
q

q x d
dx q d

dq

q
q

∆ q

q
x q

q
x d
dx q d

dq

∆
∆



K
K K

q C∗

x !→ qx
x !→ x+1

∆

∆

•
∆

•

•

q

d
dx

d
dq q k(q, x)

k

θq(x) =
∑

n∈Z
qn(n−1)/2xn,

q y(qx) = qxy(x)

"q = x
θ′q(x)

θq(x)
δ = "q(x)x

d

dx
+ q

d

dq
.

δ
1 y(qx) = a(x)y(x) a(x) ∈ k(q, x)

• a(x) = µxr g(qx)
g(x) r ∈ Z g ∈ k(q, x) µ ∈ k(q)

• d
dx

• δ

Y (qx) = A(x)Y (x)
d
dx x"q

d
dx + q d

dq
GL

GL



(σ,∆) F σ
∆ = {∂1, . . . , ∂n} σ∂i = ∂iσ i = 1, . . . , n

(σ,∆) ∆ ∆ ∂ ∂ ∂ ∈ ∆ σ σ
(σ,∆) F (σ,∆) K = Fσ F

σ ∆ ∆ K ∆
∂1, . . . , ∂n K

K K
(σ,∆) F R F σ

∆
(σ,∆) (σ,∆) σ ∆

(σ,∆) (σ,∆)
∆

∆ F

F{X1, . . . , Xν}∆ := F
[
X(α)

i ; i = 1, . . . , ν
]
,

∂k(X
(α)
i ) = X(α+ek)

i ,

i = 1, . . . , ν k = 1, . . . , n α = (α1, . . . ,αn) ∈ Zn
≥0 α+ ek = (α1, . . . ,αk + 1, . . . ,αn)

∆ GLν(F ) ∆
Xi,j ij,= 1, . . . , ν

F

{
Xi,j , i, j = 1, . . . , ν;

1

det(Xi,j)

}

∆

:= F {Xi,j ; i, j = 1, . . . , ν}∆

[
1

det(Xi,j)

]
,

X (Xi,j) ∂α(X) ∂α1
1 · · · ∂αn

n (X) detX
det(Xi,j) ∆ F{X, detX−1}∆

F [X, detX−1] ∆ F U (σ,∆) R
F F{X, detX−1}∆ U ∆ U
∆

F
σ F σ K = Fσ

σ M = (M,Σ) F σ F F σ
F M σ Σ : M → M

Σ Σ(λm) = σ(λ)Σ(m) (λ,m) ∈ F ×M

σ MA := (F ν ,ΣA) ΣA : F ν → F ν Y !→ A−1σ(Y ) σ

σ(Y ) = AY, A ∈ GLν(F ) ν ∈ Z>0

ΣA σ(Y ) = AY
F e M σ σ(Y ) = AY

A ∈ GLν(F ) M ΣA

σ F F
F σ σ



F K K

σ MA

∆ := {∂1, ..., ∂n} F i = 1, ..., n σ ◦ ∂i =
∂i ◦ σ σ
∆

σ

σ(Y ) = AY
∆

σ ∆

∆

F (σ,∆) K = Fσ σ

σ(Y ) = AY,

A ∈ GLν(F )

(σ,∆) R F ∆

R (σ,∆) σ ∆

R ∆ Z ∈ GLν(R) 1
det(Z) Z

∆ F{X, detX−1}∆
(σ,∆) σ

∂i σ(X) = AX

σ(Xα) = σ(∂αX) = ∂α(σ(X)) = ∂α(AX)

=
∑

i+j=α

(
α1

i1

)
· · ·

(
αn

in

)
∂i(A)Xj ,

α = (α1, . . . ,αn) ∈ Nn R F{X, detX−1}∆ (σ,∆)
∆

K ∆

Rσ ∆ R K
σ F

∆ (σ,∆)

∆

K ∆

R ∆ σ
R

L R



Gal∆(MA) Autσ,∆(L/F ) L F
σ ∆ ∆ ∆

Gal∆(MA) K ∆ GLν(K)
GLν(K) ∆ K

{
X, detX−1

}
∆

∆

LGal∆(MA) L Gal∆(MA) F

H ∆ Gal∆(MA) LH = F H = Gal∆(MA)

