®.

Observe that the first column of A’(W3) is zero, see (41), hence we have

t t
/0 /R 1S4l dz ds < C(IW | = o x2) / /R 02 Wa [0 Wa| 0 W dz ds

t
< CUIW e 0 x2) 10:W L= (0.8 / /R O0a W |00 W iz ds
< C([IW ]| poe (o, xr)) Ne(2)?.

The five remaining terms in the right-hand side of (45) are estimated in a slightly different
way. We shall use the following version of Holder’s inequality:

t t
/0 /R |Fgh(s,z)| dx ds < /0 1) e 1908 M2y 15, ) 2y ds
< |lgll oo 0,62 m)) 1 f 1 20,6200 (my) 1Pll £2(0,) xR) -

Combining this inequality to the Sobolev embedding leads to
t
/O/R |fgh(s,z)|dxds < HQHLOO(O,t;L?(R)) Hf||L2(O,t;H1(R)) HhHL2((o,t)xR) .
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This is where our analysis of the source terms differs from what was done in [16].
Applying the strategy described just above, we get

t t 833W 2
/ / 16| de ds < CUW | =(0.1xm) / / O ) 100 W] e dis
0JR 0JR 3

L |0 Wa| [W-
< COW o) 10:W oy [ [ 222 o0 s

. 10:Wa(s) L2y IWa(s)lLoom)
L2(R

d
NG %

t
< C(IW]l (o) Ne(8) /0 10,V (5)

B

and now, we use the obvious inequalities (see (39)):
1022W (s)l L2y < Ne(s) < Ne(t),  [[Wa(s) o) < ClIWa2(s)| 51 (w) »
and we obtain

t
/0 /R 15| dz ds < O(IW | = (o.xz)) Ne ()"

In a similar way, we have

t Ll O W | |[W:
[ 1sstdrds < cOWliqoem) [ [ 2= o w10 s
0J/R 0JR €

102 Wa(8) || L2y [Wa(s)|Loo(m) ds
Ve Ve
< C(IW Lo (0,0 xr)) N.(t)%.

t
< (W = (o1 x2) /0 100a W (5)]] 220

To estimate Ss3, we remark that the vector

9 4709 (g ary )|

can be written under the form (9, Ws)d(W3), for some appropriate vector J(Ws). Therefore, we
have

t t 8wW 2
[[1ss1azas < W limgoesy) [ [ Z22E 0w dras
0J/R 0JR €

10:Wa(s)[| L2y |0 W2(8) |l Lo (m)
Ve Ve
< C(HWHLM([UJ]XR)) Ne(t)S )

where, for the last inequality, we have used Sobolev’s imbedding:

[0:W2(8)[|Loor) < C[[W2(8) || 52 (r) -

ds

t
< (W =0 xm) /0 100a W (5)]] 22

Eventually, we have
t t
// \Sg]d:cdsSC’(]WHLoo([Qﬂle))// |0, Wa| |0 W|? d ds
0J/R 0JR
t
< C(HWHLW([O,t}xR))/O 18:Wa(8) | oo ) 102 W ()72 gy ds

t
< C(IWlz= (o) Ne(8) / W) 22 19 W (3) ] 71y ds

< C([|W ]| poe (o, xr)) Ne(2)?.
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Using (43), we also have

W-
// 1] de ds < C(IW | e osixm) // 0.1+ 21 o, o) 00701 s
CUW 1= (018 [0 W ]| 1 f0.20 /0 /R O0s Wl 020 TV | iz ds

Hl W2(5)||Loo(R) (|0 W2(5)”L2(R)
C([Wlpe Oza W d
(H ||L ([O,t]XR))/O \/g \/g || (S)HLQ(R) S

< C(|W | oo (o xr)) N=(t)? .

