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Abstract

These notes are the support of lectures given in the Master 2 research program at the Université Paul
Sabatier during the winter 2018/19. The aim of these lectures is to provide a fairly self-contained intro-
duction to some topics related to the existence and stability of some special solutions of a class of Partial
Differential Equations of parabolic type.

In Chapter 2, we present the main ideas in the finite dimensional case. More precisely, we study the
nonlinear asymptotic stability of equilibrium points of autonomous ordinary differential equations in R".
We first recall well known results about linear (in)stability implies nonlinear (in)stability in the case of
hyperbolic equilibrium points; that is when the Jacobian matrix at the equilibrium point does not possess
eigenvalues on the imaginary axis. Then, in a second step, we present new results in the case of non
hyperbolic equilibrium points and develop the concepts of center manifolds. The center manifold theory
is based on the lectures by A. Vanderbauwhede [8]. For this chapter, only basic notions ODEs and linear
algebra are required.

In Chapter 3, we give a theoretical framework to study the spectrum of closed linear operators. Closed
linear operators naturally appear when linearizing a partial differential equation around a special solution
(a traveling wave for example). These are the infinite-dimensional version of the Jacobian matrix found
in the ODE setting. At the end of this chapter, one should be able for a given closed linear operator to
fully characterize its spectrum. There are almost no prerequisites for this chapter as all notions will be
introduced along the way. Most of the material covered in this chapter can be found in the excellent book
of Kapitula & Promilsow [4].

Chapter 4 is a direct continuation of Chapter 3. The idea is to identify the relationship between the
spectrum of a given closed operator £ and the dynamics of the linear equation J;u = Lu generated by
this operator. We will introduce the notion of a semigroup, and we will present a key result that relates
the spectrum of a semigroup to the spectrum of its generator. As a key application, we demonstrate the
nonlinear asymptotic stability of traveling fronts solutions for scalar bistable reaction-diffusion equations.
This chapter is slightly more technical than the previous ones, but part of the results on semigroup theory
should have been covered in the lectures on ”Elliptic PDEs and evolution problems”. I refer to the books

[2, 6] for further readings on semigroup theory.

The last Chapter 5 is devoted to center manifold theorems in infinite dimensions. This is the natural
generalization of the results presented in Chapter 2 in the finite dimensional case for ODEs. The formalism
is directly taken from the book of Haragus & Iooss [3], and we also refer to the report [10] different proofs
of the main results.

If you find any errors or typos, please signal it to me by sending an email to:

gregory.faye@math.univ-toulouse.fr


https://perso.math.univ-toulouse.fr/m2r/

Contents

1 General introduction 3
2 Finite dimensional case — Old & New 8
2.1 Inmtroduction . . . . . . . . . L 8
2.2 Nonlinear (in)stability of hyperbolic equilibrium . . . . . . ... .. ..o 11
2.2.1 Case (i) — Linear asymptotic stability implies nonlinear asymptotic stability . . . . . 11

2.2.2  Case (ii) — Linear instability implies nonlinear instability . . . . .. ... ... ... 12

2.3 Stability of non hyperbolic equilibrium — Center manifold theory . . . . . ... ... .. .. 14
2.3.1 Existence and uniqueness of global center manifolds . . . . .. ... ... ... ... 14

2.3.2 Proof of Theorem 2.2 . . . . . . . . . . e 18

2.3.3 Smoothness of the unique center manifold . . . . . . . ... ... ... ... ..... 22

2.3.4 Local center manifolds . . . . . . . . ... .o 22

2.3.5  Application on a simple example . . . . .. ... 23

2.3.6  Asymptotic behavior . . . . . ... L oL 25

2.3.7 Natural extensions . . . . . . . . . . L 34

2.3.8 Exercice (From last year’s final exam) . . . . . ... ... ... ... . ... ... 37

3 Spectrum of closed operators and application to traveling fronts and pulses of reaction-

diffusion equation 40
3.1 Elements of functional analysis . . . . . . . . . ... . L 40
3.1.1 Bounded and closed operators . . . . . . . . .. .. Lo 40
3.1.2 Resolvent and spectrum . . . . . . . . .. 41
3.1.3 Adjoint and Fredholm operators . . . . . . . ... ... ... ... ... ..., 43
3.1.4 Essential and point spectrum . . . . . .. .0 Lo Lo 45
3.1.5  Point spectrum and Sturm-Liouville theory . . . . . . ... ... ... ... ... .. 47
3.2 Essential spectrum . . . . .. oL oL 50
3.2.1 Non hyperbolic asymptotic matrices. . . . . . . . . . .. ..o 52



3.2.2 Hyperbolic asymptotic matrices. . . . . . . . .. Lo o 52

3.2.3 Essential spectrum of exponentially asymptotic operators . . . . .. ... ... ... 56

3.2.4 Boundaries of the essential spectrum: Fredholm borders . . . . . ... ... ... .. 56

3.2.5  Application to pulses and fronts of reaction-diffusion equation . . . . . . . .. .. .. 57

4 Linear stability in infinite dimension 60
4.1 Semigroup theory . . . . . . . . . 62
4.2 Spectral mapping theorem . . . . . . . ..o 64
4.3 Applications to traveling fronts of reaction-diffusion equations . . . . . . . . ... ... ... 65
4.4 Nonlinear asymptotic stability of traveling fronts of reaction-diffusion equations . . . . . . . 66

5 Center manifold theorems in infinite dimensions 71
5.1 Proof of Theorem 5.1 . . . . . . . . . . . e 73
5.2 Checking Hypothesis 5.4 . . . . . . . . . 77
5.3 ExXtensions . . . . . . . . 77
5.3.1 Parameter-dependent center manifold . . . . . ... ... ... 0L, 77

5.3.2  Symmetries and reversibility . . . ... ..o Lo 78

5.4 Application to the Swift-Hohenberg equation . . . . . . . . .. .. ... ... ... ..... 79



Chapter 1

General introduction

The aim of these lectures is to provide a fairly self-contained introduction to some topics related to the
existence and stability of some special solutions of a class of Partial Differential Equations of parabolic
type. Two canonical examples will be used throughout these lectures. The first example is the following
scalar reaction-diffusion equation

ou=0%u+ f(u), t>0, z€R, (1.1)

where the scalar unknown u(¢,z) € R typically represents a population density and f a smooth reaction
term. And, the second example, is the cubic Swift-Hohenberg equation

8tu:—(6£+1)2u+,uu—u3, t>0, zeR, (1.2)
for some parameter p € R. More generally, we will consider PDEs of the form
Ou=F(u), t>0, zek, (1.3)
and look for special solutions wu,(x) of (1.3) that satisfy
F(us(z)) =0, VzeR (1.4)

Half of these lectures will provide some techniques to study (1.4) using spatial dynamics (see below). Once
the existence of such solutions are established, we will be interested in their stability which motivates the
other half of the lectures. To give a general idea of the types of problems that we will encounter, let us

look for solutions of (1.3) that can be decomposed as
u(t,x) = us(x) + p(t, x),
with p(t = 0,2) = po(x) small (in some appropriate norm). Inserting this Ansatz into (1.3), we find

Op = Oru = F(uy + p)
= F(ux) + DF (ui)p + [F (us + p) — F(us) — DF (u)p)
= DF(us)p+N(p),



where N(p) := F(us + p) — DF(us)p contains terms that are at least quadratic in p assuming that F
is smooth in some appropriate sense. Note that we explicitly used that F(u,) = 0 as u, is a stationary
solution. Upon denoting £ := DF(uy), the evolution of the perturbation is governed by

op= Lp + N(p), t>0, zeR,
N S (1.5)

linear  nonlinear

p<t:O7'):p07 1’€R,

where we recall that pg is supposed to be small in some appropriate norm. Intuitively, for short time at
least, we thus expect the linear equation d¢gp = Lp to give insights into whether perturbation will grow or
decay. As a consequence, we will dedicate part of our time trying to study the properties of the solutions
to the linearized equation
{&gp:ﬁp, t>0, zekR, (1.6)
p(t=0,")=py, zeR

It turns out that the strategy is very analogous with the way one studies the stability of an equilibrium

point of an ODE:

d

d—::F(v), t>0, F:R" R
One linearizes the ODE around the equilibrium point v, € R™ (solution to F(v.) = 0) to get the Jacobian
matrix A := DF(vy) € #,(R), and then the eigenvalues of A are used to determine the stability of the

equilibrium point. For ODEs, the associated linearized problem

(1.7)

%’:Aw, t >0,
w(t =0) = w,

A

has unique global solutions w(t) = e“'wq such that growth or decay of w(t) are readily obtained via the

properties of the eigenvalues of A. For PDEs, the situation is much more complex, and we will need to
analyze:

1. the spectrum of £, denoted o (L), that do not consist of eigenvalues only in general;
2. the solution of Oyp = Lp (via the theory of semigroups);

3. relate the properties of the spectrum of £ to the growing or decaying properties of the solutions of
Oip = Lp (via spectral mapping theorems);

4. deduce the nonlinear (in)stability of the perturbations of (1.5).

Remark #1. The class of PDEs that we are studying are invariant by spatial translation. Typically, if
us(x) is a solution to (1.4) then u.(z + 7), 7 € R, is also a solution, that is

Flus(x+71)) =0, VreRVreR.

Upon assuming some smoothness on both u, and F, we can differentiate the above equation with respect
to 7 to get

d
E}"(u*(x +7))jr=0 = 0,7 € R,
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Figure 1.1: Illustration of the correspondance between the stationary solutions of the PDE (1.1) and the associated
ODE (1.8) for the reaction-diffusion equation.

that is
Lu (x) = DF (us(2))u(z) =0,

which implies that 0 € o(£). It is important to realize that it does not necessarily mean that 0 is an
eigenvalue with associated eigenvector u’, there are many subtleties regarding the spectrum of operators
in infinite dimension. Nevertheless, we will always be in the case where 0 € o (L) for which even the linear

stability is not clear a priori.

Remark #2 — Spatial dynamics. Stationary solutions u, of (1.4) are often realized as the solutions
of high order ODE. For example, for the reaction-diffusion equation (1.1), we have



such that (us,u}) are solutions of the first order system of ODEs

() =) "

where the space variable becomes the ”"time” variable for (1.8). Similarly, for the stationary solutions of

4

the Swift-Hohenberg equation (1.2), we get

"n " 3
0= —u, —2u, —us+ pus —u;

such that (u.,ul,u], u]") are solution of

!/

U 0 1 0 O U 0
v 0 0 1 0 v 0

= . 1.9
w 0 0 0 1 w + 0 (1.9)
z u—1 0 =2 0 z —u?

Remark that u, = 0 is a solution of the PDE (1.2) and (0,0,0,0) is the corresponding equilibrium for
the ODE (1.9). Linearizing the ODE around this equilibrium point, we obtain the lincar ODE system
U’ = A,U with matrix A, being defined in (1.9). The eigenvalues of A, are those A € C such that

0=—-(\+1)*+p,
where pu € R is some parameter. We can see that the eigenvalues are as follows:

e for p < 0: four complex conjugates eigenvalues with real part of order O <i@) for |u| small;

e for u = 0: eigenvalues are +i (double);

o for > 0: A= =i/1£ /.

Once again, we are encountering situations where eigenvalues of the linearized operator sit on the imaginary

axis.

Remark #3 — Traveling waves. We will be interested in traveling wave solutions u(t, z) = u.(z — ct),
with constant velocity ¢ € R and fixed profile u,, see Figure 1.2 for an illustration. As a consequence, it is
natural to make the following change of variable wu(t,z) = a(t,z — ct) and set y = x — ct, such that (1.3)
reads

Oyt = cOyti + F (@) := Fu(i),

so that traveling wave solutions of (1.3) are now stationary solutions of J?C(u*) = 0. For example, the
reaction-diffusion equation (1.1) becomes (dropping the tildes)

Oy = Oou+ coyu+ f(u),
with traveling waves solutions of the ODE

0=1u"+cu + f(u).
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Figure 1.2: Illustration of a traveling wave for (1.3).

In the special case where the nonlinearity is given by f(u) = u(l — u)(u — a) for a € (0,1), we look for
traveling fronts

0=1u"+cu + f(u), (1.10)
u(—o0) =1, and u(+00) =0, with 0 <u <1 on R. ‘

One can construct explicit solutions of the form

1 1
utw(y):mv c:\/§<2—a>.

Note that uf,, < 0. In fact such a result holds for general bistable nonlinearity f. We say that f is bistable
if it satisfies
fe%(0,1]), f(0)= f(1)= f(a) =0 for some a € (0,1),
1(0) <0, f(1) <0, and f'(a) > 0, (1.11)
f<0in (0,a), f>0in (a,l).
In such a setting, a typical result is the following.

Theorem 1.1 (Fife & McLeod 77). Assume that f is bistable.

(i) There exists a unique (up to translation) traveling front solution (usw,c) of (1.10) which is monotone.

The sign of the corresponding wave speed c is given by the sign of fol f(u)du.
(i) If ug = u(0,-) # 0 is an initial condition satisfying 0 < ug < 1 and
limsup up(z) > a, liminf up(z) < a,
T——00 T—+00
then there exists xg € R so that the corresponding solution of the Cauchy problem associated with
(1.1) and wug satisfies u(t,z) — uww(z — ct + xo) uniformly in x as t — +oo, with an exponential

convergence rate.

The proof of (i) relies on a phase-plane analysis (1.10), while the second point (ii) is established via
comparison principle techniques which crucially rely on monotony properties of the equation. In the
sequel, we will present an alternative proof of (ii) with stronger hypotheses on the initial datum (namely,
it will be an H'(R) perturbation of the traveling front) leading to a local result. Compared to the global
result of Theorem 1.1 it can be questionnable to present such a proof. The main reason is that the proof
does not presuppose any structure on the considered system and can be applied in many other contexts,
whereas comparison principle techniques will typically break down in general situations.



Chapter 2

Finite dimensional case — Old & New

2.1 Introduction

The aim is to study differential equations of the form
du
—=F 2.1
for u € R™, and F : R™ — R" of class &* for some k > 2. We assume that u, € R" is an equilibrium point
of the above ODE, that is F'(us) = 0. We see that we can always rewrite the equation as

d(u — uy)

g = Pfw)(u—u) + (F(u) = Fu) = Df(u)(u = w)),

with D f(u.) € #,(R)and upon setting v = u — u,, we get

%;:Dﬂmﬁwa@+uQ—DﬂmW%
——

~~

=A =f(v)

As a consequence, we are let to study ODEs of the form

du
5 = Aut fw), (2.2)

with A € #,(R), f : R® — R" of class €* for some k > 2, f(0) = Ogn and Df(0) = 0,4, (r). For each
ug € R, we denote t — ¢(t,up) the unique maximal solution of (2.2) satisfying u(0) = ug, defined on
some interval I(up).

Definition 2.1. We say that u, =0 is a stable equilibrium point of (2.2) if
Ve >0, 30 > 0, such that if ||uo|| < 9, then ||p(t,uo)|| <e t>0.
It is asymptotically stable if

us = 0 is stable and 3p > 0, such that if ||uol| < p, then |¢(t,up)]] — O.

t—-+o0

Finally, we say that u, = 0 is unstable if it is not stable.



To determine the stability of u, = 0 in (2.2), the very first step is to consider the linear equation

du
—— — Au. 2.
i u (2.3)

The behavior of the solutions wy(t,up) = e*4ug of (2.3) is completely determined by the spectrum of the
matrix A. Here €' is given by definition by

tA t*
e = HA s t S R
k=0

Let first denote by 0 = 0(A) := {\ € C | det(4A — \I,,) = 0} C C the set of eigenvalues of A. The algebraic
multiplicity, mq(A) of A € 0(A) is the order of the zero of the characteristic polynomial det(A — A\I,,) = 0.
The geometric multiplicity, mg4(A\) of A € o(A) is the dimension of ker(A — AI,,). An eigenvalue is simple
if mg(A) = mq(X) = 1, and semi-simple if my(A) = mqy(X). Let us recall that if A\ € o(A) is such that
mg(X) < mg(N), then there will be at least one vector u # 0 such that (A—\I,,)%u = 0 with (A—AI,,)u # 0.
It is clearly the case that ker(A — AI,)¥ C ker(A — AI,,)**!, and that these kernels grow until they reach
full rank at k = m4(\), that is

dim [ker(A — )\In)k_l] < dim [ker(A — )\In)k] .k <mg(A),
dim [ker(A - AIn)k} —ma(\), k> ma(N).

For A € o(A), the generalized eigenspace, E) is given by

Ey = gker(4 — \,,) := ker {(A - /\]n)ma(A)} .

The spectrum o(A) is the disjoint union of the stable spectrum o, the unstable spectrum o, and the center
spectrum o, where

os:={A €0 | Re(\) <0},
oy :={X € o | Re(\) > 0},
o.:={A€oc | Re(N) =0}.

Let Es be the subspace of R™ spanned by the generalized eigenvectors of A corresponding to eigenvalues
A € 0g; in a similar way we define E,, and E.. We use the decomposition

R"=E,®E.®E,.
Corresponding to this splitting, there are projections
ms : R*" - Es, 7.:R" — E., and 7, : R® — E,.

