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� U��)L��;U�[c�GSVLT�VX�� ¾ SVLYU-�;LT[©¿oÀ4Â�Ã SVR�� � «$X^M^X^H$HJSnÄnÅ��u�¼��Æ�À�Å��n±WK$X-I%U�R [\X^LYX��®�
��SiRYL���¯%�;X^M�µ ¨ SVLT�VX��	RTI%K � MZS � [$SVK\Ó5HJI%K$L�¯®I%RYLTS�[\X � H°I%U$X^Q$X^M^X^RT����¯®I � QJI%U � ��I%U � SVX^M �
SVR�¯®I%RYLTS � I%K$RYXZSVU ��I%U � R��;UWR�µ ¨ SVLT�VX�� ¾ SVLYU-�;LT[ HJI%K$L � I%U0H$MÌ�;X � X^L��©H-�;LYR����®SVL � S �
��I%U$U-�;X �T� �;U���S � �WRTI%K%��I%K$L � H$L��VR �"!�X^��H$LTI�¯yX � SVL$#�K$U}H°SVRYX^R>��I%K$L � [$SÁ�c�;RY«&% ¨ SVLT�VX� � «$X^M^X^H$H°S � �;U � ±WK$X���S�U*O �;K$L��;X H°SVK$R(')�VRYLTSn�T�;�c�;X � SVUWRTSVU�[\K H-�;LYMZSVL�[$S+* ¨!¨ SVR
±�K$X�U*O ��H-� � [�OP�,���;M*H°I%K$L�M�OPI%L-���;U$X � �;RYXZI%U5[$S_��I%M^MÌ�;QJI%L��;RYXZI%U � µ� U.�)L��;U�[]�GSVLT�VX��;K �T� X/�10'MZI%LTSVU���S32�Â*À���SVR4�G²oU$U�S5'76yI%H$«$XZS�Ù��'�98'Â*Å$Î0±�K$X
I%U�Ro��I%U � �%�VLT��Q°S��;K���I%K$H![$S�RTSV��H � �;K!��I�'?SVU����%[\LTSV�GSVU�Rn[$S���S�RYL���¯%�;X^M'SVRo±WK$X*I%U�R
��I%K��nK$U:�)L��;U�[]L�;%MZS_[��;U �N� ��LT���;M^X � �;RYXZI%U*µ
Ö®S � I%K$«-�;X^RTSo¯yX^¯®SV�GSVU�R LTSV�GSVLT�VXZSVL<0$L��;U>=�I%X � Ôn�@?r�'�BA�Ú*Å H°I%K$L � I%UcX^U��VLTI¼×��;Q$MZS

[\X � H°I%U$X^Q$X^M^X^RT�cSVR � I%U�X^U��VH$K$X � �;Q$MZScSVUWRY«�I%K � XÌ� � �GScMZI%L � ±�K*O X^M � O ���)X^R�[$S�[\X � �VK$RTSVL�[$S
�GIW[$�VM^X � �;RYXZI%U*µ
Ö®S�LTSV�GSVLT�VXZS�6yI%H$«$XZSDC°�JÚ*Õ-�\ÎJÚDHJI%K$L � I%U3X^U�¯®S � RYX ��� SV�GSVU�R§[��;U � MÌ� ¯WXZS�[\K�)LTI%K$H°S [$S}RYL���¯)�;X^M4E9F)GHFJILKMFJIJNPOHQ"RPQSK+EUTVNPOHQ�W�XVQSK1Y�IJZM[JZV\]IJN^OHQSKcSVR�[\K`_r�;QJI%L��;RTI%X^LTSa GHFJb�T�c�GHFJIJNPOHQVdfegWPh)ZMi-c�GHFJIJNPOHQ&QjF4k4T�W�ZMclQ¼µ ¨ SVLT�VX��;K ��� X�H°I%K$L�MÌ� Ë �;M^Xnm I%LYU$XZSo%
Ö®S_RYXZSVU � ��LTSV�GSVLT�VXZSVL Ë «$LYX � RYXÌ�;U Íi��Â�Î��zÅ�À SVRe²oMÌ�;X^U�Ñ��Ì��À��'±WK$XrI%U�R��%����SVH$RT�

[�Op�VRYLTSoMZS � L��;H$HJI%LYRTSVK$L � [$SÁ��SVRYRTSÁRY«�ª � S)µyÖ®SoLTSV�GSVLT�VXZS��;K �T� X Ë «$LYX � RYXÌ�;U � µ\Ôn�'Õ4Å-À®Î
SVR Ë MÌ�;K�[$S�Ù�Ú*Å�ÀrÃÁÅ��_HJI%K$LNMZSVK$L�H-�;LYRYXZ�VX^H-�;RYXZI%U��;K���K$LY×®µ� U X^���GSVU � S]�GSVLT�VXq��M�OPSVU � SV�iQ$MZS5[$S � �GSV��Q$LTS �sr H$LT� � SVU�R � SVRGH-� �T� � �ut [$S �
MÌ�;Q°I%L��;RTI%X^LTS � a GHFJb�T�c�GHFJIJN^OHQVd�egWPh)ZMi-c�GHFJIJNPOHQ"QjF1kvT�W�ZMclQ�SVRwE9F)GHFJILKMFJIJNPOHQ"QjF1k4TuxW�ZMclQSKr±WK$X)�]OPI%U�R'�%���VK�SVX^M^M^Xy[\K$L��;U�R'��S � RYLTI%X � �;U$U���S � �;X^U � X�±WK�S MZS � �;K$RYLTS � �GSV�iQ$LTS �
[\K"�)LTI%K$HJS&E9F)GHFJILKMFJIJNPOHQyRPQSK<EUTVNPOHQ�W�XVQSKzY�IJZM[JZV\]IJNPOHQSK�µ ¨ SVLT�VXJU�I%U � SVK$MZSV�GSVUWR�H°I%K$L
M�OPSVU�¯yX^LTI%U$U�SV�GSVU�R � �VXZSVU�RYXn{-±WK�S_RYLTª �Á� RYX^��K$MÌ�;UWRÁ�c�;X � �;K ��� X*HJI%K$L�M�O �;��Q$XÌ�;U���Si¯WL��;Xn'
�GSVU�RoS�Ó$��SVH$RYXZI%U$U�SVM^MZSo%
¨ SVLT�VX�� RTI%K � MZS � �;K$RYLTS � ��¯®S��c±WK$X*��O �;X SVK0MÌ�©��«-�;U���S	[$S�RYL���¯%�;X^M^MZSVL�HJSVU�[��;U�R

�c�eRY«�ª � S)µ ¨ SVLT�VXf�4|"¯®S � [�O~}_Â*Õ°Å>��Î��@��� Ë MÌ�;K�[$SoÙ�Ú*Å�ÀrÃÁÅ��]�]_�K�[$I¼¯WXZ�&�n�rÎJÎ�À�Å$Î
SVR�� MZIy[\XZS�Í�Â*�����®�JÂ'ÃoÅ H°I%K$L �]O ��¯®I%X^L�X^U$X^RYXZ���;K\Ó}H$LTI%Q$MZªV�GS � [$SÁMÌ�iH$LT��[\XZ�VRYXZI%U][$S�®ªVU�S � ��«�S,�eMZS � SVK����;LY×®I%RTS � µ ¨ SVLT�VX����_�;RYXÌ��2 ��À�À4���J�J�0SVR � «$X^M^X^H$HJSiÍ�Â*Å�À4�°ÚrÅJµ¨ SVLT�VX$�;K\Ó�Q$K$M����;LYXZ�VXZSVU �zr Q$K$M����;LYXZ�VX � RTS �f��t ¨ �)�;LYRTSVU1�®�@�.?rÅ©Í�Â*�JÚ�Î�Å�SVR�6WRT�VH$«-��'
U$XZS�¿ÁÅ>�J��Â�? µ ¨ SVLT�VXr�;K\Ó � �;®SVX � RTS � 6WRT�VH$«-�;U�S3�nÚ����z�W���'Â��U6yI%H$«$XZS�ÄnÅ\��Â��\�z�W�_SVR� �VLTI%U$XZ±WK�S�2 ��À®Î����<µ ¨ SVLT�VX*SVU���I%LTS��w6WRT�VH$«-�;U�S_HJI%K$L��]O ��¯®I%X^L$m �;X^RN[$����I%K$¯yLYX^LNMÌ�
L��;U�[$I%U$U���SG[��;U � MZS � ²ÁM^H°S � µ ¨ SVLT�VX�� ¨ �;LYXÌ�;���TÕ°À°��Ú*� Ã&�*ÏoI���SVU Íi�'À�?-�@� SVR&�� X^U���SVUWRyC-�/�*�JÚ*���_[$S_MZSVK$LNX^U�RT�VL��VRNHJI%K$LNM�OP�VRYK�[$S_[$S � H°SVRYX^R � �®ªVU�S � µ
¨ SVLT�VX>SVU^{�U��]RTI%K � ��SVK\Ó ±WK$X"�]OPI%U�R � I%K$RTSVU�K HJSVU�[��;U�R���S � RYLTI%X � �;U$U���S � SVR
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H-�;LYRYXZ�VK$M^XZªVLTSV�GSVUWR§MZI%L � [$S � [$SVLYU$XZSVL � �GI%X � µ � I%K$L:=�� SVU���I%LTS�� �GSVLT�VX�� RTI%K � MZS �
�GSV�iQ$LTS � [$S � [$SVK\Ó MÌ�;QJI%L��;RTI%X^LTS � µ ¨ SVLT�VX&�D0$LTS�[�� ¨ �;LT�������;K$RY«$XZSVLM��²oMZS�Ó\X � SVRË I%LYX^U$U�S)µ ¨ SVLT�VX ��´ÁX^M � � ¾ LYXZSVK��_SVRN´ÁXZ��I%MZS)µ
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_*S � �GIy[$ªVMZS � [$Si�T«-�u¬ZU�S � [$S ¨ �;LY®I�¯]���%�T«���S �3r * ¨5¨ t m I%U�RoH-�;LYRYXZSi[$S � H$LYX^U^'
�VX^H-�;K\Ó	�GIy[$ªVMZS ��� R��;RYX � RYXZ±WK�S � K$RYX^M^X � � � H°I%K$L M�O �;U-�;M^× � Sn[$S � � ��±�K�SVU���S � [�OP²e³n´iµ Ë S
RYL���¯)�;X^M���HJI%LYRT� � K$LNMÌ����X � S��;K]HJI%X^U�RoSVRNM�O K$RYX^M^X � �;RYXZI%U![�O �;H$H$LTIy�T«�S � [�OPS � RYX^�c�;RYXZI%U
U�I%U � K$H°SVLY¯yX � ��S�[$S���S � �GIW[$ªVMZS � µJ³�O K$U�S��c�;U$XZªVLTS1�®�VU��VL��;MZS�����S � �;H$H$LTIy�T«�S � H$LT�5'
� SVU�RTSVUWRNM�O X^U�RT�VL��VRo[$SnHJI%K$¯®I%X^L��GSVRYRYLTS_SVU]�V¯yXZ[$SVU���S�[$SnU�I%K$¯®SVM^MZS � ���;L��%�VRT�VLYX � RYXZ±WK�S �
[$S �N� ��±WK�SVU���S � µ��*LTI%X � [$I%�c�;X^U�S � [�O �;H$H$M^XZ���;RYXZI%U![$S � * ¨!¨ H°I%K$L�M�O X^UWRTSVLYH$LT�VR��;RYXZI%U
[$S � �®�VU�I%�GS � Q-�%�VRT�VLYXZSVU � I%U�RÁ�VRT�_�;QJI%LT[$� � [��;U � ��SVRYRTS�RY«�ª � S)µ_*S]H$LTSV��XZSVL [$I%�c�;X^U�S�S � RcM�O K$RYX^M^X � �;RYXZI%U [�O K$U * ¨!¨ H°I%K$L	MÌ� � S,�)�GSVUWR��;RYXZI%U
[$S ��� ��±WK�SVU���S � SVU0LT�,�)XZI%U � [$SG��I%��HJI � X^RYXZI%U «�I%�GI��®ªVU�S)µ@_"O �;H$H$LTIy�T«�S � OPS � R_�GI%U^'
RYLT��S]�%[��;H$RT��S.�!M�O XZ[$SVU�RYXn{-���;RYXZI%U [$S � RYL��;U � m SVLYR � �®�VU��VRYXZ±�K�S � «�I%LYX���I%U�R��;K\Ó � K$L�MZS
�T«$LTI%�GI � I%�GS�[$S3YzGBX�I�[�[ O�KyKMO	�^FJI�[�ILK�µJÒ M^MZS�� �;K �T� X'H°SVLY��X � [$S�LT�V¯®�VMZSVL_[�O �;K$RYLTS � U$Xn'
¯®S��;K\Ó [�O «��VRT�VLTI��®�VU��VX^RT� � M^XZ� � �;K\Ó H$LTI%H$LYXZ�VRT� � Q$XZI%MZI��)XZ±WK�S � [$S � �®ªVU�S � µ_*S � S���I%U�[�[$I%�c�;X^U�S�S � RnMÌ�}H$LT��[\XZ�VRYXZI%U [$S3�®ªVU�S � µ � U�MZI��)XZ�VXZSVM"[$S�H$LT��[\XZ�VRYXZI%U
[$S3�®ªVU�S � m I%U�[$� � K$L�M�OPS � RYX^�c�;RYXZI%U�� � �;U � ��I%U � RYX^RYK$RYXZI%U [�O K$U SVU � SV�iQ$MZSc[�O �;H$H$LTSVU^'
RYX �T� ���®S��*[$S � H-�;L��;�GªVRYLTS � [�O K$U * ¨!¨ �]�VRT�G[$�V¯®SVMZI%H$H°�)µ�
?M H$LT� � SVU�RTS}�;K �T� X"M�OPI%LYXn'�)X^U-�;M^X^RT�i[�O � �T� IW�VXZSVLÁK$U�S��GS � K$LTS�[$S���I%U^{4�;U���S��;K\Ó]H$LT��[\XZ�VRYXZI%U � µ�6yS � H$LT��[\XZ�VRYXZI%U �
� I%U�R�[$SnRYLTª � QJI%U}U$X^¯®S��;K]SVR�MÌ�i�GS � K$LTS�[$Sn��I%U^{4�;U���S�LT�V¯®ªVMZS�[$SnU�I%�iQ$LTSVK\Ó}HJSVRYX^R �� Ï$0 r��� Q�W��&Q5GBR]I�W^\��PiuG�clQ t [$I%UWR�MZS � H$LTI%H$LYXZ�VRT� � [$So��I%��HJI � X^RYXZI%U}LTS �T� SV��Q$MZSVUWR�G��SVM^MZS � [$S � �®ªVU�S � µ � U�S���I%U^{�LY�c�;RYXZI%U�H-�;Ln��I%��H-�;L��;X � I%U�[$S&�®�VU�I%�GS � [$S�MÌ�GU-��'
RYK$LTS���IW[��;UWRTS_[$S_��S � � Ï$0 ���VRT�nLTS���«�SVLT�T«���S)µ Ë «�S,��Y��^KMO	�^FJI�[�ILKM�$SVM^MZS_����I%U�[\K$X^R4�
H$LTI%H°I � SVL>K$U�SÁRYLTSVU�R��;X^U�Sn[$SoHJSVRYX^R � �®ªVU�S � [$SÁR��;X^M^MZSeX^U^mw�VLYXZSVK$LTSq���)�i�%�VXZ[$S � �;��X^U�� �
±�K$X � O �u�YI%K$RTS&��MÌ��¯yX^UP�)R��;X^U�S_[$S�HJSVRYX^R � �®ªVU�S � ��I%U$UWK � Q$XZI%MZI��)XZ±WK�SV�GSVU�R�µ_*SÁRYLTI%X � XZªV�GSÁ[$I%�c�;X^U�Se��I%U���SVLYU�SeMÌ��LTS���«�SVLT�T«�S�[$SÁ�GI%RYXnm � [$S � X^RTS � [$S${$Ó$�;RYXZI%U
[$S M�OP²ÁÏÁ´�HJI%M^×W�G�VL�� � S)µ Ë S � �GI%RYXnm � � I%UWR ��I%U � RYX^RYK�� � [$S�[$SVK\Ó�QJI;¬ZRTS �"� �VH-�;LT��S � H-�;L
K$U�S_[\X � R��;U���S_¯)�;LYXÌ�;Q$MZS��c�;X � ��I%U�RYL��;X^U�RTS)µ � U5�;M��®I%LYX^RY«$�GS ¨ Ë ¨ Ë r ¨ I%UWRTS5' Ë �;LYMZI
H-�;L_�T«-�u¬ZU�S � [$S ¨ �;LY®I�¯ t [$S � �VMZS��VRYXZI%U Q-��×®� � XZSVU$U�S	[$S��GIW[$ªVMZSc� �VRT��[$�V¯®SVMZI%H$HJ�
H°I%K$L�LT�VH°I%U�[\LTSq�_MÌ��±�K�S � RYXZI%U}[$�VM^XZ���;RTSn[\K	��«�I%X Ó	[�O K$U}�GIW[$ªVMZSn�%[��;H$RT�)µ Ë SVR �;M��®I�'
LYX^RY«$�GS�[$�VRTSVLY��X^U�S � X^��K$M^R��;U��V�GSVU�RM�°MÌ��R��;X^M^MZSi[$S_�T«-�%�VK$U�Si[$S � QJI;¬ZRTS � �$MZS � K$H$H°I%LYR
[$S MÌ��[\X � RYLYX^Q$K$RYXZI%U [$S MÌ�0[\X � R��;U���S � �VH-�;L��;UWRcMZS � [$SVK\Ó�Q°I;¬ZRTS � �"SVR�M�OPI%LT[\LTS]�c�;L('
®I�¯yXZSVU�[\K��GIy[$ªVMZS [$S}��I%��HJI � X^RYXZI%U [$S ��� ��±WK�SVU���S � SVU�[$SV«�I%L � [$S � QJI;¬ZRTS � µ@_*S �
�GIW[$ªVMZS ��� �VMZS��VRYXZI%U$U�� ��� I%U�R�SVU0�%����I%LT[0��¯®S���MZS � [$S � �VLYX^H$RYXZI%U � [$S��GI%RYXnm � ��I%U$UWK � µ� R��;U�Re[$I%U$U��_M�OPSVU%�YSVK§±�K�S_LTSVH$LT� � SVU�RTSiMÌ��LTS��T«�SVLT��«�Si[$S_�GI%RYXnm � ��M�O �;M��®I%LYX^RY«$�GS�H$LT�5'
� SVU�RT�§XZ�VXoHJI%K$LcMÌ� ��X � S§SVU��nK$¯WLTS5[$S]M�O �;H$H$LTIy�T«�S!Q-��×®� � XZSVU$U�S![$S � �VMZS��VRYXZI%U [$S
�GIW[$ªVMZS � SV�iQ$MZS_RYLTª � H$LTI%�GSVRYRTSVK$L�µ
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�)µ^� ¨ �%�VLTI%�GI%MZ���VK$MZS � Q$XZI%MZI��)XZ±WK�S � ¦ ²e³n´ �$²eÏo´ SVRNH$LTI%RT�VX^U�S � µ_µ�µ�µ /

�)µ^�)µ^� ´n�;RYK$LTS_�T«$X^��XZ±WK�S�[$S � �c�%�VLTI%�GI%MZ���VK$MZS � Q$XZI%MZI��)XZ±WK�S � µ�µ�µ �
�)µ^�)µ � 6y��±WK�SVU���S � ¦ M�O X^U^m I%LY�c�;RYXZI%U:�®�VU��VRYXZ±WK�S µ�µ_µ�µ_µ_µ�µ_µ�µ�µ 0

�)µ � 6y��±WK�SVU>=����®S�SVRo�;U-�;M^× � S_[$S � �®�VU�I%�GS � µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ ���
�)µ �\µ^� _r��Q$XZI%MZI��)XZS��:!i«-�;K$Ro[$�VQ$X^Rv# µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ ���
�)µ �\µ � ²ÁU-�;M^× � S�[$S � �®�VU�I%�GS � SVR�Q$XZI%MZI��)XZS��GI%MZ���VK$MÌ�;X^LTS&I�W:K-I�[�IJXVZ µ �) 

�)µ   ¨ IW[$�VM^X � SVL�MZS �o� ��±WK�SVU���S � µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �)�
�)µ  \µ^� Ò<Ó$SV��H$MZS � X^UWRYLTIW[\K��VRYXnm � µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �)�
�)µ  \µ � _*S � �GIW[$ªVMZS � H$LTI%Q-�;Q$X^M^X � RTS � SVR�MZSVK$L � K$RYX^M^X � �;RYXZI%U � µ�µ_µ�µ�µ  �/
�)µ  \µ   � SVL � MZS � �GIW[$ªVMZS � [$S ¨ �;LY®I¼¯ ���%��«�� � µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ  10
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�\µ^� _*S_�GIW[$ªVMZS_[$S���«-�u¬ZU�S � [$S ¨ �;LY®I�¯©���%��«���S � µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ=/1/

�\µ^�)µ^� ³n�5{�U$X^RYXZI%U � SVR�U�I%R��;RYXZI%U � µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ=/1/
�\µ^�)µ � � L��;X � SV�iQ$MÌ�;U���S�[$S � [$I%U$U���S � ��I%��H$MZªVRTS � SVR*H$LTI%H$LYXZ�VRT� � [�O X^U^'

[$�VHJSVU�[��;U���S���I%U�[\X^RYXZI%U$U�SVM^MZS µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ=/?>
�\µ^�)µ   ¨ IW[$ªVMZS � SV��Xn'��c�;LY®I�¯yXZSVU5���%�T«��iSVRo�;K$RYLTS � �®�VU��VL��;M^X � �;RYXZI%U � /��

�\µ � ÏÁS���I%U � RYLYK��VRYXZI%U5[\K]��«�SV��X^U5���%�T«��iµ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �\�
�\µ �\µ^� _"O �;M��®I%LYX^RY«$�GS�[$S � X^RTSVLYQ$X µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �)�
�\µ �\µ � _"O �;M��®I%LYX^RY«$�GS h)ZMi5@�G�i,R x �]GBXBAC@@G�i,R µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �) 
�\µ �\µ   6WX^��K$MÌ�;RYXZI%U�[\K]�T«�SV��X^U!���%�T«�� µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �1>

�\µ   Ë �;MZ�VK$Mr[$S_MÌ��¯WL��;X � SV�iQ$MÌ�;U���S�[$S � [$I%U$U���S � X^U���I%��H$MZªVRTS � µ_µ�µ_µ�µ�µ �1>
�\µ / Ò � RYX^�c�;RYXZI%U5[$S � H-�;L��;�GªVRYLTS � µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �+D

�\µ /�µ^� Ò � RYX^�c�;RYXZI%U � K$L�MZS � [$I%U$U���S � ��I%��H$MZªVRTS � µ�µ_µ�µ_µ_µ�µ_µ�µ�µ �10
�\µ /�µ � Ò � RYX^�c�;RYXZI%U � K$L�MZS � [$I%U$U���S � X^U���I%��H$MZªVRTS � µ_µ�µ_µ_µ�µ_µ�µ�µE>) 

�\µ � 6y�VMZS��VRYXZI%U![$Sn�GIW[$ªVMZS�µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µE>10
�\µ �\µ^� _*S_[$�VM^XZ���;RÁH$LTI%Q$MZªV�GS_[$S�MÌ� � �VMZS��VRYXZI%U5[$S��GIW[$ªVMZS µ�µ_µ�µ�µFD%�
�\µ �\µ � _"O �;H$H$LTIy�T«�SiQ-��×®� � XZSVU$U�S µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µFD% 
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�\µ �\µ   �"�T«-�;UWRYX^M^MZI%U$U-���®S�H-�;L �yQ���Q�i�K-I ��[JQ��PO�c � ¨ Ë ¨ Ë µ_µ�µ_µ�µ�D1D
�\µ �\µ / �yQ���Q�i�K-I ��[JQ��^O�c � ¨ Ë ¨ Ë HJI%K$LÁMZS � �GIy[$ªVMZS � [$S��T«-�u¬ZU�S �

[$S ¨ �;LY®I¼¯©���%�T«���S � µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ �\�
. & ¢ $�¢ $-� Y�� KjO	�^FJI�[�ILK ·%»�¤�� ���-¹ ���0¥]»�¥®£�¥W¤����-¥#$r¥y¢Ì£¼¢�¥W¹c¸r¹u¢�$-��� &(& ¹���.
 \µ^� 
 U�RYLTIy[\K��VRYXZI%U µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ 0 �
 \µ � ¨ �;RTSVLYXÌ�;M � �;U�[©�GSVRY«�Iy[ � µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ 0 �

 \µ �\µ^� *oXZ[$[$SVU ¨ �;LY®I¼¯ ¨ Iy[$SVM � µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ 0 �
 \µ �\µ � � LTIy��S �T� X^UP�GRY«�S���«$LTI%�GI � I%�GS�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ 0)�

 \µ   ÏoS � K$M^R � µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ 010
 \µ  \µ^� � LTI��)L��;�jQJSV«-��¯yXZI%LDµ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ 010
 \µ  \µ � 6yS��;LT�T«$X^UP�+mwI%L<�®SVU�S�RYL��;U � mwSVL � µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���)�
 \µ  \µ   *ÁSVRTSVLTI��®SVU�SVX^RYXZS � �;U�[lmwK$U��VRYXZI%U-�;Mr�VMÌ� �T� S � µ�µ�µ�µ_µ_µ�µ_µ�µ}����/

 \µ / ³eX � �VK �T� XZI%U µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���)�
 \µ /�µ^� �nSVU�SVL��;M*RYLTSVU�[ � I�m'UWK��VMZS�I%RYXZ[$S���I%��HJI � X^RYXZI%U � µ�µ_µ_µ�µ_µ�µ}���)�
 \µ /�µ � �nSVU�S�RYL��;U � m SVL � µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���10
 \µ /�µ   � LTI%RTSVX^U§«W×y[\LTI%H$«�I%Q$XZ�VX^R ×!µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���10

 \µ � � SVL � H°S��VRYX^¯®S � µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�)���
< 3 ·�·�¸r¤��\£�¥ ���$·)£�¥�¤%¢����;�4¥$�¥ � $rº<¢ $!�"!c¢z£¼»©¹�¥#�$# ,T£�¤���¢ $'¢ $!��»'¢zº'º'¥$�&(�$¤5,
)��#* ����º�¥#��¹ �;���
/�µ^� 
 U�RYLTIy[\K��VRYXZI%U µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�)�� 
/�µ � ¨ �;RTSVLYXÌ�;M � �;U�[©�GSVRY«�Iy[ � µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�)�5>

/�µ �\µ^� ¾ XZI%MZI��)XZ���;M � S�±WK�SVU���S � �;U�[§�;U$U�I%R��;RYXZI%U � µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�)�5>
/�µ �\µ � * ¨!¨ � mwI%L<�®SVU�S_[$SVRTS��VRYXZI%U µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�)� D
/�µ �\µ   6yS��;LT�T«$X^UP�}�VM^K�S � RTI���I%U^{�LY� � «�I%LYR<�®SVU�S�H$LTS�[\XZ�VRYXZI%U � µ_µ�µ}���)�

/�µ   ÏoS � K$M^R � µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���1>
/�µ  \µ^� � LTI��)L��;�jQJSV«-��¯yXZI%K$L]µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���1>
/�µ  \µ � Ë I%��H-�;LYX � I%U5I�m<H$LTS�[\XZ�VRYXZI%U �&% X^RY« �nSVU ¾ �;U$©�;U$U�I%R��;RYXZI%UBµ}���1>
/�µ  \µ   Ë I%��H-�;LYX � I%U % X^RY«ØS�ÓyHJSVLYX^�GSVU�R��;M^M^× [$SVRTSVLY��X^U�S�[(' �yXVZM[�I

� R��;LYR � X^RTS � µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���10
/�µ  \µ / 6W«�I%LYRz�®SVU�S�� �T� S �T� �GSVU�R µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}���10

/�µ / ³eX � �VK �T� XZI%U µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}��  �
) 3 É ¥+*°¥�¤;¹¼¢�����¥ Ç ¸-��4 &+* &,* 3 �����-¤%¢Ì£¼»��-#%�-¤/. �$·)£�¥W¤;¢���� 	 ¤������ ,
£�¥W¤�&(��£¼¢0# ¹ ¶ ¢�¹�·+�#*4¥W¤�1 �<!�
�\µ^� 
 U�RYLTIy[\K��VRYXZI%U µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /��
�\µ � ¾ ��×®S � XÌ�;U§�GIW[$SVM§µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /� 

�\µ �\µ^� *oXZ[$[$SVU 6ySV��Xn' ¨ �;LY®I¼¯©�GIW[$SVM!µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /� 
�\µ �\µ � � LYXZI%Lo[\X � RYLYX^Q$K$RYXZI%U � µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /?>

�\µ   ¨ Ë ¨ Ë �;M��®I%LYX^RY«$� µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /?>
�\µ  \µ^� ÏoSV¯®SVL � X^Q$MZS�Ö)K$��H ¨ Ë ¨ Ë �;M��®I%LYX^RY«$� µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /?>
�\µ  \µ � ¨ I¼¯®S �&% X^RY«�I%K$Ro��«-�;UP�)X^UP�c�GIy[$SVMr[\X^�GSVU � XZI%U µ�µ_µ_µ�µ_µ�µ}� /D
�\µ  \µ   � HJ[��;RYX^UP�GRY«�S % XZ[\RY«§I�m<QJI�Ó � R��;RTS � µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}� /?0
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�\µ  \µ / � H°[��;RYX^UP�GRY«�S � K$H$H°I%LYRNI�m<RY«�S � H-�%��SVL]µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� �)�
�\µ  \µ � � H°[��;RYX^UP�GRY«�S ¨ �;LY®I¼¯WXÌ�;U§I%LT[$SVLÁI�m'RY«�S�Q-�%�� �)LTI%K$U�[Bµ�µ�µ	� �\�

�\µ / ²ÁH$H$M^XZ���;RYXZI%U � µ�µ�µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� �)�
�\µ /�µ^� ³��;R�� � SVR � µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� �)�
�\µ /�µ � ÏoS � K$M^R � µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� �)�

�\µ � Ë I%U��VM^K � XZI%U]µ�µ�µ�µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� �)�
�\µ > ²ÁH$H°SVU�[\X Ó µ�µ�µ�µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� �10
* ��$�·?�w¸r¹¼¢�� $r¹�¥�£ 4"¥�¤;¹54"¥W·)£¼¢7*4¥�¹ ��� �

3 	 ¤�
Wº'¢�·)£¼¢�� $�º'¥ �-½#$r¥W¹ ��� )
²iµ^� � LT��[\X^LTS�MZS � �®ªVU�S � µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�5>1>
²iµ � ¨ IW[$�VM^X � �;RYXZI%U§[$S�MÌ� � ��±WK�SVU���S_[�OP²e³e´ SVR�H$LT��[\XZ�VRYXZI%U G �1I�WPI FJIJZBµ�µ	�5>1>

²�µ �\µ^� ¨ IW[$�VM^X � �;RYXZI%U5[$S�MÌ��RTS�ÓyRYK$LTS µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�5>)�
²�µ �\µ � � LT��[\XZ�VRYXZI%U�[$S � �®ªVU�S � �GH-�;LYRYX^Le[$S�MÌ���GIy[$�VM^X � �;RYXZI%U�[$S�MÌ�

RTS�Ó\RYK$LTS�µ�µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�5>10
²�µ �\µ   ¨ IW[$�VM^X � SVLG[$S}M�O «��VRT�VLTI��®�VU��VX^RT�5[$S ��� ��±�K�SVU���S � H°I%K$L�H$LT�5'

[\X^LTS�MZS � mwLTI%U�RYXZªVLTS � [$S � �®ªVU�S � µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�5>10
²�µ �\µ / ¨ IW[$�VM^X � �;RYXZI%UG[$S �<� X��)U-�;K\Ó�SVR [$�VRTS��VRYXZI%Uc[$S � �®ªVU�S � �oX^UWRYLTI%U � � Dy�
²�µ �\µ � � LT��[\X^LTS � �;U � �GIy[$�VM^X � SVLNMÌ� � ��±WK�SVU���S�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� D%�

²iµ   ¨ �VRY«�IW[$S � S�ÓyRYLYX^U � ª�±WK�S � µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� D�/
²�µ  \µ^� Ë I%��H-�;L��;X � I%U!²Á³n´$'�H$LTI%RT�VX^U�SØµ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� D�/
²�µ  \µ � Ë I%��H-�;L��;X � I%U!²Á³n´$'?²ÁÏÁ´o� µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� D �
²�µ  \µ   Ë I%��H-�;L��;X � I%U!²Á³n´$'?²Á³n´ µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� D �

²iµ / 6WK�����ª � SVR�M^X^��X^RTS � �%�VRYK�SVM^MZS � [$S_MÌ��H$LT��[\XZ�VRYXZI%U5[$Sy�®ªVU�S � µ_µ�µ_µ�µ�µ	� D �
²�µ /�µ^� 
 M^M^K � RYL��;RYXZI%U [$S MÌ� ��I%��H$MZS�ÓyX^RT� [$S � m��%�VRTSVK$L � [\K � K�����ª �

[�O K$U§[$�VRTS��VRTSVK$Le[$Sy�®ªVU�S � µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	� D �
²�µ /�µ � ³eX^¯®SVL � X^RT�_SVRNX^UWRT�,�)L��;RYXZI%U5[$S � �;H$H$LTIW��«�S � µ_µ�µ_µ_µ�µ_µ�µ�µ	� D >
²�µ /�µ   � SVL � K$U�S_Q°I%U$U�S_�;U$U�I%R��;RYXZI%U![$S �N� ��±WK�SVU���S � �®�VU�I%��XZ±WK�S �f� � D1D

. ������� È ¹�¥�¤�&:��$�¸-��� �
	 �
¾ µ^� 
 U�RYLTIy[\K��VRYXZI%U µ�µ�µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	���)�
¾ µ ��*ÁXZ[$[$SVU ¨ �;LY®I�¯ ¨ Iy[$SVM � �P* ¨5¨ � µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	���)�

¾ µ �\µ^� 6H* ��� O � * ¨5¨ � mwI%LN³n´e² � S�±�K�SVU���S � µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	���)�
¾ µ �\µ � Ò<Ó��;��H$MZS�I�m"� � X^��H$MZS��GIy[$SVM�mwI%L$�®SVU�S_[$SVRTS��VRYXZI%U µ�µ_µ�µ�µ	���\�
¾ µ �\µ   * ¨5¨ � HJS��VXn{-���;RYXZI%U {�MZS ¦����������� < {�MZS > µ�µ�µ_µ_µ�µ_µ�µ_µ}���) 
¾ µ �\µ / � Q � SVLY¯®S�[ � S�±�K�SVU���S � {�MZS�M^X � R ¦������� < {�MZS > µ�µ_µ_µ�µ_µ�µ_µ}���10

¾ µ   � «�S ������� �!��� "�# S�Ó$S��VK$R��;Q$MZS µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�50)�
¾ µ  \µ^� Ò ¨ �;M��®I%LYX^RY«$�%$ ¾ �;K$�3' � SVMZ��«��;M��®I%LYX^RY«$� µ�µ_µ_µ�µ_µ�µ�µ	�50)�
¾ µ  \µ � 
 U$H$K$R<{�MZS � µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�50) 
¾ µ  \µ   � K$RYH$K$Rz{�MZS � µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�50 �

¾ µ / � «�S ������� ��&�' #(��)+*,' S�Ó$S��VK$R��;Q$MZS µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�501>
¾ µ /�µ^� � X^RTSVLYQ$X��;M��®I%LYX^RY«$� µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�50+D
¾ µ /�µ � 
 U$H$K$R<{�MZS � µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ	�50+D
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¾ µ /�µ   � K$RYH$K$R<{�MZS � µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�50)�¾ µ � � «�S ��� � � � � ' � � � S�Ó$S��VK$R��;Q$MZS µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�5010
¾ µ �\µ^� 6WX^��K$MÌ�;RYX^UP� �;U.* ¨!¨ µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�5010¾ µ �\µ � 
?U$H$K$R {�MZS � µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�5010
¾ µ �\µ   � K$RYH$K$R<{�MZS � µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ}�5010¾ µ >�6yI%�GS�H$LTS��VX � XZI%U � ��I%U���SVLYU$X^UP�cRY«�S�[$S � X��)U5I�m'RY«�S � I%K$LT��S���IW[$S�µ_µ�µ��)�)�

¾ µ D *���� #��������
	����� � � SVLYM � �VLYX^H$R!X^U�¯®I%yX^UP� 6H* ��� mwI%L5Q-�%�VRTSVLYXÌ�;M�®SVU�S_[$SVRTS��VRYXZI%U0µ_µ�µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ��)�\�¾ µ Dyµ^� ¨ I%RYX^¯)�;RYXZI%U µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ��)�\�
¾ µ Dyµ � � «�S *���� #��������
	����� ��I%���c�;U�[]M^X^U�S µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ��)�\�¾ µ Dyµ   * ¨!¨ m I%LNQ-�%�VRTSVLYXÌ�;M��®SVU�S�[$SVRTS��VRYXZI%U5µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ��)�)�
¾ µ Dyµ / � «-�;RN[$IyS � *���� #������ �
	����� � µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ��)� �
¾ µ Dyµ � *ÁI % RTI LTSVRYLYXZSV¯®S5� {�RYRTS�[ �GIW[$SVM$mwI%L	K � S % X^RY« RY«�S �� �

<
��� �������������

> I%H$RYXZI%U µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ_µ�µ�µ_µ�µ_µ�µ��)�1>¾ µ � ²��TyU�I % MZS�[^�)�GSVUWR � µ�µ_µ�µ_µ�µ_µ_µ�µ�µ�µ_µ�µ_µ_µ�µ_µ�µ�µ�µ_µ_µ�µ_µ�µ��)�1>
* 	 ¸!���w¢z·?�\£¼¢7� $r¹ 2�� 	
.�¢�����¢����-¤�� 4'»'¢�¥ 2�� 	
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²oK���I%K$L � [$S � [\X Ó![$SVLYU$XZªVLTS � �;U$U���S � �JM�O X^U^mwI%LY�c�;RYXZI%Us�®�VU��VRYXZ±WK�SG�c�VRT����X � S1�
H°I%LYRT��S�[$Se�c�;X^U§[$S � Q$XZI%MZI��)X � RTS � H-�;L�K$U]S �T� I%L���I%U � XZ[$�VL��;Q$MZS_[$S � RTS���«$U�I%MZI��)XZS � [$S
� ��±�K�SVU>=����®S�[$S�M�OP²Á³n´�µ>_r� � ��±�K�SVU���S_��I%��H$MZªVRTSi[\K:�®�VU�I%�GS�[$S_U�I%��Q$LTSVK\Ó5I%L-����'
U$X � �GS � S � R [$� �-�e[\X � HJI%U$X^Q$MZS��%SVR'HJI%RTSVU�RYXZSVM^MZSV�GSVUWRM���)OPS � R<MÌ� � ��±WK�SVU���S [$S�U*O X^��HJI%LYRTS
±�K�SVMH�®�VU�I%�GS�±�K$XyHJSVK$R'�c�;X^UWRTSVU-�;U�R��VRYLTS>[$�VRTSVLY��X^U���S)µ�_ O X^U�RTSVLYH$LT�VR��;RYXZI%U	[$S ��S �<� �5'
±�K�SVU���S � S � R"[$I%U���U-�;RYK$LTSVM^MZSV�GSVU�R [$SV¯®SVU�K�SoK$UGSVU%��SVKc��SVUWRYL��;M-[$S�MÌ�eQ$XZI%MZI��)XZS)µ ¨ �;X �
��SVRYRTS�X^U�RTSVLYH$LT�VR��;RYXZI%U HJI � S��JSVU�RYLTS	�;K$RYLTS � ��[�O X^��H°I%LYR��;UWR � H$LTI%Q$MZªV�GS � �G�VRY«�Iy[$I%MZI�'�)XZ±�K�S � HJI%K$L"MZS � ±WK�SVM � MZS � �;H$H$LTIW��«�S � m I%U�[$��S � � K$L K$U�SN[$S � �VLYX^H$RYXZI%U	[$S�MÌ� � ��±�K�SVU���S�eRYL���¯®SVL � K$U��GIy[$ªVMZS H$LTI%Q-�;Q$X^M^X � RTS � S � I%U�R"[$� ���e�GI%U�RYLT��S � H°SVLYRYX^U�SVUWRTS � µ � �;LY��X�MZS �
�GIW[$ªVMZS � K$RYX^M^X � � � �°MZS � �GIy[$ªVMZS � [$S���«-�u¬ZU�S � [$S ¨ �;LY®I�¯!���%�T«���S �wr * ¨5¨ ���$IJRPRPQ�Wa G�i A^Z � a ZHRPQ�[ t I%UWRÁH$LYX � K$U�S_H$MÌ�%��SiH-�;LYRYXZ�VK$M^XZªVLTS)µJÒ U5S���SVRM��X^M � ��I%U � RYX^RYK�SVU�RnK$U�S
� I%M^K$RYXZI%U � X^��H$MZS�H°I%K$LnHJSVLY�GSVRYRYLTS�K$U�S�[$S � �VLYX^H$RYXZI%U�H$LTI%Q-�;Q$X^M^X � RTS�[$S�M�O �;M^RTSVLYU-�;U���S
[$S�[\X��J�VLTSVUWR � R?×yHJS � [�OP�VMZ�V�GSVU�R � MZS�MZI%UP�c[$S �N� ��±�K�SVU���S � µ
Ë SVH°SVU�[��;UWRM�-M�O X^UWRTSVLYH$LT�VR��;RYXZI%U�[$S �o� ��±WK�SVU���S � LTS � RTS_MÌ�;L-�®SV�GSVU�ReRYLYX^Q$K$R��;X^LTS�[$S �

��I%U$U-�;X �T� �;U���S � [$� �-� �%��±WK$X � S � �°SVU5H-�;LYRYXZ�VK$M^XZSVLy�)L	�%��S3�}[$S � S�ÓyHJ�VLYXZSVU���S � µ°³n�;U � MZS
���%[\LTS}[$S M�O K$RYX^M^X � �;RYXZI%U�[$S � �GIW[$ªVMZS � H$LTI%Q-�;Q$X^M^X � RTS � �<MZS	RYLYX^Q$K$R � S	RYL��%[\K$X^R�H-�;L�MÌ�
��X � S©�;K HJI%X^U�RG[$S}�GIy[$ªVMZS � �%[��;H$RT� � �5MÌ�![$S � �VLYX^H$RYXZI%U�[$S � ��I%U$U-�;X �T� �;U���S � [$� �-�
[\X � H°I%U$X^Q$MZS � µ4Ò U m I%L�=��;U�R&�GHJSVX^U�SiMZS�RYL��;X^RM�°MZS � H-�;L��;�GªVRYLTS ��� I%U�ReMZSiH$M^K �e� I%K$¯®SVU�R
S � RYX^�G� �o� K$LoK$U���SVK5[$S_[$I%U$U���S � MZS_H$M^K �o��
 LNHJI �T� X^Q$MZS�SVU]LTS,���;LT[§[$Si��S � ��I%U$U-�;X � '
� �;U���S � µ*³nS1m���=�I%U SVU���I%LTS	H$M^K � U�SVRYRTS��*M�O �;LT�T«$X^RTS��VRYK$LTS [$S � �GIW[$ªVMZS � S � R��VMÌ�;Q°I%LT��S
H°I%K$LN��I%LYLTS � HJI%U�[\LTS�����S�±WK�S�M�OPI%U]��I%U$U-�u¬ZRe[$� �-�\µ_"OPI%Q\�YS��VRYXnm�[$S � RYL���¯)�;K\Ó0LT���;M^X � � � �;K ��I%K$L � [$SG��SVRYRTS�RY«�ª � SGS � R�[$S�H-�;LYRYXZ�VX^HJSVL
�;K�L���GU�SV�GSVU�Ri[$S�M�O K$RYX^M^X � �;RYXZI%U [$S � * ¨5¨ µ � M^K � H$LT���VX � �V�GSVUWRM�*M�O �uÓ$S � K$X^¯yX ¯WX � S����I%U�RYLYX^Q$K�SVL ��M�OP�VMÌ�;L-�)X �T� SV�GSVUWR}[\K���«-�;��H [�O �;H$H$M^XZ���;RYXZI%U [$S � �G�VRY«�Iy[$S � [�OPS � '
RYX^�c�;RYXZI%U�SVRG[$S � �VMZS��VRYXZI%U�[$S �GIW[$ªVMZS !5U�I%U � K$H°SVLY¯yX � ��S � #)µ Ë S � �G�VRY«�Iy[$S � U�S
� O �;H$H$K$XZSVU�RGH-� ��� K$L�K$U��YSVK�[$S [$I%U$U���S �G� K$H$HJI � � H$LTI%H$LTS HJI%K$Lc�u� K � RTSVL�MZS �GI�'
[$ªVMZS)µ�Ò M^MZS � HJSVK$¯®SVU�R�[$I%U����<[��;U � K$U�S	��SVLYR��;X^U�S}�GS � K$LTS���H$LTI%H°I � SVL�[$S	U�I%K$¯®SVM^MZS �
[$S � �VLYX^H$RYXZI%U � [$S � [$I%U$U���S � µ Ë OPS � R�H°I%K$LT±WK�I%X � SVM^MZS � HJI%LYRTSVU�R�K$U S � H°I%X^L�[$S � I%LYRYX^L
H-�;LYRYXZSVM^MZSV�GSVU�Rn[\K©H$LTIW��S �T� K � [$SnLTSVH$LTIW[\K��VRYXZI%U![$S � ��I%U$U-�;X �T� �;U���S � µ

�*LTI%X � [$I%�c�;X^U�S � [�O �;H$H$M^XZ���;RYXZI%U5[$S � * ¨5¨ H°I%K$L M�O �;U-�;M^× � S�[$S � �®�VU�I%�GS � Q-�%�5'
RT�VLYXZSVU � I%UWR��VRT� �;Q°I%LT[$� � [��;U � ��SVRYRTScRY«�ª � S ¦ MÌ�§[$S � �VLYX^H$RYXZI%U SVR�M�O X^UWRTSVLYH$LT�VR��;RYXZI%U
[$S � «��VRT�VLTI��®�VU��VX^RT� � [$SN��I%��HJI � X^RYXZI%U���MÌ�_[$�VRTS��VRYXZI%U}[$S � LT�,�)XZI%U � RYL��%[\K$X^RTS � SVUcH$LTI�'
RT�VX^U�S � �4SVReSVU^{�U��°MÌ��LTS��T«�SVLT��«�S�[$S � �GI%RYXnm �e� RYLYK��VRYK$LT� � ±�K�S � I%UWRÁMZS � H$LTI%�GI%RTSVK$L � µ_r�G�G�VRY«�Iy[$I%MZI��)XZS�SV��H$MZI�×®��S�[��;U � MZS � [$SVK\Ó§H$LTSV��XZSVL � RYL���¯)�;K\Ó5LTSVHJI � S�S �T� SVU�RYXZSVMn'
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MZSV�GSVUWR � K$LnM�OPS � RYX^�c�;RYXZI%U [$S � H-�;L��;�GªVRYLTS � [�O K$U * ¨5¨ H-�;L��c�uÓyX^��X � �;RYXZI%U [$S�MÌ�
¯yL��;X � SV��Q$MÌ�;U���Se[$S�MÌ� � ��±�K�SVU���SNI%Q � SVLY¯®��S)µB_*S�RYLTI%X � XZªV�GSNH$LTI%Q$MZªV�GSoS � R"¯WK � I%K � K$U
�;UP�)MZSi[$S��T«�I%X Ó§[$S��GIW[$ªVMZS)µ 
?M � S � X^RYK�S�[��;U � K$U�S��;H$H$LTIW��«�S�Q-��×®� � XZSVU$U�S���X � S�SVU
�nK$¯yLTS$�)L	�%��Sy��K$U �;M��®I%LYX^RY«$�GS�[$S ¨ I%U�RTS5' Ë �;LYMZI�H-�;L �T«-�u¬ZU�S � [$S ¨ �;LY®I¼¯�� � �;K$R �
LT�V¯®SVL � X^Q$MZS ��r �yQ���Q�i�K-I ��[JQ �^O�c � ¨ Ë ¨ Ë t µ_rSn�c�;U�K � �VLYX^RNS � R�I%L-���;U$X � �nSVU©�VX^U�±c��«-�;H$X^RYLTS � µ>_*SeH$LTSV��XZSVL�¯yX � Sq��K$U�SeX^UWRYLTI�'
[\K��VRYXZI%U�MÌ�;L-�®S��;K�H$LTI%Q$MZªV�GS�[$S�MÌ�c�GIW[$�VM^X � �;RYXZI%U�[$S �n� ��±WK�SVU���S � [$Si�c�%�VLTI%�GI%MZ�5'
�VK$MZS � Q$XZI%MZI��)XZ±WK�S � µ�_*S � S���I%U�[5��«-�;H$X^RYLTS�[$�VR��;X^M^MZS�MZS � H$LYX^U��VX^H-�;K\Ó!� � HJS��VR � �c�;RY«��5'
�c�;RYXZ±WK�S � SVR��;M��®I%LYX^RY«$��XZ±�K�S � [$SGM�O K$RYX^M^X � �;RYXZI%U [$S � �T«-�u¬ZU�S � [$S ¨ �;LY®I�¯0���%��«���S � µ� U�S�H$MÌ�%��S�H-�;LYRYXZ�VK$M^XZªVLTS�×}S � R m��;X^RTS���MÌ��H$LT� � SVU�R��;RYXZI%U5[$S_M�O �;H$H$LTIW��«�S_Q-��×®� � XZSVU$U�S
[$S � �VMZS��VRYXZI%U	[$S �GIW[$ªVMZS)µ]_rS � RYLTI%X � [$SVLYU$XZSVL � ��«-�;H$X^RYLTS � � I%UWR"LT��[\X��®� �"� I%K � MÌ�4m I%LY�GS
[�O �;LYRYXZ�VMZS � SVR�H$LT� � SVU�RTSVU�R�MZS � RYL���¯)�;K\Ó LT���;M^X � � � �;K ��I%K$L � [$Sc��SVRYRTS	RY«�ª � S ¦ �VRYK�[$S
[$S � «��VRT�VLTI��®�VU��VX^RT� � �-H$LT��[\XZ�VRYXZI%U![$Sq�®ªVU�S � �$H$K$X � LTS���«�SVLT�T«�S�[$Sn�GI%RYXnm �Á� RYLYK��VRYK$LT� � µ
³nSVK\Ó �;U$U�S�Ó$S ��� I%UWR��;K �T� X�X^U��VM^K � S � µ/_r�5H$LTSV��XZªVLTS ��I%U�RYXZSVUWR�K$U �T«-�;H$X^RYLTS©[$S

M^X^¯yLTS©H$LT� � SVUWR��;U�R}MZS � H$LYX^U��VX^H-�;MZS � �;H$H$LTIW��«�S � HJI%K$LGMÌ��H$LT��[\XZ�VRYXZI%U [$S �®ªVU�S � µ�_r�
� S���I%U�[$S�S � ReMÌ�	[$IW�VK$�GSVUWR��;RYXZI%U [\K5MZI��)XZ�VXZSVM 	�� �� �°[$�V¯®SVMZI%H$HJ��H°I%K$LnHJSVLY�GSVRYRYLTS
K$U�S�K$RYX^M^X � �;RYXZI%U � I%K$H$MZS_[$S � * ¨!¨ [��;U � MZS�[$I%�c�;X^U�Si[$SnM�O �;U-�;M^× � S_[$S �N� ��±WK�SVU���S �
Q$XZI%MZI��)XZ±WK�S � µ
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Ë S��T«-�;H$X^RYLTS�H$LT� � SVU�RTS�MZS����%[\LTS�[$S�M�O K$RYX^M^X � �;RYXZI%U [$S � �GIW[$ªVMZS � [$S���«-�u¬ZU�S � [$S¨ �;LY®I¼¯!���%��«���S � HJI%K$L�M�O �;U-�;M^× � SG[$S �_� ��±WK�SVU���S � [$S � RYLTI%X � H$LYX^U��VX^H-�;K\Ó�R ×WHJS � [$S
�c�%�VLTI%�GI%MZ���VK$MZS � Q$XZI%MZI��)XZ±�K�S � ±WK�S � I%UWRrM�OP²e³e´���M�OP²eÏo´�SVR'MZS � H$LTI%RT�VX^U�S � µ 
 M�[$�VQ$K$RTS
H-�;L K$U�SÁH$LT� � SVU�R��;RYXZI%U©[$So��S � �GI%MZ���VK$MZS � ¯WX � �;U�R<���GSVRYRYLTSeSVUcM^K$��XZªVLTSÁMZSoL�;%MZS"��I%K��
H-�;L MZSVK$L � � ��±�K�SVU���S � µ _r� � S��VRYXZI%U5�)µ �_[$���VLYX^R>SVU � K$X^RTSo��I%���GSVUWR�MZSÁ[$�V¯®SVMZI%H$H°SV�GSVUWR
[\K � ��±WK�SVU>=����®S��+�)L��;U�[$S����T«�SVM^MZS�[$S_M�OP²e³n´D��H$MÌ�%���iMZS�H$LTI%Q$MZªV�GS�[$S_M�O X^UWRTSVLYH$LT�5'
R��;RYXZI%U![$Si��S �Á� ��±WK�SVU���S � �;K!��IySVK$LÁ[$S � H$LT��IW���VK$H-�;RYXZI%U � [$S�MÌ�GQ$XZI%MZI��)XZS��%�VRYK�SVM^MZS)µ_r� � S��VRYXZI%U �)µ  5��I%U � RYX^RYK�ScK$U�ScX^U�RYLTIy[\K��VRYXZI%U �©M�O �;U-�;M^× � S}[$S �i� ��±WK�SVU���S � mwI%U�[$��S
� K$L�MZSVK$L��GIW[$�VM^X � �;RYXZI%U H$LTI%Q-�;Q$X^M^X � RTS)µ Ë SVRYRTS}[$SVLYU$XZªVLTS � S��VRYXZI%U � O �%�T«�ªV¯®S	H-�;LiK$U�S
H$LT� � SVU�R��;RYXZI%U�[$S � �GIW[$ªVMZS � [$S��T«-�u¬ZU�S � [$S ¨ �;LY®I�¯!���%�T«���S � ±WK$X � SVL��GH°I%K$L � K$X^¯WXZS
[��;U � MZS_�T«-�;H$X^RYLTS��\µ
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ProtéineARNADN

transcription traduction

réplication

� ��� ���)µ^��!"_*S#"�K\Ó [$SnM�O X^U^m I%LY�c�;RYXZI%U.�®�VU��VRYXZ±WK�S

$�%�$ &('�)+*-,/.0,�132�)5461�7�8:9<;3,�13,�=/;3>?467�8 @BADCFE0GBADHIE 75J
K *L,MJN2�;3OP7�8

Ë SVLYR��;X^U � I%L-���;U$X � �GS � ¯yX^¯%�;UWR ��� I%U�R ��K$M^RYXZ��SVM^M^K$MÌ�;X^LTS � �-[�O �;K$RYLTS �N� I%UWR K$U$XZ��SVM^M^K^'
MÌ�;X^LTS � �c�;X � �'[��;U � RTI%K � MZS � ��� � �*MÌ�]��SVM^M^K$MZS}S � RiM�O K$U$X^RT�c¯yX^¯%�;UWRTS	�VMZ�V�GSVUWR��;X^LTS)µ�_r�
��SVM^M^K$MZS}S � R � �VH-�;LT��S	[\K LTS � RTS}[\K �GI%U�[$S}H-�;L��;K �GI%X^U � K$U�SG�GSV��Q$L��;U�S©SVR�SVM^MZS
HJI �T� ª�[$ScMÌ�§���;H-�%�VX^RT� [$S � SGLTSVH$LTIy[\K$X^LTS)µ�6ySVMZI%U MZSVK$L�I%L-���;U$X � �;RYXZI%U��<I%U�[\X � RYX^UP�)K�S
[$SVK\Ów�)L��;U�[ � R?×yH°S � [$So��SVM^M^K$MZS � ¯WX^¯)�;U�RTS � ¦ MZS � ��SVM^M^K$MZS � H$LTIW���;LY×®I%RTS � �®LTSVMÌ�;RYX^¯®SV�GSVU�R
� X^��H$MZS � SVR ��I%U � RYX^RYK���S � S �T� SVUWRYXZSVM^MZSV�GSVU�RÁ[�O K$U©K$U$XZ±WK�S���I%��H-�;LYRYX^�GSVU�R �°SVR MZS � ��SVMn'
M^K$MZS � SVK����;LY×®I%RTS � �>��I%��H-�;LYRYX^�GSVU�RT��S � ��SVR � I%K$¯®SVU�R}Q°S��;K���I%K$H H$M^K � �)L��;U�[$S � ±WK�S
MZS � ��SVM^M^K$MZS � H$LTIW���;LY×®I%RTS � µ�²oMZI%L � ±�K�SnMZS � I%L-���;U$X � �GS � ��K$M^RYXZ��SVM^M^K$MÌ�;X^LTS �1r ¯®�,�®�VR��;K\Ó��
��«-�;��H$X��)U�I%U � SVRo�;U$X^�c�;K\Ó t�� I%U�RNRTI%K � [$S � I%L-���;U$X � �GS � SVK����;LY×®I%RTS � �-X^MrS�Ó\X � RTS�[$S �
I%L-���;U$X � �GS � K$U$XZ��SVM^M^K$MÌ�;X^LTS � �;K ��� XWQ$XZSVU�SVK����;LY×®I%RTS �zr �;M��)K�S � K$U$XZ��SVM^M^K$MÌ�;X^LTS � �%MZSV¯yK$LTS � �
H$LTI%RYX � RTS �5t ±�K�SnH$LTIy���;LY×®I%RTS � r SVK$Q-�%�VRT�VLYXZS � SVRÁ�;LT��«���S �ut µ
²ÁKGU$X^¯®S��;Kc��«$X^��XZ±�K�SoRTI%K$RTS � MZS � ��SVM^M^K$MZS � ¯WX^¯)�;U�RTS � ��I%U�RYXZSVU$U�SVUWR�MZS � RYLTI%X � H$LYX^U^'

�VX^H-�;K\Ó R ×WHJS � [$S �c�%�VLTI%�GI%MZ���VK$MZS � Q$XZI%MZI��)XZ±�K�S � ±WK�S � I%UWR§M�O �%�VXZ[$S [$� � I�Ó\×WLYX^QJI�'
UWK��VMZ�VXZ±�K�S r ²Á³n´ t ��M�O �%�VXZ[$SGLYX^QJI�'�U�K��VMZ�VXZ±WK�S r ²eÏo´ t SVR_MZS � H$LTI%RT�VX^U�S � µ��rI%K � RYLTI%X �
� I%UWR [$S � SVU���«-�u¬ZU�SV�GSVU�R � U�I%UiHJ�VLYXZIW[\XZ±WK�S � SVR'I%LYXZSVUWRT� � [�O K$U�H°SVRYX^R'U�I%��Q$LTS�[$S��GI�'
MZ���VK$MZS � �VMZ�V�GSVU�R��;X^LTS � µ9_ OP²Á³n´BSVRoM�OP²eÏo´ � I%UWRe[$S � �%�VXZ[$S � U�K��VMZ�VXZ±WK�S � ��I%U � RYX^RYK�� �
��«-�%�VK$UG[$S>±WK-�;RYLTS>R?×yH°S � [$S�U�K��VMZ��I%RYXZ[$S � µ]_*S � U�K��VMZ��I%RYXZ[$S � [$S�M�OP²e³n´�SVR [$S>M�OP²ÁÏÁ´
[\X���ªVLTSVU�R<MZ�,�®ªVLTSV�GSVU�R"SVR � I%UWR'XZ[$SVUWRYXn{-� � LTS � HJS��VRYX^¯®SV�GSVU�R H-�;L'MZS � MZSVRYRYLTS � {a, g, c, t}HJI%K$LnM�OP²Á³n´DSVR {a, g, c, u} HJI%K$LnM�OP²ÁÏÁ´iµf_*S � H$LTI%RT�VX^U�S ��� I%U�R�±WK-�;U�R��	SVM^MZS � [$S ���«-�u¬ZU�S � [�O �%�VXZ[$S � �;��X^U�� � µ Ë SVK\ÓH'?�VX � I%UWRo�;K©U�I%��Q$LTS_[$Sn¯yX^UP�)R {A,C,D, . . .} µP_��[\X^¯®SVL � X^RT��[$S �n� ��±WK�SVU���S � [$Si��S � �c�%�VLTI%�GI%MZ���VK$MZS � S � Rq�GM�OPI%LYX��)X^U�S�[$SiMÌ�	[\X^¯®SVL � X^RT�
Q$XZIy�T«$X^��XZ±WK�S�[\K©�GI%U�[$S�¯WX^¯)�;U�R�µ_�� [$S � �VLYX^H$RYXZI%U3[$S � LTSVMÌ�;RYXZI%U � SVU�RYLTS5MZS � � ��±�K�SVU���S � [�OP²e³e´�� [�OP²eÏo´ SVR [$S
H$LTI%RT�VX^U�S � S � RÁMZSi� �nK$Ln[$SiMÌ��RY«���I%LYXZS�[$S�MÌ�GQ$XZI%MZI��)XZS��GI%MZ���VK$MÌ�;X^LTS r 0'X���µ'�)µ^� t µ�_*S �
�GI%MZ���VK$MZS � [�OP²e³n´ � I%U�R>MZS � K$H$H°I%LYR [$SÁM�O X^U^mwI%LY�c�;RYXZI%Ul�®�VU��VRYXZ±WK�S)µ Ë SVRYRTSeX^U^m I%LY�c��'
RYXZI%U � S�HJSVLYH°�VRYK�S��)L	�%��S��;K5�G�����;U$X � �GS�[$S�LT�VH$M^XZ���;RYXZI%U�[$S_M�OP²e³n´iµf_"OPS�ÓyH$LTS ��� XZI%U
[$SiM�O X^U^mwI%LY�c�;RYXZI%U �®�VU��VRYXZ±WK�S�LTSVHJI � S � K$LoMÌ�cRYL��;U � �VLYX^H$RYXZI%U�[$S_M�OP²e³n´BSVU5²eÏo´BSVR
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� K$LrMÌ�NRYL��%[\K��VRYXZI%UG[$S"M�OP²eÏo´ SVU�H$LTI%RT�VX^U�S)µ�_*S � �G�����;U$X � �GS � [$S�MÌ��RYL��;U � �VLYX^H$RYXZI%U�SVR
[$S�MÌ��RYL��%[\K��VRYXZI%U�� �T� K$LTSVU�RÁK$U "�K\Ó]K$U$XZ[\X^LTS��VRYXZI%U$U�SVM<[$S_M�O X^U^m I%LY�c�;RYXZI%U5[$S_M�OP²e³n´�}MÌ� H$LTI%RT�VX^U�ScSVU0H-� ��� �;U�R_H-�;L�M�OP²ÁÏÁ´iµ�_*S � H$LTI%RT�VX^U�S �i� I%UWR_MÌ� H$LYX^U��VX^H-�;MZSwmwI%LY�GS
[�OPS�ÓyH$LTS �T� XZI%Uc[$S�M�O X^U^m I%LY�c�;RYXZI%U+�®�VU��VRYXZ±WK�S���SVM^MZS � �YI%K�SVU�R�U�I%R��;���GSVU�R>K$UGL�;%MZSN�VLYK^'
�VXÌ�;Mn[��;U � M�O �%�����VMZ�VL��;RYXZI%U SVR}M�OPI%LYXZSVUWR��;RYXZI%UØ[$S � LT���%�VRYXZI%U � ��«$X^��XZ±�K�S � r ���;R��;M^× � S t
U�����S �T� �;X^LTS � ��MÌ��¯yXZS)µ
Ë SVRYRTS�H$LT� � SVU�R��;RYXZI%U S � RÁMZ�,�®ªVLTSV�GSVUWR � X^��H$M^Xn{-���;RYLYXZ��SG���;LnM�OP²eÏo´D��I%U � RYX^RYK�S�MZS

� K$H$H°I%LYR�[$ScM�O X^U^m I%LY�c�;RYXZI%UD�®�VU��VRYXZ±�K�S}[$S}��SVLYR��;X^U � ¯yX^LYK � µ/_"OP²ÁÏÁ´ S � R��;MZI%L ��� I%X^R
LT�VRYLTI%RYL��;U � �VLYX^R�SVU5²e³e´�� � I%X^RÁ[\X^LTS��VRTSV�GSVU�R�LT�VH$M^XZ±WK�� � I%K � m I%LY�GS�[�OP²ÁÏÁ´iµ>_��GLT�5'
RYLTI%RYL��;U � �VLYX^H$RYXZI%U5��I%U � RYX^RYK�S_K$U�S�X^U�¯®SVL � XZI%U![\K "�K\Ó][$SnM�O X^U^mwI%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�S)µ
Ë SVRYRTS � S��VRYXZI%U!�;QJI%LT[$Si[��;U � K$U5H$LTSV��XZSVLeRTSV��H � MÌ�G[$S � �VLYX^H$RYXZI%U�[$S�MÌ��U-�;RYK$LTS

�T«$X^��XZ±WK�SG[$S�M�OP²e³e´���[$S�M�OP²eÏo´ SVR�[$S � H$LTI%RT�VX^U�S � SVR � S�H°I%K$L � K$X^R_H-�;L_K$U�S�H$LT�5'
� SVU�R��;RYXZI%U§[$S_MZSVK$L �N� ��±WK�SVU���S � µ

��������� �������������! �"$#%"$&	�'��(��*)+#%���,��-.#%-./�0*�1��/��*)32�"4-5/4-76."$&	�'�*)

8 ��º��4¸-����¥§»-
�w¢�·®¥§º�9 3 ¶;:
� U�UWK��VMZ��I%RYXZ[$ScS � Ri��I%U � RYX^RYK��G[�O K$U�S�Q-� � S��r[�O K$U �)LTI%K$H°SGH$«�I � H$«-�;RTSGSVR�[�O K$U

� K��VLTS)µP_*S � UWK��VMZ��I%RYXZ[$S � [$SnM�OP²e³e´ [\X���ªVLTSVU�RNMZS � K$U � [$S � �;K$RYLTS � K$U$XZ±�K�SV�GSVUWRoH-�;L
MZSVK$LNQ-� � S_±WK$X*HJSVK$R4�VRYLTS�M�O �%[$�VU$X^U�S��4MÌ�3�)K-�;U$X^U�S���MÌ�c�V×WRTI � X^U�S_I%K]MÌ��RY«W×W��X^U�S)µf_*S �
Q-� � S � HJI%LYRTSVU�RÁM�O X^U^mwI%LY�c�;RYXZI%U �®�VU��VRYXZ±WK�Si�;MZI%L � ±�K�S�MZS � K��VLTS�SVRoMZS_H$«�I � H$«-�;RTSiI%U�R
K$U L�;%MZS [$S � RYLYK��VRYK$LTS)µo_*S � UWK��VMZ��I%RYXZ[$S �G� OPSVU��T«-�u¬ZU�SVUWRcSVU�K$U�MZI%UP�!Q$LYX^U�[�OP²e³n´
H-�;L [$S � M^XÌ�;X � I%U � ��I�¯)�;MZSVU�RTS � SVUWRYLTS�MZS � K��VLTS�SVR}MZS!H$«�I � H$«-�;RTS�[$S � UWK��VMZ��I%RYXZ[$S �
�%[;�Y�%��SVUWR � µ_r�l0'X��)K$LTS]�)µ �}LTSVH$LT� � SVUWRTS�MÌ� � RYLYK��VRYK$LTSGSVU0[$I%K$Q$MZS�«��VM^XZ��SG[�O K$U�SGH°SVRYX^RTS��GI�'
MZ���VK$MZS�[�OP²Á³n´ I%Q$RTSVU�K�S�H-�;LN�VLYX � R��;M^MZI��)L��;H$«$XZS��;K\Ó}L���×®I%U �=< µ\Ò U$LTI%K$MZ�_SVU][$I%K$Q$MZS
«��VM^XZ��S��JMÌ�}�GI%MZ���VK$MZSG[�OP²Á³n´ S � RnK$U�S��GI%MZ���VK$MZSG[�O K$U0[\XÌ�;�GªVRYLTSG[�OPSVU�¯yX^LTI%U 0, 2 ×
10−9 m �c�;X � [�O K$U�ScMZI%UP�)K�SVK$L � K$LYH$LTSVU-�;UWRTS)µ�Ò"U S���SVRM�*M�O X^U^m I%LY�c�;RYXZI%U��®�VU��VRYXZ±WK�S[�O K$U�Sc��SVM^M^K$MZScS � R���I%U�RTSVUWK�S	[��;U � K$U HJSVRYX^R_U�I%��Q$LTS}[$S��GI%MZ���VK$MZS � [�OP²Á³n´ ¦ MZS �
�T«$LTI%�GI � I%�GS � µP_rSe��«$LTI%�GI � I%�GS�[$SeMÌ�_Q-�%�VRT�VLYXZS '�K,Xgb�Q�i-IJX7bPI G�XVZM[�I��_K$U�SeMZI%UP�)K�SVK$L
H$«�× � XZ±�K�Si[$S 1, 4 × 10−3 m HJI%K$LNK$U§HJSVK§H$M^K � [$S�±WK-�;RYLTS_��X^M^M^XZI%U � [$S_H-�;X^LTS � [$SQ-� � S � µH_*S � �T«$LTI%�GI � I%�GS � «WK$�c�;X^U � �\[$SeH$M^K � XZSVK$L � [\X��¼�;X^U�S � [$SÁ��X^M^M^XZI%U � [$SÁH-�;X^LTS �
[$SoQ-� � S � �Bm I%U�R�SVK\ÓcH$M^K � XZSVK$L � ��SVU�RYX^�GªVRYLTS � µ Ë S � MZI%UP�)K�SVK$L �N� I%U�Rz����I%��H-�;LTSVL$�_MÌ�
[\X^�GSVU � XZI%U©��XZ�VLTI%�G�VRYLYXZ±�K�S�[$S � ��SVM^M^K$MZS ��r R?×yH$XZ±WK�SV�GSVU�RM� ∼ 1 × 10−6 m HJI%K$L�K$U�SQ-�%�VRT�VLYXZS_SVR 10 − 30 × 10−6 m H°I%K$L�K$U�S_��SVM^M^K$MZSi�;U$X^�c�;MZS t µ_r�	[$����I%K$¯®SVLYRTS�[$S�MÌ� � RYLYK��VRYK$LTSiSVU![$I%K$Q$MZSi«��VM^XZ��S�[$SiM�OP²Á³n´ H-�;L � �;R � I%U!SVRË LYXZ�T SVUØ�50 �) 0�!LT�V¯®I%M^K$RYXZI%U$U��5MÌ�!Q$XZI%MZI��)XZS)µ ¨ �;M��)LT�][$S � LT� � K$M^R��;R � S�Ó\H°�VLYX^�GSVU^'
R��;K\Ó H$K$Q$M^XZ� � [$ª � �50�/1/�SVR]±WK$X�H-�;L��;X �T� SVUWR§�;K%��I%K$LT[�O «WK$X�RYLTª � ��I%UW¯%�;X^U����;UWR � �NMZS
L�;%MZS�[$S�M�OP²e³n´B��I%���GS � K$H$HJI%LYRÁ[$S�M�O X^U^mwI%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�S�U*O �G�VRT���%[\��X � H-�;L
M�OPSVU � SV��Q$MZSi[$S�MÌ����I%����K$U-�;K$RT� � �VXZSVUWRYXn{-±�K�Si±�K*O �;H$LTª � �50 �) \µU_*S � H$LTI%RT�VX^U�S � ��H$LT�5'
� SVU�R��;UWR�K$U�Sq�)L��;U�[$S�[\X^¯®SVL � X^RT��[$SeH$LTI%H$LYXZ�VRT� � �T«$X^��XZ±WK�S � �\H-�;L��;X �T� �;XZSVUWRo[$S4m �;X^R�[$S
�GSVX^M^MZSVK$LTS � ���;U�[\XZ[��;RTS � µ ¨ �;X � MÌ�][$S � �VLYX^H$RYXZI%U [$S	MÌ� � RYLYK��VRYK$LTS}SVU [$I%K$Q$MZS	«��VM^XZ��S
��X^R�SVU �V¯yXZ[$SVU���Sc[$SVK\Ó�H$LTI%H$LYXZ�VRT� � S �T� SVUWRYXZSVM^MZS � � MÌ�§��I%��H$LT�V«�SVU � XZI%U�[$S�L�;%MZSc[$S
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� ��� �y�)µ � !&6WRYLYK��VRYK$LTS>[$S MÌ�N[$I%K$Q$MZS «��VM^XZ��S�[�OP²e³n´iµM_rS � M^XÌ�;X � I%UiSVU�RYLTS �;RTI%�GS ��rw� �;K^m
«W×y[\LTI��®ªVU�S �ut�� I%U�R�LTSVH$LT� � SVUWRT��S � H-�;L�[$S � Q-�;LYLTS � µ�_rS � ±�K�SVMZSVRYRTS � K��VLTS5'�H$«�I � H$«-�;RTS
S � R�LTSVH$LT� � SVUWRT�©SVU�Q$MZSVK���MZS � Q-� � S � �%[$�VU$X^U�S©SVR�RY«W×W��X^U�S©SVU�LTI%KP�®S©SVR�MZS � Q-� � S �
�V×yRTI � X^U�S_SVR<�)K-�;U$X^U�SiSVU©¯®SVLYR�µ