∅ K
σ

∆ Gal∆(MA)
Gal∅(MA)

∆ R Gal∆(MA)
∆ σ

Gal∆(MA)

∆ R F ∆
Gal(MA)

∆ Gn
a ∆ L(Y1, ..., Yn)

a1, ..., an ∈ F S (σ,∆) F Sσ = K z1, ..., zn ∈ S
σ(zi) − zi = ai i = 1, ..., n z1, ..., zn ∈ S ∆ F

L(Y1, ..., Yn) K
f ∈ F L(a1, ..., an) = σ(f)− f

∆ = {∂1}

∆
∆ σ

∆ Gal∆(MA) K ∆

i = 1, ..., n Bi ∈ Mn(F )





σ(Y ) = AY
∂1Y = B1Y
· · · · · · · · ·
∂nY = BnY

Bi A

∂i(Bj) +BjBi = ∂j(Bi) +BiBj σ(Bj)A = ∂j(A) +ABj , i, j = 1, . . . , n



K ∆ C ∆ ∆ G ⊂ GLν

K ∆ ∆

• ∂h(Xi,j) h = 1, . . . , n i, j = 1, . . . , ν
G K{Xi,j ,

1
det(Xi,j)

}∆ GLν K

• G K
C

• G K ∆ C C

Gm K K{x, 1
x}∆

∆ x 1
x ∆ Gm(C)

K{x, 1
x}∆

(∂h(x);h = 1, . . . , n)
∼= C

[
x,

1

x

]
⊗C K,

C
[
x, 1

x

]
∆ ∆

H ∆ G ⊂ GLν(K)
K H = G P ∈ GLν(K) PHP−1

∆ PGP−1

Gal∅(MA)
∆ σ(Y ) = AY

(σ,∆) F σ F ∆ = {∂}
σ ∂

K
K ∆

σ K F
∂ σ K

∂

K = Fσ Θ ∂
k ∈ Z≥0 Θ≤k Θ k

S := K{X, 1
det(X)}∂ X = (Xi,j)

k ∈ Z≥0 Sk := K
[
β(X), 1

det(X) ; ∀β ∈ Θ≤k

]

∂(Sk) ⊂ Sk+1 S−1 = K

Ik Sk π1(Ik) Sk+1

Θ≤1(Ik) Ik Sk k ≥ 0 k
Ik−1 := Ik ∩ Sk−1 Sk−1 π1(Ik−1) ⊂ Ik

I0 S0

F (A0, A1, ..., Ak)/F ∂ F (A0, A1, ..., Ak−1) F (A0, A1, ..., Ak)
∂(Ai) = Ai+1 i = 0, ..., k − 1 Ik−1 F Sk =

F [X, ..., ∂k(X)] → F (A0, A1, ..., Ak) ∂i(X) !→ Ai

π1

π̃1



k ≥ 0 Ik Sk

Ik+1 Sk+1 Ik = Ik+1 ∩ Sk

σ(Y ) = AY σ F R ∂
σ(Y ) = AY K ∂ I R

R ∼=
F
{
X, 1

det(X)

}

∂

I
.

Ik := I∩Sk σ Sk σ
σ(X) = AX I σ S

∂ R
K (Ik)k∈N σ Sk ∪k∈NIk σ
S ∂ ∂ R# σ

K
∂

A ∈ GLν(F ) (σ, ∂) R# F

R# F ∂ Z ∈ GLν(R#) 1
det(Z) Z σ(Z) = AZ

R# σ σ

σ ∂ (σ, ∂) R#

∂

S = F
{
X, 1

det(X)