For future reference, we also denote 7y, := 75 + m,, the hyperbolic projection associated to the subspace
Ep :=Es @ E, = ker(n.). We also define numbers 5+ and 3 by
B+ :=min{Re(\) | A € oy,} >0,
f— :=max{Re(\) | A € 05} <0,
6 : = min {6+7 —ﬁ,} ’



l
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stable (ma(X) = mg(A), V X € iR/otherwise)

Figure 2.1: Different stability results of O for the linear system (2.3) depending on the spectrum o(A). Left: if all
eigenvalues are strictly contained to the half plane to the left of the imaginary azis, then 0 is asymptotically stable.
Middle: if there is one eigenvalue with positive real part, then 0 is unstable. Right: all eigenvalues are strictly
contained to the half plane to the left of the imaginary axis with some eigenvalues lying on the imaginary, if for each
such eigenvalues the geometric multiplicity equals the algebraic multiplicity then 0 is stable, if not then 0 is unstable.

with 54 = 400 if 0, = &, and f_ = —o0 if 05 = &. Then, we have the following estimates, which will be

crucial for the study in the next sections.

Lemma 2.2. For any € > 0, there exists some constant C(€) > 0 such that

e e < Ce)el, vt eR, (2.4a)

HetAﬂuH < Ce)eP+=9t vt <0, (2.4Db)

HetAﬂsH < C(e)eP-F9t vt > 0. (2.4¢)
Proof. Let Ey := ker (A — )Jn)m“()‘) be a generalized eigenspace. On such a subspace, we have for
z € Ky,

ma(A)—1 e
ety = eAetA=An) 5 — otA ZO H(A — M,)P | 2,
p:

so that we get
le42]] S (1 + e MR

And the estimates in (2.4) easily follow from the definition of E. and [+. ]

As a conclusion, we can get the following stability results for the linear system (2.3) that are illustrated in
Figure 2.1.

Lemma 2.3. For the linear system u' = Au, we have the following scenario regarding the stability of the
equilibrium uy, = 0.

(i) If for all A € o(A) one has R(A) < —a < 0 for some a > 0, then 0 is asymptotically stable.

(i1) If there exists A € o(A) with R(N\) > 0, then 0 is unstable.

(iii) If for all X € o(A) one has R(\) <0, then if for all X € E. one has mq(X) = mg(X) then 0 is stable,
otherwise it is unstable.

10



asymptotically unstable (e.g. u = eu?)
stable

Figure 2.2: Illustration of Theorem 2.1 and the different stability results of u, for the nonlinear system (2.1) depending
on the spectrum o(DF(u.)). Left: if for all X € o(DF(uy)) one has R(A) < —a < 0 for some o > 0, then u is
asymptotically stable. Middle: if there exists A € o(DF (u)) with R(N\) > 0, then u. is unstable. Right: if for all
X € o(DF(uy)) one has R(N\) <0, then we can not conclude about the (in)stability of w..

We now return to the nonlinear equation (2.2). We have the following classical result and we refer to
Figure 2.2 for an illustration.

Theorem 2.1. Let u, € R™ be an equilibrium point of (2.1) and denote A = DF (u,).
(i) If for all A € o(A) one has R(A) < —a < 0 for some a > 0, then u, is asymptotically stable.
(i1) If there exists A € o(A) with R(N) > 0, then u, is unstable.

(iii) If for all X € o(A) one has R(N\) < 0, then we can not conclude about the (in)stability of w..

We will prove (i)-(ii) in the next section, while in the following sections we will develop a theory that will
allow to conclude in the third case (iii). We will often use the following terminology:

e 0(A)NiR =, we say that 0 is an hyperbolic equilibrium point;

e 0(A)NiR # 0, we say that 0 is not an hyperbolic equilibrium point.

2.2 Nonlinear (in)stability of hyperbolic equilibrium

It is obviously equivalent to prove Theorem 2.1 by considering the asymptotic (in)stability of u, = 0 in
(2.2).

2.2.1 Case (i) — Linear asymptotic stability implies nonlinear asymptotic stability

First of all, from the estimates 2.4 and the fact that for all A € 0(A) one has R(\) < —a < 0 for some
a > 0, one gets the existence of a constant ¢; > 1 such that

HeAtH <ce ™ t>0.

Furthermore, using that f € €* for k > 2 and that f(0) = Og» and Df(0) = 0.z, (r), there exist pg > 0
and co > 0 such that
1F (@)l < ezlfull®, for [[ull < po.

11



The variation of constant formula yields

¢
o(t, ug) = eug + / e =4 f(o(s,up))ds, te I(up).
0

Let € > 0 and ¢ > 0 such that
. € Po «Q
§ < £ P @ U
o { 2¢1” 2¢1” 4ckes }
Finally consider initial conditions ug € R™ such that |Jug| < 6. We introduce the following time
T:=sup{t >0/ [lo(s,uo)l| <2c10e **, 0<s<t},

which is well defined and we also have T" > 0 by assumption on the initial condition and the fact that
c1 > 1. We are going to show that T' = +oo which will prove (i) of Theorem 2.1. First note that whenever
t €10, T) then

o (t, uo)| < 2c10e™ < 2¢18 < po,

from our condition on ¢. Thus, for all ¢t € [0,7"), we have

t
lo(t, uo)|| < cr6e™ + 40‘1’6252/ e~ t=s) =205
0

<ze—ot

4
<e ecid (1 + c%cgé)
o

1
a

< 2¢16e7 9,
This implies that T' = 400 and that for all £ > 0

< —at .
l(t uo)l < e — 0

2.2.2 Case (ii) — Linear instability implies nonlinear instability

It will be slightly more difficult to prove case (ii) regarding nonlinear instability. Let A € o(A) be the
eigenvalue with largest positive real part and denote o = R(A\) > 0. For simplicity, we will only consider
the case where A is actually a real eigenvalue, and let the case where it is complex as an exercise. In that
case, there exists ¢; > 0 such that
e < xeter
<cex™, t2>0.

Once again, we assume that there exist pp > 0 and ¢z > 0 such that
1f ()l < ez [lull*, for [lull < po.

We define £ > 0 as the following constant that depends only on « and c¢; 2

—anN 2
[ ge20C1C2 (He) .
« 2

12



It will become clear later on in the proof how this quantity will appear in the computations. Finally, let

€9 > 0 be such that
€p := min Lo i
0 220"

Finally, let u, € R™ be a unit eigenvector associated to A = « such that Au, = au, with ||Jua|| = 1. For
all § > 0 small enough such that
.1 po
6 < VERE) 1 )
min { 75 }

we define v := du, € R™ such that Av = aw and ||v|| = §. Let Ty > 0 be such that

that is

We have the following facts:

° HGAT*U

} = el > %;

° HeAtUH = de™ for all t > 0.

Using the variation of constant formula from ug = v yields

o(t,v) = ev + /t e=DAf(p(s,v))ds, te I(v).
0

As a consequence, as long as ||¢(t,v)|| < po we get

Jiott0) = Al < xea [ XD ot vl s
Let T be the following time
T = sup {t | s, 0) — et0]| < Qc%aeas and [lg(s, o)l <2, 0<5< t} |
Clearly T > 0 and for all ¢ < min {7, T.}, we have the estimates
lo(t,v) — eo]| < cres /Oteiw—s) ([0 + (s, ) — eAwo]])* ds

e\ 2 tog
< cye9 (1 + 2) 52/ e2(t=s)g2as g
0

_ 2
2 (0%
< —cie9 (1 + e> §2e20t
a 2

=L (seny?.

2e2a

13



We claim that either T, < T or |¢(T,v)|| = 5. Suppose that it is not the case, that is 7, > T and
lo(T,v)|| < &. Then, from the above estimate, we deduce

%%QT = Hcp(T,v) - eATvH <

2
2e2a (560‘T) )

which gives
«

5eT > % > g1,
and thus 7% < T which is a contradiction. If [|¢(T,v)|| = &* we are done. So, let us suppose that T, < T,
then

14 2 1
o) = ]| < 5oaz (0°7)" < 5
As a consequence, we deduce that
1 1 1
lo(T o)l = [leAT0f| = [[@(Tes ) = AP0 > 5 = o5 = o

It follows that in any case, there is a time (either 7" or %) at which the solution [|¢(t,v)|| > min {2, 5.} =
€0, which concludes the proof.

Remark 2.4. The proof shows that there exist g > and C > 0 such that for all § > 0 sufficiently small

there is a solution (-, up) with ||ug|| < § such that  sup  ||p(t,uo)|| > €o. The escape time of a given
0<t<C| ()|
neighborhood is logarithmic.

2.3 Stability of non hyperbolic equilibrium — Center manifold theory

Throughout this section, we will consider equation (2.2)

du
— =4

in the case where u, = 0 is a non hyperbolic equilibrium that is E. = o(A) NiR # (). We recall that
f:R™ = R™ is of class €% for some k > 1, f(0) = Og» and Df(0) = 0.4, ®)- More precisely, we would
like to determine the asymptotic behavior of solutions (¢, ug) of (2.2) starting from some initial condition
ug € R™ in a neighborhood of the origin.

2.3.1 Existence and uniqueness of global center manifolds

To get an intuition on the type of results that one can hope to prove in that non hyperbolic case, it is
insightful to consider the linear system (2.3). From the estimates in (2.4) one sees that for any n € (0, §),
then solutions of (2.3) in E, are bounded by Ce!l for all + € R, while non-zero solutions in E;, blow up
faster than Ce”l for ¢ — +o0, for ¢ — —oo, or both. This observation is formulated in the following
lemma.

Lemma 2.5. We have
E.= {uo € R" | suﬂg{) lmhpe(t, uo)|l < —I—oo} , (2.5)
te
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and for each n € (0,3):
E. = {U(] € R" | sup el lpe(t, uo)|| < —I—oo}. (2.6)
teR

tA

Proof. If uy € E., then m,0,(t, ug) = mpetAug = etArpug = 0 for all ¢ € R, and hence mj,0(, ug) stays

bounded for all £. That is
E. C {uo € R"™ | sup ||mpee(t, uo)|| < —|—oo} .
teR

Next, let ug € R™ be such that ||7e¢(t, uo)|| < C < 400 for all ¢ € R, then if n € (0, 3), we have

le(t, uo)ll < lImnspe(t, uo)ll + [|mepe(t, uo) ||
< C+ Cm)e™|ug| < Creml.

This implies that

sup e lpe(t, uo)|| < 400,
teR

and thus

{UO € R™ | sup [|maee(t, uo)l| < +OO} - {UO € R" [ sup e [lipq(t, uo) | < +<>O} :
teR teR

Finally, let ug € R™ be such that ||m,w.(t, ug)|| < Cettl for all t € R. Then, we have that for all + < 0 and
€ >0,
|muuol| = HetAﬂue_tAuoH < Cle)eP+=tCem,

Taking € < § —n < 4+ —n and letting ¢t — —oo, we see that m,ug = 0. Repeating the same argument one
can prove msug = 0, and hence ug = m.ug € E., that is

{uo € R" | sup el lpe(t, uo)|| < —1—00} Cc E..
tcR

It is important to note that the above Lemma is global, and we can expect a similar result for (2.2) only
in a neighborhood of u = 0. The following construction will allow us to work out the theory in a global
setting, and later on we will return to the local situation. To do so, we fix a smooth cut-off function
x : R™ — R, with the following properties:

(i) 0 < x(u) <1, for all u € R™;
(i) x(u) = Lif [Jul] <1
(iil) x(uw) = 0 if [Jul| > 2.
Then for each p > 0, we define f, : R — R" by

folu) = flu)x(p~"u), VueR" (2.7)
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The flow of (2.2) in the ball centered in uw = 0 of radius p will coincide with the flow of the modified
equation

du

4 = Aut fp(w). (2.8)

We define 6F(R") = 6F(R",R") as the Banach space of all mappings w € €*(R",R") and such that
lw|; := sup | D!w(u)|| < oo, for 0<j<k.
u€R™
Lemma 2.6. Let f be of class €% for some k > 1, and define f, by (2.7). Then fo € ‘Kbk(R”) for each

p >0, and

;E)% | fol1 = 0.

Proof. Clearly f, is of class €* and has compact support given by the closed ball of radius 2p, hence we
have f, € €(R") for each p > 0. In order, to establish the limit of |f,|1 as p — 0, we first note that

Dfy(u) = Df(u)x(p~ ) + p~' f(u)Dx(p " u),

and since f(0) =0, we have || f(u)| < |lu]| sup |[[Df(su)|. It then follows that
s€[0,1]

[folt = sup [[Df(u)x(p~ " u) + p~" f(u)Dx(p~ w)]|

llull<2p
< sup [Df(u)][+p " xl1 sup sup [jul||Df(su)]
[lull<2p lull<2ps€[0,1]
< (1 +2[x|1) sup [Df(u)].
llull<2p

Since Df(0) = 0, we have that

lim sup [[Df(u)| = [[Df(0)| =0,
P=0)|ul|<2p

and the conclusion follows. [ ]

From now on, we consider differential equations of the form
W _ gut g(u), (2.9)
for u € R", A € 4, (R), g € €F(R") for some k > 1, g(0) = Dg(0) = 0. Note that solutions ¢ — ¢, (t, up)

of (2.9) are unique and global in time for each initial condition u(0) = ug € R™. The starting point of the
analysis will be a generalization of Lemma 2.5 to equation (2.9).

Lemma 2.7. Let g € 6€F(R"), k> 1, and n € (0,8). Then we have

M, = {uo € R" | sup [|mhpq(t, uo)|| < —i—oo} = {uo € R" | sup e llpg (t, uo)|| < —i—oo} .
teR teR
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Proof. The proof is based on the variation of constant formula

t
@o(t,ug) = el (to, ug) +/t et Ag( 0y (7, up))dr, (2.10)
0

valid for any %,tg € R.
If ug € M, then, by definition, m4,p4(t,up) is bounded for all time, and therefore

sup e~ M ||y, (t, uo) || < +oo.
teR

Taking to = 0 in (2.10) and applying 7. gives

t
Tepq(t, ug) = et g +/ e(t_T)Ach(gOg(T, ug))dr.
0

As a consequence, we obtain that

t
I7eipg (£, wo) || < C(m)e||uo| + C(n)\g\o/o et |dr

< O™ (Jluoll +n~"glo) .

which implies that

sup e~ ||y (1, uo)|| < +o0,
teR

and together with the previous estimate this gives

sup &M i (t, ug) | < +oc.
teR

Conversely, let ug € R™ be such that
lipg (¢, uo)|| < Ce™

for all ¢ € R and some C' > 0. We can use equation (2.10) and project it onto E,, this gives

t
Wuﬁﬂg(tv up) = e(titO)AﬂuSpg(tm“O) +/ e(tiT)Aﬂug(S@g(Ta ug))dr.
to

We fix t € R and let tp > max(t,0), and let € € (0,5 —n). Then, we have
He@—tomﬂu@g(to, UO)H < C(e)eB=It-t0)Cento — O (e)CelB~te—(B-n—0to,

and the last term goes to zero as tg — +00. And as a consequence, we obtain

—+o0
Tupg(t, ug) = —/ e(t*T)Aﬂug(cpg(T, up))dr, VteR.
t

Repeating this argument with 75, we obtain

t
Tsg(t,ug) = / e(th)Aﬂ'sg(gpg(T, up))dr, VteR.

—0o0

As a consequence, for any € € (0, 3), we have

170g(t, uo)ll < 2(8 — €)= C(€)lglo,

which implies that uy € M, and concludes the proof of the lemma. [ |
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Remark 2.8. [t is interesting to note that we have obtained the following useful formula
t
q(t,up) = e +/ e(th)chg(cpg(T, up))dr
0

t +oo
+ / €(t_T)A7T5g(g09(T, up))dr — / e(t_T)Aﬂug(cpg(T, up))dr, (2.11)
oo t
valid for allt € R and any ug € M.

The main result of this section is the following.

Theorem 2.2. Let A € #,(R) be given. Then, there exists § > 0 such that for each g € €} (R™) with
lgl1 < 9 the following holds:

(i) Invariance : the set M. is invariant under (2.9);

(ii) Structure : M, is a Lipschitz €°—submanifold of R™. More precisely, there exists some Lipschitz
map ¥ € €L (Ec,Ey), U(0) =0, such that

M ={up+ ¥(up) | uo € Ec};
(iii) Uniqueness : if ¥ € €L(Ee, Ep) is such that the manifold
We = {uo+¥(uo) | uo € E. |
is invariant under the flow of (2.9), then W, = M, and U=10;
(iv) Regularity and Tangency : if g € €F(R™) for k > 1, then ¥ € €F(E.,Ep,) and DY (0) = 0.

Under the setting of Theorem 2.2, we call M, the unique global center manifold of (2.9). Note also, that
in the trivial case g = 0, we have that M. = E..

Remark 2.9. Notice that M. has the same dimension as E. and that it is tangent to E. at u = 0.

2.3.2 Proof of Theorem 2.2
We first prove (i) and (iii). If u € M, and ty € R, then we have for all ¢t € R that

ﬂ-h@g(t’ ‘Pg(tOv u)) = 7"'h‘)@g(t + 1o, u),

such that 7,04 (t, @4 (to, u)) stays bounded for all t € R and ¢4 (t9, u) € M. which proves the invariance. As
for the uniqueness part; if U € ¢ (E,, Ep,) is such a function then for any ug € E. we have ¢4 (t, uo+¥ (ug)) €
W, by invariance which means that

Thipg(t,uo + ¥ (ug)) = U(mepy(t, uo + ¥ (ug))).

Since VU is bounded on E., it follows that

sup|[ oy (t, uo + ¥ (uo))|| < oo
teR
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and hence ug + ‘f’(uo) € M. for each ug € E., which implies that ug+ \If(uo) = 9o+ ¥Y(yo) for some yy € E,.

And thus, up — yo = ¥(yo) — Y(up) € E. NEj, = {0} and the conclusion follows.
The remaining of this section is dedicated to the proof of (ii) which will be decomposed in several steps.