M�OP²e³n´3��I%���GS � K$H$H°I%LYR [$SNM�O X^U^m I%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�S)µy³�O K$U�SoH-�;LYRM�\SVM^MZSn���GI%UWRYLT�
MZSi���;L��%�VRTªVLTSiI%LT[$I%U$U���[$S_MÌ� � ��±�K�SVU���Si[$S � UWK��VMZ��I%RYXZ[$S � µ°Ò M^MZS��c[�O �;K$RYLTS�H-�;LYRÁ��X �
SVU!�V¯WXZ[$SVU���S�MÌ��U-�;RYK$LTS�[$I%K$Q$MZS�Q$LYX^U5[$S�MÌ���GI%MZ���VK$MZS�[�OP²e³n´ SVRoMÌ��LTª,�)MZSi[�O �;H$H-��'
LYXZSV�GSVUWRÁ[$S � UWK��VMZ��I%RYXZ[$S � [\X^RTS_[$S � �;R � I%U5SVR Ë LYXZ�TJµ Ë SVM^MZS5'?�VX*HJSVLY�GSVRN[$S_[$��[\K$X^LTS
MÌ� � ��±WK�SVU���Si[�O K$U�Q$LYX^U�SVU mwI%U��VRYXZI%U�[$SiM�O �;K$RYLTS ¦ a m��;X^R4m �%��S3� t SVR g � c µ Ë SVRYRTSI%Q � SVLY¯)�;RYXZI%U0��X^���G��[\XÌ�;RTSV�GSVUWR � KP���®�VLT�iMZS��G�����;U$X � �GS�[$SiLT�VH$M^XZ���;RYXZI%U�[$S�MÌ� � �5'
±WK�SVU���S ¦ ��«-�%±�K�SiQ$LYX^U � SVLYRo[$S_�GIy[$ªVMZS_HJI%K$LNMÌ� � ×WUWRY«�ª � S_[�O K$U§U�I%K$¯®S��;K!Q$LYX^U*µ��
H-�;LYRYX^L [$S���SVRYRTSo[$S � �VLYX^H$RYXZI%U��)MZS � H$LYX^U��VX^H-�;K\Ó��G�����;U$X � �GS � [$S�M�OPS�ÓyH$LTS ��� XZI%UG[$S M�O X^U^'m I%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�S�SVU�²ÁÏÁ´BSVReSVU!H$LTI%RT�VX^U�S�I%U�R��VRT���VM^K��VXZ[$� � SVU!K$U�S�[\X��¼�;X^U�S
[�O �;U$U���S � µ

3 É :
_rS � UWK��VMZ��I%RYXZ[$S � [$SGM�OP²eÏo´ [\X��JªVLTSVUWR�[$S	��SVK\Ó [$SGM�OP²e³n´ H-�;L�MÌ�©U-�;RYK$LTS}[\K

� K��VLTS r LYX^QJI � S��;K M^XZSVK3[$S![$S � I�Ó\×yLYX^Q°I � S t SVR}MZS!LTSV��H$MÌ�%��SV�GSVU�R§[�O K$U�S!Q-� � S r MÌ�
RY«W×W��X^U�S t H-�;L K$U�S_�;K$RYLTS r M�O K$L��%�VX^MZS t µ>_ OP²ÁÏÁ´ØS � RM�\��I%���GSnM�OP²e³e´��yK$U�Se�GI%MZ���VK$MZS
M^X^U����;X^LTSn�c�;X � SVM^MZSeU�SÁ��I%��HJI%LYRTS�±WK*O K$U	Q$LYX^U©SVR>U�S � OPSVU$LTI%K$MZSe[$I%U��eH-� � SVU©[$I%K$Q$MZS
«��VM^XZ��S)µ_��_H$M^K$H-�;LYR�[$S � ²ÁÏÁ´ � I%U�R [$S � ²eÏo´ �GS �T� ���®SVL �qr ²eÏo´Á� t ±WK$X � I%U�R>RYL��%[\K$X^R �
SVU H$LTI%RT�VX^U�S � SVRiU*O �%��±WK$XZªVLTSVU�R�H-� � [$S � RYLYK��VRYK$LTS}RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS � R��;Q$MZS)µ Ë S5'
HJSVU�[��;U�R��)L	�%��Sv�_M�O �;H$H-�;LYXZSV�GSVU�RN[$S � Q-� � S � [�O K$U	�w�V�GSoQ$LYX^U��W��SVLYR��;X^U � ²eÏo´ [\X^R �
[$S � RYLYK��VRYK$LTS§�%��±�K$XZªVLTSVUWRcK$U�S � RYLYK��VRYK$LTS]RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS5��I%��H$MZS�Ó$S©HJI%K$¯%�;UWR
U�I%R��;���GSVUWR>��I%��HJI%LYRTSVL [$S � [$I%K$Q$MZS � «��VM^XZ��S � µ]_r�&0�X��)K$LTS��)µ  e�GI%U�RYLTSNMÌ� � RYLYK��VRYK$LTS
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� ��� ���)µ   !"6WRYLYK��VRYK$LTS_[�O K$U]²eÏo´3[$SnRYL��;U � m SVLYR�µ Ë SVLYR��;X^U�S � [$S � Q-� � S ��� I%UWR��GIW[\Xn'{-��S � µ

[�O K$U0²ÁÏÁ´D[$S�RYL��;U � mwSVLYR r ²eÏo´ÁR t I%Q$RTSVU�K�S�H-�;L_�VLYX � R��;M^MZI��)L��;H$«$XZS	�;K\Ó5L���×®I%U � < µ_*S � ²eÏo´ÁR<��I%K�SVUWRoK$U]L�;%MZSiS �T� SVUWRYXZSVMr[��;U � MÌ��RYL��%[\K��VRYXZI%U��4SVU§S���SVRM����«-�%±�K�S�R?×yH°S
[�OP²ÁÏÁ´oR HJI%LYRTS�K$U§�%�VXZ[$S��;��X^U��_SVR�LTS���I%U$U-�u¬ZRÁK$U]I%K][$S � RYLYX^H$MZSVR � [$S�UWK��VMZ��I%RYXZ[$S �r ��IW[$I%U t ±�K$XyM^K$X\��I%LYLTS � H°I%U�[$SVUWR�µ�_r�oLTS���I%U$U-�;X �T� �;U���S��NM^XZSVK��)L	�%��S<�NM�O �;H$H-�;LYXZSV�GSVUWR
[\K]��IW[$I%U§[$SnM�OP²eÏo´Á�j��¯®S���RYLTI%X � Q-� � S �N� K�����S �T� X^¯®S � [$S�M�OP²eÏo´ÁR r M�O �;U�RYXZ��Iy[$I%U t µ
	 ¤��-£5
W¢ $�¥�¹

_*S � ¯WX^UP�)R��%�VXZ[$S � �;��X^U�� � � I%U�R RTI%K � ��I%U � RYX^RYK�� � [�O K$U �;RTI%�GSn[$Se���;LYQ°I%U�Sn��SVU^'
RYL��;M �;K�±�K�SVM � I%UWRy{$Ó\� � K$U �)LTI%K$HJS����;LYQ°I�Óy×yMZS��JK$Us�)LTI%K$HJSG�;��X^U�S�SVR�K$U�S��T«-�u¬ZU�S
MÌ�;RT�VL��;MZS)µ 
 M � [\X���ªVLTSVU�R MZS � K$U � [$S � �;K$RYLTS � H-�;L�MÌ�_U-�;RYK$LTSe�T«$X^��XZ±WK�Se[$SNMZSVK$L �T«-�u¬ZU�S
MÌ�;RT�VL��;MZS)µ�_rS � �%�VXZ[$S � �;��X^U�� � [�O K$U�S H$LTI%RT�VX^U�S � I%UWR<M^XZ� � MZS � K$U � �;K\Ó��;K$RYLTS � H-�;L<M^XÌ�;Xn'
� I%U5��I¼¯%�;MZSVUWRTS�SVU�RYLTS�MZS��)LTI%K$HJS��;��X^U�S�SVReMZS �)LTI%K$H°S����;LYQ°I�Óy×yMZS)µ Ë SVRYRTS � ��±�K�SVU���S
SVU§�%�VXZ[$S��;��X^U��_S � RNH-�;L(m I%X � �;H$HJSVMZ��S � RYLYK��VRYK$LTS�H$LYX^�c�;X^LTSi[�O K$U�S�H$LTI%RT�VX^U�S)µ_r� � RYLYK��VRYK$LTS�RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS��rI%K�LTSVH$M^XZSV�GSVU�RM��[�O K$U�S�H$LTI%RT�VX^U�SGS � R�[$�VRTSVL('
��X^U���Si[$S m���=�I%U5H$M^K � I%K!�GI%X^U � K$U$XZ±�K�S r H$M^K$R�;%RnH$M^K � ±WK�Si�GI%X^U �ut H-�;L � � � RYLYK��5'
RYK$LTS]H$LYX^�c�;X^LTS)µ>³�O K$U H°I%X^UWR	[$S§¯WK�S©H$«W× � XZ±�K�S�� MÌ� � RYLYK��VRYK$LTS§RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS
S � R�K$U0��X^U$X^��K$� [�O K$U�S3m I%U��VRYXZI%U [�OP�VU�SVL-�)XZS)µ Ë SVRYRTS1mwI%U��VRYXZI%U [$�VHJSVU�[0S �T� SVU�RYXZSVMn'
MZSV�GSVU�R�[$S � X^UWRTSVL��%�VRYXZI%U � [$S1m��;X^Q$MZS � �VU�SVL-�)XZS � X^U�[\K$X^RTS � H-�;L�MÌ�©U-�;RYK$LTS}�T«$X^��XZ±WK�S
[$S � �%�VXZ[$S � �;��X^U�� � ��X � SVU ��I%U�R��%�VR [��;U � MÌ� � RYLYK��VRYK$LTS]RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS)µ � U
[\X � RYX^UP�)K�S�K$U�U$X^¯®S��;K0X^U�RTSVLY�G��[\XÌ�;X^LTS	SVU�RYLTS�MÌ� � RYLYK��VRYK$LTS�RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZScSVR�MÌ�
� RYLYK��VRYK$LTS�H$LYX^�c�;X^LTS)µ 
?M � O ���)X^R][$S!MÌ� � RYLYK��VRYK$LTS � S���I%U�[��;X^LTS�±�K$X�[$���VLYX^R©M�O �;LYL��;U^'�®SV�GSVU�R�[��;U � M�OPS � H-�%��S�[$S � �%�VXZ[$S � �;��X^U�� � �%[;�T�%��SVU�R ��� K$LeMÌ� � ��±�K�SVU���S)µ Ë SVLYR��;X^U �
�VMZ�V�GSVU�R � [$S � RYLYK��VRYK$LTS � S���I%U�[��;X^LTS � I%UWR Q$XZSVUGXZ[$SVU�RYXn{-� � SVR"��I%U � RYX^RYK�SVU�R>[$S �"� RYLYK��5'
RYK$LTS � I%LT[$I%U$U���S � ��I%���GS_MZS � «��VM^XZ��S � α SVRNMZS � m SVK$X^M^MZSVR � β µ³nSVK\Ó©S�Ó$SV��H$MZS � [$S�H$LTI%RT�VX^U�S �Á� I%U�RNH$LT� � SVUWRT� � �VXn'?[$S ��� I%K � ��¯®S��_HJI%K$LoI%Q\�YS��VRYXnm
[�O X^M^M^K � RYLTSVLNMZSnL�;%MZS_�VLYK��VXÌ�;M'[\K©LTSVH$M^XZSV�GSVU�Rn[��;U � MÌ��m I%U��VRYXZI%U§[$S � H$LTI%RT�VX^U�S � µ
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C−term

� ��� �r�)µ /<! 6WRYLYK��VRYK$LTS�[�O K$U�S�SVUP��×y�GS ¦ MZSnM^× � I���×W�GS)µ � ���;K��T«�S��-MÌ� � ��±WK�SVU���S_[$S �
�%�VXZ[$S � �;��X^U�� � [$S MÌ�§H$LTI%RT�VX^U�S)µ ²oK���X^M^XZSVK�� MÌ� � RYLYK��VRYK$LTS©RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS§I��
� I%UWRrLTSVH$LT� � SVUWRT� � MZS � �VMZ�V�GSVU�R � [$S � RYLYK��VRYK$LTS � S���I%U�[��;X^LTS r «��VM^XZ��S � �;M^H$«-�NSVR�m SVK$X^M^MZSVR �
QJ�VR�� t µ �9[\LTI%X^RTS���MÌ� � RYLYK��VRYK$LTS�RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS	I��0MZS � �;RTI%�GS ��r � M�OPS�Ó$��SVH$RYXZI%U
[$S � «W×y[\LTI��®ªVU�S �5t�� I%UWR�LTSVH$LT� � SVU�RT� � H-�;LG[$S �G� H$«�ªVLTS � X^U�[\XZ±�K-�;UWRGM�OPS � H-�%��S]±WK*O X^M �
Iy���VK$H°SVUWR�µo_*S � �%�VXZ[$S � �;��X^U�� � X^��HJI%LYR��;U�R � [\K � X^RTS©�%�VRYXnm � I%UWR�H$LTIW��«�S � MZS � K$U �
[$S � �;K$RYLTS � [��;U � M�OPS � H-�%��S r SVU U�I%X^Li[��;U � MÌ� � RYLYK��VRYK$LTS t �c�;X � H-� � MZSGMZI%UP�![$SGMÌ�
� ��±WK�SVU���S r SVU:�)L�� � [��;U � MÌ� � ��±WK�SVU���S t µ

_���{>�)K$LTS©�)µ /©�GI%U�RYLTS�MÌ� � ��±WK�SVU���S�[�O K$U�S�H$LTI%RT�VX^U�S�SVR � I%U�LTSVH$M^XZSV�GSVU�R�[��;U �
M�OPS � H-�%��S�I%Q$RTSVUWKGH-�;L"�VLYX � R��;M^MZI��)L��;H$«$XZS)µ 
?M � O ���)X^R"[�O K$U�S�SVUP��×y�GS��)�)OPS � R��e[\X^LTS�[�O K$U�S
H$LTI%RT�VX^U�S����;H-�;Q$MZS�[$S����;R��;M^× � SVLeK$U�S�LT���%�VRYXZI%U��T«$X^��XZ±WK�S)µ�6\�+m I%U��VRYXZI%U!S � Re[$S�[$�5'�)L��%[$SVLe��SVLYR��;X^U �o� K��VLTS � [$S � H-�;LTI%X � Q-�%�VRT�VLYXZSVU$U�S � µf_r��LT���%�VRYXZI%U � Svm �;X^RNSVU§K$U � X^RTS
H$LT���VX � [$S�MÌ� � RYLYK��VRYK$LTS��;H$H°SVMZ� � X^RTSi�%�VRYXnmYµ Ë S � X^RTSi�%�VRYXnm S � ReSVU.�®�VU��VL��;M'K$U!�VLTSVK\Ó
[��;U � MÌ� � RYLYK��VRYK$LTS_��I%��H-�%�VRTSi[$S�M�OPSVUP��×W�GS)µ � U]RYLTI%K$¯®Si�;K � SVX^U5[\K � X^RTS_�%�VRYXnm"[$S �
�%�VXZ[$S � �;��X^U�� � [\X � R��;UWR � � K$LrMÌ� � ��±WK�SVU���S��c�;X � ±WK�S MZS�LTSVH$M^XZSV�GSVU�R RYLYXZ[\X^�GSVU � XZI%U$U�SVM
��L��;H$H$LTIy�T«�� � �-H°SVLY�GSVRYR��;UWRoMÌ��m I%U��VRYXZI%U§[$S����;R��;M^× � S)µ

_rS�[$SVK\Ó\XZªV�GS�S�Ó\SV��H$MZS�S � Rn[$S � RYX^U��1�cX^M^M^K � RYLTSVLnK$U��;K$RYLTS�� � HJS��VR�[$S�M�O X^��HJI%L('
R��;U���S�[$S!MÌ� � RYLYK��VRYK$LTS�[��;U � MZS � X^U�RTSVL��%�VRYXZI%U � SVUWRYLTS��GI%MZ���VK$MZS � µ<_r� {>�)K$LTS��)µ �
�GI%UWRYLTS�K$U ��I%��H$MZS�Ó\S�²e³n´ '�H$LTI%RT�VX^U�S0±WK$X���I%LYLTS � H°I%U�[ � MÌ� LTS���I%U$U-�;X �T� �;U���S
[�O K$U�S � ��±WK�SVU���Sc[$S	LT�,�)K$MÌ�;RYXZI%U�[$ScMÌ�©RYL��;U � �VLYX^H$RYXZI%U*µ�_r�§H$LTI%RT�VX^U�S	H$LT� � SVU�RT��S}XZ�VX
S � R���I%U � RYX^RYK���S�[$S�[$SVK\Ó � I%K � '�K$U$X^RT� �&r XZ[$SVUWRYXZ±�K�S � [��;U � ��SVR S�Ó$SV��H$MZS t ±WK$XJI%UWRN�VRT�
RYL��%[\K$X^RTS � � �VH-�;LT�V�GSVUWR�µ Ë S � [$SVK\Ó � I%K � '�K$U$X^RT� �>� I%U�R�� �T� Iy�VXZ��S � M�O K$U�Sq��M�O �;K$RYLTSÁH-�;L
[$S � X^U�RTSVL��%�VRYXZI%U � m��;X^Q$MZS � SVU�RYLTS ��SVLYR��;X^U � [$ScMZSVK$L � �%�VXZ[$S � �;��X^U�� � µ Ë S � ��I%UWR��%�VR �
� I%UWR"LTSVU�[\K � HJI �T� X^Q$MZS � H-�;L MÌ� � RYLYK��VRYK$LTS�RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZSn�%[$I%H$RT��S�H-�;L"MZS � � I%K � '
K$U$X^RT� � µ�³nS U�I%��Q$LTSVK � S � H$LTI%RT�VX^U�S �c� I%U�R}�;X^U � Xo��I%U � RYX^RYK���S � [$S]M�O � �T� Iy�VXÌ�;RYXZI%U [$S
H$M^K � XZSVK$L �	� I%K � '�K$U$X^RT� � µ Ë OPS � R�U�I%R��;���GSVU�R}MZS©��� � [�O K$U`�)L��;U�[ U�I%��Q$LTS5[$S H$LTI�'
RT�VX^U�S � LTS���I%U$U-�;X ��� �;U�Ro[$S �o� X��)U-�;K\Ó � K$L�MZS ��� ��±�K�SVU���S � UWK��VMZ�VXZ±�K�S � µU_*S �N� ��±WK�SVU���S �
LTS���I%U$UWK�S � H$LT� � SVUWRTSVU�R��;MZI%L ��� I%K$¯®SVUWR_K$U�SG��SVLYR��;X^U�S � ×y�G�VRYLYXZS)µ�_r� � RYLYK��VRYK$LTS�RYLYXn'
[\X^�GSVU � XZI%U$U�SVM^MZS�H°SVLY�GSVRN�,���;MZSV�GSVUWRNMZS���I%U�R��%�VRÁSVU�RYLTS_±WK�SVMZ±�K�S � �%�VXZ[$S � �;��X^U�� � SVR
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� ��� �e�)µ � ! 6WRYLYK��VRYK$LTS5[�O K$U ��I%��H$MZS�Ó\S!²e³e´ '�H$LTI%RT�VX^U�S)µ�³eX^�GªVLTS![$S]H$LTI%RT�VX^U�S� � RYLYK��VRYK$LTS�[$S5R ×WHJS [JQjOHX�I�W�Qux��VI ��� Q�i ¦ I%U RYLTI%K$¯®S�K$U�S�MZSVK��VX^U�S�RTI%K$RTS!MZS �©� SVH$R
H°I � X^RYXZI%U � [��;U � MZS_[$I%�c�;X^U�S_[$S�M^XÌ�;X � I%U§SVU�RYLTS�MZS � [$SVK\Ó H$LTI%RT�VX^U�S � µ

[$S � Q-� � S � [$SÁMÌ� � ��±WK�SVU���SÁ[�OP²e³n´ �_M�OPI%LYX��)X^U�Sn[�O K$U�SÁLTS���I%U$U-�;X �T� �;U���Sn[$So��SVRYRTS � �5'
±�K�SVU���S)µ Ë «-�%±�K�S � I%K � '�K$U$X^RT�oH-�;LYRYXZ�VX^HJSy����SVRYRTSeLTS���I%U$U-�;X �T� �;U���S)µ\³nSVK\Ó � ��±WK�SVU���S �
[�OP²Á³n´ r XZ�VX XZ[$SVU�RYXZ±WK�S � �c�;X � [$S � SVU � I%H$H°I � � �utn� I%UWRi[$I%U���LTS���I%U$UWK�S ��� X^��K$M^R���'
U��V�GSVU�RM�-��S�±�K$X��;KP�)�GSVUWRTS�MÌ�3mwI%LT��S_[$S_MÌ��M^XÌ�;X � I%U§SVRNMÌ��MZI%UP�)K�SVK$LÁ[$S�MÌ� � ��±�K�SVU���S
LTS���I%U$U�K�S)µ
� M^K � �®�VU��VL��;MZSV�GSVUWRM�4MÌ� {$Ó��;RYXZI%U§[$S�H$LTI%RT�VX^U�S � ��M�OP²Á³n´ S � R � I%K$¯®SVUWRNK$U]H$«��5'

U�I%�GªVU�S���IWI%HJ�VL��;RYXnm ¦ MZS � X^UWRTSVL��%�VRYXZI%U � SVUWRYLTS�H$LTI%RT�VX^U�S � m��%�VX^M^X^RTSVU�R�MÌ��{$Ó$�;RYXZI%U0[$S
M�OPSVU � SV��Q$MZS_SVR�H-�;LYRYXZ�VX^HJSVU�Rq��MÌ��LTS���I%U$U-�;X �T� �;U���S_[$S_�GI%RYXnm � ��I%��H$MZS�Ó$S � µ ¾ XZSVU ��
 LM�
MÌ� {$Ó$�;RYXZI%U§[�O K$U�S_H$LTI%RT�VX^U�S_HJSVK$Ro�;K �T� X��]�VU�SVLNMÌ��{$Ó��;RYXZI%U§[�O K$U�S��;K$RYLTS)µ_r� � RYLYK��VRYK$LTS�[�O K$U�S�H$LTI%RT�VX^U�S�U*OPS � R � I%K$¯®SVU�RnH-� � ��I%��H$MZªVRTSV�GSVU�R&{>�®��S�SVReMZS �
�T«-�;UP�®SV�GSVU�R � [$S � RYLYK��VRYK$LTS � X^U�[\K$X^R � H-�;L�MZS � M^XÌ�;X � I%U � ��¯®S��©[�O �;K$RYLTS � �GI%MZ���VK$MZS �
��I%K�SVUWRi[$S � L�;%MZS � X^��HJI%LYR��;U�R � µ'²ÁX^U � X �r[��;U � M�OPS�Ó\SV��H$MZS}[$SGM�OPI%HJ�VLTI%U MÌ�%�VRTI � ScH$LT�5'
� SVU�RT�][��;U � MÌ� � S��VRYXZI%U � K$X^¯)�;U�RTS��"��S � I%U�RGMZS � �GIy[\Xn{-���;RYXZI%U � [$S � RYLYK��VRYK$LTS � [$S �
LT�VH$LTS �T� SVK$L � ��I%U � ���VK$RYX^¯®S � �eMZSVK$L"M^XÌ�;X � I%U	��¯®S��N[$S HJSVRYX^RTS � �GI%MZ���VK$MZS � ±WK$X��T«-�;UP�®SVUWR
MZSVK$LN���;H-�%�VX^RT��[$S�M^XÌ�;X � I%U§�;K\Ó � ��±WK�SVU���S � [�OP²e³n´ØLTS���I%U$UWK�S � µ
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Ë I%���GSiI%U!M�O �c¯WK��-M�OP²Á³n´BS � RÁK$U�S��GI%MZ���VK$MZS���I%U � RYX^RYK���S�[$Si[$SVK\Ó]Q$LYX^U � �;H^'

H-�;LYXZ� � µ Ë S � Q$LYX^U ��� I%UWRiH-�;L��;M^MZªVMZS � �c�;X � [$S � SVU � I%H$H°I � � � r �;UWRYX^H-�;L��;M^MZªVMZS �ut µo_*S �
� ��±�K�SVU���S � [$S � [$SVK\Ó	Q$LYX^U � � I%UWR�[\X��J�VLTSVUWRTS � �c�;X ��� SÁ[$��[\K$X � SVU�R�M�O K$U�Sn[$SoM�O �;K$RYLTS ¦
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3’

5’

5’

3’

synthèse de 5’ vers 3’

tttcga t

t c g a a a a g t a a

� ��� ���)µ > !"_r��LT�VH$M^XZ���;RYXZI%U5[$S_M�OP²Á³n´

SVM^MZS �G� I%U�RG[\X^RTS � X^U�¯®SVL � S � ��I%��H$MZ�V�GSVU�R��;X^LTS � µ _*S � UWK��VMZ��I%RYXZ[$S � m��%��Sl� m��%��S}¯®�VLYXn'{-SVUWRGMÌ�!LTª,�)MZS][$S©��I%��H$MZ�V�GSVU�R��;LYX^RT�![$S � �;R � I%U SVR Ë LYXZ�� ±WK$XN[$�5{�U$X^RGMZS � [$SVK\Ó
� SVK$M � �;H$H-�;LYXZSV�GSVU�R � �;K$RTI%LYX � � � ¦ a ��¯®S�� t SVR c ��¯®S�� g µ Ë SVRYRTS�LTª,�)MZSÁ[�O �;H$H-�;LYXZSV�GSVU�RHJSVLY�GSVRiMÌ�§LT�VH$M^XZ���;RYXZI%U [$SGM�O X^U^m I%LY�c�;RYXZI%UD�®�VU��VRYXZ±�K�S)µ<³eK$L��;U�R���SVM^MZS5'?�VX r 0�X�� �)µ > t �
MÌ� � ��±WK�SVU���S	[$S}�T«-�%±WK�S}Q$LYX^U � SVLYR�[$S	�GIW[$ªVMZSl�©MÌ� � ×yU�RY«�ª � S}[�O K$U�Q$LYX^U {�M � �'[$S
� ��±WK�SVU���S�X^UW¯®SVL � So��I%��H$MZ�V�GSVUWR��;X^LTS)µH_rS � � ��±WK�SVU���S � {�M^MZS ��� I%U�R�RTI%K%��I%K$L ��� ×WUWRY«��VRYXn'
� ��S � [��;U � MZS � SVU � [\X^R �\O→  \O���MÌ� � ��±WK�SVU���So�GIy[$ªVMZSe�VR��;U�R M^K�SÁ[��;U � MZS � SVU �  \O→ �\O^µ
� H-�;LYRYX^L�[$S � I%U0I%LYX��)X^U�S��rMÌ�}LT�VH$M^XZ���;RYXZI%U H$LTI��)LTS �T� SGSVU � �VH-�;L��;U�RiMZS � [$SVK\Ó�Q$LYX^U �
�GIy[$ªVMZS � RTI%K$RnSVU � ×yU�RY«��VRYX � �;UWR�MZS � [$SVK\Ó!Q$LYX^U � {�M � µ Ë Si�G�����;U$X � �GS�HJSVLY�GSVR��;K\Ó
Q$LYX^U � [$S�LTS � RTSVLnHJSVK�[$S�RTSV��H � U�I%U��;H$H-�;LYXZ� � �c�;X � X^��H$M^XZ±�K�S�K$U�SG� � ×y�G�VRYLYXZS�[$S
MZSVK$L�RYL��;X^RTSV�GSVU�R�µ%Ò UiS���SVRM��MZS � [$SVK\Ó � ��±�K�SVU���S � �GªVLTS � U�S H°SVK$¯®SVUWR@�VRYLTS"M^K�S ��� X^�iK$Mn'
R��;U��V�GSVUWR>SVU}��I%U�RYX^U�K [��;U � MZS � SVU �  \O→ �\O^µW²oX^U � X � � SVK$M�K$UGQ$LYX^U}S � R � ×yU�RY«��VRYX � �Á[$Sm���=�I%Uc��I%U�RYX^UWK�S r [JQ5GBR]I�W^\3KMFJiuG�W�R t �;MZI%L � ±WK�S�M�O �;K$RYLTSNS � R � ×WUWRY«��VRYX � ��H-�;L"�GI%LT��S��;K\Ór [ Gj\�\]I�W^\lKMFJiuG�W�R t µ
¾ XZSVU ±�K�S�MÌ�©LT�VH$M^XZ���;RYXZI%U [$ScM�OP²Á³n´ � I%X^R_RYLTª � {-[$ªVMZS��r[$S�HJSVRYX^RTS � SVLYLTSVK$L � �rI%K

�iK$R��;RYXZI%U � HJI%U��VRYK�SVM^MZS � � HJSVK$¯®SVU�R � K$LY¯®SVU$X^L�µ Ò"M^MZS �G� I%U�RcK$U�S©[$S � I%LYX��)X^U�S � [$S MÌ�
¯)�;LYXÌ�;Q$X^M^X^RT�Á[$SoM�O X^U^mwI%LY�c�;RYXZI%U"�®�VU��VRYXZ±WK�SNU�����S �T� �;X^LTSv��M�OP�V¯®I%M^K$RYXZI%U*µy³nS � ��K$R��;RYXZI%U �
HJSVK$¯®SVU�Rn�;K �T� X � S_H$LTIW[\K$X^LTS_SVUWRYLTS�MZS � LT�VH$M^XZ���;RYXZI%U � SVR � I%U�RÁ�;MZI%L � RYL��;U � ��X � S � ��MÌ�
[$S � ��SVU�[��;U���S�MZI%L � [$S�MÌ�	LT�VH$M^XZ���;RYXZI%U [$S�M�OP²e³e´D��K$RT�)µ � �;LY��X"MZS � �G�����;U$X � �GS � �
M�OPI%LYX��)X^U�S>[$S MÌ� ¯)�;LYXÌ�;Q$X^M^X^RT���®�VU��VRYXZ±WK�S���MZS � LTS���I%��Q$X^U-�;X � I%U � �YI%K�SVU�R<�;K �T� X®K$U_L�;%MZS�S � '
� SVUWRYXZSVM-SVU�HJSVLY�GSVRYR��;U�R"MZS�[$�VH$MÌ�%��SV�GSVUWR�[$S�mwL����)�GSVU�R � [�OP²e³n´iµ%Ò M^MZS � H°SVK$¯®SVUWR U�I�'
R��;���GSVUWR SVU�RYL��u¬ZU�SVL>[$S � X^U � SVLYRYXZI%U � �)[$S � [$�VMZ�VRYXZI%U � SVR"[$S � [\K$H$M^XZ���;RYXZI%U � [$S �)L��;U�[$S
�;��H$MZSVK$L�µ
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U��VRYXZ±�K�S>H-� �T� S>H-�;L<MÌ�ÁRYL��;U � �VLYX^H$RYXZI%Uc[$S>MÌ� � ��±WK�SVU���S�[�OP²Á³n´�SVU � ��±WK�SVU���S [�OP²ÁÏÁ´ �
H$K$X ��� I%K$¯®SVUWR H-�;L>MÌ��RYL��%[\K��VRYXZI%U©[$SoMÌ� � ��±WK�SVU���SÁ[�OP²eÏo´3SVU � ��±WK�SVU���SoH$LTI%RT�VXZ±WK�S)µ_r� {>�)K$LTSc�)µ D � ��«��V�c�;RYX � S_MZS � �G�����;U$X � �GS � [$S_��S � [$SVK\Ó �VR��;HJS � µ

F T I Q K D R

t t c a c g a t t c a a a a a g a t c g t

acgatctttttgaatcgtgaa

c a c g a c a a a a a g a c gu u u u u u

acgatctttttgaatcgtgaa

c a c g a c a a au u u u

synthèse de l’ARN

c a c g a c a a a a a g a c gu u u u u u

F T I Q K

synthèse protéique

ARN

ADN

Protéine

traduction

transcription

5’ 3’

N−term C−term

5’

3’ 5’

3’

� ��� �r�)µ D !�_"OPS�Ó\H$LTS �T� XZI%U5[$S�M�O X^U^mwI%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�S
_*S0H$LYX^U��VX^HJS [$S MÌ��RYL��;U � �VLYX^H$RYXZI%UBS � R§H$LTIy�T«�S [$S ��SVM^K$X�[$S0MÌ��LT�VH$M^XZ���;RYXZI%U*µË I%���GS§MÌ� � ×yU�RY«�ª � S![$S§M�OP²e³n´ � MÌ� � ×WUWRY«�ª � S5[$S5M�OP²eÏo´ � S.m �;X^R}[��;U � MZS � SVU �

�\O→  \O>SVR � S.m I%U�[$S � K$L}M�O �;H$H-�;LYXZSV�GSVUWR§[$S � U�K��VMZ��I%RYXZ[$S � [$S5M�OP²eÏo´ � ×WUWRY«��VRYX � ���¯®S��©��SVK\Ó [$S M�OP²Á³n´ �GIy[$ªVMZS�� �c�;X � SVU H$MÌ��=��;UWRGK$U u �;K M^XZSVK�[�O K$U t SVUDm��%��S[�O K$U a µ � MÌ�©[\X����VLTSVU���SG[$S�M�OP²e³e´��JM�OP²eÏo´ S � R_K$U�S��GI%MZ���VK$MZS � X^��H$MZSGQ$LYX^U ¦ � �� ×WUWRY«�ª � S	U�ScH$LTSVU�[�[$I%U��}H°I%K$L��GIy[$ªVMZS}±WK*O K$U [$S � [$SVK\Ó Q$LYX^U � [$S	MÌ�§�GI%MZ���VK$MZS
[�OP²Á³n´�µ � I%K$L_[$�VRTSVLY��X^U�SVL_MÌ� � ��±WK�SVU���S�[$S�M�OP²ÁÏÁ´BRYL��;U � �VLYX^R��	H-�;LYRYX^L_[�O K$U � S,��'
�GSVU�RN[�OP²e³e´Ø[$I%K$Q$MZSnQ$LYX^U��\X^MJS � R [$I%U��eU�����S �T� �;X^LTS�[�O XZ[$SVU�RYXn{-SVLNMZSeQ$LYX^U RYL��;U � �VLYX^R�µ� U§U�S_LTS,���;LT[$S�mwLT��±�K�SV���GSVUWRn±WK�S_MÌ� � ��±WK�SVU���S�[�O K$U5[$S � Q$LYX^U � [�OP²Á³n´��-��SVM^MZS5'?�VX
��I%U�RTSVU-�;U�RnRTI%K$RTS�M�O X^U^mwI%LY�c�;RYXZI%U*µ°³��;U � ��Si��� � ��I%U§H-�;LYMZS�H-�;L(mwI%X � H-�;LÁ��I%���GIy[\X^RT�
[$S � SVU � [$S�RYL��;U � �VLYX^H$RYXZI%U§H$M^K$R�;%RÁ±WK�S�[$SnQ$LYX^U]RYL��;U � �VLYX^R�µ_r�nH$M^K$H-�;LYR>[$S � ²eÏo´ � I%U�R"RYL��%[\K$X^R � �y�;KG�GI%X^U � H-�;LYRYXZSVM^MZSV�GSVUWRM�\SVUGH$LTI%RT�VX^U�S � ¦
��S � I%U�R_[$S � ²eÏo´B�GS �T� ���®SVL �wr ²ÁÏÁ´o� t µ�_r�}RYL��;U � �VLYX^H$RYXZI%U0[$S � ²eÏo´Á� H°SVK$R�SVU
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H-�;LYRYXZSq�VRYLTSÁX^U�RTSVLYH$LT�VRT��S���I%���GSeK$U�SÁ�VR��;HJSn[�O �;��H$M^Xn{-���;RYXZI%U][$SoM�O X^U^m I%LY�c�;RYXZI%Ul�®�5'
U��VRYXZ±WK�S)µ Ò U S��JSVRM� K$U�S]�w�V�GS � ��±WK�SVU���S][�OP²e³e´ S � R1�®�VU��VL��;MZSV�GSVUWR RYL��;U � �VLYX^RTS
SVU [$S���K$M^RYX^H$MZS � �GI%MZ���VK$MZS � [�OP²ÁÏÁ´o� ±WK$X � SVLTI%UWRiSVM^MZS � '��w�V�GS � RYL��%[\K$X^RTS � SVU [$S
�iK$M^RYX^H$MZS �Á� ��±WK�SVU���S � H$LTI%RT�VXZ±WK�S � µ
Ë SVLYR��;X^U � ²eÏo´ U�S � I%UWR H-� � RYL��%[\K$X^R � SVUGH$LTI%RT�VX^U�S � µ _r�ymwI%U��VRYXZI%U}[$So��S � ²ÁÏÁ´

S � R��;MZI%L �i� I%K$¯®SVUWR�M^XZ��S"� MÌ� � RYLYK��VRYK$LTS	[$SGMÌ� �GI%MZ���VK$MZS	[��;U � M�OPS � H-�%��S)µ/_r�lm���=�I%U
[$I%UWR<��SVRYRTS � RYLYK��VRYK$LTS [$�VHJSVU�[i[$S�MÌ� � ��±�K�SVU���S>�o�VRT��X^M^M^K � RYLT��S>[��;U � MÌ� � S��VRYXZI%U �)µ^�)µ^�r H-���®S D t µ
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W¢ $�¥ � _r�oRYL��%[\K��VRYXZI%U�K$RYX^M^X � S K$U���IW[$S��u[\X^R
��Iy[$S��®�VU��VRYXZ±WK�S��¼H$LT� � SVU�RT� ���;Q$MZSe�)µ^�)µ Ë SVM^K$Xn'?�VXyH°SVLY�GSVR'[$S [$�VRTSVLY��X^U�SVL<MÌ� � ��±WK�SVU���S
H$LTI%RT�VXZ±WK�S��W���VLYX^RTSÁ[��;U � K$U �;M^H$«-�;Q°SVR<�n¯yX^UP�)R MZSVRYRYLTS � �WSVUwm I%U��VRYXZI%U}[$SoMÌ� � ��±WK�SVU���S
UWK��VMZ�VXZ±�K�S��y���VLYX^RTSo[��;U � K$U}�;M^H$«-�;QJSVR���±WK-�;RYLTSNMZSVRYRYLTS � µ Ë So��Iy[$So� �T� Iy�VXZS$����«-�%�VK$U
[$S � 64 RYLYX^H$MZSVR � [$S�U�K��VMZ��I%RYXZ[$S � M�O K$U�[$S � ¯yX^UP�)R'�%�VXZ[$S � �;��X^U�� � I%KiK$U � X��)U-�;M\[�O �;LYL��VR[$S�MÌ�©RYL��%[\K��VRYXZI%U*µ/_*S � RYLYX^H$MZSVR � [$S�UWK��VMZ��I%RYXZ[$S � RYL��%[\K$X^R � H-�;L_MZSG��Iy[$S1�®�VU��VRYXZ±WK�S
� I%UWR �;H$HJSVMZ� � ��IW[$I%U � µ _r� � ��±WK�SVU���SÁ[�OP²eÏo´ S � R>M^K�Se��I%���GSoK$U�S � K$X^RTSe[$SÁ��Iy[$I%U �
U�I%Uc��«�SV¯%�;K���«-�;U�R � [��;U � MZS � SVU � �\O→  \O®SVR MÌ� � ��±WK�SVU���SNH$LTI%RT�VXZ±WK�SNS � R � ×yU�RY«��VRYX � ��S[��;U � MZS � SVU � [\X^R©´z'�RTSVLY� → Ë '�RTSVLY�]µ � I%K$L][$�VRTSVLY��X^U�SVL©MÌ� � ��±�K�SVU���S!H$LTI%RT�VXZ±WK�S��I%LYLTS � HJI%U�[��;U�R+�5K$U�S � ��±WK�SVU���S	[�OP²eÏo´���X^M�m��;K$R1�VRYLTS}���;H-�;Q$MZS [$S}LTSVRYLTI%K$¯®SVL�MÌ�
H$«-� � S©[$S]MZS��VRYK$LTS)µ�_*S � ��Iy[$I%U � ±WK$XNSVU�RYL��u¬ZU�SVU�R}M�O �;LYL��VRc[$S MÌ�!RYL��%[\K��VRYXZI%U r uga �
uaa SVR uag ti� I%U�R�MZS � ��IW[$I%U � KMF7Z � µ'Ò U�H$M^K � [$S � ��IW[$I%U � KMF7Z � �'X^M S�ÓyX � RTS �;K �T� X[$S � ��Iy[$I%U � KjF)G�iMFÁ±WK$X � � SVK$M � �*HJSVLY�GSVRYRTSVU�RG[$S}[$�VQ$K$RTSVL�MÌ�]RYL��%[\K��VRYXZI%U*µ Ë «�S,� MZS �
Q-�%�VRT�VLYXZS � H$M^K � XZSVK$L � ��IW[$I%U � KMF)G�iMF � I%U�R>K$RYX^M^X � � �qr aug � auu SVR agu t µW²ÁK	��I%UWRYL��;X^LTS��«�S,�oMZS � ��SVM^M^K$MZS � SVK����;LY×®I%RTS � �®RTSVM � ±WK�S MZS � ��SVM^M^K$MZS � [$S � ¯®�,�®�VR��;K\ÓGSVR [$S � �;U$X^�c�;K\Ó��
� SVK$M\MZS ��Iy[$I%U aug HJSVLY�GSVR"[$S>[$�VQ$K$RTSVL MÌ�oRYL��%[\K��VRYXZI%U*µ � MÌ�e[\X����VLTSVU���S�[$S � ��IW[$I%U �KMF7Z � � MZS � ��Iy[$I%U � KMF)G�iMFi�;H$H-�;L��;X �T� SVU�R}U�I%U � SVK$MZSV�GSVUWR �;K\Ó QJI%LYU�S � [$S � LT�,�)XZI%U �
RYL��%[\K$X^RTS � �c�;X � �;K �T� X*SVU H$«-� � S&��M�O X^U�RT�VLYXZSVK$LÁ[$S���S � LT�,�)XZI%U � I��©X^M ��� I%UWR�RYL��%[\K$X^R �
��I%U^m I%LY�G�V�GSVU�R��;K]��IW[$S&�®�VU��VRYXZ±�K�S_��I%���GS_U*O X^��H°I%LYRTSi±�K�SVMr�;K$RYLTS_��Iy[$I%U*µ
³��;U � MZS � ��SVM^M^K$MZS � [$S � I%L-���;U$X � �GS � ! � K$H°�VLYXZSVK$L � # RTSVM � ±WK�S MZS � H$MÌ�;UWRTS � SVR

MZS � �;U$X^�c�;K\Ó��-MZS � LT�,�)XZI%U � RYL��%[\K$X^RTS � [�O K$U�S��w�V�GS_H$LTI%RT�VX^U�S_U�S � I%U�R � I%K$¯®SVU�RÁH-� �
[�O K$U � SVK$M°RTSVU-�;U�R � K$L�M�OP²e³n´iµ\Ò U©S���SVRM�\[��;U � ��S � ��� � �yM�OP²ÁÏÁ´3RYL��;U � �VLYX^R � K$Q$X^R�K$U
�VH$X �T� ���®Sn�;K]��I%K$L � [\K�±WK�SVMJMZS � LT�,�)XZI%U � U�I%U©RYL��%[\K$X^RTS ��r MZS � X^U�RYLTI%U �ut�� I%U�R�S�Ó$�VX � ��S �
RYLTª � H$LT���VX � �V�GSVU�R�[$Szm ��=�I%Ul��L�� �T� SV�iQ$MZSVL MZS � LT�,�)XZI%U � ��IW[��;UWRTS �yr MZS � S�Ó$I%U �ut ��¯%�;UWR
MÌ��RYL��%[\K��VRYXZI%U*µ_rSÁ��Iy[$Sz�®�VU��VRYXZ±WK�SÁS � R�[$�,�®�VU��VLT�eH$K$X � ±WK*O X^M>m��;X^R���I%LYLTS � HJI%U�[\LTS 20 �%�VXZ[$S � �;��Xn'U�� � � 61 ��Iy[$I%U � µ Ë I%���GSeMZSo�GI%UWRYLTSnMÌ� �'�;Q$MZS��)µ^����MÌ�iH$M^K$H-�;LYR�[$S � ��IW[$I%U � � ×yU�I�'UW×W�GS � [\X���ªVLTSVU�R K$U$XZ±�K�SV�GSVUWR H-�;L MZS U�K��VMZ��I%RYXZ[$SÁSVU�RYLTI%X � XZªV�GS�HJI � X^RYXZI%U*µ�_*S � m I%U��5'
RYXZI%U � [$S � H$LTI%RT�VX^U�S �o� ×yU�RY«��VRYX � ��S �o� I%U�RM����I%���GS�I%U©M�O ��¯WK©[��;U � MÌ� � S��VRYXZI%U �)µ^�)µ^���
MÌ�;L-�®SV�GSVUWRn[$�VHJSVU�[��;U�RTS � [$S �Á� RYLYK��VRYK$LTS � RYLYXZ[\X^�GSVU � XZI%U$U�SVM^MZS � ±�K*OPSVM^MZS � �%��±�K$XZªVLTSVUWR
SVU � SNLTSVH$M^XÌ�;UWR [��;U � M�OPS � H-�%��S)µ Ë SNLTSVH$M^XZSV�GSVUWR S � R�S �T� SVUWRYXZSVM^MZSV�GSVU�RN[$�VRTSVLY��X^U��ÁH-�;L
MÌ� � ��±WK�SVU���SiSVU0�%�VXZ[$S��;��X^U���SVReHJSVK$Re[$I%U��3�VRYLTS���I%U � XZ[$�VLT��M^K$X<�;K �T� X'��I%���GS�K$U
U$X^¯®S��;K§[�OPS�Ó\H$LTS �T� XZI%U5[$SnM�O X^U^mwI%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�S)µ>_rS�LTSVH$M^XZSV�GSVU�Re[$�VH°SVU�[ QJS��;K^'
��I%K$H�[$S � H$LTI%H$LYXZ�VRT� � H$«�× � XZ��I�'?�T«$X^��XZ±WK�S � [$S � �%�VXZ[$S � �;��X^U�� � µ Ë SVLYR��;X^U�S � [$S}��S �
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Ù ��Õ5���)µ^��!+_*Sn��Iy[$Sq�®�VU��VRYXZ±�K�S)µP_rS � ��I%K$MZSVK$L � ��I%LYLTS � HJI%U�[$SVU�R$����SVLYR��;X^U�S � ���;L��%�5'
RT�VLYX � RYXZ±�K�S � H$«�× � XZ��I�'?�T«$X^��XZ±WK�S � [$S � �%�VXZ[$S � �;��X^U�� � ¦ LTI%KP�®Sy'>�;M^X^H$«-�;RYXZ±�K�S��4Q$MZSVK '
«�×\[\LTI%H$«�I%Q°S��°�V×��;U:'��)LTI%K$H°S�«�×\[\LTI�Ó\×WMZS��4¯®SVLYRz'��)LTI%K$H°S � K$Mnm�K$LTS��®�Y�;K$U�S&'>�;LTI%�c��'
RYXZ±�K�S��\�c���®SVUWR��3'>�%�VXZ[$S)µ

H$LTI%H$LYXZ�VRT� ��� I%UWR_X^U�[\XZ±�K���S � [��;U � MÌ� �'�;Q$MZS§�)µ^�)µ � U�HJSVK$R_LTSV�c�;LT±WK�SVL�±�K�SGMZS�U�K^'
�VMZ��I%RYXZ[$ScSVU � S���I%U�[$ScH°I � X^RYXZI%U [\K ��Iy[$I%U � H$M^K �i� I%K$¯®SVU�RiK$U�SGX^U "�K�SVU���S � K$L_MZS �
H$LTI%H$LYXZ�VRT� � H$«�× � XZ��I�'?�T«$X^��XZ±WK�S � [$SÁM�O �%�VXZ[$S_�;��X^U��n��IW[$�n±WK�SoMZSeU�K��VMZ��I%RYXZ[$S�SVU H$LTS5'
��XZªVLTS�H°I � X^RYXZI%U*µ

��¢���$-��¸! 
_r��H$LT� � SVU���S§[$S � X��)U-�;K\Ó MZS©MZI%UP� [$S �G� ��±�K�SVU���S � U�K��VMZ�VXZ±WK�S � SVRGH$LTI%RT�VXZ±WK�S �

S � R�S ��� SVU�RYXZSVM^MZS:�5M�OPS�Ó\H$LTS �T� XZI%U�[$S}M�O X^U^mwI%LY�c�;RYXZI%U`�®�VU��VRYXZ±WK�S)µ � U�H°SVK$R��VX^RTSVL�U�I�'
R��;���GSVU�R MZS �	� X��)U-�;K\Ó � K$LcMÌ� � ��±�K�SVU���S![�OP²e³e´ ±WK$XoHJSVLY�GSVRYRTSVU�R MZS!�T«�I%X Ó [$S �
� S,�)�GSVU�R � RYL��;U � �VLYX^R � ��I%K�MZS ��� X��)U-�;K\Ó � K$L M�OP²eÏo´ ±�K$X-[$�VRTSVLY��X^U�SVUWR�MZS � M^X^��X^RTS � [$S �
X^U�RYLTI%U � SVR>MZSÁ��«�I%X Ó}[\K � X^RTSe[$SÁ[$�VQ$K$R�[$SÁRYL��%[\K��VRYXZI%U*µP_*Sn[$�VQ$K$R [$SÁM�OP²eÏo´Á�:��H-�;L
S�Ó\SV��H$MZS��'��I%U�RYXZSVUWRGMZS � X^RTS	[$S+{$Ó$�;RYXZI%U [\K LYX^Q°I � I%�GS	I%K Ï ¾ 6 r �zI �>ZjK,ZMclQ3Y�I�WUxR]I�W^\:E I F7Q t ±WK$X-�YI%K�S�K$U5L�;%MZS�[$�VRTSVLY��X^U-�;U�R_[��;U � MZS��T«�I%X Ó�[\K � X^RTSi[$S�[$�V�c�;LYL����®S
[$SnMÌ��RYL��%[\K��VRYXZI%U*µ-³nS �o� X��)U-�;K\Ó S�Ó\X � RTSVU�Re�;K �T� X � K$L�MZS � H$LTI%RT�VX^U�S � ¦ I%U]HJSVK$Ro�VX^RTSVL
U�I%R��;���GSVU�Ri[$S ��� X��)U-�;K\Ó�H$LT� � SVU�R �i� K$L_��SVLYR��;X^U�S ��� ��±WK�SVU���S � ±WK$X H°SVLY�GSVRYRTSVUWR�MÌ�
LTS���I%U$U-�;X �T� �;U���SN[\KG��I%��H-�;LYRYX^�GSVUWR�[$S MÌ�n��SVM^M^K$MZS�¯®SVL � MZS�±WK�SVM$MÌ�eH$LTI%RT�VX^U�SN[$I%X^R��VRYLTS
�%[\LTS �T� ��S)µ_*S �_� X��)U-�;K\Ó�HJSVK$¯®SVU�R �VRYLTSc[$���VLYX^R � ��I%���GS�M�OPIy���VK$LYLTSVU���Sc[$S � ��±WK�SVU���S � H-�;L('
RYXZ�VK$M^XZªVLTS � µ Ë SVHJSVU�[��;U�RM�*Q$XZSVU � I%K$¯®SVU�RM�rK$U �)L��;U�[�U�I%��Q$LTS	[$S � ��±WK�SVU���S � ��I%LYLTS � '
H°I%U�[$SVUWR��}K$U0�w�V�GS � X��)U-�;M SVR_MZS � X��)U-�;M�[$I%X^Ri[$I%U���H$M^K$R�;%R��VRYLTSG[$���VLYX^R���I%���GS
K$UG�GI%RYXnm�H$M^K$R�;%R ±�K*O K$U�S � ��±WK�SVU���S�H-�;LYRYXZ�VK$M^XZªVLTS)µ _�� � X^RYK-�;RYXZI%U	S � R"SVU���I%LTSo��I%��H$M^Xn'
±�K���S>H-�;L<MZS m �;X^R ±WK�S>[$S � � ��±�K�SVU���S � X^UWRTSVLYH$LT�VRT��S � ��I%���GS K$U � X��)U-�;M$[��;U � ��SVLYR��;X^U �
��I%U�RTS�Ó\RTS � H°SVK$¯®SVUWR��;K �T� X �;H$H-�;L��u¬ZRYLTS !cH-�;Ln«-� � �;LT[ #!�;X^M^MZSVK$L � MZS�MZI%UP� [$S�MÌ� � �5'
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±WK�SVU���S � �;U � HJI%K$Lo�;K$R��;U�R ��I%K�SVLoMZSnL�;%MZS_[�O K$U � X��)U-�;M�µ� I%K$LnX^M^M^K � RYLTSVLeMZS�L�;%MZSi[$S �e� X��)U-�;K\Ó � K$LoMÌ� � ��±WK�SVU���S�[�OP²e³e´��4U�I%K � U�I%K � �;H^'
H$K$XZSVLTI%U �"� K$L'M�OPS�Ó$SV��H$MZS�[$S MÌ�ÁLT�,�)K$MÌ�;RYXZI%Uc[$S MÌ�ÁRYL��;U � �VLYX^H$RYXZI%Uc[$S>M�OPI%HJ�VLTI%U�MÌ�%�VRTI � S
��«�S,� ' �HXVZM[�I�µ�_*S � �®ªVU�S � [ GBX��@��[ GBX���SVRo[ GBX�� � I%UWR RYL��;U � �VLYX^R � SVU�K$U��w�V�GSo²ÁÏÁ´o�
SVR���I%U � RYX^RYK�SVU�R�[$I%U��}��S	±WK*OPI%U �;H$H°SVM^MZS	K$U I%HJ�VLTI%U*µ@_"OPS�ÓyH$LTS ��� XZI%U [$S}��S � �®ªVU�S �
SVU�H$LTI%RT�VX^U�S � HJSVLY�GSVRq�cMÌ�	Q-�%�VRT�VLYXZS�[�O K$RYX^M^X � SVLeMZSiMÌ�%�VRTI � S���I%���GS � I%K$LT��S�[�OP�VU�SVL('�)XZS)µ Ë SVRYRTSiS�Ó\H$LTS �T� XZI%U§S � RoLT�,�)K$MZ��Si�;K5U$X^¯®S��;K![$S�MÌ��RYL��;U � �VLYX^H$RYXZI%U�[$S�RTSVM^MZS � I%LYRTS
±WK*OPSVU�M�O �;Q � SVU���SG[$S�MÌ�%�VRTI � S��JMZS � �®ªVU�S � U�S � I%UWR_H-� � RYL��;U � �VLYX^R � �rSVU�H$LT� � SVU���SG[$S
MÌ�%�VRTI � S�MZS � �®ªVU�S � U�S � I%U�RnRYL��;U � �VLYX^R � ±WK�S � X'X^M<U*O ×5�cH-� � [$S �)M^K���I � S�[\X � HJI%U$X^Q$MZS
��I%���GS � I%K$LT��S�[�OP�VU�SVL-�)XZS r MZSq�)M^K���I � S�S � R�K$U�Sn�GSVX^M^MZSVK$LTS � I%K$LT��S�[�OP�VU�SVL-�)XZS_±WK�SnMZS
MÌ�%�VRTI � S t µ Ë SVRYRTScLT�,�)K$MÌ�;RYXZI%U��'��I%���GSGMÌ�]H$M^K$H-�;LYRi[$S � LT�,�)K$MÌ�;RYXZI%U � RYL��;U � �VLYX^H$RYXZI%U^'
U�SVM^MZS � � � OPS�Ó\SVLT��S"�;K�U$X^¯®S��;K�[\K�[$�V�c�;LYL����®S [$S<MÌ�>RYL��;U � �VLYX^H$RYXZI%U*µuÒ M^MZSom �;X^R�X^UWRTSVLY¯®SVU$X^L
MÌ�w{$Ó$�;RYXZI%U![$S�H$LTI%RT�VX^U�S �n� K$Le[$S �Á� X^RTS � H-�;LYRYXZ�VK$M^XZSVL � [$S�MÌ� � ��±WK�SVU���Si[�OP²e³n´ �4��S �
� X^RTS ��� I%UWR � X^RYK�� � SVU��;�GI%UWRG[$ScMÌ�5LT�,�)XZI%U�RYL��;U � �VLYX^RTS [��;U � K$U�S	LT�,�)XZI%U��;H$HJSVMZ��S
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�SV��H9����«�SeM�OP²ÁÏÁ´3H°I%M^× '
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� I%UWR'��SVK\Ó�[$S RYL��;U � �VLYX^H$RTI%�GS SVR<[$S H$LTI%RT��I%�GS ±WK$Xy[$� � X��)U�SVU�R<LTS � HJS��VRYX^¯®SV�GSVU�R<M�OPSVU^'
� SV�iQ$MZS�[$S � ²ÁÏÁ´ RYL��;U � �VLYX^R � SVR [$S � H$LTI%RT�VX^U�S � RYL��%[\K$X^RTS � µ 
?M$S�Ó\X � RTS ��SVH°SVU�[��;UWR K$U�S
[\X����VLTSVU���S mwI%U�[��;�GSVUWR��;MZS�SVU�RYLTS�MZS��®�VU�I%�GS�SVReMZS � �;K$RYLTS � !cI%�GS � #)µ°Ò U�S��JSVRM�4MZS�®�VU�I%�GS�U�S_¯)�;LYXZSiH$L��;RYXZ±�K�SV�GSVUWR�H-� � [��;U � K$U5I%L-���;U$X � �GSi¯yX^¯)�;U�R �J�;K!��I%UWRYL��;X^LTS��
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MZSÁRYL��;U � �VLYX^H$RTI%�GS�SVR>MZSeH$LTI%RT��I%�GS���«-�;UP�®SVU�RM� � SVMZI%U MZS ��� I%K$LT��S � [�OP�VU�SVL-�)XZS � [\X � H°I�'
U$X^Q$MZS � ��MZS�R ×WHJS�[$Si��SVM^M^K$MZS���I%U � XZ[$�VLT��[��;U � K$U!I%L-���;U$X � �GSi��K$M^RYXZ��SVM^M^K$MÌ�;X^LTS��JI%K!�;K
��I%K$L � [\K§�V×\�VMZS���SVM^M^K$MÌ�;X^LTS���H-�;LoS�Ó$SV��H$MZS)µ
Ò U§[$SV«�I%L � [\K � ��±WK�SVU>=����®S�[$S�M�OP²e³n´ �$I%U]HJSVK$Ro�VX^RTSVLÁH-�;LY��X*MZS � H$M^K � X^��H°I%L('

R��;U�RTS � [$S � RTS��T«$U�I%MZI��)XZS � [$S�MÌ��Q$XZI%MZI��)XZS ���)L��;U�[$S_����«�SVM^MZS ¦
8 ¥§¹ 
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?M � O ���)X^R � I%K$¯®SVUWRN[\K � ��±�K�SVU>=����®S

[�OPÒ 6 � r '�� � i,QSKSK,QVRlEUQVNPOHQ�W�XVQ��UGj\ t µf_*S � Ò 6 � � I%U�Ro[$S �Á� ��±WK�SVU���S � MZS�H$M^K �
� I%K$¯®SVUWR*H-�;LYRYXZSVM^MZS � H$LTI¼¯®SVU-�;U�R'[�O K$U � ��±WK�SVU>=����®S K$U$XZ±�K�S r [$I%U��"[�O � �T� S,� �c�;K^'
¯)�;X � So±WK-�;M^X^RT� t [$SoMÌ� � ��±�K�SVU���Se[�OP²Á³n´ ��I%��H$MZ�V�GSVU�R��;X^LTS�[�O K$U}²eÏo´Á�]µ Ë S �
� ��±WK�SVU���S �©� I%U�R H$LYX^U��VX^H-�;MZSV�GSVUWR§K$RYX^M^X � ��S � HJI%K$L XZ[$SVU�RYXn{-SVL]MZS � � ��±WK�SVU���S �
RYL��;U � �VLYX^RTS � [\K �®�VU�I%�GS�SVR H°I%K$L©[$I%U$U�SVL©[$S � X^U�[\XZ���;RYXZI%U �]� K$L MZS � �®ªVU�S �
RYL��;U � �VLYX^R � [��;U � MZS � [\X��J�VLTSVUWR � RYX ��� K � [�O K$U5I%L-���;U$X � �GS)µ4³nS�H$M^K � �-[��;U � K$U�S
��SVLYR��;X^U�S_�GS � K$LTS��$MZS � ��±WK�SVU>=����®S_[�OPÒ 6 � HJSVK$RN[$I%U$U�SVLÁ[$S � X^U�[\XZ���;RYXZI%U �o� K$L
MZS�U$X^¯®S��;K\Ó0[�OPS�Ó\H$LTS �T� XZI%U [$S � �®ªVU�S � µ �rI%K$RTS5m I%X � �rMZS � ²eÏo´Á� RYL��;U � �VLYX^R � SVU
K$U�H°SVRYX^R�U�I%�iQ$LTS©[$S}��I%H$XZS � U�S � I%UWRGSVU��®�VU��VL��;M H-� ��� ��±WK�SVU���� � µ � ��I%RT�
[\K � ��±�K�SVU>=����®S}[$S � Ò 6 �y�'[$S � H$LTI;�YSVR � [$S � ��±WK�SVU>=����®S [$ScQJI%U$U�S}±�K-�;M^X^RT�
[�OP²eÏo´Á� ��I%��H$MZSVR �o� I%UWRÁ�;K �T� X��GSVU�� ��r ¯®I%X^LoH-�;LoS�ÓJµ	�p��6P6 + �\��
 t µ

8 ��£�¥�·%»�$!� �7���4¢�¥§º'¥�¹��7��� ¥�¹Gº'¥ *°¥�¤;¤u¥W¹�¥®£�4<¸�·®¥�¹�� 3 ¶;: � _ ��SVU���I%LTS���M�OPI%Q^'
�YS��VRYXnmJS � R"[�O XZ[$SVUWRYXn{-SVL MZS � �®ªVU�S � RYL��;U � �VLYX^R � [��;U � [\X����VLTSVU�RTS � ��I%U�[\X^RYXZI%U � ��SVMn'
M^K$MÌ�;X^LTS �3r ¯®I%X^LoH-�;LnS�ÓJµ� 6P6�� + 0)��
 t µf_r��RTS���«$U�I%MZI��)XZS���I%U � X � RTS �1{$Ó\SVL � K$LoK$U
HJSVRYX^R � K$H$HJI%LYR r K$U�SiMÌ�;�GS�[$S_¯®SVLYLTS�I%K5K$U�SiH$K���S t [$S&m���=�I%U!I%LT[$I%U$U���S r SVU
R��;Q$MZS��;K t K$Us�)L��;U�[�U�I%�iQ$LTSG[$S�m�L����)�GSVUWR � [�OP²e³n´ ��I%��H$MZ�V�GSVU�R��;X^LTS � [$S �
²eÏo´ � K$H$HJI � � � RYL��;U � �VLYX^R � µU_r�G�GS � K$LTSi[$S�M�OPS�ÓyH$LTS ��� XZI%U � Sym �;X^ReSVU � K$X^RTS�SVU
�GSVRYR��;U�RcMZS � K$H$H°I%LYRGSVU�H$LT� � SVU���S©[�OP²eÏo´j�c�;LT±�K�� � S�Ó\RYL��;X^R � [$S©��SVM^M^K$MZS � µ_*S � ²ÁÏÁ´ � O «W×WQ$LYXZ[$SVUWR_�;MZI%L � ��¯®S���MZS � ²e³n´ ��I%��H$MZ�V�GSVUWR��;X^LTS � {$Ó\� �Á� K$LNMZS
� K$H$HJI%LYRM�$��S�±�K$X�HJSVLY�GSVRo[$SnLTSVHJ�VLTSVL�MZS � �®ªVU�S � RYL��;U � �VLYX^R � µ � U]�VRYK�[\XZS��;X^U � X
H-�;L�S�Ó\SV��H$MZS � X^�iK$M^R��;U��V�GSVU�RNM�OPS�Ó\H$LTS �T� XZI%U©[$S � ±WK�SVMZ±�K�S 4 000 �®ªVU�S � [�O K$U�SQ-�%�VRT�VLYXZS}��I%���GS+Y���KMO	�^FJI�[�ILK r ¯®I%X^L�H-�;L�S�ÓJµ��P²@|y� + �) �
 t µ Ë S � S�ÓyHJ�VLYXZSVU���S �
HJI � SVU�R�SVU���I%LTS � I%K$¯®SVUWR�[$S � H$LTI%Q$MZªV�GS � [$ScLTSVH$LTIW[\K��VRYX^Q$X^M^X^RT�}SVR � SVK$MZS � MZS �
¯)�;LYXÌ�;RYXZI%U � X^��H°I%LYR��;UWRTS � [$SeU$X^¯®S��;K\Ó}[�OPS�Ó\H$LTS �T� XZI%U � HJSVK$¯®SVU�Rz�VRYLTSe��X � S � SVU
�V¯yXZ[$SVU���S���¯®S��_��SVLYRYX^RYK�[$S)µ
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�£�¤;¢�¥5º�¥����$¹�¹�¥ � Ë SVRYRTS �G�VRY«�Iy[$S
U*OPS � R�H-� � ¯yL��;X^�GSVU�RiU�I%K$¯®SVM^MZSG�c�;X � � ��I%U$UWK [$S � �;�G�VM^XZI%L��;RYXZI%U � µ Ë I%K$H$MZ��S��K$U�S5�VMZS��VRYLTI%H$«�I%LTª � S!Q$XZ[\X^�GSVU � XZI%U$U�SVM^MZS5±WK$X � �VH-�;LTS]MZS � [\X����VLTSVU�RTS � H$LTI�'
RT�VX^U�S � [�O K$U5S�Ó\RYL��;X^RÁ��SVM^M^K$MÌ�;X^LTS��4MÌ� � HJS��VRYLTI%�G�VRYLYXZSi[$S��c� ��� S�HJSVLY�GSVRÁ[�OP�VRYK^'
[\XZSVL][\X^LTS��VRTSV�GSVU�R5MÌ� � ��±�K�SVU���S�[$S�U�I%�iQ$LTSVK � S � H$LTI%RT�VX^U�S ��r ¯®I%X^L]H-�;L©S�ÓJµ
� � � |_�\��
 t µ 6WX MÌ� � ��±WK�SVU���S�[\Ks�®�VU�I%�GSGS � R_��I%U$U�K�S��rMÌ� � ��±WK�SVU���S�S�Ó$�%�VRTS
[$SeMÌ��H$LTI%RT�VX^U�SnH°SVK$R<�VRYLTS�[$�VRTSVLY��X^U���S)µ�³nSeH$M^K � �\MÌ�i�G�VRY«�Iy[$SnH°SVLY�GSVRN[�O �%�5'
����[$SVLÁ�;K\Ó �GIW[\Xn{-���;RYXZI%U � �T«$X^��XZ±WK�S � [$S � H$LTI%RT�VX^U�S � �;H$LTª � MÌ��RYL��%[\K��VRYXZI%U*µ
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y¢�$�¥�¹ � _����G�VRY«�IW[$S [\KØ[$I%K$Q$MZS0«W×B'
Q$LYXZ[$S�HJSVLY�GSVR_[$S�LTS��T«�SVLT��«�SVL3�"�)L��;U�[$SG����«�SVM^MZS�MZS � X^UWRTSVL��%�VRYXZI%U � HJI �T� X^Q$MZS �
SVU�RYLTS H$LTI%RT�VX^U�S ��r ¯®I%X^L5H-�;L§S�ÓJµ��PÏv6yÏ + �\��
 t µz_"O X^UWRTSVLYH$LT�VR��;RYXZI%UB[$S � LT� � K$Mn'
R��;R � U�����S ��� X^RTSNQJS��;K���I%K$H	[$SoH$LT�����;K$RYXZI%U � ��U�I%R��;���GSVUWR H-�;LT��So±WK�SN[$SNU�I%�3'
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Q$LTSVK � S � X^UWRTSVL��%�VRYXZI%U � ±WK$X�U*OPI%U�RÁH-� � M^XZSVK§[��;U � MÌ����SVM^M^K$MZS�HJSVK$¯®SVU�Rv�VRYLTS_[$�5'
RTS��VRT��S � µ
³��;U � MZS � �;U$U���S � � ¯®SVU$X^LM��I%U�HJSVK$R*H$LTI%Q-�;Q$MZSV�GSVUWR � O �;RYRTSVU�[\LTS � ��S"±�K�S [�O �;K$RYLTS �

RTS���«$U�I%MZI��)XZS �Á� I%XZSVUWRo[$�V¯®SVMZI%H$HJ��S � SVRNH$LTSVU$U�SVUWRoK$U�Sq�)L��;U�[$S_X^��HJI%LYR��;U���S)µ Ë SVHJSVU^'
[��;UWRM� M�OP�VRYK�[$S5[$S �c� ��±WK�SVU���S � [�OP²e³n´ [$SV¯WL��;X^R}��I%U � SVLY¯®SVLcK$U�S§H$MÌ�%��S§��SVU�RYL��;MZS ¦
[�O K$U�SeH-�;LYRM�yM�OP²Á³n´3��I%UWRYXZSVU�R�M�OPSVU � SV�iQ$MZS�[$SoM�O X^U^m I%LY�c�;RYXZI%U �®�VU��VRYXZ±�K�SeSVRM�\[�O �;K$RYLTS
H-�;LYRM�\��S ��� ��±WK�SVU���S � H°SVK$¯®SVUWRz�VRYLTSe��I%U$UWK�S � [$S4m ��=�I%U"{4�;Q$MZSnSVR LTSVMÌ�;RYX^¯®SV�GSVU�RNHJSVK
I%U��VLTSVK � S)µ � RYX^RYLTS_X^U�[\XZ���;RYXnm-�-MZSi��I 
 RÁ[\K � ��±�K�SVU>=����®S�[$S_QJI%U$U�S�±WK-�;M^X^RT��[�O K$U �®�5'
U�I%�GS���XZ�VLTI%Q$XZSVU ��I%��H$MZSVR�S � R��;K%�YI%K$LT[�O «�K$X>[$S�M�OPI%LT[\LTSG[$S 0, 1 � H-�;L�Q-� � SG[��;U ���SVLYR��;X^U � �)L��;U�[ � ��SVU�RYLTS � [$S � ��±�K�SVU>=����®S��p0<Ò"´ + �)� 
)�\MZSn��I 
 Ro[�O K$U�SnH$K���S���²e³e´r U�I%U©LT�VK$RYX^M^X � �;Q$MZS t m �;Q$LYXZ±WK���S�SVU � �VLYXZS r [$I%U�� � K$L�K$U©I%L-���;U$X � �GS_[$� �����VRYK�[\XZ� t S � R
[�OPSVUW¯WX^LTI%U 1000 � � � X^MÌ�)  

� I%K$L�HJSVLY�GSVRYRYLTS©[$Sc��XZSVK\Ó �;H$H$LT�V«�SVU�[$SVLGM�O �;��H$MZSVK$LGSVRiMÌ�5L��;H$XZ[\X^RT�©[$S	M�O X^U^'

RYLTIy[\K��VRYXZI%U][$SoRTS���«$U�I%MZI��)XZS � ��«-�;K$R�[$�VQ$X^R SVU Q$XZI%MZI��)XZS��\MÌ� � S��VRYXZI%U � K$X^¯)�;U�RTSn��I%�3'
�GSVUWRTS�±WK�SVMZ±WK�S � RTSV��H � m I%LYR � [$SiMÌ�G��«$LTI%U�I%MZI��)XZS�[\K � ��±WK�SVU>=����®S�[$S_M�OP²e³e´�µ9_*S �
��I%U � ��±WK�SVU���S � [$S ��S � �T«-�;UP�®SV�GSVU�R � RTS���«$U�I%MZI��)XZ±�K�S ��� I%U�R§MZS � K%�YSVR5[$S0MÌ� � S��5'
RYXZI%U �)µ �\µ �\µ
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$-��� ¢��*¸r¥ � ²ÁH$LTª � MÌ�c[$����I%K^'
¯®SVLYRTS�[$S!MÌ� � RYLYK��VRYK$LTS�[$S!M�OP²Á³n´ SVU 1953 SVR MÌ� LTS���I%U$U-�;X ��� �;U���S�[$S � I%U L�;%MZS��I%���GS � K$H$H°I%LYR�[$SNM�O X^U^m I%LY�c�;RYXZI%U+�®�VU��VRYXZ±WK�SoH-�;L"M�OPSVU � SV��Q$MZSe[$S�MÌ����I%����K$U-�;K$RT�
� �VXZSVUWRYXn{-±�K�S���MZS � �)L��;U�[ � H$LYX^U��VX^HJS � [$SGM�OPS�Ó\H$LTS �T� XZI%U [$SGM�O X^U^m I%LY�c�;RYXZI%U��®�VU��VRYXZ±WK�S
I%UWR��VRT�	�VM^K��VXZ[$� � [\K$L��;UWRiMZS � �;U$U���S � 50 SVR 60 µ�Ò U [$�VH$X^Ri[$ScMÌ�]��I%��H$LT�V«�SVU � XZI%U[$Sn��S � �G�����;U$X � �GS � �\M�O X^U^m I%LY�c�;RYXZI%U:�®�VU��VRYXZ±WK�S�S � R LTS � RT��SeMÌ�;L-�®SV�GSVU�RNX^U-�%����S ��� X^Q$MZS
��K � ±WK*O~�}MÌ� ��X � SG�;K0HJI%X^U�R�[$SGRTS��T«$U$XZ±WK�S � S��c���%��S � [$S � ��±WK�SVU>=����®SG[$S�M�OP²e³e´ �
MÌ�1{�U5[$S � �;U$U���S � 70 �4U�I%R��;���GSVU�RnH-�;LoMÌ�G�G�VRY«�IW[$Si[$S�6\�;UP�®SVL�� 6y´ Ë D1D�
'±�K$X'S � R�;K%�YI%K$LT[�O «�K$XNMÌ�§H$M^K � K$RYX^M^X � ��S)µ<³��;U � MZS � �;U$U���S � 80 MZS � ��±WK�SVU>=����®S [$S}±WK�SVMZ±WK�S �[\X��¼�;X^U�S � [$S_��X^M^M^XZSVL � [$SiQ-� � S � �VR��;X^ReHJI �T� X^Q$MZS)µ-²ÁX^U � X �4[$ª � 1982 �°MÌ� � ��±WK�SVU���Si[$S �
48 502 H-�;X^LTS � [$S©Q-� � S � r Q$H t [\K �®�VU�I%�GS§[�O K$U�H$«-���®S r ¯WX^LYK � [$S©Q-�%�VRT�VLYXZS t [$SMÌ� Q-�%�VRT�VLYXZS
' � XVZM[�I �*MZSGH$«-���®S λ ��m�K$R�[$�VRTSVLY��X^U���S � 6 Ë * + �)��
?µ*³nª � ��SVRYRTSG�VHJIW±WK�S��
MZS}H$LTI;�YSVR�[\K � ��±WK�SVU>=����®S©��I%��H$MZSVR�[\K��®�VU�I%�GS r 4.6 ¨ Q$H t [$S ' ��XVZM[�I �'MÌ�]Q-�%�5'RT�VLYXZS�H$M^K � �VRYK�[\XZ��S���SVRÁ�w�V�GS���SVM^K$X [\K � ��±WK�SVU>=����®S�[\K �®�VU�I%�GS�«�K$�c�;X^U0�VR��;XZSVUWR
�V¯®Iy±�K�� � � ¾>� ¾ + 0+DH� � M � 0) P� � ² ¨ + �\���P_ _ ¾ + �\� 
?µ
Ë SVHJSVU�[��;U�ReX^M�LTS � R��;X^Rq��LT���;M^X � SVLoK$U � �;K$RN±�K-�;UWRYX^R��;RYXnm [$S�H$M^K � XZSVK$L � I%LT[\LTS � [$S�)L��;U�[$SVK$L�SVU�RYLTS}MZS � ��±�K�SVU>=����®S}[$S}±�K�SVMZ±WK�S � [\X��¼�;X^U�S � [$S	��X^M^M^XZSVL � [$ScH-�;X^LTS � [$S