}

∂
X = (Xi,j) Sk

k ∈ N σ S σ(X) = AX
k ≥ 0 σ Ik Sk Ik

k Ik−1 = Ik ∩ Sk−1 k = 0 I0 σ S0 σ
S0/I0 σ(Y ) = AY

I1 S1 I1 ∩ S0 = I0 π1(I0) ⊂ I1
Ik+1 Ik−1 Ik Ik−1 Ik

Ik−1 =

tk−1⋂

i=0

J(k−1)
i

(
Ik =

tk⋂

i=0

J(k)i

)
,

J(k−1)
i J(k)i Sk−1 Sk

J(k−1)
i J(k)i σ

i = 1, . . . , tk j ∈ {1, . . . , tk−1} J(k)i ∩ Sk−1 = J(k−1)
j

i = 0, ..., tk J(k)i Sk

π1(J
(k)
i ) ∩tk

i=0π1(J
(k)
i ) σ Sk+1 σ

Ik+1 Sk+1 ∩tk
i=0π1(J

(k)
i ) σ Ik Ik ⊂ Ik+1∩Sk

Ik = Ik+1 ∩ Sk I = ∪k∈NIk σ
S ∂ R# := S/I

K ∂
e0, . . . , er ∈ R# R# = R0 ⊕ . . .⊕Rr Ri = eiR#

σ {R0, . . . ,Rr} Li Ri

L# R# L0 ⊕ . . .⊕ Lr

K̃ ∂ K F̃ K̃⊗K F σ
K̃ R# F̃ ∂

∂ S
(tk)k∈N



σ σ(Y ) = AY σ F̃

K

K = Fσ σ R# K

c ∈ R# σ k ∈ N
c ∈ Rk := Sk/Ik Rk σ F

σ Rk K

σ(Y ) = AY σ F R#

∂
K = F σ

Autσ,∂ : K ∂ −→
S !−→ Autσ,∂(R# ⊗K S/F ⊗K S)

∂ GA K GA

Gal∂(MA) K

∂ GA K

∂ F K
∂ ∂

∂

GA ∂ σ(Y ) = AY

∂ ∂
K ∂

∂ H GA ∂

H : {K ∂ } →{ }

K ∂ S H(S) GA(S) L#

R# H ∂ GA r = a
b ∈ L# a, b ∈ R# b

H K ∂ S h ∈ H(S)

h(a⊗ 1).(b⊗ 1) = (a⊗ 1).h(b⊗ 1).

L# H (L#)H

H ∂ H GA (L#)H = K H = GA

σ K F
Gal∆(MA) K ∆

GA K K
∂ K



F (σ,∆) ∆ = {∂1, . . . , ∂n} K = F σ

F = K(x1, . . . , xn) x1, . . . , xn

σ K(xi) i = 1, . . . , n
K̃ ∆ K F̃ K̃ ⊗K F σ

K̃ Gal∆(MA)
σ σ(Y ) = AY F

Gal∆(MA) K̃ ∆

B1, . . . , Bn ∈ Mν(F )

{
σ(Y ) = AY
∂iY = BiY, i = 1, . . . , n

σ K(xi) i = 1, . . . , n xi

F/K σ(xi) = qix
qi ∈ K σ(xi) = xi + hi hi ∈ K

F̃ K̃ σ
x1 r σr(x1) = x1

(T − x1)(T − σ(x1)) · · · (T − σr−1(x1))

K x1 x1 K
σ x1

x1, . . . , xn F̃ K̃
P ∈ K̃[T1, . . . , Tn] P (x1, . . . , xn) = 0

i0 = 1, . . . , n σ(xi) = qix i ≤ i0 σ(xi) = xi + hi i > i0
P Tα1

1 · · ·Tαn
n

P 1
P (q1T1, . . . , qi0Ti0 , Ti0+1 + hi0 , . . . , Tn + hn) x1, . . . , xn

qα1
1 · · · qαi0

i0
Tα1
1 · · ·Tαn

n

P (T1, . . . , Tn)− q−α1
1 · · · q−αi0

i0
P (q1T1, . . . , qi0Ti0 , Ti0+1 + hi0 , . . . , Tn + hn)

x1, . . . , xn P P
x1, . . . , xn K̃ F̃ = K̃(x1, . . . , xn)

Gal∆(MA) ∆ σ(Y ) = AY
σ F̃ B̃i ∈ Mν(F̃ )

{
σ(B̃i) = AB̃iA−1 + ∂i(A)A−1

∂i(B̃j) + B̃jB̃i = ∂j(B̃i) + B̃iB̃j
.

B̃i x

{
σ(Bi) = ABiA−1 + ∂i(A)A−1

∂i(Bj) +BjBi = ∂j(Bi) +BiBj
.