Step #1: parametrization of the center manifold. We first introduce the Banach space Y,, for n > 0
defined by

¥yi= {u € @R | Iyl = supe My(0)] < oo}
te

It is straightforward to check that for any 0 < n < ¢ we have Y;, C Y, and the embedding is continuous,
namely

1yllc < llyllp,  Vy €Y.
We can then rewrite the definition of M, as
M= {ug € R | p4(-,u0) € Yy},
which holds for any n € (0, 5). We can also equivalently see M, as
M. ={y(0) e R" | y € Y, and y solves (2.9)},

and this is precisely the approach we will follow.
Let us recall that a point ug € R™ belongs to M. if and only if
" t A +00
@g(t, UO) = et TcUo + / e(t_T) 7Tcg(<,0g(7', UO))dT + / B(t - 7-)9(9051(7'7 UO))dTv vVt € Ra
0 —o0
where B : R — Z(R") is defined as follows

B(t) =

—etAm, ift <0,
etAmg if t > 0.

And for any € > 0, we have that
IB(t)| < Ce)e” BN vt e R.

Lemma 2.10. Let g € 6}(R"), n € (0,53) and y € Y,,. Then y is a solution of (2.9) if and only if there
exists some ug € E. such that
t +o0
y(t) = eug + / e(t_T)Ang(y(T))dT +/ B(t—71)g(y(r))dr, VteR. (2.12)
0

—00
Proof. If y is a solution then y(t) = ¢4(t,y(0)) and y(0) € M., and the conclusion follows by taking
ug = ch(o)'
Conversely, suppose that y € V), satisfies

+oo

y(t) = et g —i—/o e(t_T)Ang(y(T))dT + B(t—1)g(y(r))dr, VteR,

—0o0
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for some ug € E.. Then we have by definition of B

)= [+ | D e Arg(y(r)dr - I maty(rar + DAy (r))dr

— 00

t
_ etA e(t—T)A Ndr
y(0) + /0 g(y(r))dr,

hence y is a solution of (2.9). [

Let ¥ be the set of all (ug,y) € E. x Y; such that (2.12) holds, then we have
Me={y(0) € R" | (uo,y) € 5} = {uo + my(0) | (uo,y) € 3},

since m.y(0) = g for (up,y) € X.

Step #2: fixed point argument. The next step is to determine the solution set ¥ of (2.12). To do so
we rewrite (2.12) as an equation in Y;, of the form

y = Sug+ KG(y). (2.13)
Here, we have used the following definitions:
e for each ug € E., we define Sug : R — R™ by

(Sug)(t) := e ug, VteR;
e for each function y : R — R™ we define G(y) : R - R" by
Gy)(t) ==g(y(t)), VteR;

e for those functions y : R — R” for which the integrals make sense we define Ky : R — R" by

t —+00
Ky(t) := /0 e A y(r)dr + B(t —7)y(r)dr, ¥teR.

—0o0

Lemma 2.11. S is a bounded linear operator from E. into Y, for each n > 0.

Proof. We have for each n > 0
|Suolly = sup e~ e4ugl| < Clm)lluoll, Vuo € E..
teR
|

Lemma 2.12. If g € €2(R"™) then G maps €°(R,R") into €L (R,R™); in particular G maps each Y, into
itself for any n > 0.

If g € €} (R™) then we have for each n >0
1G(y1) = G(y2)lly < lghillyr — v2lly, VY1, 92 € Y

20



Proof. The first part of the proof is obvious and the second part uses the fact that

19(y1(1)) — g(y2()] < lglilyr(t) — ya(t)],

by the mean value theorem. [ |

Lemma 2.13. For each n € (0,08), K is a bounded linear operator on Y, and there exists a continuous
function g : (0, 8) — Ry such that

HKHU < '70(77)7 VT] € (07/8)

Proof. Let n € (0,5) and y € Y, then it follows from the definition of K that

+ /m |B(t—7)|| eanldT]

o0

t
&M Ky(0)] < ylly sup e H/ e, | enlar
teR 0
t —+o00
/ He@—ﬂ%He—nlt—ﬂdT + / HB(t—T)He—"It—TdT}
0 —00

> 0 +o00
=ty [ ([ el i, [ el erae) o+ [ " pmenerar]
0 — o .

<|lyl,Cle) [(n—e) ' +2(B—n—e)'],

for e € (0, min(n, (8 —n))). This shows that K € Z(Y;) and we define

00 0 400
Y0(n) := max (/ HeTAwCH e_”TdT,/ HeTATrcH e”TdT> —I—/ |B(7)| " dr,
0 NS _

o0

< ylly sup [
teR

which is continuous on (0, 3) by the dominated convergence theorem. [ |
Lemma 2.14. Let n € (0,3) and g € 6} (R™) be such that
k= [ Kllplgl <1,

then (Id — KG) is a homeomorphism on Y, with inverse ® : Y, — Y,, and the solution set of (2.12) is
given by
¥ = {(uo, ®(Suo)), | uo € E.}.

Proof. The two previous Lemma show that K'G maps Y, onto itself, and is globally Lipschitzian with
Lipschitz constant ~ and thus, under the condition £ < 1, the map (Id — KG) : Y;, = Y,, is invertible, with
an inverse ® : Y, — Y, which is itself Lipschitzian and the conclusion follows. [ |

Step #3: Lipschitz regularity of the center manifolds. We can now conclude the proof of Theorem
2.2. We define

o= sup o(n) !,
n€(0,8)

and if g € ¢}(R™) and |g|1 < do, then there exists some 1 € (0, 3) such that |g|170() < 1, and thus the
result of the previous Lemma applies. We can define ¥ : E. — E;, by

U(ug) := mp®(Sup)(0), Vug € E..
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Since ® is continuous, also V¥ is continuous and by definition of ®, we have
(I)(SU()) = Sug + KG((I)(SU())),

and thus
—+o00

U (ug) = B(—7)g(®(Suo)(7))dr, Vug € E,

—0o0

which gives the bound
1% (uo)ll < 2C(e)lglo(B— €)', Vuo € Ee, Ve(0, ).

And thus ¥ is bounded and globally Lipschitzian because @ is.

2.3.3 Smoothness of the unique center manifold

The purpose of this section is to give a key result yielding to the proof of (iv) of Theorem 2.2. Since,
U(ug) = m,®(Sup)(0) it is sufficient to show that the mapping ® : Y, — Y, is of class ¥*. The main
difficulty here is that in general G : Y, — Y, is not differentiable. In fact, one can prove the following
result.

Lemma 2.15. Let g € ‘Kbk(R”) for some k > 1; let n,¢ € (0,B) be such that { > kn, and suppose that

ki= sup |Kelgh < 1.
£€ny(

Then the mapping ® : Y, — Y is of class c*.
And the regularity of the center manifold directly follows from the above Lemma. There exists several
proofs of the above result [8, 9] that use similar ideas on contractions on embedded Banach spaces (here

Y,). The proofs are quite technical and do not really fit within the scope of these lectures, and we refer
the interested reader to the above references for more details.

2.3.4 Local center manifolds

In this section, we return to equation (2.2) with f € €*(R") for some k > 1, and f(0) = Df(0) = 0. We
denote simply by ¢(t,up) the flow of (2.2) which is defined for uy € R™ on I(ug), the maximal interval
of existence of solution. If @ C R™ is open and u € R™, then we denote by In(ug), the maximal time of

existence with respect to 2.

Theorem 2.3. Let A € .#,(R) be given and f € €F(R") for some k > 1, with f(0) = Df(0) = 0. Then,
there exists some ¥ € ‘Kbk (Ec,Ep) and an open neighborhood Q0 of the origin in R™ such that:

(i) Tangency : ¥(0) = D¥(0) = 0;

(#1) Invariance : the manifold
M, = {U() + \If(uo) ‘ ug € Ec};

is locally invariant for (2.2), i.e., we have

o(t,ug) € Me, Yug € M.NQ, Vit € Ig(up);
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(iii) M. contains the set of bounded solutions of (2.2) staying in 2 for all t € R; i.e., if u is a solution
of (2.2) satisfying u(t) € Q for allt € R, then u(0) € M,.

Proof. Let d; > 0, then one can find p > 0 such that f, € €(R") is such that |f,|1 < . Then the
equation (2.8) coincides with (2.2) in Q = {u € R™ | ||u]| < p}, hence we have

o(t,up) = @p(t,ug), VYug € R", Vt e Ig(uo),

where ¢,(t,up) denotes the flow of (2.8). Then, we can use the previous results to get the existence
of a unique global center manifold for (2.8) given through the map ¥ € (ﬁbk(Ec,Eh). Then we have
U(0) = D¥(0) = 0, the local invariance follows from the global invariance for the flow of (2.8). The
characterization of bounded solutions also follows from the boundedness of the flow on the global center
manifold. [ |

Remark 2.16. Local center manifolds are in general not unique. This is due to the occurence in the proof
of the smooth cut-off function which is not unique.

Corollary 2.17. Under the assumptions of Theorem 2.3, consider a solution u(t) of (2.2) which belongs
to M. fort € I, for some open interval I C R. Then u(t) = uo(t) + Y(uo(t)), and up(t) € E. satisfies

d
% = Acug + mef (uo + Ve(up)), tel, (2.14)

where A. is the reduction of A to Es.

This corollary shows that solutions on the center manifold are described by system of ODEs, also called
reduced system, which has the same dimension as [E.. It is not difficult to check that the reduction function
1) satisfies the equality:

DV (u) (Acug + me f(uo + We(uo))) = Ap¥(uo) + mhf(uo + ¥e(uo)), Vuo € Ee. (2.15)
In practice, it is important to compute the reduced vector field in (2.31) (see Theorem 2.8), and more

precisely its Taylor expansion.

Center-manifold reductions have become a central tool to the analysis of dynamical systems near non
hyperbolique equilibrium points. The very first results on center manifolds go back to the pioneering
works of Pliss [7] and Kelley [5] in the finite-dimensional setting. Our proof closely follows the one that
can be found in [8].

2.3.5 Application on a simple example

Let us consider the following fourth order ODE
u" — " —u? = 0. (2.16)

The first step is to write (2.16) as a first-order system. We set U = (u1, ug, us, us) with u = uq, v’ = ug,
u” = ug and u” = uy, and then the equation is equivalent with the system

duU
- =AU+ f(U), (2.17)
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in which

0100 0
0 010 0
A: U:
0001’f(> 0
0010 u?

Next, we need to compute the eigenvalues of A. A direct computations gives o(A) = {0, £1}. Note £1 are
simple eigenvalues, while 0 is geometrically simple and algebraically double. As f is a smooth (polynomial)
function from R* to R*, we can apply the local center manifold theorem Theorem 2.3, and conclude of the
existence of a local center manifold of class €* for any k > 1. Since 0 is an algebraically double eigenvalue,
the center space E; is two-dimensional, so that the corresponding center manifold is also two-dimensional.
Our purpose is to compute the Taylor expansion, up to order 2, of the vector field in the reduced equation.

Step #1: basis of E. and projection onto E.. We start by computing a basis of E., which is the
two-dimensional generalized kernel of A. Solving for A(y = 0, and then A{; = (o, we find a basis {(p, (1}
for E. given by

1 0
0 1
CO - 0 ’ Cl = 0
0 0
Then, we compte the spectral projection 7, onto E.. One way is to compute 7, with the help of the adjoint
matrix
0 00O
o 1 000
0101
0010

We claim that the spectral projection 7. is given by
meU = (U, ¢p)¢0 + (U, (1)
where {(7, (]} is a dual basis sastisfying
A =(, A'G =0, ((,¢) = 0d foralli,je{0,1}.

We find that

Step #2: the reduced equation. According to the center manifold center, solutions on the center
manifold are of the form

U(t) = Un(t) + ¥ (Uo(t)),
in which ¥(0) =0, D¥(0) = 0, and Uy(t) € E;, so that

Uo(t) = a(t)¢o + b(t)C,

24



where @ and b are real-valued functions. The reduced system is an ODE for Uy = (a,b) which can be
obtained as follows. We compute both sides of (2.17)

dU  da db da db
TS Co + —dtgl + D (alp + b¢1) (dt Co + dtCl)
and

A(alo + bC1) + A¥(ago + b¢1) = blo + AW (alo + bC1)

together with

0

0

0 5
a? + O ((a] + [b])?)
as U(Up) = O(||Uo||)?. Projecting along (o and (; one gets

flalo +bC1 + ¥(alo + bC1)) =

da _
dt
db

o =~ + 0 ((lal + o))

b,

2.3.6 Asymptotic behavior

In this section, we are going to study the behavior of solutions of (2.2) near any of its local center manifolds.
Actually, we will only present the results for global problems and let as an exercise to pass from global to
local using the cut-off function x and the associated modified f, from (2.7). The first step is the introduction
of the concepts of a center-stable and center-unstable manifold. The theory concerning these manifolds
completely parallels the center manifold theory given previously in the preceding sections, therefore we
will give here an outline of the theory for the case of the center-unstable manifold.

We start with the equation

du
4 = Autg(w), (2.18)

for u € R", A € #,(R), g € €F(R") for some k > 1, g(0) = Dg(0) = 0. We define the set
My = {ug € R" | sup ||msq(t, uo)|l < —i—oo} :
t<0

Thus, this manifold consists of uy € R™ for which ¢4(t, 1) does not tend exponentially to 0 as t — +o0.
We do not know exactly what o,(t,ug) does as ¢ — 400, it may or may not tend to 0 but it does not so
exponentially.

From its definition, the set M, is clearly invariant by the flow of (2.18), and we have the following analogue
of Lemma 2.7.

Lemma 2.18. Let g € €} (R") for some k > 1 and n € (0, |B_|), then we have
Mo = {0 € B" [ sup &M gy (t.u0)] < 001
t<0
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This naturally motivates us to introduce for each n > 0 the Banach space
Y, =y € €°(R,RY) | |yl == sup e ly(t)]| < +oo .
T <o

There is also an analogue of Lemma 2.10, which here takes the following form.

Lemma 2.19. Let g € 6} (R"), n € (0,|3-]) and y € Y7 . Then y is a solution of (2.18) if and only if
there exists some ug € B¢y, := E. ® E,, = ker(E;) such that

t t
y(t) = et g —I—/ €(t_T)A7Tcug(y(T))d7' +/ e(t_T)Awsg(y(T))dT, vt > 0. (2.19)
0 —00

The combination of the above two lemma shows that

Mcu = {UO + 71-Sy(o) ‘ (u07y) € ECU}a

where X, is the set of all (ug,y) € Ecy x Y, which satisfy (2.19). Therefore, we rewrite equation (2.19)
in the form
y = Sug + Ko G(y), (2.20)

with S and G defined in the previous section, and

t ¢
(Kewy)(t) ::/ 6(tT)A7Tcuy(T)dT+/ e(t*T)Aﬂsy(T)dT.
0

—00

We have the following properties for these mappings:

o S€ Z(Ew,Y, ) for each n > 0;
e G:Y,” — Y, is globally Lipschitz for each n > 0, with Lipschitz constant |g]1;
o Koy € Z(Y,") for each n € (0,|B-]) and

1Keull, < Yeulm), Vi € (0,18-1),

with yey, @ (0,]8-|) — R4 a continuous function.

Let us note that ., is given by

0 +o00
ew = / e meu | €7 dr + / e || e dr.
0

—0o0

Under the appropriate contraction condition the equation (2.20) has for each ug € E., a unique solution
y € Y, which leads to the following result.

Theorem 2.4. Letn € (0,|5-|) and g € €F(R™) with k > 1 be such that
’g‘l < 5fua
for some 5§u > 0 small enough. Then there exists a mapping V., € (Kbk(Ecu,Es) such that

Meu = {UO + \Ilcu(uo) ‘ up € Ecu}
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Moreover, if U e (Kbk(Ecu,Es) is such that the manifold
Weu = {UO + {flcu(UO) | ug € Ecu}
is invariant under the flow of (2.18), then U = W, and Wey, = My,

Now that we have a complete characterization of M., we consider the asymptotic behavior of the solutions
of (2.18) which do not lie on the center-unstable manifold. The next theorem shows that each such solution
converges exponentially for ¢ — 400 to a uniquely determined solution on the center-unstable manifold.

Theorem 2.5. Under the conditions of Theorem 2.4, there exists a continuous mapping Hey : R™ — My,
such that for each (ug,tp) € R™ x Mg, we have

sup e gt uo) — pq(t, )| < +00 (2.21)
t>

if and only if ty = Hey(uo).

We will prove this theorem in several steps.

Step #1: parametrization of the problem. We start with a definition and a lemma which outlines
the strategy of the proof. For each n > 0 we define the Banach space Z,, by

2y = {= € CORR) | Jall, = sup e (0] < +oc |
teR

Observe that the restriction to R_ of a function 2 € Z,) belongs to Y,~, and that |z|[, < ||z||,. Using this
definition, we have the following result.

Lemma 2.20. Let @y : R x R™ = R" be a continuous mapping such that

(1) ©g(t,up) = @q(t,ug) fort >0 and up € R™;

(i) Pg(-;u0) €Y, for each ug € R™.
Let ug, ug € R™. Then the following statements are equivalent:

(1) g € My, and (2.21) holds;

(2) there exists some z € Z, such that @g4(-,uo) + z is a solution of (2.18) and iy = ug + 2(0).
Proof.

(=) Suppose that (1) holds, and let z := (-, u9) — @g(-,up). As g € My, we have from Lemma 2.18
that ¢(-, o) € Y, . From hypothesis (ii), this shows that z € ¥,~. Moreover hypothesis (i) and (2.21)
show that also

sup e [[z(t)|] < +oo,
>0

hence we have z € Z,. From the definition of z it is clear that @y = ug + 2(0).
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(<) Conversely, suppose that (2) holds. Then ¢(t,4) = $4(t,uo) + 2(t), then estimate (2.21) follows
from (i) and the fact that z € Z,. Moreover, we have z € Y, and @4(-,up) € Y, such that also
¢(+tp) € Y, . By Lemma 2.18, this implies g € Mey.