Q-� � S � SVR_MZS � ��±WK�SVU>=����®SG[$S � H$M^K � XZSVK$L � ��X^M^M^XZI%U � [$S�H-�;X^LTS � [$SGQ-� � S � ±WK$X"��I%U � RYXn'
RYK�SVUWRÁK$U �®�VU�I%�GS�Q-�%�VRT�VLYXZSVU*µ 
 M � O ���)X �T� �;X^RÁ�w�V�GSi[�O K$U � �;K$R4�)X����;U�RTS � ±WK�S � X*M�OPI%U
��I%U � XZ[$ªVLTS>MZS � ��±WK�SVU>=����®S [�O K$U��®�VU�I%�GS�[$S�H$M^K � XZSVK$L � ��X^M^M^XÌ�;LT[ � [$S>H-�;X^LTS � [$S>Q-� � S �
��I%���GS�MZS �®�VU�I%�GS�«�K$�c�;X^U*µ Ë S � �;K$R_�	�VRT�iLT���;M^X � ���;K���I%K$L � [$S � �;U$U���S � 90 S � '� SVUWRYXZSVM^MZSV�GSVU�Rq�)L	�%��S��;K:{�U-�;U���SV�GSVU�R�[$S��)L��;U�[ � H$LTI;�YSVR � �-±WK$X�I%UWRe�%�����VMZ�VLT�iM�O �;K^'
RTI%�c�;RYX � �;RYXZI%U}[\K � ��±WK�SVU>=����®S��®SVR �nMÌ�e��X � SNSVUGH$MÌ�%��SN[$S<�)L��;U�[$S � X^U^m�L�� � RYLYK��VRYK$LTS � µ
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?�*¸�¥$1�+� �-¥ � _*S
� O�c�G�W k4Q�W�ZMclQ��oi,Z
	MQVXjF r * � � t H$LTSVU�[ mwI%LY�GS SVU 1988 [��;U � K$U L��;H$HJI%LYR�[\K� GHFJIJZMWfG�[ �yQSK,Q5G�i,X7b��ZBO�W�X�I�[��;�G�VLYXZ���;X^U�SVR � I%U�{�U-�;U���SV�GSVU�R H-�;L�M�O �%[\��X^U$X � RYL��;RYXZI%U
�;�G�VLYXZ���;X^U�S_[$�VQ$K$RTS�¯yL��;X^�GSVU�RÁSVU 1990 µU_ OPI%Q\��S��VRYXnm S � RN[�O �;QJI%K$RYX^LÁ�;K � ��±WK�SVU>=����®S��I%��H$MZSVR'[\K��®�VU�I%�GS>«�K$�c�;X^U�SVU 2005 µ Ë SVR'����«����;U��VXZSVL"S � R�I%H$RYX^��X � RTS ���;L�MÌ�NR	�%��«�SS � R�X^U-�%����S �T� X^Q$MZS��;K\Ó}RTS���«$U�I%MZI��)XZS � [\K5[$�VQ$K$Ro[$S � �;U$U���S � 90 µ 
?M�LTSVU�[§��I%��H$RTS�[$SMÌ��U-�;RYK$LTS_¯®I%MZI%UWR��;LYX � RTS�[$S_MÌ�GH°I%M^X^RYXZ±WK�S�[$S&{�U-�;U���SV�GSVU�R�[\K * � � µf_*S � I%Q\��S��VRYXnm �
[$SÁ��SVRYRTSnHJI%M^X^RYXZ±�K�S � I%UWR ��K$M^RYX^H$MZS � µU6WK$L MZSeH$MÌ�;U � �VXZSVU�RYXn{-±WK�S��$I%U H°SVK$R [\X � RYX^UP�)K�SVL
�;K �GI%X^U � [$SVK\Ó�U$X^¯®S��;K\Ó [�OPI%Q\��S��VRYXnm � � � M � 0)  
?µ�_*S§H$LTSV��XZSVL	U$X^¯®S��;K S � RGM�OPS � H°I%X^L
[�O X^��H°I%LYR��;UWR � H$LTI��)LTª � SVU Q$XZI%MZI��)XZSn«�K$�c�;X^U�S�SVR�SVU	�G��[$S��VX^U�S)µU_*S � ��±�K�SVU>=����®Sn[\K�®�VU�I%�GS©S � R�U�I%R��;���GSVU�RcHJSVL�=VK���I%���GS MZS �GI�×®SVU [$S	RYL��;U � mw�VLTSVLM�<H-�;L�MÌ����I%�3'
H-�;L��;X � I%U5[$S �Á� ��±�K�SVU���S � ��MZS � ��I%U$U-�;X ��� �;U���S � �%��±WK$X � S �e� K$Lo[�O �;K$RYLTS � S � HJª���S � r [$S �
S � H°ª���S � �GIW[$ªVMZS �5t ¯®SVL � MÌ�]Q$XZI%MZI��)XZS	«�K$�c�;X^U�S)µ�_*S � S���I%U�[ U$X^¯®S��;K [�OPI%Q\�YS��VRYXnmoS � R
H$M^K � �®�VU��VL��;M ¦ �)OPS � R MÌ�i¯®I%MZI%U�RT��[$S4m���¯®I%LYX � SVL�MZSn[$�V¯®SVMZI%H$HJSV�GSVU�Ro[$S � RTS���«$U�I%MZI��)XZS �
[$S � ��±�K�SVU>=����®S�[$S�M�OP²Á³n´�µ
� �;L��;M^MZªVMZSV�GSVUWRM�%[$S � H$LTI;��SVR � [$S � ��±WK�SVU>=����®S"[$So�®�VU�I%�GS � [$S<��XZ�VLTI�'?I%L-���;U$X � �GS �

�GIW[$ªVMZS � ��RTSVM � ±�K�SqEPGBXVXgbfG�i,ZMc���XVQSKqXVQ�i,Q���ILK-I GBQ r MZSV¯WK$LTSe[$SNQ$XZªVLTS t SVR YzGBX�I�[�[ O�K KMO	��xFJI�[�ILK�I%UWR>�;K �T� X°[$�VQ$K$RT�)µ Ë S � H$LTI;�YSVR � [$�V�c�;LYLTSVUWR>LTS � H°S��VRYX^¯®SV�GSVUWR SVU 1989 SVR 1990SVR � I%UWR��GSVU�� � [��;U � MZSÁ���%[\LTSe[$SÁ��I%U � I%LYRYX^K$� � X^��H$M^XZ±WK-�;U�R�[$SÁU�I%��Q$LTSVK\Ó}MÌ�;Q°I%L���'
RTI%X^LTS � µB_*S � 
 �nÏ r �/b�Q�egW>KMFJI F-OPF7Q�h)ZMivkvQ�W�ZMc1IJX �yQSKVQ5G�i,Xgb t �WX^U � RYX^RYK$RYXZI%Uwm I%U�[$��SoSVU
1992 SVRz{�U-�;U�����S���I%U%�YI%X^U�RTSV�GSVUWR�H-�;LÁ[$S � mwI%U�[ � H$K$Q$M^XZ� � SVRoH$LYX^¯®� � �J�c�;K ��� X��YI%K��K$U©L�;%MZS_[$S�H$LTSV��XZSVLNH$MÌ�;U§[��;U � M�OP�V¯®I%M^K$RYXZI%U5[$S � ��I%U�[\X^RYXZI%U � [$S � ��±WK�SVU>=����®S)µ
��� � ) ,5� � ��� � 8 ¥�¹ 4�¤;¥� ¢z¥W¤u¹9�;
$-��� ¥�¹�·?����4���¥®£�¹ � Ò U 1995 �N��S � S���I%LYR ��;Q°I%K$RYX �T� SVU�R��]MÌ�©H$K$Q$M^XZ���;RYXZI%U [$S � H$LTSV��XZªVLTS ��� ��±�K�SVU���S � [$Sw�®�VU�I%�GS � ��I%��H$MZSVR �
H-�;L�MZS � 
 �nÏiµ�
 M � O ���)X^R�[$S©[$SVK\Ó Q-�%�VRT�VLYXZS � �<H-�;RY«�I��®ªVU�S � H°I%K$L�M�Op*eI%���GS����qGBQuxclZ � bPI�[ O�KyI�W���OHQ�W ��GBQ r 1.8 ¨ Q$H t �p0\² � + 0 ��
 SVR a �9XVZ � [ G�K�c�G+\PQ�WPI F)G�[�I O�c r 0, 58¨ Q$H t �p0 � � + 0 � 
?µo_*S �c� ��±�K�SVU���S � [$S � ��XZ�VLTI�'?I%L-���;U$X � �GS � �GIW[$ªVMZS �G� K$X^¯®SVU�RcSVU
1996 SVR 1997

¦ ' ��XVZM[�I ��E ��XVQ�i,Q���ILK-I GBQ r 13 ¨ Q$H t SVR Y � KMO	�^FJI�[�ILK r 4.2 ¨ Q$H t µ/_*SH$LTSV��XZSVL � ��±WK�SVU>=����®S�[$S��®�VU�I%�GS�[�O K$U5I%L-���;U$X � �GS��iK$M^RYXZ��SVM^M^K$MÌ�;X^LTS��4MZS�¯®SVLNU��V�c��'
RTIW[$S��oGBQ�W�ZMi-bfG �PR]I FJILKvQ�[JQ-\HG�W>KM�yS � R�RTSVLY��X^U��e±WK-�;U�R<��M^K$XJSVU 1998 r 97 ¨ Q$H t [��;U �MZS����%[\LTS_[\K.* � � [��;U � MZS�±WK�SVM*X^M����VRT��X^UWRT�,�)LT�_SVU]R��;UWRo±�K*OPI%L-���;U$X � �GS_�GIy[$ªVMZS)µ


?M"S � R�LT�V¯®�VMÌ�;RTSVK$L�±�K�S�MZSGH$LTSV��XZSVL�I%L-���;U$X � �GS ! � ��±�K�SVU����+# r ����I�W���OHQ�W ��GBQ t
�;X^RN�VRT�_�T«�I%X � XrH-�;LNMZS�� 
 ��ÏØSVU]R��;UWRo±�K�Sq�®�VU�I%�GS�Q-�%�VRT�VLYXZSVU�!�R ×WH$XZ±WK�S #}SVRNU�I%U
H°I%K$L � � � HJ���VXn{-�VX^RT� r H-�;RY«�I��®�VU$XZS©I%K��;K$RYLTS t µ 
 M � O ���)X �T� �;X^R�SVU�m��;X^R�[$S	[$�V�GI%UWRTSVL
±�K�S�� � �;U � ��I%U$U-�;X �T� �;U���S©H$LT���;MÌ�;Q$MZS]I%K H$LTS � ±�K�S��<MZSl�®�VU�I%�GS5[$S MÌ�!H$M^K$H-�;LYRc[$S �
Q-�%�VRT�VLYXZS � HJSVK$¯®SVU�Rq�VRYLTS � ��±WK�SVU�����S � µf_r��RTS���«$U$XZ±�K�S�SV��H$MZI�×®��S��°[\X^RTS�[\K.K-b�ZBF�\UO�W��
U*OPS � R_H-� � ��I%��H$M^XZ±WK���S)µ'Ò M^MZSc��I%U � X � RTS��©��� �T� SVL_MZS � �GI%MZ���VK$MZS � [�OP²e³e´ SVU0HJSVRYX^R �
�GI%LT��S��;K\Ó���H$K$X � ��LT���;M^X � SVL MZS � ��±WK�SVU>=����®So[$So�GI%LT��S��;K\Óc�T«�I%X � X � �;MZ���;RTI%X^LTSV�GSVU�R�SVR
SVU^{�U§[�O � �T� SV�iQ$MZSVLM�>�)L	�%��S���MZSVK$L � �T«�SV¯)�;K��T«�SV�GSVUWR � �°MZS �N� ��±WK�SVU���S � I%Q$RTSVU�K�S � µU_r�
RTS��T«$U$XZ±WK�S�U*OPS � R'H-� � U�I%U�H$M^K � U�I%K$¯®SVM^MZS��;H$K$X � ±�K*OPSVM^MZS��e[$� ���NHJSVLY��X � MZS � ��±�K�SVU>=����®S
[\K�H$«-���®S λ SVU 1982 µ ¨ �;X � �)OPS � R�MÌ�ÁH$LTSVK$¯®S�±WK�S����)L	�%��S<�e±WK�SVMZ±�K�S � �;�G�VM^XZI%L��;RYXZI%U � �SVM^MZSÁS � R��;H$H$M^XZ���;Q$MZSy��[$S � � ��±WK�SVU���S � Q°S��;K���I%K$H H$M^K � MZI%UP�)K�S � µ^_r�i[$�V�GI%U � RYL��;RYXZI%U
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HJSVK$R � �;U � [$I%K$RTS1�VRYLTS���I%U � XZ[$�VLT��S���I%���GS�MZS�HJI%X^U�R�[$S�[$�VH-�;LYR_[$S�M�O �%�����VMZ�VL��;RYXZI%UmwK$M��)K$L��;U�RTSG[$S�M�O ��¯%�;U���SV�GSVUWRi[$S � H$LTI;�YSVR � [$S � ��±�K�SVU>=����®S�SVR_[$S�M�O �;KP�)�GSVU�R��;RYXZI%U
[\K]U�I%�iQ$LTS�[$SnH$LTI;�YSVR � ��H-�;LYRYX^Lo[$S_MÌ� {�U§[$S � �;U$U���S � 90 µ

� � ��� , 2�� � � � 8 9 �$·®·+
#��
�¤��\£¼¢7� $3º<¸ ¹ 
?�*¸�¥$1�+� �-¥ � Ò U 1998 �°M�O �;Q°I%K$RYX ��� SV�GSVU�R[\K � ��±�K�SVU>=����®S5[\K �®�VU�I%�GS5«�K$�c�;X^U H°I%K$L 2005 � SV�iQ$MZS5SVU���I%LTS§X^U���SVLYR��;X^U*µ _*S* � � �"m��;X^R�QJS��;K���I%K$H [�OPS��JI%LYR � [$SG���;LYRTI��)L��;H$«$XZS��*U�I%R��;���GSVUWR�[��;U � MZS�Q$K$R�[$Sm��%�VX^M^X^RTSVLNM�O � �T� SV�iQ$MÌ���®Sy{�U-�;Mr[$S �Á� ��±WK�SVU���S � �$�c�;X � U*O ��[$�VRTSVLY��X^U��i±�K*OPSVUW¯WX^LTI%U 5%[$S�MÌ� � ��±�K�SVU���S)µ Ë OPS � R4����SVRYRTS_[��;RTS�±�K�S�MÌ� � IW�VXZ�VRT�nH$LYX^¯®��S��Q�[JQ�iuG.k4Q�W�ZMc1IJXSKÁS � R
�VLT����S�H-�;L_Ö�µ Ë µ � SVUWRTSVL r [$� �-�+m I%U�[��;RTSVK$L�[\K�� 
 ��Ï t µ ��Q�[JQ�iuG � S�[$���VMÌ�;LTSG��I%U��VK$L('
LTSVUWRTS�[\Ks* � � H°I%K$LeMZS � ��±WK�SVU>=����®Si[\K �®�VU�I%�GS�«�K$�c�;X^U0SVU��;U$U�I%U����;U�R_±WK*OPSVM^MZS
��I%��H$RTS�I%Q$RTSVU$X^L�SVU5RYLTI%X � �;U � MÌ� � ��±�K�SVU���SiH-�;LvK�b�ZBF�\UO�W �cM�OP���T«�SVM^MZS�[\K �®�VU�I%�GS)µ
Ò U"�)K$X � SÁ[$SoH$LT�VH-�;L��;RYXZI%U��yMZS � X^U � R��;M^MÌ�;RYXZI%U � ��X � S � SVU	H$MÌ�%��S � I%U�R>K$RYX^M^X � ��S � MÌ�_H$LTS5'
��XZªVLTSc�;U$U���SGH°I%K$L_MZS � ��±�K�SVU>=����®SG[\K H$LTSV��XZSVL_X^U � S��VRTS���MÌ� �GI%K���«�SG[\K0¯yX^U-�;X��)LTS
� i,ZjK,Z � bPI�[ G�clQ�[ G�W�ZV\HG�KjF7Q�i r K$U5�;K$RYLTS_I%L-���;U$X � �GS��GIW[$ªVMZS t µ
Ò"U 1999 �WMZS<* � � � S MÌ�;U���SNM^K$X4�;K �T� X�[��;U � K$U�S H$«-� � SN[$S�H$LTIy[\K��VRYXZI%Uc�c� �T� X^¯®S[$S � ��±WK�SVU���S � H-�;LvK-b�ZBF�\UO�W���¯®S���M�OPI%Q\�YS��VRYXnm�[�OPI%Q$RTSVU$X^LeH°I%K$L 2001 � � I%X^RÁSVU§�w�V�GSRTSV��H � ±WK�S ��Q�[JQ�iuGH�<K$U�S	H$LTSV��XZªVLTS]¯®SVL � XZI%U [$S	MÌ� � ��±WK�SVU���S)µ Ò U 2001 � MZSl* � �

�p_�_ ¾ + �\��
<SVR ��Q�[JQ�iuG � � ² ¨ + �\��
 �;U$U�I%U���SVUWR � X^��K$M^R��;U��V�GSVUWR_MZS � H$LTSV��XZªVLTS � ¯®SVL('
� XZI%U � [$S"MÌ� � ��±WK�SVU���S ��I%K$¯yL��;U�R SVU�¯yX^LTI%U 95% [\K��®�VU�I%�GS r �c�;X � �NH°SVK�H$LTª � RTI%K$RTS �MZS � LT�,�)XZI%U � I�� � I%U�R � X^RYK�� � MZS � �®ªVU�S �ut µ;³ÁX ÓH'�«�K$X^R<�GI%X � SVUW¯WX^LTI%U�I%U�R � K � � �;K\Ói[$SVK\Ó
I%L-���;U$X � �;RYXZI%U � H°I%K$L�LT���;M^X � SVL�MÌ�}H$M^K � �)L��;U�[$S�H-�;LYRYXZSG[\K � ��±WK�SVU>=����®SG[\Ks�®�VU�I%�GS
«WK$�c�;X^U*µ�_*I%L � [$S � ��H$K$Q$M^XZ���;RYXZI%U��JMÌ� � ��±�K�SVU���S�[�O K$U�S�RYLTSVU�R��;X^U�S�[$S �®�VU�I%�GS � [$S
��XZ�VLTI�'?I%L-���;U$X � �GS �3r �c�u�YI%LYX^R��;X^LTSV�GSVU�R�[$S � Q-�%�VRT�VLYXZS � H-�;RY«�I��®ªVU�S �5t �VR��;X^Ro[$� ����H$K^'
Q$M^XZ��S)µ �rI%K$RTS5m I%X � �yMÌ��MZI%UP�)K�SVK$L [\Kl�®�VU�I%�GSe«�K$�c�;X^U]�;RYRTSVX��)U-�;X^R�RTI%K$R [$Se�w�V�GSv� 8m I%X � MÌ��MZI%UP�)K�SVK$LÁ�VK$�iK$MZ��S�[$S�M�OPSVU � SV��Q$MZS�[$S � �;K$RYLTS � �®�VU�I%�GS �o� ��±WK�SVU���� � µ
8 ��¹¼¢z£¼¸!�\£¼¢���$ �$·)£¼¸�¥� ��¥ 0�X^U§�%I 
 R 2003 �-MZS � �®�VU�I%�GS � ��I%��H$MZSVR ��r I%K©H$LTS � ±�K�S t[$S 132 Q-�%�VRT�VLYXZS � � 16 �;LT��«���S � � 5 SVK����;LY×®I%RTS � K$U$XZ��SVM^M^K$MÌ�;X^LTS � � 4 SVK����;LY×®I%RTS � �iK$M^RYXn'��SVM^M^K$MÌ�;X^LTS �n� I%UWR3!��;U$U�I%RT� � # SVRn�%����S �T� X^Q$MZS � �)L��;RYK$X^RTSV�GSVU�R�[��;U � MZS � Q-�;U�±�K�S � [$S
[$I%U$U���S ��� µ�_rS �®�VU�I%�GS «�K$�c�;X^UcS � R H$LTS � ±�K�S ��I%��H$MZSVR SVR"��SVK\Ó�[$S RYLTI%X � �;K$RYLTS � ¯®SVL('
RT�VQ$LT� ��� I%U�R"Q$XZSVU}��¯)�;U���� �4r MÌ� � I%K$LYX � a O�Koc"O�K,XjO�[ O�KM�)MZSNL��;R �vGHF-F-O�KoW�ZMi ��Q-\]IJXjO�K>SVR
K$U5H°I%X �T� I%U]�GIW[$ªVMZS � G�WPIJZ i,Q�i-IJZ t µ96ySVH$RÁH$MÌ�;U�RTS � [�O X^U�RT�VL��VR����)LTI®�;M^X^�GSVU�R��;X^LTS � I%UWR
�;K �T� X*SVU§��I%K$L � [$S � ��±WK�SVU>=����®S)µË I%���GS�I%U HJI%K$¯%�;X^R � O × �;RYRTSVU�[\LTS�� MZS���«�I%X Ó [$S � I%L-���;U$X � �GS � S � R}RYLTª � �;U^'
RY«$LTI%HJIW��SVUWRYLYXZ±�K�S)µJÒ U�H$M^K � [\K � ��±�K�SVU>=����®S�[\K.�®�VU�I%�GS�«WK$�c�;X^U��4MÌ�cH$M^K$H-�;LYR�[$S �
I%L-���;U$X � �GS �i� ��±WK�SVU���� � H$LT� � SVU�RTSVUWR�K$U0X^UWRT�VL��VR�[\X^LTS��VR_HJI%K$L�M�Op*ÁI%���GS ¦ ��SVLYR��;X^U �
I%UWRÁK$U5X^U�RT�VL��VR � �VXZSVU�RYXn{-±WK�S�X^���G��[\XÌ�;Re��I%���GSiMZS � I%L-���;U$X � �GS � �GIy[$ªVMZS � ±WK$X�I%UWR
[$� ���]�VRT�	Q°S��;K���I%K$H��VRYK�[\XZ� � �'[�O �;K$RYLTS � H$LT� � SVU�RTSVUWR�K$U X^U�RT�VL��VR��G��[\XZ���;M �<��I%���GS
MZS � H-�;RY«�I��®ªVU�S � [$SoM�Op*ÁI%���GS��WI%K	SVU���I%LTSoK$UcX^U�RT�VL��VR����)LTI®�;M^X^�GSVU�R��;X^LTS��$��I%���GSoMZS �
Q-�%�VRT�VLYXZS � MÌ�%�VRYXZ±WK�S � ��MZS � �;U$X^�c�;K\Ó5SVRoH$MÌ�;UWRTS � [$S_MÌ�wmwSVLY�GS��;X^U � X�±WK�S���SVLYR��;X^U � [$S
MZSVK$L � H-�;RY«�I��®ªVU�S � �¼[�O �;K$RYLTS � �¼SVU^{�U�� � I%U�R*X^UWRT�VLTS �T� �;UWR �'� K$L*K$U�H$MÌ�;U_RTS���«$U�I%MZI��)XZ±�K�S��
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��I%���GS�MZS � ��XZ�VLTI�'?I%L-���;U$X � �GS � ¯yX^¯%�;UWR_[��;U � [$S � ��X^M^XZSVK\Ó5X^U$«�I � H$X^R��;M^XZSVL �"r �T«-�;K�[��
� �;MZ��� . . . t [$I%U�RoMZS � �GI%MZ���VK$MZS � HJSVK$¯®SVU�RoH$LT� � SVU�RTSVLo[$S � H$LTI%H$LYXZ�VRT� � LTSV�c�;LT±WK-�;Q$MZS � µ_*S � RYL���¯%�;K\ÓG�%�VRYK�SVM � LTS � RTSVUWR [��;U � ��SVRYRTS�I%H$RYXZ±WK�S��%U�I%R��;���GSVU�R H-�;L MZS � ��±�K�SVU^'=����®SN[�OPI%L-���;U$X � �GS � RYLTª � H$LTIW��«�S � [�O K$U	H°I%X^UWR [$S�¯yK�S��V¯®I%M^K$RYXnm�µ � RYX^RYLTSN[�OPS�Ó$SV��H$MZS��
MZS � �®�VU�I%�GS � ��I%��H$MZSVR � [$S 4 � I%K���«�S � [$SeMÌ��Q-�%�VRT�VLYXZS ' �>XVZM[�I�I%UWRN[$� �-���VRT�eH$K$Q$M^XZ� �SVR<�;K��GI%X^U � 2 �;K$RYLTS �<� I%U�R SVU���I%K$L � [$S � ��±WK�SVU>=����®S)µ � �;L"�;X^M^MZSVK$L � �uMZS � � R��;R � ' � U$X � �M�OP²oUP�)MZSVRTSVLYLTS��\MZSnÖ��;HJI%U��yMÌ� Ë «$X^U�S��yMZS Ë �;U-�%[����;X^U � X�±WK�SÁ[$S � SVUWRYLTSVH$LYX � S � H$LYX^¯®��S � �
I%U�Ri�;U$U�I%U����}SVU Iy�VRTI%Q$LTSc�)�)�)�©MZS3{�U-�;U���SV�GSVUWR�[$Sc��Sc±WK$X"S � R_H$LT� � SVUWRT�c��I%���GS
MÌ� � S���I%U�[$S H$«-� � S [\K � ��±�K�SVU>=����®S©[\KD�®�VU�I%�GS©«WK$�c�;X^U*µo_"OPI%Q\��S��VRYXnm�S � R�M�OP�VRYK�[$S
[$SiMÌ�	¯)�;LYXÌ�;Q$X^M^X^RT��[\K �®�VU�I%�GS�«�K$�c�;X^U�H-�;LnK$U � ��±�K�SVU>=����®SG�;K��GI%X^U � H-�;LYRYXZSVM"[$S
U�I%��Q$LTSVK\Ó©X^U�[\X^¯WXZ[\K � µ

� �GI¼×®SVUcRTSVLY�GS����;H$LTª � MZS � ��±WK�SVU>=����®SN[\KGMÌ�;QJI%L��;RTI%X^LTS���[$S�M�Op*eI%���GS��®[$S�M�O «>;�'
H$X^R��;M SVR�[$S�MÌ�"m SVLY�GS��rI%U H°SVK$R_HJSVU � SVL�±WK�S�MZS � H°S��VRYLTSG[$S � I%L-���;U$X � �GS ��� ��±�K�SVU^'
��� �>� OP�VMÌ�;L-�)X^L��i��I%U � XZ[$�VL��;Q$MZSV�GSVU�R�µ Ë SVR �VMÌ�;L-�)X �T� SV�GSVUWRN[$SV¯WL��;X^R�I �JLYX^L>[$SÁU�I%K$¯®SVM^MZS �
H°SVL � HJS��VRYX^¯®S � �\U�I%R��;���GSVUWRoHJI%K$L�M�OP�VRYK�[$S_[$S � ��XZ�VLTI�'?I%L-���;U$X � �GS � X^U��VLTI�×��;Q$MZSV�GSVUWR
[\X^¯®SVL � ±WK$X"H°SVK$H$MZSVUWR�MÌ� Q$XZI � H$«�ªVLTScSVR�±WK$X"U�S � I%UWR�H-� � �*H°I%K$L_MÌ�©H$M^K$H-�;LYRM�r�VK$M^RYXn'
¯%�;Q$MZS � SVU©MÌ�;QJI%L��;RTI%X^LTS ��M�O «�SVK$LTS��%�VRYK�SVM^MZS)µ
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M�OPS �T� I%L<[$S MÌ�oQ$XZI%MZI��)XZS<�z�)L��;U�[$S ���T«�SVM^MZS��%[$S � �;M��®I%LYX^RY«$�GS � �VR��;XZSVUWR<[$� ���oU�����S �T� �;X^LTS �
H°I%K$L<��I%��H-�;LTSVL MZS � L��;LTS � � ��±WK�SVU���S � [\X � H°I%U$X^Q$MZS � µ%²ÁX^U � X �%[$ª � 1970 �)´eS�S�[\MZSV�c�;UGSVR� K$U � �T« �P´ � D%��
W[$���VLYX^¯)�;XZSVU�RrK$U��;M��®I%LYX^RY«$�GS [$S���I%��H-�;L��;X � I%Ui[$S"[$SVK\Ó � ��±WK�SVU���S �
H$LTI%RT�VXZ±�K�S � µ Ë OPS � RG��SVHJSVU�[��;U�Rc�;K���I%K$L � [$S � �;U$U���S � 90 �"��¯®S�� M�O ��¯®ªVU�SV�GSVU�R}[$S �RTS��T«$U�I%MZI��)XZS � [$S	MÌ�©Q$XZI%MZI��)XZS �:�)L��;U�[$S}���T«�SVM^MZS r SVR�[$S � ��XZ�VLTI�'?I%LT[\X^U-�;RTSVK$L �5t ±�K�S
M�O K$RYX^M^X � �;RYXZI%U3[$S5M�O X^U^m I%LY�c�;RYXZ±WK�S � OPS � R��®�VU��VL��;M^X � ��S���{�U3[$S � RTIy�T®SVLM�>X^U�RT�,�)LTSVL]SVR
RTSVU�RTSVLo[�O X^UWRTSVLYH$LT�VRTSVLÁMZS � �VU�I%LY�GS � ±�K-�;UWRYX^RT� � [$S�[$I%U$U���S � H$LTIW[\K$X^RTS � µ
� �;L��;M^MZªVMZSV�GSVUWR$��M�O X^U^m I%LY�c�;RYXZ±�K�S��WMZS �>� R��;RYX � RYXZ±WK�S ��� S � I%U�R>LT�V¯®�VMZ��S � RYLTª � K$RYX^MZS �

H°I%K$L'LT�VH°I%U�[\LTSz�Á��SVLYR��;X^U�S � ±WK�S � RYXZI%U � �;U�I%R��;���GSVU�R HJI%K$L ±�K-�;UWRYXn{-SVL M�O X^U���SVLYRYX^RYK�[$S
M^XZ��S ��M�O X^UWRTSVLYH$LT�VR��;RYXZI%U [$S � [$I%U$U���S � LT����I%M^RT��S � µ � �;L S�Ó$SV��H$MZS���±WK-�;U�[�HJSVK$R	I%U
[\X^LTS©±�K*O K$U�S � X^��X^M^X^RYK�[$S©RYLTI%K$¯®��S§SVU���I%��H-�;L��;UWR	K$U�S � ��±WK�SVU���S.�!K$U SVU � SV��Q$MZS
[$S � ��±WK�SVU���S � U*OPS � RNH-� � [\K�Si�;K�!�«-� � �;LT[ # � Ò U5�;�GI%UWRe[$S���S � H$LTI%Q$MZªV�GS � �4±�K$X
LTSVMZªV¯®SVU�R�H$LYX^U��VX^H-�;MZSV�GSVU�Rn[\K©���;MZ�VK$M*[$S � X��)U$Xn{-���;RYX^¯WX^RT����MZS ��� R��;RYX � RYXZ±WK�S � I%U�Ro�;K �T� X
MÌ�;L-�®SV�GSVU�R<�)K$XZ[$�ÁMÌ����I%U���SVH$RYXZI%U][$S � �G�VRY«�Iy[$S � [�OPS�Ó\RYL��%�VRYXZI%U©[�O X^U^mwI%LY�c�;RYXZI%U*µ � �;L
S�Ó\SV��H$MZS � � MZS���«�I%X Ó [$S�MÌ� �GS � K$LTS ���VRYK�[\XZSVL]HJI%K$L©M�O XZ[$SVU�RYXn{-���;RYXZI%U [$S � �®ªVU�S �
�;K � SVX^U0[�O K$U�S � ��±WK�SVU���S�U�K��VMZ�VXZ±WK�S��rI%K0SVU���I%LTSG��SVM^K$X"[$S�MÌ��m I%U��VRYXZI%U [$S � ��I%LTSw�
�c�uÓyX^��X � SVLcMZI%L � [$S]M�O �;M^X��)U�SV�GSVUWR}[$S5[$SVK\Ó � ��±�K�SVU���S � � K$RYX^M^X � SVU�R [$S � �G�VRY«�Iy[$S �
� R��;RYX � RYXZ±WK�S � µ

8 ¥�¹ 4'¤;¥� ¢�½W¤u¥W¹�¹¼¸�¤�4�¤%¢�¹�¥�¹>º�¥ �$9 ��$-��� 1*¹¼¥_º�¥W¹ �;
$-��� ¥�¹ � _*S"H$LTSV��XZSVL���I%U � R��;R
±�K$X"�G�VLYX^RTS	[�Op�VRYLTS1m��;X^R�S � R�±�K*O X^M"U*O ×0� H-� � SVK [$S+�)LTI �T� S � K$LYH$LYX � S)µ Ë SVH°SVU�[��;UWRM�
��SVLYR��;X^U � H$«��VU�I%�GªVU�S �o� S � I%U�RNLT�V¯®�VMZ� � X^U-�;RYRTSVU�[\K � H-�;L�MZSVK$Le�;��H$MZSVK$L�µ
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²ÁX^U � X��T«�S,�nMZS � Q-�%�VRT�VLYXZS � �\MÌ�iH$LTI%HJI%LYRYXZI%U [$Sv�®ªVU�S � [$S4m I%U��VRYXZI%U}X^U���I%U$UWK�S_��'�R('
SVM^MZS � K$LYH$LYX � µ^_*I%L � [$SeM�O �;U$U�I%R��;RYXZI%U][$S � �®�VU�I%�GS � [$S � [$SVK\Ó	H$LYX^U��VX^H-�;MZS � Q-�%�VRT�VLYXZS �
�GIy[$ªVMZS � ' ��XVZM[�IrSVR$Y��PKMO	�^FJI�[�ILKÁSVU 1997 �°�;K��VK$U�Sym I%U��VRYXZI%U]U*O ��H$K.�VRYLTS_H$LTI%H°I � ��SHJI%K$L LTS � HJS��VRYX^¯®SV�GSVU�R 38% SVR 42% [$S � H$LTI%RT�VX^U�S � � ¾>� ¾ + 0+D^�B� � ¨ + 0+D 
?µ ¨ �;M��)LT�
[$S � ��X^M^M^XZSVL � [�OPS�ÓyHJ�VLYXZSVU���S � LT���;M^X � ��S � [$SVH$K$X � H$M^K � [$S 40 �;U � � � SVK$M SVUW¯WX^LTI%U K$URYXZSVL � [$S � ±�K�SVMZ±WK�S 4 000 �®ªVU�S � ��¯%�;XZSVUWR+m��;X^R}M�OPI%Q\��SVR}[�OP�VRYK�[$S � S�Ó\HJ�VLYX^�GSVU�R��;MZS � µ
��I%K$RTS5mwI%X � �NH°I%K$L]K$U�S�H-�;LYRYXZS [$S � �;K$RYLTS � �®ªVU�S � � K$U�SsmwI%U��VRYXZI%U H$M^K � I%K3�GI%X^U �
H$LT���VX � SÁ�nH$K+�VRYLTS�H$LTI%HJI � ��S�H-�;L"MÌ����X � SNSVUc�V¯yXZ[$SVU���SN[$S � X^��X^M^X^RYK�[$S � [$S � ��±WK�SVU���S
��¯®S��i[$S � H$LTI%RT�VX^U�S � [$S&mwI%U��VRYXZI%U���I%U$U�K�S)µ Ë OPS � RÁMZS���� � [$S 28% [$S � H$LTI%RT�VX^U�S � [$SY��^KMO	�^FJI�[�ILK�µ
³nSVH$K$X � M�O �;U$U�I%R��;RYXZI%U [$S � Q-�%�VRT�VLYXZS � �GIy[$ªVMZS � � MÌ��H$LTI%H°I%LYRYXZI%U [$S � �®ªVU�S � [$Sm I%U��VRYXZI%U X^U���I%U$UWK�S ��H$M^K$R�;%R��;KP�)�GSVUWRT�)µq_*S � U�I%K$¯®SVM^MZS � Q-�%�VRT�VLYXZS ��� ��±WK�SVU�����S �

U*OPI%UWR�H-� � m��;X^R_M�OPI%Q\�YSVR�[�OP�VRYK�[$S � S�Ó\HJ�VLYX^�GSVU�R��;MZS � [�O K$U�Sc�;��H$MZSVK$Li��I%��H-�;L��;Q$MZSl�
��SVM^MZS � �GSVU���S �'� K$LrMZS � Q-�%�VRT�VLYXZS � �GIW[$ªVMZS � µ;²ÁX^U � XW��«�S,�>��S � Q-�%�VRT�VLYXZS � �uMÌ�NH$LTI%HJI%LYRYXZI%U
[$S4�®ªVU�S � ��IW[��;UWR>HJI%K$L�[$S � H$LTI%RT�VX^U�S � [$S$mwI%U��VRYXZI%U X^U���I%U$U�K�SnS � R [$SÁM�OPI%LT[\LTSÁ[$S 40� 50% µ � RYX^RYLTS�[�OPS�Ó$SV��H$MZS��4MZI%L � [$SiM�O �;U$U�I%R��;RYXZI%U0[\K �®�VU�I%�GS�[�O  XVQ5G�W�Z �]GBX�I�[�[ O�KI�b�Q �>Q�W>K-ILK � � � � �)� 
�K$U�SeQ-�%�VRT�VLYXZS���SVLYRTS � X^U���I%U$U�K�S�SVR ¯yX^¯%�;UWR [��;U � MZS � m I%U�[ � �c��'
LYX^U � �c�;X � � �T� S,�iH$LTIW��«�S�[�O K$U!HJI%X^U�R�[$S�¯yK�S_H$«W×WMZI��®�VU��VRYXZ±WK�S�[$S�Y �UKMO	�^FJI�[�ILKM�J�;K^'
�VK$U�S�m I%U��VRYXZI%U�U*O �cH$Ks�VRYLTS�H$LTI%HJI � ��S�H°I%K$L 44% [$S � H$LTI%RT�VX^U�S � µ � �;LY��X���S � [$SVL('U$XZªVLTS � � 70% H$LT� � SVU�R��;XZSVU�Re[$S �N� X^��X^M^X^RYK�[$S � [$S � ��±�K�SVU���S_��¯®S��_[�O �;K$RYLTS � H$LTI%RT�VX^U�S �[$Sqm I%U��VRYXZI%U]X^U���I%U$UWK�S)µ

�j��I%RT�}[$S}��SVRYRTS}LTSVMÌ�;RYX^¯®S � K$LYH$LYX � S���MÌ� � S���I%U�[$S � K$LYH$LYX � S}��I%U���SVLYU�S}M�O X^��HJI%L('
R��;U���S_[$S � RYL��;U � mwSVLYR � �®�VU��VRYXZ±�K�S � «�I%LYX���I%U�R��;K\Ó§SVUWRYLTS�Q-�%�VRT�VLYXZS � �-�)OPS � R$��[\X^LTS�M�O X^U^'
RT�,�)L��;RYXZI%U�[��;U � MZS��®�VU�I%�GS�[�OP²Á³n´ H$LTI¼¯®SVU-�;U�R_[�O �;K$RYLTS � Q-�%�VRT�VLYXZS � µ�6WK$LÁK$U5H$MÌ�;U
±WK-�;U�RYX^R��;RYXnm-� ��SVK\Ó��VXo��I%U���SVLYU�SVL��;XZSVUWR}H$M^K � [$S 10% [$S � H$LTI%RT�VX^U�S � ��Iy[$��S � �T«�S,�[$S	U�I%��Q$LTSVK � S � Q-�%�VRT�VLYXZS � � ¨ Ï � + 0\��� � _ ���)� 
?µr³�O K$U HJI%X^U�R�[$S	¯WK�S	±�K-�;M^X^R��;RYXnm-�
MZS � RYL��;U � mwSVLYR � �®�VU��VRYXZ±�K�S � «�I%LYX���I%U�R��;K\Ó � I%U�R��;H$H-�;LYK � �nM�OPI%LYX��)X^U�Se[$S�M�O �%��±WK$X � X^RYXZI%U
[$Svm I%U��VRYXZI%U � S �T� SVUWRYXZSVM^MZS � ��M�O �%[��;H$R��;RYXZI%U§[$S � Q-�%�VRT�VLYXZS � ��MZSVK$L�U$XZ�T«�S_����I%MZI��)XZ±WK�S)µ

 M � ��I%U���SVLYU�SVU�RÁU�I%R��;���GSVU�RoMZS � m I%U��VRYXZI%U � [$SnH-�;RY«�I��®�VU$XZ�VX^RT���4[$S � ×W�iQ$XZI � S�I%K][$S
H$LTI%RTS��VRYXZI%U ¯WX � ��¯WX � [$S � K$Q � R��;U���S � RTI�Ó\XZ±�K�S � RTSVM^MZS � ±WK�S MZS � �;UWRYX^Q$XZI%RYXZ±�K�S � I%K
MZS � �G�VR��;K\Ó�MZI%K$LT[ � µo_*S � RYL��;U � mwSVLYR � «�I%LYX���I%UWR��;K\Ó I%UWR��w�V�GS©�VRT� � K$H$HJI � � � LTS � '
HJI%U � �;Q$MZS � [$S�M�OPI%L-���;U$X � �;RYXZI%U�SVU!I%H°�VLTI%U � [$S � �®ªVU�S � Q-�%�VRT�VLYXZSVU � �p_r� % 010 
?µ°Ò U^{�U��
MZS � RYL��;U � m SVLYR � «�I%LYX���I%UWR��;K\Ó©S�Ó\H$M^XZ±WK�SVU�R � �;U � [$I%K$RTS_�,���;MZSV�GSVUWRNM�OPS�Ó\X � RTSVU���S�[�O K$U�SmwL��%�VRYXZI%U�X^��H°I%LYR��;UWRTS�[$S � H$LTI%RT�VX^U�S � U*O ��×��;U�R �;K��VK$U�S � X^��X^M^X^RYK�[$S [$S � ��±WK�SVU���S ��¯®S��
[�O �;K$RYLTS � H$LTI%RT�VX^U�S � µ_rS � ��±WK�SVU>=����®S�[\K �®�VU�I%�GS!«WK$�c�;X^U3� �,���;MZSV�GSVU�R©�VRT� �0M�OPI%LYX��)X^U�S�[$S � K$L('
H$LYX � S � µ � �;LY��X ��SVM^MZS � '?�VX ��MZS�U�I%��Q$LTS	LTSVMÌ�;RYX^¯®SV�GSVU�R�m��;X^Q$MZSG[$Sw�®ªVU�S � ��IW[��;UWRiHJI%K$L
[$S � H$LTI%RT�VX^U�S � ��I%U � RYX^RYK�SG��SVLYR��;X^U�SV�GSVU�R_M�OPI%Q � SVLY¯%�;RYXZI%U0MÌ�	H$M^K ��� K$LYH$LTSVU-�;UWRTS ¦ �;R('
RTSVU�[\K � �;K$RTI%K$Lo[$S 100 000 �4X^M � U�S � SVL��;XZSVU�Rz{�U-�;MZSV�GSVUWRe±WK�S 30 000 � 40 000 � I%X^RSVUW¯WX^LTI%U 10 m I%X � MZS U�I%�iQ$LTS§I%Q � SVLY¯®�©��«�S,�]K$U�S©Q-�%�VRT�VLYXZS]��I%���GS ' ��XVZM[�INI%K Y��KMO	�^FJI�[�ILK �p_ _ ¾ + �\��
?µ Ë S5L��;H$HJI%LYR�m��;X^Q$MZS���I%U�RYL�� � RTS0��¯®S��!M�O �;H$H-�;LTSVU�RTS0[\X����VLTSVU���S
[$S]��I%��H$MZS�Ó\X^RT�][$S � I%L-���;U$X � �GS � ��I%U � XZ[$�VLT� � �c�;X �G� I%K$M^X��)U�S � �;U � [$I%K$RTS]MÌ��H$M^K ��)L��;U�[$S>��I%��H$MZS�ÓyX^RT�>[\Ki��I%UWRYL�;%MZS [$S"M�OPS�Ó\H$LTS �T� XZI%Ui[$S M�O X^U^mwI%LY�c�;RYXZI%U3�®�VU��VRYXZ±WK�S���«�S,�
M�Op*eI%���GS)µ*³�O K$U�S�H-�;LYRM��X^M � SV�iQ$MZSG±�K*O �;K��GI%X^U � 40 � 60% [$S � ²ÁÏÁ´BRYL��;U � �VLYX^R �
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�T«�S,�!M�Op*ÁI%���GS���H$K$X �T� SVUWR"�VRYLTS5�VH$X �T� � � [$S]H$M^K � XZSVK$L � m���=�I%U � [\X����VLTSVU�RTS � � �;X^U � X �
[��;U � [$S�U�I%��Q$LTSVK\Ó0��� � �°K$U��w�V�GS3�®ªVU�S�H°SVK$R_��Iy[$SVL�H$M^K � XZSVK$L � H$LTI%RT�VX^U�S � [\X��J�5'
LTSVU�RTS � � ¨ _r�)��
?µ$³�O �;K$RYLTSnH-�;LYRM�\�GI%X^U � [$S 2% [\K"�®�VU�I%�GSn«WK$�c�;X^U§S � R RYL��%[\K$X^RNSVUH$LTI%RT�VX^U�S � �W��I%UWRYLTSÁSVUW¯WX^LTI%U 85 � 90% �T«�S,�nMZS � Q-�%�VRT�VLYXZS � µ _rS � m I%U��VRYXZI%U � � �T� Iy�VXZ��S ��;KiLTS � RTS [\K��®�VU�I%�GS � I%U�R<�c�;M$��I%��H$LYX � S � µ%³nS�m ��=�I%U���SVLYR��;X^U�S��;U�I%��Q$LTS�[$S>LT�,�)XZI%U �
±�K$X'U�S���IW[$SVUWR�H-� � HJI%K$L�[$S � H$LTI%RT�VX^U�S �_� I%U�RnX^��H$M^XZ±WK���S � [��;U � [$S � �G�����;U$X � �GS �
[$SNLT�,�)K$MÌ�;RYXZI%U©[$SoM�OPS�Ó\H$LTS �T� XZI%U"�®�VU��VRYXZ±WK�SÁ±WK�SÁ��S � I%X^R��;K	U$X^¯®S��;K [$SoMÌ�_RYL��;U � �VLYX^H^'
RYXZI%U}I%K [$SeMÌ�_RYL��%[\K��VRYXZI%U*µ Ë SVHJSVU�[��;U�RM�yMZSv�®�VU�I%�GSn��I%U�RYXZSVU�Ro�;K ��� X4H$LTI%Q-�;Q$MZSV�GSVUWR
Q°S��;K���I%K$H0[$S�LT�,�)XZI%U �_� �;U � LT��SVM^MZS.!+mwI%U��VRYXZI%U�#5Q$XZI%MZI��)XZ±WK�S���I%���GS�MZS � ±WK�SVMZ±�K�S
40% [\K.�®�VU�I%�GS_��I%U � RYX^RYK�� � [�OP�VMZ�V�GSVUWR � LT�VHJ�VRT� � K$U �)L��;U�[]U�I%��Q$LTS�[$SymwI%X � µ
8 ¥�¹�¥$��V¥W¸! 0º'¥��$9 ��$!���$1*¹�¥	º�¥W¹ �;
#$!� �0¥�¹ _r�_[\X � HJI%U$X^Q$X^M^X^RT�o[\K+�®�VU�I%�GSÁ��I%�3'
H$MZSVRN[�O K$U§I%L-���;U$X � �GS�S � RN[�O K$U:�)L��;U�[©X^U�RT�VL��VRÁH$L��;RYXZ±�K�S)µ � �;LoS�Ó$SV��H$MZS ¦

! 6WX<M�OPI%U!H-�;LY¯yXZSVU�RM�°H-�;LnM�OP�VRYK�[$S�[$S�MÌ�c��I�'?Iy���VK$LYLTSVU���S�[�O K$U��c�;LT±�K�SVK$Ly�®�VU��5'
RYXZ±�K�S�SVR�[�O K$U�S��c�;MÌ�%[\XZS����	MZIW���;M^X � SVL��;H$H$LTI�ÓyX^�c�;RYX^¯®SV�GSVUWRiK$U �®ªVU�S�X^��H$M^Xn'
±�K��n[��;U � ��SVRYRTSn�c�;MÌ�%[\XZS��\MÌ��[\X � HJI%U$X^Q$X^M^X^RT��[$SeMÌ� � ��±�K�SVU���SeHJSVK$R>HJSVLY�GSVRYRYLTS
[�O XZ[$SVU�RYXn{-SVLeMZSq�®ªVU�S)µ

! 6WX�M�OPI%U�[\X � HJI � Si[$Si[$SVK\Ó � I%K��T«�S � [$S�Q-�%�VRT�VLYXZS � [$I%UWRnM�O K$U�SiS � ReH-�;RY«�I��®ªVU�S
SVRnM�O �;K$RYLTSiU�I%U��°MÌ�}��I%��H-�;L��;X � I%U�[$S � �®�VU�I%�GS � HJSVK$Rn�;XZ[$SVL&�cXZ[$SVU�RYXn{-SVL�MZS ��®ªVU�S � LTS � HJI%U � �;Q$MZS � [\K5���;L��%�VRTªVLTS_H-�;RY«�I��®ªVU�S)µ

! 6WXWM�OPI%U � O X^UWRT�VLTS �T� S �NK$U�S�m I%U��VRYXZI%UiH-�;LYRYXZ�VK$M^XZªVLTS HJI%K$L�MÌ�%±WK�SVM^MZS>[$S � S�Ó$SV��H$MZS �
[$S �®ªVU�S �G� I%UWRG��I%U$U�K � �"MÌ��[\X � H°I%U$X^Q$X^M^X^RT�§[\K`�®�VU�I%�GS]��I%��H$MZSVRGHJSVK$R�H°SVL('
�GSVRYRYLTS_[$S���I%U � RYX^RYK�SVL�RYLTª � L��;H$XZ[$SV�GSVUWRNK$U]SVU � SV�iQ$MZS_[$Sv�®ªVU�S � ���;U�[\XZ[��;R � µ

³n�;U � RTI%K � ��S � ��� � MÌ� � ��±WK�SVU���SGS � R_[�O K$U�S	�;XZ[$SGX^U���I%��H-�;L��;Q$MZS	���;L�SVM^MZSGH°SVLY�GSVR
[$S§�T«�I%X � X^L	L��;H$XZ[$SV�GSVUWR}MZS � �VX^Q$MZS � H°I%K$L}[$S � �VRYK�[$S � S�Ó\H°�VLYX^�GSVUWR��;MZS � H$M^K � H$LT�5'
�VX � S � µ]_*S � ��±WK�SVU>=����®So[�O K$U"�®�VU�I%�GSo��XZ�VLTI%Q$XZSVU S � R��w�V�GSe�;K%�YI%K$LT[�O «�K$XJ��I%U � XZ[$�VLT�
��I%���GSNK$UcH$LT���;MÌ�;Q$MZSe±WK-� � X�X^U�[\X � HJSVU � �;Q$MZSq��[$S � �VRYK�[$S � [$SNQ$XZI%MZI��)XZSo�GI%MZ���VK$MÌ�;X^LTS
S��c���%��S � µ
³�O K$U�H°I%X^UWR [$S�¯yK�S Q°S��;K���I%K$HGH$M^K � mwI%U�[��;�GSVUWR��;M �®K$Uw�®�VU�I%�GSoS � R K$U�S � I%K$LT��S

S�Ó\��SVH$RYXZI%U$U�SVM^MZS�[�O X^U^mwI%LY�c�;RYXZI%U �'� K$L�M�OP�V¯®I%M^K$RYXZI%Ui[$S � I%L-���;U$X � �GS � ¯yX^¯%�;UWR � µ�Ò UiS��JSVRM�
K$U �®�VU�I%�GS���I%U�RYXZSVUWR©MÌ� RYL��%��S5[$S���SVLYR��;X^U � H$LTIW��S ��� K � �V¯®I%M^K$RYXnm � � � RYL���¯®SVL � MZS �
LT�VH°�VRYX^RYXZI%U � [$S � ��±WK�SVU���S � �*MZS � «��VRT�VLTI��®�VU��VX^RT� � [$Sc��I%��HJI � X^RYXZI%U��rI%K MÌ� H$LT� � SVU���S
[$S<�®ªVU�S � m I �T� X^MZS � U�I%Uwm I%U��VRYXZI%U$U�SVM � µB_r����I%��H-�;L��;X � I%U [$Sz�®�VU�I%�GS � ��I%U � RYX^RYK�SNK$U�S
� I%K$LT��SÁ[�O X^U^m I%LY�c�;RYXZI%U]SVU���I%LTSÁH$M^K � LYXZ��«�Sn���;L SVM^MZSe��I%U^m ªVLTSoK$U�Se¯yX � XZI%U+�)MZI%Q-�;MZSn[$S �mwI%U�[$SV�GSVUWR � �®�VU��VRYXZ±WK�S � [$S � [\X����VLTSVU���S � SVUWRYLTS�I%L-���;U$X � �GS � µ
Ë S � K$RYX^M^X � �;RYXZI%U � [$S ��� ��±�K�SVU���S � �®�VU�I%��XZ±WK�S �>� S � X^RYK�SVU�R��;K\ÓGS�ÓyRYLT�V��X^RT� � [�O K$U

�V¯®SVU�R��;X^My�;M^MÌ�;UWR�[$S M�O � � H°S��VR*H$K$LTSV�GSVUWR�K$RYX^M^X^R��;X^LTS��>MÌ����I%U$U-�;X �T� �;U���S�mwI%U�[��;�GSVUWR��;MZS)µ_r�_��I%U$U-�;X �T� �;U���SÁ[$SÁMÌ�qm I%U��VRYXZI%U}[$S �>� ��±WK�SVU���S � �®�VU�I%��XZ±WK�S � [$�VRTSVLY��X^U�Sn�V¯WXZ[$SV�3'
�GSVU�R�SVU �)L��;U�[$SiH-�;LYRYXZS�MÌ�cH$K$X �T� �;U���S�[$S���S � K$RYX^M^X � �;RYXZI%U � µ Ë S��VX<U�I%K � �;�GªVU�S��;K
� �nK$L�[\K H$LTI%Q$MZªV�GS	[$S	M�O �;U-�;M^× � S	[$S � �®�VU�I%�GS � ¦ XZ[$SVUWRYXn{-SVL�MÌ� m I%U��VRYXZI%U [$S ��� �5'
±�K�SVU���S � [\X � H°I%U$X^Q$MZS � µ�_rS<�®�VU�I%�GSN��I%U�RTSVU-�;UWR RTI%K$RTS�M�O X^U^m I%LY�c�;RYXZI%Uw�®�VU��VRYXZ±WK�S�� � I%U
� ��±�K�SVU>=����®Se��I%U � RYX^RYK�SÁK$U�SoH$LTSV��XZªVLTS���¯%�;U�����Se¯®SVL � K$U�SÁ��I%U$U-�;X ��� �;U���S$�)MZI%Q-�;MZSn[$S
MÌ�©�T«$X^��XZS [$S � I%L-���;U$X � �GS � ¯yX^¯)�;U�R � µ ¨ �;X � ��SVM^MZS5'?�VX>[$I%X^R��VRYLTSGHJI%K$L � K$X^¯WXZScH-�;L�K$U
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S���I%LYR>[�O XZ[$SVUWRYXn{-���;RYXZI%U§[$SÁMÌ�ym I%U��VRYXZI%U}[$S � � ��±WK�SVU���S � µy³nS � S�Ó\H°�VLYXZSVU���S � ���)L��;U�[$S
����«�SVM^MZS � I%U�R��GSVU���S � �}��SVR�S��JSVR�SVR���I%��H$LTSVU$U�SVU�R�U�I%R��;���GSVU�R�[$S � �;U-�;M^× � S � [\K
RYL��;U � �VLYX^H$RTI%�GS��\I%K [$S$�)L��;U�[ � H$LTI;�YSVR � [�O �;U-�;M^× � S$mwI%U��VRYXZI%U$U�SVM^MZS��\��I%���GSe��SVM^K$X4¯yXn'
� �;UWR��Á�VRYK�[\XZSVL"��«�S,�<Y ��KMO	�^FJI�[�ILK �p��Ò"² + �) �
$MZS � H$«��VU�I%R?×yH°S � � ��� IW�VXZ� � �ÁMÌ�ÁH°SVLYRTS [$S�®ªVU�S � [$S m I%U��VRYXZI%U�X^U���I%U$U�K�S)µ�_"O �;U-�;M^× � S3I�WsK-I�[�IJXVZG[$S � �®�VU�I%�GS � ��I%K�S��,���;MZSV�GSVUWR
K$U�L�;%MZS�[$S�H$LTSV��XZSVL_H$MÌ�;U��JHJI%K$LeM�O X^UWRTSVLYH$LT�VR��;RYXZI%U [$S � LT� � K$M^R��;R � S�Ó\HJ�VLYX^�GSVU�R��;K\Ó��
�c�;X � �;K �T� X�H°I%K$LÁH°I%K ��� SVLÁMZS�H$M^K � MZI%X^U5HJI �T� X^Q$MZS�M�O X^U�RTSVLYH$LT�VR��;RYXZI%U0[$SiMÌ� � ��±WK�SVU���S
SVM^MZS5'��w�V�GS)µ
É ¥�·%»r¥W¤u·%»�¥�¤ ��� #%� $r·®£¼¢7� $ �94-�$¤u£¼¢�¤!º'¥ �7� ¹5
?�*¸�¥$�·®¥ � _rS � ±WK�S � RYXZI%U ��� I%UWR
U�I%�iQ$LTSVK � S � �;KcU$X^¯®S��;K [$SNMÌ� � ��±WK�SVU���So[�OP²e³e´ ¦ I�� � I%UWR�MZS � LT�,�)XZI%U � ±�K$X°��IW[$SVUWR
HJI%K$L_[$S � H$LTI%RT�VX^U�S �f� � � � I%UWR_MZS ��� X��)U-�;K\Ó � � � � I%U�R_MZS � ²ÁÏÁ´DU�I%U�RYL��%[\K$X^R �f�
³eX����VLTSVU�RTS � �;H$H$LTIy�T«�S � H°I%K$L<MÌ�ÁH$LT��[\XZ�VRYXZI%Uc[$S � LT�,�)XZI%U � ��Iy[��;U�RTS �"� I%U�R H$LT� � SVUWRT��S �
SVU5�;U$U�S�Ó$S_²�µ� U�Sym I%X � MZS � LT�,�)XZI%U � ��Iy[��;U�ReMZS � H$LTI%RT�VX^U�S � [$�VRTSVLY��X^U���S � �JI%K � SVK$MZSV�GSVU�RnH$LT�5'
[\X^RTS � ��MÌ� LTS��T«�SVLT��«�S�[$S<MÌ��m I%U��VRYXZI%U�[$S"��S � H$LTI%RT�VX^U�S � ��I%U � RYX^RYK�S"M�O K$U�[$S � H$LYX^U��VX^H-�;K\Ó
I%Q\�YS��VRYXnmJ[$S>M�O �;U-�;M^× � S I�WwK-I�[�IJXVZN[$S �"� ��±WK�SVU���S � µ 
 M � O ���)X^R"[�O K$U�H$LTI%Q$MZªV�GS�RYLTª � MÌ�;L-�®S)µ
Ò U!S��JSVRM�4I%U§SVU�RTSVU�[ � I%K � MZS_RTSVLY�GS�[$Sl! m I%U��VRYXZI%U #©[�O K$U�S�H$LTI%RT�VX^U�S���MÌ�3m I%X � MÌ�m I%U��VRYXZI%U �GI%MZ���VK$MÌ�;X^LTS��\MÌ�ym I%U��VRYXZI%U©��SVM^M^K$MÌ�;X^LTS��$SVR�MÌ�&mwI%U��VRYXZI%U H$«��VU�I%R ×WH$XZ±WK�S r ¯®I%X^L
H-�;L�S�Ó$SV��H$MZS � ¾ ³n³q_ + 0)��
 t µ\³nSoH$M^K � �W�w�V�GS��;K U$X^¯®S��;K}�GI%MZ���VK$MÌ�;X^LTS���MÌ�ym I%U��VRYXZI%U
HJSVK$R&�VRYLTSG[$���VLYX^RTSc��¯®S��G[\X��J�VLTSVUWR � U$X^¯®S��;K\Ó�[$S�LT� � I%M^K$RYXZI%U*µr²ÁX^U � X ����m��;X^Q$MZS�LT� � I�'
M^K$RYXZI%U���MÌ��m I%U��VRYXZI%U0�GI%MZ���VK$MÌ�;X^LTS	[$S1_r�%� 
ÁS � R_[$S � S {$Ó\SVL��}M�OP²e³n´ ���}�GI¼×®SVU$U�S
LT� � I%M^K$RYXZI%U��f_r�%� 
�S � RNK$U§LT�VH$LTS �T� SVK$LÁ[$S_MÌ��RYL��;U � �VLYX^H$RYXZI%U��°SVU^{�U��f��«-�;K$RTS�LT� � I%M^K^'
RYXZI%U��P_r�%� 
>S � R MZSeLT�VH$LTS �T� SVK$LN[$SeMÌ��RYL��;U � �VLYX^H$RYXZI%U§[$SeM�OPI%HJ�VLTI%U©MÌ�%�VRTI � S�±WK$X � S${$Ó$S
� K$L�MZS � X^RTS�X^U�[\XZ±WK���{>�)K$LTS]�)µ � SVR�±WK$X"�T«-�;UP�®SG[$S���I%U^m I%LY�c�;RYXZI%U0MZI%L � ±WK*O X^M"S � R�M^XZ�
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S+`)cg��_�R��DY�`�X�[dR�QhQ"U�`�X�_�R��DY�`v�QP+M£`)Yo_nR��DY�`y�R5%Sg��`)[�^�U � U)^�`)[de�`���VD`)c+^�SgWDXZY�P�[de�`
\3P�^�^�P�\+\nR�^ZYyP�c XZWGY�`¥Srq WG[+WGYZW�P�YZWDR�[ S+`¤V�P£YZ^�P�[dX�e)^ZWG\+YZWDR�[�tON�`�X�X�U�b�cd`)[de�`�X�S+`�e�`�X
_�R��DY�`�X�X�R�[�Yo\3P�^ZYZWDe)c+VGWDl)^�`)Q"`)[�Y�WGQh\nR�^ZY�P�[�Y�`�Xp\nR�c+^xV�P��+�+P�YZWDR�[ S+`yV:qz�jh   \nR�VG���
Q"U)^�P�X�`y`)Y"\n`)c+f1`)[�Ykf)YZ^�`ye�R�[dXZWDS+U)^�U�`�X�e�R�QhQ"`vS+`�XoXZWG��[3P�cg�w\�R�XZWGYZWDR�[+[dU�XoXZc+^"V�P
Q"R�VDU�e)c+VD`�Srqz� �*  t

l [�e�md`)^�e�md`¨�¨S+U)Y�`)^ZQhWG[d`)^�XZW~c+[d`¤X�U�b�cd`)[de�` x6
1 = (x1, x2, . . . , x6)

S+`¤X�W��
[�cde)VDU�R�YZWDS+`�X&�2[d` � P�WDX�P�[6Yj\3P�Xi\3P�^ZYZWD`oS+`�X]`.�g`)Qh\+VD`�XCe�R�[+[6cdX&��e�R�^Z^�`�X�\�R�[dS{R�c¡[dR�[
��V�P¨X�U�b�cd`)[de�`�Srq c+[d`v_nR��DY�`��R5%S ��b6cd`yV:qzR�[ P�\+\�`)VGVD`)^�P£XZWGY�`yWDe)W$�.t?N�`�XpP�\+\+^�R6e�md`�X
XZY�P�YZWDXZYZWDb6cd`�X([3P�YZc+^�`)VGVD`�X-\�R�c+^~^�U)\�R�[dSg^�`C�"e�`)YZY�`ib�cd`�X�YZWDR�[�X�` � R�[dS+`)[6Y-XZc+^~V�PhQ"R��
S+U)VGWDX�P�YZWDR�["\+^�R�_3P�_+WGVGWDXZY�`-S+`%V:qsP�\+\3P�^ZWGYZWDR�[oS+`�XaX�U�b6cd`)[de�`�XLe�R�^Z^�`�XZ\nR�[dSdP�[�Y?�*c+[xXZWGY�`��
`)YaS+`-e�`)VGVD`�X�b6c+W�[�q �"e�R�^Z^�`�XZ\�R�[dS+`)[6Y?\3P�X&t�N�PjX�U�b6cd`)[de�`-R�_dX�`)^Zf1U�` x6

1
`�XZY%P�VDR�^�Xaf6cd`

e�R�QhQ"`�V�P]^�U&P�VGWDX�P�YZWDR�[¤Srq c+[vf1`�e)Y�`)c+^~P�VDU&P�Y�R�WG^�` X6
1
t

NAqzR�_dX�`)^Zf�P�YZWDR�[ S+`�X�b6cd`)VDb6cd`�X�X�U�b�cd`)[de�`�X�\+^�U�X�`)[6Y�U�`�Xp\�`)^ZQ"`)YpS+`v^�`)QxP�^�b6cd`)^
^�P�\+WDS+`)Q"`)[�Y%b�cd`(V�P � ^�U�b�cd`)[de�`~S+`|e�m3P�e)c+[pS+`�Xa[�cde)VDU�R�YZWDS+`�X?SgWWVnl)^�`-Srq c+[d`(\nR�XZWGYZWDR�[
��V:qsP�c+YZ^�`aP�cjX�`)WG[iSgc�XZWGY�`�t%N�`4Q"RTS+l)VD`-¦�X�WGY�`a§-VD`>\+VGcdX�X�WGQh\+VD`Ab�c+W�YZWD`)[+[d`Ae�R�Qh\+Y�`LS+`
e�`)YZY�`i\+^�R�\+^ZWDU)Y�Uxe�R�[dXZWDS+l)^�`hb�cd`]VD`�X-[�cde)VDU�R�YZWDS+`�X]P�\+\3P�^�P�WDX�X�`)[6Y�WG[dS+U)\�`)[dSdP�QhQ"`)[6Y
`)YaX�`)VDR�[�c+[d`(VDR�WnSrqsP�\+\3P�^ZWGYZWDR�[�SgWWVnU)^�`)[6Y�`*�je�m3P�b6cd`-\�R�XZWGYZWDR�[�tD9TR�cdX?e�`(Q"RTS+l)VD`~SgWGY
mdU)Y�U)^�R��1l)[d`��gV�P]\+^�R�_3P�_+WGVGWGY�U�SrqsP�\+\3P�^ZWGYZWDR�[vS+`-V�PCX�U�b�cd`)[de�`*R�_dX�`)^Zf1U�` x6

1
Xqz`.�T\+^ZWGQ"`
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�T������+ � � ��" � � ��� � � � $ � � � "

1 2"4�, 5�t8P�-/.+^�U�b6cd`)[de�`�X%SrqsP�\+\3P�^ZWGYZWDR�[vS+`�X?[�cde)VDU�R�YZWDS+`�X|P�cg�pSgWWVnU)^�`)[6Y�`�X%\nR�XZWGYZWDR�[dX
S+`�X4_nR�WGY�`�X2�R5%S*S+`�X>\+^�R�Q"R�Y�`)c+^�XLS+U)\n`)[dSdP�[�YaS+` 96WG��QxP*�it�N�`%e&P�VDe)c+V9P-U)Y�U%`
Vr`�e)YZcdU
�x\3P�^ZYZWG^-S+` 142 XZWGY�`�X-S+`j�+�+P�YZWDR�[¥S+` 96WG��QxPo� S+U)Y�`)^ZQhWG[dU�X�`.�g\�U)^ZWGQ"`)[6Y�P�VD`)Q"`)[�Y
�KJ-`)V L+M 
/t

e�R�QhQ"`*VD`~\+^�R6Sgc+WGY%S+`�X�\+^�R�_3P�_+WGVGWGY�U�X(SrqsP�\+\3P�^ZWGYZWDR�[yS+`*e�m3P�e)c+[yS+`-X�`�X�[�cde)VDU�R�YZWDS+`�X

Ps(X
6
1 = x6

1) = b1(x1) × b2(x2) × . . . × b6(x6) ,

R�� bt(x) e�R�^Z^�`�XZ\nR�[dSv�iV�P]\+^�R�_3P�_+WGVGWGY�U�S+`*V:qsP�\+\3P�^ZWGYZWDR�[vSgc�[�cde)VDU�R�YZWDS+` x `)[�\�R�X�W��
YZWDR�[ t � bt(x) = P (Xt = x) �.t 96W>V:qz`)[dX�`)Qj_+VD`xSrqsP�\+\+^�`)[�YZWDX�X�P��1`x`�XZY-X�c �xX�P�QhQ"`)[�Y
��^�P�[dSr�3VD`�X(\3P�^�P�Q"l)YZ^�`�X bt

X�R�[�Y|VD`�\+VGcdX|X�R�c+f1`)[6Y~`�XZYZWGQ"U�X|\3P�^(VD`�X � ^�U�b�cd`)[de�`�X~`)QC�
\+WG^ZWDb6cd`�XjSrqsP�\+\3P�^ZWGYZWDR�[¢S+`�X�[�cde)VDU�R�YZWDS+`�X]SdP�[dX�V:qz`)[dX�`)Qj_+VD`xSrqsP�\+\+^�`)[6YZWDX�X�P��1`�t } `�e)W
^�`)fTWD`)[�Yj`)[ � P�WGY���c+YZWGVGWDX�`)^�V:qz`�XZYZWGQxP�Y�`)c+^jSgc�QxP
�gWGQjc+Q S+`Cf6^�P�WDX�`)Qi_+V�P�[de�`xS+`�X btXZc+^%V:qz`)[dX�`)Qj_+VD`jSrqsP�\+\+^�`)[6YZWDX�X�P��1`�t } `�X � ^�U�b�cd`)[de�`�X(X�R�[�Y(\+^�U�X�`)[6Y�U�`�X|Y�P�_+VD` 5�t8Pgt

0 R�c+^4VD`�X4X�U�b6cd`)[de�`�X>b�c+Wg[d`�e�R�^Z^�`�XZ\�R�[dS+`)[6YA\3P�X4�-S+`�X2X�WGY�`�X&�c+[CQ"RTS+l)VD`?XZWGQh\+VD`
e�R�[dXZWDX�Y�`o��e�R�[dXZWDS+U)^�`)^]VD`�X�[6cde)VDU�R�YZWDS+`�XCe�R�QhQ"`oP�\+\3P�^�P�WDX�X�P�[6YiWG[dS+U)\n`)[dSdP�QhQ"`)[�Y
VD`�X>c+[dXAS+`�XAP�c+YZ^�`�XaP�f1`�e?c+[d` � ^�U�b�cd`)[de�`%b6c+Wg[d`�S+U)\n`)[dSC\3P�XAS+`�VD`)c+^4\nR�XZWGYZWDR�["SdP�[dX
V�PhX�U�b�cd`)[de�`hk

Pns(X
6
1 = x6

1) = b0(x1) × b0(x2) × . . . × b0(x6) ,

R�� b0(x) e�R�^Z^�`�XZ\�R�[dS��*V�P�\+^�R�_3P�_+WGVGWGY�U-SrqsP�\+\3P�^ZWGYZWDR�[pSgcx[�cde)VDU�R�YZWDS+` x P�coX�`)WG[xS+`�X
X�U�b6cd`)[de�`�X(b6c+W�[d`�X�R�[6Y(\3P�X(S+`�X(XZWGY�`�Xt

� YZ^�P�f1`)^�X%VD`�e�mdR�W��pS+`*e�`�X%S+`)cg�pQ"R6S+l)VD`�X�TR�[vP]S+U.�d[+W�S+`)cg��Q"`�XZc+^�`�X�kTV:q c+[d`��
Ps(x

6
1)
S+`�V�PC^�`�X�X�`)Qi_+V�P�[de�`j`)[6YZ^�`�V�PhX�U�b6cd`)[de�`�R�_dX�`)^Zf1U�` x6

1
`)Y(VD`�X|XZWGY�`�X|e�R�[+[6cdX X

V:qsP�c+YZ^�`�� Pns(x
6
1)
S+`CV�Po^�`�X�X�`)Qi_+V�P�[de�`x`)[6YZ^�` x6

1
`)Y*VD`�X�X�U�b6cd`)[de�`�X�b6c+W>[d`he�R�^Z^�`�XE�

\nR�[dS+`)[�Yh\3P�X"��S+`�XCXZWGY�`�X&t   P�YZc+^�`)VGVD`)Q"`)[�Y&�4\+VGcdX Ps(x
6
1)

`�XZY]��^�P�[dSr�4`)Y Pns(x
6
1)\n`)YZWGY&�+\+VGcdX(R�[v`�X�Y%Y�`)[�Y�UjS+`jSgWG^�`�b�cd` x6

1
e�R�^Z^�`�XZ\nR�[dSv�]V�PhX�U�b6cd`)[de�`�Srq c+[vXZWGY�`�t21�V

X&qsP���WGY-V��oSrq c+[�\+^�`)QhWD`)^*\3P�X-f1`)^�X-V�P"\+^�U�SgWDe)YZWDR�[�Sgc¥e&P�^�P�e)Y�l)^�`v¦hXZWGY�`h§vR�cw¦"[dR�[
XZWGY�`v§{S+`pV�P�X�U�b6cd`)[de�`�t N�`�XxS+`)cg�{\3P�^�P���^�P�\+md`�XoXZc+WGf�P�[6Y�Xh\+^�U�X�`)[6Y�`)[�YoS+`)cg�wP�\g�
\+^�RTe�md`�X%S+`-V:q c+YZWGVGWDX�P�YZWDR�[yS+`*e�`�X�Q"R6S+l)VD`�X%SdP�[dX?VD`~_+c+Y%S+`-\+^�U�SgWG^�`*V�P�[3P�YZc+^�`�S+`-V�P
X�U�b6cd`)[de�`�t

354�b76�c[_`Z98;:TZ=< � N�`j\+^�R�_+VDl)Q"`]\n`)c+Yif)YZ^�`if6c�e�R�QhQ"`iVD`jY�`�XZY~S+`iV:q m��T\nR�YZmdl�X�`
H0 = ¦ie�`)YZY�`*X�U�b�cd`)[de�`*[�qz`�X�Y�\3P�X?V�P]X�U�b6cd`)[de�`*Srq c+[�XZWGY�`�§xe�R�[6YZ^�` H1 = ¦ie�`)YZY�`
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X�U�b�cd`)[de�`]`�XZY~V�PxX�U�b6cd`)[de�`]Srq c+[�XZWGY�`C§�tn�~\+^�l�X|VD`]e�mdR�W��¤S+`�X-Q"RTS+l)VD`�XC¦xXZWGY�`C§y`)Y
¦i[dR�[vXZWGY�`j§��3e�`�X%m��T\�R�YZmdl�X�`�X|X�R�[6Y(^�` � R�^ZQic+VDU�`�X|`)[¡k

{
H0 = ¦Ce�`)YZY�`�X�U�b�cd`)[de�`�PhU)Y�U*�1U)[dU)^�U�`j\3P�^(VD`*Q"RTS+l)VD`�[dR�[vXZWGY�`j§
H1 = ¦Ce�`)YZY�`�X�U�b�cd`)[de�`�PhU)Y�U*�1U)[dU)^�U�`j\3P�^(VD`*Q"RTS+l)VD`�XZWGY�`j§ .