Going back to (45), the sum of all the estimates above yields the expected L>(H?) bound:
1022 W ()15 + / 105 W () [[§ dr < CUIW || poe 0,0x)) (Ne(0)? + Ne(t)® + Ne(t)*) . (46)

2.3.4 The L?(H!) estimate of 9,W;

In this paragraph, we follow the method developed in [16]. Recall that the diffusion coefficient
d, that is given by Assumption 3, satisfies d = G'(0) = ¥(0).
We begin with the following elementary result:

Lemma 5. Let K denote the matriz
(0 1/d
K = (_1 0 > .

Then K Ay(0) is skew-symmetric, and

K A1(0) = (é _Od> .

Following [16], we rewrite (36) as
A0(0) W + A1(0) 0. W = H.(Wa, 0, W) , (47)
with
HL(Wa. 0,0) 1= [41(0) = A (Wa) + (40(0) — Ao(W2) A(Wa)] 0,1
[(40(0) = AW g 07 +1) (g gy ) - 09

We multiply (47) by €K, (K is the matrix defined in Lemma 5), then take the scalar product
with 0, W, and integrate over the strip [0,¢] x R:

t t
//5(KA0(0)8tW+KA1(O)8xW)-8;,;Wd1:ds://s[KHE(WQ,axW)] L0, W dzds. (49)
0JR 0JR
Using relation (70) in [16], we have
t t
| [ exAvaw -0,w deds = =5 [ Kay©0,W W da| = ~Ce (W@ + W OIR).
0JR R

and Lemma 5 gives

t t t
//EKAl(O)c%;W-8doa:ds:5//(BxW1)2d:cds—da//(axW2)2dxds.
0JR 0JR 0JR
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Now, we observe that
|[A1(0) — A1 (W2) + (Ag(0) — Ag(W2))A(W2)] 8. W | < C(>[W | oo (f0,41xR)) [ Wl [0 W],
1 _ 0 1
2]00) ~ o245 ) (g )| < 2 COW i) 2P

and we compute

0 1
~K (G(W2)> 0 W = —= (W) 9, W1

Consequently, using (48), we obtain
t
// e [K He(Wa, 0, W)] - 9, W | d ds
0/R

t
< C(IW = xm) / /R £ (Wal|0aW[2 + |Wal? |0,W | + [Wal |0,W1| da ds

I t C W o] t
< CUW s oon) Nt + 5 [ [ @y s ¢ STNE=000) [ G312
0/R € 0JR
Using these estimates in (49) gives
t 1 t
[ 10 dr < AWl pem) (N0F + Nt + W 1E + L [ Iwa(r)ar )
We now use (40) and (44) to obtain
t
E/O 10:W1(T)I[g dr < C(IWall L (0.0 xR)) (N=(0)? + Na(8)® + Ne()") . (50)

For the second derivative of Wj,we proceed in the same way. We differentiate (47) with
respect to x, multiply by € K, take the scalar product with 0,, W, and integrate over the strip
[0,¢] x R:

t t
/ / & (K Ag(0)0hs W + K A1 (0)0ps W) - 0y W d s — / / e K (DuH.(Wa, 0,W))] - 0,W da ds .
0J/R 0JR

(51)
Following what was done earlier, see [16] for the details, we can first derive the lower bound

t
/ / £ (K Ag(0)0W + K Ay (0)0ya W) - Dpu W da ds
0/R
t t
> =Ce (W3 + W(0)]3) +€/0 Hamwl(T)\%dT—dE/o 1022 Wa (7)I§ dr .
Starting from (48), we can write 0;[H.(Wa, 0;W2)| under the form

O [H. (W, 0,W)] = [A1(0) — Ay (Wa) + (Ao (0) — Ag (W) A(Wa)] Bua W + (8, W) Ay (W) 0 W

~ 2 [4000) — A1) 45 05) + 1] (G'(WS 8xW2) + 22 ) (G(gw)) ,
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where A,(W3) and Ay(W3) are matrices that depend only on W3, and whose exact expression
is useless. We thus obtain