The idea is to use Lemma 2.20. For that, we need to fix an appropriate choice for @g4(t, ug) such that both
conditions (7) and (i) are satisfied. We cannot directly take @y (t,u0) = ¢g4(t, uo), since @,(-,uo) € Y,~
only for ug € Mey. But if we denote by ¢g*(-,uo) the flow of the equation

d
dirl: = Aﬂ'cuu + Wcug(u)y

then one can easily see that pg“(-,up) € Y, from the variation of constants formula and Lemma 2.18.
Therefore, a judicious definition for @4(t, ug) is as follows

—~ t,u for t > 0,
(pg(t7u0) = Sogu( O)
g (t,ug)  for t <0.

Then both conditions (i) and (éi) hold and moreover

t
TeuPy(t, ug) = e e, B, (Lo, uo) + / e AL g(By(T,u0))dr, Vi, to € R. (2.22)
to

Step #2: condition on z. Next, we find a condition for z € Z,, to be such that @4(-,up) + z is a solution
of (2.18).
Lemma 2.21. Let ug € R", n € (0,|6-]), and z € Z,. Then @y4(-,uo) + z is a solution of (2.18) if and
only if

t

2(t) = =75 By (t, uo) + / e A (B, (1, u0) + 2(7))dr (2.23)

—00

+o00
— /t e A [9(B (T, u0) + 2(7)) — g(By(T,u0))] d7, Vit € R.

Proof. Suppose that @4(-,ug) + 2 is a solution of (2.18). The variation of constants formula together
with (2.22) gives

2(t) = —ms@g(t, uo) + elt=to)4 (ms@g(to, uo) + 2(to))

+ / et [9(By (7 u0) + (7)) — 9(B(7,u0))] d7

t
—I-/ e(t_T)Awsg(cﬁg(T, wo) + z(7))dr, Vi, top € R.
to

Using estimates (2.4) in combination with ||z(¢)|| < 6_7775H|z:|\|77 and the fact that msQ,(t, ug) = meup fort >0
on then gets that for fixed ¢ € R one has

lim e(t—to)A4 (ms@g(to, uo) + ms2(to)) = 0,

to——o0
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and
lim e(t_tO)Aﬂ'cuz(to) =0.
to—+o0

Therefore applying 75 and 7e, to z(t) in the previous equation and taking the limit for ¢y — —oo (respec-
tively tp — +00), one obtains (2.23).

Conversely, suppose that (2.23) holds. Recombining the terms and using (2.22) with ¢y = 0 one then easily
finds

t
By(t,ug) + 2(t) = e (ug + 2(0)) + / eAG(By (T, u0) + 2(1))dr, Vit ER,
0

which proves that @4(-,u0) + 2 is a solution of (2.18). ]

Step #3: solving (2.23). First, we rewrite (2.23) in the following form

t
2(t) = —msBy(t, uo) + / AL G(By (T, ug))dT (2.24)

—0o0

t —+o00
—I-/ e(t_T)Aﬂsg(T, wg, 2(7))dr —/ e(t_T)chug(T, ug, z(7))dr, VteR.
oo t
where §: R x R” x R® — R" is defined by

g(t’ Uo, Z) = g(@g(t’ UO) + Z) - g(@g(t’uo))'

One has
19(t, uo, 2)[| < 2[glo and [|g(t, w0, 2)[| < lgl1 |2 -

It is not so difficult to check that for each (ug,z) € R" x Z,, each of the terms on the right-hand side of
(2.24) represents a function belonging to Z,. Therefore, we can write (2.24) in the form

z = 20(uo) + KG(ug, 2), (2.25)

where zg : R" — R", K: Zy — Zy and G R" x Zy — Zy are defined by

t
20(u0) () = —ma@y(t,ug) + / =T A (B4 (ry o)),

—00

~ t +o0
(K2)(t) ::/ e Ar 2(7)dr —/ e Ar  2(7)dr,
—00 t

and

One easily shows that:

o K e2(2,) with ||| < e
n

~

o |Gtz — Btuo. )| < lghillzs — 21l

Therefore, we have the following result.
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Lemma 2.22. Assume that the conditions of Theorem 2.J are satisfied. Then the equation (2.25) has for
each ug € R™ a unique solution z = 2(ug) € Z,, and the conclusion of Theorem 2.5 holds with

Heu(wo) == uo + 2(up)(0), Vug € R".

Proof. Fix up € R", and suppose that @y € M., is such that (2.21) holds. By Lemma 2.20 there exists
some z € Z, such that @y = ug+ 2(0) while @4(-, up) + 2 is a solution of (2.18). By Lemma 2.21 this means
that (2.25) holds; hence z = Z(ug) by uniqueness and g = ug + 2(uo)(0) = Heu (o).

Conversely, if 4y = Heu(uo) then Gy = ug + 2(0) where z = 2 € Z,, is such that @,4(-,ug) + z is a solution
of (2.18). It then follows from Lemma 2.20 that @y € M., and that (2.21) holds.

We conclude that H,, is a mapping from R™ to M., satisfying the conclusion of Theorem 2.5. [ |

Step #4: regularity of H.,. It only remains to show that H., is continuous which will directly follow
from the continuity of the mapping 2 : R" — Z, as given by the next lemma.

Lemma 2.23. Assume that the conditions of Theorem 2.4 are satisfied. Then the mapping 2 : R" — Z,
18 continuous.

Proof. We have obtained £ has a fixed point in Z, of (2.25). To prove the continuity of Z it is thus
enough to show that the right-hand side of (2.25) depends continuously upon ug € R”, that is zp and
G(-, z) are both continuous.

e 29 :R" — Z, is continuous. From its definition we have for all ug, vo € R" that
0
sup e [|z0(uo) (t) — 20(vo) (1) < [|7s(uo — vo)||+M(|5—|—77)/ " [|g(@g(7, u0)) — 9(&g(7, v0))|| dT.
= —00

Since g is bounded and ¢(@q4(7,u0)) — 9(Pq¢(T,v0)) as ug — wo, it follows from the dominated
convergence theorem that the right-hand side of the above equation converges to zero as ug — vg.
Now, for t > 0 we use the fact that @4(t, up) = @g4(t, up) to rewrite zo(uo)(t) as

20(uo)(t) = e mez0(ug)(0), t>0, Yuge R".
It follows that

sup e || z0(uo) (t) — 20(vo) (1) < M(IB-| = n) [|z0(u0)(0) — 20(v0)(0)[| — 0 as uo — vo.

e To gain some regularity for G the idea is to remark that in fact z € ZyN Z¢ for all ¢ € (n,|p-]). So
we will prove that G(-,2) : R" — Z, is continuous for each z € Z,, N Z;. For each ug,vg € R™ and for
each R > 0 we have the following estimate

||Gtuo.2) = Gwo, )| = sup e ll3(t, o, 2(1)) — kw0, =(0)]
n teR

< max (4!9!06"}%7 2lghfl=llce™ %, s
It]

By first choosing R > 0 large enough and then vg sufficiently close to ug, the above expression can

uw " 1g(t, uo, (1)) — g(t, vw@))l!) :

be made arbitrarily small.
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Corollary 2.24. Assume the conditions of Theorem 2.4. Then there exists for each g € M, and for
each € > 0 some 6 > 0 such that

g (t,uo) — @qlt, Heu(uo))l < ee™™, ¥t >0,

for all ug € R™ with ||ug — tgl| < 9.

Proof. First, we remark that
Z(u0)(t) = pq(t, Heu(uo)) — @q(t,up), Vt>0, VYugeR"
We also have by definition that H.,(ug) = up whenever ug € M., and hence
Z(ug)(t) =0, Vt>0, Yug € Mey.

Now let & € M, and € > 0, by continuity of £ we can find some ¢ > 0 such that [|2(uo) — 2(@0)][, < € if
||luo — tp|| < 0. As a consequence we have

sup " [|2(uo) (1) | = sup € |2(u0)(t) — (o) (1) | < l[2(uo) — 2(a0)ll, < e

>0 >0
which concludes the proof. ]
If in the statement of Theorem 2.5 we do not impose the condition 4y € M., then the approach simplifies

considerably, leading to the following result.

Theorem 2.6. Under the conditions of Theorem 2./, there exists a continuous mapping Js : R"XE; — Eqy,
such that for all ug € R™ we have

{0 € R sup Moyt ) — (1. u0)] < +o0 | = o+ o) | € B},
t>0

Proof. The argument should now be standard. Fix some x € R". If @y € R™ is such that estimate (2.21)
is satisfied then the function z defined by z(t) := ¢g4(t, @) — ¢4(t, uo) belongs to the Banach space

AR { € C° R, R") | lelly . = sup " 12(1)] < +oo} .

Conversely, if z € Z,© is such that ¢,(-,ug) + 2z is a solution of (2.18), then z(t) = p4(t, o) — 4(t, uo),
where g = uo + 2(0), hence (2.21) is satisfied. Therefore, we need to determine all z € ZI such that
©g(+,up) + 2z is a solution of (2.18). This is equivalent to finding all solutions z € Z;" of the equation

d
d—j = Az + g(t,ug, 2), (2.26)

where g : R x R” x R® — R" is defined by

g(t, uo, 2) = g(py(t,uo) + 2) — glpg(t, uo)),
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satisfies
1g(t, uo, 2)[| < 2[glo, and  [|g(t, uo, 2)|| < [gl1 [|2]]-

It is easy to check that z € Z;r is a solution of (2.26) if and only if there exists some u, € Es such that
z = Sus + K,G(ug, 2), (2.27)
where S € Z(Es, Z,1), Ky € Z(Z,) and G :R" x Z}f — Z,; are defined by

(Sus)(t)

/ )dT B /Jroo e(tiT)Aﬂ-cuZ(T)dTa
Guo, 2)(t) = (¢, uo, =(t)).

One easily verifies that

G, 21) = Glun, )| | < lolillzr = 2l
° HKSH_f(zj]r) < Yeu(n) for all n € (0,[B]).

Therefore, provided that v.,(n)|gl1 < 1, (2.27) has for each (ug,us) € R™ x E4 a unique solution z =
Z(uo, us) € Z,F, and we have, for each up € R"

{io € R™ | @g(-,0) — @g(-,u0) € Z,7} = {uo + Z(uo, us)(0) | us € Ey}.
As a consequence, we define J; : R" x E; — E., by
js(u07 us) 1= TeuUo + Wcué(u& Us — WSUO)(0)7

as ms(ug + Z(ug, us)(0)) = msug + us. To prove that Js is continuous, we prove that Z : R" x Eg — ZJr
is continuous, which boils down to prove that ug — G(ug, z) is continuous from R™ to Z+ for each ﬁxed
z€ZFN Zgr with ¢ € (n,|B8_|). The argument is similar to the case G, studied prev10usly, and thus let as
an exercise. m

We make the following remarks.

1. If g € %bk for some k > 1, then it is possible to show that the mapping us — Js(uo, us) is for each
up € R™ of class €% from E; to Ee,.

2. We see that for each ug € R™ we have shown that
M N {Us + js(u(],us) ’ Ug € Es} = {ch(UO)} .
3. For each ug € R" there is a manifold

Ms(UO) = {us + js(UO;us) ‘ Us € Es}a

such that all solutions starting at ¢ = 0 on M, (ug) converge exponentially to the solution ¢4(t,ug)
as t — +oo. We call Mg(up) the stable manifold of ug € R™, which is of class €* if g € €} for some
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k > 1. Each such stable manifold has a unique intersection point with M., (given by Hey(up)). It
follows that we have the following foliation of R™:

R"= | Mali).

aOGMcu

This foliation is continuous, a the leaves M (o) are of class €* if g € € for some k > 1. Moreover,
the flow of (2.18) leaves this foliation invariant.

4. One can also prove that there exists a homeomorphism © : R” — R™ such that for each ug € R™ the
mapping t — O(¢(t, up)) is a solution of the equation

du
s _ 4 )
a O
duey
dt = Aucu + 7"'cug(ucu + \Ilcu(ucu))

The second equation describes the flow on the center-unstable manifold.

It is obvious that there is a completely analogous set of results on the center-stable manifold, defined as
Mg = {uo € R"™ | sup ||muipq(t, uo)l| < +oo} ,
>0

that we all summarize in the following theorem.

Theorem 2.7. There exists some .5 > 0 such that if g € ‘Kbl (R™) and |g|1 < dcs the there holds:

(1) Mes = {uo+ Ues(ug) | ug € Ees} with ¥ € %bl(ECS,Eu);
(ii) there exists some n € (0,F4) and continuous mappings Jy, : R" x E, — Ecs and Hes : R™ — M
such that for each ug € R™ one has

M (o) = {ao ER" [ sup e gyt 0) — o) < +oo} — {wu + Tultio, wa) | we € Eu}
t<

and MU(UO) NMes = {HCS(UO)};

e ifgc Cfbk for some k > 1, then i the mapping w — Jy(ug,w) is for each ug € R™ of class €% from
E, to E¢s;

o for each k > 1, there exists 6% > 0 such that ¥V € 6 (Ecs, Ey) if g € € and |g|1 < 5E,.

For each ug € R™, one calls M, (ug) the unstable manifold of ug which is of class €% if g € €. Taking
n € (0,5), it follows that
M = Mes N Mey,.
Moreover, if o, = (), then M, = M,.
It is clear that by using the cut-off technique each of forgoing global results leads to a corresponding local

result for the equation (2.2). Furthermore, we have the following result which allows to conclude in the
case (iii) of Theorem 2.1.
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Theorem 2.8. Assume that o, = 0 and that f € €*(R™) with k > 2. Let MY be a local center manifold
for (2.2) as given by Theorem 2.3. Let Q be some neighborhood of the origin. Let ug € M9¢NQ be such
that {p(t,up) | t > 0} C Q. Let uc(t) := mep(t,up) fort > 0. Then:

(i) uc(t) is a solution of the equation

du,

dt = Au. + ch(uc + \I/c(uc)); (2'28)

(ii) if uc(t) is stable (asymptotically stable, unstable) as a solution of (2.28), then p(t,ug) is stable
(asymptotically stable, unstable) as a solution of (2.2).

Proof. Only (i) needs to be proved. Suppose that u.(t) is stable as a solution of (2.28). Using the cut-off
function argument, one gets the existence of a unique global center manifold ME°P with g(u) = f(u) for
all u € Q and g € €}(R") such that MEP N Q= M N Q. As g, = 0, then ME°" is also the unique
global center-unstable manifold. Then we have p(t,ug) = @q(t, uo) for all ¢ > 0 and u.(t) = 7epq(t, ug) is

a solution of the equation
du,

dt
which in €2 coincides with (2.28). Hence u.(t) is also stable as a solution of (2.29).

= Au. + 7Tc.9<uc + \Pc(uc)); (2'29)

Let vy € ME°, then 0q(t,v0) = Tepg(t, vo) + W (mepg(t, vo)) with mepg(t, vo) is a solution of (2.29), hence

g (t; v0) = @g(t; uo)l| < (1 + W) [meipg (, vo) — ue(t)]] -
As u(t) is a stable solution of (2.29), it follows that for each ¢ > 0, one can find § > 0 such that vy € ME°P
and ||ug — vo|| < 6 imply [|¢g(t, v0) — @g4(t, uo)|| < € for all t > 0.

Now consider Hey, : R" — MEP which is continuous and Heu(ug) = up as ug € M2 N Q. Hence, there
exists some d1 such that ||[Hey(vo) — uo|| < 9 if vg € R™ and ||vg — ug|| < d1. Moreover, we can take d;

sufficiently small that
||(pg(t’U0) - QOg(t,'ch(Uo))H < ee_nta vt > 0.

It follows that for each vy € R™ with ||vg — ug|| < 01 we have

g (t,v0) — gt uo)ll < llpg(t, v0) — pq(t, Heu(vo))ll + g (t, Heu(v0)) — @q(t; uo)|| < ee™ +¢,
for all t > 0. This proves that ¢4(t,ug) is a stable solution of (2.18) which coincides with (2.2) in the
neighborhood €2, which shows that (¢, ug) is a stable solution of (2.2) for each uy € M°°N Q. ]

2.3.7 Natural extensions

Parameter-dependent center-manifolds. In many applications, ODEs of the form (2.2) have pa-
rameters. It is then natural to extend our center-manifold results to this setting. Let us consider the
parameter-dependent differential equation

du

34



in the case where u, = 0 is a non hyperbolic equilibrium that is E. = o(A) NiR # (). We assume that the
nonlinearity f : R” x R? — R™ is defined in a neighborhood of (0,0) € R” x R?. Here p € R? is a parameter
that we assume to be small. More precisely, we suppose that there exists neighborhoods 0 € O,, € R" and
0 € O, € R? such that f € €%(0, x O,,R") for some k > 1, with f(0,0) = Og» and D, f(0,0) = 0., (®)-

Theorem 2.9. Let A € .#,(R) be given and f € €*(Oy x O, R™) for some k > 1, with £(0,0) = Ogn
and Dy f(0,0) = 0 4, ). Then, there exists some ¥ € C*(E. x RL,Ep) and an open neighborhood 0, x €2,
of (0,0) in R™ x R? such that:

(i) Tangency : ¥(0,0) =0, and D, ¥(0,0) = 0;
(i) Invariance : for all pn € Q,, the manifold
Me(p) = {uo + ¥(uo, p) | uo € Ee}

is locally invariant for (2.30), i.e., if p(t,up) is a solution of (2.30) satisfying ugp € M.(p) Ny, and
o(t,ug) € Qy for all t € I, (ug), then o(t,ug) € M.() for all t € Ig, (up);

(11i) Mc(u) contains the set of bounded solutions of (2.30) staying in Qy, for all t € R; d.e., if u is a
solution of (2.30) satisfying u(t) € Q, for allt € R, then u(0) € M.(p).