0 R�c+^ye�`¤Y�`�XZY&�aVD`�VD`)QhQ"`�S+`   `)�6QxP�[g� 0 `&P�^�X�R�[ P�X�X�c+^�`¤b6cd`�V�P¡S+U�e)WDXZWDR�[ S+`
^�` � `)Y�`)^ H0

S+R�WGY6f)YZ^�`?\+^ZWDX�`?`)[ � R�[de)YZWDR�[hS+`�V�P|f�P�VD`)c+^ASgcC^�P�\+\�R�^ZY4S+`?V�P~\+^�R�_3P�_+WGVGWGY�U
SrqsP�\+\3P�^ZWGYZWDR�[�S+`jV�P"X�U�b6cd`)[de�`jX�R�cdX|VD`�Q"RTS+l)VD`�¦"XZWGY�`i§�`)Y-X�R�cdX(VD`jQ"R6S+l)VD`p¦C[dR�[
XZWGY�`|§�t } qz`�XZYa��SgWG^�`(b6c�q WGV � P�c+YLX�`��+�+`)^Ac+[d`%^�l)��VD`~S+`(S+U�e)WDXZWDR�[xe�R�[dXZWDX�Y�P�[�Y���^�` � `)Y�`)^
V:q m��T\�R�YZmdl�X�` H0

S+l�X(b�cd`

Ps(X
6
1 = x6

1)

Pns(X6
1 = x6

1)
> s(α),

R�� s `�XZY"c+[�X�`)c+WGV|e�mdR�WDXZW~`)[ � R�[de)YZWDR�[�Sgc�[+WGf1`&P�c α X�R�c+m3P�WGY�U�\nR�c+^"VD`pY�`�XZY¤� αe�R�^Z^�`�XZ\�R�[dSC�|V�P(\+^�R�_3P�_+WGVGWGY�U?S+`a^�` � `)Y�`)^ H0
VDR�^�X�b�cd` H0

`�XZY2fT^�P�WD`�.t } `)YZY�`?S+U�e)WDXZWDR�[
`�XZYjV�PyQ"`)WGVGVD`)c+^�`�SdP�[dX]VD`oX�`)[dXiR��¢P�cde)c+[�P�c+YZ^�`xY�`�XZY]S+`oe�`x[+WGf1`&P�c ��b6c+W�^�` � `)YZY�`
P�cdX�XZWA\n`)c¡X�R�c+f1`)[6Y H0

�yY�R�^ZY��*[d`"X�`)^�P�\+VGcdX�\+c+WDX�X�P�[�Y��=[d`h\nR�c+^Z^�P�^�` � `)Y�`)^j\+VGcdX
X�R�c+f1`)[�Y(V:q m6�6\nR�YZmdl�X�` H0

VDR�^�X�b�cd` H1
`�X�Y%f6^�P�WD`�.t

3�4�b 6�c _`Z 8;:"Z�� � N�`�\+^�R�_+VDl)Q"`j\�`)c+Y~P�cdX�XZWTf)YZ^�`jP�_nR�^�S+U�X�R�cdX|c+[¤P�c+YZ^�`iP�[+��VD`
b�c+Wge�R�[dXZWDXZY�`?�(f1R�WG^>V�P|f�P�^ZW�P�_+VD`%P�VDU&P�Y�R�WG^�` X6

1
e�R�QhQ"`�VD`a^�U�XZc+VGY�P�Y4Srq c+[d`a\+^�RTe�U�Sgc+^�`

S+`AYZWG^�P��1`�`)[iS+`)cg�jU)Y�P�\n`�X&t�N�P|\+^�`)QhWDl)^�`�U)Y�P�\�`a`�XZY�S+`ae�mdR�WDXZWG^2V�P%[3P�YZc+^�`�¦%XZWGY�`?§�R�c
¦%[dR�[hXZWGY�`%§�S+`�V�P-X�U�b6cd`)[de�`ab6c+WgX�`)^�P~�1U)[dU)^�U�`�X�`)VDR�[CS+`�X2\+^�R�_3P�_+WGVGWGY�U�X P ( X�WGY�` ) = p`)Y P ( [dR�[vXZWGY�` ) = 1 − p t6N�P¥X�`�e�R�[dS+`yU)Y�P�\n`p�1U)[dl)^�`�V�P�X�U�b6cd`)[de�` X6

1
X�`)VDR�[wVD`

Q"R6S+l)VD`i¦�XZWGY�`~§CR�c�¦-[dR�[xXZWGY�`~§"e�R�[ � R�^ZQ"U)Q"`)[6Y?P�cx^�U�XZc+VGY�P�YaSgc"\+^�`)QhWD`)^aYZWG^�P��1`jk
{

P (x6
1 | XZWGY�` ) = Ps(x

6
1)

P (x6
1 | [dR�[vXZWGY�` ) = Pns(x

6
1) ,

R��¤V:qzR�[¥e�R�[ � R�[dS¢�¯�x\3P�^ZYZWG^*S+`jQxP�WG[�Y�`)[3P�[6Y�� x `)Y X = x \nR�c+^-P�VGVDU)�1`)^*VD`�X-[dR�Y�P
�
YZWDR�[dXAVDR�^�X�b6c�q WGV+[�q �"P*\3P�XASrqsP�Qj_+WG��c��¯Y�U�t � P�[dXAe�`(e&P�Sg^�`���V�P-f�P�VD`)c+^�S+` p `�XZYAe�mdR�WDXZWD`S+` � P�U�R�[y��^�`)[dSg^�`*e�R�Qh\+Y�`�S+`~V�P � ^�U�b6cd`)[de�`-P�YZY�`)[dSgcd`�S+`�X?X�U�b6cd`)[de�`�X%b�c+Wne�R�^Z^�`�XE�
\�R�[dS+`)[6Y]��S+`�XiXZWGY�`�X�\3P�^ZQhWaVD`�XjX�U�b6cd`)[de�`�XjU)YZcdSgWDU�`�X&t 9TR�cdXje�`hQ"RTS+l)VD`���R�[¡\�`)c+Y
e&P�VDe)c+VD`)^(V�P]\+^�R�_3P�_+WGVGWGY�UjS+`�X%U)f1U)[d`)Q"`)[6Y�XC¦]XZWGY�`j§�`)Yi¦i[dR�[¤XZWGY�`j§�X�P�e�m3P�[6Y(V�PCX�U.�
b�cd`)[de�`(R�_dX�`)^Zf1U�` x6

1
���*X�P&f1R�WG^ P ( XZWGY�` | x6

1)
`)Y P ( [dR�[vXZWGY�` | x6

1)
t } `�XL\+^�R�_3P�_+WGVGWGY�U�X

X�R�[�Y|R�_+Y�`)[6cd`�X(��^���e�`j�hV�P � R�^ZQic+VD`�S+`��%P��1`�Xik

P ( X�WGY�` | x6
1) =

P (x6
1 | XZWGY�` )P ( XZWGY�` )

P (x6
1 | XZWGY�` )P ( XZWGY�` ) + P (x6

1 | [dR�[vXZWGY�` )P ( [dR�[�XZWGY�` )

P ( [dR�[¤XZWGY�` | x6
1) =

P (x6
1 | [dR�[vXZWGY�` )P ( [dR�[¤X�WGY�` )

P (x6
1 | XZWGY�` )P ( XZWGY�` ) + P (x6

1 | [dR�[vXZWGY�` )P ( [dR�[�XZWGY�` ) .
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NLqz`.�T\+^�`�X�X�WDR�[�Sgc�^�P�\+\nR�^ZYxS+`ye�`�XoS+`)cg�¢\+^�R�_3P�_+WGVGWGY�U�X�X�U)\3P�^�`ySrq c+[d`y\3P�^ZYxV�P
e�R�[6YZ^ZWG_+c+YZWDR�[�S+`�V�P¥X�U�b6cd`)[de�`�R�_dX�`)^Zf1U�`�`)YCSrqsP�c+YZ^�`y\3P�^ZY]V�P¥e�R�[6YZ^ZWG_+c+YZWDR�[�S+`pV�P
� ^�U�b�cd`)[de�`iP�YZY�`)[dSgcd`jS+`�X(U)f1U)[d`)Q"`)[6Y�XC¦]XZWGY�`]§�`)Yi¦][dR�[yXZWGY�`i§�k

P ( X�WGY�` | x6
1)

P ( [dR�[vXZWGY�` | x6
1)

=
P (x6

1 | XZWGY�` )
P (x6

1 | [dR�[yXZWGY�` ) ×
P ( XZWGY�` )

P ( [dR�[vXZWGY�` ) .

l [�^�`)QxP�^�b6cd`�b�cd`*V�PiQ f)Q"`�b6c3P�[�YZWGY�U�`�X�Y%c+YZWGVGWDX�U�`�SdP�[dX?VD`*Y�`�XZY%SdP�[dX%VD`-\�R�WG[6Y|S+`
fTcd` 5|\nR�c+^?^�`��3U)Y�`)^%VD`�XaWG[ � R�^ZQxP�YZWDR�[dX|P�\+\nR�^ZY�U�`�X?\3P�^?V�PiX�U�b�cd`)[de�`*XZc+^?X�Pi[3P�YZc+^�`�t

�~WG[dXZW:��b�cd`)VLb6cd`xX�R�WGYjVD`h\nR�WG[�YCS+`hfTcd`oP�S+R�\+Y�U���V:q WG[ � R�^ZQxP�YZWDR�[wP�\+\�R�^ZY�U�`x\3P�^
V�PoX�U�b6cd`)[de�`iX&qz`.�g\+^ZWGQ"`Ce�R�QhQ"`]VD`j^�P�\+\nR�^ZY-S+`�X-\+^�R�_3P�_+WGVGWGY�U�X�SrqsP�\+\3P�^ZWGYZWDR�[�S+`]V�P
X�U�b6cd`)[de�`(X�R�cdXAVD`%Q"R6S+l)VD`]¦*XZWGY�`~§]`)Y-¦*[dR�[xXZWGY�`~§1t��4Y�P�[�Y�S+R�[+[dU|b6cd`?VD`�XAQ"RTS+l)VD`�X
e�mdR�WDXZWDX(e�R�[dXZWDS+l)^�`)[6Y(VD`�X?[�cde)VDU�R�YZWDS+`�X(e�R�QhQ"`iP�\+\3P�^�P�WDX�X�P�[�Y%WG[dS+U)\n`)[dSdP�QhQ"`)[�Y~VD`�X
c+[dX�S+`�X�P�c+YZ^�`�X&�&e�`4^�P�\+\nR�^ZY�X�`4S+U�e�R�Qh\�R�X�`L`)[�c+[�\+^�RTSgc+WGY�S+`4Y�`)^ZQ"`�X&�&S+R�[6Y�e�m3P�e)c+[
e�R�^Z^�`�XZ\nR�[dSv�CV�P]\3P�^ZYZWDe)WG\3P�YZWDR�[�Srq c+[d`�\nR�XZWGYZWDR�[vS+`�V�PCX�U�b6cd`)[de�`"k

P (x6
1 | X�WGY�` )

P (x6
1 | [dR�[vXZWGY�` ) =

b1(x1)

b0(x1)
×

b2(x2)

b0(x2)
× . . . ×

b6(x6)

b0(x6)
.

N�`pVDR���P�^ZWGYZm+Q"`yS+`�e�`�^�P�\+\�R�^ZY"X&qz`.�g\+^ZWGQ"`�e�R�QhQ"`�V�P�X�R�QhQ"`�Srq c+[d`�e�R�[6YZ^ZW��
_+c+YZWDR�[�S+`je�m3P�b6cd`�\nR�XZWGYZWDR�[��3WGV�`�XZY~X�R�c+f1`)[�Y-P�\+\n`)VDUjX�e�R�^�`�t � P�[dX(V:qsP�\+\+^�RTe�md`iY�`�XZY
\+^�U�X�`)[6Y�U�`pSdP�[dXiVD`o\nR�WG[�YCS+`xfTcd`�5���V�PyVDR�W?Sgc{^�P�\+\�R�^ZYCX�R�cdX H0

��b6cd`"V:qzR�[¢S+R�WGY
e�R�[+[3P
�DYZ^�`%\nR�c+^Ae&P�VDe)c+VD`)^4VD`?[+WGf1`&P�c"SgchY�`�XZY&��`�XZYAe)V�P�X�X�WDb�cd`)Q"`)[6YAR�_+Y�`)[�cd`|�-YZ^�P&f1`)^�X
V�PCVDR�W�S+`jX�R�[�VDR���P�^ZWGYZm+Q"`�t

Y Z�\�]TZ�^'\�]"Z�_`Z�a ^�����b 4'6Ta�� :`b \	4 _"Z 6�c�� 4 :"^ _`Z�a��`^�4Bc���b76"Z�a
} R�QhQ"`jVD`�Q"R�[�YZ^�`jV�P]Y�P�_+VD` 5�t �d�+VD`�X|^�U)��WDR�[dX(YZ^�P�Sgc+WGY�`�X|`)[v\+^�R�Y�U)WG[d`�X|R�[�Y-S+`�X

\+^�R�\+^ZWDU)Y�U�XCS+`"e�R�Qh\nR�XZWGYZWDR�[¢SgWWVnU)^�`)[6Y�`�XiS+`�Xi^�U)��WDR�[dXjWG[6Y�`)^Z�1U)[+WDb�cd`�Xt"N�Py\+VGc+\3P�^ZY
S+`�X?Q"U)YZmdRTS+`�X%WG[�YZ^ZWG[dX�l�b�cd`�X%\nR�c+^%Q"`)YZYZ^�`�`)[�U)f6WDS+`)[de�`*VD`�X?^�U)��WDR�[dX|e�R6SdP�[6Y�`�X%c+YZW��
VGWDX�`)[6Y(V�P�^Z�1`)Q"`)[�Y*e�`�X%\+^�R�\+^ZWDU)Y�U�X&t

9TR�WGY xn
1
c+[d`CX�U�b�cd`)[de�`CS+R�[6Y�R�[�f1`)c+Y�S+U)Y�`)^ZQhWG[d`)^�V�Po[3P�YZc+^�`he�RTSdP�[�Y�`CR�c¥WG[g�

Y�`)^Z�1U)[+WDb6cd`�t l [�\+^�R�\nR�X�`-\�R�c+^(e�`)YZY�`�X�U�b6cd`)[de�`�S+`)cg�oQ"RTS+U)VGWDX�P�YZWDR�[dX(S+R�[6YjkTV:q c+[d`
e�R�^Z^�`�XZ\nR�[dSdP�[�Y*P�cg��^�U)��WDR�[dX%WG[�Y�`)^Z�1U)[+WDb6cd`�X&�3`)Y|V:qsP�c+YZ^�`jP�cg��^�U)��WDR�[dX~e�R6SdP�[6Y�`�X&t

� 4 _����Fb�a��Dc�b 4'6g_`Z�a ^�����b 4'6Ta b76�c%Z�^�� � 6`b�� :TZ�a"! 9TR�cdXrVD`4Q"RTS+l)VD`4b6c+W�YZWD`)[�Y�e�R�Qh\+Y�`
S+`jV�Phe�R�Qh\�R�X�WGYZWDR�[¤`)[vQ"R�[dR��:[6cde)VDU�R�YZWDS+`�X&��V�PC\+^�R�_3P�_+WGVGWGY�U]SrqsP�\+\3P�^ZWGYZWDR�[�S+`jV�PhX�U.�
b6cd`)[de�`�X&qzU�e)^ZWGYjk

P (xn
1 | WG[6Y�`)^&t ) = b0(x1) × b0(x2) × . . . × b0(xn) .

�¥P�WDX*V�PoY�P�_+VD`d5�t ��Q"R�[6YZ^�`hS+`�X�S+U)\�`)[dSdP�[de�`�Xj`)[�YZ^�`CVD`�X�P�\+\3P�^ZWGYZWDR�[dX�S+`�X*[6cde)VDU�R��
YZWDS+`�XxP�S � P�e�`)[�Y�Xt 0 P�^x`.�+`)Qh\+VD`��>V�P � ^�U�b�cd`)[de�`p��VDR�_3P�VD`�SrqsP�\+\3P�^ZWGYZWDR�[ Srq c+[ g `�XZY
S+` 0, 18 QxP�WDX�f�P�^ZWD`xS+` 0, 15 � 0, 21 X�`)VDR�[¡VD`h[6cde)VDU�R�YZWDS+`ob6c+WAVD`h\+^�U�e�l�S+`�t 0 R�c+^
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132"4�, 5�t �/- 0 ^�R�\+^ZWDU)Y�U�X*S+`je�R�Qh\nR�XZWGYZWDR�[¥S+`�X|^�U)��WDR�[dX*e�RTSdP�[�Y�`�X*`)Y|[dR�[�e�R6SdP�[6Y�`�X
S+` ;e< >%@BADCFEHGHEI> e&P�VDe)c+VDU�`�X��¡\3P�^ZYZWG^�S+`�XpP�[+[dR�Y�P�YZWDR�[dX�Sgc �3e�m+WD`)^���`)[ �?P�[+�nt��|c
X�`)WG[vS+`�X(^�U)��WDR�[dX~e�R6SdP�[6Y�`�X&�dV�P"\�R�X�WGYZWDR�[vSdP�[dX(VD`ie�R6S+R�[v`�X�Y(\+^ZWDX�`�`)[ve�R�Qh\+Y�`�t�N�P
\+^�`)QhWDl)^�`LVGWG��[d`�e�R�[�YZWD`)[6Y2VD`�X � ^�U�b�cd`)[de�`�X2S+`�X�Q"R�[dR��:[6cde)VDU�R�YZWDS+`�X&t+N�`�X2b�c3P�YZ^�`aVGWG��[d`�X
XZc+WGf�P�[6Y�`�X>e�R�^Z^�`�XZ\�R�[dS+`)[6YLP�cg� � ^�U�b�cd`)[de�`�X>S+`�X2YZ^�P�[dXZWGYZWDR�[dX4`)[6YZ^�`?[�cde)VDU�R�YZWDS+`�X|�=\3P�^
`.�g`)Qh\+VD`���VGWG��[d` a e�R�VDR�[+[d` g k�V�P � ^�U�b6cd`)[de�`-Srq c+[ g VDR�^�X�b�c�q WGV�`�XZYL\+^�U�e�U�S+U-Srq c+[ a �.t

Y�`)[+WG^(e�R�Qh\+Y�`�S+`�e�`�X%S+U)\�`)[dSdP�[de�`�X�+c+[�Q"R6S+l)VD`�S+`�e�m3P
�D[d`�S+`��¥P�^Z�1R&f�\�`)c+Y f)YZ^�`
c+YZWGVGWDX�U�tN�`�X(\3P�^�P�Q"l)YZ^�`�X-S+`�e�`�Q"RTS+l)VD`�X�R�[�Y~S+`�V�P � R�^ZQ"`xk

{
b(y;x) = P (Xt = y | Xt−1 = x) V�PCQxP�YZ^ZWDe�`jS+`�YZ^�P�[dXZWGYZWDR�[
b(x) = P (X1 = x) V�PCVDR�WrWG[+WGYZW�P�VD` .

.

N�P£QxP�YZ^ZWDe�`�S+`¥YZ^�P�[dXZWGYZWDR�[ e�R�[�YZWD`)[6YyVD`�Xp\+^�R�_3P�_+WGVGWGY�U�XySrqsP�\+\3P�^ZWGYZWDR�[ S+`¥e�m3P�b6cd`
[�cde)VDU�R�YZWDS+`�X�P�e�m3P�[�Y%VD`~[�cde)VDU�R�YZWDS+`*\+^�U�e�U�S+`)[�Y&t0N�Pi\+^�R�_3P�_+WGVGWGY�U-SrqsP�\+\3P�^ZWGYZWDR�[¤S+`|V�P
X�U�b�cd`)[de�`�XqzU�e)^ZWGY~P�VDR�^�Xjk

P (xn
1 | WG[6Y�`)^&t ) = bi(x1) × bi(x2;x1) × . . . bi(xn;xn−1) .

} `iQ"RTS+l)VD`C[d`]\+^�`)[dS�`)[¨e�R�Qh\+Y�`hb�cd`]V�P�e�R�Qh\nR�XZWGYZWDR�[¨`)[¨SgW��:[�cde)VDU�R�YZWDS+`�X���S+`)cg�
X�U�b�cd`)[de�`�XiS+`hQ f)Q"`�e�R�Qh\�R�XZWGYZWDR�[{`)[¡SgW��:[�cde)VDU�R�YZWDS+`�XhR�[6YjV�PpQ f)Q"`o\+^�R�_3P�_+WGVGWGY�U
SrqsP�\+\3P�^ZWGYZWDR�[9�.t 0 R�c+^*\+^�`)[dSg^�`i`)[�e�R�Qh\+Y�`]V�P"e�R�Qh\nR�XZWGYZWDR�[�`)[¤Q"R�Y�X*S+`�VDR�[+��cd`)c+^
r + 1 R�[w\n`)c+Y"c+YZWGVGWDX�`)^"c+[�Q"RTS+l)VD`�QxP�^Z�1Rf6WD`)[ SrqzR�^�Sg^�` r S+R�[�YxV�P�QxP�YZ^ZWDe�`¤S+`
YZ^�P�[dXZWGYZWDR�[y`�XZY?S+`~V�P � R�^ZQ"` b(y;w) = P (Xt = y | Xt−1

t−r = w) �+R�� w `�XZY?c+[pQ"R�Y
S+`"VDR�[+��cd`)c+^ r t 0 P�^C`.�gY�`)[dXZWDR�[���VD`xQ"R6S+l)VD`�Srq WG[dS+U)\n`)[dSdP�[de�`�`�X�Yi\3P�^ � R�WDX]P�\+\n`)VDUQ"R6S+l)VD`�S+`�e�m3P
�D[d`jS+`��¥P�^Z�1R&f�SrqzR�^�Sg^�` 0 t

� 4 _ � �Fb a��Dc�b 4 6 _"Z�a ^�����b 4'6Ta�\	4 _ � 6�c%Z�a�! N�PCY�P�_+VD` 5�t �"Q"R�[6YZ^�`jb6cd`��+SdP�[dX%VD`�X
^�U)��WDR�[dX(e�R6SdP�[6Y�`�X&�+V�P � ^�U�b6cd`)[de�`�SrqsP�\+\3P�^ZWGYZWDR�[¤Srq c+[y[6cde)VDU�R�YZWDS+`�f�P�^ZWD`�P�cdX�XZW�X�`)VDR�[
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V�P*\nR�XZWGYZWDR�["S+`(e�`([�cde)VDU�R�YZWDS+`|SdP�[dXLVD`%e�R6S+R�[�t�1/Vd`�XZY4_+WD`)[oX��+^AYZ^�l�X4WG[6Y�U)^�`�X�X�P�[�Y&��[dR��
Y�P�QhQ"`)[6Ya`)[hfTcd`%S+`?^�`)YZ^�R�c+f1`)^AV�P-\+m3P�X�`(S+`?VD`�e)YZc+^�`��1S+`?\+^�`)[dSg^�`|`)["e�R�Qh\+Y�`(e�`)YZY�`
\nU)^ZWDR6SgWDe)WGY�U�t N�PoQ"RTS+U)VGWDX�P�YZWDR�[�S+`jV�Px\nU)^ZWDR6SgWDe)WGY�UCS+`]e�R�Qh\�R�XZWGYZWDR�[�S+`�X*X�U�b6cd`)[de�`�X
e�RTSdP�[�Y�`�X4[dU�e�`�X�XZWGY�`%Srq WG[�YZ^�RTSgc+WG^�`%c+[d`�VDR�W+SrqsP�\+\3P�^ZWGYZWDR�[xS+`�X>[�cde)VDU�R�YZWDS+`�XaSgWWVnU)^�`)[6Y�`
\nR�c+^ae�m3P�e)c+[d`-S+`�XaYZ^�R�WDX�\�R�X�WGYZWDR�[dXaS+`�X�e�R6S+R�[dXt�N�`�Xa\3P�^�P�Q"l)YZ^�`�X%S+`|e�`|Q"R6S+l)VD`-X�`
X�U)\3P�^�`)[6YA`)[CYZ^�R�WDX � `)cg� b+1

� b+2
�
`)Y b+3

��R�� b+i
S+U�e)^ZWGY>V�P � ^�U�b6cd`)[de�`%SrqsP�\+\3P�^ZWGYZWDR�[

S+`�XL[�cde)VDU�R�YZWDS+`�X%`)["\nR�XZWGYZWDR�[ +i S+`�XLe�RTS+R�[dX&t�9TR�cdX�e�`%Q"RTS+l)VD`���SgWGYa\�U)^ZWDRTSgWDb�cd`���V�P
\+^�R�_3P�_+WGVGWGY�UhSrqsP�\+\3P�^ZWGYZWDR�[�S+`iV�PxX�U�b6cd`)[de�` xn

1
X&qzU�e)^ZWGY*S+`jYZ^�R�WDX � P�U�R�[dX*SgWWVnU)^�`)[6Y�`�X

X�`)VDR�[vV�P]\+m3P�X�` +1 � +2 R�c +3 SdP�[dX|V�P�b�cd`)VGVD`�V�PCX�U�b�cd`)[de�`�e�RTS+`hk

P (xn
1 | +1) = b+1(x1)b+2(x2)b+3(x3)b+1(x4)b+2(x5)b+3(x6) . . .

P (xn
1 | +2) = b+2(x1)b+3(x2)b+1(x3)b+2(x4)b+3(x5)b+1(x6) . . .

P (xn
1 | +3) = b+3(x1)b+1(x2)b+2(x3)b+3(x4)b+1(x5)b+2(x6) . . . .

0 R�c+^oVD`�Xx^�U)��WDR�[dXoe�RTSdP�[�Y�`�X�LR�[�c+YZWGVGWDX�`¤e)V�P�X�XZWDb6cd`)Q"`)[�Yoc+[�Q"RTS+l)VD`vS+`y�¥P�^Z�1R&f
SrqzR�^�Sg^�`*P�coQ"R�WG[dX�U)��P�Vr� 2 P
�d[�S+`|\+^�`)[dSg^�`-`)[oe�R�Qh\+Y�`-V:qsP�_dX�`)[de�`-S+`|e�RTS+R�[pXZY�R�\`)[w\+m3P�X�`�k b+3(a; tg) = 0 � b+3(a; ta) = 0 � b+3(g; ta) = 0 t l [wQ"RTS+U)VGWDX�`�S+`
V�PvQ f)Q"` � P�U�R�[{VD`�XCX�U�b�cd`)[de�`�XCe�RTSdP�[�Y�`�XCXZc+^]VD`x_+^ZWG[we�R�Qh\+VDU)Q"`)[6Y�P�WG^�`yS+R�[�YhR�[
[dR�Y�`)^�PCVD`�X|\+m3P�X�`�X(S+`*VD`�e)YZc+^�` −1 � −2 `)Y −3 t

N�`LVDR���WDe)WD`)V����	��
�����yP(U)Y�ULc+[]S+`�X�\+^�`)QhWD`)^�X4�?c+YZWGVGWDX�`)^>e�`�X�Q"RTS+l)VD`�X�� �?� L+P��/t
� [d`jX�U�b6cd`)[de�`]R�_dX�`)^Zf1U�`i`�X�Y~XZc+\+\nR�X�U�`�\+^�Rf1`)[+WG^�X�R�WGY-Srq c+[d`i^�U)��WDR�[�WG[�Y�`)^Z�1U)[+WDb6cd`
(0) �?X�R�WGY�Srq c+[d`v^�U)��WDR�[ e�RTSdP�[�Y�`�XZc+^�VD`v_+^ZWG[ U)YZcdSgWDU (+1,+2,+3) �%X�R�WGY�Srq c+[d`^�U)��WDR�[¨e�RTSdP�[�Y�`"X�c+^-VD`C_+^ZWG[¨e�R�Qh\+VDU)Q"`)[6Y�P�WG^�` (−1,−2,−3) t��~\+^�l�X�P�f1R�WG^�WG[�YZ^�R��Sgc+WGY*VD`�X � ^�U�b6cd`)[de�`�X�P�YZY�`)[dSgcd`�X P (i) S+`Ce�m3P�e)c+[d`hS+`Ce�`�X-[3P�YZc+^�`�X�S+`CX�U�b�cd`)[de�`�X�V�P � R�^ZQjc+VD`vS+` �?P&�1`�X"\n`)^ZQ"`)YxSrqzU)f�P�VGcd`)^"VDR6e&P�VD`)Q"`)[6YxV�P�[3P�YZc+^�`¤e�R6SdP�[6Y�`ySrq c+[d`
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P (i | xn
1 ) =

P (xn
1 | i)P (i)

∑3
j=−3 P (xn

1 | j)P (j)
.
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YZWDb6cd`�XjS+`"S+U)Y�`)^ZQhWG[3P�YZWDR�[wSgc¡e&P�^�P�e)Y�l)^�`�XZWGY�`"R�c¡[dR�[£XZWGY�`"Srq c+[d`oX�U�b6cd`)[de�`v�=f1R�WG^
[dR�Y�P�QhQ"`)[6Y � 96Y�R*L+S��=�.t } R�[dXZWDS+U)^�R�[dX*V�Px�+�+P�YZWDR�[�Srq c+[d`]Q"R�VDU�e)c+VD` A �xc+[d`]Q"R�VDU.�
e)c+VD` B k

A + B 
 AB .

9�q WGVTX&qsP���WGY�Srq c+[d`A^�U&P�e)YZWDR�[C`)[�YZ^�`aS+`�X�Q"R�VDU�e)c+VD`�X2SgWGVGcdU�`�X�`)[iX�R�VGc+YZWDR�[jmdR�Q"R��1l)[d`��
VD`�X
e�R�[de�`)[6YZ^�P�YZWDR�[dX [A] `)Y [B] S+`jQ"R�VDU�e)c+VD`�X-VGWG_+^�`�X|`)Y [AB] Sgcve�R�Qh\+VD`.�g`if1U)^ZW��3`)[�Y&��]V:qzU�b6c+WGVGWG_+^�`�YZmd`)^ZQ"RTSg�6[3P�QhWDb6cd`��

∆G0 = −RT ln
[AB]

[A][B]
,

R�� ∆G0 `�XZYxV�P¡f�P�^ZW�P�YZWDR�[ Srqz`)[6YZm3P�VG\+WD`¥VGWG_+^�`¥XZY�P�[dSdP�^�S P�X�X�R6e)WDU�`¥�¡V�P��+�dP�YZWDR�[�t
} R�[dXZWDS+U)^�R�[dX?QxP�WG[6Y�`)[3P�[�Y(V�Pj\+^�U�X�`)[de�`*XZWGQic+VGY�P�[dU�`�Srq c+[d`~Qic+VGYZWGYZcdS+`�S+`-Y/�T\�`�X?S+`
Q"R�VDU�e)c+VD`�X B e&P�^�P�e)Y�U)^ZWDX�U�`�X�\3P�^�S+`�X�X�U�b6cd`)[de�`�X x6

1
SgWWVnU)^�`)[6Y�`�X"� 46 = 4096 �.t N�P

^�`)V�P�YZWDR�[�SrqzU�b�c+WGVGWG_+^�`�\+^�U�e�U�S+`)[6Y�`i`�X�Y%f1U)^ZW��3U�`�\�R�c+^~e�m3P�e)c+[vS+`�X|Y/�T\�`�X Bx6
1

�+S+R�[de

∀x6
1, ∆G0

x6
1

= −RT ln
[ABx6

1
]

[A][Bx6
1
]

.

� q c+[�\nR�WG[�Y�S+`Af6cd`4\+m6�TX�WDe�R��/e�m+WGQhWDb6cd`��&V:qzU)f�P�VGc3P�YZWDR�[iS+` ∆G0
x6
1

`�X�Y�S+R�[deA`�X�X�`)[6YZWD`)VGVD`
��V�P�S+U)Y�`)^ZQhWG[3P�YZWDR�[�S+`�XLX�U�b6cd`)[de�`�X x6

1
b�c+W�e�R�^Z^�`�XZ\nR�[dS+`)[�Y%��S+`�XLXZWGY�`�XaS+`%�+�dP�YZWDR�[

S+` A t � qsP�\+^�l�X(VD`�X(U�b6c3P�YZWDR�[dX|SrqzU�b6c+WGVGWG_+^�`�R�[¤P]V�PC^�`)V�P�YZWDR�[¤S+`�\+^�R�\�R�^ZYZWDR�[+[3P�VGWGY�U

∆G0
x6
1
∝ ln

[ABx6
1
]

[Bx6
1
]

+ cste .
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N�`%VGWD`)[o`)[6YZ^�`|VD`�X�P�\+\+^�R6e�md`�XL\+m6�TX�WDe�R��/e�m+WGQhWDb6cd`�X%`)YA\+^�R�_3P�_+WGVGWDXZY�`�X�\�`)c+Y�P�VDR�^�X f)YZ^�`
U)Y�P�_+VGW�`)[�WG[�YZ^�RTSgc+WDX�P�[�Y-VD`�X%^�`)V�P�YZWDR�[dX

{

[ABx6
1
] ∝ Ps(x

6
1)

[Bx6
1
] ∝ Pns(x

6
1) ,

e�qz`�XZY��%SgWG^�`4`)[jXZc+\+\nR�X�P�[6Y�b�cd` Ps(x
6
1)
e�R�^Z^�`�XZ\nR�[dSj��V�P?\+^�R�\nR�^ZYZWDR�[jS+`�X�e�R�Qh\+VD`.�+`�X

ABx6
1

\3P�^ZQhW�V:qz`)[dX�`)Qj_+VD`�S+`�Xie�R�Qh\+VD`.�+`�XC`)Yib6cd` Pns(x
6
1)
^�`��3l)Y�`oV�P�\+^�R�\nR�^ZYZWDR�[

S+`�XLQ"R�VDU�e)c+VD`�X Bx6
1

\3P�^ZQhWnV:qz`)[dX�`)Qi_+VD`-S+`�X�Q"R�VDU�e)c+VD`�X B VGWG_+^�`�X&t l [pR�_+YZWD`)[�Y(S+R�[de

∆G0
x6
1

∝ ln
Ps(x

6
1)

Pns(x6
1)

+ cste′ ,

`.�Tm+WG_3P�[6Y�V:qsP�[3P�VDR���WD`*`)[6YZ^�`|VD`�X%P�\+\+^�RTe�md`�X�\+m��gXZWDe�R��/e�m+WGQhWDb6cd`�X(`)Y?XZY�P�YZWDXZYZWDb6cd`�X&t � `
\+VGcdX&�nV:q m��T\�R�YZmdl�X�`xSrq WG[dS+U)\n`)[dSdP�[de�`xS+`�X�\nR�XZWGYZWDR�[dX�SdP�[dXjVD`hQ"RTS+l)VD`h\+^�R�_3P�_+WGVGWDXZY�`
\�`)^ZQ"`)Y(SrqzU�e)^ZWG^�`

∆G0
x6
1

∝
6∑

t=1

ln
bt(xt)

b0(xt)
+ cste′ .

E4VGVD`¥e�R�^Z^�`�XZ\�R�[dS S+R�[de��£V:q m��T\nR�YZmdl�X�`¥SrqsP�S+SgWGYZWGf6WGY�U¨S+`�Xpe�R�[6YZ^ZWG_+c+YZWDR�[dXvU)[d`)^Z�1U.�
YZWDb�cd`�X(S+`�e�m3P�b�cd`j\�R�X�WGYZWDR�[ySdP�[dX(V:qsP�\+\+^�RTe�md`�\+m6�TX�WDe�R��/e�m+WGQhWDb6cd`�t

} `-^�P�WDX�R�[+[d`)Q"`)[�Y|`�X�Y?e�R�[6Y�`�XZY�P�_+VD`��i_+WD`)[yS+`�X?\�R�WG[6Y�X%S+`-f6cd`�t l [�X�R�c+VGWG��[d`)^�P
XZc+^ZY�R�c+YLV�Pj[3P �¯f1`)Y�U~S+`~V:q m��T\nR�YZmdl�X�`|\+^ZWG[de)WG\3P�VD`Ck�V:q WG[�Y�`)^Z\+^�U)Y�P�YZWDR�[yS+`(V�P � ^�U�b�cd`)[de�`
S+`�XjX�U�b6cd`)[de�`�Xie�R�^Z^�`�X�\�R�[dSdP�[6Yh�yS+`�XiXZWGY�`�X � R�[de)YZWDR�[+[d`)VDXCe�R�QhQ"`�U)Y�P�[�Y]VD`"^�`��3`)Y
SgWG^�`�e)YLS+`�X4\+^�R�\nR�^ZYZWDR�[dXAS+`�XASgWWVrU)^�`)[�Y�`�X�X�U�b�cd`)[de�`�XL`)[+��P��1U�`�XLSdP�[dXAS+`�XAe�R�Qh\+VD`.�+`�X
�pV:qzU�b�c+WGVGWG_+^�`oYZmd`)^ZQ"RTSg�6[3P�QhWDb6cd`�t } `"^�P�WDX�R�[+[d`)Q"`)[6YCPve�`)\�`)[dSdP�[6Y]VD`"Q"U)^ZWGY�`oS+`
Q"R�[�YZ^�`)^Lb6cd`?VD`�XLP�\+\+^�RTe�md`�XLX�Y�P�YZWDXZYZWDb�cd`�XL`)Y4Q"U�e&P�[+WDXZY�`�X4[d`%X�R�[6YA\3P�XA`)["e�R�Qh\+VDl)Y�`
e�R�[�YZ^�P�SgWDe)YZWDR�[¥XZc+^%VD`*\+^�R�_+VDl)Q"`jS+`*V�PC^�`�e�md`)^�e�md`]S+`�X(XZWGY�`�X(S+`-�+�dP�YZWDR�[�t

�gb�� ��^)Z 6�c%Z�a�� � �`^�4 \�]TZ�a�� 4':T^ �>= :Tc�b��Fb a��Dc�b 4 6 _"Z�a ? 4 _BA � Z�a
0 R�c+^pS+U�e)^ZWG^�`¤_+^ZWDl)f1`)Q"`)[�YpVD`�XoSgWWVrU)^�`)[�Y�Xpe&P�Sg^�`�XpSrq c+YZWGVGWDX�P�YZWDR�[ S+`�XxQ"RTS+l)VD`�X

\+^�R�_3P�_+WGVGWDXZY�`�XjS+`hX�U�b6cd`)[de�`��rWGVAe�R�[6f6WD`)[6Yj\+^�R�_3P�_+VD`)Q"`)[�YCS+`hSgWDXZYZWG[+��cd`)^]S+`)cg��P�\g�
\+^�R6e�md`�X&t6E4VGVD`�Xoe�R�^Z^�`�XZ\�R�[dS+`)[6Y�P�cg��S+`)cg�w\�R�WG[6Y�XxS+`pfTcd`ySgc�\+^�`)QhWD`)^�`.�g`)Qh\+VD`
\+^�U�X�`)[�Y�Upk9VD`jY�`�XZY*Srq m��T\nR�YZmdl�X�`�X�`)Y~V:q WG[6Y�U)��^�P�YZWDR�[¨S+`�X�P�VGY�`)^Z[3P�YZWGf1`�X�P�c¥X�`)WG[�Srq c+[
c+[+WDb�cd`*Q"RTS+l)VD`�t

< Z c%Z�a�c _�=I]�� � 40c�];A�a%Z�a�! � q c+[d`~QxP�[+WDl)^�`|�1U)[dU)^�P�VD`-c+[oY�`�XZYa`�XZY�c+[d`(\+^�RTe�U�Sgc+^�`
^�P�WDX�R�[+[dU�`�S+`*^�` � `)Y|Srq c+[d`�m��T\nR�YZmdl�X�` H0

�+SgWGY�`�m6�6\nR�YZmdl�X�`*[�c+VGVD`�t } `)VGVD`.�/e)W�S+U�e)^ZWGY&�
X�R�cdX2V�P � R�^ZQ"`?Srq c+[]Q"RTS+l)VD`�\+^�R�_3P�_+WGVGWDXZY�`���e�`?b�cd`aV:qzR�[C[d`?e�md`)^�e�md`(\3P�X&��P�c+YZ^�`)Q"`)[6Y
SgWGY¨¦¡e�`¥b�c+W*`�XZYyP�YZY�`)[dSgc XZW-WGV~[�q � P¨^ZWD`)[ Srqz`.�+e�`)\+YZWDR�[+[d`)Vi§�t N�P£\+VGc+\3P�^ZYySgc
Y�`)Qh\dXie�`x^�` � `)Yi[�qsPySrq WG[�Y�U)^ f)Yhb6c�qsP�c¡^�`)��P�^�S{Srq c+[d`oe&P�^�P�e)Y�U)^ZWDX�YZWDb�cd`o\3P�^ZYZWDe)c+VGWDl)^�`
S+`�X(R�_dX�`)^Zf�P�YZWDR�[dX&t
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séquence observée

suite des états cachés
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����� , 5�<8L - �K�8�%�'F��1,'���N4� 8�% ��V7��"78F�4��Z,32 $'� J-�¤� �-)�(&�'���X(.�/,'4���)��8�%�6 Z�M2n�%�� ����-�!�%��7��
,'���V��4)��)��"���	7���,��%�� ����#�� V)��6 ����Z��4��')�5�$����X���X���"�+�J,'���#��4�56$�����7����i<+N=����7�����7������������'��4.�
�����6 ����� #�����#4� 8�% ��X7��"7�F�4��*� )�)��6 ����Z��4��')�5�$��6X�� 5��	�=7@�� 
�=PE�����#,�)WVA4������� ����#�A���-)� -)��"���
,��%���B������7��/,'�"�����.�'����� �!0�78F����������'��4������� ����6 K����������$'�����B -�8�%���-)� -)��"���K�%$' ��"�-)���4�����<

$'�v���8�%�'F��?7��"�-�����-���"��,��%�� ��&$'�f(.�/,'0����?�-)�(&�'���95�$')N,'4�7��-)� K�M2n�%�� ����-�!�%��7��>,'������4.�
��)��"���?7��/,��%�6 ����&�� >)��� ����Z��4��')�56$����>���O���"�+�m,32 $'���O�84�56$�����7��_,32z� �-  <`N=�O(.��,'0����
����$' E4�I�)�,'��(&(.���� ef� -���?4� �����,�$^�A�"$'�G ����')��@7��"(&�' ��>,'�9�:�\�'��4�������7��?,32 $'�P7���,'�"�
�- 8�%�- .�� .,32 $'� 7��/,'�"� �- ��"� �%$�Ld��)�(&)� ����\,'�D�:�^��4)��)��"� 7��/,��%�6 ����X,'�_�:�^�'��4�������7��
,32 )��6 -���"���&�'�� B,'�K�M2C�UL/)��� �����7��K,'�E�-)G���!�%$�LD�%$�L\+A�"��,'�B,'���1)��6 -���"����<DN=���OJ-�¤� �����E�
(.�� - ����6 B,'��(.�/,'4���)������* -��0��#��)�+'����(.���� *�M2n�%�� ����-�!�%��7��E,'�G ��UL/ -$'�����*�� X,'�K�-)G���!�%$�L.���
���"�+�f,'���9��4�5�$�����7�����< N[���J(.�/,'0������JF�4� �4�������0������?�� J��4��-)��/,�)�5�$����@�'��4������6 �4��?,��%���
�����&�UL���(&�'�����>)��� -����,�$�7� -) � �.�A��$'I����6 &���" 8�%(&(.���� [f� -���OI�$��&7��"(&(.�f,'���&����7�F!�YHG�
����(.���6 ��?,32C4� 8�% ��T7��"78F�4���<TN=��� J~��� ���\���&7��"�� ����6 ����6 .,'�"��7.�!�"�9,'�.(.�/,'4���)������
�M2n�%�'�!�%�-)� -)��"�g,'���*�84�56$�����7����17��"��,�)� -)��"�'����������(.���6 *�J����$'�1�!�% -$'���K(\�%)��*(.��,'4���)��8���6 
�%$����-)1�:�m�!�% -$'���g�������.�M( f�(.�g,'�_�:�Q��4�56$�����7���< 1l�B�A��$' &�!�%�8�YH� -���g,�):�\7�)����g,'�DI��")��
7��"(&(.�T$'�m4�I�4�����(.���6 ?�%��4��% ��")����>�:�.�A���-)� -)��"�m,'���E��4)��)��"���K7��/,��%�6 ����9�-$'�G$'���?��4.�
56$�����7���<�1`� � �%$' .��4��%�'(.�")����;+')���� 7��"(&�'������,����^56$=2 )��K��2n����)� \�����8���6 -)���������(.���6 D,'�
��4��-$'(.���9,'���97��%�8�"7� �4��-)��� -)�56$����?,'���9��4�5�$�����7����&�=7��"(&(.�\�:�D,�)��- -�-)�+'$' -)��"�d,'���J���"�g�
��$���$'����,'������4)��)��"����7��/,��%�6 ����K�� B)��6 ����Z��4��')�5�$�����<

N[�x�d��$'���d5�<H5%SO(.�"�6 -���&�:�O�- -�-$�7� -$'���&,32 $'�P(.�/,'0����&5�$')Z�'������,P���P7��"(&�' ��>�:�
�'��4�������7��h��)�(9$'�� 8�%��4��m,'�g�:�k+��%H� ��y�R5%Sk�� O,'�f�:�Q+��%H� ��v�QP+Mk�
��� ,'�h�'��4�,�)����f$'�
�-)� ��E,'�|�'L��% -)��"�g,'�K�M2z�ih   �A�"��W�(.4��8�"�8�����N� + SD5 �`<�SXF!�"56$��@4� 8�% &�'��W�(T+��"��)���4K�!�%�
$'�b7�����7����P7��"���"��4����d�8�j�'���"�'���P���")J,32C4�(&)����-)��"�b,'���g�6$�7���4��" -)�,'����<GS*��7�)9�����-(.�� 
,'�f������,����m7��"(&�' ��P,'�h�:� � ��4�56$�����7��m,32n�%�'�!�%�-)� -)��"�b,'���O�6$�7���4��" -)�,'���h�"�����/7�)�4����
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séquence observée

suite des états cachés

boîte −35
spacer

boîte −10

�
����, 5�<H5%S - 9� -�-$�7� -$'���P,�$ J~��� $' -)���)���4^�!�%� �6�%�-(.��� ��C �'G < ���*N� + SD5 �E�A�"$'�
(.�/,'4���)����������@�-)� ��9,'�-�'L'�% -)��"�f,'�J�M2z�ih   �A�"��W�(.4��8�"���97�F���: ;e<D>%@BADCFEHGHEI> <

78F!�"7�$'���T,'���������-)� -)��"���E�%$f����)��^,'����+A�%H� �����<d�G$f7��"�6 -�8�%)�������$'�g( f�(.�T(.�/,'0����9,'�
�m�%�Z����I?,32C�"��,����j5*,32C4�(&)����-)��"�&,'���Z�6$�7���4��" -)�,'���~� ����¦ A � � � � ��
�@ ��
 §+�[���- V�"�8����7�)�4?�
 ��"$��#�����#4� 8�% ��	�����'��4��8���6 �4��X�!�%�#,'���#7�����7������#I�)�,'����<�N	2C����7�F!�YH�����(.���� 1,'�����"(9+'����$�L
4� 8�% ��>7��"7�F�4��>���� -���\�����?,'��$�LQ+��%H� ����T�A���-(.�� ?,'�\(.��,'4���)������?�:�g�84�56$�����7��O56$')X�����
��4��!�%�������%�'������4��p¦ > � � � ��� §1�!,'�"�� ��:�&���"�+��$���$'�K���- ��-$'�'�A����4��J7��"(&�'�-)��8�9���6 -��� 5 �
�� 7D5G+'�=< � ��$�L;4� 8�% ��B�"�� B4� �4E� � �"$' �4��(�T,����")� ��K,'���B��)qL.�����-)� -)��"���B7��:�"�8�-)�56$���(.���� 
7��"���-)�,'4���4����?7��"(&(.�;�%�'�!�%�- ����!�%�� "�_�:�_+A�%H� ��h�QP+Mg�3)�����$��- -�8�%�� T�����T,�):�\7�$'�� �4��T5�$��
�A��$' ��'��4������� ��������J7�F��")qLg,32 $'�g(.�/,'0�����<

N[���	�'���"+'��0�(.���*56$')!�8�B�����8���6 &��$'��� � �")��	�:�J�- -�-$�7� -$'����,�$.(.�/,'0�����78F��")��-)����6���"�� 
���J78F��")qLf,'�����!�%�8�%(.0� -�����K,�$f(.�/,'0����J�� ��:�&����7��"���- -�-$�7� -)��"�^,'�J�:�&�-$')� ��9,'���G4� 8�% ��
7��"78F�4��*�"���8��7�)�4��|�@$'������4�5�$�����7����"+������-I�4���< � $�����56$����#(.4� -F���,'���*�- 8�% -)��- -)�5�$����#�"�� 
4� �4D,'4�I������"�'�A4����>���"$'� � �"7�)���)� ����>���D7�F��")qLd,'�_�:�h�� -�-$�7� -$'���D,�$ (.�/,'0�����<#S*�O�'�����
+'��0�(.�;,'��(.��$'���.��4��%�'(.�")����T+����%$�7��"$'�Q�'��$��T,�):�\7�)����\5�$��.7�����$')#,'�&�M2C���� -)�(\�% -)��"�
,'���1�!�%�8�%(.0� -������<0JG��$'����$�����(.���� &�'�:�?�-)�(&�'��)�7�)� �4@,32 )��6 ����-�'��4� 8�% -)��"�^,'�E�:�?�- -�-$�7� -$'���
,32 $'� J-�¤� ������,^�8�"$'I����6 9�"������: � �"7�)����T�:�; -�8�",�$�7� -)��"�k,'���E7��"�'�!�%)����R�%��7����@+')��"�����
��)�5�$����E���^$'���&�%��78F')� ���7� -$'���&,'�T(.�/,'0������ �%$m(.�")����E�%�'�'����L/)�(\�% -)�I���J�%�'�'���"�'�-)�4��
�.�M2 $��8�����9����I�)��8����4�< l �^�%�'�A���������8�&)�7�)V�%��7�F')� ���7� -$'���>,�$f(.�/,'0����97��T56$')=������0�I��?,�$
78F��")qL>,'�*�:� � �"�-(.�1,�$&(.�/,'0����Ep%78F��")qL>,�$>���"(T+'����,32C4� 8�% ���7��"7�F�4��&��,'���V -�8�%����)� -)��"���
�%$' ��"�-)���4����G�� �,�$D(.�/,'0����J,32C4�(&)����-)��"�f,'�����"+������-I"�% -)��"���i<

NN�>7�F!�%�')� -��� 7?,'4�+'$' ��E�!�%�1$'���@,'����7��-)��' -)��"�D�'��$�� � �"�-(.�������@,'���OJ~��� �� 1�'��4.�
������ ��J�����-$')� ��@�������'�-)���7�)��!�%$�Lh�"�-����7� ���(\�% -F�4�(\�% -)�56$����G,'�@����$'���B$' -)���)��8�% -)��"����<
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8 2C�"+:9-��7� -)<;#,'�J7��978F!�%�')� -���T���- G,'�J,'4�7��-)����J�������'�-)���7�)��!�%$�L^�"�-�A��7� ���(\�% -F�4�(\�>=
 -)�56$����O�� O�%�@?��"�-)� -F'(&)�5�$����D,'�g�:�k(&)����f��� ����$'I/���^,'���\(.�/,'0������;,'�^7�F!�YH������_,'�A �%�CB��iI^7��"78F�4�����<ED`��7��"(&(.����7��&�!�%�@$'���>�'��4��8���6 8�% -)��"�k,�$P(.�/,'0����GF AHA �� J,'�
56$�����5�$����I=M$'������,'�@�����B�UL� ������-)��"����< 8 �>����7� -)��"�KJ�<LJ>,'4�7��-)� �������$')� ��E�����B�'�-)���7�)��!�%�����
�%�'�'����78F����\�A�"$'��MP����7��"���- -�-$')�����N ���g7�F���(&)�� 7��"7�F�4�OP�!�%�- -)��_,32 $'���f�84�56$�����7��
�"+������-I�4��K���"����56$��K���K(.�/,'0����K�� B�����*�!�%�8�%(.0� -�������8�"�6 B7��"�'�6$���< � ���G�'����7�4�,�$'���@,'�
7��%��7�$'�[,'�@�:�?�'���"+!�%+')���)� �49,32n�%�'�!�%�-)� -)��"�m,32 $'���J��4�5�$�����7��J�"+������-I�4��QP!7�2C���- RO>,�)����@�:�
I��8�%)�����(T+'�:�%��7��T,'���G�!�%�8�%(.0� -�����SP����- ��'��4��8���6 �4��?,��%�����:�\����7� -)��"�HJ�<LT�< 8 2C�	�\7��"7�)� �4
,'�.7����9�%�@?��"�-)� -F'(.���?,'�"�6 9���\7�� �' 9,'�.7��%��7�$'�	���.7����%H� ?56$��>��)���4��%)�����(.���� >��I���7.�:�
���"�U?�$���$'�1,'�K�:�?��4�5�$�����7��G���� *$'���E,'���*�8�%)����"���1���������� -)�����������,�$_�-$�7�7�0��B,'���/F AHA <8 �E����7� -)��"�VJ�< �J�'��4��8���6 ��������	�'�-)���7�)��!�%�����	(.4� -F��/,'���#,32C���- -)�(\�% -)��"�O,'�����!�%�8�%(.0� -�����
,32 $'�WF AKA <�S*���X(.4� -F���,'���*$' -)���)������� 1�:�%�C?���(.���6 1�����*�%�@?��"�-)� -F'(.���B,'������7��"���- -�-$�7X=
 -)��"�m,�$Q78F���(&)��Q7��"7�F�4�< 8 ���E -�8��I��%$�L^�'��4������� �4��J,��%���E�����@7�F!�%�')� -�����YT:P �_�� [Z_���
; �"��,'���� X���\?��8�%��,'���!�%�- -)����-$'�#7����#(.4� -F���,'���*,32C���- -)�(\�% -)��"�=< E��:]��^P��:�J����7� -)��"�WJ�<LZ
�'��4������6 ��;�M2n�%�'�'����78F��_�- 8�% -)��- -)�5�$��.$' -)���)���4��O,��%���9���;7�F!�%�')� -���_ZD�A�"$'�9�:�f��4�����7� -)��"�
,'�E(.��,'0����a` ���97�F��")qLg,'�E�M2n�%��7�F')� ���7� -$'���?,�$g(.�/,'0����cbU<
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���>���0� R �TS�:NU 1�U0#;:� 3�41 :6#�1�.	1�U(#;:� 
8 �\(.�/,'0����_,'�;78F!�YH������?,'� A �%�CB���Ij7��"78F�4����?(.��,'4���)����O,'��$�Lk�'���/7������-$��?��(�=

+A�%H� �4��8�WVG�%+!]YX:P A[Z X�� �`< 8 �_�'���/7������-$��&�"+������-I�4D7��"�-���������"��, O^�:�^��4�5�$�����7�� ` �"$
�M2C��������(T+'���D,'�_��4�56$�����7����XbJ�"+������-I�4���< 8 �\�'���/7������-$��>7��"7�F�4_�����'��4��8���6 ��_�:�h�- -�-$�7X=
 -$'���J�8�"$��I=@9-�"7����� ��J,'�@�:�>��4�5�$�����7��QP�5�$��E�M2C�"�f7�F�����78F����8�VO?����7��"���� -�-$')�����<
<N\ �P]�^�_`\`a�a"bcad_��T_fe �
8 �f�'���/7������-$��_7��"7�F�4QP*���" �4 (St)t∈{1,2,...}

PX7��"�-�����-���"��, OQ�:�k�-$')� ��^,'���_4� 8�% ��
7��"78F�4���< 8 ���E4� 8�% ��K7��"78F�4�� St

�'�����'������ @����$'����I��%����$'���E,��%���G$'�m���-�!�"7��?,�)���7����� S
,'�g,�)�(.������)��"��]��')�� |S| <#S*�D�'���/7������-$��.���� &$'���D7�F!�YH����f,'�

A �%�CB���IdF��"(.� ?�0����
,32C�"��,����hg@,'�"�6 ��"�g���" ����8� a �����B�!�%�8�%(.0� -�����






�:�?(\�% -�-)�7��9,'�E -�8�%���-)� -)��"���G,32C4���4�(.���6 ��K,'4X]��')����!�%�
a(u, v) = P (St+1 = v | St = u), u, v ∈ S2,

∑

v∈S a(u, v) = 1
�� B�:�&,�)��- -�-)�+'$' -)��"�g)��')� -):�%���

a(u) = P (S1 = u), u ∈ S,
∑

u∈S a(u) = 1 .
i �"$��D7��^(.�/,'0����QPX�:�j�'���"+!�%+')���)� �4Q,32n�%�'�!�%�-)� -)��"�b,32 $'���P��$')� ��^,32C4� 8�% ��D7��"78F�4��g,'�
���"�U?�$���$'� n �!�%�- -)�7�$'��)�0���� sn

1 = (s1, . . . , sn) ��2C4�7��-)� 

P (Sn
1 = sn

1 ) = P (S1 = s1)P (S2 = s2 | S1 = s1)P (S3 = s3 | S2 = s2)

× . . . × P (Sn = sn | Sn−1 = sn−1)

= a(s1)
n−1∏

t=1

a(st, st+1) .

8 �@(.��,'0����@,'�@78F!�YH����9,'� A �%�CB���I_���- B�M2 $'�f,'���B�'��$����-)�(&�'������5�$��G�M2C�"�f�'$')������
����I�)��8� ?����SPY�����'���/7������-$��Z�%)����-)6(.�/,'4���)���4��=2n��56$=2 $'���#(.4�(.�")����# -��0��[��)�(&)� �4��#�'$')���5�$��

P (Sn
t = sn

t | St−1
1 = st−1

1 ) = P (Sn
t = sn

t | St−1 = st−1) .

8 2 )��:; �"�-(\�% -)��"�;5�$=2n�%�'�A�"�- ��1�:�E7��"�'�!�%)����8�%��7���,�$&�!�"���84 ` St−1
1 = st−1

1
bN�-$'����� ; $' -$'�

` Sn
t = sn

t
b1���@��4���$'(.�9,'�"��7J$'�')�5�$���(.���6 [O>�:�\7��"�'�!�%)����8�%��7��T,�$h,'���-�')����E4� 8�% G,�$
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,'�?7�F!�YH����>,'� A �%�CB���IA<=S*�� - ��9������ -�-)�7� -)��"�^���- O&�M2C�"�-)@?�)����>,'���G�'���"�'�-)�4� �4��@,32 )���,'4X=
�A����,��%��7��G7��"��,�)� -)��"�'���������E,�$;(.��,'0����G,'��7�F!�YH������1,'� A �%�CB��iI\7��"7�F�4����*�'��4������� �4����
,��%���E�:�O����7� -)��"�m�'��4�7�4�,'���6 ���<ZS*�"(&(.�&�"�^���?I����-�8�_,��%���E�����E����7� -)��"���[J�<LJO�� [J�<LT:P
�����������A���-(.�� - ����6 X�:�K����7��"���- -�-$�7� -)��"�;,�$.78F���(&)��;7��"78F�4��� ����B7��%��7�$'�!,'�1�:�KI/�8�%)�����(�=
+'�:�%��7��T���"$'�K$'�h7�� �' E5�$')N7����%H� K��)���4��%)�����(.���6 J��I���7?�:�&���"�U?�$���$'�@,'�9�:�.��4�5�$�����7���<
�G$\�'�-)qL;,32 $'�_�"7�7����")�������(.���� ` �8�"$'I����6 bX7��"���-)�,'4��8�%+'���E,�$O7�� �' *,'���17��%��7�$'���SP6)������- 
�A�����-)�+'���>,32 $' -)���)������@,32n�%$' -�����@(.�/,'0������E���"$'�E���?�'���/7������-$��E7��"7�F�4�< � �%�-(&)#7����K(.� =
,'0������J�%�� ����-�!�% -)<; �SPo���T(.�/,'0����?����(&)<=M(\�%�CB���I/)����k���- E�8�%���K,'�"$' ��T���?�'��$��K$' -)���)���4>���
+')��"��� ?�)��QP!���" 8�%(&(.���6 ��A�"$'���:�?�'��4�,�)�7� -)��"�^,'� ?�0������ �� F V@ENX��UP��
*X��:P 8 ��X�] �`<
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�@�%���[$'�?(.��,'0����#(\�%�CB���I/)���� MB7��:�"���-)�5�$�� NE�:��,�$'��4��*,�$? ���(&���Z,'�X��4 9-�"$'�N,��%���
$'�O4� 8�% u ���- *(.��,'4���)��84��G)�(&�'��)�7�)� ���(.���� ��!�%�1$'���K���") ?�4��"(.4� -�-)�5�$��@,'�K�!�%�8�%(.0� -���
1 − a(u, u) ` ,32C������4��8�%��7�� 1/(1 − a(u, u)) bU<BE	�d�
V3�� SPN�:�g�'���"+!�%+')���)� �4D,'�;�����- ����
,��%���B�M2C4� 8�% u $'�g ���(&���G�UL'�"7� ���(.���� G4 ?6�%� O k ���� �,'�"�'��4��J�!�%�

P (St0+k−1
t0+1 = (u, . . . , u), St0+k 6= u | St0 = u, St0−1 6= u)

= P (St0+k−1
t0+1 = uk−1, St0+k 6= u | St0 = u)

=
( t0+k−1∏

t=t0+1

P (St = u | St−1 = u)
)

P (St0+k 6= u | St0+k−1 = u)

= a(u, u)k(1 − a(u, u)) .

8 �\(.�/,'0����O)�(&�'��)�56$��O���" 8�%(&(.���� &$'���;,�)��- -�-)�+'$' -)��"� ,'���? ���(&���>,'�O��4 9 �"$'���>,'4X=
7����")����8�%�6 ���< Dl�X��2n� ?�)� >,32 $'���;��)�(&)� 8�% -)��"� 56$')X����$' �� -���_���k�!�%�- -)��_7��"�6 ��"$'�-��4��D���
�����- 8�%�6 @,��%���K���T7��",����?(\�%�CB��iI�)�����M\7��:�"���-)�5�$���N�< 8 2 )�,'4��>7��"���-)��- ���O\�����'��4��8���6 ����
�����#�"+:9-�� ��	�A�"$'�	������5�$������#�"�;�8�"$'F!�%)� ���(.�/,'4���)������#$'���B���"�U?�$���$'�*���"�a?�4��"(.4� -�-)�5�$��
���"�^�!�"�E�!�%�E$'�m$'�')�5�$��&4� 8�% K(\�%)��E�!�%�E�'��$��-)���$'���i< ��)����-) Po���?(.��,'0����>�����'��4��8���6 �4
] ?�$'���;g�< XJ)�(&��������$'�������"�U?�$���$'�1,�)�I/)��-)�+'�����!�%�X -���")��*�%$�L.��4 ?�)��"���17��/,��%�6 ����SP�(\�%)��
56$')/�����- ��*56$!�%��,?(	��(.� ; �"��,��%(.���� 8�%����(.���6 ?�4��"(.4� -�-)�56$���< �E���V,�)��- -�-)�+'$' -)��"�������"�
?�4��"(.4� -�-)�56$����1�A��$'I����6 ��%$�����) �� -���E�"+' ����6$���� ` I��")��*�!�%�B�UL'��(&�'��� �� E  A X�]�� b#��� =
 8�%(&(.���6 &�!�%��7��D5�$��;�:�^���"(&(.�D,'�_,'��$�L ���")���?�4��"(.4� -�-)�56$����&�=2C���� ?�!�"�>$'���O���")
?�4��"(.4� -�-)�56$��D�� >56$=2n�%$d�'�-)qLd,'�\�M2 )��� -����,�$�7� -)��"� ,32 $'�d���"(T+'���D,32C4� 8�% ��.4 ?6�%� Og�:�
 8�%)������h,�$ �-$'�'�A�"�- \ ��"$' ����O�����_,�)��- -�-)�+'$' -)��"���_,�)���7���0� ����_OQ�-$'�'�A�"�- a]��')K�A��$'I����6 
�� -���\�"+' ����6$���� ` ��I���7;$'�k�!�%�8�%(.0� -���;�!�%�9���"�U?�$���$'�>�%$' ��"�-)���4��QPZ,'�"��7\���"$��[; �"�-(.�
���"�D�!�%�8�%(.4� -�-)�56$���� bU<
8 �	(.�/,'0����#�8��(&)<=M(\�%�CB���I/)���� � SX)�� �YXUP E$'� X��2� PS?�4���4��8�%��)����#���	(.�/,'0����#,'�	78F!�YH������

,'� A �%�CB���I ��� �A���-(.�� - 8�%�6 .�:�^(.�/,'4���)��8�% -)��"� �UL��'��)�7�)� ��g,'���&,�$'��4����.,'���.�84 9 �"$'���
,��%���������K4� 8�% ��SP'�����G -�8�%���-)� -)��"���G���� -���T4� 8�% ��K�%$�Lg)����- 8�%�6 ��K,'�9�R�%$' ��������- 8�%�� G(\�%�I=
B���I/)����'������< 8 �@�'���/7������-$�������(&)<=M(\�%�CB���I/)����f�'���"�'����(.���� K,�)� ����- 

ST1 , . . . , ST2−1
︸ ︷︷ ︸

, ST2 , . . . , ST3−1
︸ ︷︷ ︸

, ST3 , . . .
︸ ︷︷ ︸

,

���D����� Ti
���"�� ������B)����- 8�%�� ���,'�@�8�%$' ����� 

St = STi
, ���"$'�B ��"$' t  �<C5�< Ti ≤ t < Ti+1 .

D`���A��$' �� -���G,'4X]��')o7��"(&(.���M2C��(T+��%H� ���(.���� B,'��,'��$�L&�'����7����8�-$���p������'����7����8�-$��	,'���
)����- 8�%�6 ��B,'�E�8�%$' �� {Ti}i={1,2,...}

O9I��%����$'���B�- -�-)�7� ���(.���� �7����")����8�%�6 �����,��%���
N

?
+ �

�� 
���J�'���/7������-$���,'���G -�8�%���-)� -)��"���E���6 -���>4� 8�% �� {STi

}i={1,2,...}
,'4X]��')��%$�Lg)����- 8�%�6 ��E,'�

�8�%$' ��V�� O�I��%����$'����,��%��� S 5�$')����� Z$'���B78F!�YH����B,'� A �%�CB��iI�< 8 ���	�!�%�8�%(.0� -����� (a, d)
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,32 $'�g(.�/,'0����J,'�@78F!�YH������G����(&)<=M(\�%�CB��iI�)����'�����K���"�� �,'�@�:� ; �"�-(.���9p
,�)��- -�-)�+'$' -)��"�f)��')� -):�%���

{
T1 = 1
a(u) = P (ST1 = u)

�'$')��
{

du(k) = P (Ti+1 = ti + k | Ti = ti, STi
= u)

a(u, v) = P (STi+1 = v | STi
= u) ,

��� a 7��"�-�����-���"��,.�%$�L>�!�%�8�%(.0� -�����#,'�*�:�E78F!�YH�����,'�
A �%�CB��iI&,'���V -�8�%���-)� -)��"���#���� -���

4� 8�% ��X,'4X]��')����%$�L&)����- 8�%�6 ��X,'�B�8�%$' #�� d 7��"�-���������"��,\�%$�L>���")��#,'�1 ���(&���X,'����4 9-�"$'�` du(k) ���- ��:�>�'���"+!�%+')���)� �4T,'�@�����- �����$'�g ���(&���K�UL��"7� ���(.���6 G4 ?6�%� O k ,��%�����M2C4� 8�% 
u bU<'S*�� - ��G�!�%�8�%(.4� -�-)��8�% -)��"�g���- *(	��(.��$'�O����$O�����- -�-)�7� -)�I��E7��%�*)��!�=2C���- ?�$�0����K�'��$��
7��"(&�'��)�5�$�4B,'� ; �%)����1,'4��A����,����1�:�����")',�$> ���(&����,'�1��4 9-�"$'�Z���"�.�8��$'����(.���6 	,'�*�M2C4� 8�% 
u ���"$��C=@9-�"7����� �(\�%)��#�%$����-)',�$>�'����78F!�%)��\4� 8�% v ` �"�\�E�%���"��� d ,'�1�:� ; �"�-(.� du,v(k) bU<

�@�%���3$'�9(.��,'0����	�8��(&)<=M(\�%�CB���I/)����T7��"7�F�4 ` F i AHA ���"$'� � 
�
 
 ����� � & 
 + 	 ��� � 
  
	 
 
 ����� bXP����V�'����7�������$��[7��"7�F�4X���- 3$'���	78F!�YH����X����(&)<=M(\�%�CB��iI�)����'��� �WVG�%+!]YX:P �K$�4 �QT��`<8 ���14� 8�% ��*7��"7�F�4��1���"�� *,'�"��7G(.��,'4���)��84��*7��"(&(.�E�%�'�!�%�8�%)����8�%�� 1�!�%�#�'�:� ?����1,'�"�6 1�:�
���"�U?�$���$'�9���� K���? ���(&���@,'�&��4 9-�"$'��< �@�%���@7��?7��",����QP=�M2C4�(&)����-)��"�P,'���@�"+������-I��% -)��"���
7��"��,�)� -)��"�'����������(.���� ^�%$�L 4� 8�% ��D7��"78F�4��_����$' O+')����e���'� �� -���^(.�/,'4���)���4��m7��"(&(.�
,��%���>$'��F AKA (\�%)��>)��1���- .�%$����-)B�"����� �O�!�% -$'������,32 )��6 -���/,�$')����D,'���>���")��>56$') ?�4X=
��0������� @�����K�"+��8���-I"�% -)��"���E�!�%�K�'�:� ?����@7��"�-�����-�A�"��,��%�6 9�%$�Lf�'�:� ?����@,32C4� 8�% ��@7��"78F�4���<
Dl�=�-$��. SP����g�
V3�� SP�5�$�� θ �A���-(.�� - ��9,32n�% - -�-)�+'$����G$'���EI"�%����$'� O?�:�>�'���"+!�%+')���)� �4

Pθ(X
t+k−1
t = xt+k−1

t | Xt−1
1 , Ti = t, STi

= u, Ti+1 = t + k) .