/t/ e [K (0 Ho(Wa, 0, W))] - 00aW | da ds
0J/R

t
< W (o) /0 /R (e [Wal|0ma W + < |0, Wa| [0, [0 W
+ ’Wz’ |8xW2‘ ’asz‘ + ’amW2’ \8mW1\} dx ds

e [* CUW Iz (oxr) [*
< CUW =) Nt + 5 [ 105Wa(r)I dr+ 0 [ w3
In the same way as we derived (50), we obtain here:
t
€/0 102 Wi (T)Ig dr < CUIW || oo (0,1 xm)) (Ne(0)? + Ne(t)® + No(t)") . (52)
The sum of (40), (44), (46), (50), and (52) gives the result of Proposition 2.

2.4 End of the proof of Theorem 2

To conclude the proof, we follow [31]. Using Proposition 2, we first deduce that there exists a
numerical constant Cy > 1 such that, if W € C([0, T]; H%(R)) NC*([0,T); H(R)) is a solution to
(36) that satisfies N.(T') < 1, then W also satisfies

N.(T)* < Cy (N(0)® + N-(T)%) .

The constant Cj is, of course, independent of . Consequently, if W is a smooth solution on a
time interval [0, 7] that satisfies N.(T') < 1/(2Cp), then W also satisfies

N(T) < /2Cy N:(0). (53)

Before going on, we observe that N.(0) is independent of ¢, see (39), since N.(0) is just the
H? norm of the initial data.

Consider an initial condition W (0) € H?(R) such that |[W(0)[l2 < 1/[2(2C0)%/?]. Assume
that the corresponding smooth solution W to (36) is not global, and thus blows up in finite
time, say at time Ty > 0. This means that for some positive time Ty, one has

1

1
N:(To) = — > N(0), and Vte]|Ty,Ti[, N:(t)> iy

4Cy

Since N:(Tp) < 1/(2Ch), there exists a time Ty €Ty, Ty[ such that N.(T1) < 1/(2Cy), and,
applying (53), we obtain

V20 1
N_(T7) < 1/2Cy N, < < .
6( 1) = CO E(O) = 2(200)3/2 = 400

We are led to a contradiction. The smooth solution is thus global in time for small enough initial
data. The key point is that the smallness of the initial data is independent of . Moreover, when
W (0)]|2 < 1/[2(2C)3/?], one has the (global in time) uniform estimate

1
Vt>0, N(t) <min| —,+/2C)N(0) | .
2C)
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It remains to convert the result for the system (36) into a result for the system (34), and
then into a result for the original system (32). Using (35), we first compute

ﬁ: P F(Wg) exp(Wl) , u= G(Wg) .
Consequently, there exists a number §; > 0 that is independent of € such that, if
[P0 = Pll2 + [[uoll2 < 01,

then (34) has a global smooth solution (p,u), with initial data (po,up), and that satisfies the
global uniform estimate

~ _ ~ 1 [ree ~ ~
sup ([lA(t) = pliz + l[a@)l3) + 5/0 [E(®)1I3 dt < C1 (5o = 2113 + [1oll3) -

As far as system (32) is concerned, we deduce that there exists a number dy > 0, that is
independent of ¢, such that, if

llpo = Pll2 + lluoll2 < 62,
then (32) has a global smooth solution (p, J), with initial data (pg, pouo/€), and that satisfies

_ L [tee _
Sup (lp(t) =213 + lu@®)lI3) + 52/0 lu()[I3dt < C (llpo — o3 + uoll3) -
Recall that J = pu/e. The proof of Theorem 2 is thus complete.

2.5 Proof of Theorem 3

Finally, we estimate how the kinetic density (24) approaches the solution f; to (1). We turn
back to the notations of the introduction, and set @, = e .J. /p=. We know that this quantity is
O(e) in L3*(R*; H%(R)). We also know that . takes values in a compact interval [—n,7], for
some 0 < n < 1 independent of €.