The main idea for the proof of Theorem 2.9 is to augment (2.30) with the equation

dt
dt

and then apply the same type of arguments. In this parameter-dependent setting, it is possible to get an

0,

analogue of the reduced equation (2.31).

Corollary 2.25. Under the assumptions of Theorem 2.9, consider a solution u(t) of (2.30) which belongs
to Mc(p) fort € I and for all p € Q,, for some open interval I C R. Then u(t) = ug(t) + ¥(uo(t), i),

and uo(t) € E. satisfies

du
d—to = Acug + ﬂ'cf(uO + \I/c(u0> 1), :UJ)v tel, (2'31)

where A. is the reduction of A to Es.

Let us consider once again the example (2.16), now introducing a small parameter p € R into the equation

u" — " — pu—u? = 0. (2.32)

The first step is to write (2.32) as a first-order system. We set U = (uq,ug, us, ug) with u = uy, v’ = us,
u” = ug and u” = uy, and then the equation is equivalent with the system

dU

& =AU + f(U, p), (2.33)
in which
010 0 0
0010 0
A= U,p) =
000 1] U 0
0010 pug + uf
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We can apply the parameter-dependent center manifold theorem 2.9, and conclude that the solutions on
the center-manifold are of the form

U(t) =Up(t) + U (Up(t),p), Up(t) = al(t)lo+ b(t)(1,

with ¥(0, ) = 0 (because f(0,p) =0 for all u), D, ¥(0,0) = 0 with U(Up, u) = O(|Uo|| (|| + ||Uo||) near
(0,0). Finally, we easily check

mef(Uo +¥(Uo, p)) = (—pa — a® + O ((|a] + b)) (ul* + la|* + [b*))) ¢1-
Projecting along (y and (7 one gets
da
dt
db
dt

pu— b7
= —pa—a® + O ((lal + [B)(|1* + lal* + [0])) -
Symmetries. We consider the case of an equation that is equivariant under the action of a linear trans-

formation. More precisely, we make the following assumptions: there exists T € ., (R) which commutes
with vector field in equation (2.2), that is

TAu = ATu, Tf(u)= f(Tu),Vu € R".
We further assume that the restriction T, of T to the subspace E. is an isometry.

Theorem 2.10. Under the assumptions of Theorem 2.3 and the above equivariance condition, then one
can find ¥ in Theorem 2.3 which commutes with T, that is

TV (ug) = V(Tug) for all ug € E,.

and such that the vector field in the reduced equation (2.31) commutes with T..

In the proof, one needs to be careful when choosing the cut-off function y, and it should satisfy

X(Teup) = x(uo), Vug € Ee.
As T, is assumed to be an isometry, it is possible to choose x to be a smooth function of ||ug||?.
Reversibility. Next, we consider the case of reversible equations, when the vector field (2.2) anticom-

mutes with a symmetry S. More precisely, we make the following assumptions: there exists S € ., (R)
which commutes with vector field in equation (2.2), that is

SAu = —ASu, Sf(u)=—f(Su),Vu € R".

Notice that in that case, if ¢ — wu(t) is a solution of (2.2), then ¢t — Su(—t) is also a solution of (2.2).
Moreover, the spectrum o(A) is necessarily symmetric with respect to the origin in the complex plane. We
also point out that if A € 0(A) with associated eigenvector ¢, then —\ is an eigenvalue with the associated
eigenvector S(.
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Theorem 2.11. Under the assumptions of Theorem 2.3 and the above reversibility condition, then one
can find ¥ in Theorem 2.3 which commutes with S, that is

SW(ug) = W(Scug) for all ug € E,.

where S¢ is the restriction of S to E., and such that the vector field in the reduced equation (2.31) anti-
commutes with T..

Coming back, once again, to example (2.32), we notice that the system (2.33) possesses a reversibility, i.e.
A and f(-, pu) anticommute with

1 0 0 O
g 0 -1 0 0
0 0 1 0
0 0 0 -1

This symmetry is a consequence of the fact the equation (2.32) is invariant under the reflection ¢ — —t.
We notice that

S¢ = ¢, S¢G =—C-

Furthermore, the map ¥ from the center-manifold theorem is such that SW(Up, ) = W(S. Uy, ). We also
have that the reduced system

da
dt
db
dt

anticcommutes with S., which implies that the right-hand side in the second equation is even in b, so that

=b,

= —pa—a® + O ((lal + [B)(|ul* + |al* + [0])) -

the higher order terms in the expansion are in fact of order

O ((lal + [b*)(|ul® + |al* + [b]*)) -

2.3.8 Exercice (From last year’s final exam)

We consider the Lorenz system
d.%'l

S n + T2,

d

% =] — T2 —T1X3, (2'34)
d

% = =373 + 2122,

where x1 2 3(t) are real valued functions. The aim is to study bounded solutions near the equilibrium point
(1, x2,23) = (0,0,0). We denote X = (x1,z2,x3) and write the above Lorenz system as

dx
= —F(X
T (X)),

where F'(X) is defined by the right-hand side of (2.34). Finally, we denote by L = DF(0) € .#5(R).
1. Compute the spectrum of L.
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2. Show that 0 is a simple eigenvalue of L. Calculate a corresponding eigenvector (. Compute a spectral
projection 7. onto E, = Span(&) using the adjoint matrix L*.

3. The Lorenz system is equivariant under a certain symmetry S € .#3(R), where S? = I3 and SF(X) =
F(SX) for all X € R3. Establish this symmetry, and show that S¢ = —¢. (Hint: look at a reflectional
symmetry leaving one axis invariant.)

4. Establish the existence of a one-dimensional center manifold M. that can be parametrized as follows
M, ={z¢+U(z) | z € R},

where U : R — R? is of class €% for any k > 1, ¥(z) € E, for all z € R, and such that ¥(—z) = SV¥(z)
for all z € R.

5. The reduced equation governing the amplitude z is

% — f(2), z€R. (2.35)
Establish that f : R — R is such that f(—z) = —f(2) for all z € R, and of class €* for any k > 1.
6. Expand ¥ : R — R? and f : R — R in Taylor series around z = 0, that is,
3 3
U(z) =Y W +O(l2l"), f(z) =D fp + Oz,
p=0 p=0

where ¥, € R3 and fp € R. Compte ¥, and f, for 0 < p < 3. (Hint: use the tangency of the center
manifold and the symmetry S.)

7. Study the dynamics of the reduced equation (2.35) near z = 0.
8. Sketch the phase portrait of (2.34) in the (z1, z2, z3)-space in the neighborhood of the origin X =
(.Z'l, L2, .%'3) = (O? 0, O)

We introduce a parameter p € R and consider the following perturbation of the Lorenz system

d:Cl o +
dt = —I T2,
dx
d7t2 =1 — T2 + U1 — T123, (2.36)
d
% = —3x3 + T122,
which can be written
dX
s F(X,pn), X=(x1,z2,123),

where F'(X, u) is defined by the right-hand side of (2.36). Note that when = 0 we recover the previous
system (2.34). Finally, we denote by L(u) = DF(0, ) € #3(R).

9. Show that X = (x1,z2,23) = (0,0,0) is stable for u < 0 and unstable for x> 0.
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10.

11.

12.

Establish the existence of a local parameter dependent center manifold near (X, ) = (Ogs,0) that
can be parametrized as follows

Me(p) = {26+ ¥(z,p) | 2 €R}.

Show that the reduced equation governing the amplitude z

dz
E = f(znu)a z € ]Ra (237)

has the following expansion near (z, ) = (0,0)
f(z1) = azp+ 02> + O (|2|ul* + |2°)
for some a and b in R. Compute a and b. (Hint: b has already been computed in question 6.)

For p > 0 small, sketch the phase portrait of (2.36) in the (x1,x2,x3)-space in the neighborhood of
the origin (x1,z2,z3) = (0,0,0).
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Chapter 3

Spectrum of closed operators and
application to traveling fronts and pulses
of reaction-diffusion equation

The aim of this chapter is to give a theoretical framework to study the spectrum of closed operators and
apply this framework to analyze the spectrum of operators obtained by linearizing a reaction-diffusion

equation around a traveling wave solution.

3.1 Elements of functional analysis

3.1.1 Bounded and closed operators

Let X and Y be two Banach spaces with respective norms |[-|| ; and [-||,, and assume that J C X is dense.
Typical example will be X = L?(R) and ¥ = H*(R) for any k¥ > 1. Consider linear operator £, with
Y =D(L), the domain of £, dense in X and £ : Y — X. The kernel of L is given by

ker(£) :={ue )Y | Lu=0}.

The range of L is given by
rg(L):={Lue X |ue)}CX.

We say that a linear operator is closed if for any sequence (u;) € ) with

Aim = ully =0, and _lim [ Lu; — vl =0,

then we have v € Y and Lu = v. This is equivalent to saying that the domain D(L) is complete under the
graph nom of L,

[ullpey = llullx + [ Lullx -

We say that the operator is bounded from ) to X if

sup {[|Lully [w e Y, flully =1} < +oo.
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We denote the space of bounded linear operators from ) to X by Z(Y, X), with the induced norm of £
given by
[ Lull

ullyo lully

1.

If X =Y, we simply denote Z(X). Let us make some remarks.

the sum of a closed operator and a bounded operator si a closed operator;

if £ is a closed operator with X = ), then L is a bounded operator;

if for each bounded sequence (u;) € ) the sequence (Lu;) € X has a convergent subsequence, then
the operator is said to be compact;

e a compact operator is bounded.

3.1.2 Resolvent and spectrum

Definition 3.1 (Resolvent). The resolvent set of L, denoted p(L), is the set of complex numbers A € C
such that

(i) AId — L is invertible,

(ii) (\Id — £)~1 is a bounded linear operator.

Here Id : X — X is the identity operator. For \ € p(L), the operator (\Id — L)™' is called the resolvent
operator of L.

Definition 3.2 (Spectrum). The spectrum of L is the complement of the resolvent set, i.e.,

o(L) = C\p(L).

Definition 3.3 (Eigenvalue). A complex number X\ € o(L) is called an eigenvalue if ker(Ald — £) # {0}.
In other words, \ € o(L) is an eigenvalue if there exists u € Y, u # 0, such that Lu = Au. Equivalently,
Md — L is not injective.

Remark 3.4. If L is a closed operator, then o(L) is a closed set. If L is a bounded operator, then o(L)
1s closed, bounded and a nonempty set.

In finite dimensions, the only way for AId — £ to fail to have a bounded inverse on all R™ is if A is an
eigenvalue. Hence, the spectrum of a matrix is exactly the set of its eigenvalues. In infinite dimensions,
however, there are more ways for A\Id — L to fail to have a bounded inverse. For example, its range could fail
to be dense and/or fail to be closed. One can actually check that the range not being closed is equivalent
to there existing a sequence of so-called approximate eigenvalues: (A — L)u; — 0 as j — 400, where
u; € D(L) for all j, ||uj|, = 1, but the sequence (u;) does not have a limit in X
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As an example, consider the Laplacian in one dimension: £ = 92 and X = L*(R) with Y = D(L) = H?*(R).
For a given A € C, we can try to solve the equation (Ald — £)u = v for a given v € X via u = (A\Id — £) " v.
Denoting the Fourier transform by F(u) = 4, we find

w=(\d—L£)"lv, @) = ﬁlﬂo(z), w(z) = F1 (%@Q)) (@), (eR.

Since ¢ € R, for any A\ € (—o0,0] one can find a v € L?(R) such that [ul[2(ry 1s not finite. Hence,
(Md — £)7! is not well-defined on all L?(R) for any such A. In addition, using the above formulation,
we have that for A ¢ (—o0,0] the resolvent operator is well-defined and bounded on all L?(R). Hence
o(L) = (—o0,0]. On the other hand, if we fix A € (—oc0,0] and look for eigenvalues, we find 9?u = Au.
This implies that u(x, \) = ¢'VIN? which is not in L2(R). One can check that for each such A there is

61‘2

a sequence u; of approximate eigenvalues. For example, one can use mollifiers of the form e™“*" and set

uj(z,\) = Cjel Nze—€2® where €; — 0 as j — 400 and the constant C} is chosen such that HujHLZ(R) =1

Remark 3.5. Because, there are multiple ways for the resolvent operator to fail to be bounded on all of
X, it will be useful to define subsets of the spectrum in terms of way(s) in which (A\ld — L) fails to have a
bounded inverse.

Suppose that A € o(£) is an eigenvalue.

e dim [ker(AId — £)] is called the geometric multiplicity of the eigenvalue, and is denoted by mg4(A).
o If my(A\) = 1, then the eigenvalue is called geometrically simple.

e If the eigenvalue is isolated, then the algebraic multiplicity of the eigenvalue, denoted mg (), is
the dimension of the largest subspace Y\ C ) which
1. is invariant under the action of £, that is uy € V) = Luy € W,
2. satisfies the property o (ﬁb’x) ={\}.

e If m,(\) = 1, then the eigenvalue is called algebraically simple.
o It is true that mg(X) > mg(A).
e An eigenvalue is called semi-simple if mq(\) = mg(N).

e If L is a compact operator whose domain is ) is separable, i.e. has a countably infinite dense subset,
then the following hold:

1. 0€o(L),
2. if A # 0, then A is isolated and m4(\) < 400,
3. o(L) is a countable set, the only possible accumulation point is A = 0.
e If ) is an isolated eigenvalue, let I' C C be a simple closed positively oriented curve surrounding A

that does not intersect the spectrum of £ and whose interior contains no other points in o(£). The
spectral projection P(A) : X — Y, is given by the Dunford integral formula
1

PN =5 F(gld —£)7'd¢.
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The operator P(A) commutes with £ and P(A\)P(A) = P(N). The range of P()\) is the L-invariant
subspace Yy and L), = LP(N).

e A linear operator £ has compact resolvent if

1 p(L) 0,
2. for X € p(L) the resolvent operator (A\Id — £)~!: X — Y is compact in .Z(X).

e If (\Id — £)~! is a compact operator for one A € p(L£), then it is compact for all A € p(L).

e If £ is an operator with compact resolvent, then o(£) is a countable set of isolated eigenvalues with
finite algebraic multiplicity for which the only possible accumulation point is A = co.

3.1.3 Adjoint and Fredholm operators

Assume that X is a Hilbert space equipped with the inner product (-,-) and that £ is a closed operator
with a dense domain. The domain, D(L*), of the adjoint operator, L*, is the set of all v € X for which
the linear functional

u > (Lu,v),

is continuous in the Hilbert norm on X. From the Riesz representation theorem, we deduce the existence
of w € X for which
(Lu,v) = (u,w).

For such v € D(L*) the adjoint operator is defined by the map w = L*v that is, the adjoint operator is
the unique operator that satisfies

(Lu,v) = (u, L), Yue X, veDL).

The adjoint operator is also closed, and its domain is also dense in X'. For example, consider the second-
order differential operator

L =02+ ay(x)d, + ag(z) : HA(R) — L*(R),

the coefficients ag 1 being smooth and uniformly bounded. Integration by parts shows that the adjoint
operator is given by
L* =02 -0, (ay(x)) + ag(z) : H*(R) — L*(R).

The resolvent set and spectrum of an operator and its adjoint are related by

and the resolvent operators are related through
(Md—£*) " = (Md—£)~~.

Definition 3.6 (Self-adjoint operator). An operator is said to be self-adjoint if D(L) = D(L*) and
Lu = L for all uw € D(L).

Remark 3.7. For self-adjoint operators, we have that o(L) C R, and that all eigenvalues are semi-simple.
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Definition 3.8 (Fredhlom operator). The operator L is a Fredholm operator if
(i) ker(L) is finite-dimensional;
(ii) rg(L) is closed with finite codimension.

The Fredholm index of a Fredholm operator is defined by

ind(£) = dim [ker(£)] — codim [rg(L)] .

An operator is Fredholm if and only if its adjoint £* is, and the indices are related via
ind(£) = —ind(L").

If X € 0(L) is an isolated eigenvalue with m,(\) < +oo, then AId — £ is a Fredholm operator with index 0.

It is easy to see that the range of £ must be orthogonal to the kernel of £*. Indeed, if v € ker(L£*) and
Lu = f, then
(fiv) = {Lu,v) = (u, L) = 0.

The sufficiency of this condition often goes by the name of the Fredholm alternative and reads.

Theorem 3.1 (Fredholm alternative). Suppose that X is a Hilbert space with inner product (-,-) and
L:D(L)=)Y CX — X is a closed Fredholm operator with dense domain. For f € X the nonhomogeneous
problem Lu = f has a solution v € D(L) if and only if f € ker(L*). In other words,

rg(L£) = ker(L£*)*.
Moreover, the Fredholm index counts the dimension mismatch between the kernels of L and L*,
ind(£) = dim [ker(£)] — dim [ker(L¥)] .
As a consequence, for any Fredholm operator the space X can be decomposed as
X =rg(L) & ker(L™).
If in addition ind(£) = 0, then dim [ker(£)] = dim [ker(£*)] and:

e either £ has a kernel,

e or the operator is one-to-one (no kernel) and onto (as rg(£) = X).
However, if ind(£) # 0 then:

e cither £ has a kernel in which case £ cannot be one-to-one,

e or L* has a kernel in which case £ cannot be onto.
In both of these cases £ cannot be invertible.
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3.1.4 Essential and point spectrum

From the previous discussion, we observe that if the Fredholm index is not zero, then invertibility is
hopeless, while if the Fredholm index is zero, then invertibility follows if £ has no kernel. This observation
motivates the following classification of the spectral sets of operators.