Dl�Z���� @�%)�����)Z�!�%�@�UL'��(&�'���?��������)�+'���?,32 )��� -����,�$')����\,'���G(.�/,'0������@,32C4�(&)����-)��"�m�A4��-)�� =
,�)�5�$����E���"$'�E�:�O(.�/,'4���)��8�% -)��"�Q,'���@��4�5�$�����7����@,'���E��4 ?�)��"���E -�8�",�$')� ����J�� @,'���E(.� =
,'0������9F�4� �4���� ?�0������9�A�"$'�97��������.,'���J��)@?��!�%$�L ` I��")��9�!�%�9�UL���(&�'��� � ��*X��UP 8 � X�]�� bU<8 ����F i AKA �8�"�6 >$' -)���)���4��>,��%���?���;78F!�%�')� -��� Zh�� ?����$'�>,'���87��-)��' -)��"� ���O�����8�f�!�"�
�A�"$'���-$')�I/)��.,��%���97��.78F!�%�')� -����< 8 �.7�� �' 9,'�&�:�_����7��"���� -�-$�7� -)��"� ,�$k78F���(&)�� 7��"78F�4
,32 $'�HF i AHA �"�8����7�)�4 O?$'���9��4�5�$�����7��J�"+������-I�4��T7����%H� � -F�4��"�-)�56$���(.���� @7��"(&(.�J���
7��%�-��4E,'�G�:�J���"�U?�$���$'�B,'�K�:�9�84�56$�����7���` 4�I����6 -$���������(.���� ��'��$��*�8�%�')�,'��(.���6 ����"����5�$��
7����- 8�%)������O���")��\,32C4�(&)��8�-)��"� ,'���O�"+������-I��% -)��"���;���"�� \$' -)���)���4����XbU<�E�� �'�8�% -)�56$��QP*7����
(.�/,'0����������9���"�6 G$' -)���)���4����A�"$'�G,'�@���"�U?�$����K��4�5�$�����7�����5�$��J���"����5�$��J,'���G�-)�(&�'��)<]U=
7��% -)��"���SP[�"$Q(	��(.�\,'���9�%�'�'����L/)�(\�% -)��"���cPN���"�� J�A�����-)�+'������<��G�Q�A��$' J���" 8�%(&(.���� 
7�)� ����O�:�P(\�>9-�"�8�% -)��"� ,'���O,�)��- -�-)�+'$' -)��"���_,'�g ���(&���_,'�h��4 9 �"$'�O,'�"�6 O�:�P���")K�=2C���- 
�!�"� ?�4��"(.4� -�-)�5�$��@�� SP��-$'�- ��"$' SP/�M2 $' -)���)��8�% -)��"�g,'�G�'��4X=M -�8�%)� ���(.���6 ������"$'�* -���"$'I����1�����
�A���-)� -)��"���B�A�����-)�+'������,'����7�F!�%�U?���(.���6 ��E,32C4� 8�% ��D� �X$'��X����`<

� ���g�%$' -��� ?�4���4��8�%��)��8�% -)��"� ,'���GF AHA ���- >�:�^(.�/,'4���)��8�% -)��"� ,'�_�:�^��4�5�$�����7��
�"+������-I�4��J�!�%�B$'�g(.��,'0����@,'� ?��8�%(&(\�%)����T�- ��/7�F!�"�- -)�5�$��EF��"����7��"�� ��UL/ ���< 8 �>�- -�-$�7X=
 -$'���>7��"7�F�4��>�'������,P�%���"���K$'��� ; �"�-(.�>,32n�%�-+'���>,'�"�6 @78F!�"56$��>���/��$�,f�A��$' ?�4���4������
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,'��$�LO���� - -�����G,�)��- 8�%�6 ����G�-$'�B�:�&��4�5�$�����7���<oS*���B(.�/,'0����������"�� ����" 8�%(&(.���6 G$' -)���)���4��
���"$'�K ����')��K7��"(&�' ��>,'���E,'4��A����,��%��7����[O.���"�U?�$��>,�)��- 8�%��7��>,�$���� O.�M2n�%�'�!�%�-)���(.���� 
,'�m�6$�7���4��" -)�,'���^,�)��- 8�%�6 ��^�%$a����)��b,'��� � V�� ,'�Q�- -�-$�7� -$'��� ` I��")��g�!�%�h�UL���(&�'���
� E��9X�� P i�� F + X�� P � E  A X�] � bU<"D`���?���D�������"�� &�!�"�.,'4�7��-)� ��&�'��$��&��� ,'4� 8�%)���,��%���
7��� - ��_ -F�0�����< i )@?��!�%���"���. ��"$' .,'�_(	��(.�D5�$��QPV���"$'�.7����>(.�/,'0������SPV���D7�� �' .,'�_�:�
����7��"���- -�-$�7� -)��"�f,'�E�:�>�- -�-$�7� -$'���J7��"78F�4��J7����%H� �7��"(&(.�@���@7�$'+A�@,'�E�:�?���"�U?�$���$'��,'�
�:�>��4�56$�����7����

� �"$'�Y]��')��&,'�a; ��U��"� (.�")����&�%(9+')� -)���$����_�:�h,'����7��-)��' -)��"� ,'���Y?�4���4��8�%��)��8�% -)��"���
7��"��7����-�!�%�6 	�:�K(.�/,'4���)��8�% -)��"�.,�$&�'���/7������-$���7��"7�F�4QP����" ��"���	56$=2 )��'���- V�A�����-)�+'���B,32 )��:=
 -����,�$')����@,'����4� 8�% ���56$')3�=2C4�(.�� - ����� K�%$�7�$'�g�-W/(9+A�"���@,��%���B�:�>��4�5�$�����7��@�"+������-I�4���<8 2 )��6 �4�� �� *,'��7����	4� 8�% �� MK��)�������7�)���$�LaN>��4��-)�,'�B�'�-)���7�)��!�%����(.���6 1,��%�����:�@,�)�(&)���$' -)��"�
,�$ ���"(9+'���h,'�D -�8�%���-)� -)��"����< 8 �m�'�-)����g��� 7��"(&�' ��f,'�g7����\4� 8�% ��.,��%���\�����;�%�@?�� =
�-)� -F'(.���9,'�>(&)����.���Q�/��$'I/���.,'���[F AKA ���&�����8�>�!�"�@��4���������(.���6 >,'�&,�):�\7�$'�� �4��SP
�������@���- �,'4�7��-)� ��@���" 8�%(&(.���� G,��%��� �K$'�-+')�� ��� � ��� P g�XYX�] �� E  A X�] �`<
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1 ) < �E�%���&7��D7��"�cPN)��/;M�%$' >�'��4�I����')��.�����>�'���"+'��0�(.���&��$'(.4��-)�56$����
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�%�-�-)�0����QP!�!�%���UL���(&�'���J���f -�8��I��%)����:�%�6 K��I���7J�����B��� ?6�%�-)� -F'(.���i<8 �����'���"+!�%+')���)� �4�� Pθ(St = u | xn

1 ) �� Pθ(St = u, St+1 = v | xn
1 ) �A���-(.�� - ����6 
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t17��"��,�)� -)��"�'����������(.���� O?�:�.��4�56$�����7��9�"+������-I�4�� Pθ(S

t2
t1 = st2

t1 | xn
1 ) p

Pθ(S
t2
t1 = st2

t1 | xn
1 ) =

Pθ(st1, st1+1 | xn
1 ) ×

Pθ(st1+1, st1+2 | xn
1 )

Pθ(st1+1 | xn
1 )

× . . . ×
Pθ(st2−1, st2 | xn

1 )

Pθ(st2−1 | xn
1 )
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VA�� SP
a
(
maxu(Pθ(St = u | xn

1 )),maxu(Pθ(St+1 = u | xn
1 ))
) ����$' �� -���J4 ?6�%� O 0 <
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45��	� � 
�
 � � 
 � � ��� � � � 
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Pθ(St = v | xt−1
1 )

=
∑

u∈S

Pθ(St−1 = u, St = v | xt−1
1 )

=
∑

u∈S

Pθ(St = v | St−1 = u, xt−1
1 )Pθ(St−1 = u | xt−1

1 )

=
∑

u∈S

Pθ(St = v | St−1 = u)Pθ(St−1 = u | xt−1
1 ) ` 7X; <4E#5o< J�<LT b

=
∑

u∈S

a(u, v)Pθ(St−1 = u | xt−1
1 )

4�56$!�% -)��"�f,'� ]��� -�8� ?��

Pθ(St = v|xt
1) = Pθ(St = v | xt, x

t−1
1 )

=
Pθ(St = v, xt | xt−1

1 )

Pθ(xt | xt−1
1 )

=
Pθ(St = v, xt | xt−1

1 )
∑

u∈S Pθ(St = u, xt | xt−1
1 )

=
Pθ(xt | St = v, xt−1

1 )Pθ(St = v | xt−1
1 )

∑

u∈S Pθ(xt | St = u, xt−1
1 )Pθ(St = u | xt−1

1 )

=
Pθ(xt | St = v, xt−1

t−r)Pθ(St = v | xt−1
1 )

∑

u∈S Pθ(xt | St = u, xt−1
t−r)Pθ(St = u | xt−1

1 )
` 7X;-<4E	5o< J�<LJ b

=
bv(xt;x

t−1
t−r)Pθ(St = v | xt−1

1 )
∑

u∈S bu(xt;x
t−1
t−r)Pθ(St = u | xt−1

1 )
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Pθ(St−1 = u, St = v | xn

1 )

= Pθ(St−1 = u | St = v, xn
1 )Pθ(St = v | xn

1 )

= Pθ(St−1 = u | St = v, xt−1
1 )Pθ(St = v | xn

1 ) ` 7X; <4E#5o< J�< � b
=

Pθ(St−1 = u, St = v | xt−1
1 )Pθ(St = v | xn

1 )

Pθ(St = v | xt−1
1 )

=
Pθ(St−1 = u | xt−1

1 )Pθ(St = v | St−1 = u, xt−1
1 )Pθ(St = v | xn

1 )

Pθ(St = v | xt−1
1 )

=
Pθ(St−1 = u | xt−1

1 )a(u, v)Pθ(St = v | xn
1 )

Pθ(St = v | xt−1
1 )

` 7X; <�E	5o< J�<LT b
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1
��I���7D�:�h�'���"+!�%+')���)� �4

Pθ(S
n
1 = s̃n

1 | xn
1 ) P�)��V�A�"$'�-�8�\���" 8�%(&(.���� J�����-I/)��K�A�"$'�K�M2C���- -)�(\�% -)��"�P+!��W�4��-)����'���

�-$'�B������,'�"�'��4�����)���7��"(&�'��0� �����` I��")����!�%���UL'��(&�'��� � � �$X g PTV�S��9XQTUP A $'��X�] � bU<8 �g ����-(.� Pθ(Sn = v | xn
1 ) P#�"+' �����$ OQ�:�H]�� ,'�f�:�P��4�7�$'�-������7��m��I��%�6 _,'�

�M2n�%�@?��"�-)� -F'(.� � 
 ��� ��� 
�+ � � � � � ��� 
 P������-(.�� &,'�; -)������ s̃n
< 8 ��� s̃t
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Pθ(St = u | Sn
t+1 = s̃n

t+1, x
n
1 )

= Pθ(St = u | St+1 = s̃t+1, x
t
1)

=
Pθ(St = u, St+1 = s̃t+1 | xt

1)
∑

v∈S Pθ(St = v, St+1 = s̃t+1 | xt
1)

=
Pθ(St+1 = s̃t+1 | St = u)Pθ(St = u | xt

1)
∑

v∈S Pθ(St+1 = s̃t+1 | St = u)Pθ(St = u | xt
1)

=
a(u, s̃t+1)Pθ(St = u | xt

1)
∑

v∈S a(u, s̃t+1)Pθ(St = u | xt
1)

.
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8 �_�'���"+!�%+')���)� �4 Pθ(X
n
1 ) 7��"�-���������"��, OO�:�OI/�8�%)�����(T+'�:�%��7��\,'���@�!�%�8�%(.0� -����� θ

�A�"$'�=�M2C�"+������-I��% -)��"� Xn
1
< �G�T�M2n�%�'�����������8��I��8�%)��8��(9+'�:�%��7��*,'���[,'�"�'��4����=)���7��"(&�'��0� ����

�A�"$'�9�:�f,�)��- -)��U?�$����?,'� Pθ(S
n
1 , Xn

1 ) < Dl�#���- ?���"$'I����6 ?)��6 �4��������R�%�6 >,'�.�:�g7��%��7�$'�����SP
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7��"78F�4����A�����-)�+'����� sn

1
P','�E�:�>I/�8�%)�����(T+'�:�%��7��9,'����,'�"�'��4����G7��"(&�'��0� ����Tp

Pθ(X
n
1 ) =

∑

sn
1

Pθ(X
n
1 , Sn

1 = sn
1 ) .
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Pθ(X
t
1 = xt

1) =
∑

u∈S

Pθ(Xt = xt, St = u, xt−1
1 )

=
∑

u∈S

Pθ(Xt = xt | St = u, xt−1
t−r)Pθ(St = u, xt−1

1 )

= Pθ(X
t−1
1 = xt−1

1 )
∑

u∈S

bu(xt;x
t−1
t−r)Pθ(St = u | xt−1

1 ) ,

���f���J ����-(.� Pθ(St = u | xt−1
1 ) ���- G7��%��7�$'��4?�A����,��%�6 K�:�&��4�7�$'�-������7��&��I��%�6 ?����"7��Og�M2C4�5�$!�% -)��"�d�'��4�,�)�7� -)�I���<�S*�_7��%��7�$'�B,'�")� �� -���a;M�%)� &��I���7O�����9��� ?6�%�-)� -F'(.���\7��%�T�:�

I��8�%)�����(T+'�:�%��7��9���- B -��0������� -)� ��.p

log Pθ(X
n
1 = xn

1 ) =
n∑

t=1

log
(∑

u∈S

bu(xt;x
t−1
t−r)Pθ(St = u | xt−1

1 )
)

.
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1 , sn
1 ) <#SK2C���- \O^,�)����D5�$��;�:�^�-$')� ��_,'���&4� 8�% ��&7��"78F�4��
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∫
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Pθ(X
n
1 , Sn

1 ) = a(S1)

n∏

t=2

a(St−1, St)

n∏

t=1

bSt(Xt;X
t−1
t−r )

= a(S1)
r∏

t=1

bSt(Xt;X
t−1
1 )

×
∏

u∈S

∏

v∈S

a(u, v)Nuv

∏

u∈S

∏

w∈X r

∏

x∈X

bu(x;w)Nwx;u ,

` J�< �Qb
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Nuv =

n−1∑

t=1

I{St = u, St+1 = v}

Nwx;u =
n∑

t=r+1

I{Xt
t−r = wx, St = u} ,

���
I
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I{St = u, St+1 = v} I��%$' 1 �-) St = u �� 
St+1 = v P �>�-)����"�=<
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log Pθ(X
n
1 , Sn

1 ) = log
(
a(S1)

r∏

t=1

bSt(Xt;X
t−1
1 )

)

+
∑

u∈S

∑

v∈S

Nuv log a(u, v)

︸ ︷︷ ︸

(1)

+
∑

u∈S

∑

w∈X r

∑

x∈X

Nwx;u log bu(x;w)

︸ ︷︷ ︸

(2)
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a
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Nuv

∑

v′∈S Nuv′
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u (x;w) =

Nwx;u
∑

x′∈X Nwx′;u
. ` J�< X b

Dl����2n� ?�)� O,32 $'� ���- -)�(\�% ���$'�O -��0��.)��� -$')� -)<;9�'$')���5�$��QP��!�%�;�UL'��(&�'���QP	�:�Q�'���"+!�%+')���)� �4
,'�^ -�8�%���-)� -)��"�b,'�^�M2C4� 8�% u OQ�M2C4� 8�% v ` a(u, v) b_���� O���- -)�(.4��^�!�%�D�:� ; ��4�5�$�����7��
��(&�')��-)�5�$��9,'� v �!�%�-(&)=������4� 8�% ����%�'�!�%�8�%)����R�%�6 9 $��- ��J�%�'��0���$'� u <

� a � � ? � � � ^ � C ��� � a � \ � � \ a"bc] � \`a��P^ � ���`\`a _�^)? � � A ��\ a
<N^ � � � � 
�
 � 
 ! Dl� ; �%$' J ��"$' T,32n�%+��"��,P)��� -����,�$')����\$'���>���") � � � 
�
 � 
 ��$'�@�����@�!�%�8�>=
(.0� -����� θ < �G�Q7�F��")���)� J7��:�"���-)�5�$���(.���6 J,'���E���")��@,'� �K)��-)�7�F'���� �� ` I��")��@�!�%�@�UL'��(&�'����WV�S��9XQTUP A $'��X���P � FG�����2� b[�%$����-)�+')����T���"$'�N�����[�'���"+!�%+')���)� �4��V,'�# -�8�%���-)� -)��"�?���� -���
4� 8�% ��?7��"7�F�4��>5�$��&���"$'�T�����J�'���"+!�%+')���)� �4��&,32n�%�'�!�%�-)� -)��"�d,'���T�"+��8���-I"�% -)��"���?7��"��,�)<=
 -)��"�'����������(.���� E�%$�LD4� 8�% ���7��"78F�4��SP�<

� ���G���")o,'� �G)��-)�78F'���� Dq(δ1, . . . , δq)
P/��I���7 δi > 0 �A�"$'� i ∈ {1, . . . q} P ?�4���0����

$'�mI���7� ���$'� (y1, . . . , yq)
,'�?���"�U?�$���$'� q ,'�"�6 @�����E4���4�(.���6 ��T���"�6 [O;I��%����$'���@,��%���

� � �80<1	' ��#�� '-+;' 6�� 0 # $ #�� $ 	9�9# = �(� � +���0<' � ��$;'<1 � �	 0-$;' � '  #(��� '<1 �9�9# 020 #F��# 0��80<1	' %	�?$�� �



��� ��� � ��� ������� + !$�������-� & �'� �=� & ��� � �

[0, 1] �� ��8�"(&(.���6 O 1 <
8 �&,'�����-)� �4@,'� Dq(δ1, . . . , δq)

��2C4�7��-)� 9p

π(y1, y2, . . . , yq) =
Γ(
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i=1 δi)
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∏

i=1
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i I{∩i=1,...,q(yi∈[0,1]),
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i=1 yi=1}

∝

q
∏

i=1

yδi−1
i I{∩i=1,...,q(yi∈[0,1]),
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i=1 yi=1} .
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a(u, •) ∼ D|S|

(
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 ,'� θ = (a, b) �i2C4�7��-)� 1,'�"��7

π(θ) ∝
∏

u∈S

π(a(u, •))
∏

u∈S

∏

w∈X r

π(bu(•;w))

∝
∏

u∈S

∏

v∈S

a(u, v)α(u,v)−1
∏

u∈S

∏

w∈X r

∏

x∈X

bu(x;w)βu(x;w)−1 . ` J�< gSJ b

8 �"����5�$����M2C�"�T���"$'F!�%)� �� ]'L����[�:�1I"�%����$'�Z,'�	7����- 8�%)����N�!�%�8�%(.0� -�����SPi�!�%�N�UL���(&�'���#���"$'�
)��6 �����,�)����&�:�; -�8�%���-)� -)��"�Q���� -���>�M2C4� 8�% J7��"7�F�4 u �� @�M2C4� 8�% @7��"7�F�4 v ` a(u, v) = 0 bXP�)��
�-$��. �,'�@���@�!�"��(.��,'4���)������G7������!�%�8�%(.0� -�����K7��"(&(.�94� 8�%�6 E�%��4��% ��")�������< 8 �������")�� �
� � 
�
 � 
 ` E	5�< J�< g �&�� RJ�< gYgcb*���@7��"��7����-������ E�%���"����5�$��@�����B�!�%�8�%(.0� -�����K�%��4��% ��")�������<
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�
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 � �?��� 
�
 � 
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� � �������
	����������� � ������� ������������� ����� � ���"!$#%��� & �$�"�
��	������ !����(���*)�� &��,+ �$	��-		� � �
�

; �"�-(9$'���T,'� � ��W���� ` E	5�< J�<<� b*���g$' -)���)��R�%�6 �������4�56$!�% -)��"��� J�< �&�� RJ�< gSJ_p
π(θ | xn

1 , sn
1 )

∝ Pθ(x
n
1 , sn

1 )π(θ)

∝
∏

u

∏

v

a(u, v)Nuv

∏

u

∏

w

∏

x

bu(x;w)Nwx;u

×
∏

u

∏

v

a(u, v)α(u,v)−1
∏

u

∏

w

∏

x

bu(x;w)βu(x;w)−1

∝
∏

u

∏

v

a(u, v)Nuv+α(u,v)−1

︸ ︷︷ ︸

(1)

×
∏

u

∏

w

∏

x

bu(x;w)Nwx;u+βu(x;w)−1

︸ ︷︷ ︸

(2)

.

�G�>)�,'���6 -)<]!�1� O�$'�>�'����,�$')� �,'�*,'�����-)� �4���,'�X���")���,'� �K)��-)�7�F'���� �< 8 ���V���")�� �9��
 � �?��� 
�
 � 

,'����,�)WV34������6 ��G�!�%�8�%(.0� -�������8�"�6 �,'�"��7J,'�������")���,'� �K)��-)�7�F'���� G)���,'4�������,��%�� ����Tp

a(u, •) | xn
1 , sn

1 ∼ D|X |(Nu1 + α(u, 1), . . . , Nu|S| + α(u, |S|))
)�,'���6 -)<]!4��YO?�!�%�- -)���,'���B ����-(.���Y`,gcb ` J�< gST b

bu(•;w) | xn
1 , sn

1 ∼ D|X |(Nw1;u + βu(1;w), . . . , Nw|X |;u + βu(|X |;w))
)�,'���6 -)<]!4��YO?�!�%�- -)���,'���B ����-(.���Y` J b . ` J�< g � b

�G�^����(\�%��56$��?5�$��9�����G�!�%�8�%(.0� -����� α(u, v) �� βu(x;w) ,'�������")��
� � � 
�
 � 
 9-�"$����6 

$'�_�GF"���E�-)�(&)��:�%)����@�%$�LO7��"(&�' 8� ?���� Nuv
�� Nwx;u

,��%���1�:�T,'4� ����-(&)��!�% -)��"�f,'���*�!�>=
�8�%(.0� -�����1,'���X���")�� ���*
 � �?��� 
�
 � 
 P67��K56$')o����$'�*7��"�:; 0�����$'���G)��6 ����-�'��4� 8�% -)��"�D)��� -$')� -)�I��
���g ����-(.�9,'�@56$!�%�� -)� �49,32 )��:; �"�-(\�% -)��"�f)��6 -���/,�$')� �� � � � 
�
 � 
 <8 2C���- -)�(\�% ���$'�>���.�'��$��?7��"$'�8�%(&(.���6 >$' -)���)���4\7��"�-���������"��, OD�M2C���-�A4��8�%��7��O,'�.�:�
���") � ��
 � �?��� 
�
 � 
 �A�"$'�B������,�)WV34������6 ��G�!�%�8�%(.0� -�����SP����")� θ �

������� p

a �
�������

(u, v) =
Nuv + α(u, v)

∑

v Nuv + α(u, v)

b �
�������

u (x;w) =
Nwx;u + β(x;u,w)

∑

x Nwx;u + β(x;u,w)

� �%�1$'����(\�YL�)�(&)��8�% -)��"�D�-)�(&)��:�%)���� OJ7��������K$' -)���)���4��K,��%���*���G7��",����K,'���:�9(\�YL�)�(&)��8�>=
 -)��"�^,'�@�:�>I/�8�%)�����(9+'�:�%��7��QP!�M2C���- -)�(\�% -)��"�h�!�%�����@(\�YL/)�(T$'( ,'�@�:�&���") � ��
 � �?��� 
�
 � 

7��"��,�$')� K�������[O θ


	��
 p

a

	��


(u, v) =
Nuv + α(u, v) − 1

∑

v Nuv + α(u, v) − 1

b

	��

u (x;w) =

Nwx;u + β(x;u,w) − 1
∑

x Nwx;u + β(x;u,w) − 1
.

8 2C���� -)�(\�% ���$'�9,�$m(\�YL/)�(T$'( � ��
 � �?��� 
�
 � 
 ���- @,'�"��7?)�,'���6 -)�5�$��\OO7�����$')V,�$m(\�YL�)<=
(T$'( ,'�_I��8�%)�����(T+'�:�%��7��_���"����5�$��_ ��"$��>�����>�!�%�8�%(.0� -�����.,'���>���")��&,'� �G)��-)�78F'���� �
� � 
�
 � 
 �8�"�6 ��'�-)���4 ?6�%$�L O3g�<



��� ��� � ��� ������� + !$�������-� & �'� �=� & ��� ���

�h\ ? �T]�� b \ ada"b ] �>= \ a � � ? � � � ^ ��� � �T] � � ] �P\`a �c^�� ���`\ ad_�^)? � � A ��\ a
��I/)�,'��(&(.���6 SPG�����g���- -)�(\�% ���$'���^���"�6 g ��"$ 9-�"$'���g(.��)�������$'���f���"����5�$��P�M2C�"�a,�)��I=

�������f,'�f,���I��%�6 8� ?��m,'�g,'�"�'��4����O�A�"$'�\�M2C���- -)�(\�% -)��"�4` �A�"$'�-I�$ 56$��D�����O,'�"�'��4����
�'����I/)����'�����6 & ��"$' ����&,32 $'�d(	��(.�O(.��,'0����cbU< A �%)��SP[���"���856$��;�:�^56$!�%�� -)� �4O,'�_,'�"�:=
��4�����,�)��-�A�"�')�+'���J���- �)����-$��\�R�%�6 ��QP��M2C���� -)�(\�% ���$'�G,�$g(\�YL�)�(9$'( ,'�@I��8�%)��8��(9+'�:�%��7��
��$'�.7��"(&�A�"�- ���(.���6 X���� - ���(.���6 	(.�")����X� ?���4��%+'����56$��*�M2C���- -)�(\�% ���$'�#+!��W�4��-)����=< � �%�
�UL���(&�'���QP�$'�P7��"(&�' 8� ?��>�6$'��7��"��,�$')� 
O;���- -)�(.���@$'�h�!�%�8�%(.0� -���VO 0 �%���"���@56$��T���
9 ��$d,'�_,'�"�'��4����>����$' �� -���_,32 $'���; 8�%)������_ ��������_5�$��\�M2C�"+��8���-I"�% -)��"� ,'�_7��"(&�' 8� ?����
�6$'���*���- *�% - �����,�$��G(	��(.�G��)!�����!�%�8�%(.0� -���K���- 1�"����� �G,�)WV34������6 1,'� 0 <

� ���G���"��$' -)��"�
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` �!�%�E�UL'��(&�'��� 1 O\ ��"$��E�����E7��"(&�' 8� ?���� bXP3�"�m�!�%�-���&�%���"���K,'�?������$�,'� =`7��"(&�' 8� ?����i<8 �f7��",����f+!��W�4��-)���� ,'�"�'���f$'���\9 $��� -)<]!7��% -)��"� OP7��� - ��h�'�8�% -)�5�$��kp	�����;56$!�%�� -)� �4��
�>9 �"$' �4����E�%$�Lf7��"(&�' 8� ?����E7��"�-�����-���"��,'���� E�%$�Lg�!�%�8�%(.0� -�����E,'���G���")��G,'���K)��-)�7�F'���� 
� � � 
�
 � 
 <8 �"����5�$��E�M2C�"�f,�)��-�A�����@,'�E�'��$��-)���$'���G��4�56$�����7�����(.��,'4���)���4�����7��"(&(.�J,'������4��%��)<=
�8�% -)��"���B)���,'4��A����,��%�6 ����K,32 $'�g(	��(.�[F AKA P'�"�f�%+��"$' -)� K�%)���4�(.���6 O>,'�������- -)�(\�>=
 ���$'���?,'�a; �"�-(.�;)�,'���� -)�56$��_O^7���$�Lk�'��4������� �4��&7�)<=`,'�����-$��>��� �����?7��"(&�' 8� ?����\���"�6 
�
VA��7� -$�4��J��$'�@�M2C��������(9+'���;,'���J��4�5�$�����7�����<��@�%���J7��&7��"�SP3�����J�!�%�8�%(.0� -����� a(u) �� 
bu(x;w) ��I���7 w ∈ X r′ �� r′ < r P656$')!7��"�-���������"��,'���� 1�%$�L&,�)��- -�-)�+'$' -)��"���*)��')� -):�%�����
,'���#(.�/,'0������#(\�%�CB��iI�)������cP��A��$'I����6 �� -���K���- -)�(.4��X�8�����"�;$'���G�'����7�4�,�$'���G)�,'���6 -)�5�$��
O>7��������@(&)����@��� �E$'I/���@�A�"$'�B�������%$' -�������!�%�8�%(.0� -������<

E��:]��^PN���"����56$��;���aF AHA ���- T���- -)�(.4O�-$'�T�����?,'�"�'��4����>7��"(&�'��0� ����?�A�"$'�T�'��4X=
,�)����J$'�� �4��-)���$'����(.���6 E�:�.�!�% -$'���9,'���K��4�56$�����7����G�"+������-I�4���� O&�M2n�%)�,'�9,32 $'���T����7��"���I=
 -�-$�7� -)��"�Q,�$^78F���(&)��k7��"7�F�4QPA)��Z����$' �� -���?�'��$��@�	�\7��"7��&,32 $' -)���)������E$'�P���- -)�(\�% ���$'�
56$')�(\�YL�)�(&)����h,�)�����7� ���(.���6 _$'� 7��-)� �0����h,'�f,�)���7��-)�(&)��!�% -)��"�e,'���\,�)WV34������6 ����O�!�>=
 -$'�����B,'�G��4�5�$�����7�����<��G�_����$' 1�!�%�B�UL'��(&�'���K78F�����7�F���� θ �


�� `�� 
 ��
�
 � 
�
 � � � 	 � $ 
 +
& � &���
 � ��� 
4��
�
 
 bJ5�$')#7��"�-�����-�A�"��,�O θ �


��
= arg maxθ Pθ(S

n
1 | Xn

1 ) <VS*�� 9���I=
 -)�(\�% ���$'�T���- J�"+' �����$k�!�%�9�"�' -)�(&)��8�% -)��"�j�6$'(.4��-)�5�$��;7��%�YOO�:�D,�)WVA4�������7��;,'���J���I=
 -)�(\�% ���$'���.�'��4������� �4��;,��%���;7��� - ��g����7� -)��"� )������g����$' �� -���f�"+' ����6$ ,�)�����7� ���(.���� 
� � A X gQP�E����X	� P�E����X��2�`<

�����6��� �  21YU>!$.)1�U0#;:  56* '(�) 8%6#;:�: � �) U>: � #;!	��'0&41��� 
8 �.�'���"+'��0�(.�O,'�.�M2C���� -)�(\�% -)��"�d��$'�J�����T,'�"�'��4����T)���7��"(&�'��0� ����&���- J���� - ���(.���� 

�'��$��G,�):�\7�)����>5�$��J�M2C���- -)�(\�% -)��"�P�-$'�K�����G,'�"�'��4����E7��"(&�'��0� �����< 8 ���E���- -)�(\�% ���$'���K���
����$'I����� �� -���D�UL/�'�-)�(.4��\���"$��>$'��� ; �"�-(.�g�%�!�%��W� -)�5�$��D�-)�(&�'����< Dl���&���"�6 .�"+' �����$��
?����"7��WOh,'���?�'����7�4�,�$'�����>��$'(.4��-)�56$����>)� �4��8�% -)�I����&5�$')X$' -)���)��8���6 &�:�f��������)�+')���)� �4;,'�
����7��"���- -�-$')����g���g78F���(&)�� 7��"78F�4f,32 $'� F AHA ` �"$ ,'�g7��%��7�$'�����\�:�QI��8�%)��8��(9+'�:�%��7��
,'���X,'�"�'��4����X)���7��"(&�'��0� ���� b#���"$'�X$'�;7�� �' 1,'��7��%��7�$'���8�%)����"�'�!�%+'����< �G�\�A�"$'�-�8�J�!�%�
�UL���(&�'���J7��"����$'�� ���� �WVG�%+!]YX:P V�S��9XQT:P A $'��X�]:P � E  A X�] �`<

� �"$'�9�M2C���- -)�(\�% -)��"�Q�!�%�J(\�YL�)�(9$'( ,'�>I/�8�%)�����(T+'�:�%��7��QP=�M2n�%�@?��"�-)� -F'(.� E A ���- 
���9�'��$��E$' -)���)���4�< � �"$'�E�M2C���- -)�(\�% -)��"�P+!��W�4��-)����'���QPA�:�;���") �6�*
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�
 � 
 ���T����$' �� -���
�"+' ����6$��\�%�!�%��W/ -)�56$���(.���� 9(\�%)��@)��	���� @��������)�+'���?,'�>�M2C4�78F!�%�6 -)������"�'������?����"7��\O_,'���



� � �������
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��	������ !����(���*)�� &��,+ �$	��-		� � �
�

(.4� -F��/,'����,'� A �"�6 ��X= S1�%�-���;�!�%��7�F!�YH����T,'� A �%�CB��iI ` A S A S bU<

<�=������L^ ]�� �"eB? \ ���

8 2n�%�@?��"�-)� -F'(.� E A ` ( $��/����� � � 
�
 � + 	 � $ 
4& 
	��� � 
�
 � b����- 1$'�f�%�@?��"�-)� -F'(.�@)� �4��8�% -)<;
,'�P(\�YL�)�(&)��8�% -)��"�b���/7��%���P,'�P�:� I/�8�%)�����(9+'�:�%��7��j,'���g,'�"�'��4����g)���7��"(&�'��0� ���� ` )�7�)
Pθ(x

n
1 ) b9)��� -����,�$')� .�!�%� �E��(&���- ���� ��� � ��� `,g�X����Qb �� 8 VK���2��,��%���>�����>(.�/,'0������\O

,'�"�'��4�����(\�%��56$!�%�� ���� ` )�7�) sn
1
bU< Dl�3���- ��%$����-)[�%�'�A����49�%�@?��"�-)� -F'(.�J,'� � �%$'(�=M�Q����78F

� � � i �b� ����,��%���G���?7��",����?,'��� F AHA < � �!�%�- -)��E,32 $'�V9-��$h)��')� -):�%��,'�T�!�%�8�%(.0� -�����
θ(0) P*7�F!�"5�$��^)� �4��8�% -)��"� m �����-(.�� _,32C�"+' ����')��D$'� ���"$'I����%$�9-��$ ,'�h�!�%�8�%(.0� -�����
θ(m) 5�$')Z�%$U?�(.���6 ��?�:�.I��8�%)�����(T+'�:�%��7�� Pθ(m)(xn

1 ) > Pθ(m−1)(xn
1 ) <

� ���J)� �4��8�% -)��"�
,'�h�M2n�%�@?��"�-)� -F'(.�m���- ;7��"���- -)� -$�4��^,32 $'���^4� 8�%��� E 5�$')G7��"�-���������"��, �%$ 7��%��7�$'�E,'�
�M2C���-�A4��8�%��7��D7��"��,�)� -)��"�'��������� Q(θ | θ(m−1)) = Eθ(m−1)

(
log Pθ(x

n
1 , sn

1 ) | xn
1

) �� 
,32 $'���J4� 8�%�A� A 5�$')=7��"���-)��- ��[O?�'���"�A������� θ(m) (\�YL/)�(&)��8�%�� Q(θ | θ(m−1)) ��� θ <
8 �V9 $��- -)<]!7��% -)��"� ,'�;�M2n�%�@?��"�-)� -F'(.�h���V; �"��,'�D��$'�?�M2C�UL��'�������-)��"� ,'�O�:�^��� ?�I/�8�%)<=

����(T+'�:�%��7��@,'���1,'�"�'��4����1)���7��"(&�'��0� ���� log Pθ(x
n
1 ) 7��"(&(.�K$'���E,�)WVA4�������7��E,32C���-�A4X=

�8�%��7����G7��"��,�)� -)��"�'������������< �G�h�>,32n�%�'��0����:�Y; �"�-(9$'���J,'� � ��W����Jp

log Pθ(x
n
1 ) = log Pθ(x

n
1 , sn

1 ) − log Pθ(s
n
1 | xn

1 ) .

�>2C��
^P*��� �'�����!�%�6 O�M2C���-�A4��8�%��7��h,'�h7�F!�"7�$'� ,'���\ ����-(.���_���"$�� Pθ′(s
n
1 | xn

1 ) P*�"�
�"+' -)����� 

log Pθ(x
n
1 ) =

∑

sn
1

log Pθ(x
n
1 , sn

1 )Pθ′(s
n
1 | xn

1 ) −
∑

sn
1

log Pθ(s
n
1 | xn

1 )Pθ′(s
n
1 | xn

1 )

= Eθ′(log Pθ(x
n
1 , sn

1 ) | xn
1 )

︸ ︷︷ ︸

Q(θ|θ′)

−Eθ′(log Pθ(s
n
1 | xn

1 ) | xn
1 )

︸ ︷︷ ︸

H(θ|θ′)

,

7��%� Eθ′(log Pθ(x
n
1 ) | xn

1 ) = log Pθ(x
n
1 ) <

S*�"(&(.�?�"�g�M2n�\,'4 9CO&4�I��/5�$�4J�M2C4� 8�%�A� E 7��"����)��- �� O&7��%��7�$'����� Q(θ | θ(m−1)) �� 
�M2C4� 8�%�A� A �'������, θ(m) = arg maxθ Q(θ | θ(m−1)) <[S*�&78F��")qLm,'� θ(m) �"���-$'���>�:�
7����")����R�%��7��J,'�@�:�?I/�8�%)�����(9+'�:�%��7��T,'����,'�"�'��4�����)���7��"(&�'��0� �����<)E��f�
V3�� SP

log Pθ(m)(xn
1 ) − log Pθ(m−1))(x

n
1 )

= Q(θ(m) | θ(m−1)) − Q(θ(m−1) | θ(m−1))

−(H(θ(m) | θ(m−1)) − H(θ(m−1) | θ(m−1)))

≥ 0 ,

�'$')���5�$�� Q(θ(m) | θ(m−1)) > Q(θ(m−1) | θ(m−1)) �!�%�*78F��")qL;,'� θ(m) �� H(θ(m) |
θ(m−1)) < H(θ(m−1) | θ(m−1)) ,32n�%�'��0����M2 )���4 ?6�%��)� �49,'� �������8���=<
8 �\7��%��7�$'�X,'� Q(θ | θ(m−1)) ���������8�.,��%���9���\7��",����aF AKA �-$'�J�M2n�%�@?��"�-)� -F'(.�
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Q(θ | θ(m−1)) = Eθ(m−1)(log Pθ(x
n
1 , sn

1 ) | xn
1 )

= Eθ(m−1)

(

log
(
a(s1)

r∏

t=1

bst(xt;x
t−1
1 )

)

+
∑

u,v

Nuv log a(u, v) +
∑

u,w,x

Nwx;u log bu(x;w)
∣
∣
∣ xn

1

)

= Eθ(m−1)(log
(
a(s1)

r∏

t=1

bst(xt;x
t−1
1 )

)
| xn

1 )

+
∑

u,v

Eθ(m−1)(Nuv | xn
1 )

︸ ︷︷ ︸

n
(m−1)
uv

log a(u, v)

+
∑

u,w,x

Eθ(m−1)(Nwx;u | xn
1 )

︸ ︷︷ ︸

n
(m−1)
wx;u

log bu(x;w) ,

��
 n
(m−1)
uv

�� n
(m−1)
wx;u

��2C�UL��'�-)�(.���6 B���W; �"��7� -)��"�D,'���*�'���"+!�%+')���)� �4���7��%��7�$'��4���� ?����"7��
O?�M2n�%�@?��"�-)� -F'(.� � 
 ��� ��� 
�+ � � � � � ��� 
 p

n(m−1)
uv =

∑

t

Pθ(m−1)(St = u, St+1 = v | xn
1 )

n(m−1)
wx;u =

∑

t

I{Xt
t−ru

= wx}Pθ(m−1)(St = u | xn
1 ) .

8 �_���"$'I��������.I��%����$'� θ(m) = arg maxθ Q(θ | θ(m−1)) ,'���9�!�%�8�%(.0� -�����T��2C�"+' -)����� 
�!�%�#$'���G(\�YL/)�(&)��8�% -)��"�_�-)�(&)��:�%)���� OJ7��������K,'���:�9I��8�%)��8��(9+'�:�%��7��E,'���X,'�"�'��4����17��"(�=
�'��0� �����56$')=7��"��,�$')� O

a(m)(u, v) =
n

(m−1)
uv

∑

v n
(m−1)
uv

` J�< gSZ b

b(m)
u (x;w) =

n
(m−1)
wx;u

∑

w n
(m−1)
wx;u

. ` J�< g � b

S*���/; �"�-(T$'���������"�� ��-)�(&)��:�%)������ O>7����������G,'�E�:�?(\�YL/)�(&)��8�% -)��"�h,'�E�:�>I��8�%)��8��(9+'�:�%��7��
�-$'�������G,'�"�'��4����K7��"(&�'��0� ����G` E	5�< J�<n].�� J�< X bB���f����(&�'�:��U��%�� @�����G7��"(&�' 8� ?����K�!�%�
����$'�;���-�A4��8�%��7��f7��"��,�)� -)��"�'����������(.���� KO xn

1
�� _�%$�L �!�%�8�%(.0� -����� θ(m−1) ` 7��h56$')

7��"�-�����-���"��,�Oh�M2C�UL��'���"�8�% -)��"� ,'�O ��"$��>�����&7�F���(&)����.7��"78F�4��&�����8�-)�+'�����?�'$')���56$��O���
7�F���(&)��f���- �)���7��"�'�6$ bU<

E��d��4��-$'(.4QPV�M2n�%�@?��"�-)� -F'(.�8E A �%�� ����-���O$'���_����7��"���- -�-$�7� -)��"� ,�$ 7�F���(&)�� 7��>=
7�F�4�?����"7�� O �M2n�%�@?��"�-)� -F'(.� � 
 ��� ��� 
�+ � � � � � ��� 
 ��I���7P$'���m(&)���� OK9-�"$'�g,'���D�!�>=
�8�%(.0� -�����P�������"� �����^4�5�$!�% -)��"��� J�< gSZ �� J�< g ��< D`�?�����-(.�� P,32C�"+' ����')��P$'���d�-$')� ��
θ(0), θ(1), . . . , θ(m), . . . �"���-$'�8�%�6 *�:�T7����")����8�%��7��K,'���:�9I��8�%)��8��(9+'�:�%��7���<!S*�� - ��K�-$')� ��
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7��"��I����C?��JI����������E(\�YL�)�(9$'( ,'�EI��8�%)��8��(9+'�:�%��7�� O.7��"��,�)� -)��"�f56$��E���J���")��� �,'�@,'4X=
�!�%�- θ(0) ��� ���")� >�-$��\�8�%(&(.���� >�'����78F�� ` I��")��T�!�%�&�UL'��(&�'��� � � � i �b� �UPN�P$!]QTUPA $'��X��:P E A �QJ � bU< i )A7��� - ��E7��"��,�)� -)��"�D�=2C���- X�!�"�1�8�% -)��C; �%)� ��QP��:�9��$')� ��K7��"��I����C?��EI������
$'�P(\�YL�)�(9$'( ����7��%� ` 4�I����� -$���������(.���6 ?I������@$'�P���")��� 9���������cbU<�E��k�'�8�% -)�56$��QP=,'��$�L
�'���"+'��0�(.���*���1�A�������6 X���"���#,'�B�M2 $' -)���)��8�% -)��"�O,'��7��� X�%�@?��"�-)� -F'(.��< 8 �B�'����(&)����*���- 	7��X=
��$')�,�$T78F��")qL?,32 $'�>7��-)� �0����X,32n�%�-� �� �< � ���#���"��$' -)��"�>�-)�(&�'���*�� [�8�%)����"�'�!�%+'���17��"���-)��- ��/O
�%�-� �� ����N�M2n�%�@?��"�-)� -F'(.� O*�M2 )� �4��8�% -)��"� M  ��������	5�$�� log Pθ(M)(xn

1 )−log Pθ(M−1)(xn
1 ) <

ε ��
 ε ���- B7�F��")���)EOT�M2n��I"�%��7���< 8 �E����7��"��,_�'���"+'��0�(.�@���� *�8�%���B,'�"$' ��K�'��$��B��4��-)���$�Lmp
7��"(&(.���� 1�R��I��")��B�-)!�:�JI"�%����$'� θ(M) �"+' �����$��E���- #�'���/7�F��K,�$;(\�YL�)�(9$'(�?����"+!�%�Yc Dl�
�=2 Wg�?�!�"��,'�E��4��������T���"��$' -)��"�KO>7��@�'���"+'��0�(.�T�� ����"�f�%(&�'����$'�K,'4�������,f�%$��8�-)3+')����
,�$_(.�/,'0����G5�$��G,'���1,'�"�'��4�����< 8 �"���856$��E7����:�T���- X�A�����-)�+'���QP�$'���K�'����(&)�0����E���"��$' -)��"�
�'�8� ?�(\�% -)�5�$��>���- G,'�?7�F��")��-)��E$'�h���")��� E,'�T,'4��!�%�- @56$��9�M2C�"�h�A�������T�!�"�� -���"�m4����")<=
?���4.,�$k(\�YL/)�(T$'( ?����"+!�%�M< � ���.�%$' -���.���"��$' -)��"�k5�$')��A��$' ��� -���.7��"(&�'��4�(.���6 8�%)����
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)��')� -):�%��)��8�% -)��"���\,�)WVA4������� ����SP��!�%�&�UL���(&�'���g�%��4��% ��")������cPV�'$')��\Oh�84�����7� -)��"�'�����;�%�'��0��
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$'���@)�,'4��9,'�E�M2n�%(&�'����$'�G,�$g�'���"+'��0�(.�@�A����4E�!�%���M2C�UL�)��- �����7��J,'�E(\�YL�)�(\�>���/7��%$�LA<
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�

S*�"(&(.�G�"�.�M2n�E,'4 9 O@4�I���5�$�4QP"�:�E���") �1��
 � �?��� 
�
 � 
 ,'��,'�����-)� �4 π(θ | xn
1 ) ���B�A��$' 

�� -���>�"+' ����6$��.�%�!�%��W/ -)�5�$���(.���6 �< 8 �O7���4?,'�?�M2C���- -)�(\�% -)��"�P+!��W�4��-)����'���&���� G�M2C4�78F!�%�:=
 -)������"�'�!� ?��.,'�&7��� - ��?���")M<�E��Q�
V3�� SP3�-)Z)��	4� 8�%)� @�����8�-)�+'���>,32C�"+' ����')��@$'�Q4�7�F!�%�6 -)������"�
)���,'4��A����,��%�6 θ(0), θ(2), . . . , θ(m), . . . ,'�T�:�.���")

�#��
 � �?��� 
�
 � 
 P��"�h�A�"$'�-�8�%)� E�%�'�'��� =
78F����T�M2C���-�A4��8�%��7��\,'���T,�)WVA4������� ��?�!�%�8�%(.0� -����� θ = (θi)i=1,...,|θ|

�!�%�T(.4� -F���,'�O,'�A �"�6 ��X= S1�%�-���

θ �
�������

i =

∫

θ

θiπ(θ | xn
1 )dθ ` J�< gi�Qb

≈
1

M

M∑

m=1

θ
(k)
i , ` J�< g�] b

�� h�'��$�� ?�4���4��8�%����(.���6 m�=2 )�(&�A�"�- ��j5�$��������P)��� �4 ?��8�%��� ,'�Q�:� ; �"�-(.� ∫
θ
f(θ)π(θ |

xn
1 )dθ < Dl�X�=2C���- &���d��4��%��)� �4_�!�"�?�����8�-)�+'���_,32C�"+' ����')��.�	�\7��"7���(.���6 .$'�d ����B4�7�F!�%�:=
 -)������"� )���,'4��A����,��%�6 �<�S*���A����,��%�6 SP*�����O(.4� -F���,'���_,'� A �"�� ��X= S1�%�-���d�!�%�O78F!�YH������
,'� A �%�CB���I5` A S A S bT�A���-(.�� - ����6 O,'� ?�4���4������\$'� 4�7�F!�%�� -)������"� ,'�_��4��%��)��R�% -)��"���
���"� )���,'4�������,��%�� ����>,'�\�:�g���")X,32 )��6 �4�� �� &7��"(&(.�O,'���9��4��%��)��R�% -)��"���?,'�\�:�D���")1�- 8�>=
 -)��"�'�!�%)����@,32 $'���E7�F!�YH����@,'� A �%�CB���IA< 8 2n�%�'�'����L�)�(\�% -)��"�KJ�< g�]T����$' ��%���"���1 ��"$ 9-�"$'���
�� -���D$' -)���)��84���< �G� ,�)��- -)��U?�$��f7��:�"���-)�5�$���(.���6 ;,'��$�L�?��8�%��,'�\ `W/�����.,32n�%�@?��"�-)� -F'(.���A S A S p��M2n�%�@?��"�-)� -F'(.�J,'� A �� -���"�A�"��)��I= FE�"�- -)��U?��B�� 1�M2n�%�@?��"�-)� -F'(.�J,'���K)�+'+��[` I��")��
�!�%���UL'��(&�'����� FE�"�R� �:P����@]	� P��1)���X	� P/� V�� i X��UPTV��"+ X����=�A�"$'�B$'���E�'��4������� 8�% -)��"�
,'4� 8�%)�����4��T,'�@7����B(.4� -F���,'���XbU<
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�@�%���f���j7��"�h,'���h(.��,'0�������O ,'�"�'��4����^)���7��"(&�'��0� ����SPG�M2 )�,'4�� ���������6 -)�������� ���- 
,32C4�7�F!�%�6 -)������"�'�����1���"�\�8��$'����(.���6 #�����#�!�%�8�%(.0� -����� θ (\�%)��X�%$����-)������	,'�"�'��4����X(\�%�:=
56$!�%�� ����H` )�7�)G����� sn

1
bU<��G� 7�F�����7�F��P�%���"��� OP7��"���- -�-$')����h$'���f78F!�YH����h,'� A �%�CB��iI

,'�"�6 ?�:�D���")X�� 8�% -)��"�'�!�%)����;���- ?,'�\,'�����-)� �4 π(θ, sn
1 | xn

1 ) ,'�"�6 π(θ | xn
1 ) ���� 9$'���

(\�%�C?�)��!�%����< � �"$'��7����:�:P/�"�;$' -)���)����K$'�D�%�@?��"�-)� -F'(.�K)� �4��8�% -)<; <�SXF!�"5�$��G)� �4��8�% -)��"�_(.�� 
O 9-�"$'�B�-$�7�7������-)�I���(.���� B�����B7��"(&�����R�%�6 ���� θ �� sn

1
P/���_�����1 -)��8�%�� 
` M OT�:� �K)�+'+�� NUb

�������"�D����$'�����")[7��"��,�)� -)��"�'����������<8 2 )� �4��8�% -)��"� m ,'�E�M2n�%�@?��"�-)� -F'(.�?���@,'4�7��-)� G�%���"���
� � � � \ ��� (&)����[OR9-�"$'��,'� θ ���D -)��8�%�� θ(m) ∼ θ | s

n (m−1)
1 , xn

1
P

� � � � \�� � (&)����[OR9-�"$'��,'� sn
1
���g -)��8�%�� s

n (m)
1 ∼ sn

1 | θ(m), xn
1
<8 �T���")=,'� θ | sn

1 , xn
1
���E,'4�7��"(&�A�����@���D���")��B,'� �K)��-)�7�F'���� �)���,'4��A����,��%�6 ��������"$'�1�����

,�)WVA4������� �� 9-��$�LQ,'�\�!�%�8�%(.0� -����� a(u, •) �� bu(•;w) ` 7X; <N���- -)�(\�% -)��"�d+!��W�4��-)����'���
�-$'�J�����?,'�"�'��4����T7��"(&�'��0� ���� bU<�S*���J�!�%�8�%(.0� -�����>���"�� T,'�"��7;(&)�� OG9 �"$'�J)���,'4��A���:=
,��%(&(.���6 #���"���X,'�B�M2C4� 8�%�A��g����.�����# -)��8�%�6 *�������"�.�����	���")��X,'� �K)��-)�7�F'���� *,'�"�'��4����#�!�%�
�����G4�5�$!�% -)��"���[J�< gST\�� J�< g ��< 8 �\�'����7�4�,�$'���>,'�T -)��8� ?��T,�$P7�F���(&)��P7��"78F�4?�8�����"�h�:�
���") sn

1 | θ(m), xn
1
O?�M2C4� 8�%�A�
J>���- SP'5�$!�%�6 O>�������QP!,'4�7��-)� ��J,��%�����:�>����7� -)��"�HJ�<LJ�<8 2C4�7�F!�%�� -)������"� (θ(0), s(0)), (θ(1), s(1)), . . . , (θ(m), s(m)), . . . ?�4���4���4K�!�%�X�M2n�%�@?�� =

�-)� -F'(.� A S A S Po���- �$'���T�-$')� ��9,'�9��4��%��)��8�% -)��"���K���"�f)���,'4��A����,��%�6 ����@,'�J�:�.���")N,'�
,'�����-)� �4 π(θ, sn

1 | xn
1 ) <�E��.�
VA�� SP"�:�K78F!�YH�����,'� A �%�CB��iI?7��"���� -�-$')� ����",�(.�� π(θ, sn

1 |
xn

1 ) 7��"(&(.�@���")3)���I"�%�-):�%�� ��J�'$')���5�$��J78F!�"56$��J4� 8�%�A�E�'��4������-I��@�!�%�G7��"���- -�-$�7� -)��"�g�:�
���")[,32 )��6 �4�� �� π(θ, xn

1 | sn
1 ) < �G�fI�4��-)<]!�T�!�%�G�UL'��(&�'���95�$��J�-) (θ, sn

1 ) ���- G,�)��- -�-)�+'$�4
�������"�P�:�_,'�����-)� �4 π(θ, sn

1 | xn
1 ) P=�%���"���@���&7��"$'�'��� θ, s̃n

1
7��"�6 ����!�%�� T���>���"$'I����%$ s̃n

1?�4���4���4
O>�M2C4� 8�%�A� � �������"�f�:�&,'�����-)� �4 π(s̃n
1 | θ, xn

1 ) �8���8�?��$')N�%$����-)[,�)��� -�-)�+'$�4J�������"�
�:�>,'�����-)� �4 π(θ, s̃n

1 | xn
1 ) p

∫

sn
1

π(s̃n
1 | θ, xn

1 )π(θ, sn
1 | xn

1 )dsn
1 = π(s̃n

1 | xn
1 , θ)π(θ | xn

1 )

= π(s̃n
1 , θ | xn

1 ) .

�K���'��$��SP�7��� - ������")!)��6I��%�-):�%�6 ��K���- 	$'�')�5�$����� 	�:�97�F!�YH�����,'� A �%�CB��iI.7��"�6I����C?��G���"$'�
` �'������56$����cb	 ��"$' 1���")��� �,'�G,'4��!�%�- BI������B7��G��4 ?�)�(.�@�- 8�% -)��"�'�!�%)�����< 8 �?7��"��,�)� -)��"�g,'�
7��"�6I����C?�����7��O���- 95�$��>�:�g7�F!�YH����;,'� A �%�CB���IP7��"���- -�-$')� ��.�A���-(.�� - ��\,'�.�!�"�������9,'�
�=2 )�(&���"�- ��@5�$����3���")��� �,'�K�M2C���-�!�"7��
O?�=2 )�(&�A�"�- ��@56$����[�%$' -���E�A�")��6 G���D$'�D���"(9+'���
]��')N,32 )� �4��8�% -)��"���\` )�7�)Z$'���9����$'���?7��%� π(θ | sn

1 , xn
1 ) > 0 �� π(sn

1 | θ, xn
1 ) > 0 bU< 8 �

(.4� -F���,'�T,32C4�7�F!�%�6 -)������"�'�!� ?��&���� ����_;M�%)� � -��0�� ?�4���4��8�%���?�� � -��0����8�"$'�'����<�E������9����$' 
���D,'4�7���)������;��� ,'�_���"(T+'����$�L �%�@?��"�-)� -F'(.��� A S A S ���"$'�\$'� (	��(.�g�'���"+'��0�(.�
���"$'�-I/$.56$���7�F!�"5�$��B)� �4��8�% -)��"�;7��"�������-I����:�E���")��- 8�% -)��"�'�!�%)������� X56$=2 $'�.���"(T+'��� ]��')
,32 )� �4��8�% -)��"���>�����-(.�� - ��O,32n�% - ���)���,����_�=2 )�(&���"�- ��_5�$����X�A�")��6 >,'�;�M2C���-�!�"7��_OD�!�%�- -)��
,'�E�=2 )�(&���"�- ��T56$����[�%$' -����<
D`�V��2n� ?�)� @7����A����,��%�6 J,'�?�'���"�'�-)�4� �4��@ -F�4��"�-)�5�$�����</E��������@�=2C�UL'7���$����6 @�!�"�E56$��?�:�

7��"�6I����C?�����7��h���D�'$')������ �� -���f�"+' ����6$��^56$=2n�%�'��0��\$'�  ���(&���. -��0��\���"�U?k�� .(	��(.�
MQ)��:]��')
N ,32 $'�e�A�")��6 g,'�^I�$��^�'�8�% -)�5�$���< �G�" 8�%(&(.���� SPB)��E�=2C���- _�!�"�_�8�%���m56$��
� � #�� + ���
	 0-$���$ ����# 6 1 � . # +;= #(�96(# ! 0 	 � �9��� 1 � $ � $ � � �� 1 � $*+ ���
	 �  ������ � '<0 � � �
�
	 + #(� $ 0@�

6 1 � . # +;= #(�96(# ! 1 	 + $;1 	 $ ! 1	' � $ ��#F� �(! ��+*$ # $ �8. '-$ #��
�*# = � 1  � $*+;'23 	9#��



��� �������
	����������� � ������� ������������� ����� � ���"!$#%��� & �$�"�
��	������ !����(���*)�� &��,+ �$	��-		� � �
�

�M2n�%�@?��"�-)� -F'(.�^����(9+'���^��I��")��O7��"�6I����C?�4h(\�%)��.�=2C4�7�F!�%�� -)������"�'���m56$=2 $'� (.�/,'�g���/7��%�
,'�D�:�P���") �0�*
 � �?��� 
�
 � 
 < 8 �P7��"��I����C?�����7��f�8�%�')�,'�gI������.�:�m+A�"�'���_���")�,'4��A����, ,�$
78F��")qLD,�$D�A�")��6 G,'�@,'4��!�%�- �(\�%)����%$����-)3,'�E�M2n�%(&�'����$'�K,'���B�8�%$' ���5�$��E�M2n�%�@?��"�-)� -F'(.�A S A Sd�����-(.�� *,'�B��4��%��)������#���"���X,'���	(&)������ O 9 �"$'���i<�SK2C���- #�A�"$'��5�$��")!�"�;�E�'��4X; 4���4
)�7�)V�M2n�%�@?��"�-)� -F'(.�.,'4� 8�%)�����4&7�)<=`,'������$�� O;$'�Q�%�@?��"�-)� -F'(.�&5�$�����56$��?�A��$m,�)WV34������6 J5�$')
7��"���-)��� �� O9(.�� - -��� O/9-�"$'� st

�A���-)� -)��"�O�!�%�X�A���-)� -)��"� ` I��")��X�!�%�1�UL���(&�'��� �WV�S��9XQT � b
�������"� �:�P���")�7��"��,�)� -)��"�'��������� st | st

1, s
n
t+1, θ, xn

1
<XS*���.(&)������WOW9-�"$'�\���"�6 \(.�")����

7����' ���$������E5�$��J�:�;�-)�(9$'�:�% -)��"�P,'� sn
1
�������"� sn

1 | θ, xn
1
(\�%)��E���"�� E�%$��8�-)[+A���%$�7��"$'�

�'��$��G7��"�������-I"�% -�-)�7����i< � �"$'�K7����- 8�%)������E�%��7�F')� ���7� -$'�����E,'�@(.�/,'0������SP!7��� K�%�@?��"�-)� -F'(.�A S A S ���D�����-(.�� \ ��"$' ;�-)�(&�'����(.���� \�!�"�\,32n�% - ���)���,����f ��"$' \�M2C���-�!�"7��KOm�!�%�- -)��
,32 $'�f�8��$'�3���")��� �,'�J,'4��!�%�- �<8 ���J)� �4��8�% -)��"��� 1, . . . ,m0

���.���"�� [?�4���4��8�%����(.���6 ?�!�"�@�'�-)������J���j7��"(&�' ��.7��%�
���������E���"�� K���"$'I����� G -��0��K,'4��A����,��%�6 ����@,�$^���")��� K,'�?,'4��!�%�- K�� G���T7��"�-���������"��,'���� 
,'�"��7G�!�"�*�%$_7��"(&�A�"�- ���(.���6 B�- 8�% -)��"�'�!�%)����E,'���:�T7�F!�YH����K,'� A �%�CB���IA< 8 �G78F��")qL;,'�
m0

�� M ,'��I��8�%)� K�����A�������G�-$'�G$'�^7��"�� -�GF"���T,'�T�:�.7��"��I����C?�����7���<������9)����-�A��7� -)��"�
I/)��-$��������.,'�>�M2C4�I��"��$' -)��"� ,'���J56$!�%�� -)� �4��94�78F!�%�6 -)������"�'��4����.�%$Q7��"$'���9,'���J)� �4��8�% -)��"���
�A���-(.�� ����"$'I����6 �$'�>�'����(&)������')�I����%$.,'�17��"�6 -���"����< �E�������"��$' -)��"���V ���78F'�')�56$������A�"$'�
7��"�� -���"�����#�:�K7��"�6I����C?�����7��G�UL/)��- ����� #�%$����-)�(\�%)��	���������V���B�������"�� ��!�"�#�%+A�"��,'4����	,��%���
7��� - ��@ -F�0��8�a` I��")����!�%���UL'��(&�'�����WV��"+ XQZUP�� V�� i X��:P � ����X�]:P VG�"+ X�]:P A SBS�X�] � bU<

�b�!�%�- -)��1,'�K�M2C4�78F!�%�6 -)������"� ?�4���4���4K�M2C���- -)�(\�% ���$'�B+!��W�4��-)����_����$' �� -���E�%�'�'����78F�4
�!�%�

a �
�������

(u, v) ≈
1

M

m0+M∑

m=m0+1

a(m)(u, v)

b �
�������

u (x;w) ≈
1

M

m0+M∑

m=m0+1

b(m)
u (x;w).

�G� ����$' &�%$����-)*7��%��7�$'�����SPZ�!�%�?�UL'��(&�'���QP[�:�f�'���"+!�%+')���)� �4D5�$��.�M2C4� 8�% >7��"7�F�4 u ���")� 
�"���8��7�)�4aOD$'���.�A���-)� -)��"� t ,'�.�:�D��4�5�$�����7��\���k�'�����!�%�6 >���k7��"(&�' ��\�M2 )���7����- -)� -$�,'�
�-$'�B�M2C���� -)�(\�% -)��"�h,'���B�!�%�8�%(.0� -�����?p

P (St = u | xn
1 ) =

∫

θ,sn
1

I{st = u}π(θ, sn
1 | xn

1 ) dθ dsn
1

≈
1

M

m0+M∑

m=m0+1

I{s
(m)
t = u} ,

�"$ ?��	�"7�� OQ$'���P�%�'�'����L�)�(\�% -)��"�e�'��$��O�'��4�7�)����m,�)� �� M VG�"� = � �:�"7 B �*������)��8�% -)��"�(N
� � i X�� P 8 � *X	� �#p

P (St = u | xn
1 ) ≈

1

M

m0+M∑

i=m0+1

P (St = u | θ(m), xn
1 ) .

� �"$'�B���a]��')��*(.�"(.���6 8�%��4�(.���� G��I���7K����� A S A S P����" ��"���*5�$����A�"$'�17����- 8�%)����
�'���"+'��0�(.���Z)������- [)�(&�A�����-)�+'���X,'�#�-)�(T$'�����N$'���*,'���N7��"(&�A���8�%�� ����Z,�)�����7� ���(.���� 	�������"�



��� ��� � � �
	=��� + ! ����� + ����� � � �

�8�&���")Z7��"��,�)� -)��"�'����������(.���6 O\ ��"$' ����������@�%$' -�����K7��"(&�����R�%�6 �����< �E����(&)��8��� O 9 �"$'�
,�)� ���� M O9�:� A �� -���"���"��)��C= FK�"�- -)��U?�� N P ; �"��,'4����1�-$'�*$'���G�'���/7�4�,�$'���E,32n�"7�7����' 8�% -)��"�:=
��� 9 �� SPN����$'I����� 	�� -���\$' -)���)��84���� ` I��")��?�!� ?��g���QbU<��>2 $'�j�A�")��6 &,'�OI/$��a?�4���4��8�%� PZ�����
(.4� -F���,'��� A S A SV9-�"$����6 N�%$ 9-�"$'��,32 F6$')/$'�[?��8�%��,J���"���#,��%���=�M2C�������"�N,'���[�%�'�'����78F����
+!��W�4��-)����'������< 8 �@,'4�I������"�'����(.���� G,'�E7����B(.4� -F��/,'�������"$'I����� � -��0��B7��%��7�$'�:�% ��")������G�
4� �4 ; ��I��"�-)���4@�!�%���:�>,�)��-�A�"�')�+')���)� �49,32C�"��,�)��!�% ���$'���K,'�E�'��$������D�'��$����'$')����8�%�� ���<
�h\�� �T]�� b \ a a�b ] �	� \ a � �
� � � � ^ � �c\ a�� �T] �������]�\ a*a"bc] � \`a �P^ � ��� \`a � �c_�^����
� ��� ��\ a  8 2C���- -)�(\�% -)��"�?+!��W�4���)����'���X�!�%�N(.4� -F���,'��� A S A Sm��4����"$' N�!�%�- -)���������(.���� 
���B�'���"+'��0�(.��,'��7��"��I����C?�����7���I������X,'���	(\�YL�)�(\�E���/7��%$�L&,'���M2n�%�@?��"�-)� -F'(.��� A <�S*�X=
������,��%�� 	)��'���B��2n� ?�)� ��!�"�	,32 $'�;��I"�%�� 8� ?�����4���������(.���� #��)�4 OK�M2n�%�'�'���/7�F��B+!��W�4��-)����'����<
���P�
VA�� SPo�����K(.4� -F���,'��� A S A Sa�A��$'I����6 J�%$����-)V��2n�%�'�'��)�5�$����J�%$m7��",����>,'�?�M2C���- -)<=
(\�% -)��"� �!�%�O(\�YL�)�(9$'( ,'�fI/�8�%)�����(T+'�:�%��7�� ` I��")��O�!�%�_�UL'��(&�'��� � A $'��X���� bU< �����
�%$' -���f���"��$' -)��"� ���- ;,32 )��� -����,�$')����^,�$�MP+'�-$')� N ,��%���;�����.�'����(&)�0������_4� 8�%�A���\,'�
�M2n�%�@?��"�-)� -F'(.��� A ` I��")����!�%���UL'��(&�'������ � A + X	� � bU<

S*�"(&(.�D�A�"$'�?�M2C���� -)�(\�% -)��"� �-$'�>�����.,'�"�'��4����.7��"(&�'��0� ����cP��M2 )��6 �4�� �� .�'�8�% -)�5�$��
,'�\�M2n�%�'�'���/7�F��O+!��W�4���)����'���_��4��-)�,'�\�'��$' ��" &,��%���?��� MD+A�"��Nk7��"(&�A�"�- ���(.���6 .,'���
���- -)�(\�% ���$'���E�"+' ����6$��K���"����5�$��9���9���"(9+'���>,32C�"+������-I��% -)��"���K,�)������"�')�+'�����K�A�"$'���M2C���I=
 -)�(\�% -)��"�m���� G�����:�% -)�I���(.���� ; �%)�+'����< �>2 $'�^�A�")��6 E,'�TI�$��T�'��$�� ?�4���4��8�%� Po�M2C4� -$�,'�>,'�
�:�g���")������ � ����� 
 � � 
 �����-(.�� >,'�O56$!�%�� -)<]!���.�� ?,'�; ����')��?7��"(&�' ��_,'�;�M2 )���7����- -)� -$�,'�
�UL/)��- 8�%�� ��X��$'�N�M2C���- -)�(\�% -)��"�&,'���Z�!�%�8�%(.0� -������< 8 2 )��� �4�� �� 	���?���- Z+')����>� �'�N�'��$�� ?��8�%��,
���"����56$��1��� 9-��$.,'�B,'�"�'��4����#���� ����� -)� ��'$')���5�$��1�M2 )���7����- -)� -$�,'������ #�%���"�����'��$��"?��8�%��,'��<
S*��������,��%�� SP����G�A���- I=M -�8�%)� ���(.���6 �,'���*)��:; �"�-(\�% -)��"���/?�4���4���4����X�!�%�*�����B�%�@?��"�-)� -F'(.���A S A Sd�A��$' *�i2n��I�4������1���"$'��,3< i )o�M2C�"+:9-��7� -)<;N���- X$'�')�56$���(.���� �,32 )��6 -���/,�$')����@,'���M2 )��:=
; �"�-(\�% -)��"����� � 
 � � 
 ,��%���Z�M2C���- -)�(\�% -)��"�&�A�"$'���%(.4���)��"�����	���"�?7��"(&�A�"�- ���(.���6 	��$'�N$'�
9 ��$>,'�1,'�"�'��4����	,'�* 8�%)������1��4�,�$')� ��QP"��� A � � �A��$' �� -���B�"+' ����6$\��I���71$'���X�'���/7�4�,�$'���
�%�!�%��� ?�$��
O>�M2n�%�@?��"�-)� -F'(.��� A ` I��")����!�%�G�UL���(&�'����� � 8 X	� � bU<

.%/� !#"(<=2(@	��=6$E 8?2547698%$(<=2

8 ���1�%�@?��"�-)� -F'(.���*,'�K7�F��")qL\,�$O���"(9+'���K,32C4� 8�% ��SP/,'���# -�8�%����)� -)��"���1�%$' ��"�-)��84����X�� 
,'���J���")��?,32C4�(&)����-)��"�j,'���?�"+������-I��% -)��"���T,32 $'� F AHA ������0�I����6 >,�$j,'�"(\�%)����O,'�.�:�
��4�����7� -)��"�^,'�9(.��,'0�����< 8 ���G�'���"+'��0�(.���E,'�T78F��")qLh,'�J(.�/,'0������G�8�"�6 E7��:�"���-)�5�$���(.���6 
,�)��- -)��U?�$�4��	,'��7���$�L>�����84��V�!�%�	�M2C���- -)�(\�% -)��"�\,'�����!�%�8�%(.0� -�����*,��%��������5�$������M2C���-�!�"7��
,'���B�!�%�8�%(.0� -���������- ]'L�4��\` ���g�!�%�- -)�7�$'��)����G���E���"(9+'���T,'�@�!�%�8�%(.0� -����� bU<

S*�� - �������7� -)��"�O,'4�+'$' ����!�%�X$'�����'��4������� 8�% -)��"�;)��:; �"�-(.�������G,'��56$�����5�$����*�"������7� ��
,'�.�:�g�84�����7� -)��"�d,'�\(.��,'0����O,'�"�6 ?�M2C�"+:9-��7� -)<;G���- 9�'�-)���7�)��!�%����(.���� .,'�.�A���-)� -)��"�'�����
�M2n�%�'�'����78F��_+!��W�4��-)����'���_�'��4������� �4��g,��%���>�:�h����7� -)��"� J�<LZ�<LJ�< 8 �m����7� -)��"� J�<LZ�<LT^�UL =
�'��)�56$��������'�-)���7�)��A�G,'���X(.4� -F���,'���'& �)(���� � 
 � �
� ���+* � A S A S 56$')��������"�6 *$' -)���)���4����
,��%���*7��� - ��G -F�0����G���"$'�*�:�9(&)����G�����E$'I/���G,'�K7��� - ��K�%�'�'���/7�F��E+!��W�4��-)����'����<,���:]��^P
�:�h�8��7� -)��"� J�<LZ�< �P�'��4������6 ��D�M2 $' -)���)��R�% -)��"� ,'���-& �)(���� � 
 � �
� ���+* � A S A S ���"$'�>���
7�F��")qL;,�$O���"(9+'���@,32C4� 8�% ��17��"7�F�4��B�� *�M2C�"��,����G(\�%�CB���I/)����g,32C4�(&)����-)��"�_,'���*�"+��8���-I"�>=
 -)��"����,��%����$'� F AKA <



� � �������
	����������� � ������� ������������� ����� � ���"!$#%��� & �$�"�
��	������ !����(���*)�� &��,+ �$	��-		� � �
�

��������� �
	�� �� U ����� �������������	���	�����! �"	 �#��U��%$&��	'�(�)����"	

*N\ �P] � �c_�� � \ �P\ � �T]�_��
� ^ � � \
8,+.-�/1032547698;:
-7<=6>+@?;:56A<B258C/ADFE3-7<=GHD#-7I56A<=J;:B?C/A-7<K<B?;?;<5EL8C/A<5696A<5GH<5E�8M-N+!EN?)6A<K2;ONDF/1P

-RQ 47ES25JC/98;I5J;<H-RQT:5UV+!694�+!8C/ADFEW-7<B?X-�/ V :5J;<5E�8;?YGHDL-7I56A<B?[Z%\M<]2;ONDF/1P^-7DF/98X_7/A<5ES? � J.-7: =
` <5EN-�J;<H-7<]6"Qa+ `7` 69/A2b+!8C/ADFE�<5E�U#/A?c+ ? :B< ` DF47JX6A<dGHD#-7I56A<H2;ONDF/A?C/"Z � ESJ;<5G3+!J;eL4N< O 2B<
` J;D ` DV?feL4N<g6ADFJ;?h-7<g6>+S2BDFEN?;8CJC4N258C/ADFE M O 6>+^G3+!/9E N -RQ 47E F AHA P 47EN< ` +!JC8C/A<
-�4i2cONDF/1Pi-�4iGHD#-7I56A<X<B?C8j-�/A258;:B< ` +!J
6"Q 478C/969/A?c+!8C/ADFEke�4N<X6"QTDFEi2BDFG ` 8;<Y<5E ; +!/9J;<VZ D 25/ P
6A< ` J;DF_76AI5GH<h-�4�2;ONDF/1Pl-RQ 47E�GHD#-7I56A<3UV+ � 8CJ;<h+!_�DFJ;-7:h?;DF4N?m47E�+!E ? 6A<f8;<B2;O7E7/AeL4N<
eL47/K2BDFEN?C/A?C8;< O 2;ON<5J;2;ON<5J Pn` DF47Jd47E 9 <54'-RQTDF_N?;<5JCUV+!8C/ADFEN? D P 6A< M _�DFE�GHD#-7I56A< N
i ∈ M

D 
 M
<B?C8Y47E�<5EN?;<5GY_76A< ] E7/=-7<HGHD#-7I56A<B? ` 8;DF4N?d2B<5EN?;:B? � 8CJ;< ` DF8;<5E�8C/A<56 =

6A<5GH<5EL8Y+F-N+ ` 8;:B? O 6"Q 478C/969/A?c+!8C/ADFES<5ELUL/A?c+ ? :B< b -7DFEL8@6A<B? ` +!Jc+!GHI58CJ;<B?.?;DFEL8 O UV+!6A<547J;?
-N+!EN?