Using (24), we compute

w(v)dx d :/ // 52 exé)oi?(i( 11)((5) —1’2du(v)dmdt

_pa

V IFOG( ) (w ) F o G-V (a

}
F(2G - )) — [F o G (a@))?
// ’ [Fo@( (@) et

Taylor’s formula gives the estimate
0 <FECTY(@)) - [F o CU(@)]* < O[] oot xmy) 18],

and we obtain

—~ 2 S
Ftav) - po(to)| du(v) dedt < o/ /(ﬁsuz)%x dt.
0 JR

Using Theorem 2 and the Sobolev embedding H'(R) C L>°(R), the density g lies in a bounded
set of L®(RT x R), and we get

| fe = PellL2(m+ xrxv) < Ce.
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Fix a time T' > 0. The triangle inequality yields

17 = fellz2qomyxrxv) < IFe = Pell L2omyxrxv) + 1 = Tll 2o myxkx vy + 1T = fell L2 (0. xRx V) -

We have shown that the first term is O(e), while the last term tends to 0 when ¢ — 0 (see
Theorem 1). It remains to show that [[p: — (| z2(0,7)xrx 1) tends to 0 (as a matter of fact, this
term is O(e)). This last estimate can be obtained by following the arguments developed in [17]
for the isothermal Euler system, and we postpone it to Appendix B.

3 Proof of Theorem 4

As in the preceeding section, we shall consider the equation (26) with v = 1. (This amounts to
changing the time and space variables by a constant factor). Before proving Theorem 4, we first
introduce some smoothing operators, whose detailed construction is described in [1, page 97].

Lemma 6. There exists a family

So: | H'R) — ) H'R),

that is defined for 0 > 1, and that satisfies the following properties

i) [|Soull s (m) < C =)+ lull g gy for all s,s" > =1, with x4 = max(z,0),
i) [|u— Soull gy < C O |l o gy, for all s € [-1,5],

iii) Hd%SguHHs(R) <O ull s gy for all s,s" > -1,

iv) Sy is selfadjoint on L*(R),

v) Sy commutes with the operator O,.

The constants C above are uniform when s,s" belong to a bounded interval [—1, M].

Set r = p — p and recall that G(8) = SD(5), with G an increasing bounded function, see
Lemma 4. Following [37, page 327|, we are going to introduce a sort of Galerkin method in order
to solve the nonlinear equation (26). We first rewrite (26) as

3
or -6 (%) o ewr (220) L o, veor, wer,

with initial data

r(t=0)=7=po—pc HY(R).

For simplicity, we introduce a short notation for the lower order term:

v v3
V(u,v) €]-p,p[ xR, Be(u,v):=D <p€—|—u> Gl (54)

Observe that B; is a C* function that vanishes at the origin.
For all 8 > 1, we introduce the following regularized problem

oir = Sy {G/ <€Sgam7“> 83;33597“} — &8y [BE(SQT‘, (9955’91")] , t G}O,T[, r €R,

p + Ser (55)

T|t:0 = Sg?".
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Assuming that 7 is not too large in H*(R), so that, for instance, ||.Sy Tl|Loo(r) < P/2, the existence
of a unique solution r. 9 € C*([0,7%]; H*(R)) to (55), for some g > 0, follows from Cauchy-
Lipschitz’ Theorem. Moreover, using the equation (55), we have r. g € Cl([O,T&g];H’“(R)) for
all k € N. Our aim is to show that r. g exists on some time interval [0, Ty], where T, > 0 can be
chosen independent of € €]0,1] and 6 > 1, and that the family {r.q, € €]0,1], § > 1} satisfies
a uniform bound in C([0,7.]; H*(R)). In the end, we shall show that for a suitable sequence
(Qn)neN that tends to infinity, (rg’gn)neN converges in C([0, Tis]; H'(R)), where Ty, > 0, and
Ty < T, is independent of . The analysis is performed in the next paragraphs by using some
classical nonlinear estimates.