Definition 3.9. Let X' be a Banach space and let L : D(L) C X — X be a closed linear operator with
dense domain D(L) in X. The spectrum of L is decomposed into the following two sets:

(i) The essential spectrum of a densely defined closed linear operator L, denoted oess(L), is the set of
all X € C such that either

— Md — L is not Fredholm; or
— Md — £ is Fredholm, but ind(Ald — £) # 0.

(ii) The point spectrum of a densely defined closed linear operator L is the set defined by

opt(L) = {A € C | Ald — L is Fredholm with ind(Ald — £) =0, but A\Id — L is not invertible} .

Although this definition is very convenient as it makes the essential spectrum a large set, in this formulation,
the point spectrum is not equivalent to the set of eigenvalues. The reason is that eigenvalues can be
embedded in the essential spectrum.

Locating the essential spectrum requires the computation of the Fredholm index of an operator. Two
techniques are commonly employed to achieve this. The first technique is to perturb a known operator.

Definition 3.10. The operator L is o relatively compact perturbation of Ly if
(Lo — L)(Nd — ﬁo)_l X=X
is compact for some X € p(Ly).

Theorem 3.2 (Weyl essential spectrum theorem). Let £ and Ly be closed linear operators in a Banach
space X. If L is a relatively compact perturbation of Ly, then the following properties hold:

(i) the operator A\Id — L is Fredholm if and only if \Id — Lq is Fredholm,
(i) ind(Ald — £) = ind(A\ld — £o),
(1) Oess(L) = Tess(Lo).

The second result deals with operators with compact resolvent. In that case, the operator cannot have any
essential spectrum.

Theorem 3.3. If X is a Banach, Y C X is dense and L :' Y — X is a closed Fredholm operator with
compact resolvent, then ind(L) = 0.

Example #1: If we come back to £ = 92 on X = L%*(R) with domain ) = H2(R). We have already seen
that o(L£) = (—o0, 0], and more specifically that the range of A\Id— L is not closed by exhibiting approximate
eigenvalues for A € (—00,0]. So AId — £ is not Fredholm for A € (—o0,0], and thus gess(92) = (—o0, 0].
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Example #2: We look at the following reaction-diffusion equation'
6tu:8gu—u+u3, t>0, zekR,

which has explicit stationary solution given by wu,(z) = v/2sech(x). The linearized operator around u,

takes the form
L = &%+ (6sech?(z) — 1) : H*(R) — L*(R).

Solving for Au = Lu, we get for each value of A two independent solutions

up(x, A) = eV <1 + % — V14 Atanh(z) — sech%x)) ,
ug(z, \) = e VIHAT (1 + % + V1 + Atanh(x) — sechQ(:c)> .

In order to determine the spectrum of £, we need to investigate when the resolvent operator is well defined.
Suppose that we are given a function w € L?(R) and we seek a function u such that (AId — £)u = w. We
will use the method of variation of the constant, and assume that u as the form

u(x, \) = vy (z, Nug (2, A) + vo(x, Nug(z, \),

and solve for the functions v; 2 in terms of w. To do this, as usual, we impose that vju; + vhus = 0, and
insert the above Ansatz into the equation (Ad — £)u = w. These two equations can be written

1 / B 1 uh  —ug 0 L 9 uh  —ug 0
vy | wuh —wjue \ —u)  wy —w ) 2B -MVIFA Ul w —w )

We immediately see that there will be problems if A € {0,3} U (—o0,—1]. Suppose that A ¢ {0,3} U
(—o0, —1], and let us continue our computations to get expressions for v; 2 as

9 , B 9
A3 — VIt Ful@ @), o) = AB - VI

We note that u; is well behaved at —oo, while us is well behaved at +o0o. Hence, we define

vi(z,\) = — (x, Nw(z).

’Ul(l', )\) = w(y)dya UQ(x’ )‘) =

9 oo 9 .
2A(3 — MVI+ A /m ug(y, A 223 — M)VI+A /_oo (g, Mw(y)dy.

Inserting these formulas into the expression for u, one finds that u can be written

u(r) = ur(z, Nua(y, N H(y — ) + uz(2, Nur (y, \) H(z — y)) w(y)dy

A3 — A\/ﬁ/
:/ny, (y)dy.

As a consequence, the action of the resolvent operator can be expressed through the integral kernel
G(z,y,A). One can now investigate for which values of A this operator is well-defined and bounded
on all L*(R) and obtain that

opt(L£) ={0,3}, and oess(L) = (—o00, —1].

!This example is taken from Bjérn Sandstede’s webpage: example of an explicit Evans function and the lecture notes of
Margaret Beck: minicourse on stability.
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More precisely, if A € (—oo,—1], then the functions u;> are bounded and can be used to construct
approximate eigenvalues showing that the range of AId— L is not closed, so that Ald— L is not Fredholm, and
thus (—o00, —1] C 0ess(L£). If X € {0, 3}, then the kernel of A\Id— £ is one-dimensional as we have —u; (x,0)+
us(z,0) = —sech(x)tanh(z) and uy (,3) 4 uz(z, 3) = sech?(x) which are the corresponding eigenfunctions.
In fact, by translation invariance of the equation, we already know that u.(x) = —v/2sech(z)tanh(z) €
H?(R) is such that Lu/, = 0 and thus an eigenvector associated to the eigenvalue A\ = 0. Let ¢ be the
eigenfunction associated to A € {0,3}. Since L?(R) is a Hilbert space, we can set £ = span {¢} and let £+
denote its orthogonal complement, which is closed. Since £ is self-adjoint, £ is the range of AId — £ (see
[1]), and we see that the Fredholm index is zero. For all other values of A, the explicit form of G can be
used to show that the above resolvent operator is bounded on all of L?(R).

3.1.5 Point spectrum and Sturm-Liouville theory

The point spectrum does not behave well with respect to perturbations. And in practice, it is often much
more delicate to establish the location of the point spectrum than the essential spectrum. However, for
many scalar second-order operators, there are important results.

Sturm-Liouville operators on a bounded interval. A Sturm-Liouville operator £ takes the form
Lp = 92p + a1(2)dup + ao(x)p.
Here, we will consider £ to be defined on the bounded interval [0, 1], subject to boundary conditions
bip(0) + 0h0,p(0) = 0, bip(1) + b5dzp(1) = 0.
And we assume that the above coefficients satisfy
l,r 2 l,r 2
(o) + (857) >0,

and the coefficients ag 1 (z) in £ are €*([0, 1]) and real-valued. The spectral problem is naturally posed on
HZ(]0,1]) where

HE(0,1]) = {u € H2(10,1) | u(0) + bhd,u(0) = 0, Biu(1) + bpdu(1) = 0}

The operator L is self-adjoint in the weighted inner product

with associated norm |[-[| ,, where the weight function is
p(z) = edo @y 5 ¢

The associated eigenvalue problem is

Lp = Ap, (3.1)
bip(0) + b59:p(0) = 0,  bip(1) + b5dzp(1) = 0.
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Theorem 3.4. Consider the eigenvalue problem (3.1) on HZ(]0,1[). Then all the eigenvalues are real-
valued and simple, and can be enumerated in a strictly descending order

A AL > Ay > e lim M\, = —o0.

n—-+0o
The eigenfunction p;(x) associated with the eigenvalue \; can be normalized so that
(i) pj has j simple zeros in the open interval (0,1);
(ii) the eigenfunctions are orthonormal in the p-weighted inner product;
(iii) the eigenfunctions form a complete orthonormal basis of L*(]0,1]) in the p-weighted inner product;
(iv) the largest eigenvalue can be characterized as the supremum of the bilinear form associated to L

Xo = sup (Lu,u),,

fJull,=1

moreover the supremum is achieved at uw = py which no zero on (0,1).

Proof. We refer to [1, Chapter 8.6 Theorem 8.22]. It relies on the spectral decomposition of self-adjoint
compact operators. [ ]

Sturm-Liouville operator on the real line. We consider the same Sturm-Liouville operator £ but
now acting on H?(R) with smooth coefficients which decay exponentially to constants at z + oo

: v|z| _oaE = : v|z| -
mgrfooe lai(x) —aj| =0, xll}rﬂrzlooe lag(x) —ag| =0,

for some v > 0 and constants aa—tl € R. The operator is self-adjoint in the p-weighted inner product, where

the weight has the finite asymptotic values

p+ = lim e_a%xp(a:).

r—+oo

Theorem 3.5. Consider the eigenvalue problem Lp = \p on H%(R), where the coefficients satisfy the above
conditions. The point spectrum opt (L) consists of a finite number, possibly zero, of simple eigenvalues,
which can be enumerated in a a strictly descending order

Ag > AL > Ay > - >)\N>b::max{a0_,ag}.
For j =0,...,N the eigenfunction p; associated to the eigenvalue \; can be normalized so that:
(i) pj has j simple zeros;
(ii) the eigenfunctions are orthonormal in the p-weighted inner product;

(iii) the largest eigenvalue, if it exists, can be characterized as the supremum of the bilinear form associated
to L
Xo = sup (Lu,u),,

lull =1

moreover the supremum is achieved at u = py which no zero.

The proof of the above theorem is beyond the scope of these lectures, but we will see how to use it in a
couple of examples.
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Example #1: stationary pulses of reaction-diffusion equations. We consider the following scalar
bistable reaction-diffusion equation

u = O2u+ f(u),

where f(u) satisfies the conditions (1.11) together with fol f(u)du > 0. We look for stationary solutions
ux(x) satisfying

0= u + f(us),
together with the condition that

A phase plane analysis, together with the fact that

Blu) = 5P = [ o),

is an energy for the system, shows that there exists a unique solution which is symmetric about x = 0 and
such that . (z) < 0 for > 0 and v, (z) > 0 for z < 0. Furthermore, as u.(z) is realized as homoclinc
orbit to the fixed point (0,0) which is a saddle, thus we have that

mEI:Eoo emz'u*(x) =0,

for some 1 > 0. Linearizing the reaction-diffusion around this stationary solution, one obtains the operator
L= 02+ f(u.(a)).

We have that the coefficient a1 = 0 and ag(z) = f/(u«(z)). As u.(x) converges to 0 at an exponential rate,
so his ag(z) with a(jf = f’(0) < 0. As a consequence, we can apply Theorem 3.5 to L. We have already
seen that the translation invariance of the equation implies that

Ll () = 0,

with v, € H?(R) since u/, — 0 exponentially fast. We conclude that u/ is an eigenfunction of £ with
corresponding eigenvalue A = 0. Moreover, u has precisely one zero at x = 0. Theorem 3.5 ensures that
there must exist one positive eigenvalue A\g > 0 with an associated eigenfunction pg with no zero. All other
nonzero eigenvalues must be negative. In conclusion, £ has unstable point spectrum.

Example #2: traveling fronts of reaction-diffusion equations. Let us recall from the introduction
that there exists a unique (up to translation) traveling front solution (uty, cs) solution of

0=1u"+cu + f(u),
u(—o0) =1, and u(+00) =0, with 0 < u <1 on R.

that is a stationary solution of the PDE
O = GZU + coyu + f(u),

with f(u) bistable under the conditions (1.11). The eigenvalue problem associated to the linearization
about u = uty takes the form

Lp=Xp, L=+ c.0y+ f'(uw(y)).
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As uyy is realized as a heteroclinic orbit, we have that u, approaches exponentially 1 at —oo and 0 at
+o0o. Furthermore, uf, < 0 also converges exponentially towards 0 as y — +00. As a consequence, we
have that

Lup, =0, uf, € H*R), uj, <0,

such that A = 0 is the largest eigenvalue of £ with associated eigenvector uj,, by application of Theorem 3.5.
Also we deduce that the point spectrum is bounded from below by

b=max {f(0), f'(1)} <0.

All other eigenvalues lie in the interval (b,0).

3.2 Essential spectrum

In this section, we will investigate the essential spectrum and Fredholm indices for differential operators on
unbounded domain that typically arise as the linearization of a nonlinear PDE about a heteroclinic (front)
or homoclinic (pulse) solution. We will only consider second-order differential operators to simplify the
presentation, but all the theory carries out for nth order differential operators. Throughout this section,
we will consider differential operators of the form

L:=0+a1(2)0; +ao(x), zeR. (3.2)
The domain Y = H?(R) of £ is dense in X = L?*(R).
We have the following first result.
Lemma 3.11. Assume that the coefficients a; € WH*°(R) for j = 0,1, then the operator L : H*(R) C
L?(R) — L2(R) is closed.
Proof. Assume that (ug)r>0 € H?(R) converges to u in |-||,, and that vy := Luy converges to v in [|||,.
We must show that « € H?(R) and Lu = v. For all w > 0, the operator 92 — iw is invertible with

H(@i - iw)_luHHSH <C ||u||HS )

for any s > 0 and C > 0 independent of u. Furthermore, its resolvent satisfies the limit

lim [|(07 — iw = 0.

-1
Jm ) e e

As a consequence, we have that for all w > 0
v — iwuy = Lug — iwuy, = (82 - iw) ug + (£ — 0H)uy,
and inverting by 92 — iw we get
(02 —iw) ™! (v, — iwug) = g, + (02 —iw) "L — 0)ug,
where £ — 02 = a1(2)0; + ao(z) is of order 1 and thus £ — 0% € £(H? H'). Consequently the operator

B=(0?—iw) (L - 0% : H*(R) — H*(R)
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is bounded and its norm tends to zero as w — +o0o. Then, for fixed w > 0 sufficiently large, the operator
Id + B : H?(R) — H%(R) is invertible so that we have

up = (Id + B) ™1 (02 — iw) ™! (v — iwuy,) .

Thus (ug)g>o is Cauchy in H*(R) (here we also used that (92 — iw)~!: L?(R) — H?(R)), and passing to
the limit k — +oo in the above equation yields

uw=(Id+B) (8 —iw)! (v —iwu),
and thus Lu = v. [ |

Definition 3.12. The operator L is said to be exponentially asymptotic if the coefficients ag and ay
are smooth, real-valued functions that are asymptotically constant, that is, there exists v > 0 such that

i vzl g (2) — a¥F| = =
Igrﬂlzlooe laj(z) —a;[=0, j=0,1.

Definition 3.13. For an exponentially asymptotic operator L, we define its asymptotic operator Loo as
Lo =02+ a°(2)0; + ai (x), (3.3)

where the coefficients aj° are piecewise constant functions obtained by replacing a; with its limiting value
on each half-line. Specifically, we define a3° by

We would like to characterize those values A € C for which the nonhomogeneous problem

(Loo —A)p = f, (3.4)

fails to be boundedly invertible from L?(R) into H?(R). We will proceed into two steps.

Step #1: We construct solutions p which may not lie in H?(R), by rewriting the spectral problem as an
initial value problem for a first-order system of ODEs, and we anticipe that the solutions will generically
grow exponentially as x — 4o0.

Step #2: We determine in terms of A and the coefficients a3 if there exists a choice of initial data for
which the corresponding solution p decays exponentially a  — o0, yielding p € H?(R).

We introduce Y = (p,d,p)’ and F = (0, f)T, so that p solves (3.4) if and only if Y solves the first order
System
0Y = Ao (z, \)Y + F, (3.5)

where the matrix As(x,\) € #>(C) is piecewise constant in x, and is defined via the two asymptotic

AN, z<0 B 0 1
Aco(,A) _{ Ar(N), >0, A+ = (A—a§ —af>.

matrices
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3.2.1 Non hyperbolic asymptotic matrices.

Non hyperbolic asymptotic matrices always produces essential spectrum. We have the following result
which is a generalization of our example on the Laplacian 92.

Lemma 3.14. Fixz A € C. If either of the asymptotic matrices Ax(\) is not hyperbolic, then the range
of the operator \ld — Lo : H*(R) C L*(R) — L?(R) is not closed, and the operator is not Fredholm. In
particular X\ € 0ess(Loo)-

Proof. The idea is to construct approximate eigenvalues for each A € C such that either of the asymptotic
matrices Ay () is not hyperbolic. To simplify the presentation, we only consider the case where the
asymptotic matrices are equal: Ag(\) = A4 (\). The fact that Ag(\) is not hyperbolic is equivalent to the

fact that (), () the two eigenvalues of Ag()\) belong to iR. As a consequence u(z, \) = e#N)? is not in
L?(R). We can then use mollifiers and set

e g2 ‘
uj(z,\) = cje"o‘)xe G €5 = 0as j — +o0,

with the constant ¢; > 0 chosen such that ||u;(-, /\)||L2(R) =1, that is ¢; = y/¢;/m. With such a definition
for (u;)j>0 we that u; € H*(R) and

(Loo — Nuj(z, N) = —4ejui(z, N) + 46?1’2u]‘(.%', A) — 2af%€jxuj(z, ),
and it is then a simple computation to check that
[(Loo — A)ujHLQ(]R) — 0 as j = +oc.
This concludes that (u;);>0 is a sequence of approximate eigenvalue and thus that rg(L. — AId) is not

closed, which in turn implies that Lo, — Ald is not Fredholm and A € gegs(Loo)- ]

3.2.2 Hyperbolic asymptotic matrices.

We first show that if the asymptotic matrices are hyperbolic, then the asymptotic operator Lo — A is
Fredholm. In fact, our construction will allow to explicitly characterize the Fredholm index in terms of the
dimensions of the unstable subspaces of A1 (\). We will need some notations. When A4 () are hyperbolic,
their stable and unstable eigenspaces yield the decomposition

C’=E; oE, =E!f 0 E},
with corresponding 7r§'fu spectral projections. We recall the following properties
o forall Y € C?, we have Y = 7fY + 7Y, and if Y € Ef, then 7f,Y =V
e for all Y € C?, we have eAi(A)stqu = ﬂ;'queAi(A)xY;
e there are constants C, « > 0 such that
HeAiW%rgyu < Ce Y|,z < 0; HeAiW%;tYu <Ce Y|, >0

HeAM%;tYu > Ce |[Y|,z < 0; HeAiW%gyu >Cet Y|, x> 0.
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The above bounds imply that eA+(M)*Y decays exponentially fast in norm as z — —oc only if Y € Ef, and
grows exponentially fast otherwise. Similarly, eA+(M)?Y" decays exponentially fast in norm as z — +oco only
if Y € EF

5, and grows exponentially fast otherwise. This exponential dichotomy drives the following

analysis.