Θi
Z � EN< ; DF/A?.6A< ` J;DF_76AI5GH< ` DV?;:]<5ES2B<B?.8;<5JCGH<B? P 6>+oe�4N<B?C8C/ADFEl-�4W2;ONDF/1PS-�4

25JC/98;I5J;<jJ;<B?C8;< ` J;<B?;eL4N<
<5E�8C/AI5J;<VZ 8%+ ` JC/9EN25/ ` +!6A<p?;DF47J;2B<
-7<p-�/1032547698;:B?nJ;:B?C/A-7<p-N+!EN?n6>+
UqDF6ADFEL8;:H-7<d2BDFG ` +!J;<5JX-7<B?rGHDL-7I56A<B?.eL47/ ` <5JCGH<58C8;<5E�8m-7<s-7:B25JC/9J;<d47EN< M J;:b+!69/98;: N
` 694N?)DF4]GHDF/9EN?)2BDFG ` 6A<tP7<
+!4]8CJc+BUq<5J;?n-7< ` +!Jc+!GHI58CJ;<B?n-7DFEL8n6A<MENDFGY_7J;<
-�/ V I5J;<=-RQ 47E
GHD#-7I56A< O 6"Qa+!478CJ;<VZ8%< ` JC/9EN25/ ` <feL47/ ? 47/A-7<H8;DF478;<h?;:56A<B258C/ADFE�-7<HGHD#-7I56A<HJc+!/A?;DFE7E�+!_76A<h<B?C8YeL4�Q 47EN<
_uDFE7EN<g-7<B?;25JC/ ` 8C/ADFE ` M _uDFE'GHDL-7I56A< NUb -7<o6>+vJ;:b+!69/98;:g<B?;8]47EN<g-7<B?;25JC/ ` 8C/ADFE O 6>+
; DF/A? ] -7I56A<f<58m?C/9G ` 6A<VZ)\M< Mg` JC/9EN25/ ` <h-7< ` +!J;25/9GHDFE7/A< Nk` JC/9U#/96A: ? /A<o+!4�PW-7<B?;25JC/ `:=
8C/ADFEN?)?C/9G ` 6A<B?�?C47Jw6A<B?�-7<B?;25JC/ ` 8C/ADFEN?)2BDFG ` 6A<tP7<B?bZ i +!EN?n+BUqDF/9J�_�<B?cDF/9Es-RQ /9ELUqDLeL4N<5Jn-7<B?
2BDFEN?C/A-7:5Jc+!8C/ADFEN?3<B?C8CON:58C/Ae�4N<B?]DF4�: ` /A?C8;:5GHDF6AD ? /AeL4N<B? P /96=<B?C8]-RQ 47EN< ? Jc+!EN-7<h/9G ` DFJ =
8c+!EN2B< ` Jc+!8C/AeL4N<X2b+!JK6>+d2BDFG ` 6A<tP�/98;:./9E�478C/96A<Y-RQ 47ExGHDL-7I56A<rEL47/98 O 6>+ ` <5JC8C/9EN<5EN2B<Y-7<
?;DFEh478C/969/A?c+!8C/ADFE�Z � Eo< V <58 P 47EhGHDL-7I56A<@8CJ;D ` 2BDFG ` 6A<tP�< ` <5478 � 8CJ;<r+ 9 4N?;8;:j8CJ;D `h` J;: =
25/A?;:5GH<5EL8@+!4�Px-7DFE7EN:B<B?@DF_N?;<5JCUq:B<B? P 6A<XGHDL-7I56A<Y+!/9EN?;/,+ 9 4N?;8;:X-7:B25JC/98@+!6ADFJ;?p-RQa+!478CJ;<B?
DF_N?;<5JCUV+!8C/ADFEN?
GHDF/9EN?j_7/A<5EieL4�Q 47E M _�DFEgGHD#-7I56A< N Z � Ex6>+!E ? + ? < ` 694N?
?C8c+!8C/A?C8C/AeL4N< P
6>+3UF+!JC/>+!EN2B<s-7<B?r<B?C8C/9G3+!8;<547J;?r-7<B? ` +!Jc+!GHI58CJ;<B?.<B?;8 ` 694N?r:56A<5Uq:B<meL4N<s2B<5696A<m-7<B? ` + =
Jc+!GHI58CJ;<B?y-RQ 47EzGHDL-7I56A< ` 694N?x?C/9G ` 6A<|{K6"QT<B?;8C/9G3+!8C/ADFE}-7<B? ` +!Jc+!GHI58CJ;<B?v<B?C8g8CJ;D `
-7: ` <5EN-N+!E�8;<m-RQ 47E 9 <54x-RQTDF_N?c<5JCUF+!8C/ADFEN? ` +!JC8C/A254769/A<5JbZ

~ b \ ��� b \ a � � �P]'^�_'ec\`a � ^ b ] � �[a � � \`_ � � ^�� �P\ � ^ � � � \
* � � ��� � � � � � ^ � _�]�^�� a �`\ \�� � \ _�]�� � �`]'\|�3��
� 8�<h25JC/98;I5J;<f-7<f?;:56A<B258C/ADFE ` <5478
?;< ; DFEN-7<5JY-�/9J;<B258;<5GH<5EL8s?;47J.6>+ ` <5J ; DFJCG3+!EN2B<3-�4WGHDL-7I56A<3+!4WJ;< ? +!J;-W-7<]6>+o8 � 2cON<
` DF47J=6>+Fe�4N<5696A<rDFEo?;DF47O�+!/98;<@6"Q 478C/969/A?;<5JbZU8%+m?;:56A<B258C/ADFEg-7<pGHD#-7I56A<r<B?C8K+!6ADFJ;? M ?C4 ` <5J =
U#/A?;:B< N {R?;DFESDF_ 9 <B258C/ ; <B?C8X-7: ] E7/�2BDFG]GH<]6>+gJ;< ` J;DL-�4N258C/ADFE�-7<dJ;:B?C47698c+!8;?Y2BDFE7EL4N?
?C47J347E 9 <54�-7<i-7DFE7EN:B<B?3-RQa+ `7` J;<5E�8C/A?c?c+ ? <VZ D 6
<B?C8H-N+!EN?f2B<x2b+F?3+F?;?;< � ?C/9G ` 6A<x-7<
2BDFEN?C8CJC47/9J;<H47ES25JC/98;I5J;<]-RQT:5UF+!694�+!8C/ADFE P G3+!/A?r/96n<B?C8Y+!4N?;?C/)25JC4N25/>+!6n-RQ 478C/969/A?;<5JX47E 9 <54
-7<r-7DFE7EN:B<B?
-RQT:5UV+!694�+!8C/ADFEx-�/A?C8C/9EN258
-7<r2B<56947/R-�4 9 <54g-7<r-7DFE7EN:B<B?
-RQa+ `7` J;<5E�8C/A?;?�+ ? <VZ
� E3GHD#-7I56A<
8CJ;D ` 2BDFG ` 6A<tP�<r+!47Jc+ P <5Eh< V <58 P 8;<5EN-N+!EN2B< O � 8CJ;<j?;47J = + 9 4N?C8;:@+!4�P3-7DFE =
EN:B<B?H-RQa+ `7` J;<5EL8C/A?;?c+ ? < ` M�O 6A<B?f+ `7` J;<5EN-�J;< ` +!JH2 � 47J NUb Z�\M<58C8;< ` J;D#2B:B-�47J;<x<B?C8
?;DF47Uq<5EL8Ke�4�+!69/ ] :B<r-7<pUF+!69/A-N+!8C/ADFEx25J;DF/A?;:B< `�� � � � � ( � � 
�� � � 
 �b� b Z � Eh-7<@?c<B?�/9EN2BDFELUq: =
E7/A<5EL8;?p<B?C8
-7<Y-�/9G]/9E�4N<5J@6>+de�4�+!EL8C/98;:Y-7<X-7DFE7EN:B<B?@< V <B258C/9Uq<5GH<5EL8p-�/A? ` DFE7/9_76A< ` DF47J
6"QT<B?C8C/9G3+!8C/ADFEd-7<B? ` +!Jc+!GHI58CJ;<B? ` 47/A?ce�4N<�-7<B?,-7DFE7EN:B<B?w-7DF/9Uq<5E�8 � 8CJ;<�2BDFEN?c<5JCUq:B<B? ` DF47J



��� ��� � � �
	=��� + ! ����� + ����� � ���

6"QT:5UF+!694�+!8C/ADFE�Z � EN< ` J;DL2B:B-�47J;<j256>+F?;?C/AeL4N< P G3+!/A?�2BD � 8;<54N?;<K<5EH2b+!6A25476 PV` DF47J�2BDFEL8;DF47J =
EN<5J�2B<58�/9EN2BDFELUq:5E7/A<5E�8
2BDFEN?C/A?C8;< O J;:b+!69/A?;<5JM-7<
ENDFGY_7J;<54N?c<B?�UV+!69/A-N+!8C/ADFEN?�25J;DF/A?c:B<B?�<5E
EN<i2BDFEN?;<5JCUV+!E�8 O 2cO�+Fe�4N< ; DF/A?heL4�Q 47E ` <58C/98 9 <54(-7<y-7DFE7EN:B<B? ` DF47J36"QT:5UV+!694�+!8C/ADFE
` :5Uq<5E�8C4N<5696A<5GH<5E�8r47EN<.?;<5476A< b Z

� +!EN?i2B<58C8;<S8CONIB?c<S6A< ` J;DF_76AI5GH<�-�4&2cONDF/1P&+!478;DFG3+!8C/Ae�4N<�-RQ 47E}GHD#-7I56A<S<B?C8
+!_�DFJ;-7:m?;DF4N?j6"Qa+!E ? 6A<s-RQ 47EN<Y?c:56A<B258C/ADFEyENDFEk?C4 ` <5JCUL/A?;:B<VZ 8�<Y_uDFEiGHD#-7I56A<Y<B?;8@+!6ADFJ;?
-7: ] E7/n2BDFG]GH<]2B<56947/ne�47/)?bQa+ `7` J;D#2;ON<]6A< ` 694N?X-7<s6>+hJ;:b+!69/98;: P -N+!EN?.6>+f69/9G]/98;<H-7<s6>+
e�4�+!EL8C/98;:3-7<H-7DFE7EN:B<B?m-�/A? ` DFE7/9_76A<B? ` DF47Jm?;DFEW<B?C8C/9G3+!8C/ADFE�Z 8%+oUV+!69/A-N+!8C/ADFEl25J;DF/A?;:B<
` <5478�+!4N?;?C/ � 8CJ;<�478C/969/A?;:B<�-N+!EN?w2B<�2b+F-�J;< P /96L?;4�0H8 ` DF47J,2B<56>+p-7<�2;ONDF/A?;/9J,47Es25JC/98;I5J;<�-7<
?;:56A<B258C/ADFEf2BDFG]GH<j6>+.U#Jc+!/A?;<5GY_76>+!EN2B<@e�47/�J;< � I58;<
6>+ ; + U DFEf-7DFEL8�6A<
GHD#-7I56A<j?[Qa+ 9 4N?C8;<
+!4�Pf-7DFE7EN:B<B?K-RQT:5UF+!694�+!8C/ADFE ` UqDF/9J ` +!J=<tP�<5G ` 6A< � U�-U8 ��� �QT � b Z � E ` <5478MENDF8;<5JKe�4N<
6A<
25JC/98;I5J;< � D \ ` ��� � 
��,��� � �	� � * � � 
 �b� � � 
 ����� 
 �b� bXP ?cDF47Uq<5E�8M478C/969/A?;: ` DF47J�2BDFG ` +!J;<5J
-7<B?pGHD#-7I56A<B? P�` <5478 � 8CJ;<s/9EL8;<5J ` J;:58;:]2BDFG]GH<d47EN<d+ `7` J;DbP#/9G3+!8C/ADFEl-7<m6"QT<B? ` :5Jc+!EN2B<
-�4vJ;:B?;47698c+!8r-RQ 47EN<s8;<5696A<dUV+!69/A-N+!8C/ADFE^25J;DF/A?;:B< � � B +
	 � P i 8;D�	�	 P � �%X��� Z � E^< V <58 P 6A<
25JC/98;I5J;< �RD \ +F?;?;D#25/A:X+!4gGHD#-7I56A<

i
-7: ] E7/ ` +!J

� D \
i = −2 log max

θ∈Θi

Pθ(D) + 2dim(Θi) ,

<B?C8
DF_78;<5E�4v2BDFG]GH<.47EN<Y+ `7` J;DBP�/9G3+!8C/ADFEy-7<

−2ED1ED2 log Pθ ��� (D1)(D2) ,

D 
 D1
<58

D2
?;DFEL8=-7<B? 9 <54�Pf-7<@-7DFE7EN:B<B? ` J;DbUq<5E�+!E�8p-7<j6>+YJ;:b+!69/98;: P <58 θ �

�
(D1) =

arg maxθ∈Θi
Pθ(D1)

<B?;8j6"QT<B?C8C/9G3+!8;<547JX-�4vG3+ P#/9Gm47G -7<YU#Jc+!/A?;<5GY_76>+!EN2B<]DF_78;<5EL4
` DF47Jy6A<SGHD#-7I56A<W2BDFEN?C/A-7:5J;:�?C47J D1

ZR8�<B?iUV+!JC/>+!_76A<B?
D1

<58
D2

` <547Uq<5EL8v-7DFEN2
� 8CJ;<yU#4N<B?oJ;<B? ` <B258C/9Uq<5GH<5E�8i2BDFG]GH<k6A<B?g-7DFE7EN:B<B?i-RQa+ `7` J;<5E�8C/A?;?c+ ? <W<58o-RQT:5UV+!694�+ =
8C/ADFE�Z^8�DFJ;?;eL4N<]6A<dU#Jc+!/nGHDL-7I56A<]<B?;8Y2BDFE�8;<5EL4l-N+!EN?

M
<58YeL4N<d6A< 9 <54S-7<H-7DFE7EN:B<B?

-RQa+ `7` J;<5E�8C/A?;?c+ ? <o-7<5U#/A<5E�8H+F?;?;< �V? Jc+!EN- P 6A<HGHD#-7I56A<3G3+ P�/9G]/A?c+!E�8d6A<h25JC/98;I5J;< �RD \
i<B?C83?;DF47Uq<5EL8347E ` <54 ` 694N? ? Jc+!EN-(e�4N<x6A<gULJc+!/jGHDL-7I56A<VZ � E(-RQa+!478CJ;<B?f8;<5JCGH<B?H6A<

25JC/98;I5J;< � D \ P G3+!6 ? J;:r?c+ 9 4N?C8C/ ] 2b+!8C/ADFEg<B?;?;<5EL8C/A<5696A<5GH<5E�8j+F?��#G ` 8;DF8C/Ae�4N< P EN< ` <5JCGH<58
` +F?
-7<.2BDFEN?C8CJC47/9J;<X47Ex<B?;8C/9G3+!8;<547Jp2BDFEN?C/A?C8c+!EL8j-�4xGHD#-7I56A<VZ

* \ ��\ a ����b ] � � � ^L] � �P\ � ] ��� a�\���� �����c_�\  8�<r8;<B?;8
-�4gJc+ `7` DFJC8j-7<rU#Jc+!/A?;<5G =
_76>+!EN2B<
<B?C8�256>+F?;?;/Ae�4N<5GH<5EL8�478C/969/A?;: ` DF47Jn6"QT:58C4N-7<p-7<
2B<5JC8c+!/9EN<B? ; +!G]/9696A<B?�-7<KGHD#-7I56A<B?
<5GY_uD��A8;:B?bZ D 6 ` <5JCGH<58f-7<x8;<B?;8;<5J36"Q O�� ` DF8CONIB?;<xEL47696A< M 6A<B?hDF_N?;<5JCUV+!8C/ADFEN?fDFEL8f:58;:
? :5EN:5J;:B<B? ` +!JM47EhGHDL-7I56A< i N 2BDFEL8CJ;<p6"Qa+!698;<5JCE�+!8C/9Uq< M 6A<B?=DF_N?;<5JCUF+!8C/ADFEN?=DFEL8=:58;: ? : =EN:5J;:B<B? ` +!Jw47EmGHD#-7I56A< j N P D 
 6A<nGHD#-7I56A< i

<B?C8,/9EN25694N?w-N+!EN?w6A<�GHDL-7I56A<
j
ZV\M<n8;<B?C8�?;<

; DFEN-7<M?C47Jw6>+p2BDFELUq<5J ? <5EN2B< P ?;DF4N?w6"Q O�� ` DF8CONIB?;<ME�47696A< ` 6A< ` <58C/98wGHDL-7I56A< i
<B?C8�6A<�U#Jc+!/ bXP

-7<Y6>+f6ADF/)-�4y6AD ? +!JC/98CO7GH<]-�4kJc+ `7` DFJC8 maxθ∈Θj
Pθ(D)

?C47J
maxθ∈Θi

Pθ(D)
Uq<5J;?

47EN<K6ADF/ -�4
χ2 -7DFE�8�6A<
ENDFGY_7J;<p-7<j-7< ? J;:B?�-7<
69/9_u<5JC8;:
<B?C8 dim(Θj)−dim(Θi)

ZL\M<
2BDFG ` DFJC8;<5GH<5EL83+F?��LG ` 8;DF8C/AeL4N<h?C/9G ` 6A<hE�QT<B?C8mUV+!6>+!_76A<he�4N<h?;DF4N?s2B<5JC8c+!/9EN<B?dO�� ` D =
8CONIB?;<B?n-7DFE�8M6"QT<tP�/A?C8;<5EN2B<
-RQ 47EN<j:B25JC/98C47J;<j47E7/Ae�4N<p-�4HGHD#-7I56A<

i
2BDFG]GH<
47EN<jUq<5J;?C/ADFE

2BDFE�8CJc+!/9E�8;<k-�4(GHDL-7I56A<
j
ZM\M<58C8;<yO�� ` DF8CONIB?;<i<B?C8 ` +!Jf<tP7<5G ` 6A<iG]/A?c<i<5E(-7: ; +!478

-N+!EN?=6A<@2b+F-�J;<.-7<r6"QT:58C4N-7<.-�4oENDFGm_7J;<X-RQT:58c+!8;?
2b+F2;ON:B?j-RQ 47E F AHA {#47EgGHDL-7I56A< O



� � �������
	����������� � ������� ������������� ����� � ���"!$#%��� & �$�"�
��	������ !����(���*)�� &��,+ �$	��-		� � �
�

i
:58c+!8;? ` <5478)?bQT:B25JC/9J;<=-N+!EN?w47EdGHDL-7I56A< O i+1

:58c+!8;?)?cDF/98w2BDFG]GH<=6>+p2BDFE�8CJc+!/9EL8;< M 6>+
` J;DF_�+!_7/969/98;:f-RQT<5E�8CJ;<5Jm-N+!EN?X47EW-7<B?X:58c+!8;?X<B?C8.EL47696A< N ?;DF/98X2BDFG]GH<H6>+o2BDFE�8CJc+!/9E�8;<
M -7<54�P]:58c+!8;?�DFEL8n6>+rG � GH<K6ADF/ -RQT:5G]/A?;?C/ADFE3-7<B?�DF_N?;<5JCUF+!8C/ADFEN? N_` UqDF/9J ` +!J�<tP7<5G ` 6A<
�WV����%X�UP���� ��� � b Z

� 478CJ;<i2B<58C8;<gO�� ` DF8CONIB?c<gJ;<B?C8CJC/A258C/9Uq<gEN:B2B<B?;?�+!/9J;< ` DF47JHDF_78;<5E7/9J ; +F25/96A<5GH<5EL836A<
E7/9Uq<b+!4h-�4H8;<B?C8 P 6>+X2BDFEN?C8CJC4N258C/ADFEf-RQ 47Ef8;<B?C8�<5E�8CJ;<p-7<54�PHO�� ` DF8CONIB?c<B?�+!4N?;?C/ ?C/9G ` 6A<B?
E�QT<B?C8@?;DF47Uq<5E�8 ` +F?p47EN<m+ `7` J;D#2;ON<s?c+!8C/A? ; +!/A?c+!E�8;< ` DF47Jp8CJ;DF47Uq<5Jj47EvGHDL-7I56A< ` +!JCG]/
47E�<5EN?;<5GY_76A<f-7<HGHD#-7I56A<B?Y2b+!EN-�/A-N+!8;?bZ)\�O�+Fe�4N<38;<B?C8XEN< M 2BDFG ` +!J;< N eL4N<3-7<54�P
GHD#-7I56A<B?YeL47/�?;DFEL8Y-7< ` 694N?X8CJc+!/98;:B?m-7< ; + U DFEl+F?��#GH:58CJC/Ae�4N<VZ D 6 ; +!478m+!6ADFJ;?Y2cONDF/A?C/9J
47E GHD#-7I56A< O�` +!JC8C/9Jx-�4 J;:B?C47698c+!8x-7<kENDFGY_7J;<54�P 8;<B?C8;?oENDFE /9EN-7: ` <5EN-N+!E�8;? P -7<
` 47/A?;?�+!EN2B<B?
-�/ V :5J;<5EL8;<B?j<58 ` DF8;<5E�8C/A<5696A<5GH<5EL8@2BDFEL8CJc+F-�/A258;DF/9J;<B?s{�/96RE�QT<tP�/A?C8;<.?;DF47Uq<5EL8
` +F?
-7<XGH:58CONDL-7<.J;:B<5696A<5GH<5EL8p?c+!8C/A? ; +!/A?c+!EL8;< ` DF47Jj2;ONDF/A?C/9Jj47ExGHDL-7I56A< O]` +!JC8C/9Jj-7<B?
J;:B?C47698c+!8;?[Z

* �?a � � \`_ � � ^�� �P\ � ^ � � � \ � b \9_`^�� � \*b � �c]'^ � ��� � \ ��� \`a � �
� � � � ^��  \�ONDF/ =
?C/9J=47EgGHD#-7I56A<.-N+!EN?=47Ex<5EN?;<5GY_76A< ` <5478 � 8CJ;<rU#4o2BDFG]GH<r47E ` J;DF_76AI5GH<Y-RQT<B?C8C/9G3+ =
8C/ADFE�Z 8%< ` +!Jc+!GHI58CJ;< O <B?C8C/9GH<5J�<B?C8�+!6ADFJ;?)47EH/9EN-�/A2b+!8;<547J�-�43GHDL-7I56A<
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?;47Jn6"Q 478C/969/A?c+!8C/ADFE
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8c+!/9EN?
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<5E ] ExENDF8;<5Jpe�4N<r6A<
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 � �
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Z �,DF47Jr2;O�+FeL4N<.GHD#-7I56A<
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 πi(θ)
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Θi
6"QT<B? ` +F2B<.-7<B? ` +!Jc+!GHI58CJ;<B?p-7<X2;O�+F2547Ei-7<.2B<B?
GHDL-7I56A<B? P D 
 Θi<B?C8X6"QT<B? ` +F2B<f-7<B? ` +!Jc+!GHI58CJ;<B?]+F?;?;D#25/A:3+!4lGHDL-7I56A< i

Z D 6�?;<5GY_76A<fE�+!8C47J;<56 P -N+!EN?m6A<
2b+F-�J;<j_�+ �q:B?C/A<5E P -RQa+ 9 DF478;<5JM47EN<j6ADF/ ��� � 
 � � 
u?C47J�6"QT<5EN?c<5GY_76A<@-7<B?�GHD#-7I56A<B? i ∈ M

{

π(i) = P (M = i)
Z:8%+ ; DFJCGY476A<.-7< � + �q<B? ` <5JCGH<58
+!6ADFJ;?K-RQTDF_78;<5E7/9J
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 � � 
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{

P (M = i | D) =
P (D | M = i)P (M = i)

∑

j P (D | M = j)P (M = j)

∝ P (D | M = i)P (M = i) .

� +!EN?@2B<58C8;< ; DFJCGm476A< P 6A<m8;<5JCGH< P (M = i)
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 � � 
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GHDL-7I56A<
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Z 8�<X8;<5JCGH<

P (D | M = i)
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{

P (D | M = i) =

∫

θ∈Θi

Pθ(D)πi(θ) dθ .

\MDFE�8CJc+!/9J;<5GH<5E�8 O maxθ∈Θi
Pθ(D) ` 6A<]G3+ P#/9Gm47G -7<36>+oULJc+!/A?c<5GY_76>+!EN2B<3-N+!EN?Y6A<

GHDL-7I56A<
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E�Qa+ ` +F?@47EN<s8;<5EN-N+!EN2B<
E�+!8C47J;<5696A< O +!4 ? GH<5E�8;<5J.6ADFJ;?ce�4N<m6>+3-�/9GH<5EN?;/ADFEk-7< Θi

+!4 ? GH<5EL8;<VZ � Ek< V <58 P Θi

+
_7/A<5El8;<5EN-N+!EN2B< O 2BDFEL8;<5E7/9J]-7<B?YUV+!6A<547J;?d-7< θ

eL47/�-7DFE7EN<5EL8d47EN< ` 694N? ; DFJC8;< ` J;D =
_�+!_7/969/98;:.-RQa+ `7` +!JC/98C/ADFEy+!4�Ph-7DFE7EN:B<B? P G3+!/A?K2B<B?=UV+!6A<547J;?
?;DFEL8
+!4N?;?C/ ` 6ADFE ? :B<B?
-N+!EN?
47Ex<B? ` +F2B< ` 694N? ? Jc+!EN- P <5696A<B?j?;DFE�8j-7DFEN2XGHDF/9EN?
2;O�+!J ? :B<B? ` +!J πi(θ)

ZU8%+dU#Jc+!/A?;<5G =
_76>+!EN2B<YG3+!J ? /9E�+!6A< P (D | M = i)

<B?C8 ` 694N?rD 
 GHDF/9EN? ? Jc+!EN-7<d<5E ; DFEN258C/ADFEk-7<Y6>+
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 � � 
N?C47J)6A<B?)GHD#-7I56A<B?�eL47/7/9EN2b+!JCEN<K6A< ` JC/9E =
25/ ` <X-7< ` +!J;25/9GHDFE7/A<h{N2VQT<B?C8
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î = arg maxi∈M P (M = i | D)
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<5696A<ve�47/ ` J;<5EN-�<5E�2BDFG ` 8;<v6"Q /9E ; DFJCG3+!8C/ADFE + `7` DFJC8;:B< ` +!Jf6A<B?oDF_N?;<5JCUV+!8C/ADFEN?bZ � E
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� � � 
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 � �
� ���+* � A^\ Ak\ ?c<H-�/A?C8C/9E ? 4N<5E�8]-7<B?s+!478CJ;<B?s+ `:=

` J;DL2cON<B? ` J;D ` DV?;:B<B? ` DF47J
2B<58C8;<.8 � 2;ON<m<B?;?;<5E�8C/A<5696A<5GH<5EL8 ` +!J;2B<XeL4�Q /96A?
?;DFEL8
47EN< ? : =
EN:5Jc+!69/A?c+!8C/ADFE�-�/9J;<B258;<g-7<o6"Qa+!6 ? DFJC/98CO7GH<i-7<_Av<58CJ;D ` DF69/A? = F +F?;8C/9E ? ? ` <5JCGH<58C8c+!EL8H6A<B?
?c+!478;?H<5E�8CJ;<i6A<B?H-�/ V :5J;<5E�8;?3<B? ` +F2B<B? Θi

Z �w+!JCG]/p6A<B?f+ `7` J;D#2;ON<B?h+!698;<5JCE�+!8C/9Uq<B? P DFE
` <5478.25/98;<5J P -RQ 47EN< ` +!JC8 P 2B<5696A<]-7<H\=+!JC69/9EW<58Y\�O7/9_ `,g�XYXQZ b � \K\ XQZ � eL4N<s6"QTDFE ` <5478
` Jc+!8C/Ae�4N<5GH<5EL8fUqDF/9Jh2BDFG]GH<x47E�2b+F? ` +!JC8C/A254769/A<5Jh-7< & �)(���� � 
 � �
� ���+* � A^\ Ak\ P
-RQa+!478CJ;< ` +!JC8 P 6A<B?i+ `7` J;D#2;ON<B?y-RQT:B2;O�+!E�8C/9696ADFE7E�+ ? <�<5Ez8;<5G ` ?y2BDFE�8C/9EL4 ` UqDF/9J ` +!J
<tP�<5G ` 6A< � � i X��UP i 8;< ��� � b -7DFE�8=6A<r2BDFG ` DFJC8;<5GH<5E�8j<B?C8M8CJ;IB? ` J;DL2cON<.-7<B? & �)(���� � 
 � �
�
���+* � A^\ Ak\ � \ V�V �QT�� Z

� UV+!E�8r-RQa+!_uDFJ;-7<5Jp6A<B? & �)(���� � 
 � �
� ���+* � A^\ Ak\ P 2B<58C8;<d?;<B258C/ADFEv-7:5_7478;<s6AD ? / =
e�4N<5GH<5EL8 ` +!J@47EN< ` J;:B?;<5EL8c+!8C/ADFEW-7<s6"Qa+!6 ? DFJC/98CO7GH<H-7<�Ay<58CJ;D ` DF69/A? = F +F?C8C/9E ? ?.-N+!EN?
?c+sUq<5J;?C/ADFE M 256>+F?;?;/Ae�4N< N Z

* �	����� ^ ]�� �"e � \ �P\ � \ ��]'^�� ^ � � a �	� �Ta � � � �La

� ES-�/9GH<5EN?C/ADFE ] P�:B< P 6"Qa+!6 ? DFJC/98CO7GH<f-7<\Ay<58CJ;D ` DF69/A? = F +F?C8C/9E ? ? � F +F? 	 �:P � /A< X	� �
` <5JCGH<58s-RQT:B2;O�+!E�8C/9696ADFE7EN<5J347EN<H6ADF/�-7<h-7<5EN?C/98;: π(y)

?C47J
Y
<5El2BDFEN?C8CJC47/A?c+!EL8d47EN<

2;O�+ �AEN<@-7<RAk+!J B DbU3-7DFEL8=6>+.6ADF/u?C8c+!8C/ADFE7E�+!/9J;<r<B?C8�6>+X6ADF/�-RQ /9EL8;:5J � 8 π
Z � EN<j/98;:5Jc+!8C/ADFE

-7<r6"Qa+!6 ? DFJC/98CO7GH<Y?;<.-7:B2BDFG ` DV?;<X<5E
�
:58c+!E�8)-7DFE7EN:

y(m−1) = y
?C/9Gm476A<5J

ỹ
?;<56ADFEm47EN<n6ADF/#/9EN?C8CJC47GH<5E�8c+!6A<=-7<�-7<5EN?C/98;:

qy(ỹ)
� ` J;<5EN-�J;< y(m) = ỹ

+BUq<B2f6>+ ` J;DF_�+!_7/969/98;: α(y, ỹ)
?C/9ENDFE ` J;<5EN-�J;< y(m) = y` DFE(+^+!6ADFJ;?

y(m) = y(m−1) b Z"8%+ ` J;DF_�+!_7/969/98;:y-RQa+F2B2B< ` 8c+!8C/ADFE α(y, ỹ)
<B?C8

-7DFE7EN:B< ` +!J

α(y, ỹ) = min

{

1;
π(ỹ)qỹ(y)

π(y)qy(ỹ)

}

.

i DF4N?%-7<B?,O�� ` DF8CONIB?;<B?%8CJ;IB? ; +!/9_76A<B?%?;47J%6>+=6ADF/L/9EN?C8CJC47GH<5E�8c+!6A<�� P 6>+
2cO�+ �AEN<�-7< Av+!J B D[U
+!/9EN?C/�2BDFEN?C8CJC47/98;<=+F-�GH<58,6>+
6ADF/�-RQ /9E�8;:5J � 8 π

2BDFG]GH<�6ADF/L?C8c+!8C/ADFE7E�+!/9J;<VZ 8nQT<t032b+F25/98;:=-7<
 � � � � 	��*���
�"��� ���������������� � �=	�� �%$ � ��#�)����� � �� ��	����
�"� � �"������������� ��� 	�� ���!�
	��!�����"�$��� � � ����� �+$ ��� (

�(� � � � �



��� �������
	����������� � ������� ������������� ����� � ���"!$#%��� & �$�"�
��	������ !����(���*)�� &��,+ �$	��-		� � �
�

6"Qa+!6 ? DFJC/98CO7GH<X-7: ` <5EN-o2B< ` <5EN-N+!EL8K_�<b+!4N2BDF4 ` -7<@6"Qa+F-7:BeL4�+!8C/ADFEx<5E�8CJ;<r6>+Y6ADF/u/9EN?C8CJC4 =
GH<5EL8c+!6A<j<58�6A<B?n2b+!Jc+F258;:5JC/A?C8C/AeL4N<B?�-7<=6>+@6ADF/ O ?C/9Gm476A<5JbZ � E]J;<5G3+!J;e�4N<j<5E ` +!JC8C/A254769/A<5J
6A<pJ � 6A<jeL4N< 9 DF4N< π(ỹ)/π(y)

-N+!EN?�6>+ ` J;DF_�+!_7/969/98;:@-RQa+F2B2B< ` 8c+!8C/ADFEg-7<B? ` J;D ` DV?C/98C/ADFEN?

ỹ
-7<.6>+s6ADF/�/9EN?C8CJC47GH<5EL8c+!6A<VZ
� Ek/9E�8;:5J � 8.G3+ 9 <547J.-7<m6"Qa+!6 ? DFJC/98CO7GH<]-7<�Av<58CJ;D ` DF69/A? = F +F?C8C/9E ? ?.<B?;8r-7<sEN<mEN: =

2B<B?;?;/98;<5Jp6>+f2BDFE7E�+!/A?;?c+!EN2B<s-7<Y6>+f-7<5EN?C/98;:s-7<Y6>+H6ADF/ O ?C/9Gm476A<5JreL4�Q O 47EN<s2BDFEN?C8c+!EL8;<
` J;IB?bZ � Ek< V <58 P <5696A<XE�Qa+ `7` +!Jc+ �A8r-N+!EN?j6>+ ` J;DF_�+!_7/969/98;:s-RQa+F2B2B< ` 8c+!8C/ADFE^eL4�Q O 8CJc+bUq<5J;?
6A<iJc+ `7` DFJC8 π(ỹ)/π(y)

Z 8�Qa+!6 ? DFJC/98CO7GH<y<B?C8f-7DFEN2 ` +!JC8C/A254769/AI5J;<5GH<5E�8g_7/A<5E +F-N+ ` 8;:
O 6"QT:B2cO�+!E�8C/9696ADFE7E�+ ? <o-7<B?.6ADF/A? � � � � ����� 
 � � 
M-7DFE�8X6>+x-7<5EN?C/98;:H<B?C8X?;DF47Uq<5EL8 ; +F25/96A< O
:5UV+!694N<5J O 47EN<.2BDFEN?C8c+!EL8;< ` J;IB? ` 47/A?;eL4N<]{ π(θ | D) ∝ π(θ)Pθ(D) P D 
 π(θ)

<B?C8K6>+
-7<5EN?C/98;:Y-7<.6>+s6ADF/ � � � 
 � � 
%<58 Pθ(D)

6>+sU#Jc+!/A?;<5GY_76>+!EN2B<VZ
AvDFE�8CJ;DFEN?pe�4N<r6"Qa+!6 ? DFJC/98CO7GH<Y-7< Ay<58CJ;D ` DF69/A? = F +F?C8C/9E ? ? ` J;:B?;<5JCUq<r6>+s6ADF/�-RQ /9EL8;: =

J � 8bZ 8�<j2cONDF/1P3-7< α
+F?c?C47J;<j<5E3< V <58n6>+XJ;:5Uq<5J;?C/9_7/969/98;:j-�4 ` +F?;?c+ ? <
-7<j8;DF478�<5EN?;<5GY_76A<

A O 8;DF478K<5EN?;<5Gm_76A< B
?;DF4N?M6>+m6ADF/R-RQ /9E�8;:5J � 8bZ D 6R?bQa+ ? /98K-RQ 47EN<r2BDFEN-�/98C/ADFEi?C4�03?c+!EL8;<

2BDFE7EL4N<Y?;DF4N?K6A<rENDFG -7< M � ��� � 
 �
�B� � � � � � 
 � N P <5696A<X<B?C8KUq:5JC/ ] :B<Y?C/
∫

(y,ỹ)∈A×B

π(y)py(ỹ)dydỹ =

∫

(y,ỹ)∈A×B

π(ỹ)pỹ(y)dydỹ , ` J Z J�� b

D 
 py(ỹ)
<B?;8K6>+]-7<5EN?C/98;:X-�4xEND ��+!4v-7<X8CJc+!EN?C/98C/ADFEi-7<X6>+d2cO�+ �AEN<m-7<
Av+!J B D[Uo25J;:B:B<

` +!J
6"Qa+!6 ? DFJC/98CO7GH<VZ 8�<.8;<5JCGH<X-7< ? +!4N2;ON<Y?[QT<tP ` JC/9GH<
∫

(y,ỹ)∈A×B

π(y)py(ỹ)dydỹ =

∫

(y,ỹ)∈A×B

π(y)qy(ỹ)α(y, ỹ)dydỹ

+

∫

y∈A∩B

π(y)r(y)dy

︸ ︷︷ ︸

,

D 
 6A<K8;<5JCGH<
/9EN-�/AeL4N: ` +!Jn47EN<@+F2B2BDF6>+F-7<j2BDFJCJ;<B? ` DFEN- O 6>+X2BDFE�8CJC/9_7478C/ADFEo-7<B?�2b+F?MD 

6>+ ` J;D ` DV?;/98C/ADFEo<B?;8�J;< 9 <58;:B< P r(y)

:58c+!EL8K6>+ ` J;DF_�+!_7/969/98;:.-7<pJ;<B?C8;<5JK<5E y ` J;< 9 <58=-7<p6>+
` J;D ` DV?C/98C/ADFE b {

r(y) =

∫

ỹ∈y

(1 − α(y, ỹ))dỹ .

\M<@8;<5JCGH<.<B?C8M/A-7<5E�8C/AeL4N<.-N+!EN?=6A<@GH<5GY_7J;<.-7< ? +!4N2;ON<.<58=6A<@GH<5GY_7J;<.-7<r-�J;DF/98;<.-7<
6>+h� ��� � 
 �
�B� � � � � � 
 � `
� e�Z J Z J�� b eL47/�-7<5UL/A<5EL8p-7DFEN2H{
∫

(y,ỹ)∈A×B

π(y)qy(ỹ)α(y, ỹ)dydỹ =

∫

(y,ỹ)∈A×B

π(ỹ)qỹ(y)α(ỹ, y)dydỹ .

` J Z J gcb
� E(UqDF/98 ; +F25/96A<5GH<5E�8oe�4N<i6A<x2;ONDF/1P(-7<

α(y, ỹ) `
� e�Z J Z J�� b +F?;?C47J;<y2B<58C8;<i: ? +!69/98;:
` 47/A?;eL4N<H{

π(y)qy(ỹ)α(y, ỹ) = π(ỹ)qỹ(y)α(ỹ, y) .



��� ��� � � �
	=��� + ! ����� + ����� � ���

8nQT:B2;O�+!EL8C/9696ADFE7E�+ ? <p-RQ 47EN<
6ADF/ �'��� � ����� 
 � � 
N-N+!EN?)47EdGHD#-7I56A<
-7<=-�/9GH<5EN?C/ADFE3:56A< =
Uq:B<
J;< ` DV?;<
Jc+!J;<5GH<5EL8=?;47J�47Eo+!6 ? DFJC/98CO7GH< A^\ A^\'2BDFEN?C8C/98C4N:@-RQ 47EN<j47E7/AeL4N<@:58c+ ` <
2BDFJCJ;<B? ` DFEN-N+!EL8 O 6"Qa+!6 ? DFJC/98CO7GH<y-7<KAy<58CJ;D ` DF69/A? = F +F?C8C/9E ? ? ` J;:B?;<5EL8;:y25/ = -7<B?c?C4N?3<58
` <5JCGH<58C8c+!EL8 O <5696A<M?;<5476A<=-7<�U#/A?C/98;<5Jw8;DF478 Θ

Z!\MDFG]GH<=6"Qa+!6 ? DFJC/98CO7GH< A^\ Ak\W2BDFEN?C8C/ =
8C4N:X-7<Y-7<54�Px:58c+ ` <B? MGO 6>+ � /9_7_N? Nh` J;:B?;<5E�8;: ` + ? < � 	 P 6A<B?@+!6 ? DFJC/98CO7GH<B?p478C/969/A?;:B?
<5E ` Jc+!8C/AeL4N<K2BDFE�8C/A<5E7EN<5EL8 ? :5EN:5Jc+!6A<5GH<5EL8 ` 694N?C/A<547J;?n:58c+ ` <B?bZ�\�O�+FeL4N<K:58c+ ` <MEN<=GH<58
O 9 DF47JMe�4�Q 47EN< ` +!JC8C/A<j-7<B? ` +!Jc+!GHI58CJ;<B?=<5E ` J;:B?;<5JCUV+!E�8M6A<547J�6ADF/�2BDFEN-�/98C/ADFE7EN<5696A<.+!4�P
+!478CJ;<B? ` +!Jc+!GHI58CJ;<B?bZ � +!EN?347E|8;<56j+!6 ? DFJC/98CO7GH< P -7<B?3:58c+ ` <B? M O 6>+ Ay<58CJ;D ` DF69/A? =
F +F?C8C/9E ? ? N <58
-7<B?
:58c+ ` <B? M�O 6>+ � /9_7_N? Nf` <547Uq<5E�8j2BD#<tP�/A?C8;<5JbZ � EN<.:58c+ ` < M�O 6>+
� /9_7_N? N 2BDFEN?C/A?C8;< O 8C/9J;<5JM-�/9J;<B258;<5GH<5E�8
?;<56ADFEf6>+X6ADF/�2BDFEN-�/98C/ADFE7EN<5696A< P <5696A< ` <5478 � 8CJ;<
/9E�8;<5J ` J;:58;:B<h2BDFG]GH<347EW2b+F? ` +!JC8C/A254769/A<5Jd-RQT:58c+ ` < M_O 6>+ Ay<58CJ;D ` DF69/A? = F +F?C8C/9E ? ? N
-7DFE�8M6>+ ` J;DF_�+!_7/969/98;:r-RQa+F2B2B< ` 8c+!8C/ADFEgUV+!478 1 ` 6>+X6ADF/ M /9EN?C8CJC47GH<5EL8c+!6A< N :58c+!EL8M6>+Y6ADF/2BDFEN-�/98C/ADFE7EN<5696A< b Z

* �	����� ^ ]�� �"e � \ & �)(���� � 
 � �
� ���+* � ��
 ��

8nQa+!6 ? DFJC/98CO7GH< & �)(���� � 
 � �
� ���+* � Ak\ A^\ ` J;D ` DV?;: ` +!J � J;<B<5E `,g�XYXQZ b � � J;< XQZ��? :5EN:5Jc+!69/A?;<]6"Qa+!6 ? DFJC/98CO7GH<h-7<GAy<58CJ;D ` DF69/A? = F +F?C8C/9E ? ?Y<5E ` <5JCGH<58C8c+!E�8m6"QT:B2;O�+!EL8C/9696ADFE =

E�+ ? <3-RQ 47EN<H6ADF/ π(i, y)
?;47JY47EW<B? ` +F2B< ⋃

i∈I({i} × Yi)
D 
 6A<B?

Yi
` <547Uq<5EL8 � 8CJ;<

-7<]-�/9GH<5EN?C/ADFEN?X-�/ V :5J;<5E�8;<B?bZ � ES?;4 `7` DV?;<5Jc+o-N+!EN?X47E ` J;<5G]/A<5J.8;<5G ` ?Xe�4N<d6A<B? Yi?;DFE�8
-7<B?
<B? ` +F2B<B?K2BDFE�8C/9E�4N? ` ⊂ R
dim(Yi) b ZU8�QT:B2;O�+!E�8C/9696ADFE7E�+ ? <s<B?C8KJ;<5EN-�4 ` DV?;?C/9_76A<? J � 2B< O 6"Q /9E�8CJ;D#-�4N258C/ADFE P -N+!EN?]6"Qa+!6 ? DFJC/98CO7GH< A^\ A^\ P -RQT:58c+ ` <B?HeL47/ ` <5JCGH<58C8;<5E�8

-7<B?
?c+!478;?
<5EL8CJ;<.6A<B?
-�/ V :5J;<5E�8;?j<B? ` +F2B<B? Yi
` <5E ? :5EN:5Jc+!6%-7<X-�/9GH<5EN?C/ADFEN?jUqDF/A?C/9EN<B? b Z8�<B?X?c+!478;?.?;DFEL8.J;:b+!69/A?;:B? ? J � 2B< O -7<B? ` +!/9J;<B?m-7<dGHDF47Uq<5GH<5E�8;? (mi→j ,mj→i)

J;: =
Uq<5J;?C/9_76A<B? P 2VQT<B?C8 O -�/9J;<=Uq:5JC/ ] +!EL8n6>+ M -7<58c+!/96A<B-]_�+!6>+!EN2B< N ?;DF4N?�6>+@6ADF/N-RQ /9EL8;:5J � 8bZ � E
UF+XG3+!/9E�8;<5E�+!E�8 ` J;:B?;<5E�8;<5J=6>+ ; + U DFEo-7DFE�8K2B<B? ` +!/9J;<B?=-7<jGHDF47Uq<5GH<5EL8;?=J;:5Uq<5J;?C/9_76A<B? P
e�47/�2BDFEN?C8C/98C4N<5E�8�6A<B?):58c+ ` <B? M O 6>+ & �)(���� � 
 � �
� ���+* � Av<58CJ;D ` DF69/A? = F +F?C8C/9E ? ? N P ?;DFE�8
2BDFEN?C8CJC47/98;<B?bZ
8�<B?
GHDF47Uq<5GH<5EL8;?

mi→j

<58
mj→i

?;DFE�8pJ;<B? ` <B258C/9Uq<5GH<5EL8r+F?c?;DL25/A:B?p+!4 ` +F?;?c+ ? <
-7<

Yi
O Yj

<58d-7<
Yj
O Yi

Z i +!EN? ` <5JC8;<o-7< ? :5EN:5Jc+!69/98;: P ?C4 `7` DV?cDFEN? dim(Yj) ≥
dim(Yi)

Z
�,DF47J ` <5JCGH<58C8CJ;<�6A< ` +F?c?c+ ? <l-7< Yi

O Yj
+F?c?;DL25/A:�+!4 GHDF47Uq<5GH<5E�8

mi→j
P

� J;<B<5E ` J;D ` DV?;<W-7<l2BDFG]GH<5EN2B<5J ` +!Ji8C/9J;<5Jv47E}Uq<B258;<547J
ω
-7<W-�/9GH<5EN?C/ADFE 8;<5696A<

e�4N<
dim(ω) ≥ dim(Yj) − dim(Yi)

?;<56ADFE�47EN<i6ADF/j/9EN?C8CJC47GH<5EL8c+!6A<v-7<y-7<5EN?C/98;:

gy,mi→j
(ω)

ZE8�< ` DF/9EL8 ỹ ` J;D ` DV?;:d-N+!EN?.6"QT<B? ` +F2B< Yj

<B?C8.<5EN?C47/98;<]2;ONDF/A?;/n-7< ; + U DFE
-7:58;<5JCG]/9E7/A?C8;<H{

ỹ = hmi→j
(y, ω)

Z
� <
G � GH< P 6A<jGHDF47Uq<5GH<5E�8=/9E�Uq<5J;?c< mj→i

-7<
ỹ ∈ Yj

O y ∈ Yi

2BDFEN?C/A?C8;< O 8C/9J;<5J
47EyUq<B258;<547J

ω̃
8;<56)eL4N<

dim(y) + dim(ω) = dim(ỹ) + dim(ω̃) ` 47/A? O3` J;D ` DV?;<5J
y = hmj→i

(ỹ, ω̃)
Z

8%+x2BDFEN-�/98C/ADFE
dim(y) + dim(ω) = dim(ỹ) + dim(ω̃)

<B?C8mEN:B2B<B?;?c+!/9J;< ` DF47J
J;:B?;DF4N-�J;<i6A<B? ` J;DF_76AI5GH<B? ` DV?;:B? ` +!Jh6A<v2;O�+!E ? <5GH<5E�8x-7<v-�/9GH<5EN?C/ADFE�Z D 6 ; +!478h-7<
` 694N?MeL4�Q /96u<tP#/A?C8;<j47EN<@_7/ 9 <B258C/ADFEo-�/ V :5J;<5EL8C/>+!_76A< f

<5EL8CJ;<
(y, ω)

<58
(ỹ, ω̃)

{
(ỹ, ω̃) =

f(y, ω)
Z

\M<58C8;< ` J;D#2B:B-�47J;<
-7< ` J;D ` DV?;/98C/ADFE3-7<B?n?c+!478;? ` <5JCGH<58�-7<K2b+!6A25476A<5Jn6A<=8c+!4�PH-RQa+F2 =



��� �������
	����������� � ������� ������������� ����� � ���"!$#%��� & �$�"�
��	������ !����(���*)�� &��,+ �$	��-		� � �
�

2B< ` 8c+!8C/ADFE^eL47/w+F?;?C47J;<Y6"QT:Be�47/969/9_7J;<d-7<Y6>+o� ��� � 
 �
�B� � � � � � 
 �[Z D 6,?;4�0H8@-7<YJ;< ` J;<5EN-�J;<
6"QT:BeL4�+!8C/ADFE J Z J g +bUq<B2 P G3+!/9E�8;<5E�+!EL8 P -7<B?�/9E�8;: ? Jc+!6A<B?w-7<)-�/9GH<5EN?C/ADFE dim(θ)+dim(ω) =
dim(ỹ) + dim(ω̃)

<58
A
<58

B
J;<B? ` <B258C/9Uq<5GH<5E�8j-7<54�Po?;DF4N?=<5EN?;<5GY_76A<B?
GH<B?C47Jc+!_76A<B?

-7<
Yi

<58
-7<
Yj

{

∫

(y,ỹ)∈A×B

π(i, y)gi,y(mi→j)gy,mi→j
(ω)α(y, ỹ)dydω

=

∫

(y,ỹ)∈A×B

π(j, ỹ)gj,ỹ(mj→i)gỹ,mj→i
(ω̃)α(ỹ, y)dỹdω̃ ,

D 
 gi,y(mi→j)gy,mi→j
(ω)

<B?C8K6>+]-7<5EN?C/98;:m-7<.6>+d6ADF/�/9EN?;8CJC47GH<5E�8c+!6A<se�47/�2BDFG ` J;<5EN-
6A<x2cONDF/1P�-�4�GHDF47Uq<5GH<5EL8

mi→j

<583-�4�Uq<B258;<547J
ω
Z 8%+^_7/ 9 <B258C/ADFE f

+!478;DFJC/A?;<i6A<
2cO�+!E ? <5GH<5E�8r-7<.UF+!JC/>+!_76A< `�` +!Jj<tP�<5G ` 6A<Y-N+!EN?K6A<.8;<5JCGH<X-7<.-�J;DF/98;< b {

∫

(y,ỹ)∈A×B

π(i, y)gi,y(mi→j)gy,mi→j
(ω)α(y, ỹ)dydω

=

∫

(y,ỹ)∈A×B

π(j, ỹ)gj,ỹ(mj→i)gỹ,mj→i
(ω̃)α(ỹ, y)

∣
∣
∣
∣

∂f(y, ω)

∂y∂ω

∣
∣
∣
∣
dydω ,

D 
 6A<r8;<5JCGH<
∣
∣
∣
∣

∂f(y, ω)

∂y∂ω

∣
∣
∣
∣

<B?C8=6A< 9 +F2BDF_7/A<5Ei+F?;?;D#25/A:@+!4g2;O�+!E ? <5GH<5EL8p-7<@UV+!JC/>+!_76A<B?bZ D 6u<B?C8
+!6ADFJ;?
+!/A?;:r-7<r-7:58;<5J =
G]/9EN<5J
6A<X8c+!4�Po-RQa+F2B2B< ` 8c+!8C/ADFEke�47/�:BeL47/969/9_7J;<.6>+f� ��� � 
 �
�B� � � � � � 
 �m{

{
α(y, ỹ) = min(1;A+)
α(ỹ, y) = min(1; 1/A+) ,

D 


A+ =
π(j, ỹ)

π(i, y)
×

gj,ỹ(mj→i)gỹ,mj→i
(ω̃)

gi,y(mi→j)gy,mi→j
(ω)

×

∣
∣
∣
∣

∂f(y, ω)

∂y∂ω

∣
∣
∣
∣
.

� +!EN?)6A<=2b+F?neL47/�ENDF4N?)/9E�8;:5J;<B?c?;< P 6>+@6ADF/ O :B2;O�+!E�8C/9696ADFE7EN<5J=<B?C8n-�4d8 � ` < π(i, y, z)-7: ] E7/A<=?C47Jw47Es<B? ` +F2B< ⋃
i∈I({i}×Yi×Zi)

P D 
 Yi
<B?C8w47Es<B? ` +F2B<�2BDFEL8C/9E�4H<58 Zi

47E
<B? ` +F2B<=-�/A?;25J;<58bZ 8�<MGHDF47Uq<5GH<5EL8 mi→j

2BDFEN?C/A?C8;<=+!6ADFJ;? O
` J;D ` DV?;<5J (j, ỹ, z̃) Oj` +!JC8C/9J-7<
(i, y, z) P ?;<56ADFE]47EN< ` J;DL2B:B-�47J;<
/A-7<5E�8C/AeL4N< O 2B<5696A<
-7:B25JC/98;<K25/ = -7<B?;?C4N?n<5Ed478C/969/A?c+!EL847EN<v6ADF/@/9EN?C8CJC47GH<5E�8c+!6A<^-7<k-7<5EN?C/98;:

gy,z,mi→j
(ω, z̃)

Z i 47/9UF+!EL8o47E�Jc+!/A?cDFE7EN<5GH<5E�8
+!E�+!6AD ? 4N<s+!4x2b+F? ` 47J;<5GH<5E�8@2BDFE�8C/9EL4 P 6>+ ` J;DF_�+!_7/969/98;:m-RQa+F2B2B< ` 8c+!8C/ADFEy?bQT:B25JC/98p+!6ADFJ;?

{
α
(
(y, z), (ỹ, z̃)

)
= min(1;A+)

α
(
(ỹ, z̃), (y, z)

)
= min(1; 1/A+) ,

D 


A+ =
π(j, ỹ, z̃)

π(i, y, z)
×

gj,ỹ,z̃(mj→i)gỹ,z̃,mj→i
(ω̃, z)

gi,y,z(mi→j)gy,z,mi→j
(ω, z̃)

×

∣
∣
∣
∣

∂f(y, ω)

∂y∂ω

∣
∣
∣
∣

. ` J Z JQJ b
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?;:56A<B258C/ADFEh-7<KGHD#-7I56A<
?C47J�-7<B? F AHA P
/96j?C4�0H8f-7<y-7: ] E7/9J347EN<i6ADF/ � � � 
 � � 
r-7<x-7<5EN?C/98;:	� π(i)

?C47J36"QT<5EN?c<5GY_76A<
M

-7<B?
-�/ V :5J;<5EL8;<B?m+!J;2;O7/98;<B258C47J;<B?d-7< F AKA�ZE8%+o6ADF/ � � � 
 � � 
 πi(θ) ` = π(θ | i) b ?C47J.6A<B?
` +!Jc+!GHI58CJ;<B? θ = (a, b)

-7<B?m-�/ V :5J;<5EL8;?YGHD#-7I56A<B?Y-7< M
<B?;8Ye�4�+!EL8 O <5696A<32;ONDF/A?C/A<

2BDFG]GH< ` DF47JK6"QT<B?;8C/9G3+!8C/ADFEy-7<B? ` +!Jc+!GHI58CJ;<B? O +!J;2;O7/98;<B258C47J;< ] P�:B<VZ
8�<B?)GH:58COND#-7<B? & �)(���� � 
 � �
� ���+* � Ak\ A^\ ` <547Uq<5EL8M+!6ADFJ;? ` <5JCGH<58C8CJ;<
-RQT:B2cO�+!E =

8C/9696ADFE7EN<5J@6>+36ADF/ ����� � ����� 
 � � 
 π(i, θ, sn
1 | xn

1 )
-7DFE�8

π(i, θ | xn
1 )
<58

π(i | xn
1 )
?cDFE�8

-7<B?�G3+!J ? /9E�+!6A<B?bZ7\M<58=:B2;O�+!E�8C/9696ADFE7E�+ ? <Y<B?C8�J;<5EN-�4 ` DV?c?C/9_76A<
<5Eh/9E�8CJ;D#-�47/A?c+!E�8 P -N+!EN?
6"Qa+!6 ? DFJC/98CO7GH< A^\ A^\�478C/969/A?;: ` DF47JM6"QT<B?C8C/9G3+!8C/ADFE O +!J;2cO7/98;<B258C47J;< ] P�:B< P -7<B?�:58c+ ` <B?
M O 6>+ & �)(���� � 
 � �
� ���+* � Ay<58CJ;D ` DF69/A? = F +F?C8C/9E ? ? N e�47/ ` <5JCGH<58C8;<5EL8H-7<hGHDL-�/ ] <5J
` +F? Os` +F?K6"Qa+!J;2;O7/98;<B258C47J;<s-�4 F AKA�Z

� E3UV+ ` J;:B?;<5EL8;<5J=/A25/ -7<B?=+!6 ? DFJC/98CO7GH<B? A^\ A^\ ` DF47J�6"QT<B?C8C/9G3+!8C/ADFEo-�4hENDFGY_7J;<
-RQT:58c+!8;?j2b+F2;ON:B?@<58p-7<X6"QTDFJ;-�J;<Y-7<B?
GHD#-7I56A<B?pG3+!J B DbU#/A<5EN?p-RQT:5G]/A?;?;/ADFEy-7<B?jDF_N?c<5JCUF+ =
8C/ADFEN?bZ � Eo-7<5ONDFJ;?M-7<j6"Q /9EL8;:5J � 8 ` J;D ` J;<r-7<j2B<B? ` J;DF_76AI5GH<B?=-7<j?;:56A<B258C/ADFEo-7<pGHDL-7I56A< P
47EH-7<B?nDF_ 9 <B258C/ ; ?n-7<
2B<58C8;< ` J;:B?;<5E�8c+!8C/ADFEh<B?C8n-7<
-�/A?;25478;<5Jn-7<B?�2BDFEN-�/98C/ADFEN? ` DF47Jne�4N<
6"QT:B2;O�+!E�8C/9696ADFE7E�+ ? < ` +!J & �)(���� � 
 � �
� ���+* � A^\ A^\ ?;DF/98
<t032b+F2B<VZ
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� � b � � � �

8nQ 478C/969/A?c+!8C/ADFEi-7<XGH:58CONDL-7<B? & �)(���� � 
 � �
� ���+* � A^\ A^\ ` DF47J
<B?C8C/9GH<5Jj6"Qa+!J;2;O7/ =
8;<B258C47J;<@-RQ 47E F AKA ?bQ /9EN?;25JC/98 P <5E ` +!JC8C/A< P -N+!EN?M6A< ` J;DF6ADFE ? <5GH<5E�8p-RQa+!478CJ;<B? ` J;DL2B: =
-�47J;<B?@-RQa+F-N+ ` 8c+!8C/ADFE ` +F? O3` +F?r-7<s6"Qa+!J;2;O7/98;<B258C47J;<H-RQ 47E F AKA -7DFEL8.DFEvUV+ 9 4N?C8;<
25/98;<5Jn8CJ;DF/A?�<tP7<5G ` 6A<B?bZ 8%<
-7<5JCE7/A<5J�ENDF4N?�2BDFEN2B<5JCEN< ` +!JC8C/A254769/AI5J;<5GH<5E�8K2b+!J�/96�?;<K?C/98C4N<
-N+!EN?K47Ei2b+F-�J;<._�+ �q:B?C/A<5Ei-7<X?;:56A<B258C/ADFEy-7<.GHDL-7I56A<VZ

� J;D ? O��� � ��� `,g�XYX	� b � � � A + X	� �%` J;D ` DV?;<5E�8@47EN<XON<547JC/A?;8C/Ae�4N<s-7< M 2cO7/9JC47J ? /A<
-7<pGHD#-7I56A< N�` * � � ��� ��� � � ��� � b�` DF47J=GHDL-�/ ] <5J ` J;D ? J;<B?;?C/9Uq<5GH<5E�8j47E F AHA -7:B-�/A:
O 6"Qa+!69/ ? EN<5GH<5E�8=GY47698C/ ` 6A<@-7<
?;:BeL4N<5EN2B<B? ` J;DF8;:5/AeL4N<B?bZ i +!EN?�<5EL8CJ;<5J�-N+!EN?�6A<B?�-7:58c+!/96A? P
47Eg8;<56 F AHA +s47EN<.?;8CJC4N258C47J;< ` :5JC/AD#-�/AeL4N<.69/9EN:b+!/9J;<X-7DFE�8j6A<rGHDL-�476A<X:56A:5GH<5EL8c+!/9J;<
<B?C8�2BDFEN?C8C/98C4N:@-7<
8CJ;DF/A?M:58c+!8;? M * � � 
 � N P M 
 � � ��� � N <58 M � ���
����� N ` DF4o-7<54�P3?;<56ADFE
6A< ` DF/9E�8p-7<YUL4N< P 6"QT:58c+!8Y� ���
�����r:58c+!E�8r?C/96A<5EN25/A<54�P b Z 8nQ ON<547JC/A?;8C/Ae�4N<s2BDFEN?C/A?C8;< O ?C4 `:=
` JC/9GH<5JpDF4i/9EN?c:5J;<5J@-7<B?jGHDL-�476A<B?r+ ` J;IB?p2BDFELUq<5J ? <5EN2B<d-7<X6"Qa+!6 ? DFJC/98CO7GH< � A P ?;<56ADFE
6>+ ; Jc+F258C/ADFEh-7<B?=?;:BeL4N<5EN2B<B?=-7DFE�8=6A<@2;ON<5G]/9Ex2b+F2;ON:@U#/A?C/98;<p6A<B?M-�/ V :5J;<5E�8;?K:58c+!8;?=-RQ 47E
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 � � ��� �
<B?C8XU#/A?C/98;: ` +!J ` 694N?Y-7<]6>+oGHDF/98C/A:f-7<B?Y2cON<5G]/9EN?m2b+ =
2;ON:B?bZ�\M<58M+!6 ? DFJC/98CO7GH<@?;<5GY_76A<@-7DFE7EN<5JM-7<B?�J;:B?C47698c+!8;?M?c+!8C/A? ; +!/A?c+!E�8;?bZ��)8c+!E�8=-7DFE7EN:B<
6"Qa+!J;2;O7/98;<B258C47J;<@-�4HGHDL-7I56A<j<58�?;DFEH/9EL8;<5J ` J;:58c+!8C/ADFEf_7/ADF6AD ? /AeL4N< P /96�?c<5GY_76A<p+F?;8C4N25/A<54�P
<58
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6"Qa+!6 ? DFJC/98CO7GH<m-RQTD ` 8C/9G]/A?c+!8C/ADFEy2BDFEN?C/A?;8;< O 8;<5E�8;<5J
8;DF478;<B?j6A<B?
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∫

θ∈Θi

∫
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? +!E7/A?CGH?bZ AvDFJ;< ? <5EN<5Jc+!696�� P ONDFJC/ � DFE�8c+!6w8CJc+!EN? ; <5J
/A?j2BDFEN?C/A-7<5J;<B-k+F?p+H-�JC/9UL/9E ?a; DFJ;2B<
D ; _�+F258;<5JC/>+3<5UqDF69478C/ADFE � 8%+ � XYX P � 8 ����� P -�6 \ ����� � Z � +F258;<5JC/>+3+!J;< B END � Ex8;DH/9E�8;< =
? Jc+!8;< ` J;D ` O�+ ? <B? � � � A + X 	 � P +!EN-X8;DjO�+BUq<=DF8CON<5J � + ��?w8;D
/9E�8;< ? Jc+!8;< ; DFJ;<5/ ? E � � �
?;<Be�4N<5EN2B<B? � 8^A i + XQZ:P A V �9XYX:P�V�� �%XYX + � Z � ON<B?;<]8CJc+!EN? ; <5J;?X2b+!EW2BDFJCJ;<B? ` DFEN-^8;D
� � � ?;< ? GH<5E�8;? P � O7/A2;OiO�+bUq<Y-�/��R<5J;<5E�8@?C8c+!8C/A?C8C/A2b+!6 ` J;D ` <5JC8C/A<B? ; J;DFG 8CONDV?;<YD ; 8CON<
ONDV?C8bZ � 256>+F?;?C/A2b+!6
GH<58COND#-|D ; ONDFJC/ � DFE�8c+!6@8CJc+!EN? ; <5Jf-7<58;<B258C/ADFE P _�+F?;<B-|DFE(2BDL-7DFE
4N?c+ ? < ; J;<Be�4N<5EN25/A<B? P O�+F?f_�<B<5E(/9E�8CJ;D#-�4N2B<B-�_ � Ay:B-�/ ? 4N< � A V� + X g � P +!EN-�?;DFGH<
DF8CON<5Jp+ `7` J;Dq+F2;ON<B?pO�+BUq<._u<B<5ExJ;<B2B<5EL8C6��hJ;<5U#/A< � <B-i/9E � +!JC69/9E � � +!J � g � Z
F /A-7-7<5EWAv+!J B D[UdGHDL-7<56A? ` F AHA b +!J;< ? D#DL-H?;8c+!8C/A?C8C/A2b+!6�8;D#DF6A? ; DFJn8CON<p+!E�+!6���?C/A?

D ; 8CO7/A?KON<58;<5J;D ? <5EN<5/98 � � \�OL4 YX P Ai47J X 	 P Ay47J X�UP � A i + XYXUP � �9XYX P � F ������� Z � <
+ `7` 69/A<B-k8CON<5G 8;Dh8CON< ��� 
 
 � � ��� ��� � � 
 � 
 � 2;O7J;DFGHDV?;DFGH< ` � Z J Ay_ ` 6ADFE ? b Z D Ev8CON<B?;<
GHDL-7<56A? P DFEN<�+F?;?;47GH<B?%8CO�+!8)+ � � � ?c<Be�4N<5EN2B<�/A?�G3+F-7<�4 ` D ; ?C4N2B2B<B?c?C/9Uq<�?;< ? GH<5EL8;? P
<b+F2;OiDFEN<._u<56ADFE ? /9E ? 8;DHDFEN<.D ; + ] E7/98;<.EL47GY_u<5J q

D ; 8 � ` <B?bZ
� 8CON<5J,?C8c+!8C/A?;8C/A2b+!6LGHD#-7<56A?%2BDF476A-m_�<n4N?;<B- ; DFJ,?;<BeL4N<5EN2B<�?c< ? GH<5E�8c+!8C/ADFE � � A X��� P

/9E ` +!JC8C/A25476>+!Js2cO�+!E ? < ` DF/9E�8mGHDL-7<56A? � � V V + XYX:P 8^8 XYX � Z D EW8CON<B?;<]GHD#-7<56A?Y8CON<5J;<
+!J;<�ENDr?;< ? GH<5EL8)8 � ` <B? P <b+F2;OH?c< ? GH<5E�8)D ; 8CON<M?;<BeL4N<5EN2B<�O�+F?�/98;?�D � Ed?c<58�D ; 2BDFG ` D =
?C/98C/ADFE ` +!Jc+!GH<58;<5J;?bZ D EoDF47JK?C8C4N- � P�� <.2BDFEN?C/A-7<5J=8CON<B?;<@GHD#-7<56A?=8;Ds_�<p6A<B?;?=J;<b+!69/A?C8C/A2
_�<B2b+!4N?;<

�
<]8 � ` /A2b+!696��S<tP ` <B258.8CON<3?c+!GH<H2BDFG ` DV?C/98C/ADFEW8;Dg_u< ; DF47EN-^/9EW-�/��R<5J;<5E�8

?;< ? GH<5E�8;?pD ; 8CON<X2cO7J;DFGHDV?;DFGH<VZ
D E F AKAv? P <b+F2cO�8 � ` <oD ; ?;< ? GH<5EL8d/A?s2cO�+!Jc+F258;<5JC/ � <B-'_��W/98;?sD � E|?C8c+!8C/A?C8C/A2b+!6

DF69/ ? DFE�4N256A<BDF8C/A-7<s2BDFG ` DV?C/98C/ADFE P +!EN-g8CON<X?C4N2B2B<B?;?;/ADFExD ; 8 � ` <B?j+!6ADFE ? 8CON<X?c<Be�4N<5EN2B<
/A?KJ;< ` J;<B?;<5E�8;<B-y_��x+!Ey47ENDF_N?;<5JCUF+!_76A< q = ?;8c+!8;<[Av+!J B D[Ux2;O�+!/9E ` 8CON<XO7/A-7-7<5Ey2cO�+!/9E b Z
� ON<Y+!/9G /A? ] J;?C8
8;DdJ;<B2BDFEN?;8CJC4N258j8CON<B?;<X?c< ? GH<5E�8;? ; J;DFG 8CON< � � � ?;<BeL4N<5EN2B< P +!EN-
2;O�+!Jc+F258;<5JC/ � <r8CON<@/A-7<5E�8C/ ] <B-g?;< ? GH<5EL8K8 � ` <B?