K̃
x

K K
K̃ K Bi ∈ Mν(F )

Bi ∈ Mν(F )
Gal∆(MA) K̃ ∆

∆ σ



F/K
σ(Y ) = AY σ F GA ∂ K

GA K̃ ∂

B ∈ Mν(F ) σ(B) = ABA−1 + ∂(A)A−1

{
σ(Y ) = AY
∂Y = BY

GA K̃ ∂ GA

Gal∂(MA) K̃ K̃ ∂
B ∈ Mν(F ) σ(B) = ABA−1 + ∂(A)A−1

Gal∂(MA) K̃ ∂
GA

q

q

k k(q) q k K
k(q) | | K q−1 k(q) | |

k[q] d ∈ R d > 1 |f(q)| = ddegq(f) f ∈ k[q]
k(q) |q| > 1

| | (C, | |) (K, | |)
Mer(C∗) C∗ := C " {0} | |

C∗ CE

C∗/qZ Mer(C∗) q σq : f(x) !→ f(qx)
δq = q d

dq k(q) | |
K | | C

Mer(C∗) δqx = 0 δx = x d
dx Mer(C∗)

{
δx ◦ σq = σq ◦ δx;
δq ◦ σq = σq ◦ (δx + δq).

σq

"q(x) =
δx(θq)

θq

θq(x) =
∑

n∈Z
q−n(n−1)/2xn.

|q| > 1 θq C∗

q
θq(qx) = qxθq(x),

"q(qx) = "q(x) + 1 σqδx ("q) = δx ("q) δx("q)

Mer(C∗)

{
δx,
δ = "q(x)δx + δq.

σq



δx δ

δ ◦ σq(f(q, x)) = ["q(x)δx + δq] ◦ σq(f(q, x))

= σq ◦
[(
"q(q−1x) + 1

)
δx + δq

]
f(q, x)

= σq ◦ ["q(x)δx + δq] f(q, x)

= σq ◦ δ(f(q, x)).

δx δ Mer(C∗) CE Mer(C∗)

Mer(C∗)δx,δ Mer(C∗) δx δ k
k C

Mer(C∗)
δx C C δ

Cδq C δq | | k
Cδq k C

[δx, δ] = δx ◦ δ − δ ◦ δx = δx("q(x))δx,

(δx, δ) C̃E CE σq

C̃E (δx, δ) σq C̃E δx
δ

h ∈ C̃E

δ(h) = δx("q(x))h,

{
∂1 = hδx;
∂2 = δ = "q(x)δx + δq.

σq

"q(qx) = "q(x) + 1 δx("q(x)) ∈ CE h

1 CE h ∈ C̃E σqh = h
σq ◦∂i = ∂i◦σq i = 1, 2 ∂1◦∂2 = ∂2◦∂1

h S := CE{y, 1
y}δx

S δ

δ(δnx (y)) = δn+1
x ("q)y

n ≥ 0 δx ◦ δ = δx("q(x))δx + δ ◦ δx δ S
δx δ CE S M (δx, δ) S

S/M (δx, δ) CE

L S/M L (δx, δ) CE

δ(y) = ∂x("q(x))y C̃E (δx, δ) CE h ∈ C̃E

δ(h) = δx("q(x))h

∆ = {∂1, ∂2} "q(qx) = "q(x) + 1 σq ∆

σq∂1("q(x)) = ∂1("q(x)), σq(∂2("q(x))) = ∂2("q(x)),

∂i("q(x)) ∈ CE i = 1, 2 CE(x, "q(x)) Mer(C∗)

(σq,∆) σq C̃E (σq,∆) C̃E(x, "q(x))

CE(x, "q) C̃E CE C̃E(x, "q(x))

∆ C̃E



∆ q

q
σq(Y ) = A(x)Y A ∈ GLn(C(x))

Gal∆(MA) (σq,∆) C̃E(x, "q)

C̃E q
δx δq

∆ C̃E

C̃∆
E ∆

CE(x, "q) CE

∂2 Gal∂2(MA) (σq, ∂2) C̃E(x, "q)

q

Y (qx) = A(x)Y (x), A ∈ GLν(CE(x, "q))

∂2 Gal∂2(MA)
CE CE CE

CE(x, "q) C∗

U ∈ GLν(Mer(C∗)) U
C∗ C∗/qZ

(σq, ∂2) RMer := CE(x, "q){U,detU−1}∂2 ⊂ Mer(C∗)
(σq, ∂2) U detU−1 Rσq

Mer = CE

CE ⊂ Rσq ⊂ Mer(C∗)σq = CE .