Strategy: For any given F € L?(R)? (each component is in L?(R)), and for every initial condition Yy the
system (3.5) has a unique solution defined on R. The question is, does there exist any initial condition
for which the corresponding solution decays in norm as * — +oo? Furthermore, is that initial condition
unique? Since the choice of the initial condition allows 2 degrees of freedom, we expect the existence and
uniqueness will result when the decay condition imposes 2 linearly independent constraints. To characterize
these constraints, we start with an arbitrary Yy € C2, and solve the inhomogeneous system (3.5) for z < 0.
We get N
Y(z) = A=Wy —I—/ eA*(/\)(x_y)F(y)dy.
0

Using the projections 7, we may rewrite the above equation as

x T

Y(x) = eA*(’\)“;W;YO + eA*(’\)””ﬂS_YO + / eA*()‘)(z_y)W;F(y)dy + / eA*(’\)(x_y)WS_F(y)dy.
0 0

It is also more convenient to change the lower limit of integration on the inhomogeneous term with the

stable projection, pushing it back to —oco. In this case, we have

0 T

ANy + [ ARy,

—0o0

Y(z)= eA‘()‘)Iﬂ;YO_ + GA_(/\)xﬂ';Yb_ - /

x

where we have introduced the vector
0
Vi =Yo- [ et Omp()ay
—o0

Introducing the Green’s matrix function for the ODE system A_(\)

—eA-Wzr= 2 <0,

G_(z,\) = { eAf(/\)l’Ws—jL x> 0,

we can write
Y(z) = eAf(A)%T;yO* + eA*()‘)xﬂ'S_Y(; +(G_*xF_)(x), =<0,

where

F_ (@) = { Fz). 2 <0,

0, x> 0.

As F is assumed to be in L?(R)?, we see that G_ * F_ is bounded in L(R) for all ¢ € [2,+occ]. Since

A_(N)

the term e T, Y, grows exponentially in nom as x — —oo, and eA*()‘)"”mj Y, decays exponentially

in nom as x — —oo, we see that
Y e IR <Y, €E,.

A similar analysis for > 0 leads to an expression of the solution as

Y(x) = e’h(’\)xwij(fL + «f,’A+(’\)I7TjY()Jr + (G4 *#Fp)(x), >0,
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with corresponding definitions for Y0+, G and F, from which we conclude that
Y € L*(Ry)? <= Y, € Ef.
As a consequence, the composite function

Y (z) = eA-N2ym 1 (G« F_)(z), 2 <0,
ATy 4 (G« Fy)(x), 2 >0,

solves (3.5) on the disjoint intervals (—oo,0) and (0,400) and decays exponentially in norm as x — +oo
if and only if both Y;~ € E;, and Y,;" € Ef. However, the solution Y solves (3.5) on the whole line if and
only if it is continuous at x = 0, that is if and only of Y(0") = Y (07). This continuity condition can be
expressed as

Vi - Yy = (Gy + By — G+ F)(0) = G(f), (3.6)

subject to the constraints Y; € E; and Y;” € Ef. For a fixed f € L?(R) the term G(f) € C is a known
vector. Setting
n, =dimE; and n} = dimE],

and (yf,---,y"_) denote a basis of E,; and (yi,---,’;) denote a basis of E}. Forming the matrix

M(\) = (?ffa"' RTLEYY S ’yii) , (3.7)
the system (3.6) can be written in terms of some Y € Crutns as
MY =G(f).

If the matrix M()) is square, that is n; +nJ = 2, and invertible, that is det M[(\) # 0 then there exists
a unique solution to (3.6), and in this case

IY11 < COV Il 2y
such that the composite function Y (x) found previously satisfies
IVl L2 @ye < Co) £l L2y -

for some constant Cy(\) > 0. Returning to the original variable p, the continuity condition makes both p
and J,p continuous at x = 0, and the above estimate translates to

1Pl r2®y < CoN) [ f1l 22wy »

which is precisely the invertibility of Lo, — A.

The invertibility of the matrix M()) is equivalent to the following two conditions
dimE, +dimE =2, dim[E, NE!f] =0,

which can be stated as
E, ©Ef =C%

Results. So far, we have almost proved the following lemma.
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Lemma 3.15. Fiz A € C. If the asymptotic matrices Ax(\) are hyperbolic, then rg(Loo — A) is closed.
Furthermore,

dim [ker(Lo — A)] = dim [ker(M()))], codim [rg(Loc — A)] = codim [rg(M(A))]
where the matriz M(X) is the matriz defined in (3.7). Moreover, Loo — X is Fredholm with index
ind(Loo — A) =ny, (\) +nl(\) — 2,

where nE,(\) = dim [EZ,(N)] are the dimensions of the stable and unstable subspaces of Ax(X).

S, U

Proof. = We have that f € rg(L£o — A) if and only if G(f) € rg(M(A)). Since rg(M(A)) is closed
and f — G(f) is continuous in L?(R), it follows that rg(Lo — A) is closed. It is also clear that each
p € ker(Lo — A) is in one-to-one correspondance with an Y € ker M(X). To demonstrate the equality of
the codimensions, we consider only the case codim [rg(M()))] = 1, in which case ker(M*(\)) = span(w)
for some vector with ||w| = 1. We know that G(f) € rg(M())) if and only if w L G(f). Let £ € L*(R) be
any function that satisfies G(§) = w. The codimension one projection onto rg(Le — A) is then given by

Toof = [ — <w7g(f)>§

Every f € L*(R) can be decomposed as f = 7o f + B¢ where 3 := (w,G(f)) € C. Since T € 18(Loo — )
we have the decomposition
L*(R) = rg(Lo — A) @ span(w),

which is precisely the meaning of codim [rg(Loc — )] = 1 = codim [rg(M()))]. [ ]

Definition 3.16. The Morse index of a constant matriz A, denoted by i(A), is the dimension of the
unstable subspace associated to A:

i(A) = dim E, (A).

Combining the previous two lemmas, we have the following complete characterization.

Proposition 3.17. For A € C, the asymptotic operator Loo — A is Fredholm if and only if the asymptotic
matrices Ay () are hyperbolic. The resolvent set of Lo is comprised precisely of those A € C for which
Loo — X is Fredholm and C? = E; (A\) @ Ef (\), where EE, (\) are the stable and unstable eigenspaces of the
asymptotic matrices. Moreover, for X\ in the resolvent set there exists C' = C(\) > 0 such that

H(‘COO — A)_lHHQ(R) < C()\) Hf”LQ(]R) :

For those \ € C for which the operator is Fredholm, the Fredholm index equals the difference of the Morse
indices of the asymptotic matrices ix(A) :=i(AL(N))

ind(Loo — ) =i-(A) —ip(N).
In particular, we can characterize the essential spectrum of Lo, as

O'ess(ﬁoo) - {)‘ eC ’ i—(/\) a i+()‘)} U {)‘ eC ‘ dimEc(A:l:()‘)) # 0} :
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3.2.3 Essential spectrum of exponentially asymptotic operators

We have the following theorem which tells us that the information on the essential spectrum of an expo-
nentially asymptotic operator is completely contained in its asymptotic operator.

Theorem 3.6. Assume that the operator given (3.2) is exponentially asymptotic with H'(R) coefficients.
Then L is a relatively compact perturbation of the asymptotic operator Loy given in (3.3). In particular,

ess(£) ={A € C[1-(A) # i1 (A)}U{A € C | dimE.(A+(N)) # 0}
Moreover, for each A # 0ess(L), either dim(ker(L — X)) # 0 or there exists C' > 0 such that

H(£ - A)_lfHHQ(R) < C HfHLQ(R) :

Proof. = We only consider the case where the coefficients ag1(x) are constants except on a common
compact interval I C R. We fix A € p(Ls) so that (Lo — A)7!: L2(R) — H%(R) is continuous. We can
view Lo, — L as a piecewise map from H2(R) into H'(R;) and H!(R_) such that the composite map

(Loo — L) (Loo — N1 LAR) - HY(R,) @ HY(R)
is continuous. Since the coeflicients of £ are constant off I C R, we have
(Loo — L) (Loo — N1 LAR) = HY(I,) @ HY(I.)

with I = I N (0,400) and I_ = I N (—00,0). In particular the map takes bounded sets into bounded
sets. As bounded sets in H!(I) are equicontinuous and I are compact, we deduce from the arzela-Ascoli
theorem that the operator (Lo — £)(Loo — A)~! maps bounded sets of L?(R) into precompact sets, and
hence is compact. The Weyl essential spectrum theorem ensures that gess(£) = 0ess(Loo) and the first part
of the theorem is proved. The final statement of the theorem follows from the Fredholm alternative. [ |

3.2.4 Boundaries of the essential spectrum: Fredholm borders

Now that the essential spectrum of an exponentially asymptotic operator has been completely characterized,
we wish to study its boundary. The boundary of the essential spectrum is precisely described by those
values of A\ for which the asymptotic matrices lose their hyperbolicity: that is when a matrix eigenvalue
becomes purely imaginary. The matrix eigenvalues uy(\) are the zeros of the characteristic polynomials
of Ar(M\):

de(p, A) := det(Ax(\) — plo) = p? + afp+ ag — .

The Fredholm border(s), denoted o (L) are those curves in the complex A-plane for which there exists a

purely imaginary matrix eigenvalue, that is
or(L) ={AeC|de(il,\) =0, some ¢ € R}.

In other words, the Fredholm boorder(s) can be conveniently parametrized by the real-valued parameter
¢,
Ae(0) =~ +iafl+af, (R,
and thus
op(L) = {-0 +iafl+a7 | L€ R}.
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Oess(L) /
N\ A

Figure 3.1: Illustration of the spectrum of L = 0% + f'(u«(x)) around a stationary pulse solutions u..

Theorem 3.7. Fix an exponentially asymptotic operator L as in (3.2) and let op(L) denote its Fredholm
borders. There exists a finite number N of open, disjoint, connected sets S; C C such that

N
C\or(L) = J S;.
j=1

For each j the Fredholm index of L — X is independent of X € Sj. Each set is either entirely within oess(L)
or is contained with op (L)Up(L). If the asymptotic matrices are equal A_(\) = A4 (N), then the Fredholm

borders coincide and comprise the entire essential spectrum ess(L) = op(L).

We denote by o (L) the two solutions curves At (¢) which are oriented curves in the complex plane and
parametrized by ¢ € R, with the orientation coinciding with the direction of increasing ¢. As A crosses a
Fredholm border separating a domain S; from a domain Sy, the Fredholm operator £ — A may change.
Indeed, it can be shown that ind(L£ — A):

e increases by one upon crossing the curve op(£L4) from right to left with respect to its orientation;

e decreases by one upon crossing the curve op(£_) from right to left with respect to its orientation.

3.2.5 Application to pulses and fronts of reaction-diffusion equation

We continue our study of the scalar reaction-diffusion equation

O = 02u + f(u).
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Example #1: pulses. We have already established the existence (and uniqueness up to translation) of
stationary pulse solutions u, satisfying

0=u! + f(uy), and lirf ey, (z) =0,

T—r 00

for some 1 > 0, and when f(u) is bistable with fol f(u)du > 0. We have characterized the point spectrum
of the associated linearized operator

L=+ f(u(z)),

and demonstrated that A = 0 is an eigenvalue with corresponding eigenvector u, that vanishes once on the
real line, so that Sturm-Liouville theory implied the existence of A\g > 0 in the point spectrum of L. Lets us
continue the characterization of o(L£) by investigating its essential spectrum. First, £ is an exponentially
asymptotic operator with asymptotic operator

Lo =02+ f(0).

As a consequence, the essential spectrum is given by its Fredholm border parametrized by A(¢) = —¢2 +
17(0). As a consequence, oess(L) is the half line (—oo, f/(0)], with f/(0) < 0 by definition of bistability of
f. To be exhaustive, the matrix eigenvalues are

n(A) = £VA = f(0),

and the Morse index is ip(A) = 1 for all A € C\(—o0, f/(0)].

Example #2: traveling fronts. We have already established the existence (and uniqueness up to
translation) of traveling front solutions (utw, ¢x) satisfying

0 = uy + Celitw + f(Utw), Utw(—00) =1,  ugy(+00) =0 and lim e"'z‘ufcw(:v) =0,
r—rFoo

for some 7 > 0, and when f(u) is bistable. We have characterized the point spectrum of the associated

linearized operator
L=0%4 c.0p + f'(uiw(x)),

and demonstrated that A = 0 is an eigenvalue with corresponding eigenvector u, < 0, so that by Sturm-
Liouville theory all remaining point spectrum lies within the interval (b,0) where

b = max {f’(O), f’(l)} .

Lets us continue the characterization of o(L£) by investigating its essential spectrum. First, £ is an expo-
nentially asymptotic operator with asymptotic operator

Loo =02+ c0p +aF, ay = f'(1) and af = f(0).
The Fredholm borders are given by the two curves
op(L) = {0 +icl+ f'(1) | € eR}, op(Ly)={-L+icl+ f'(0) ] LR},

Without loss of generality, let us assume that f/(0) < f’(1) <0, then op (L) will be to the left of op(L_).
The complex plane is thus divided into three regions denoted Si 23, with S; the region to the right of
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or(Ly) Oess(L) 000 (L)

£(0) () / |

Ss3 Sa S1
or (,C_)

Figure 3.2: Illustration of the spectrum of L = 0% + .0, + f'(uw (7)) around a traveling front solution Uy, .

or(L_), Sy the region in between the two curves, and Sz to the left of op (L4 ). The very first to remark
is that for A € p(L) for R(N) very large, such that (L, +o00) C S; N p(L) for some L > 0 large enough. As
a consequence, £ — A has Fredholm index 0 on S;. Then the Fredholm index of £ — A is —1 in S9 and 0
in S3. As a consequence, we have

Oess(L) = SaUorp(L)Uop(Ly) = Sa.
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Chapter 4

Linear stability in infinite dimension

Let £L:Y C X — X be a closed linear operator with dense domain D(L£) = ), with X, ) two Banach
spaces. In the previous chapter, we have defined and characterized the spectrum of the operator £. We
now consider the following Cauchy problem

{ dpu(t,x) = Lu(t,x), t>0, zeR, (4.1)

u(0,z) = up(x), xz € R.

We wish to identify the relationship between the spectrum of £ and the dynamics of (4.1). The impact of
point spectrum is relatively easy to understand. Let Ao € ot (£) and ¢y € Y be an associated eigenvector.
Then u(t,z) = eM'y(x) is a solution to (4.1) with initial condition ug = /9. Noting that ully =
eR0) || o | y» we have the following characterization

e R()\g) > 0 implies the existence of exponentially growing solutions;

e R(\g) < 0 implies the existence of exponentially decaying solutions;

e R(\o) = 0 implies the existence of bounded, nondecaying solutions.

Moreover, if Ao is not algebraically simple, then R(\g) = 0 may imply the existence of solutions that grow
polynomial in time. The impact of essential spectrum is more subtle. To motivate our approach, let us
consider that the operator £ has constant coefficients and is given by

L=02+a10, +ap: HX(R) — L*(R).

For an initial condition of the form ug(z) = €** (which does not belong to D(L)), the solution to (4.1) is
given by
u(t,x) _ eA(é)szriZa:7

where A\(¢) = —¢? +ia1f + ag. Such A(¢) form the Fredholm border, ox(£), which comprises the rightmost
boundary of the essential spectrum oceg(L) of £. While such solutions generically do not belong to Y =
H?(R) (since they are not localized in space), it is clear that R(\(£)) > 0 (< 0) implies the existence of
exponentially growing (decaying) solutions in L>°(R), whereas R(A(¢)) = 0 gives the existence of solutions
that are temporally bounded in L*°(R) but that do not decay in time. In particular if the Fredholm
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boundary lies uniformly in the left-half plane (i.e. ag < 0), then so does the essential spectrum, and all

O)t+ilz

solutions of the form e decay exponentially in time.

We may also test the impact of 0ess(£) on initial conditions in L?(R) by using the Fourier transform.
System (4.1) becomes
owu(t, 0) = AX(0)u(t,£), u(0,¢) =up(¥),

from which we get that
u(t, 0) = MOy (0).

And if op(L) C {X | R(N) < —a < 0}, for some a > 0, then we get
[a(t, 0)] = e[ ()],
and with Plancherel’s theorem, we can conclude that
lull o) < € lluoll 2y -

How to proceed when the coefficients of £ are not constant? The idea is to use Laplace transform. We
define

u(A) = /0+Oo e Mu(t)dt,
for R(\) large enough for the above integral to be convergent. We apply the Laplace transform to (4.1)
M\, z) — up(z) = Lu(\, x),
that we can rewrite
(AId — L)u(\, z) = up(x).