�
8CON<5E P 8;D ] EN-h2BDFJCJ;<56>+!8C/ADFEN?
_�<58 � <B<5E

?;< ? GH<5E�8
8 � ` <B?j+!EN-g_7/ADF6AD ? /A2b+!6 � � �5; <b+!8C47J;<B? P ?C4N2;Oy+F?
ONDFJC/ � DFE�8c+!6%8CJc+!EN? ; <5J;?bZ

�*/�. HIC 	L2�J ��C$<=FGC$E?8 472 	 A;698?F

��� ����� � U����n	�$ � �u���%� � � �)�n	� �

� � � � ?;<Be�4N<5EN2B<32b+!ES_�<HJ;< ` J;<B?;<5E�8;<B-W_��W+ ] E7/98;<3?c<5JC/A<B? x1, · · · , xn
P <b+F2;O

_�+F?;<
xt
_�<5/9E ? 8c+ B <5E ; J;DFG 8CON<m+!6 ` O�+!_u<58 X = {a, c, g, t}

Z F /A-7-7<5EKAk+!J B DbUgGHD =



� � )%� !"� !��������	��
����������	�� & + � + � + �N� ���=�� & + �"�"!��-� ��� ��������� !�����);)��

-7<56A?x+!J;<^2cO�+!Jc+F258;<5JC/ � <B-z_��(8
�
D ` J;DL2B<B?c?;<B? ` ?;<B< ; DFJo/9EN?C8c+!EN2B< V +!_7/9EN<5J P9g�X�YX b Z

� ON<sO7/A-7-7<5ES?C8c+!8;< ` J;D#2B<B?;? sn
1 = (s1, · · · , sn) P ?;4N2;Ok8CO�+!8 st ∈ S = {1, · · · , q} P

�
O7/A2cOl/9EWDF47Jm?;<58 = 4 ` ? D[Uq<5JCEN?Y8CON<f?C4N2B2B<B?;?C/ADFEWD ; 8CON<H?c< ? GH<5E�8s8 � ` <B?s+!6ADFE ? 8CON<

?;<BeL4N<5EN2B< P +!EN-�8CON<yDF_N?c<5JCUq<B- ` J;D#2B<B?;? xn
1 = (x1, · · · , xn) �

O7/A2;O 2BDFJCJ;<B? ` DFEN-7?
8;Dk8CON<gDF_N?;<5JCUq<B- � � � ?c<Be�4N<5EN2B<VZ F /A-7-7<5E|?C8c+!8;<B?3+!J;< ? <5EN<5Jc+!8;<B-(+F2B2BDFJ;-�/9E ? 8;D
+fONDFGHD ? <5EN<BDF4N? ] J;?C8rDFJ;-7<5J[Ak+!J B DbUy2cO�+!/9E `����:b � /98COv8CJc+!EN?;/98C/ADFE ` J;DF_�+!_7/969/98C/A<B?
a(u, v) = P (st+1 = v | st = u) P u, v ∈ S

Z�\MDFEN-�/98C/ADFE�+!6)DFEi8CON<YO7/A-7-7<5E ` J;D#2B<B?;?

sn
1 = (s1, · · · , sn) P 8CON<pDF_N?;<5JCUq<B- ` J;D#2B<B?;? xn

1 = (x1, · · · , xn)
/A?�+rON<58;<5J;D ? <5EN<BDF4N?Ak+!J B DbUg2;O�+!/9E�{�_�+F?;< xt

+ `7` <b+!J;?j/9Eg8CON<X?;<BeL4N<5EN2B< �
/98COy+ ` J;DF_�+!_7/969/98 �x-�/A?C8CJC/9_74 =

8C/ADFE
�
O7/A2;O]-7< ` <5EN-7?)DFEm8CON<K+F258C4�+!6�O7/A-7-7<5E]?C8c+!8;< st

P +F? � <5696N+F?wDFE ` J;<5U#/ADF4N?w_�+F?;<B?
xt−r, . . . , xt−1

Z F / ? ON<5JjDFJ;-7<5J Ak+!J B DbU#/>+!Ei-7< ` <5EN-7<5EN25/A<B? � /9696RENDF8
_u<.2BDFEN?C/A-7<5J;<B-
; DFJ=8CON<rO7/A-7-7<5Ex2;O�+!/9E P +F? � <.<tP ` <B258=8;Dm/A-7<5EL8C/ ; �h6>+!J ? <.2BDFG ` DV?C/98C/ADFE�+!6%?;< ? GH<5EL8;? P
_7478.8CON<dEL47GY_u<5J

q
D ; O7/A-7-7<5ES?C8c+!8;<B? �

/9696)UF+!J��
�
?C/9G]/96>+!JC6��y8CON<]DFJ;-7<5JY+!EN-^DF8CON<5J

?C8CJC4N258C47Jc+!6 ; <b+!8C47J;<B?XD ; 8CON<]DF_N?;<5JCUq<B-S2cO�+!/9E �
/9696�+!6A?;DoUV+!J��qZ � O�4N? P +F2B2BDFJ;-�/9E ? 8;D

8CON<.2cO�+!Jc+F258;<5JC/A?C8C/A2B?pD ; 8CON<B?;< Ak+!J B DbUo2;O�+!/9EN? P ?;<5Uq<5Jc+!6RGHD#-7<56A?
D ; /9E�8;<5J;<B?C8j2b+!Eg_u<
2BDFEN?C8CJC4N258;<B-RZ

� ON< ��� � ��� GHDL-7<56�+F?;?C47GH<B?M8CO�+!8 P 2BDFEN-�/98C/ADFE�+!6�DFEo8CON<jO7/A-7-7<5Ex?;8c+!8;< st
P EL4 =

256A<BDF8C/A-7<B?
xt

+!J;<m-�Jc+
�
Ev/9EN-7< ` <5EN-7<5EL8C6�� �

/98COv+ ` J;DF_�+!_7/969/98 � bu(x) = P (xt = x |
st = u) P x ∈ X P u ∈ S

Z F <5EN2B< P 8CO7/A?pGHDL-7<56w8c+ B <B?@/9E�8;Dg+F2B2BDF47E�8r8CON<m6ADL2b+!6w_�+F?;<
2BDFG ` DV?C/98C/ADFE3D ; 8CON<K?;<Be�4N<5EN2B< P +!EN-]2BDFJCJ;<B? ` DFEN-7?n8;Dr8CON<K256>+F?;?C/A2b+!67O7/A-7-7<5EaAk+!J B DbU
GHD#-7<56#-7<B?c25JC/9_�<B-m/9Em8CON<�69/98;<5Jc+!8C47J;<VZQAyDFJ;< ? <5EN<5Jc+!696�� P 8CON< ��� � � �=GHD#-7<56�+F?c?C47GH<B? P
2BDFEN-�/98C/ADFE�+!6uDFEH8CON<j+F258C4�+!6NO7/A-7-7<5Eh?C8c+!8;< P + r

DFJ;-7<5J Ak+!J B DbU#/>+!Ef-7< ` <5EN-7<5EN2B<
_u<58 =
�
<B<5EvDF_N?;<5JCUV+!8C/ADFEN? P � /98COv+H8CJc+!EN?C/98C/ADFE ` J;DF_�+!_7/969/98 � bu(x;w) = P (xt = x | st =

u, xt−1
t−r = w) ; DFJp+dE�4N256A<BDF8C/A-7<s2BDFE�8;<tP�8 w

D ; 6A<5E ? 8CO r
Z � O7/A?
GHD#-7<56 P /9E�8CJ;D#-�4N2B<B-

_ �^\�OL47J;2;O7/9696 � \�OL4 YX � P +F2B2BDF47E�8;? ; DFJr8CON<s6ADL2b+!6 r + 1 = E�4N256A<BDF8C/A-7< ; J;<BeL4N<5EN25/A<B?.D ;8CON< � � � ?;<Be�4N<5EN2B<VZ � <d-7<5ENDF8;<d8CON< �
ONDF6A<d?;<58.D ; GHDL-7<56 ` +!Jc+!GH<58;<5J;?._ � θ


�� � �
8CJc+!EN?C/98C/ADFE ` J;DF_�+!_7/969/98C/A<B?
_u<58 � <B<5Ey?C8c+!8;<B?@+!EN-o_�<58 � <B<5Ei_�+F?c<B?bZ
� /9Uq<5EW8CON<3?c<Be�4N<5EN2B< xn

1
P � <32BDFEN?;/A-7<5JY8CON<HG3+ P�/9GY47G 69/ B <569/9OND#DL-l<B?C8C/9G3+!8;DFJ

D ; θ
Z�\MDFEN?;/A?C8;<5EN2 ��+!EN-�ENDFJCG3+!69/98 �|J;<B?C47698;? P 8CO�+!8 9 4N?C8C/ ; ��8CON<yG3+ P�/9GY47G 69/ B <569/ =

OND#DL- + `7` J;Dq+F2;O P � <5J;< ` J;D[Uq<B- /9E&8CON< ��� � ��� GHD#-7<56m_ � � +!47G +!EN- �w<58CJC/A<
� � � ��� � P +!EN-�<tP�8;<5EN-7<B-l8;Dv8CON< ��� � � �gGHD#-7<56M_ ��Ay47JC/ � Ay47J X 	 � Z i <5Uq<5Jc+!6=GH< =
8COND#-7?X<tP�/A?C8 ; DFJ.<B?C8C/9G3+!8C/9E ? 8CON< ` +!Jc+!GH<58;<5J;?mD ; O7/A-7-7<5E Ak+!J B DbUvGHD#-7<56A? P /9EN25694 =
-�/9E ? ?C8;D#2;O�+F?;8C/A2d69/ B <569/9ONDLD#-kG3+ P#/9G]/ � +!8C/ADFE�+!6 ? DFJC/98CO7G +!EN-k_�+ �q<B?C/>+!El<B?C8C/9G3+!8C/ADFE
` ?;<B< �WV +!_ YX:P � �$X�� P�V \ �9XQTUP Ai47J X 	 P Ay47J X�:P ��� � A X�UP � � X��� b Z � 696#8CON<B?;<MGH< =
8COND#-7?n-7DrENDF8)J;<BeL47/9J;<
+!E��d6A<b+!JCE7/9E ? ?;<58)D ;u` J;< = ?;< ? GH<5E�8;<B-f?;<Be�4N<5EN2B<B?n8;D.<B?C8C/9G3+!8;<
θ
Z � ON< �gDFE76��hJ;<Be�47/9J;<m? ` <B25/ ] 2b+!8C/ADFEyD ; 8CON<XGHDL-7<56%?;8CJC4N258C47J;< ` E�47Gm_�<5JrD ; ?;8c+!8;<B? P

q P +!EN-gDFJ;-7<5J
D ; 8CON<rGHD#-7<56 P r b Z D EoDF47J
?;8C4N- � �
<.2cONDLDV?c<rENDF8K8;Dm/9EL8CJ;DL-�4N2B< ` JC/ADFJ

/9E ; DFJCG3+!8C/ADFE P +!EN-'2;OND#DV?;<h8CON< � A +!6 ? DFJC/98CO7G 8;DvG3+ P�/9G]/ � <o69/ B <569/9ONDLD#- Pθ(x
n
1 )� � A i + XYX � P � O7/A2;O ` J;D[Uq<B-x8;Dd_u<.DFEN<XD ; 8CON<rGHDV?C8j<��R<B258C/9Uq<VZ

F /A-7-7<5Ei?C8c+!8;<B?p+!J;<rG]/A?;?C/9E ? -N+!8c+ P +!EN-g8CON<r69/ B <569/9OND#D#-g/A?j+d?C47G D[Uq<5Jp+!696RO7/A- =
-7<5E|?C8c+!8;< ` +!8CON? Pθ(x

n
1 ) =

∑

sn
1∈Sn Pθ(x

n
1 , sn

1 ) P � O7/A2;O'G3+ B <B?]/98dENDF8H-�/9J;<B258C6��8CJc+F258c+!_76A<VZ � ON< � A +!6 ? DFJC/98CO7G /A?X4N?;< ; 476n/9ElG3+!E��S<B?C8C/9G3+!8C/ADFE ` J;DF_76A<5GH?Y/9ELUqDF6 =
U#/9E ? G]/A?;?C/9E ? -N+!8c+ P /9EN25694N-�/9E ?KF AKA�Z D 8X/A?Y+!ES/98;<5Jc+!8C/9Uq< ` J;DL2B<B-�47J;<38CO�+!8m+!698;<5J =
E�+!8;<B?]8

�
Dl?C8;< ` ? P ?;<B< � \�OL4 YXUP(V +!_ YXUP � � � A X� � ; DFJH-7<58c+!/96A<B-|-7<B?;25JC/ ` 8C/ADFE�D ;
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8CON< F AKA 2b+F?c<s+!EN- �� 8 V 	�	 � ; DFJpG3+!8CON<5G3+!8C/A2b+!6 ` J;D#D ; D ; 8CON<d2BDFE�Uq<5J ? <5EN2B<d8;D =
�
+!J;-|8CON<iG3+ P#/9Gm47G 69/ B <569/9OND#D#-(<B?C8C/9G3+!8;DFJbZ � /9Uq<5E�8CON<y2547JCJ;<5E�8oUV+!694N< θ(m−1) P

8CON<]<tP ` <B258c+!8C/ADFE Eθ(m−1)(log Pθ(x
n
1 , sn

1 ) | xn
1 )
/A?.2BDFG ` 478;<B-W-�47JC/9E ? 8CON< � = ?C8;< `

+!EN- G3+ P#/9G]/ � <B- DbUq<5J
θ
-�47JC/9E ? 8CON<�A = ?;8;< ` Z D E}8CON< F AKA 2BDFE�8;<tP�8 P 8CON< � =

?C8;< ` 2BDFEN?C/A?;8;?pD ; 2BDFG ` 478C/9E ? 8CON< ` J;DF_�+!_7/969/98 �vD ; 8 � Do2BDFEN?;<B25478C/9Uq<sO7/A-7-7<5Ek?C8c+!8;<B?
Pθ(m−1)(st = u, st+1 = v | xn

1 ) ; J;DFG �
O7/A2cO ; DF696AD � ? Pθ(m−1)(st = v | xn

1 )
Z

� ON<B?;< ` J;DF_�+!_7/969/98C/A<B?.+!J;<Y2BDFG ` 478;<B-v4N?C/9E ? 8CON< � +!47G = � <56A2;O ; DFJ � +!J;- = _�+F2 B � +!J;-
J;<B2547JCJ;<5EN2B<VZ � EN<

�
UF+!694N<

θ(m) /A?pDF_78c+!/9EN<B-v/9Ei8CON<YA = ?C8;< ` �
O7/A2cOy/9EN25J;<b+F?;<B?@8CON<

69/ B <569/9ONDLD#-^{

a(m(u, v) =

∑n−1
t=1 Pθ(m−1)(st = u, st+1 = v | xn

1 )
∑n−1

t=1 Pθ(m−1)(st = u | xn
1 )

b(m)
v (x;w) =

∑n
t=r+1 Pθ(m−1)(st = v | xn

1 )1{xt=x,xt−1
t−r=w}

∑n
t=r+1 Pθ(m−1)(st = v | xn

1 )1{xt−1
t−r=w}
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ON<5J;<

1{...}
/A?=<BeL4�+!6�8;D g / ; 8CON<r?;<5EL8;<5EN2B<r_�<58 � <B<5Eg8CON<@_7Jc+F2 B <58;?K/A?=8CJC4N<.+!EN-

0
DF8CON<5J

�
/A?;<VZ � +!EN- A ?C8;< ` ?r+!J;<Y+!698;<5JCE�+!8;<B-v47E�8C/96 � <s2BDFGH<X8;Dh+!Ex/98;<5Jc+!8C/ADFE M; DFJ � O7/A2cOxE�47GH<5JC/A2b+!6�2BDFE�Uq<5J ? <5EN2B<Y/A?KJ;<b+F2;ON<B-RZ

� Uq<5J���69/9G]/98 ` DF/9EL83D ; +k?;<BeL4N<5EN2B< (θ(m))m≥0
P ? <5EN<5Jc+!8;<B-'_�� � A P ?c+!8C/A? ] <B?

8CON<=6AD ? = 69/ B <569/9ONDLD#-H<BeL4�+!8C/ADFEN? P +!EN- (θ(m))m≥0
2BDFE�Uq<5J ? <B?�8;D � +!J;-7?�8CON<=G3+ P�/9GY47G
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ABC transporters ABC transporters

similar to arsenical resistance operon repressor
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similar to mercuric resistance operon regulator

tetracycline resistance
similar to streptothricin acetyl−transferase
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4 56 2981 301 13 0.44% 462 15.5%N # O &L & %P E &Q RL R B , -/. 0 02 + * 0 + 0 0*

38.0% 2.9

4 56 2855 245 8 0.28% 443 15.5%S# TL RC O &L ( I R UV :W G , -/. 0 02 0+ X + 0 0*

39.7% 2.2

4 56 2094 399 156 7.45% 196 9.36%S# TL RC O &L ( I R W F , -/. 0 02 01 X + 0 0*

39.7% 2.0

4 56 2043 330 35 1.71% 48 2.35%S# TP &Q RL R B , -/. 0 0+ 32 3 + 0 0*

38.5% 1.9

4 56 1697 192 15 0.88% 160 9.43%N # 'I % E ( B , -/. 0 0+ F F + + 0 0*

35.3% 2.4

4 56 2267 257 13 0.49% 184 8.12%Y# T RK ZK (L Q RL B , -/. 0 02 2 F F + 0 0*

28.6% 3.0

4 56 2660 253 15 0.56% 262 9.85%Y# I % RE & DC E P '( %C O , -/. 0 02 02 0 + 0 0*

30.9% 3.9

4 56 3672 415 28 0.76% 451 12.3%S# I C K RC B 4[ M 0 , -/. 0 0+ 3 M X + 0 0*

32.9% 2.9

4 56 2714 359 56 2.06% 419 15.4%S# I C K RC B ,*2 M , -/. 0 0+ 3 G M + 0 0*

32.8% 2.8

4 56 2594 308 41 1.58% 413 15.9%\# E C D RK % C '& B ( B ]2 3W ^ , -/. 0 0 01F + * 1 1 X

65.6% 4.4

4 56 3927 263 8 0.20% 700 17.8%\# E C D RK % C '& B ( B -_ - * M M* , -/. 0 0+ 3 M M + 0 0*

65.6% 4.4

4 56 4187 568 147 3.51% 570 13.6%

`a bdc egf h i jlk m no prqs q o t ns uwv t uo v k x t p ny nz k m n v n{ | nz o nv q z } q z z k t q t uk z v u z o ~ | } n } u z t p uwv v t | }�� f �lk ~ | m z �� n x j n{ �s n x ns v tk

t p n � n x j n{ q o o nv v uk z z | m � ns v k x t p n � nz � q z � v n{ | nz o n � ~ nv�� o k ~ | m z �� | � ~ uo q t uk z � o k z t q u z v t p n� | � ~ uo q t uk z � nqs k x t p n� q � ns

} nv o s u � u z y t p n q z z k t q t uk z � o k ~ | m z �� � v ts nq m �� � � o k z t q u z v t p n� s k � k s t uk z k x t p n q z z k t q t n } �� j v prq � u z y q z u z xs q m n �� �

|� v ts nq m k x t p n us q z z k t q t n } v t qs t � k v u t uk z f
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�� 2 �$�d
��dSc��J=9c) �$�7Hc��g$�<l=�`
��7�ip1T$"�Sa	d�a��9c

5����dSc�`�a>�?��$�7E12��c�dSc��]5�c�<M$�`Sc gY!8="!���d."t"t/. _S�� ��]$� nd#�ecG=9c) �$�7Hc6$�<�H V 12I � ]�R 12I RKJ
1 Z(T	R.L � . *

Dy E$�`3�8c�` d3$g52!8a�����ip!21I�D��d#!��L�=��c�d/$�<E=9c) �$�7HcG�Sc���!ec) ���c��?`Sc)�>��dSc��Gd3$ d#�ecO=�`
��7�i
1F$"��a	d�a��9cW7�$��8c)� 0 J 1 R	T	TU�V V(Uej�\[R	T	R�V _ ;�c <M$C�)!��Sc��q$� d#�ec 0 J 1 R	T	TU�VFWEXYT[Z�V�\[]�R[^9RU�_
=�`3$�!21 * � �8a��m=�`3$�!21t_A�����3$ mC �$(;8 W���md#�ecE��$(; i=�{D� =�`
��7�ip1F$"��a	d�a��9cI=�`3$�!21t_ `Sc)18`Scji
�Sc) od3�
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$�<?d#�ec

15
=9c) �$�7Hc��#a� ��)��!��8c�� a� ?$�!8`Y�� �����C��a���M�0 ��V�Uej�\[R	T	R�V _ L B e + a('dc _

0 J 1 R	T	TU�V I J*T[Zo^ U�]NJPOeV _ � ^ � + t"tdc _0Q R�V(\ � ]�RKJ RROSO�Z 1 UTJ _ ^gP1r + tL�mc _0Q R�V(\ � ]�RKJ _ ZGO�ZPU
1�V \ ZXW � O � V _ ^gP1r + tL�mc _TY \[] �2Z \ Z 1 Z 1�1 U�V Z O � U�_ ZGO8RKJ � � D ^PcGhE_ � ^ ] + tL�mc _[Y \[] �2Z \ ZPU
1 Z 1�1 U�V Z O � U�_ ZGO8RKJ � c]\D_ o g g + tL�mc _9Y \[] �2Z \ Z 1 Z 1�1 U�V Z4V ZXW � O � V eW�w^ g k�_kP1e g + tL�mc _
Q J 1 \ Z 1 Z 1�1 U�VATKJ 1 \[R�V _ rX~ e + tL�mc _ XYT[Z�V(\[]�R[^9RU�_ Z � ]_^.]�RRO4W � OeV _ k8B o + t/.dc _ XYT[Z�V(\[]�R`U
^9RU�_aJ 1�� \ Zoj�U8\ V T	R 1 U�_ _ ^ r#B + tL�mc _�Y \'J Z�IDV T[Z 1 Z 1�1 U�VbJ U�] � U�V e;!�"t\_ L Bdc + tL�)c
�� ��eY \'J Z�I�V T[Z 1 Z 1�1 U�VJ U�] � U�V ^=�Nb"��_ L Bdc + tL�mc *(� �ec��Sc��+!ec) ���c��H=9c) �$�7Hc��B$�<@f*V U
1 Z Z TKJ�V�_eJ �31Ec���a�c��C;�c�`ScE �$�d1a� ��)��!��8c��J5Ec��N��!���cE$�<fd#�ec�a	`:��ds�C18a��N��� < cN��d#!8`Sc�����$�7�i
1��`Sc�� d3$�$�d#�ec�`f=9c) �$�7Hc��8$�< 0 J 1 R	T	TU�VFWEXYT[Z�V(\[]�R[^9RU�_ =�`3$�!21t_ a� ��)��!���a� 8=hd#�ec�a	`8�#76�����
��a��(c<�� ��?���	dSc�`# ��d�a��9c,=9c) ec�d�a��:��$C�8c *

B�!8`E�� �����L��a��ma� ��)��!��8c�� d#�ec67�$��8c)�X5����dSc�`�a>�gH � 1 Z(T	R ��d�`
��a� L � .�_ r ] r + a('dc
��a� ���cfa	dA����Yd#�ecf=�`ScN��dSc���dU��7�$�!2 idU$�< c . 1�c�`�a�7Hc) id
��������d
�D���"��a��>��52��c * Ds =1��`�d�a��)!2�>��``_^LidSc�`#7Ga� ���S�Sc���!ec) ���c��G$�<=h�h"hE18`3$�dSc�a� �������9c�5�c�c) Qc . 1Ec�`�a�7Hc) od
�������0�8c�dSc�`#7Ga� ec�� _
�� ��r��`Sc cN���Sa����'�N����a��>��52��cpd#�8`3$�!8="� d#�ec , ��$+^Cc) ec?����d
��5���Sc a� odSc�`F<%����c]_ cY!���t"t�c _
18`3$ �oa���a� 8=Ld#�ec�a	` ��NPkZ��$�$�`3��a� ��dSc��H$� d#�ecp=9c) �$�7HcJ�Sc���!ec) ���c;$�< L � . * g8����$�` i
��a� 8= d3$H��$C$�`3��a� ��dSc��<$� d#�ec)=9c) �$�7Hc��Sc���!ec) ���cd_ @��9cE$�<�d#�ec ��NPkC�:�2$I �$�d���N�9c
��c) 8=�d#����;ba��3�(��`Sc�7:!2�	d�a�12��c��g$�< d#�8`Sc�c * rOc��N��!��Sc=$�<U�Sc��+!ec) ���a� 8= c�`�`3$�`3��$�`� ��d#!8`
���
<[`
��7Hc��#�8aM<[d3�`_8d#�ec��Sc<� ��N kC���2$E �$�dG��$�`�`Sc��#1F$� ��pd3$���a� 8="��c)B cYP��G$� Qd#�ec1=9c) �$�7Hc
�Sc���!ec) ���c�_ cG!���t"t�c * Ds hd#�8a��U��d#!��L� _�;�c8!��Sc@$� 2���)d#�ecb`Sc)76��a� 8a� 8=ih"b"aD18`3$�dSc�a� �� <[`3$�7
d#�ec , ��$+^Cc) ec<����d
���Sc�d#;8�8a��
�?��$�`�`Sc��#1F$� �� d3$E��a� 8="��c)B cYP�� *

^1c) �$�7Hc]�Sc���!ec) ���c��0$�<)d ;B$jfkV 1 Zoj�J 1 \ � ]�RU�_ \�Uej � ] 1 U�T[Z�V�R�V ��d�`
��a� ��uoDb(' cY�
_ �Xr ] + aDhdc _��� �� ��N �D�N�"�L��_kP g , + t/.�c ;fc�`Sc1a� ��)��!��8c�� a� 0$�!8`Y�� �����L��a�� *�� �ec)�H��`Sc
a� odSc�`Sc���d�a� 8=K5Ec��N��!��Sckd#�ec�a	`l=�{D�ji`�a��
�&��$�7E1F$"��a	d�a�$� &76� m9c��w��$� 8=� �$� I��$C��a� 8=hB c�P��
7�$�`ScC<[`Sc���!ec) id`_�� �� d#�ec�`Sc�<%$�`Sc1=9c) ec<�8c�dSc���d�a�$� ?���`3�8c�` *
lnmomop 4(6�4rq p�m 2ts p�u q'7[qKFo2 � ��52��cgh * ���3!27E76��`�a��(c��8�3$�7HcCa� �<M$�`#76��d�a�$� ;��5F$�!8dOd#�ec
�Sc�dI$�<���c��+!ec) ���c��H�� ��r�� 2 �$�d
��d�a�$� ��&!��Sc�� a� d#�8a��6��d#!��L� * Ds r$�`3�8c�` d3$��8c��3��`�a�5�c
�� 2 �$�d
��d�a�$� ��`_fd#�8a�� d
��52��c0��$C$ mC�&��dId$;X$V��a l c�`Sc) idf���#1�c���d3�6$�<<5����dSc�`�a>��� =9c) �$�7Hc
�Sc���!ec) ���c:�� 2 �$�d
��d�a�$� *gD�mc)7E12����Sa��(c���5��/rOc��Sc)7Hc�` � \dJ*T�� _ rXj+r@tL��c _ d#�ec� �!27:5�c�`�$�< ��N kC�,;8�8a��
�
��N�9cY �$ma� H<[`
��7Hc g � ^ 5Ec�d ;fc�c) d#�ec�a	`@�� 2 �$�d
��dSc��&��d
��`�d@�� ��Id#�ecY ec . dB!21���d�`ScN��7
a� n<.`
��7Hc&��d3$�1o��$��2$� `Sc)�9cN�����K��a l�c�`Sc) ���c���5�c�d$;�c�c) r�� 2 �$�d
��d�a�$� W1F$��	a���a�c�� * � �ec�a	`
`ScN���3$� 8a� 8= d
� m9c��Ha� id3$]������$�!2 idId#�ecI76��a� Z�Sd
��`�dK��$C�2$� O g � ^<Q��� ��Ld#�ec0b9��d3$�1
��$C�2$� ��6O � ^ g4_ � gY^�_ � g g�Q * � �ec)�J���
�#!27HcGc��+!���/18`3$�5��58a��	a	d�a�c��=$�<@$C���)!8`�`Sc) ���c
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18`3$�5��58a��	a	dy�f$�<Y@� ���a� 8=I�� sg � ^ ;8�ec) 
��$�$ m a� 8= <%$�`,d#�ecG@e`3��dma� <.`
��7Hc g � ^ $�`=��d3$�1���$C�2$� �!21���d�`ScN��7 $�<G� d�`#!ec6��d
��`�d
��$��2$� *�� �+!��`_�d#�ec= +!27=5Ec�`<$�<f=9c) ec��g���� a� 8=f�� Bg � ^ !21���d�`ScN��7 $�<ld#�ec�a	`<�� 2 �$ i
d
��dSc��f��d
��`�d`_ a��bc . 1�c���dSc�� d3$K5Ecg�)��$"�Sc d3$ 25% *�� �8a��#c���d�a�76��d�a�$� t_����	d#��$�!8="�;5���Sc��
$� 9��a�7E12��cE���3�3!27E18d�a�$� ��`_F��$�!2���?5�c���$� ���a��8c�`Sc��(���g�I`Sc�< c�`Sc) ���c=�"����!ecd_ �� ��Iv !���d�a i
@ c��lc . ��7Ga� 8a� 8=Ad#�8a�� �+!�� od�a	ds�H;8�ec) H��$�7E1��`�a� 8=E�� 2 �$�d
��d�a�$� �� * � ��52��c�h * �Y�#��$�;G�X�
=�`ScN��dG����`�a>��d�a�$� ;5Ec�d ;fc�c) Q=9c) �$�7Hc��ka� d#�ec�18`3$�1F$�`�d�a�$� ;$�<3=9c) ec��G���� a� 8=&�� sg � ^
!21���d�`ScN��7 $�<�d#�ec�a	`B�� 2 �$�d
��dSc��6��d
��`�d *!� �8a��U�"��`�a�c��?<.`3$�7 2.35%

<%$�` Y � Z O � U�_ ZGO8RKJ �c]\Id3$
21.8%

<M$�` 0 � I J*T[Z ^ U�]NJPOeVN* kC$�7HcK$�<ld#�ec��Sc��"��`�a>��d�a�$� ��<��`Sc=�)��cN��`#���9�L!ec)d3$
�� 2 �$�d
��d�a�$� I1F$��	a��)� , <M$�`la� ���d
�� ���c#d#�8a��w18`3$�1T$�`�d�a�$� a��

9.35%
<%$�` Y � Z O � U�_ ZGO8RKJ �

� D ^ cYhb_�7:!��3�67�$�`Scbd#��� h<M$�` Y � Z O � U�_ ZGO8RKJ �Xc]\ * Dy idSc�`Sc���d�a� 8="��� _�d#�ec@18`3$�1F$�`�d�a�$� 
a��

18.0%
a� Kd#�ec��9c�`�aM@ c��/^ZidSc�`#7Ga� ��� , ��$+^1c) ec�����d
����c�d *�� �8a��D�"����!ecd_x��$�7E1��`Sc��

d3$
6.75%

a� J^1c) br@�� m0�� 2 �$�d
��d�a�$� ��`_x1F$�a� id3�D$�!8dD�E58a>���ka� Qd#�ecK^Cc) br8�� mf�� 2 �$ i
d
��d�a�$� ��Y$�<�H � 1 Z(T	R d3$(;@��`3�2� ��N kC�b;8�8a��
�9��`Sc1d3$C$K��$� 8= *gY �$�d#�ec�`f��a��9c�`�=9c) ���cJ5�c�d$;�c�c) �� 2 �$�d
��d�a�$� e1T$��	a���a�c��H��$� ���c�`# ��f�#��$�`�d =9c) ec��`_
�� ��hd#�ec@18`3$�1T$�`�d�a�$� Hd#�ec)�A`Sc)18`Sc��Sc) idla� Gd#�ec8�Sc�dU$�<F������� 2 �$�d
��dSc��G=9c) ec�� */� ��52��c8h * �
�#��$(;G� d#���dld#�ec@18`3$�1T$�`�d�a�$� 6$�<�=9c) ec��U�#��$�`�dSc�`ld#��� G@8<.dy�K��7Ga� �$ iy����a��2�w����`�a�c�� <.`3$�7
0.20%

a� f �3\�Uej � ] 1 U�T[Z�VSR�V oDb(' cY�Qd3$
7.45%

a� Y � Z O � U�_ ZGO8RKJ � � D#^ cGh * gD�Ca��
d#�ecI�N���ScI<%$�`md#�ecGg � ^ �Sd
��d�a���d�a����)=�a��9c) o��5F$N�9cd_/�3$�7Hc&$�<#d#�ec��Sc&��a l�c�`Sc) ���c��E�N�� 
$� 2���Z5EcKc . 12�>��a� ec��`5��r��a l�c�`Sc) ���c�� a� d#�ecJ�� 2 �$�d
��d�a�$� e1T$��	a���a�c�� * P�$�` a� ���d
�� ���cd_
d#�ecE18`3$�1T$�`�d�a�$� o$�<b=9c) ec��:�#��$�`�dSc�`Ad#��� 
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d�a�7Hc��

�8a	="�ec�`�a� Kd#�ec�f � \�Uej � ] 1 U�T[Z�V�R�V ��N �D�N�"�L�)d#��� Qa� Kd#�ecif � \�Uej � ] 1 U�T[Z�V�R�V oDb(' cY�
=9c) �$�7Hc *

!#"K$�"K$ ����� 6���+
	b/08;>#8 A#8 C�8�1 CD)'+.>
� p� 2GF��
�oF m 7�Fi2A685PF�� p�� F u u F ����� ����� 2 o�a��2�8c) eJ��`nm4$N� e9$��8c)���w����9c
 +!27Hc�`3$�!�����1212�	a��N��d�a�$� ��ha� W�9c�`#����a l�c�`Sc) odh@ c)���2�`_S52!8d�$�!8`���a�7 �ec�`Sc a���$� 2��� d3$
18`Sc��Sc) id#d#�ec)7 a� ;��$� 2 ec���d�a�$� Q;ba	d#� =9c) ec<�8c�dSc���d�a�$� *g N ^ g'�Sc���!ec) ���cfa��|� a�c�;fc��E���/�Y�Sc�`�a�c��/$�<�#!�����c��
��a��9cB��c�="7Hc) id3�`_�cN���3�K$� ecB5Ecji
��$� 8=�a� 8= d3$D$� ecX$�!8d/$�<x�#@� 8a	dSc@�Sc�d/$�<x�N��dSc�=4$�`�a�c�� * � �ec��ScX�N��dSc�=4$�`�a�c��?;ba���� `Sc)18`Sc���c) id`_
<M$�` a� ���d
�� ���cd_d��$���a� 8=D�Sc���!ec) ���c��`_`cL^ gD�`_�a� idSc�`�=9c) 8a��X�Sc��+!ec) ���c�� _�c�d3� *N, ���
�=$�<8d#�ec��Sc
�Sc�="7Hc) idA�N��dSc�=4$�`�a�c��}���� a	d3�|$(;8 =�Sd
��d�a���d�a��N���+��$�7E1F$"��a	d�a�$� ma� ,dSc�`#7��S$�<L$��	a	=4$� �!��)��c�$ i
d�a��8c�� *(� �8a��w�Sd�`#!���d#!8`Sc#a�� `Sc)18`Sc���c) idSc�� a� o e e9�-5+�hd$;X$=��a l c�`Sc) idB18`3$���c��
�Sc�� *(� �ec
@e`3��d}18`3$C��c��3� a�� d#�ec-�8a��2�8c) =18`3$C��c��3� * D$d|��$� ��Sa���d3�|$�<�8�Sc�`�a�c��S$�<2�>��5Ec)���S�N������c��<�8a��2�8c) 
��d
��dSc�� * g `#!2 0$�<3d#�ec��
��7Hcg�8a��2�8c) ;��d
��dScCa� ���a��N��dSc��D���Sc�="7Hc) idG5�c)��$� 8=�a� 8=Hd3$hd#�ec
��$�`�`Sc��#1T$� ���a� 8=?�N��dSc�=4$�`#� * � �8a��<18`3$C��c��3�1a��<!2 m� �$�;8 t_S�� �� a	d3�1`Sc���$� ��Sd�`#!���d�a�$� na��
d#�ec876��a� I$�5Lv�c���d�a��9c *�� �ecY�Sc���$� ���18`3$C��c��3� a��ld#�ecY$�5��Sc�`#�9c��618`3$���c��
�`_4��$� ���a���d�a� 8=�$�<
d#�ec�$�5��Sc�`#�9c��& �!��)��c�$�d�a��8c��Sc��+!ec) ���c * gOdOcN���3�H1F$"��a	d�a�$� a� d#�ecg�Sc���!ec) ���cd_id#�ecD18`3$ i
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��dSc * o�c) ���cd_���$C�N������$�7E1T$"�Sa	d�a�$� ��8c)1Ec) ��2�U$� ���c�="7Hc) idw�N��dSc�=4$�`#�E�� ��
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�Ia��-!��Sc��Hd3$1="!ec��3� d#�ecY$�`�a	=�a� ���x�Sc�="7Hc) od
��d�a�$� *]/��`
��7Hc�dSc�`3��$�<��uo e e O �>��dSc�`���$� ���a��8c�`Sc��'������$�$�`3��a� ��dSc��K$�<��01��`
��7Hc�dSc�`
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θ
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�� ���a	d�a�$� V18`3$�5��58a��	a	d�a�c���5Ec�d ;fc�c) W�8a��2�8c) V��d
��dSc��

a
_|�� �� d#�ec

$�5��Sc�`#�"��d�a�$� c)7Ga��3��a�$� ?18`3$�5��58a��	a	d�a�c��1=�a��9c) Kd#�ec��)!8`�`Sc) idg�8a��2�8c) (��d
��dSc
b * j c�d d#�ec�8a��2�8c) f��d
��dScD��dB1F$"��a	d�a�$� 

t
5�cY�8c) �$�dSc��

St

_id#�ec�$�5���c�`#�9c��6 �!��)��c�$�d�a��8c<��dB1F$"��a	d�a�$� 
t
5�cK�8c) �$�dSc��J5+�

Xt

_ �� ��Jd#�ecK�Sc���!ec) ���c�$�<B +!��)��c�$�d�a��8c��1<[`3$�7 1T$"��a	d�a�$� 
t1
d3$

t25�c��8c) �$�dSc��
Xt2

t1
*$� �ec) a

��$� od
��a� ��md#�ec618`3$�5��58a��	a	d�a�c��
a(u, v) = P (St+1 = v |

St = u)
<M$�` cN���
�I��$�!212��cG$�<F�8a��2�8c) I�Sd
��dSc��

(u, v) * b ��$� od
��a� �� bu(x;w) = P (Xt =
x | St = u,Xt−1

t−ru
= w)

<%$�`#cN���3�;�8a��2�8c) ;��d
��dSc
u
_L �!��)��c�$�d�a��8c

x
_��� ��0 +!��)��c�$�d�a��8c
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_8;8�8a��
�pa��bd#�ec eJ��`nm4$N� is$�`3�8c�`D���3�
$���a>��dSc�� d3$��Sd
��dSc
u *

� F m F � F94GFi794rq p�m�� 682GF �?p�m ����� 2 o e e9�|��`ScU�9c�`#�C;fc)���C�#!8a	dSc��1<%$�` dSc . d#!8`Sc
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������$�!2 od * koa	=" �����Y�� �� dSc . d#!8`Sc��8��`Sc `Sc)18`Sc��Sc) idSc��pa� d#�ec o e e9��;fcg��$� ���d�`#!���d85+�
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��12�W$�<Y���L7Ga��3��a�52��c d�`
�� ���a	d�a�$� �� * ~ c
;ba����G �$�;��8c��3��`�a�5�cH��$(; ;fcf7�$C�8c)�#d#�ecf5����dSc�`�a>���D�3�8`3$�7�$"�3$�7Hc?�Sc���!ec) ���cd_w�� ��
c . 12�>��a� 0��$(; 1��`
��7Hc�dSc�`3�D��`Sc,c��Sd�a�76��dSc�� *

� F m F � Fi4GFi7�4rq p�m � p�� F u 2GF94�4rq m�� 2 PYa	="!8`Scgh * �C`Sc)18`Sc���c) id3�#d#�ecD76��a� 0��$�7E1F$ i
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��dScd_
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�
���a� *
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`Sc)�>��dSc��md3$#c . 18`Sc��
��a�$� ,=9c) ec-��c)�9c)�_ ^:^ h/.�cC�� ��1d3$G��$�`�a��N$� id
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��`�dY��$��2$� * e?$�`Sc�$ �9c�``_
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B��9c�`#�>��1��U5Ec�d ;fc�c) ��N kC�U��`Sc8�� Ga�7E1T$�`�d
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��d�a�$� eOM�Sc�c0_kj+r@aDh�c <M$�`md#�ec���a���d�`�a�52!8d�a�$� o$�<���N k($ �9c�`#�>��1���c) 8=�d#���RQ * B�!8`
7�$C�8c)�|��a���d�a� 8="!8a��#�ec��#d#�ec��9c�`#�I<[`Sc���!ec) idY�#��$�`�dG$ �9c�`#�>��1��Y$�<8�d_ .E$�`8hE +!��)��c�$�d�a��8c��
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��`Scw��$� 8=9c�`/$N�9c�`#�>��1�� * �X$�7E1F$"��a	d�a�$� K$�<���$� 8=D$ �9c�`#�>��1��3a��|7�$C�8c)����c��ma� Ad#�ec
�
��7Hc ;@���&���X �$� f$N�9c�`#�>��1218a� 8= ��N kC� * rOc��N��!��Sc� �$�d8�3$:7=!��3�0����d
�K��`Scg���"��a��>��52��c
a� ;����a� 8="��c =9c) �$�7HcC<%$�`Od#�ec�a	`G��$�7E1T$"��a	d�a�$� pc��Sd�a�76��d�a�$� t_8;fcg!��ScD�8a��2�8c) 0��d
��dSc��8$�<eJ��`nm4$N�&$�`3�8c�`g� * Dy &$�`3�8c�`�d3$�18`Sc)�9c) idOa� <.`
��7HcD��d3$�1H��$��2$� ���;fcD!��Sc��H�:1��Sc)!��2$ i
�Sc���$� ��I$�`3�8c�`U7�$C�8c)�f_+��$�`�`Sc��#1F$� ���a� 8=md3$:� e9��`nm4$ ��7�$C�8c)�x$�< $�`3�8c�`

1
��$� ���a	d�a�$� ���

$� pd#�ec<��5���c) ���c<$�</�Sd3$�1;��$��2$� �� *
� � moa� 8= a� od3$H������$�!2 od1d#�ecm`�a�5F$"�3$�7Hc=58a� ���a� 8=f��a	dSc&O c rZk2Q81F$"��a	d�a�$� 9�����5�c�c) 

�#��$�;8 Qd3$ha�7E18`3$ �9c:18`Sc���a��Sc:��d
��`�dY��a	dScg18`Sc���a���d�a�$� o_kjtr8aDh _ r@jtr8tL� _Jk , k kLtL��c _8d#�8a��
7Ga	="�od;�����3$W�ec)��1 d3$W18`Sc���a���d0�#��$�`�d =9c) ec�� ;8�ec�`Sc ��N k[��$�7E1T$"��a	d�a�$� �2$ c��& �$�d
18`3$ �oa��8cf�#! %6��a�c) odHa� �<%$�`#76��d�a�$� * Ds o$�!8`E7�$C�8c)�f_ cLrZk]��c��+!ec) ���c�����`ScH7�$C�8c)����c��
5��f�E1T$"��a	d�a�$� ���S��$�7E1T$"��a	d�a�$� ���A76��d�`�a . $�<1eJ��`nm4$N�0$�`3�8c�` 1

�� ��f��c) 8=�d#�
14 * � �ecc r k a��b<M$�����$�;fc��05��0�	�y�#1����c�` �g��c��+!ec) ���c<$�</7Ga� 8a�76���|��c) 8=�d#�

1 *kod�`#!���d#!8`
���UcL^ g ��$�7E1T$"�Sa	d�a�$� a��X��a l c�`Sc) id#<.`3$�7 a� idSc�`�=9c) 8a��:��$�7E1T$"��a	d�a�$� * Dy 
1��`�d�a��)!2�>��``_�a	dD����D5Ec�c) (�#��$�;8 Jd3$I5�cm`Sc)�>��dSc��Jd3$ c) +� a	`3$� 27Hc) id
���w��$� ���a	d�a�$� �� <%$�`
d#�ecf$�`�=+�� 8a��#7s_-�3!��3�Z���hdSc)7E1Ec�`
��d#!8`Sc�_ ^gj|a('dc * Dy W$�`3�8c�`Gd3$918`Sc)�9c) id618`Sc���a���d�a�$� 
$�< ��N kC�G;ba	d#�8a� ` c ^ g =9c) ec��`_w�� �� d3$ a�7E18`3$N�9cQd#�ecpc���d�a�76��dSc��G<%$�`Ha� odSc�`�=9c) 8a��
1��`
��7Hc�dSc�`3�`_Y;fc&���2�8c��W�0��d
��dSc6��$�`�`Sc��#1F$� ���a� 8=Jd3$p` cL^ g dSc . d#!8`Sc * ]A��`
��7Hc�dSc�`3�
$�< d#�ec:��$�7E1F$"��a	d�a�$� J���3�3$C��a>��dSc�� d3$Hd#�8a�����d
��dSc:��`Sc< �$�d�c���d�a�76��dSc��;52!8d���$�7E12!8dSc��
$ �9c�`kd#�ec<�� 2 �$�d
��dSc��;�Sd�`#!���d#!8`
���+cL^ g�� *

^1c) ec��=��`ScE18`Sc��Sc) od:$� ]5F$�d#����d�`
�� ��2�`_S�� �� d#�ec�`Sc�<M$�`ScI��`ScG`ScN���]$� ]5F$�d#� d#�ec
��a	`Sc���dK�� ��]��$�7E12��c)7Hc) id
��`#���Sd�`
�� ��2� * ~ a	d#�]7Ga� �$�`<7�$C��aM@�N��d�a�$� ��`_ d#�ecI��$�7E12��cji
7Hc) od
��`#�[��d�`
�� ��`7�$C�8c)�D�N�� \5�c?�8c�`�a��9c�� <[`3$�7 d#�ec9��a	`Sc���df��d�`
�� ��\$� ec * g <M!2���
�8c��3��`�a�18d�a�$� (��$� od
��a� 8a� 8=pcN���3�J$�< d#�ec:�8a��2�8c) (��d
��dSc��D$�<w$�!8`�7�$C�8c)�/�N�� ?5�c1<%$�!2 ��
a� pd#�ec��
$�<.d ;X��`Sc:�2$C�)!27Hc) id
��d�a�$� *
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���	=4$�`�a	d#�27s_L�����3$ mC �$(;8 &��� d#�ecLr8��!27�ip~ c)���3�f���	=4$�`�a	d#�27 OM�Sc�c:_ c���5;h"a _9N ,#L eJaDh�c
<%$�`kd#!8d3$�`�a>�����Ca� Kd#�ec o e e <[`
��7Hc�;B$�`nm�Q * � �ec , e ���	=4$�`�a	d#�27 ��������	`ScN���L�05�c�c) 
!��Sc�� d3$hc���d�a�76��dScPo e e?�f<%$�`�d#�ec���c�="7Hc) id
��d�a�$� ?$�<?N ^ g ��c��+!ec) ���c��ba� od3$K��$�7�$ i
=9c) ec�$�!��k`Sc�=�a�$� ��:_ �B�+!;h"a _ ]B^�a"a _ ^ r e + t/.dc *

� �ec , e ���	=4$�`�a	d#�27 a��@�� a	dSc�`
��d�a��9cg18`3$C��c��L!8`Sc d#���d8���	dSc�`# ��dSc��@5�c�d$;�c�c) d$;X$
��dSc)1��gM d#�ec?�3$ is�N������c�� , is��dSc)1qO'<%$�` ,/. 1�c���d
��d�a�$� xQ6�� ���esis��dSc)1 O'<M$�` e9� . a�7Ga�� � i
d�a�$� xQ * ^ a��9c) gd#�ecK�)!8`�`Sc) id��"����!ec=$�<fd#�ec=1��`
��7Hc�dSc�` θ(m−1) _ d#�ec , is�SdSc)1J��$� ��Sa���d3�
$�<g��$�7E12!8d�a� 8=b_3<M$�`GcN���3�'1F$"��a	d�a�$� La� Ld#�ecH�Sc��+!ec) ���cd_3d#�ec&18`3$�5��58a��	a	ds� _w��$� ���a	d�a�$ i
 ���U$� gd#�ecE$�5��Sc�`#�9c��(�Sc���!ec) ���c

Xn
1

_F$�<X��$�!212��c��<$�<X�8a��2�8c) ]��d
��dSc��
Pθ(m−1)(St =
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u, St+1 = v | Xn
1 )
_e<.`3$�7 ;8�8a��3�K<M$�����$�;G�

Pθ(m−1)(St = u | Xn
1 ) * D dka��Y1Ec�`F<%$�`#7Hc��!���a� 8=��=�L�C ��7Ga��g18`3$�=�`
��7E7Ga� 8=�18`3$C��c��L!8`Sc�$�<.dSc) f�N������c�� d#�ec <%$�`�;X��`3��ip5��� mo;@��`3�

���	=4$�`�a	d#�27 *�� �ecZeuis��dSc)16��$�7E12!8dSc���d#�ec8 ec�;[������!ec��B$�< d#�ecG1��`
��7Hc�dSc�` θ(m) !���a� 8=
, �+!��d�a�$� ;h * �C<M$�` a(m) �� �� , �+!��d�a�$� ?h * .A<M$�` b(m) M

a(m)(u, v) =

∑

t Pθ(m−1)(St = u, St+1 = v | Xn
1 )

∑

t Pθ(m−1)(St = u | Xn
1 )

O h * � Q

b(m)
u (x;w) =

∑

t 1{Xt−1
t−ru

= w,Xt = x}Pθ(m−1)(St = u | Xn
1 )

∑

t 1{Xt−1
t−ru

= w}Pθ(m−1)(St = u | Xn
1 ) O h * .4Q

;8�ec�`Sc
1{Xt−1

t−ru
= w} = 1

aM<
X t−1

t−ru
= w
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0
c)����c�;8�ec�`Sc * � �8a��818`3$C��c��L!8`Sc

c) ��#!8`Sc��Id#�ecJa� ���`ScN���Sc9$�<,d#�ec?�	a m9c)�	a���$�$C�e��d cN���
� a	dSc�`
��d�a�$� 
m
M

Pθ(m)(Xn
1 ) ≥

Pθ(m−1)(Xn
1 ) *

� �ec , e ���	=4$�`�a	d#�27 ����E5�c�c) r�#��$�;8 d3$(��$� +�9c�`�=9cQd3$(;X��`3� d#�ecf76� . a�7:!27
�	a m9c)�	a���$�$C�<18`3$ �oa��8c��Ad#�ecB�Sd
��`�d�a� 8=Y1F$�a� id3a��} ecN��`?c) �$�!8="�m<[`3$�7 d#�ecld�`#!ecU�"����!ec * � �ec
76�dv $�`G��`
�(;85��� mf$�<3d#�8a��G���	=4$�`�a	d#�27 a��Od#���dba	dG�N�� f5EcCd�`
��121�c�� a� f��$C�N��� 76� . a�76�
$�<Ad#�ecJ�	a m9c)�	a���$C$�� <M!2 ���d�a�$� * Ds e$�`3�8c�` d3$'��a	`3�)!27=�9c) idQd#�8a��H18`3$�52��c)7s_#;fcJ!��Sc��
7:!2�	d�a�12��c#`
�� ��2$�7 1��`
��7Hc�dSc�`la� 8a	d�a>���x������!ec�� _+�� ��I�*<[dSc�`w��$� +�9c�`�=9c) ���cd_ ;�cY�Sc)��c���dSc��
d#�ecg5Ec���d81��`
��7Hc�dSc�`D�Sc�db;ba	d#�p`Sc�=+��`3� d3$��	a m9c)�	a���$�$C� * e9$�`Sc�$N�9c�``_8;�c�1Ec�`F<%$�`#7Hc��;�
d$;B$ is�Sd
��=9cfc���d�a�76��d�a�$� �$�<8d#�ec-7�$��8c)� * Ds md#�ec?@e`3��dS�Sd
��=9cd_ �O`Sc)�>��d�a��9c)���<��a�7E12��cw7�$��8c)�
a�� c���d�a�76��dSc��H;8�8a��
�I�2$ c��U �$�dw��$� od
��a� Gc rZkK�� �� ��N kK$N�9c�`#�>��1��X��d
��dSc�� *!� �8a�� @e`3��d
c���d�a�76��d�a�$� Ha��3<%$�����$(;fc��65+�E�g�Sc���$� ��E��d
��=9cd_�;8�ec�`Scbd#�ecbc��Sd�a�76��dSc��E1��`
��7Hc�dSc�`3�B��`Sc
!��Sc��0���ba� 8a	d�a>���}�"����!ec��O<%$�`#d#�ec1c���d�a�76��d�a�$� ?$�<?d#�ec���$�7E12��c�dSc<7�$C�8c)� *

Ds W$�`3�8c�`Ad3$Q<p���4$�!8`K�#��7E7Hc�d�`#�V$�<G1��`
��7Hc�dSc�`3�m<%$�`�5T$�d#�W��$���a� 8=J��a	`Sc���d�a�$� ��`_
�� ��hd3$�76� m9cOd#�ecbc��Sd�a�76��d�a�$� 6$�<x1F$�$�`#���A`Sc)18`Sc��Sc) idSc��6��d
��dSc��/7�$�`ScG�����)!8`
��dScd_4�3$�7Hc
1��`
��7Hc�dSc�`3�w��N�9cG5�c�c) Id�a�c�� * Dy E1��`�d�a��)!2�>��``_od#��$"�ScY��$� ���c�`# 8a� 8=A<.`Sc���!ec) ���a�c��w$�< d#�ec
��d
��`�d���$��2$� ����� ��J$N�9c�`#�>��1 <[`Sc���!ec) ���a�c��Ca� Kd#�ecK��a���d�a� ���d<��$C��a� 8=f�)�>���3�Sc�� * g 7�$�`Sc
��$�7E12��c�dScU�8c��3��`�a�18d�a�$� =$�<�d#�ec c���d�a�76��d�a�$� =18`3$���c��L!8`Scw�N�� <5Ec3<%$�!2 ��1a� <$�!8`|�
$�<.d ;X��`Sc
�2$��)!27Hc) od
��d�a�$� *

� F �
�.F m 7�F�sY685�2rq m � 4 p sY59F � q.7�4���E � 2O6 m ����� � 2 ~ c-!��Sc d#�ec-18`3$�5��58a��	a	d�a�c��
Pθ(St = u | Xn

1 )
��$�7E12!8dSc���5+�md#�ec <%$�`�;X��`3��ip5��� mo;@��`3�6���	=4$�`�a	d#�27 d3$Y18`Sc���a���d?d#�ec

7�$��8c)����c��E58a�$���$�=�a��N���e<[cN��d#!8`Sc��X����$� 8=,d#�ec8�Sc���!ec) ���c * D$dw������$�;G�U!��?d3$<�8c�dSc�`#7Ga� ecb<M$�`
cN���3�KB cYPnd#�ecg18`3$�5��58a��	a	ds�f$�<A5Ec�a� 8=�� ��N k9O[c��+!��� d3$)d#�ecg18`3$�5��58a��	a	ds�f$�<A5Ec�a� 8=
�6��d3$�1J��$C�2$� (��d d#�echc) ��J$�<ld#�echB c�PUQY�� ��Jd#�ec�18`3$�5��58a��	a	ds�J$�<fcN���3�(��d
��`�dg��a	dSc
<M$�`�7:!2�	d�a�12��cK��d
��`�dD1T$"��a	d�a�$� ��KO[c���!���Yd3$ d#�ec:18`3$�5��58a��	a	dy�?$�<U5�c�a� 8=H�6��d
��`�dg��$��2$� 
��d cN���
�(1T$"�3�Sa�52��c:1F$"��a	d�a�$� xQ * � �ec) t_E;fcK�3��$C$"�ScE��18`3$�5��58a��	a	dy�Kd#�8`Sc��3��$����J5Ec)�4$� ��
;8�8a��3�L;fcI18`Sc���a���d ��NPkC� _ ;8�8a��3�L;�c&�8c) �$�dSc d#�ec � ��NPk]18`Sc���a���d�a�$� '18`3$�5��58a��	a	ds�
d#�8`Sc��#��$����+� * P�$�`�cN���3�;18`Sc���a���dSc�� ��N kI_8d#�ec�5�c���dG��d
��`�d=O.;ba	d#�pd#�ec<�8a	="�ec���dG18`3$�5� i
58a��	a	ds��Q a��<18`Sc���a���dSc�� * B�d#�ec�`<1T$"�
��a�52��c���d
��`�d:�Sa	dSc��:��`Sc6�����3$ `Sc)1F$�`�dSc�� aM<bd#�ecG`
��d�a�$
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5�c�d$;�c�c) d#�ec�a	`B18`3$�5��58a��	a	ds�I�� ��Id#�ec818`3$�5��58a��	a	ds�6$�< d#�ecY5Ec���dB��d
��`�d a��U�8a	="�ec�`fd#��� 
�?�3��$"�Sc) )�s7:!2�	d�a�12��cf�Sd
��`�d=18`Sc���a���d�a�$� Ld#�8`Sc��#��$����+�I��c�dAd3$

0.1
�ec�`Sc * Ds '�0��a�7Ga��>��`

76�� 2 ec�``_dc r k:18`Sc���a���d�a�$� ��w��`ScX18`3$ �oa��8c��h;ba	d#�E18`3$�5��58a��	a	d�a�c��U$�<T5Ec�a� 8=Ca� hd#�ec cLrZk
�8a��2�8c) ;�Sd
��dSc *

!#"%$�"�� ��8 3�	T1��=)2>#/ 1S-'<#8�6 CD+ 14+.>�� 	�� 6	�=+
	DC?/.8;>#8�
 	T8;A=)21 CD)'+.>=6
~ cH!���c�� k k , g c��Xo _ ]YcN�"aL�Nc#;ba	d#�Z�8c�<%��!2�	d61��`
��7Hc�dSc�`3�`_ ;ba	d#�r�� , ip�"����!ec

d#�8`Sc��#��$����W$�<
0.01

_ d3$?��$�7E1��`Sc cN���
�W$�<#d#�ec618`Sc���a���dSc��V�#��$�`�dA=9c) ec��fO
≤ 50

�"�4Q
d3$K<%$�!8`���a l c�`Sc) idE�Sc�d3�K$�<Y12!8d
��d�a��9c =9c) ec�� * �B��$�a���cH$�<kd#�ecsk k , g c �Xo 18`3$�=�`
��7
a��H5���Sc��\$� a	d3� =4$C$��`1�c�`F<M$�`#76�� ���c��(_ ]3cN�"aDhb_ r��XoDaDh�c���$�7E1��`Sc�� d3$Nr@jtgPk �
_ g e/k + a(' cU$�`�P g k � g _ ]Uj.hDh�c * D dD!��Sc�� d#�ec)c . ����d
k�7Ga	d#� ip~���dSc�`#76�� W���	a	=" 27Hc) od
���	=4$�`�a	d#�27s_�d#��!��Ca	dD�2$ c��D �$�dD7Ga��
�g�� ��;76��d3�
�ec����L!ecAd3$ d#�ec=!��Sc�$�<X�I�ec)!8`�a���d�a�� *e9$�`Sc�$N�9c�``_?a	d3�E��$�7E12!8d
��d�a�$� Z$�<kd#�ec , ip�"����!ecH�����5Ec�c) '�#��$�;8 Ld3$?5�cH�����)!8`
��dScd_
c)�9c) ;��$� ���c�`# 8a� 8= `Sc)�>��d�a��9c)���H�8a	="� , ip�"����!ec��Y$�<?d#�ec<$�`3�8c�`Y$�< 0.01 *

� F94� :l4��oF � F m � 6 m�� 6 m�mop 4(6�4GF � � F m Fo2�� � �8a����Sc�dg��$� ���a���d3�g$�<ld#�ec�^Cc) ir8�� m��� 2 �$�d
��dSc��h=9c) ec�� <M$�`3d#�ec��N��=9c) �$�7Hc�� * � �8a�� c) ��52��c��-!��?d3$�@� ����Sa�7Ga��>��`�a	d�a�c��
;ba	d#�n=9c) ec��=$�<kc)�9c�`#�J��c) 8=�d#�t_Y;8�ec�`ScN���Ad#�ecH<M$�����$�;ba� 8=9��$�7E1��`�a��
$� V�Sc�d3����$� ���c�`# 
$� 2���6�3��$�`�df=9c) ec�� * � ��!��`_ia	d8������$(;G�@!���d3$Aa��8c) id�aM<M�618`3$�5��52��cD1��Sc)!��2$�=9c) ec��G���B18`Scji
��a���dSc�� =9c) ec��Y18`Sc��Sc) id�a� 8=&��a�7Ga��>��`�a	d�a�c��#;ba	d#�;1��`�d3�G$�<A��$� 8=9c�`�=9c) ec�� *

� F94�� :0s35PF � q.7�4GF � 2�� p 5�4 � F m Fi2 p � 2rq � q u 685 u F m � 4��n4 p 4��oF��
�.Fo5 � u F m � 4����o c�`Sc,;�c:!��Scmd#�ec=��c�d�$�< d�`
�� ��#�>��d�a�$� ��g$�<w�����S18`Sc���a���dSc��K=9c) ec���<M$�!2 ��;5+�;$�!8`�18`3$ i
=�`
��7 ;ba	d#����c) 8=�d#��5�c�d$;�c�c) nd#�ec6��c) 8=�d#�V$�<bd#�ec ��!ec�`#�(12��!��#
d7Ga� +!��

10
�"� * � �8a��

�Sc�d�76�N�J������$�; !��1d3$f��a��3��$ �9c�`:��a�7Ga��>��`�a	d�a�c���5�c�d$;�c�c) �!2 �� 2 �$�d
��dSc��]�3��$�`�d1=9c) ec�� *e9$�`Sc�$N�9c�``_Ya	d3�,`Sc)�>��d�a��9cI�#76�����w��a��(c���$�!2���W������$(; ��a�7Ga��>��`�a	d�a�c��md3$05Ech<%$�!2 �� ;8�8a��
�
76�N�& �$�dY5Ec���a	=" 8aM@�N�� odk;ba	d#�8a� ?���>��`�=9c�`��Sc�dY��$� ���a���d�a� 8=�$�<U�����}18`Sc���a���dSc��Q=9c) ec�� *

� F94��L:36 u%u s35PF � q.7�4GF � � F m Fo2G2�� p 5*4GFi5G4��Y6 m
100

686�� � �8a��8��$�7E1��`�a��3$� ;��c�d
a� ��)��!��8c��E�����X18`Sc���a���dSc�� =9c) ec��K$�<G��c) 8=�d#�W��c��3�md#��� 

100
�"� * e?$�d�a��"��d�a�$� <%$�`md#�ec

!��Sc=$�< d#�8a�����c�dka���d3$G@� ��9��a�7Ga��>��`�a	d�a�c��Y5�c�d$;�c�c) J!2 �� 2 �$�d
��dSc��9�3��$�`�d�=9c) ec��`_Pc)�9c) 
aM<?d#�ec)�H��`Sc:$�</��a l c�`Sc) idD��a��(c�� *

� F94�� :A2�� p 5�4 � F m Fi2 � F uKp�m � q m � 4 p 6 7 p�m 2GFo5���F � � F m F p 5 � 6 m q��96�4rq p�m �
B�!8`f��a�7 a�� d3$ @� ��r1T$C$�`#���Z��$� ��Sc�`#�9c��r�3��$�`�d =9c) ec��I5+� d#�ec�a	`H�#�C idSc) +� ;ba	d#�e�
��$� ��Sc�`#�9c��g=9c) ec * ^Ca��9c) ��612!8d
��d�a��9c�18`Sc���a���dSc��]�#��$�`�dC=9c) ec0O.d#�ec �+!ec�`#��Qj_ �� ��ga	d3�
d ;B$V�� 2 �$�d
��dSc��\����v3����c) idI=9c) ec�� _ d#�ec @e`3��d6�SdSc)1Z��$� ���a���d3�6$�<g��$C$ moa� 8= a� d#�ec

15��d#!���a�c�� =9c) �$�7Hc��A<%$�`K�� 2 �$�d
��dSc�� =9c) ec��E��a�7Ga��>��`)d3$Qd#�ecH�� 2 �$�d
��dSc��'$� ec��K$�<#d#�ec
��!ec�`#� * ~ cE!��Sc���rXj+g k � ;ba	d#�V�8c�<%��!2�	d<1��`
��7Hc�dSc�`3�K�� ����� , ip������!ecId#�8`Sc��#��$����
$�<

0.0001 * � �ecK�Sc���$� ��J��dSc)1(��$� ���a���d3�g$�<B��c)��c���d�a� 8=b_�;ba	d#�8a� d#�ec 15
=9c) �$�7Hc��`_}�����

18`Sc���a���dSc��I�#��$�`�d =9c) ec�� ;8�8a��3�&��`ScY����v#����c) od d3$�$� ec8$�<�d#�ec8��$� ��Sc�`#�9c��G=9c) ec��?<%$�!2 ��
�L!8`�a� 8= d#�ecm@e`3��d���dSc)1t_E;ba	d#�gd#�ec=�
��7Hc)=9c) ecK$�`�=+�� 8a��
��d�a�$� rO 1F$"��a	d�a�$� t_F��d�`
�� ��QD���
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d#�ec ��!ec�`#�6�� ��&�����
$ma	d3�@��$�`�`Sc��#1F$� ���a� 8=�����v#����c) od8�� 2 �$�d
��dSc�� =9c) ec * e?$�`Sc�$ �9c�``_�;fcm9c�c)1I$� 2���E18`Sc���a���dSc��H�#��$�`�dl=9c) ec��@$�<}��a�7Ga��>��`X��c) 8=�d#� d3$md#�ec ��!ec�`#�;O
±10

�"�4Q *+� �ec] c k kD18`3$�=�`
��7q18`3$N� a��8c��/�8�#�+!��IcB5���Sc���1 ip�"����!ecB���
�3$���a>��dSc��m;ba	d#�md#�ecw���	a	=" 27Hc) od
$�<x�G��a� 8="��cB1��a	`S$�<x��7Ga� �$ iy����a��K�Sc���!ec) ���c��@_ ]YcN�"aD\"c * Dy =$�`3�8c�`3d3$�$�58d
��a� E�� , ip�"����!ec
<M$�`�d#�ec ��!ec�`#�?���	a	=" 27Hc) od<��$� id
��a� 8a� 8=pcN���3�J12!8d
��d�a��9cK�#��$�`�d =9c) ec);ba	d#�Jd#�ec��
��7Hc
=9c) 8a��f$�`�=+�� 8a�� ��d�a�$� t_ d#�ecH1 ip�"����!ec a��K7:!2�	d�a�12�	a�c��r5+� d#�ecf +!27=5Ec�`6$�<���a� 8="��cH1��a	`
��$�7E1��`�a��3$� ��Y�2$� ec1;ba	d#�Qd#�ec��+!ec�`#� *
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P (x1, x2, x3 | N,m).
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JDCE@f\WcE@BKNV�Kk��l�@�rsADCFADVgc�QFADczKk�e{uADVUALQ��.^q]UADCFAY��KNCFA�R�@BlWADVgcE@����`@fVW{�xzKNcE@��¨Q�CFALQE\}KNVUQE@fvWMBA
��KNCqcE]UALQFA�cEC�OkVUQFJDCE@f\WcE@BKNVwOkM2CFAD{�bWMPOkcE@BKNVUQb;�KNbWMBlnv}A�OkVn@fx�\~KNCEc�OkV`ciQEcFAD\ycFK(;qOkCFl¥cE]UA
@fVgcFADCE\WCFADc�OkcE@BKNV«Kk�q{uADVUKNx�@BJ|QFALagbUADVUJLALQ��_Z`@f{�x|Oy� ONJDcFKNCHvW@fVUl�@fVW{jQF@fcFALQ
OkCFA�c¤��\W@BJSOkM
JLKNx�\WMBAY§�xzKNcE@��¨QmT�cE]UAD��JLKNbWMBl�{uADVUADC�OkMfMf��v}A�lWALQFJDCE@fv}ALl�ONQ�c$;�K�v~KS§�ALQ�QFAD\wOkC�OkcFALl�v`�
OzQE\wONJLADC�Kk�©tNOkCE@POkvWMBA�vWbWc�JLKNVUQEcEC�Ok@fVUALl�MBADVW{�cE]$L ?}b P,g
S¤�wmUKNCexzK�QEcHZ`@f{�x|O�� ONJDcFKNCFQ
cE]UALQFA�v~KS§�ALQHOkCFA�JSOkMfMBALl ¬ X ZR] �OkVUl ¬ XHg-P �v~KS§�ALQSRE;£]UADCFA�cE]UA�VgbWx�v~ADC
@BQICFAY�¨ADCECE@fVW{cFK¥cE]UA|l�@BQFc�OkVUJLAzv}ADc$;�ALADV«cE]UA|v~KS§0OkVUl�cE]UA|��GeT cEC�OkVUQFJDCE@f\WcE@BKNV�QEc�OkCEc�QE@fcFA��_^2K
@BlWADVgcE@����0cE]UALQFAyxzKNcE@��¨QSR.Ok\W\WCFKuONJF]UALQ�vwONQFALl�KNV�OkMf{uKNCE@fcE]Wx�@BJ¥AY§�cEC�ONJDcE@BKNV�Kk��KStuADC�X
CFAD\WCFALQFADVgcFALl�QEcECEbUJDcEbWCFALl¥xzKNcE@��¨QIOkVUljADtNOkMfbwOkcE@BKNV�Kk�.cE]UAD@fCIQEc�OkcE@BQEcE@BJSOkMoQE@f{�VW@��wJSOkVUJLA
{�@ftuADVjO ¬ VgbWMfM�Hh>OkCE�uKSt�xzK`lWADM®]wOStuA�v}ALADV¥lWADtuADMBKN\~ALljL h>Z,PRP�RqMI�\M + P	� S¤�WGIADtuADC�XcE]UADMBALQFQSR®xzK�QFc�xzADcE]UK�lWQ�OkCFA�vwONQFALl0KNV0xzKNcE@��ixzK�lWADMf@fVW{>QEbUJF]�ONQ��eh�h xzK�lWADMBQ
ALQEcE@fx|OkcFALl
cE]WCFKNbW{�]�p©h9OkMf{uKNCE@fcE]Wx LNedX1f + P,guR�? X1V + P Z S¤RkKNC2x�@�§�cEbWCFA�CFADMPOkcFALl�xzKkXlWADM�ALQEcE@fx|OkcFALl�cE]WCFKNbW{�]�h>��h�� L �7X®¢�X1P,g`R�p e`� + P Z S¤�.X2OkcEcFADC�xzK�lWADMBQ�OkMBQ�KiADVwOkvWMBAl�@fxzADCªxzKNcE@���QiQFAD\wOkC�OkcFALlnvg�¥O�QE\}ALJD@��wALln{gOk\¥C�OkVW{uAHcFK�v~A�@BlWADV`cE@��wALls�
^q]UA�bUQFAHKk��cE]UA
��Z�h�h���C�OkxzA�;�KNCE� OkMfMBK�;ªQªbUQªcFK|JLKNVUQE@BlWADCIQEcEC�Ok@f{�]`c�X¨��KNC�;qOkCFl

xzK`lWADMf@fVW{�cFK�lWALQFJDCE@fv}AqcE]UAql�@BQEc�OkVUJLA£v}ADc$;�ALADVlMiGeT�\~KNMf��xzADC�ONQFA�vW@fVUl�@fVW{
QE@fcFA£OkVUl
cEC�OkVUQEMPOkcE@BKNV¥QEc�OkCEc£QE@fcFA�R�cE]UA ;£@Bl�cE]yKk�ocE]UAec$;�K�v}KL§WALQªOkVUl�cE]UA�l�@BQEcECE@fvWbWcE@BKNV¥Kk�_cE]UA
QE\wONJLADC�MBADVW{�cE]�v}ADc$;�ALADV�v}KNcE]0v}KL§WALQS���IADCFA�cE]UAyl�@fxzADVUQE@BKNVUQ�Kk�icE]UAy��Z�hjh ;�A
ALQEcE@fx|OkcFA�OkCFA T ^ @ _icE]UA);£@Bl�cE]>Kk��cE]UA�v}KL§WALQSRv^ @f@ _icE]UA�QE@f�SA�Kk��cE]UA�QFbW\W\~KNCEc�Kk��cE]UA
QE\wONJLADC�MBADVW{�cE]�l�@BQEcECE@fvWbWcE@BKNV'OkVUl ^ @f@f@ _ªcE]UA�h>OkCE�uKSt�@POkV�KNCFlWADCHKk��cE]UA�vwONJF��{�CFKNbWVUl
JLKNx�\~K�QE@fcE@BKNV�xzK�lWADM ��¢qAD]wOSt`@BKNC¥Kk�
cE]UAjCFADtuADCFQE@fvWMBA���bWx�\�h���h�� OkMf{uKNCE@fcE]Wx"@BQ
lWALQFJDCE@fv~ALlybUQF@fVW{�cE]WCFALAHQFADcFQ£Kk��mr��	{ � ���Rw w����,x|{ � {*wªQFALa`bUADVUJLALQªAY§�cFADVUl�@fVW{zbW\UQEcECFASOkx
� CFKNx:\WCFKNcFAD@fV JLK�l�@fVW{zCFAD{�@BKNVUQS�

576�� ���������GF���;! @�B"��#

$&%('&%*) +-,*.�.�/10324/156,87:9<;>=@?BADCE5FA�.�/1G

��Z�h�h�Q�OkCFA�JLKNx�\}K�QFALlyKk�_OkV�]W@BlWlWADVnQEc�OkcFAe\WCFK�JLALQFQ�^�JLKNCECFALQE\}KNVUl�@fVW{�]UADCFAecFK
cE]UA|QEcECEbUJDcEbWCFA�Kk�ªcE]UAz\WCFKNxzKNcFADC�CFAD{�@BKNVG_
OkVUl�OkV0KNvUQFADCEtuALl�KNVUA ^�JLKNCECFALQE\}KNVUl�@fVW{
]UADCFA|cFK�cE]UA�KNvUQFADCEtuALl«�eGeT9QFALa`bUADVUJLA._Y�o^q]UA�]W@BlWlWADV�QEc�OkcFA�\WCFK�JLALQFQ�@BQ�OjQFADx�@�X
h�OkCE�uK�tzJF]wOk@fVyJLKNx�\~K�QFALl�Kk�sv~KNcE]nOkV�ADx�v~ALlWlWALl|�UCFQEc�X¤KNCFlWADCqh�OkCE�uK�t|JF]wOk@fV®R�lWALQ�X
JDCE@fvW@fVW{
cEC�OkVUQE@fcE@BKNVUQ�v~ADc ;�ALADVyQEc�OkcFALQSRgOkVUl�Kk�}QEc�OkcFAiQFKk��KNbWCEV|cE@fxzAil�@BQEcECE@fvWbWcE@BKNVUQ

duOkcEc�ONJF]UALl>cFK¥OkVg�jVUKNV�OkvUQFKNCEvW@fVW{¥QEc�OkcFA
u
�}^q]UA�cEC�OkVUQE@fcE@BKNV�x|OkcECE@�§�Kk��cE]UA�QEc�OkcFALQ

@BQIlWADVUKNcFALljvg�
a
�wTeQi@fV��Ih�h�RUcE]UA�l�@BQEcECE@fvWbWcE@BKNV

bu
�¨KNCicE]UA�KNvUQFADCEtuALljQ�ALagbUADVUJLA
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lWAD\}ADVUlWQ�KNV>cE]UA�]W@BlWlWADV�QFc�OkcFA
u
�}p�ONJ�]�KNvUQFADCEtuALl>VgbUJDMBALKNcE@BlWA�c�Ok�uALQ�@fcFQ�t�OkMfbUA�@fV

OkVjOkMf\W]wOkv}ADcilWADVUKNcFALlnv`�
X = {a, g, c, t}

Kk�.QE@f�SA
|X | = 4

�

protein coding sequenceRBS"−10" box"−35" box

transcription
start site

RNA polymerase

core

3’5’

part of the sequence we model

Sigma subunit

���
	�� ] � g�yZ�JF]UADx|OkcE@BJ�CFAD\WCFALQFADVgc�OkcE@BKNV�Kk�ocE]UA�xzK�lWADMBALlnvW@BKNMBKN{�@BJSOkMoQFALagbUADVUJLALQ��

spacer"−10" box "−35" box

ABSORBING

STATE

BEGIN

���
	�� ] � ���Z`cECEbUJDcEbWCFAeKk�®cE]UAe��Z�hjh���beC�OS���UMfMBALl�KNv��EALJDcFQqJLKNCECFALQE\}KNVUl|cFK�]W@BlWlWADVQEc�OkcFALQ.ONQFQ�K`JD@POkcFALl�cFKicE]UA ¬ vwONJF��{�CFKNbWVUl�£h�OkCE�uK�t`@POkV�xzK�lWADM � h�K`lWADM ;£@fcE]�KN\WcE@BKNVwOkM
¬ X ZR] �v}KL§ ;�KNbWMBl�OkMfMBK(; cFKzQF�`@f\¥cE]UA ¬ X ZR] ev}KL§sRwONlWl�@fVW{�O�l�@fCFALJDcIcEC�OkVUQE@fcE@BKNV¥��CFKNxcE]UA ¬ XHg-P �v}KL§ncFK�cE]UA
OkvUQFKNCEvW@fVW{|QFc�OkcFA��

^q]UA�\WCFKNxzKNcFADCoCFAD{�@BKNV�QFALa`bUADVUJLAl;�A©xzK�lWADMg@BQ_@fMfMfbUQEcEC�OkcFALl�@fV�mo@f{�bWCFA ] � g�� ^q]UALQFAQFALa`bUADVUJLALQ�OkCFA�ONQFQFbWxzALl¥cFKzv}AH@fVUlWAD\}ADVUlWADVgcHOkVUl cFK|v}A�{uADVUADC�OkcFALl�vg�ncE]UA�Q�OkxzA
��Z�hjh��Nmo@f{�bWCFA ] � �IlWALQ�JDCE@fv~ALQ�cE]UA£QEcECEbUJDcEbWCFA£Kk�~cE]UAqxzK`lWADMBQ?;�AqbUQFA�@fV�cE]W@BQ.QEcEbUl��u�Z�ALa`bUADVUJLALQHOkCFA
xzK�lWADMBALl�@fV>cE]UA�KN\W\}K�QE@fcFA�l�@fCFALJDcE@BKNV>cE]wOkV�cE]UA�KNVUA�Kk��cE]UA�cEC�OkVUQ�X
JDCE@f\WcE@BKNV�\WCFK`JLALQ�QUTscE]UA ¬ XHg-P zv}KL§�@BQ
cE]UA��UCFQEc
KNVUA|cFKnv}A�CFASONJF]UALls�op�ONJF]�v}KL§�@BQ
xzK�lWADMBALl�vg��O>]W@BlWlWADV6QEc�OkcFA ;£@fcE]��W§WALl ;£@Bl�cE] ^¨ONQFQFbWxzALl�VUKNczcFK>v}An�`VUK�;£VG_Y�
h V�ASONJF]�v}KL§>QEc�OkcFA

u
R~cE]UA�\WCFKNvwOkvW@fMf@fc¤�

bu(x; k)
Kk��ADx�@fcEcE@fVW{ O�V`bUJDMBALKNcE@BlWA

x
lWAYX

\}ADVUlWQ
KNV�cE]UAz\~K�QE@fcE@BKNV
k
@fVUQE@BlWA�cE]wOkcHv}KL§s�1h V�ADtuADCE��KNcE]UADC�QEc�OkcFALQ�RsVgbUJDMBALKNcE@BlWALQ

OkCFAnADx�@fcEcFALl���CFKNx cE]UAnQ�OkxzA�vwONJF��{�CFKNbWVUl�]UKNxzKN{uADVUALKNbUQ|h>OkCE�uKSt�@POkV�xzK�lWADMqKk�
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KNCFlWADC
ru = r