3.1 Uniform bound in the high norm

We are going to show the following intermediate result:

Proposition 3. There exists « > 0, and there exists an increasing function C : [0,p[— RT,
such that for all @ > 1 and for all ¢ €]0,1], if 7 € H*(R) satisfies 17l fawy < o, and if
9 € CH([0,T:0); HY(R)) is a solution to (55), then one has:

dt

Using Lemma 6 and Sobolev’s imbeddings, we know that there exists a constant oy > 1 such
that for all integer k € {—1,...,4}, the inequality

Vte0,T.], 72601374y < € CUUISor20(8)lw2.00®)) 11720 (8) 37 my -

Vue H*R), VO>1, |[Spullprr < arllullgem,
holds as well as for all integer k € {0,...,3},
Vu S H1+k(R) y Vo Z 1 y ||S¢9uHWk,oo(R) S aq HUHHH"C(R) .

We now define a := p/(4a?), and we are going to show that for this positive number «, the
result of Proposition 3 holds. In this proof, we shall use the following adaptation of a classical
nonlinear estimate (see e.g. [1, page 101]):

Lemma 7. Let g :] — R,R[?— R be a C>® function that vanishes at the origin. Then for
all s > 0, there exwists a nonnegative, nondecreasing, function Cs : [0, R[— R™, such that for
all uy,...,uq € L¥(R) N H*(R) satisfying max; |lujl|p®)y < R, for all ¢ €]0,1], one has
gleur,...,uq) € L=¥(R) N H*(R) and

lg(ewts - . ug) sy < CS(m]aXHUjHLOO(]R)) > gl gy -
J

The function Cy only depends on g.

Proof. Assume that 7 € H*(R) satisfies |7 ar) < a, and that r.g € C'([0,T:¢]; H*(R)) is a
solution to (55). As said before, such solutions exist thanks to Cauchy-Lipschitz’ Theorem, and
thanks to the estimate ||Sp7| 1.0y < p/4-

To simplify the calculations, r denotes the solution 7, g, where € and 6 are kept fixed in all
the proof of Proposition 3.

Let m € {0,...,4}. Integrating by parts, we compute

%H@?r(t)lliz(m = = 200 Spr(1); G/ ()07 T Ser(1)) 2 gy
— 20 Sr(t); 9 (G (..)) 9 Spr(1))
+2(0;"Sor (£); 107", G'(--)]0zaSor (1)) 1 gy
— 2 (05" Spr(t); 03" Be(Sor (), 9 Sor(1)))

L2(R)
(56)

L2 (R) )
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where G'(...) is here a short notation for

We first remark that

=20 Spr(1); G ()0 TS (1)) oy < —2 el Sor(®)llwroe ) 105 Sor (D)1 22wy »

for some positive decreasing function ¢ : [0, p[—]0, +-00[, that is independent of €. Using Lemma
7 and the definition (54), we also obtain

— 22 (O Syr(£); O Be(Sr (1), 02S97(1)) 2
<& C([Sor@)llwreew)) 1Sor ()| agy (1567 (8| 4y + 102Sor (D) ar)) »

for some positive increasing function C': [0, p[— R, that is independent of . Next, we compute

DzaSor(t)  (BuSor(t))?
t

8:(G/(..)) =eG"(...) @ T4 S OF]

and we thus obtain

— 2(07"Spr(t); 3x(G,(---))a;n+1507”(t)>Lz(R)
< e C([|Sor () lwzoom)) IS0 ()| 7a(w) 1|02 Sor (D] 71wy -

where, again, C' : [0, p]— R is a nonnegative, nondecreasing function, which is independent of .
We deduce that the inequality

d m m

7 19z r() 72wy < —2¢(1Sor(8) lwroe @) 195 Sor ()| 72w

+e C([[Sor(t) lw2ee ) 1S9 ()[4 gy + € CUISar(#) lw2.00 ®)) 1S (E) || raw) 102:Sar (8) | 1 (r)
+ 2[1S67 ()| 4y 105" G' ()]0 Sor () | L2y (57)

holds. To estimate the commutator [07", G/(...)]0..Ser(t), we use the classical Moser type in-
equality (see e.g. [1, page 100]):