RMer (σq, ∂2) ∂2

Autσq,∂2(RMer/CE(x, "q)) CE ∂2 GCE

CE GCE ⊗CE CE
∼= Gal∂2(MA)

x d
dx

a1, ..., an ∈ CE(x, "q) S ⊂ Mer(C∗) (σq, ∂2) CE(x, "q)
Sσq = CE z1, ..., zn ∈ S σ(zi) − zi = ai i = 1, ..., n z1, ..., zn ∈ S

∂2 CE(x, "q)
L(Y1, ..., Yn) CE f ∈ CE(x, "q) L(a1, ..., an) = σ(f)− f

L
L(z1, ..., zn) − f σq CE ∂2
z1, ..., zn S RMer

σqY = AY A

A = diag

((
1 a1
0 1

)
, . . . ,

(
1 an
0 1

))
.

σqY = AY

U = diag

((
1 z1
0 1

)
, . . . ,

(
1 zn
0 1

))
∈ GL2n(Mer(C∗)).

Autσq,∂2(RMer/CE(x, "q)) ∂2 (CE ,+)n

L(Y1, ..., Yn) CE Autσq,∂2(RMer/CE(x, "q))
L (CE ,+)n f = L(z1, . . . , zn)

f ∈ CE(x, "q) L(a1, . . . , an) = σq(f)− f



∂2 q y(qx) = qxy(x)
θq(qx) = qxθq(x)

θq ∂2 CE(x, "q)
a1, ..., am ∈ CE f ∈ CE(x, "q)

m∑

i=0

ai∂
i
2

(
∂2(qx)

qx

)
= σq(f)− f.

∂2(qx)

qx
= "q + 1 = σq

(
1

2

(
"2q + "q

))
−

(
1

2

(
"2q + "q

))

σq

(
2
∂2(θq)

θq
−
(
"2q + "q

))
= 2

∂2(θq)

θq
− ("2q + "q).

2
∂2(θq)

θq
− ("2q + "q) = 2

δq(θq)

θq
+ "2q − "q

Gal∂2(Mqx) ⊂
{
∂2(c)

c
= 0

}
.

2δqθq = −δ2xθq + δxθq

2
δqθq
θq

+ "2q − "q = −δx("q).

δx("q) ∂2 θq

q

q q y(qx) = a(x)y(x)
a(x) ∈ k(q, x) a(x) 0= 0

u y(qx) = a(x)y(x) a(x) ∈ k(q, x)

a(x) = µxr g(qx)
g(x) r ∈ Z g ∈ k(q, x) µ ∈ k(q)

u δx CE(x, "q) C(x)

u ∂2 CE(x, "q)

C k(q) δx CE(x, "q) C(x)
CE("q) δx C(x)

u y(qx) = a(x)y(x) a(x) ∈ k(q, x)
u ∂2 CE(x, "q)

a(x) = µxr g(qx)
g(x) r ∈ Z g ∈ k(q, x) µ ∈ k(q)

θ̃(q, x) := θq(q1/2x) 2δq θ̃ = δ2xθ̃
q = exp(−2iπτ) x = exp(2iπz)



f(x) ∈ k(q, x) a(x) = ã(x) f(qx)f(x) ã(x)

α ã(x) qnα ã(x)
n ∈ Z" {0} u u

f(x) a(x) = ã(x) a(x)

a(x) = µxr
s∏

i=1

(x− αi)
li ,

µ ∈ k(q) r ∈ Z l1, ..., ls ∈ Z i = 1, ..., s αi

k(q) qZαi ∩ qZαj = ∅ i 0= j y(qx) = a(x)y(x)
∂2 f ∈ CE(x, "q) a1, ..., am ∈ CE

m∑

i=0

ai∂
i
2

(
∂2(a(x))

a(x)

)
= f(qx)− f(x).

am = 1

∂2(a(x))

a(x)
=

∂2(xr)

xr
+

δq(µ)

µ
+

s∑

i=1

∂2(x− αi)li

(x− αi)li
,

∂2(xr)

xr
= r"q(x) =

(r
2
("2q − "q)

)
(qx)−

(r
2
("2q − "q)

)
(x), "2q − "q ∈ CE(x, "q)