^¨ONQFQEbWxzALl�VUKNc�cFK
v~AI��VUK(;£VG_Y��GibUJDMBALKNcE@BlWAecEC�OkVUQE@fcE@BKNVUQ£OkCFAelWADVUKNcFALl
vg�

bu(x;w)
��KNC

x ∈ X
OkVUl�O V`bUJDMBALKNcE@BlWA¥JLKNVgcFAY§�c

w
Kk�eMBADVW{�cE]

ru

��T QE\wONJLADC
QEc�OkcFAzxzK�lWADMBQ�cE]UA|t�OkCE�`@fVW{�l�@BQEc�OkVUJLA�v~ADc ;�ALADV�v}KNcE]'v}KL§WALQ
cE]WCFKNbW{�]�Onx�bWMfcE@fVUKkX
x�@POkMqQ�Kk��KNbWCEV«cE@fxzAnl�@BQEcECE@fvWbWcE@BKNV ;£]UK�QFAyQEbW\W\}KNCEc�@BQ�bWVW�`VUK�;£V®�©^q]UA�c$;�K>v}KL§WALQ
OkVUl�cE]UAªQE\wONJLADC�lWALQ�JDCE@fv~A£cE]UAiJLKNx�\WMBAY§zxzKNcE@���;�AIOkCFA£@fV`cFADCFALQEcFALlz@fV®�g^q]UAil�@BQEc�OkVUJLA
v~ADc ;�ALADV�cE]UAªv}AD{�@fVWVW@fVW{�Kk�®cE]UAiQ�ALagbUADVUJLAeOkVUlzcE]UAªxzKNcE@��s@BQ�xzK`lWADMBALl|vg�|O�QF]W@�� cFALl
VUAD{gOkcE@ftuAHvW@fVUKNx�@POkM�l�@BQEcECE@fvWbWcE@BKNV�ONQFQ�K`JD@POkcFALl cFK|O�\WCFAYX xzKNcE@��©]W@BlWlWADV�QEc�OkcFA��wTi� cFADC
cE]UAHxzKNcE@��ERUcE]UA
Q�ALagbUADVUJLA
@BQªxzK�lWADMBALl¥vg� OkV>OkvUQFKNCEvW@fVW{yQEc�OkcFA��w^q]UA
]W@BlWlWADVj\wOkcE]
QEc�OkCEcFQe@fV>O�QE@fMBADVgc ¬ v}AD{�@fV��QEc�OkcFA�OkVUl�{uK|cE]WCFKNbW{�]�AD@fcE]UADC�cE]UA�\WCFAYX xzKNcE@��qQFc�OkcFA�KNC
l�@fCFALJDcEMf�jCFASONJ�]UALQHcE]UAzOkvUQFKNCEvW@fVW{ QFc�OkcFA��sT£JLJLKNCFl�@fVW{¥cFKycE]W@BQ�xzK`lWADM R}cE]UA|JLKNx�\WMBAY§
xzKNcE@��qK�JLJDbWCFQHVUKyxzKNCFA|cE]wOkV'KNVUJLA�@fV�ASONJF]�QFALa`bUADVUJLA��®^q]W@BQH��Z�hjh JSOkV�v}A�AY§`X
cFADVUlWALl�cFK�xzK�lWADMsONlWl�@fcE@BKNVwOkMscEC�OkVUQ�JDCE@f\WcE@BKNV�� ONJDcFKNCqvW@fVUl�@fVW{�QE@fcFALQ�bW\UQEcECFASOkx � CFKNx
cE]UA�MiGeT \}KNMf�`xzADC�ONQ�A�vW@fVUl�@fVW{�QE@fcFALQS�
^q]UAªQE]W@���cFALl�VUAD{gOkcE@ftuAªvW@fVUKNx�@POkM~QFKk�EKNbWCEV�cE@fxzAil�@BQEcECE@fvWbWcE@BKNV|��KNC.cE]UA£\WCFAYX xzKNcE@��

QEc�OkcFA>@BQ lWAY�UVUALl ONQ
du(k;nu, pu, hu) ∝ pnu

u (1 − pu)k−huI{k ≥ hu}
Rb;£]UADCFA

I{k ≥ hu} = 1
@��

k ≥ hu

OkVUl
0
ADMBQFA�;£]UADCFA��q�e@BQEcECE@fvWbWcE@BKNVUQ���KNCycE]UAjMBADVW{�cE]

Kk�©cE]UA�QE\wONJLADC�QEc�OkcFA�OkVUl cE]UAA;£@Bl�cE]�Kk�©cE]UA
v}KL§�QEc�OkcFALQeOkCFA�CFALQE\}ALJDcE@ftuADMf� lWAY�UVUALl
ONQ

du(k; pu, hu, lu) = pu(k)I{hu ≤ k ≤ hu + lu}
OkVUl

du(k;hu) = I{k = hu}
�

TIQ
d
lWADVUKNcFALQ�cE]UA�QFKk��KNbWCEV>cE@fxzA�l�@BQEcECE@fvWbWcE@BKNVUQSR}@fce\wOkCEcE@POkMfMf��@fVUJDMfbUlWALQ�xzK`lWADM.l�@�X

xzADVUQE@BKNVUQ TWQEbW\W\}KNCEcªQE@f�SA
lu + 1

Kk�ocE]UA�x
bWMfcE@fVUKNx�@POkMol�@BQEcECE@fvWbWcE@BKNV�OkVUl ;£@Bl�cE]
huKk�ov}KL§nQEc�OkcFALQS�

O�AilWADVUKNcFAivg�
θ = (a, b, d, r)

cE]UAi\wOkC�OkxzADcFADCFQ�Kk�®KNbWC���Z�h�h0R
Xn

1

cE]UAiQFADc�Kk�
KNvUQFADCEtuALlyQFALagbUADVUJLALQ£OkVUl

Sn
1

cE]UA�ONQFQFK�JD@POkcFALl�]W@BlWlWADVyQFc�OkcFAi\wOkcE]UQS��^q]UA�JLKNx�\WMBADcFA
Mf@f�uADMf@f]UK`K�lnJLKNbWMBl¥v}A�AY§�\WCFALQ�QFALl ;£@fcE]¥@fVgcEbW@fcE@ftuA�K`JLJDbWCECFADVUJLAHVgbWx
v}ADCFQ�ONQ

Pθ(X
n
1 , Sn

1 ) =
∏

u

a(u)Nu

∏

u,v

a(u, v)Nuv

×
∏

u

∏

k

du(k)Nu,k

∏

u

∏

kc

Du(kc)
Nu,kc

∏

u

∏

x,w

∏

k

bu(x;w, k)Nwx,k;u

;£]UADCFA$T
Nu

@BQ�cE]UA�VgbWx�v~ADC¥Kk��QFALagbUADVUJLALQyv}AD{�@fVWVW@fVW{�@fV�QEc�OkcFA
u
R

Nuv

@BQ�cE]UA
VgbWx
v}ADC�Kk����bWx�\UQ.��CFKNx�QEc�OkcFA

u
cFK
QEc�OkcFA

v
@fV�OkMfMwQFALa`bUADVUJLALQSR

Nu,k

cE]UA£VgbWx�v~ADCqKk�
t`@BQE@fcFQ�cFK�QFc�OkcFA

u
l�bWCE@fVW{
AY§UONJDcEMf�

k
R
Nu,kc

@BQ.cE]UAqVgbWx�v~ADC�Kk�~QFALa`bUADVUJLALQ ;£]UADCFA£cE]UA
MPONQEc�QEc�OkcFA

u
;�ONQ�t`@BQE@fcFALl|l�bWCE@fVW{�O�JLADVUQFKNCFALl|cE@fxzA

kc

RuOkVUl
Nwx,k;u

@BQ.cE]UAiVgbWx
v}ADC
Kk�m;�KNCFlWQ

wx
@fV�QEc�OkcFA

u
;£]W@BJF] ]wONQyv}ALADV�CFASONJF]UALl O0cE@fxzA

k
Ok{uKWR

Du(k) =
∑

k′≥k du(k′)
@BQqcE]UA�QFbWCEt`@ftuKNC���bWVUJDcE@BKNV Kk�

du

��mUKNCiQFALa`bUADVUJLAe\~K�QE@fcE@BKNVUQ
t
QEx|OkMfMBADC

cE]wOkV
ru+1

RkVgbUJDMBALKNcE@BlWALQqOkCFAªONQFQEbWxzALl�cFK�v}Aql�C�O�;£V���CFKNx bWVW@���KNCEx l�@BQFcECE@fvWbWcE@BKNVUQS�
GIKNcE@BJLA�cE]wOkc�OkMfM©VgbUJDMBALKNcE@BlWA�ADx�@BQFQE@BKNV'\WCFKNvwOkvW@fMf@fcE@BALQ�OkCFA|lWADVUKNcFALl�vg�

bu(x;w, k);£@fcE]�cE]UA�JLKNVgtuADV`cE@BKNV�cE]wOkc
bu(x;w, k)

@BQ�QFADc2cFK
bu(x; k)

��KNCo]UADcFADCFKN{uADVUALKNbUQ�xzK�lWADM
OkVUlycFK

bu(x;w)
�¨KNC£vwONJF��{�CFKNbWVUl¥xzK�lWADM �

be@ftuADV�O�QFADc�Kk�eQFALa`bUADVUJLALQSR3;�A¥Ok@fx cFK>ALQEcE@fx|OkcFA
θ
OkVUl�QE@fx
bWMfc�OkVUALKNbUQEMf��cFK

\WCFALl�@BJDc£xzKNcE@��o\}K�QE@fcE@BKNVn@fV¥ASONJF]jQFALagbUADVUJLAe��CFKNx cE]UAq�EKN@fVgc£\}K�QEcFADCE@BKNCªl�@BQEcECE@fvWbWcE@BKNV
π(θ, Sn

1 | Xn
1 )
�



����� ��� �	�
��� ������ ����������������� � � � ���   "! �$# ��� %'&)(" ���  &��,+ � �����  ���1� �  / # ��01 �/( �.�2��� 3

$&% '&%(' � =�,*AB= . ,����	=�,��
	��@,�A 0��

mwKNCe¢£OL�uALQF@POkVj@fV��¨ADCFADVUJLA�Re;�A
VUALALl cFK|QE\}ALJD@�� �ycE]UA
\WCE@BKNCel�@BQEcECE@fvWbWcE@BKNVj�¨KNCªcE]UA
xzK�lWADM®\wOkC�OkxzADcFADCFQ

π(θ) = π(a)π(d)π(r)π(b | r, d).
O�AqbUQ�A�@fVUlWAD\}ADVUlWADVgc�JLKNVN�[bW{gOkcFA£�e@fCE@BJF]WMBADc�\WCE@BKNCFQ

D|Vu|

(
αu, . . . , αu

) �¨KNC�ASONJ�]
CFK�;

a(u, •)
Kk�_cE]UAex|OkcECE@�§

a
LNMª��� YRZ S¤Ro;£]UADCFA Vu

lWADVUKNcFALQqcE]UAeQ�ADcqKk��QEc�OkcFALQ�CFASO X
J�]wOkvWMBAH��CFKNx%QEc�OkcFA

u
�w?�OkC�OkxzADcFADCFQ

pu

OkVUl
nu

Kk�.cE]UA
QE]W@���cFALl¥VUAD{gOkcE@ftuA
vW@fVUKNx�@POkM
l�@BQEcECE@fvWbWcE@BKNV�OkCFA�CFALQE\}ALJDcE@ftuADMf� l�C�O�;£V���CFKNx)JLKNVN��bW{gOkcFA�¢qADc�Oz\WCE@BKNC

Be(γu,1, γu2)OkVUl6JLKNVgcE@fVgbUKNbUQybWVW@��¨KNCEx KNV
(1, nu,max)

^
nu,max

@BQ|Q�ADczcFK
5
_Y��^q]UA QE]W@�� c|\wO X

C�OkxzADcFADC
hu

@BQn�W§WALl cFK
1
�i?�OkC�OkxzADcFADCFQ

hu

OkVUl
lu
lWAY�UVW@fVW{�cE]UA0QEbW\W\}KNCEcjKk�

cE]UA�x�bWMfcE@fVUKNx�@POkM�l�@BQFcECE@fvWbWcE@BKNV*OkCFA�bWVW@��¨KNCEx KNV
{hu,min, . . . , hu,max}

OkVUl�KNV
{lu,min, . . . , lu,max}

� O�A�bUQFA£JLKNVN��bW{gOkcFA£�I@fCE@BJ�]WMBADc©\WCE@BKNC��¨KNC
pu(•)

T
(pu(hu), · · · ,

pu(hu+lu)) ∼ Dlu+1(λu, . . . , λu)
��O6@Bl�cE]�Kk�wv}KL§�QEc�OkcFALQ

hu

OkCFA�r tAz"{|u-z"{�bWVW@��¨KNCEx
KNV

{hu,min, . . . , hu,max}
��ICFlWADC

r
Kk�®cE]UAªvwONJF��{�CFKNbWVUlyh�OkCE�uK�t`@POkV�xzK�lWADM¦@BQ�bWVW@�X

�¨KNCEx KNV
{0 . . . rmax}

�2h�OkCE�uK�t`@POkV'ADx�@BQ�QE@BKNV�\WCFKNvwOkvW@fMf@fcE@BALQ
bu

OkCFA�cE]UAzQ�OkxzA��¨KNC
OkMfM�QEc�OkcFALQ�ONQFQFK�JD@POkcFALl cFK�vwONJF��{�CFKNbWVUl�xzK`lWADMm^ \WCFAYX xzKNcE@���R}QE\wONJLADC�OkVUl>OkvUQFKNCEvW@fVW{
QEc�OkcFALQ2_IOkVUl>OkCFA�l�C�O�;£V>�¨KNC�OkMfM?;�KNCFl

w
��CFKNx)@fVUlWAD\~ADVUlWADV`c
JLKNVN�[bW{gOkcFA��e@fCE@BJF]WMBADc

\WCE@BKNCFQ�T
bu(•;w) ∼ D|X |(βu, . . . , βu)

L hjbWC Y�� Rk¢q� OQPRP�S¤�.h V
v}KL§�QFc�OkcFALQSR�ADx�@BQFQF@BKNV
\WCFKNvwOkvW@fMf@fcE@BALQªOkCFA�OkMBQFKH@fVUlWAD\}ADVUlWADVgc£�e@fCE@BJF]WMBADc�T

bu(•; k) ∼ D|X |(βu, . . . , βu)
Ru�¨KNC

k ∈ {1 . . . hu}
�

O�AibUQFAIO�� bWMfMf��VUKNV�@fV���KNCEx|OkcE@ftuAI\WCE@BKNC�v`�zQFADcEcE@fVW{
cFK
1
cE]UAª\wOkC�OkxzADcFADCFQqKk�_OkMfM

�e@fCE@BJF]WMBADc�OkVUl¥¢qADc�O�\WCE@BKNCFQ�^
αu
R
βu
R
λu
OkVUl

γu
_Y�

576�� � ��� � ��#���@�>AF�<��  

$&%��&%*) � / C /�=�� ,�� G�/�� 	 5"! 9$# 9$# ;>G�%BAB=�,��'&�5

O�AqbUQ�A£h>��h��0xzADcE]UK`lWKNMBKN{���cFK�Q�Okx�\WMBAq@fV�cE]UA.��KN@fV`c.\~K�QEcFADCE@BKNC©l�@BQFcECE@fvWbWcE@BKNV
π(θ, Sn

1 | Xn
1 )
lWALl�bUJLALly��CFKNx9cE]UAe��bWMfM2l�@BQEcECE@fvWbWcE@BKNV

π(θ, Sn
1 | Xn

1 ) ∝ π(θ, Sn
1 , Xn

1 ) = π(θ)Pθ(X
n
1 , Sn

1 ).

VeQE@fVW{nh���h>��OkMf{uKNCE@fcE]WxzQ L ^q@BA Y�p S�O�Q�Okx�\WMBA�� CFKNx�O�c�OkCE{uADc�l�@BQEcECE@fvWbWcE@BKNV�@BQ{uADVUADC�OkcFALlnONQ©CFASOkMf@f��OkcE@BKNVUQqKk�®cE]UAIQEc�OkcE@BKNVwOkCE�|l�@BQEcECE@fvWbWcE@BKNVyKk�_OkV�ADCE{uK�l�@BJih>OkCE�uKSt
J�]wOk@fV®�(IVUA�Q�;�ALAD\¥Kk�_KNbWC£h���h>��OkMf{uKNCE@fcE]Wx JLKNVUQF@BQEcFQ�@fV�cE]UA � �¨KNMfMBK(;£@fVW{�xzK�tuALQcE]wOkcª\WCFALQ�ADCEtuA�cE]UA�c�OkCE{uADcil�@BQEcECE@fvWbWcE@BKNV

π(θ, Sn
1 | Xn

1 )
T

) 6�*�bW\~lUOkcE@fVW{|cE]UAHQEc�OkcFA�cEC�OkVUQE@fcE@BKNVjx|OkcECE@�§
a
R

),+ * bW\}lUOkcE@fVW{zcE]UAHADx�@BQFQF@BKNV¥\WCFKNvwOkvW@fMf@fcE@BALQ
b
R

) 7-*jbW\}lUOkcE@fVW{0cE]UAj\wOkC�OkxzADcFADCFQ
nu

R
pu

Kk�
cE]UAjVUAD{gOkcE@ftuAjvW@fVUKNx�@POkM�QFKk�EKNbWCEV
cE@fxzAHl�@BQEcECE@fvWbWcE@BKNV®R

),. * bW\}lUOkcE@fVW{�cE]UAe\wOkC�OkxzADcFADCFQ
pu(•)

Kk�_cE]UAIx�bWMfcE@fVUKNx�@POkM2QFKk�EKNbWCEVycE@fxzAel�@BQEX
cECE@fvWbWcE@BKNV®R

),/ *jbW\}lUOkcE@fVW{zcE]UA�]W@BlWlWADV QFc�OkcFA�\wOkcE]UQ
Sn

1

R
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)�� *¥bW\}lUOkcE@fVW{|cE]UAC;£@Bl�cE]
hu
Kk��cE]UA�v~KS§yQFc�OkcFALQSR

)�� * bW\}lUOkcE@fVW{ncE]UAzQEbW\W\}KNCEc
{hu, . . . , hu + lu}

Kk��cE]UA�x�bWMfcE@fVUKNx�@POkM�QFKk�EKNbWCEV
cE@fxzAHl�@BQEcECE@fvWbWcE@BKNV®R

)�� *jbW\~lUOkcE@fVW{zcE]UA
KNCFlWADC
r
Kk��cE]UAHh>OkCE�uKSt�@POkV¥xzK`lWADM_Kk�ocE]UA�vwONJ��`{�CFKNbWVUls�

hjK�tuALQ ) 6	� / *�OkCFA}be@fvWvUQ®KNC2h�ADcECFKN\}KNMf@BQ�X¤�eONQFcE@fVW{uQ}^�h��7_¦xzK�tuALQ®MBASOLt�@fVW{icE]UA©xzK`lWADM
l�@fxzADVUQE@BKNV�bWVUJF]wOkVW{uALln;£]W@fMBAzxzK�tuALQ )�� � � *�OkCFAzCFADtuADCFQE@fvWMBA���bWx�\'h���xzK�tuALQ�ONQ
cE]UAD��lWKzJ�]wOkVW{uA�cE]UA�xzK�lWADM2l�@fxzADVUQE@BKNV®�

MiADtuADCFQE@fvWMBA®�[bWx�\�h��0xzK�tuA�@BQ_Oi{uADVUADC�OkMf@f��OkcE@BKNV�Kk�UcE]UA�h��0xzK�tuA���KNC_tNOkCE@POkvWMBA
l�@fxzADVUQE@BKNV�Q�Okx�\WMf@fVW{iL�beCFA YR] RAMmb Ydc S3;£]W@BJ�]�OkMfMBK�;ªQ��[bWx�\UQev}ADc$;�ALADV�QEbWv�X¤QE\wONJLALQKk�
l�@�r}ADCFADV`cyl�@fxzADVUQF@BKNVUQ�cE]WCFKNbW{�]�\wOk@fCFQyKk�HCFADtuADCFQE@fvWMBA�xzKStuALQyc �`\}A

(m+,m−)
�

��KNVUQE@BlWADCE@fVW{>cE]UA|JDbWCECFADVgc�QEc�OkcFA�Kk�ªcE]UA�Q�Okx�\WMBADC�v}AD@fVW{
(θ, Sn

1 )
R_cE]UA|xzK�tuA|c �`\}A

m+ \WCFKN\}K�QFALQ¥O0VUA�; JSOkVUl�@BlUOkcFA (θ̃, S̃n
1 )
@fV O0]W@f{�]UADC�X¤l�@fxzADVUQE@BKNVwOkM�QEbWv�X¤QE\wONJLA��

m_@fCFQFcSR�O�C�OkVUlWKNx:tuALJDcFKNC
ω
Kk�ol�@fxzADVUQE@BKNV

dim(ω) ≥ dim(θ̃)− dim(θ)
@BQ£l�C�O�;£V®R

cE]UADV
θ̃
@BQ|lWADcFADCEx�@fVW@BQEcE@BJSOkMfMf��\WCFKN\~K�Q�ALl�� CFKNx

θ
OkVUl

ω
T
θ̃ = h+(θ, ω)

�vh V�cE]UA
CFADtuADCFQFA�Kk�ocE]UA�xzK�tuA

m− R θ @BQ£\WCFKN\~K�Q�ALl¥ONQ θ = h−(θ̃, ω̃)
;£]UADCFA

ω̃
@BQiO�C�OkVUlWKNx

tuALJDcFKNC�Kk� ;£]W@BJF]yl�@fxzADVUQE@BKNV�x|OkcFJF]UALQ
dim(ω̃)+dim(θ̃) = dim(ω)+dim(θ)

��^2K
ADVUQEbWCFA�lWADc�Ok@fMBALl�vwOkMPOkVUJLA�ALagbW@fMf@fvWCE@fbWx¥R2OkV'@fVgtuADCEcE@fvWMBA|lWADcFADCEx�@fVW@BQFcE@BJzx|Ok\W\W@fVW{

f@BQ.VUALALlWALl~T
(θ̃, ω̃) = f(θ, ω)

��^q]UAªc�OkCE{uADc�l�@BQEcECE@fvWbWcE@BKNV�@BQ.\WCFALQFADCEtuALl|@��~xzK�tuAªc �`\}A
m+ OkVUl�JSOkVUl�@BlUOkcFA (θ̃, S̃n

1 )
OkCFAeONJLJLAD\WcFALl ;£@fcE]�\WCFKNvwOkvW@fMf@fc �

αm+(θ, Sn
1 ; θ̃, S̃n

1 ) =
min(1, Am+)

;£]UADCFA

Am+ =
π(θ̃, S̃n

1 , X)

π(θ, Sn
1 , X)

×
g
θ̃,S̃n

1
(m−, ω̃, Sn

1 )

gθ,Sn
1
(m+, ω, S̃n

1 )
× J

;£@fcE]
gθ,Sn

1
(m+, ω, S̃n

1 )
lWADVUKNcE@fVW{�cE]UA�\WCFKN\~K�Q OkM}lWADVUQF@fc¤����KNCqJF]UK�K�QE@fVW{�xzKStuA�c �`\}A

m+ R¦l�C�O�;£@fVW{ ω
OkVUl

S̃n
1

{�@ftuADV>cE]UA�JDbWCECFADVgc�QEc�OkcFA�Kk�©cE]UA�Q�Okx�\WMBADC
(θ, Sn

1 )
�
J =

∣
∣
∣
∣

∂f(θ, ω)

∂θ∂ω

∣
∣
∣
∣

@BQHcE]UAJegONJLKNvW@POkV0lWADcFADCEx�@fVwOkV`c�OkCE@BQE@fVW{y��CFKNx�cE]UA�J�]wOkVW{uA|Kk�qtNOkCE@POkvWMBA
� CFKNx

(θ, ω)
cFK

θ̃
��^q]UAeCFADtuADCFQFAexzKStuAJ^ ��CFKNx

(θ̃, S̃n
1 )
cFK

(θ, Sn
1 )
_�@BQ£ONJLJLAD\WcFALl ;£@fcE]

\WCFKNvwOkvW@fMf@fc¤�
αm−(θ̃, S̃n

1 ; θ, Sn
1 ) = min(1, 1/Am+)

�
$&% �&%(' 9<ADC /(��
 , �'&�A 	����&�; 0 % , 0 %65�A�.�/1G .�,*5F/10�� ,�A 0

hjK�tuALQ ) 6�*jOkVUl ),+ * OkCFAib�@fvWvUQ�xzK�tuALQnQE@fx�@fMPOkCycFK'cE]UA>�ehjh ��C�OkxzA�;�KNCE�
L h bWC Y�� R®¢q�=OWPRP�S¤�_^q]UAD��JLKNVUQE@BQEcH@fV�QE@fx
bWMPOkcE@fVW{>ASONJF]0CFK(;

a(u, •)
Kk�£cE]UAzQFc�OkcFA

cEC�OkVUQE@fcE@BKNVyx|OkcECE@�§�OkVUlyASONJF]yCFK(;
bu(•;w, k)

Kk�2cE]UAiV`bUJDMBALKNcE@BlWALQªADx�@BQFQE@BKNVnl�@BQEcECE@�X
vWbWcE@BKNVUQ£��CFKNx:cE]UAD@fC£� bWMfM®JLKNVUl�@fcE@BKNVwOkMo�e@fCE@BJF]WMBADcIl�@BQFcECE@fvWbWcE@BKNVjT

a(u, •) | Sn
1 ∼ D|Vu|(αu + Nu1, . . . αu + Nu|Vu|)

bu(•;w) | r, Sn
1 , Xn

1 ∼ D|X |(βu + Nw1;u, . . . , βu + Nw|X |;u)

bu(•; k) | Sn
1 , Xn

1 ∼ D|X |(βu + N1,k;u, . . . , βu + N|X |,k).

bu(x;w) � Q_OkCFA©JLKNx�xzKNVHcFKIOkMfM�vwONJF��{�CFKNbWVUl
JLKNx�\}K�QE@fcE@BKNV
xzK�lWADMgONQFQFK�JD@POkcFALlHQEc�OkcFALQS�^q]UADV®R
Nwx;u �

QiOkCFA�JLKNx�\WbWcFALl K�tuADCIOkMfM®cE]UA�\}K�QE@fcE@BKNVUQiOkMfMBK�JSOkcFALlncFK�cE]UALQ�A�QEc�OkcFALQS�
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�ebWCE@fVW{zxzK�tuALQ ) 7 *IOkVUl ),. *�R�\wOkC�OkxzADcFADCFQiKk�ocE]UA�QFKk��KNbWCEVncE@fxzA�l�@BQFcECE@fvWbWcE@BKNVUQ
OkCFAibW\~lUOkcFALls�`^2K�ONJ�]W@BADtuAeOnbe@fvWvUQ©xzK�tuAD^�QFALAe��]W@fv L ��]W@ Y ��S _YRgcE]UA£CE@f{�]gc�X¤JLADVUQFKNCFALlcE@fxzALQ

t′
QF\~ADV`ce@fV�cE]UA�MPONQFcet�@BQE@fcFALl>QEc�OkcFA

u
@BQe�UCFQEc�cFK�v}A�Q Okx�\WMBALl�� CFKNx @fcFQe��bWMfM

JLKNVUl�@fcE@BKNVwOkMol�@BQEcECE@fvWbWcE@BKNV

π(k′ | k′ ≥ kc, θ, Sn
1 , Xn

1 ) =
du(k′)

Du(k′)
I{k′ ≥ kc}

^ ] � g._

;£]UADCFA
kc
@BQicE]UA�KNvUQFADCEtuALljcE@fxzA�QF\~ADV`cI@fVjcE]UA
MPONQEcet�@BQE@fcFALl QEc�OkcFA��~T QFALJLKNVUl�QEcFAD\

JLKNVUQE@BQFcFQ�@fV�bW\}lUOkcE@fVW{H\wOkC�OkxzADcFADCFQ.��VUK(;£@fVW{�cE]UA£JLADVUQ�KNCFALl�cE@fxzALQS�Rh¤V�xzK�tuA ) 7 *�R
pu@BQ�l�C�O�;£V���CFKNx8@fcFQI¢qADc�O|� bWMfM�JLKNVUl�@fcE@BKNVwOkM©l�@BQEcECE@fvWbWcE@BKNV

pu | ku, nu ∼ Be(γu,1 +
nu

∑

ku
Nu,ku

, γu,2 +
∑

ku
(ku −hu)Nu,ku

)
;£]UADCFA

ku

JLKNVgc�Ok@fVUQqOkMfMUcE]UAD^�KNvUQFADCEtuALl
OkVUl¥QF@fx
bWMPOkcFALl?_£l�bWC�OkcE@BKNVUQi@fV¥Q�OkcFA

u
�wZ`@fx�@fMPOkCEMf�y@fV¥xzK�tuA ),. *�R

pu(•)
@BQ£bW\~lUOkcFALl

O ��cFADCHQE@fx
bWMPOkcE@fVW{jcE]UA�JLADVUQFKNCFALl�cE@fxzALQ ^ ] � g._i� CFKNx�@fcFQ��e@fCE@BJ�]WMBADcH��bWMfM©JLKNVUl�@fcE@BKNVwOkMl�@BQEcECE@fvWbWcE@BKNV
Dlu+1(λu + Nu,hu

, . . . , λu + Nu,hu+lu)
�

^_KnbW\}lUOkcFA�cE]UA�\wOkC�OkxzADcFADC
nu

@fV�xzKStuA ) 7 *�R�;�A��UCFQEc�bUQFALl>h�� xzK�tuAG;£@fcE]
\WCFKN\}K�Q�OkM

qnu(ñu) = N (nu; 1)
�1h V0KNCFlWADC�cFKn@fVUJDCFASONQFA�cE]UA�ONJLJLAD\Wc�OkVUJLA�C�OkcFA�R ;�A

�UVwOkMfMf��J�]UK�QFA�O¥\WCFKN\~K�Q OkM�cE]wOkc�J�]wOkVW{uALQ
nu

;£@fcE]UKNbWc�J�]wOkVW{�@fVW{>cE]UAzxzASOkV
hu +

nu(1− pu)/p2
u

Kk�2cE]UA�l�@BQEcECE@fvWbWcE@BKNV®�W^q]UAeJSOkVUl�@BlUOkcFA�JLKNbW\WMBA
(ñu, p̃u)

@BQ�\WCFKN\~K�Q�ALl
@fV¥cE]UAe�¨KNMfMBK(;£@fVW{ ;�OS�aTwl�C�O�;

ñu

��CFKNx:cE]UA�\WCFKN\}K�Q�OkM
qnu(ñu)

OkVUl QFADc
p̃u

ONQ

p̃u =
puñu

ñupu + nu(1 − pu)
.

^ ] � �d_

^q]UA�\WCFKN\}K�QFALlnt�OkMfbUA�@BQiONJLJLAD\WcFALlQ;£@fcE]¥\WCFKNvwOkvW@fMf@fc¤�

min
(

1;
π(θ̃, Sn

1 , Xn
1 )qñu(nu)

π(θ, Sn
1 , Xn

1 )qnu(ñu)
×

nuñu

ñupu + nu(1 − pu)2

)

;£]UADCFA�cE]UA�MPONQEcqcFADCEx:@fVycE]UA�C�OkcE@BK�@BQqcE]UA7egONJLKNvW@POkV lWADcFADCEx�@fVwOkV`ci@fVUl�bUJLALlyvg��cE]UA
lWADcFADCEx�@fVW@BQEcE@BJ
cEC�OkVUQ��¨KNCEx|OkcE@BKNV$^ ] � �d_Y�
h�KStuA ),/ *z@BQ�Oab�@fvWvUQ�xzKStuA ;£]W@BJF]�JLKNVUQF@BQEcFQ�@fV«l�C�O(;£@fVW{�cE]UA�]W@BlWlWADV�QEc�OkcFA

\wOkcE]UQ®� CFKNx cE]UAD@fC2� bWMfM`JLKNVUl�@fcE@BKNVwOkM�l�@BQEcECE@fvWbWcE@BKNV
π(Sn

1 | Xn
1 , θ)
��^q]W@BQ®@BQs\}ADC���KNCExzALl

cE]WCFKNbW{�]nO ¬ �¨KNC�;�OkCFl�X vwONJ��o;qOkCFl��OkMf{uKNCE@fcE]Wx QE@fx�@fMPOkC\^ vWbWc�xzKNCFAicE@fxzAYX¤JLKNVUQFbWx�@fVW{�_
cFK�cE]UAi�ehjh)��C�OkxzA�;�KNCE� ^�QFALAITI\W\}ADVUl�@�§~TgQFALJDcE@BKNV ] ���d_Y�`TeQ�@fV��ehjh�RucE]W@BQqOkMf{uKkXCE@fcE]Wx:OkMfMBK(;ªQqQE@fx�bWMfc�OkVUALKNbUQ£JLKNx�\WbWc�OkcE@BKNVyKk�®cE]UAI@fVUJLKNx�\WMBADcFAeMf@f�uADMf@f]UK`K�l

Pθ(X
n
1 )bUQFALly@fVncE]UAe�¨KNMfMBK(;£@fVW{�QFALJDcE@BKNVUQS�W^q]UAe�¨KNC�;�OkCFlnCFALJDbWCECFADVUJLA�@BQqCFASOkMf@f�SALljONQ£@fV beb'kYX

lWKNV L�beb'k-P Z S©OkVUl�cE]UA�QE@fx�bWMPOkcE@BKNV�OkMf{uKNCE@fcE]Wx @BQIQEMf@f{�]`cEMf�jl�@�rsADCFADVgce��CFKNx%cE]UA�KNVUA\WCFKN\}K�QFALljvg� ?.MPOk{�VUKNMmL ?.MPORP,g-S¤�Gh V cE]UA�\wOkCEcE@BJDbWMPOkC�JSONQFA�Kk��cE]UA
c ;�K�v}KL§WALQixzK�lWADM
;£@fcE]«On]W@f{�]WMf��JLKNVUQEcEC�Ok@fVUALl�QE\wONJLADC
MBADVW{�cE]®R�OyxzKNCFA|A��|JD@BADV`c�OkMf{uKNCE@fcE]Wx JSOkV'v}A
bUQFALl|�¨KNC�]W@BlWlWADVnQEc�OkcFA�OkMfMBK`JSOkcE@BKNViT�l�@fCFALJDc�ADt�OkMfbwOkcE@BKNVnKk�2ASONJF]y\wOkcE]�@BQ�\}ADCEx�@fcEcFALl
v`��cE]UAªCFALQEcECE@BJDcFALl�VgbWx�v~ADCqKk�2OkbWcE]UKNCE@f�SALl�]W@BlWlWADV�\wOkcE]UQS�g^q]UAª��KNC�;qOkCFl�X vwONJF� ;�OkCFl
OkMf{uKNCE@fcE]Wx ;�KNbWMBl¥v}A�CFALa`bW@fCFALln@fV O�xzKNCFAHJLKNx�\WMBAY§nxzK�lWADM®QFADcEcE@fVW{U�
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hjK�tuALQ )�� *|OkMfMBK(;:cE]UA ;£@Bl�cE]
hu

Kk��Ojv~KS§�QEc�OkcFA
u
cFK�@fVUJDCFASONQFA ^

+1
_�KNC�cFK

lWALJDCFASONQFA ^
−1

_
vg�0KNVUAnKNV«cE]UAyMBAY��c�QE@BlWAi^
l
_�KNC�KNV«cE]UAyCE@f{�]gczQE@BlWAi^

r
_Y�©Z�ADtuADC�OkM

QEcFAD\UQIOkCFA
CFALagbW@fCFALljcFK�ONJ�]W@BADtuA�cE]UALQ�AHxzKStuALQ��¦mo@fCFQEcSR ;�AHC�OkVUlWKNx�Mf�jJF]UK�K�QFA�Ozv~KS§
u
OkVUl�O�xzK�tuA>c¤��\~AJ;£@fcE]�\WCFKNvwOkvW@fMf@fc �

gθ(u,±1, l
KNC

r) = 1/8
ONQycE]UADCFA�OkCFA

c$;�K�v}KL§¥QEc�OkcFALQ�OkVUl
4
xzKStuA�c¤��\}ALQS�?MIADx|Ok@fVW@fVW{�QEcFAD\UQIJLKNVUQE@BQEci@fVjbW\~lUOkcE@fVW{|�UCFQEc

\wOkC�OkxzADcFADCFQU^
b
R
d
_i@fVgtuKNMftuALl�@fV�cE]UA�xzKStuA�R_OkVUl�QFALJLKNVUl>cE]UA�]W@BlWlWADV'QEc�OkcFA�\wOkcE]UQ

Sn
1

��O�A�KNVWMf��lWALQ�JDCE@fv~AecE]UA ¬ @fVUJDCFASONQFAYX¤lWALJDCFASONQFAY�\wOk@fC£Kk�_CFADtuADCFQF@fvWMBA�xzKStuALQªKNVncE]UA
MBAY� cªQE@BlWAC;£]W@BJ�] @BQªASONQF��cFK�cEC�OkVUQE\}K�QFAe�¨KNCªcE]UA�CE@f{�]gceQE@BlWA��

h¤VycE]UA ¬ @fVUJDCFASONQFAY�xzKStuA�RWcE]UA�VUA�; ;£@Bl�cE]n@BQq{�@ftuADVnv`�
h̃u = hu + 1

��O�A�l�C�O(;
O�C�OkVUlWKNx9tuALJDcFKNC

ω1;u
Kk�.QE@f�SA

|X |
R�� CFKNx9cE]UA
�I@fCE@BJ�]WMBADc

D|X | (βu + N1,−1;u, · · · , βu + Nq,−1;u)

cFK|{uADc�\wOkC�OkxzADcFADCFQ�Kk��cE]UA�VgbUJDMBALKNcE@BlWALQ
l�@BQEcECE@fvWbWcE@BKNV'ONQFQFK�JD@POkcFALl cFK�cE]UA��UCFQEce\~KkX
QE@fcE@BKNV¥Kk�ocE]UAHv~KS§

u

∀x ∈ X ,

{
b̃u(x, 1) = ω1;u(x)

b̃u(x; k) = bu(x; k − 1) ∀k ∈ {2, . . . , h̃u}

;£]UADCFA
Nx,−1;u

@BQªcE]UA�VgbWx�v~ADC�Kk�©VgbUJDMBALKNcE@BlWA
x
ONlk�EONJLADV`cIcFK�cE]UAHMBAY��cIQF@BlWA
Kk�©cE]UA

v~KS§
u
�g?�OkC�OkxzADcFADCFQªOkVUl|QEbW\W\}KNCEc�Kk�®cE]UAix
bWMfcE@fVUKNx�@POkMsQFKk�EKNbWCEV|cE@fxzAel�@BQEcECE@fvWbWcE@BKNV

ONQFQFK�JD@POkcFALlycFKzADtuADCE��QFc�OkcFA
v
\WCFALJLALl�@fVW{�QFc�OkcFA

u
^
u ∈ Vv

_qOkCFAHQE]W@���cFALl¥ONQ

∀v
QS� cS�

u ∈ Vv,

{
h̃v = hv − 1

p̃v(k) = pv(k + 1) ∀k ∈ {h̃v, . . . , h̃v + lv}.

m_@fVwOkMfMf�uR©VUA�;
S̃n

1

OkCFA l�C�O�;£V���CFKNx¡cE]UAD@fC���bWMfMªJLKNVUl�@fcE@BKNVwOkM�l�@BQEcECE@fvWbWcE@BKNV
π(Sn

1 |
θ̃, Xn

1 )
�

h¤V�cE]UA�CFADtuADCFQFA ¬ lWALJDCFASONQFAY�xzK�tuA�R¦cE]UA�VUA�; ;£@Bl�cE]>@BQe{�@ftuADV�v`�
hu = h̃u − 1

�
GibUJDMBALKNcE@BlWAHADx�@BQ�QE@BKNV¥\WCFKNvwOkvW@fMf@fcE@BALQIv~ADMBKNVW{�@fVW{zcFK�cE]UAHv~KS§

u
OkCFA
QE]W@�� cFALljONQ

∀k ∈ {1, . . . , hu},∀x ∈ X bu(x; k) = b̃u(x; k + 1).

?oOkC�OkxzADcFADCFQeKk�ocE]UAHx
bWMfcE@fVUKNx�@POkM_Q�Kk��KNbWCEV¥cE@fxzA
l�@BQEcECE@fvWbWcE@BKNVUQIOkCFAHQF]W@�� cFALl¥ONQ

∀v
QS� cS�

u ∈ Vv,

{
hv = h̃v + 1

∀ hv ≤ k ≤ hv + l̃v pv(k) = p̃v(k − 1).

m_@fVwOkMfMf�uRwQEc�OkcFALQiOkCFA�CFASOkMfMBK�JSOkcFALly��CFKNx
π(Sn

1 | θ,Xn
1 )
�

^q]UA�ONJLJLAD\Wc�OkVUJLA«\WCFKNvwOkvW@fMf@fcE@BALQ���KNC�cE]UA ¬ @fVUJDCFASONQFAY«OkVUl ¬ lWALJDCFASONQFAY'xzK�tuALQ
KNV cE]UA�MBAY��c¥QE@BlWA'OkCFA

α
(
θ, Sn

1 ; θ̃, S̃n
1

)
= min(1, Al

+1)
OkVUl

α
(
θ̃, S̃n

1 ; θ, Sn
1

)
=

min(1, 1/Al
+1)

;£]UADCFA

Al
+1 =

π(θ̃, S̃n
1 , Xn

1 )

π(θ, Sn
1 , Xn

1 )
×

gθ̃(u,−1, l)

gθ(u,+1, l)

1

g(ω1;u)

π(Sn
1 | θ,Xn

1 )

π(S̃n
1 | θ̃, Xn

1 )
× J
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;£@fcE]
g
lWADVUKNcE@fVW{jcE]UA|lWADVUQE@fc¤��Kk�£cE]UAz�e@fCE@BJF]WMBADc�\WCFKN\~K�Q OkM�Kk�

ω1;u
OkVUl ;£@fcE]�cE]UA

egONJLKNvW@POkV
J
ALagbwOkMBQJg��~^q]UA�xzKStuA�@BQ�KNvgt�@BKNbUQEMf� CFA[�EALJDcFALl�@���cE]UA�VUA�;<\wOkC�OkxzADcFADCFQ

lWK�VUKNce�¨OkMfM�@fV`cFKycE]UA�QFbW\W\~KNCEc�Kk��cE]UA�xzK�lWADM�\WCE@BKNC�l�@BQFcECE@fvWbWcE@BKNV®�®^q]UA�C�OkcE@BK
Al

+1QE@fx�\WMf@��wALQicFK

Al
+1 =

P
θ̃
(Xn

1 )

Pθ(X
n
1 )

×
π(θ̃)

π(θ)g(ω1;u)

;£]UADCFAq@fVUJLKNx�\WMBADcFAiMf@f�uADMf@f]UK`K�lWQ
Pθ(X

n
1 )
OkVUl

P
θ̃
(Xn

1 )
OkCFAqJLKNx�\WbWcFALlzl�bWCE@fVW{�QEc�OkcFA

\wOkcE]UQiCFASOkMfMBK`JSOkcE@BKNVUQS�w^q]UA�CE@f{�]gcI\wOkCEcªKk�ocE]UA�C�OkcE@BK|QE@fx�\WMf@��wALQªcFK
π(b̃u,1)/g(ω1;u)

�

$&%��&%�� � !�.�;��@,*0 %��'&�/ � 	 !�! AB=�� A�� �'&�/ � !�; � /�=

h�KStuALQ )�� *�JLKNVUQE@BQFci@fV�@fVUJDCFASONQE@fVW{�KNC�lWALJDCFASONQE@fVW{yvg�¥KNVUA�cE]UA�QEbW\W\~KNCEceKk�©cE]UA
x�bWMfcE@fVUKNx�@POkM©QFKk��KNbWCEVjcE@fxzA
l�@BQEcECE@fvWbWcE@BKNV�Kk�©QEc�OkcFA

u
^�J�]UK�QFADVK;£@fcE]�\WCFKNvwOkvW@fMf@fc¤�

1ONQ�cE]UADCFAª@BQ�KNVWMf�zKNVUAiQE\wONJLADC�QEc�OkcFA
u
_Y�u^q]UADV�cE]UAiQEbW\W\}KNCEc�QE@f�SAi@BQ�AD@fcE]UADC�@fVUJDCFASONQ�ALl

KNC¥lWALJDCFASONQFALl�ONJLJLKNCFl�@fVW{�cFK«cE]UA>\WCFKNvwOkvW@fMf@fcE@BALQ
pl

OkVUl
1 − pl

;£@fcE]
plu,max

=
1− plu,min

= 1
OkVUl

pl = 1/2
ADMBQFA�;£]UADCFA���^q]UAIQE@BlWAecE]UAeQEbW\W\}KNCEc�QE@f�SAI@BQ�xzK`l�@��wALl

@BQ�lWAY�UVUALl�bUQF@fVW{0\WCFKNvwOkvW@fMf@fc �
p+

h

�¨KNC|cE]UAjMBAY� c�QE@BlWAjOkVUl
1 − p+

h

��KNC�cE]UA CE@f{�]`c
QE@BlWAK;£@fcE]

p+
hu,min

= p−hu,max
= 0
OkVUl

p+
h = p−h = 1/2

ADMBQFA�;£]UADCFA ^�QE@fx�@fMPOkC
\WCFKNvwOkvW@fMf@fcE@BALQ

p−h
OkCFAiVUALALlWALlz�¨KNC�cE]UA ¬ lWALJDCFASONQFAYixzK�tuA._Y�`mUKNC�@fVUQEc�OkVUJLAeQEbW\W\~KNCEc�@BQ

@fVUJDCFASONQFALlnKNVycE]UAeMBAY��c�QE@BlWA ;£@fcE]y\WCFKNvwOkvW@fMf@fc¤�
gθ(u,+1, l) = plp

+
h

���IADCFA�R ;�A�KNVWMf�
lWALQFJDCE@fv}A�cE]UA�xzK�tuALQIKNVncE]UA�MBAY��cªQE@BlWA��

h V�cE]UA ¬ @fVUJDCFASONQ�AY
xzKStuA�R}cE]UA�QEbW\W\}KNCEceKk��cE]UA�QE\wONJLADC�QEc�OkcFA
u
@BQeQFADcIcFK

h̃u =
hu − 1

OkVUl
l̃u = lu + 1

� O�Ayl�C�O�;
ωu

��CFKNx
Be
(
λu, l̃u × λu

) R�cE]UA�x|OkCE{�@fVwOkM
lWADVUQE@fc �nKk�ocE]UA�\WCE@BKNCI�I@fCE@BJ�]WMBADcIl�@BQEcECE@fvWbWcE@BKNVjKk�

pu(•)
RwOkVUl ;�AHQFADc T

{
p̃u(h̃u) = ωu

p̃u(k) = (1 − ωu)pu(k) ∀k ∈ {h̃u + 1, . . . , h̃u + l̃u}.

^ ] � Z _

mo@fVwOkMfMf�uReQEc�OkcFALQjOkCFA'CFASOkMfMBK`JSOkcFALl � CFKNx cE]UA���bWMfM�JLKNVUl�@fcE@BKNVwOkM�\~K�QEcFADCE@BKNC
π(Sn

1 |
θ̃, Xn

1 )
�

^q]UA ¬ lWALJDCFASONQFAY©xzKStuA�@BQ®CFASOkMf@f�SALl�ONJLJLKNCFl�@fVW{ecFKªcE]UA©cE]UA.��KNMfMBK�;£@fVW{eQEcFAD\UQ���mo@fCFQEcSR
hu = h̃u +1

OkVUl
lu = l̃u −1

OkCFAiQFADcS��Z�ALJLKNVUlsRg\WCFKNvwOkvW@fMf@fcE@BALQ
pu(k)

OkCFAªCFALQFJSOkMBALl T

pu(k) =
p̃u(k)

1 − p̃u(h̃u)
∀k ∈ {hu, . . . , hu + lu}.

mo@fVwOkMfMf�uRUQEc�OkcFALQeOkCFA�CFASOkMfMBK`JSOkcFALl¥� CFKNx
π(Sn

1 | θ,Xn
1 )
�

T£JLJLAD\Wc�OkVUJLA�\WCFKNvwOkvW@fMf@fcE@BALQ���KNC ¬ @fVUJDCFASONQFAY�OkVUl ¬ lWALJDCFASONQFAY�xzKStuALQ�KNV�cE]UA�MBAY��c
QE@BlWAHOkCFA

min(1, Al
+1)
OkVUl

min(1, 1/Al
+1)

;£]UADCFA

Al
+1 =

π(θ̃, S̃n
1 , Xn

1 )

π(θ, Sn
1 , Xn

1 )
×

gθ̃(u,−1, l)

gθ(u,+1, l)

1

g(ωu)

π(Sn
1 | θ,Xn

1 )

π(S̃n
1 | θ̃, Xn

1 )
× J
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g
v~AD@fVW{ncE]UA�¢qADc�Oy\WCFKN\}K�Q�OkM©lWADVUQE@fc ��Kk�

ωu
OkVUl

J
v}AD@fVW{¥cE]UAJegONJLKNvW@POkV�Kk�

cE]UA�cEC�OkVUQ���KNCEx|OkcE@BKNV�^ ] � Z _qALa`bwOkM®cFK (1 − ωu)l̃u−1 �W^q]UA�C�OkcE@BK Al
+1

QE@fx�\WMf@��wALQªcFK

Al
+1 =

Pθ̃(X
n
1 )

Pθ(X
n
1 )

gθ̃(u,−1, l)

gθ(u,+1, l)

π(d̃u)

π(du)

1

g(ωu)
(1 − ωu)l̃u−1.
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hjK�tuA )�� *yOkcEcFADx�\WcFQ�cFK�@fVUJDCFASONQ�AjKNC�lWALJDCFASONQFA¥v`��KNVUA¥cE]UAjKNCFlWADC
o
Kk�HcE]UA

vwONJF��{�CFKNbWVUl�h�OkCE�uK�t`@POkV'xzK`lWADM �sTIV�OkMfcFADCEVwOkcE@ftuAG;�OS�>Kk�qJF]wOkVW{�@fVW{jcE]UA�h�OkCE�uK�t
KNCFlWADCjJLKNVUQE@BQEcFQ @fV�l�C�O(;£@fVW{6@fc � CFKNx @fcFQ JLKNVUl�@fcE@BKNVwOkM�lWADVUQE@fc¤��MBASONl�@fVW{�cE]UA0ONJYX
JLAD\Wc�OkVUJLA¥C�OkcE@BK�cFK0ALagbwOkM

1
L ¢q�\P	�kvqS¤���IADCFA�R ¬ @fVUJDCFASONQFAYjOkVUl ¬ lWALJDCFASONQFAY¥xzK�tuALQ

OkCFA�JF]UK�QFADV ;£@fcE] \WCFKNvwOkvW@fMf@fcE@BALQ
pr = gθ(+1)

OkVUl
1 − pr = gθ(−1)

R#;£]UADCFA
pr = 1 − prmax = 1

OkVUl
pr = 1/2

ADMBQ�A�;£]UADCFA��.mUKNC�cE]UA ¬ @fVUJDCFASONQ�AY�xzKStuA�R?;�A
QFADc

r̃ = r + 1
OkVUl ;�A¥l�C�O(;9VUA�;

b̃u(•;w)
� CFKNx cE]UAD@fC�� bWMfMªJLKNVUl�@fcE@BKNVwOkMe�e@fCE@�X

JF]WMBADc�l�@BQFcECE@fvWbWcE@BKNVUQ
π(b̃u | r̃, Sn

1 , Xn
1 ) = D|X |(βu + Nw1;u, . . . , βu + Nw|X |;u)

�
^q]UAI]W@BlWlWADV¥QFc�OkcFALQªOkMfMBK`JSOkcE@BKNV

Sn
1

CFADx|Ok@fVUQ£bWVUJF]wOkVW{uALl OkVUlycE]`bUQqcE]W@BQqCFADtuADCFQE@fvWMBA
�[bWx�\�xzK�tuAª@BQ.cE]UA£MBALQ�Q.cE@fxzAYX¤JLKNVUQEbWx�@fVW{�KNVUA��`Z`@fx�@fMPOkCEMf�uRu@fVzcE]UA ¬ lWALJDCFASONQFAY£xzKStuA�R
;�A|Q�ADc

r = r̃ − 1
OkVUl ;�A�QE@fx�bWMPOkcFA|VUA�;

bu(•, w)
� CFKNx cE]UAD@fC
��bWMfM�JLKNVUl�@fcE@BKNVwOkM

�I@fCE@BJ�]WMBADcIl�@BQEcECE@fvWbWcE@BKNV®�
^q]UAnONJLJLAD\Wc�OkVUJLAy\WCFKNvwOkvW@fMf@fcE@BALQ|Kk�icE]UA ¬ @fVUJDCFASONQFAYnOkVUl ¬ lWALJDCFASONQFAY�xzK�tuALQzKk�

cE]UA�h�OkCE�uK�t`@POkV�KNCFlWADCIOkCFA
min(1, A)

OkVUl
min(1, 1/A)

;£]UADCFA

A =
π(θ̃, Sn

1 , Xn
1 )

π(θ, Sn
1 , Xn

1 )
×

g
θ̃
(−1)

gθ(+1)

π(bu | r, Sn
1 , Xn

1 )

π(b̃u | r̃, Sn
1 , Xn

1 )
× 1.

A
JSOkV¥v}A�CFA�;£CE@fcEcFADVjONQ

A =
π(r̃ | Sn

1 , Xn
1 )

π(r | Sn
1 , Xn

1 )
×

g
θ̃
(−1)

gθ(+1)

OkVUl cE]UADV�lWK�ALQnVUKNc�lWAD\~ADVUl�KNV \wOkC�OkxzADcFADCFQ
b̃u
OkVUl

bu
R£\WCFKNvwOkvW@fMf@fcE@BALQ

π(r̃ |
Sn

1 , Xn
1 )
OkVUl

π(r | Sn
1 , Xn

1 )
JSOkV�v~A�KNvWc�Ok@fVUALl«@fV0JDMBK�QFALl0�¨KNCEx ONQ�@fVWL ¢��7P	�kv,S¤�

^q]gbUQSR}cE]UA�\WCFKN\}K�QFALl>xzKStuA�@BQHONJLJLAD\WcFALl�KNC�CFA[�EALJDcFALl>v~AY�¨KNCFA�l�C�O�;£@fVW{¥VUA�; \wOkC�O X
xzADcFADCFQ

b̃u

�
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C�OkVUlWKNx<VgbWx�v~ADC�{uADVUADC�OkcE@BKNVzOkVUlH\WCFKNvwOkvW@fMf@BQFcE@BJ
lWADVUQE@fc ��� bWVUJDcE@BKNVUQIJLKNx�\WbWc�OkcE@BKNV®�
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Sigma B data set

full data set − model with optional "−35" box
(Sigma A binding site)

Sigma M data set

(11:13)

(15:16)

(15:17)
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full data set − model with optional "−35" box

full data set − model with obligatory "−35" box

Sigma B data set

Sigma M data set
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size length length
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du(t − t′)Fu(t′)a(u, v)

Fv(t)

OkVUl

Pθ(S
t−1
1 = v | Sn

t = s̃n
t , Xn

1 ) = Pθ(S
t−1
1 = v | St = v, St+1 6= v,Xn

1 )

=

(
t∏

k=1

bv(Xk;X
k−1
k−rv

, k − t′)

Nk

)

dv(t)a(v)

Fv(t)
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� MPO�CFALJ�]UADCFJF]UA�lWA�xzKNcE@���QS�s� � bWVUA�\wOkCEcSR}M � OkMf{uKNCE@fcE]WxzA|\~ADCExzADc�l � kDcEbUl�@BADCHbWVUA�MBKN@rltvu.w.x/y	z"{|u-z"{qlqkY�UVW@BAyQEbWC�bWV«@fx�xzADVUQFAyADVUQFADx
vWMBAnlWA�xzK�l7�DMBALQ ^

25 × 25 × 25 ×
6 × 6 = 562 500

xzK`l7�DMBALQ|l�@�r�kDCFADV`cFQ~T
25
MBKNVW{�bUADbWCFQ|\~KNbWC�J�]wONJDbWVUA¥lWALQzlWADb�§

v}K �BcFALQSR
25 × 6

QFbW\W\~KNCEcFQ�lWAzMBKNVW{�bUADbWC�\~KNbWC�MBA wKt�r��)y	z�ADc
6
KNCFl�CFALQ�x|OkCE�uKSt�@BADVUQ

l�@�r kDCFADVgcFQ|\~KNbWC�MBA�xzK�l7�DMBA¥lWA �dr�� � �dz
u�� ����_Y�©� � OkbWcECFAn\wOkCEcSR�MPO�\}ADCEcE@fVUADVUJLA¥lWALQxzK�l7�DMBALQqQ	kDMBALJDcE@BKNVWV'kLQªO�kDc	kIxzKNVgcEC	kLA�QFbWC�lWALQ�xzKNcE@���QqJLKNVWV`bUQSR�ADc�MBAIxzKNcE@��ol�byQE@fcFA
lWA��W§UOkcE@BKNVzl�b��¨ONJDcFADbWCqZ`@f{�x|O�h%lWA ���w����,x|{ � {*w�Oe\Wb : cECFAq@BlWADV`cE@��?k����.c�OkV`c�lWKNVWV'kM � @fx�\}KNCEc�OkVUJLA�lWAzM � @BlWADVgcE@��wJSOkcE@BKNV�lWALQHxzKNcE@��¨QHC	kD{�bWMPOkcFADbWCFQ�\}KNbWC
M � @fVgcFADCE\WC	kDc�OkcE@BKNVlWALQn{dkDVUKNxzALQ�R£MBALQn\}ADCFQE\~ALJDcE@ftuALQnKkrsADCEcFALQ¥\wOkCnM � @fx�\WM*kDxzADV`c�OkcE@BKNV<l � OkMf{uKNCE@fcE]WxzALQ� y���y	z	w"{*���|y
	 � ��t�h���h���QFKNVgcª\WCFKNxzADcEcFADbUQ�ALQS�

X_O>x|O ��KNCE@fc	kjlWALQ�xzKNcE@��¨Q�C	kD{�bWMPOkcFADbWCFQ|V � KNV`c�a`bUAy\~ADb6l � K`JLJDbWCECFADVUJLALQ�QEbWCzMBAJ�]WCFKNxzK�QFKNxzA��'X � bWcE@fMf@BQ�OkcE@BKNV¥lWA�lWKNVWV'kLALQ£AY§�\AkDCE@fxzADV`c�OkMBALQ£\}ADbWc�\}ADCExzADcEcECFA�M � @BlWADV�XcE@��wJSOkcE@BKNV�lWAyJLALQ�xzKNcE@��¨QS��?oOkCzAY§WADx�\WMBA�R�M � bWcE@fMf@BQ�OkcE@BKNV�lWAylWKNVWV'kLALQ�l � AY§�\WCFALQ�QE@BKNVO6\}ADCEx�@BQj@BJD@�M � @BlWADV`cE@��wJSOkcE@BKNV�lWALQ>xzKNcE@���Q>lWALQ>QE@fcFALQ>lWA0�W§WOkcE@BKNV lWALQ�� ONJDcFADbWCFQZ`@f{�x|O6¢ ADc�Z`@f{�x|O�h��=X_O�x�@BQFA�Okb�\}KN@fVgc>l � Ok\W\WCFK�JF]UALQ>\WbWCFADxzADVgca{�� w"{ � { �)u
\}KNbWCªMPO�CFALJ�]UADCFJF]UA�lWA
JLALQixzKNcE@���QiCFADMPOkcE@ftuADxzADVgce\~ADbn��C	kLa`bUADVgcFQICFALQEcFA�bWVjlqkY�2�?X2O
JLKNVUQFADCEt�OkcE@BKNV¥lWALQ£Q	kLa`bUADVUJLALQqC	kD{�bWMPOkcECE@BJLALQiOkbnJLKNbWCFQ£lWAeM � kDtuKNMfbWcE@BKNV¥\~ADbWc�� ONJD@fMf@fcFADCJLKNVUQE@BlqkDC�OkvWMBADxzADV`c�M � @BlWADVgcE@��wJSOkcE@BKNV'lWALQIxzKNcE@��¨Qi\}ADbjCFAD\WC	kLQ�ADVgc	kLQ�QEbWCIMPOzQ	kLa`bUADVUJLAL h�^i� + P,g�RGM�Z��sZ,P	��R¦h�^i� X1P	��S¤�¦?_KNbWC�M � @fVUQEc�OkV`cSR}JLADcEcFA
@fV��¨KNCEx|OkcE@BKNV�OUkDc	k�\WCE@BQFAADVyJLKNx�\WcFAIlUOkVUQ�MBAeJSONl�CFAIlWAixzK`l7�DMBALQqlWAIx kDMPOkVW{uALQ7L t�G�AMeZ,P	��R,�ehj^ + P Z S}x|Ok@BQ@fM®ALQEc£ADV`t`@BQ�Ok{uASOkvWMBA
lWA�MBAi� Ok@fCFA�lUOkVUQqbWV¥�ehjh���?_KNbWCiJLA�a`bW@®ALQEc£lWA�MPO�CFALJF]UADCFJF]UA
lWALQHQF@fcFALQHlWA��W§WOkcE@BKNV�lWALQ��¨ONJDcFADbWCFQHQF@f{�x|OnQFALJLKNVUlUOk@fCFALQSRsbWV�cEC�OStNOk@fM�\WC	kDMf@fx�@fVwOk@fCFA
l � kDt�OkMfbwOkcE@BKNV�QFADx
vWMBA�V'kLJLALQFQ Ok@fCFA��op©V�AYrsADcSRoMBALQ
� ONJDcFADbWCFQ�QE@f{�x|O�QFALJLKNVUlUOk@fCFALQ�@fV�XcFADCEt�@BADVWVUADVgc�lUOkVUQIM � AY§�\WCFALQFQF@BKNVjlWAH{ �DVUALQI@fx�\WMf@Ba`b'kLQIlUOkVUQelWALQª�¨KNVUJDcE@BKNVUQI\W]g��QE@BKkXMBKN{�@Ba`bUALQ ^�JLKNx�xzA�MPOjC	kD\}KNVUQFAyOkb�§0QEcECFALQFQ�\~KNbWCzZ`@f{�x|O�¢�_Ha`bW@�\}ADbWtuADVgc�VUA�\wONQ
: cECFA�JLKNVUQFADCEtdkLQ�R¦x : xzA�lUOkVUQ�lWALQ�vwONJDc	kDCE@BALQHCFADMPOkcE@ftuADxzADVgcH\WCFK�JF]UALQS� IV>\}KNbWCEC�Ok@fc\WCFADVUl�CFAnADV�JLKNx�\WcFA�R�lUOkVUQ�bWVUAnOk\W\WCFK`J�]UAnJLKNx�\WM*kDxzADVgc�Ok@fCFA�R©MBALQ��¨KNVUJDcE@BKNVUQ�\WCFKkX
vwOkvWMBALQ�lWALQ�{ �DVUALQSR}\WC	kLl�@fcFALQ � \wOkCEcE@fCHlWALQ�]UKNxzKNMBKN{�@BALQHlWA�Q	kLa`bUADVUJLALQ�\WCFKNc	kD@Ba`bUALQS�X2O�JLKNVUJLAD\WcE@BKNV�l � bWV xzK�l7�DMBA
\WCFKNvwOkvW@fMf@BQFcFA�\}KNbWCeOkv}KNCFlWADC�JLAH\WCFKNvWME�DxzA�Ok\W\wOkC�O��BcJLKNx�xzA�bWVUA�\~ADCFQE\}ALJDcE@ftuA�@fVgc	kDCFALQFQ�OkV`cFA��.p.V��UV®RoMPOn\WC	kLl�@BJDcE@BKNV�lWALQ�QE@fcFALQ�lWAz�W§UO X
cE@BKNV«lWALQH� ONJDcFADbWCFQ�QE@f{�x|O¥lWA�M � T\MiG \~KNMf��x kDC�ONQFA�lWADt`C�Ok@fc�� ONJD@fMf@fcFADC�MPO¥CFALJF]UADCFJF]UAlWALQ�QE@fcFALQzlWA��W§UOkcE@BKNV�l � OkbWcECFALQz� ONJDcFADbWCFQzlWAnC	kD{�bWMPOkcE@BKNV6cEC�OkVUQFJDCE@f\WcE@BKNVWVUADMfMBA���p.VAYrsADcSRuJLALQ©lWADCEVW@BADCFQ�@fVgcFADC�Ok{�@BQFQ�OkV`cqOStuALJªM � T\MiG�\~KNMf��x kDC�ONQFA�R�MBALQ.\}K�QE@fcE@BKNVUQ�lWA£MBADbWCFQQE@fcFALQ�lWA��W§UOkcE@BKNV�\}ADbWtuADVgc : cECFA�\WMfbUQHKNb>xzKN@fVUQHJLKNV`cEC�Ok@fVgcFALQ�\wOkC�JLADMfMBALQ
lWALQ�QE@fcFALQlWA��W§UOkcE@BKNV lWALQq� ONJDcFADbWCFQªQE@f{�x|O��



� ��������� �

� �
	����	������ � � � �� � ��


?.@BADCECFAHGI@BJLKNMPONQiADcª�\kDME�DVUA���]W@POk\}ADMfMBK



� ��� + ��� �  (" / � � �.� ��� � � �

� 6H8 ��>��vBDF">>�<#���� ���v; ���

�9\wOkCEcE@fC�l�b«lqkDvWbWc�lWA|MPOjlqkLJLADVWVW@BAig YRY P�R_MBA�Q	kLa`bUADV �SOk{uA � {�C�OkVUlWA kLJ�]UADMfMBAlWA�M � Te��G {dkDVUKNx�@BagbUA�OnJF]wOkVW{dk�MBA�\WCFKNvWME�DxzA|lWAzMPOnlqkDcFALJDcE@BKNV�lWAz{ �DVUALQS��h M�ALQEclWADtuADV`b�@fx�\~KNCEc�OkV`c¥lWAj\}KNbWtuKN@fCy\WC	kLl�@fCFA>K
	�Q�KNVgcyMBALQ�{ �DVUALQ�QFbWC�bWVUA�Q	kLa`bUADVUJLA
l � Te��G��.��ALQ
\WC	kLl�@BJDcE@BKNVUQ�R_C	kSOkMf@BQHkLALQ � M � Ok@BlWA�l � KNbWcE@fMBQ�@fV���KNCEx|OkcE@Ba`bUA�R_Q�KNVgc�l�@fcFALQ{�� w"{ � { �)ug�}T£JDcEbUADMfMBADxzADV`cSR®MBA�cFADCExzA >|\WC	kLl�@BJDcE@BKNV'lWA�{ �DVUALQ @�ALQEc�QFKNbWtuADV`c�bWcE@fMf@BQ	k
lUOkVUQ�MBAiQ�ADVUQ�CFALQEcECFAD@fV`c£lWAi\WC	kLl�@BJDcE@BKNVnlWALQ�Q	kLagbUADVUJLALQ�JLK�lUOkVgcq\~KNbWC�lWALQ�\WCFKNc	kD@fVUALQSR
MBALQ����HZ ^�� u�\{�� � �?y�� ��y��>�)yHw9_Y�o� � ALQEc
lUOkVUQHJLAzQ�ADVUQHagb � @fM�ALQEcHADx�\WMBKS�dk�lUOkVUQ
JLAcFAY§�cFA�� � JSOkbUQ�AHlWA�M � @fx�\~KNCEc�OkVUJLAH��KNVUJDcE@BKNVWVUADMfMBA�lWALQ£\WCFKNc	kD@fVUALQSRWMPO�\WC	kLl�@BJDcE@BKNV�lWALQ���HZ|ALQEc�M � bWVylWALQ�\WCE@fVUJD@f\wOkb�§�KNv��EALJDcE@���Q�l�b�QHkLagbUADV �SOk{uA�lWAªM � Te��G���h M¦Q � Ok{�@fcqQFKNb�XtuADV`c�lWA�M � kDc�Ok\}Az\WC	kSOkMPOkvWMBA � M � @fVgcFADCE\WC	kDc�OkcE@BKNV�lWALQ
lWKNVWV'kLALQ�{dkDVUKNx�@Ba`bUALQ�ADc�Okb�§AY§�\AkDCE@BADVUJLALQil � OkVwOkMf��QFAe�¨KNVUJDcE@BKNVWVUADMfMBA��U� � bWVn\}KN@fVgcªlWA�t�bUAi�¨KNVUlUOkxzADVgc�OkM Rw\WC	kLl�@fCFAMBALQ�{ �DVUALQ � \wOkCEcE@fC£lWAIMPO�Q	kLagbUADVUJLAel � Te�eG ALQEcqOkbUQ�QE@wMPO�QFADbWMBAi�¨O��LKNVylWAeJLKNVWVwOk@fcECFAcFKNbWcFALQIMBALQª\WCFKNc	kD@fVUALQSRwx : xzA
JLADMfMBALQeagbW@2VUAHQFKNVgceAY§�\WCE@fx kLALQea`bUAHlUOkVUQIlWALQIJLKNVUl�@�XcE@BKNVUQe\wOkCEcE@BJDbWMf@E�DCFALQS�2��KNx�\WcFA�cFADVgb�lWA�M � @fx�\~KNCEc�OkVUJLA�lWALQ�JLALQ�ADVN��ADb�§sR¦@fM_ALQEcebWcE@fMBAl � OStuKN@fC�bWVUAe@BlqkLAelWALQ�\WCE@fVUJD@f\~ALQqADcqlWALQ�Mf@fx�@fcFALQ£lWALQ�l�@�r�kDCFADV`cFALQqx kDcE]UK`lWALQqlWAI\WC	kYXl�@BJDcE@BKNV®�

IV0\~ADbWc�l�@BQEcE@fVW{�bUADC�lWALQ�Ok\W\WCFK�JF]UALQ�AY§�cECE@fVUQ9�LagbUALQ�ADc
@fV`cECE@fVUQ<�LagbUALQ���X®ALQ�Ok\�X
\WCFK�JF]UALQqAY§�cECE@fVUQ<�LagbUALQ�bWcE@fMf@BQFADVgcqALQFQFADV`cE@BADMfMBADxzADVgc£MBALQ�JLKNx�\wOkC�Ok@BQFKNVUQ£OLtuALJel � OkbWcECFALQQ	kLa`bUADVUJLALQS�U��ALQqQ	kLa`bUADVUJLALQq\~ADbWtuADV`c : cECFAelqk[� � lUOkVUQ£lWALQqvwOkVUagbUALQqlWA�lWKNVWV'kLALQªKNb\WCFK�tuADVW@fCzl � AY§�\�kDCE@BADVUJLALQ�lWKNVgc�bWV�lWALQ
vWbWcFQ�ALQEc�lWA�lqkDcFALJDcFADC�MBALQ�{ �DVUALQS�[X®ALQ�Ok\�X\WCFK�JF]UALQI@fVgcECE@fVUQ<�La`bUALQSR}Okb JLKNVgcEC�Ok@fCFA�R}QFA���KNVUlWADV`cibWVW@Ba`bUADxzADVgc�QEbWCiMBALQi\WCFKN\WCE@*kDc	kLQ
MBK�JSOkMBALQilWA�MPO�QHkLagbUADVUJLA kDcEbUl�@*kLAUTUJLKNx�\~K�QF@fcE@BKNV ADcª\WC	kLQFADVUJLAHlWA
QE@f{�VwOkb�§}�qX_O�\WC	kYX
l�@BJDcE@BKNVnALQEcqOkMBKNCFQ�l�@fcFA�r � {��q{�x|{|ugR�J � ALQEc�M � ONQE\}ALJDc�lWAiMPOH\WC	kLl�@BJDcE@BKNVnlWAª{ �DVUALQ�MBAI\WMfbUQlqkDtuADMBKN\W\�k
lUOkVUQªJLA�J�]wOk\W@fcECFA��

� 6�� � @�B���#HF��1��<AF	@�; B � #�� �����7C"�v;DE4� B��N����� �[< �D>��vBnF	E��
<GF	@�;�� �"!$#%!'&'!)(

��]+*D��M,*LQqvwONJDc	kDC)-,*LQ�R�bWV+*I\WC	kLl.-BJDc)-BKNV�Ok\W\WCFKL§.-fx|Okc)-ft/*Hl0*LQi���HZ�\�*DbWc : cEC�*eC	kSO XM1-BQ	k�*2*DV|JF]+*DCFJ�]wOkVgcqM,*LQ.MBKNVW{uQ�JSONl�C�*LQ�KNbWt/*DCEcFQ�l0*ªM,*LJDcEbWC�*�^�3 tvy�� ��y2r��d{�� ��4'z9r�� yHwSR
\MImv_ T65	kD{7-BKNVUQ�Q�OkVUQ JLK�lWKNV w-x/u9t�lUOkVUQ bWV+*0l0*LQ Q)-�§�\W]wONQ�*LQ�l0*�M,*LJDcEb05�*o^ �WX
{�b05�*�T�� gSOd_Y���8*D\�*DVUlUOkV`cSR�J�*DcEc�*|lqkDx|O95FJF]+*�V+*|\�*:5Ex;*Dc�V0-�l0*|MBK`JSOkM1-BQ�*:5�l0*z� O��LKNV
\05	kLJ:-BQ�*ªM,*LQ.lqkDvWbWcFQ�l0*qc)5�ONl�bUJDc)-BKNV®RuV0-Ul0*£lqkDc�*LJDc�*:5�M,*LQ.\�*Dc)-fcFQ©{ �DV+*LQS��� � OkbWc)5�*£\wO95EcSR\WMfbUQoM,*�{dkDVUKNx;*%*LQEco\wOkbWt<5�*%*DV�T=*Dco^�R \WMfbUQ_M,*LQ_MBKNVW{uQ�\Mimjagb0-`V+*�JLK
5)5�*LQF\~KNVUl0*DV`c
\wONQ � l0*LQª����Z�QFKNV`c��>5	kLa`b+*DVgcFQ ^ �U{�b05�*�T�� gDvG_Y��p.V?*Yr�*DcSR`M,*LQ£JLK`lWKNVUQ�w-x/u9t�^�^ b�T�R
^_TIT�RW^2T b _£QFKNVgc65)-BJ�]+*LQ2*DVnVgbUJDM*kLKNc)-Bl0*LQeT@*Dcª^��w��]+*D�
M,*LQ£K
5E{gOkV0-BQEx;*LQilWKNV`cªM,*LQ
���HZ�QFKNV`c�xzK
5FJ�*DM*kLQ;*DVA*Y§�KNVUQ|J�*DcEc�*yx kDcE]UK`l0*yV � *LQEc�\05�Okc)-Ba`b+*Dx;*DVgc|\wONQ|Ok\W\WM1-�XJSOkvWM,*�R�l0*IVUKNx
v05�*Db�§?*Y§�KNVUQ kDc�OkVgcqc)5FKN\nJLKNb05EcFQ�\~KNb05 : c)5�*�lqkDc�*LJDc	kLQ7^ �U{�b05�*�T�� gLJ._Y�VIV+*q\05	kLl.-BJDc)-BKNVz\WMfbUQ��UV+*£l0*LQ����HZ�\�*DbWc : c)5�*B5	kSOkM1-BQ	k�*�*DV�\05�*DVwOkV`c *DVzJLKNx�\Wc�*MPO£JLKNx�\}K�Q)-fc)-BKNVC*DV�V`bUJDM*kLKNc)-Bl0*LQSR�KNb
c�*Y§�cEb05�*�RSl0*�MPOªQ	kLagb+*DVUJ�*�� �0JSOkbUQ�*.l0*LQ2JLKNVgc)5�O9-fVgc�*LQ
*Y§0*:5FJ)k�*LQ£\wO95qMPO�Q	kLa`b+*DVUJ�*�\05FKNc	k:-Bagb+*�QEb05qMPO�Q	kLa`b+*DVUJ�*�VgbUJDM*k:-Ba`b+*�RWM,*LQqVgbUJDM*kLKNc)-Bl0*LQ



� � � � � � � �  �/&2 / � � ��� � & � � � �
� �)( � ��� � 0�� �  ��� � �  (	 / � ���	��
��	
��
�� � � �

Bacillus subtilis 56,5 % de A+T(a)

Mycobacterium tuberculosis 34,4 % de A+T(b)

56,3 % de A+TArabidopsis thaliana chromosome I(c)
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