105", G'(-..)]0aSor (8) | L2 (m)
< C (10(G' ()l ooy 107 Sor (1)l L2y + 10527 ()] oo () 102 (G () | rm1.m)) -

We have already given the expression of 9,(G'(...)), and it is easy to derive an upper bound for
102(G'(...)) | Lo (r)- Moreover, applying Lemma 7, we obtain

102(G' (-l 1wy < & CUI1Sor () lw2eew)) (1Sor ()| raw) + 102807 (1)l r3(r)) -

Going back to (57), we end up with

d, . m
10572 < =2¢([1Sor (@) llwr.oe ) 105" Sor ()72 m)
+ e C([1Sor(t)llw2oo ) 1507 () | 1 ry (167 (8) | 14y + 10207 ()] o)) -

Summing over m = 0,...,4, then using Young’s inequality as well as Lemma 6, we finish the
proof. O
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When the initial data 7 satisfies ||7|| g4r) < @, one has

»-lk\b\

P _
H59T||H4(]R ra and HSHT||W2,00 (R) <

Using Proposition 3, we deduce in a classical way that there exists a time T, > 0 such that, for
all € €]0,1], and for all # > 1, the solution 7. 4 to (55) exists on [0, 7], and sastisfies

w\b\

Vie [0, T, lreo@lnsw) < STl naw) exp(eCt),  [[Soreo(t)|[w2.em) < (58)
for a suitable numerical constant C' (that is independent of € and 6).

In the next paragraph, we always consider initial data 7 that satisfy ||7||z4r) < @, so that
(58) holds, with Ty independent of £ and 6. Defining 6,, = 2", we are going to prove that the
sequence (¢, ) _ converges in C([0, Ty]; H'(R)), with T}, small enough (independent of & and

neN

3.2 Convergence in the low norm

In this section, we let 6, = 2™, and define

€ 025, 7¢ 0, () )

G, =G <
p+ 59n Te,6n (t)

Recall that the family {r.g,, € €]0,1], n € N} is bounded in C([0, T}]; H*(R)), and therefore it
is also bounded in C([0, T%J; W3 o )) Consequently, there exist two positive constants ¢ and
C such that

V(t,z) € [0, W] xR,Yne N, G (t,z) >c, [0:(G(t,)llwrem < Ce.
With such estimates on the coefficients, we obtain the following Lemma:

Lemma 8. Letn € N, T > 0, and let u € C'([0,T]; H*(R)) be a solution to

8tu - Sen [G;Lamsenu] =9, te ]OuT[)Jj € R7
Uj,_y = U0 , reR.

Then u satisfies the estimate
1
vte[0,T], |lu@®)lmm < CT) <||“0HH1(R) +llgllzaqoxmy + 5~ HU||L2([0,T};H3(R))> :

The proof is standard. The equation yields a L? bound by integrating by parts. Note that
the parabolic term only gives control of 9,5, u in L?}x, and one thus uses a decomposition

<u(t);g(t)>L2(R) = <(u - SOHU)(t)?g(t»Hl(R) H-1(R) + <SH u(lt >H1 R),H-1(R)

The norm ||(u — Sp, w)(t)|| g1 (r) is estimated by C (6,) " [u(t)]| g2(r), thanks to Lemma 6. For
the H' estimate, one commutes the equation with 0, and uses the L2 estimate. To achieve this
part, one needs a L (W) control of the coefficient G/,.