δq(µ)

µ
=

(
δq(µ)

2µ
"q

)
(qx)−

(
δq(µ)

2µ
"q

)
(x), δq(µ)

2µ "q ∈ CE(x, "q)

y(qx) = a(x)y(x) ∂2
h ∈ CE(x, "q)

m∑

j=0

aj∂
j
2

(
s∑

i=1

li(x"q(x)− δq(αi))

(x− αi)

)
= h(qx)− h(x).

y(qx) = a(x)y(x)
∂2 CE(x, "q) a(x) = µxr

i = 1, . . . , s j = 0, . . . ,m ∂2"q(x) ∈ CE

∂j
2

(
li(x"q(x)− δq(αi))

(x− αi)

)
=

li(−1)jj!(x"q(x)− δq(αi))j+1

(x− αi)j+1
+

hi,j

(x− αi)j
,

hi,j ∈ CE ["q]

x CE("q) f(x) =
∑m

j=0 aj∂
j
2

(∑s
i=1

li(x'q(x)−δq(αi))
(x−αi)

)

x CE("q) f(x)
1

(x−αi)
li(−1)m(m!)(x'q(x)−δq(αi))

m+1

(x−αi)m+1

h(x)
h(qx) s ∈ Z∗ 1

(qsx−αi)m+1

h(qx) − h(x) αi a(x)
qZαi ∩ qZαj = ∅ i 0= j

q y(qx) = a(x)y(x) a(x) = µxr g(qx)
g(x) ∈ k(q, x)

y(x) = θq(µx/q
r)

θq(x)
θ(x)rg(x) ∈ Mer(C∗)



x q

Y (qx) = AY (x) q A ∈ GLν(C(x, "q)) ∆ = {∂1, ∂2}

∆ Gal∆(MA) Y (qx) = AY (x) ∆
B1, B2 ∈ Mν(CE(x, "q))






σq(Y ) = AY (x)
δxY = B1Y
∂2Y = B2Y

σq(B1) = AB1A−1 + δx(A).A−1,

σq(B2) = AB2A−1 + ∂2(A).A−1,

∂2(B1) +B1B2 + δx("q)B1 = δx(B2) +B2B1.

B1, B2 ∈ Mν(C̃E(x, "q))






σq(Y ) = AY (x)
∂1Y = hB1Y
∂2Y = B2Y

• x "q CE

• σq(x) = qx σq("q) = "q + 1

CE(x, "q) ⊗CE
C̃E = C̃E(x, "q)

q q

Y (qx) =

(
λ η
0 λ

)
Y (x),

λ, η ∈ k(q, x) y(qx) = λy(x) ∆

λ = µxr g(qx)
g(x) r ∈ Z g ∈ k(q, x) µ ∈ k(q)

λ = µxr ∆ y(qx) = λy(x) ∆ µ ∈ k(q)
q µ ∈ qZ µ = qs s ∈ Z y(qx) = λy(x)

y(x) = xs−rθq(x)
r.

y(qx) = µxry(x), δxy = b1y, ∂2y = b2y,

b1 =
δx(y)

y
, b2 =

∂2(y)

y
.

µ = qs ∈ qZ b1 = r"q(x)+s−r ∈ CE(x, "q(x)) µ b2 ∈ CE(x, "q(x))

σq

(
∂2(θq(x))

θq(x)

)
= ("q(x) + 1) +

∂2(θq(x))

θq(x)
,



∂2(θq(x))

θq(x)
=

"q(x)("q(x) + 1)

2
+ e(x), e(x) ∈ CE

B1 =

(
b1 α(x)
0 b1

)
, B2 =

(
b2 β(x)
0 b2

)
∈ M2(CE(x, "q)),

q ∆
α(x),β(x) ∈ CE(x, "q)

• δx(η) = rη + (α(qx)− α(x))µxr

• δq(η) =
δqµ
µ η + (β(qx)− β(x) + "q(α(qx)− α(x)))µxr

• ∂2(α(x)) + δx("q)α(x) = δx(β(x))

p dY
dx = GY

q σq(Y ) = AY






σq(Y ) = AY
dY
dx = GY
dY
dq = 0

.

CE("q, x) Mer(C∗)

q q
p

D q



σδ

p q

p

q

∂
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