We now apply Lemma 8 with T' < T, and u = r. 9, , — 1. p,. We compute

n+1

O0t(rep,s1 — Te,6n) — 50,51, 02250, (Te 1 — Te9,)] = 9gn, t€]0,T[,z€R,
(T579n+1 - r€,9n)|t:o = (Sen+1 - Sen)?7 r €R,
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with

gn =—€ 80, [Be(Sp, 11700115 O0S0,41T200s1) — Be(S0,7c,0,,0050,7<0,,)]
— & (50,1 — 596, ) B (50,417,604 1) 050,117 0n11)
+ (86,5, — S6,) [G;(@MSQTLTE,QHH)]
+ 56,41 [( ;1+1 - Ggm)(amsf)nrsﬁn“)]
+ 50,41 [ ’/rl+1(61'517(59n+1 - SOn)rsﬂnJrl)] :

Recall that for all integer k, the quantities Sy, 7< g, (t, ) and 0,59, 7 9, (t, ) belong to the closed
interval [—p/2,p/2]. Therefore, using Lemma 8, as well as the estimate

C
(86,1 — So, )Vl Es(r) < o vl s+ (m) 5

and estimating each term of g, in L>([0, T]; L?(R)), we end up with

1
sup ||(re.0,41 = 7e.0,) () 1) < C(T) (0 +VT sup [|(reg,,, — re,en)(t)HHl(R)) :
te[0,T] n te[0,T]

Of course, C(T) is independent of € and n. Choosing T' = T, small enough, independent of ¢, so
that C(Tux)v/Tex < 1/2, we obtain that (T‘Eﬁ”)nGN is a Cauchy sequence in C([0, Ti]; H'(R)), and
therefore it converges towards some r. € C([0, Tii]; HL(R)). Since, by construction, 7. g, (t = 0)
converges in H!(R) towards 7, we have r.(t = 0) = 7. It remains to show that 7. solves the
nonlinear equation

3
b () o () 80 en

with initial data 7(t = 0) =7 € H*(R).

3.3 End of the proof of Theorem 4

The sequence (T‘fﬂn)neN is bounded in C([0, T.]; H*(R)), and the sequence (&rc,)
bounded in C([0, T%:]; H*(R)). Moreover, we have seen that the sequence (T‘s’gn)n N
in C([0, T\s]; H'(R)) towards r. as n — oco. Consequently, up to a subsequence, we have

neN 13
converges

reg, = 1= L®(0,Te; HY(R)) weak-x,
e, — Ore  L®(0,Tou; H*(R))  weak-x.
In particular, we have r. € Lip(0, Tw; H?(R)). Moreover, thanks to the convexity properties
of the norms in H?, we have r., — 7. in all the spaces C([0, Tos]; H*2(R)), § > 0, and in

particular r. g, — 7. in the space C([0, Ti]; C3(R)). With such strong convergences, it is easy to
show that 7. € L>®(0, Tyy; H*(R)) N Lip(0, Thy; H*(R)) is a solution to the nonlinear equation

o0, (3(522%) our.) =0,

with initial data 7. Following [37] and using the uniform estimates of Proposition 3, we claim
that 7. € C([0, Tei); HH(R)) NC([0, Tis]; H2(R)). Passing to the limit in (58), we also obtain the
C:(H2) bound for ..

To end the proof of Theorem 4, it only remains to show the convergence of p+r. towards the
solution to the heat equation. This can be performed by the standard energy estimates in L? for
the heat equation, and we do not give the details. The convergence result for the microscopic
densities f., and f. is obtained, as in the preceeding section, by a suitable triangle inequality.
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A Proof of Lemma 4

We write F(3) = [, cosh(Bv) du(v) + [, sinh(Bv) du(v) = [, cosh(Bv) du(v), thanks to As-
sumption 2; hence F is even. The Laplace transform F is clearly C*° thanks to Lebesgue’s
differentiability Theorem, and so is G. We compute:

F(8)F"(8) —F'(8)*

G ==

and the Cauchy-Schwarz’ inequality yields

P (2 = ( [ vess(ov) du(v)>2 < ([ ewonan) ([ expionduto)) =23,

Thus G is nondecreasing. Now, assume that G'(8y) = 0 for some 3y € R. This means that we
are in the Cauchy-Schwarz’ equality case. A simple analysis shows that this is possible if, and
only if, v = 0 p-almost everywhere, and this is excluded by Assumption 3. Thus G is increasing,
and it remains to compute the limits of G at +00. Recall that

_ _ Jy(1 =) exp(Bv) du(v)
1-G(B) = [ exp(Bo) dalo) =

and that the maximum of the support of u is +1. Let o > 0. Thanks to the assumption on the
support of u, we know that u([1 —«/2,1]) > 0. First, we observe that

f[l—a,l](l —v) exp(fv) du(v)
Jy exp(Bv) du(v)

Then, for § > 0, we use the inequalities

/[_1,1_a[(1 — v) exp(Bv) dp(v) < 2 exp[(1 — )],
[ exp()dute) = [ exp(Ge) dute) = expl (1 - a/D)] L~ /2, 1),
1% [1—a/2,1]
and we deduce that
friafl=0) ep(B)dute) _
Joep@) du() = md—a/2 1)

holds for  greater than some () > 0. This shows that G(/3) tends to 1 as [ tends to +oc.
The other limit is computed in the same way, and the proof is complete.

exp(=Ba/2) < a

B Convergence to the heat equation

The solutions of (23) that are given by Theorem 2 satisfy the following estimate

sup |[p=(t) ||l Lo ®) < C,
>0, 130

sup &2 /R|jg(t,x)|2 de < C, (59)

e>0, t>0

+oo -
sup/ |Jo(t, x)|? dx dt < C'.
o Jr

e>0
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Furthermore, e.J, /p= takes values in some compact set [—n, 47|, independent of .
Let r be the solution to the heat equation (6) with initial data py. Following [17], we rewrite
the equation R
O(pe — 1) + 0x(J: +dOyr) =0,

as the divergence free (with respect to t,x) condition satisified by a stream function

Opze = pr — 1,
{ Or2e 1= —(jg + do,r). (60)

We normalize by choosing z.(t = 0) = 0. Then, we multiply the second equation in (23) by z.
and we obtain

//&J zgdde—// ,051[) 6— dr ze do dt = //J—l—d87‘ ) ze dx dt. (61)

Using (60), the right-hand side of (61) equals

2 T 2
[/zedx] :/de-
R2 0 R 2

Integrating by parts, the left-hand side of (61) equals

R T PR T T
22 [/ Tz dx}TJrgz/ /JE (T-+dd,r) dz dt—/ / (pz«z;(sf)—dr) ([)}—7’) dz dt. (62)
R 0 0 JR 0o JR Pe

The last term in the sum can be rewritten as

—d/OT/R\pz—r!z o dt—/OT/Rﬁewmre)—w<0))<p@—r>d:c dt

Recalling that ¢ (0) = d, ¢'(0) = 0, and using (59), it can be dominated by

T
—d//‘ﬁ}—rf dx dt + C €2,
0 JR

Moreover, the Cauchy-Schwarz’ inequality yields

- ~ 1
/52 Jo(T) z(T) dx§54/Jg(T)2 dx+/z€(T)2 dz .
R R 4 Jr

Therefore, we deduce from (61)-(62) the inequality

1 T
/ze(T)2 dx+d//\p;—r|2 d dt < C e
4 Jr 0 Jr

+é’ (”je||%2([o,ﬂxm) + ||jaHL2([0,T]xR)”daﬂ"HLZ([o,T]xR)) +&t /ng(T,x)Q dz. (63)

Using the uniform estimates (59), we deduce that

T
d//‘,é\g—r}2dxdt§052,
0o JR

and the constant is uniform with respect to 7. We can thus pass to the limit T" — 400 and
prove the first estimate of Theorem 3.
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