As a consequence, for all A € p(L), we can invert the above equality to get

(N z) = (NId — £) " P ug(z).
————
:=R(\,L)
Finally, we can inverse the Laplace transform by choosing a contour I', that is a positively oriented curve
that approaches co at either end, and that lies to the right of o(L£), and obtain

u(t,x) = Se(t) - uo(x)

where we have set

Selt) = — / MR\, £)dA. (4.2)
I

"~ 2ri

Most of the time, the operator S, (t) is denoted e, but the notation is slightly confusing and we shall
avoid it in these lectures. The resolvent operator R(A, L) is an analytic function of A € p(L), so that
the contour I' can be continuously deformed without affecting the value of the integral, so long as the
deformation does not push I' across any spectrum of L.
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4.1 Semigroup theory

The above construction makes Sg(¢) what is called a semigroup, that is
Sc(0)=1d, Sg(t+s)=38,(t)Sc(s) for all t,s > 0.
Actually, we will need a stronger notion of semigroup that we now define.

Definition 4.1 (Strongly continuous semigroup). A family of bounded operators S(t) € L (X), t > 0, on
a Banach space is called a strongly continuous semigroup or €° semigroup if

e S(0) =1d;
o S(t+s)=S5(t)S(s) forallt,s >0;
o |St)u—uly —0ast— 0" forallueX.
The term strongly continuous is used because this type of continuity is exactly continuity with respect to

the strong operator topology. It is weaker than requiring continuity with respect to the uniform topology,
which would require

I15(t) = S@l = sup [|S(Er)u — SE)ully — 0, as tx — ¢,

l[ull x=1
for any t > 0.

Lemma 4.2. Let S(t) be a €° semigroup, then there exists n > 0 and M > 1 such that

IS < de™.

Proof. The strong continuity of a semigroup S(¢) implies that there exists 6 > 0 and M > 1 such that
S| < M for all 0 < ¢ <§. Then for any ¢ > 0, write t = s 4 dn for s € [0, d], then we have

IS@II = 1S (s + on)ll = [1S(5)S(8) - SO < [IS() NS @)I" < M = Men'oe M < pe™,
for 1 := (log M')/d, and this holds for all ¢t > 0. |

Definition 4.3. The generator L of a strongly continuous semigroup S(t) on a Banach space is the
operator defined by
S(h)u —
Lu = lim 7( Ju u,
h—0+ h

and the domain D(L) of L is precisely all u € X for which the above limit exists, that is

S(h)u —

D(L) = {u e X | lim L exists in X}.
h—0+

We give the following result whose proof is let as an exercise.

Lemma 4.4. If L is the generator of a €° semigroup S(t) then D(L) the domain of L is denses in X and
L is a closed linear operator.
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If S(t) is a strongly continuous semigroup with generator £, then S(t)uy is the unique classical solution of
the Cauchy problem (4.1) with ug € D(£). And from our estimate

IS < Me™,

we see that the solution cannot blow up in finite time. Conversely, when solving the Cauchy problem (4.1),
one would like to know under what conditions the operator £ is the generator of a strongly continuous
semigroup. We have the following characterization (see Theorem 5.3 of Pazy [6]).

Theorem 4.1. A linear operator L is the infinitesimal generator of a €° semigroup S(t) satisfying
IS < Me™ if and only if

(i) L is closed and D(L) is closed in X ;

(ii) the resolvent set p(L) of L contains the ray |n,+oo| and
M
(A=n)™’

We conclude this section with an important sufficient condition for an operator £ to be the infinitesimal

IR, L) < forA>m, n=12...

generator of a € semigroup.

Theorem 4.2. Let L be a densely defined operator in X satisfying the following conditions:

(1) for some 0 < 6 < /2, the sector X5 = {\ € C | |argA\| < w/2+ 6} \ {0} is contained in the resolvent
set p(C);

(ii) there exists a constant M > 0 such that

M
|HR(A7£)‘” < W7 fO?" S 25-

Then L is the infinitesimal generator of a €° semigroup which is given by

1
S(t) = / MR\ L)X, >0,
r

© 2ni

where T is a smooth curve in X5 running from ooe Y to ocel? for m/2 < 6 < 1/2 4 6.

Such operators £ are called sectorial and generate analytic semigroups (see [6]).

Example: Let us show that £ = 92 on X = L?(R) satisfies the conditions of the above theorem. First,
we recall that o(L£) =] — 00, 0] which certainly lies in a sector. As a consequence, we just need to obtain

the bound on the resolvent. By solving the equation (A — 82)u = v using the variation of parameters, one

finds that 1

u(z) = /RG/\(x —yv(y)dy, Gi(z) = W <H(z)e’ﬁz + H(—z)eﬁz) .

Therefore, the above integral is a convolution: u = G * v. We find that ||u||L2(R) <C HG,\HLl(R) ||vHL2<R)

for some constant C' > 0. If we take 0 < § < 7/2, then for all A € X5 we have R(v/A) > 0. Hence, if
A =relf,
1 1 M

1
G < /6_%(\5‘)|Zdz: < — < .
1Sl < 5077 RN = N eos(@72) = T
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We are going to show that the Laplacian being sectorial will in turn imply that
L =%+ a1(x)0y + ao(z) : H*(R) — L*(R),

is also sectorial provided that aj o(z) are exponentially asymptotic and smooth enough (H!(R)). For that
we will consider £ as a perturbation of 92.

Theorem 4.3. Let A be the infinitesimal generator of an analytic semigroup. Let B be a closed linear
operator satisfying D(A) C D(B) and

1Bully < aflAufy +bllully, ueDA).

There exists a positive number § > 0 such that if 0 < a < § then A+ B is the infinitesimal generator of an
analytic semigroup.

We apply the above theorem to £ = A + B with > = A. First, as ap € H'(R) and exponentially
asymptotic, it is bounded and thus

laoul| 2 gy < C'llull 2 g -
Finally, we have that
~ 1 €
Jocullamy = [ 10PEOPA < \ellagey108ulzage) < 3 lolzsgey + 5 1020l sy

We conclude that

eC c
||a18zu + a()U” < 7 HaguHLz(R) + ? Hu||L2(R) )

and the theorem applies.

4.2 Spectral mapping theorem

Let S(t) be a € semigroup on a Banach space X and let £ be its infinitesimal generator. In this section,
we will be interested in the relations between the spectrum of £ and the spectrum of each one of the
operators S(t) for ¢ > 0. From a purely formal point of view (it is true in finite dimensions), one would
expect the relation

a(S()\ {0} = eto€) .= {et’\ BYE a(ﬁ)} : (4.3)

This however not true in general. It turns out that one inclusion is always satisfied as is stated in the
following lemma (see Theorem 2.3 [6]).

Lemma 4.5. Let S(t) be a €° semigroup on a Banach space X and let L be its infinitesimal generator.
Then,
"B c o(S(t), t>0.

Definition 4.6. Let £ : D(L) C X — X be a closed operator. We call the spectral bound of L the
following quantity:
s(L) :==sup{R(\) | A€ a(L)}.

For the generator L of a €° semigroup S(t), we define the growth bound as

no :=inf {n € R | there ewists My > 1 such that ||S(t)|| < Mye™ for all t >0} .
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For a ¢ semigroup S(t) on a Banach space X’ and its infinitesimal generator £, one always has the relation
—00 < s(L) < mp < +o0.

We have the following key result (see [2] Corollary 3.12).

Theorem 4.4 (Spectral mapping theorem). For sectorial operators L generating analytic semigroup S(t),
one has

(SN0} = ") i= {e* [ A ea(£)},

and the spectral bound equals the growth bound:

S(ﬁ) =10-

4.3 Applications to traveling fronts of reaction-diffusion equations

Let us consider our running example of traveling fronts for the reaction-diffusion equation
O = %+ f(u),

with f(u) bistable under the conditions (1.11). So far, we have proved the following results regarding the
linearization around a traveling front solution (uty, c«):

L =0, + cx0y + [ (uw(y)),

L: H*(R) — L?*(R) is a closed linear operator;

L is exponentially asymptotic with some rate v > 0;

Tess(L) C TA € C | RN < b} with b = max {f(0), f'(1)};

A = 0 is a simple isolated eigenvalue with corresponding eigenvector ui,, i.e. & := kerL =
span {uy, }, all remaining point spectrum (which is finite) lies within the interval (b,0);

e [ is a sectorial operator and thus generates an analytic semigroup.

We define the spectral projection Py onto & via the Dunford integral formula

1
= — R(\, L)dA
7)0 2 To (7)

where ['g is a positively oriented, simple, closed curve that encircles A = 0 in C. We recall that it is the
unique bounded operator that enjoys the following properties

1. Py: X — &, with 77()|£0 =1Id;
2. P2 = PyPo = Po;
3. PoL = LPp:
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4. if Py, is another spectral projection associated to a point eigenvalue A\; # 0, then PoPy, = Py, Po = 0.
We can define the complementary spectral projection Iy := Id — Py which satisfies
o : X — (€)%, & =span {e“Yuy |,
and enjoys the properties

kerIly = &, Lly=1IL, o <H0£|(53)L> =o(L)\{0}.

Then, we can chose w > 0 so that all the point spectrum of £ (except for the simple eigenvalue at A = 0)
lies to the left of the contour I' = {R(A\) = —w}. Finally, we can apply the spectral mapping theorem to
LIy and we deduce that there exists a constant C' > 0 such that

IS () ol| < Ce™*,  t>0.

As a consequence, the traveling front solution (ugw, ¢«) is linearly asymptotically stable with respect to the
projection Ily. It is also not difficult to see that one has

1Se (O oul| g1 gy < Ce™ |ull grwy, 20,

for all u € HY(R).

4.4 Nonlinear asymptotic stability of traveling fronts of reaction-diffusion

equations

We are now in position to prove one of the main theorem of these lectures. Let us consider the reaction-

diffusion equation
ou=0%u+ f(u), t>0, z€R, (4.4)

and let us introduce the change of coordinate y = x — ¢,t such that the above equation transforms to
Ou = Ogu +c0yu+ f(u), t>0, yekR. (4.5)
Upon denoting by £ the linearization around a traveling front solution (uty, cx), we write
Ov=Lv+N((v), t>0, yeR,

where
L=0]+c0y+ fluw(y), N(©®) = fluew +v) — Lo,
that is we have set © = Uy + 0.

We assume that £ has dense domain Z = H?(R) C X = L%*(R), and we denote ) = H'(R).

Note that here f(u) is a bistable nonlinearity satisfying (1.11). We further assume the following conditions
for f.

Hypothesis 4.7. Let f be a bistable nonlinearity satisfying (1.11). We suppose that:
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(i) Dyf is locally Lipschitz on bounded sets, that is, for each R > 0 there exists M > 0 such that
[(Duf(u) = Duf(v))wlly < M flu—vly llwlly;
(i) the nonlinearity N is quadratic in ||-||5, near zero, that is there ewists R, M >0 such that
IV (@)l < Mlolf3,
for all [|vly, < R.

The translation invariance of the reaction-diffusion (4.4) causes some difficulties. Indeed, there exists a
one-dimensional manifold of traveling front solution of (4.5)

Mo = {7y uw | v € R},

where (v-u)(y) = u(y + ) for all y € R. As a consequence, we cannot expect ugy, to be asymptotically
stable when it is part of a manifold equilibria. The more reasonable expectation is that the manifold itself
is stable under the flow. This approach, which leads to the idea of orbital stability, requires to introduce
a better suited system of perturbations. More specifically, we have assumed that each solution can be
decomposed as

U = Uty + V.

In fact, for any v € Y sufficiently small, we can uniquely write the sum uy, + v as a point on My and a
normal vector. That is
U= Uy + V=7 Uw +w, Pow=0,

where Py is the spectral projection onto ker(£®) and the orthogonal projection onto the tangent space of
the manifold Mg at uty.

Lemma 4.8. There exists § > 0 and smooth functions (y,w) : Y — Rx Y satisfying v(0) = 0 and w(0) =0
such that for all ¢ € Mo and all ||v]ly, <9

¢+v="() ¢+w),

where w(v) € (ker(L£L))*.

Proof. Using a Taylor expansion and the regularity of wyy,
V¢ =0+79,0+T(v,9),
with [|T'(y,¢)|ly, < Cly]? since ¢ € My is uniformly bounded in H?*(R). As a consequence, we get that
w=v—70y¢—T(y,9).
The constraint Pow = 0 is equivalent to the equation
0=yg(y,v) := (v,9") =10y, ¥*) = (T'(7,9),9"),
where ¢® is such that ker(L£*) = span(¢*). We have that
0=9(0,0), and 9,9(0,0) = —(0y9, ") # 0,

such that the implicit function theorem gives the existence of a neighborhood of (0, 0) and a unique function
~(v) such that g(y(v),v) = 0. The dependence of w on v then immediately follows. ]
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Definition 4.9. For the flow generated by (4.4) we say that the manifold My of equilibria is asymp-
totically orbitally stable in |||y, with exponential rate o > 0 if there exists C,d > 0 such that
lluo — o - utw”y < § for some g € R implies there exists unique Yoo = Yoo(uo) such that

[u(t) = Yoo 'UtWHy < Ceigt”uo_’}’O‘uthy, t>0.

Theorem 4.5. Consider the reaction-diffusion equation (4.5) with bistable nonlinearity verifying Hypothe-
sis 4.7. Then, the manifold Mg of equilibria is asymptotically orbitally stable in H*(R) with rate 0 < o < w.

Proof. Let ugp € H'(R) be such that ||up — gy || g1 (r) is sufficiently small. The flow is locally well-posed
in ) = H'(R), that is there exists T' = T'(||uolly)) > 0 for which there exists a unique solution u(t) € Y for
t € [0,T) of the Cauchy problem associated to (4.5) with u(0) = ug. Assuming that u(¢) the solution of
(4.5) stays close to ugy for all times in ¢ € [0,7"), we can use the previous lemma to write

Here, without loss of generality, we assume that v(0) = 0. Plugging this ansatz into (4.5), we obtain that

Orw + ((t) - up 1))V (8) = Lw + f (7 uew + w) = Lyw + (Ly = L)w,
=N (v,w)

where L w = Dy, f(7v - uw). With our assumptions, we have that
||(£7 - £)WHH1(R) < Chyl HwHHl(R) and ”f(’Y Ut + W) — [’VwHHl(R) <M Hw”%l(ﬂ{)
for [y| and [[wl| g1 gy small enough. Furthermore, we can write
V() Uty (¥) = Ut (y) +7(7), With [I7(3)]| gy < Chyl-
As a consequence, equation (4.5) can be written as
Ow + (uéw(y) + T(’}/)) Y (t) = Lw+ N(y,w), 0=Pyw, (4.6)

with
I = O, IV G0l = © (W ol + ol )

By construction, w € (£$)* for all t € [0,T) which is equivalent to (w, %) = 0. Here, we will assume that
Y?® € £ is normalized such that

(U, ") = 1.
We can then take the inner product of the above equation (4.6) to obtain

(L4 (7(7), )Y () = n(y, w) :== (N (7, w),9).

Then, for small enough -, one gets

70 = 1 = O (1 Hollsgey + ol ) (17)
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Similarly, using the complementary projection Iy, we get
Opw + (o7 (7)) 7' (t) = Lw + TN (v, w),

which we rewrites
Ohw = Lw + Ny (v, w),

where the nonlinearity
Ni(y,w) = TN (7, w) — (o7 (7)) 7'(t)
satisfies the estimate
IV G0l gy = © (W iy + el ey) -

We fix 0 € (0,w) and introduce

My(t) = sup (7 (o)) My(t) = sup |y(s)].
0<s<t 0<s<t

Using the variation of constant formula to (4.8) we obtain the solution

w(t) = Se(t)wo + /0 St — s)Ny(y(s), w(s))ds.

We use our result on the exponential decay of the semigroup Sr(t) to get

t
IWWMMMSCf”Wﬂmm+CAGWWQMMW%w®HmmN&

which gives

Ol ey < e ool + € [ € (1 oy + (60 o)
As a consequence, we get

0l ey < e ool + € [ (e (M (1) + 201, 1) s
Thus for 0 € (w/2,w), we get

0 (®) 112y < € (€77 woll gy + €7 My ()M () + €27 M (1)?)

such that
M (t) < C (Jlwoll g1y + My () Ma (1) + M ()?)

Similarly, we obtain
My(t) < Oy (My(£)My(t) + My (t)?) .

Now assume that |wo ;1 gy and 7' > 0 are such that M,(t) < 1/(2Cy) for all t € [0,T). We get that

M, (t) < =M,/ () + C1 My (t)2,

N |
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which gives
M, (t) < 2C1 My, ()%, t€0,T).

With this bound we get

My () < Co (lwoll s gy + M (8% + M) . Co> 1.

By continuity of My (t) in ¢ and the fact that My (0) = |lwol| g1 (r) can be chosen as small as we want, and
in particular smaller than the first positive root r; > 0 of the polynomial

p(r) = Ca wol g z) — 7 + Cor? + Cor?,

it follows that
My(t) < 1= O(llwoll g1 (gy), t€[0,T).

As a consequence if [|wol| 1 gy is sufficiently small such that 1 <1/(2C1), we can extend this process and
get that T'= +o00. This gives that

”w(t)HHl R) < 0367015 HwOHHl(R) , t>0.
(

Returning to (4.7) and integrating between ¢; < ty we have

(1) = 7(t2)] < Cae™" Jwolzp gy -

This shows that the sequence (y(t))s>0 is Cauchy, and thus converges at an exponential rate to a limit yu.
|
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Chapter 5

Center manifold theorems in infinite
dimensions

Throughout this chapter, we will consider three Banach spaces with continuous embeddings
ZoY =X,
and differential equation in X of the form
Ou = Lu~+ R(u), (5.1)
in which we assume the linear part £ and the nonlinear part R are such that the following holds.

Hypothesis 5.1 (Structure & Regularity). We assume that £ and R in (5.1) have the following properties:
(1) Le L(Z,X);
(ii) for some k > 2, there exists a neighborhood V C Z of 0 such that R € €%(V,Y) and
R(0) =0, D,R(0)=0.
The condition R(0) = 0 means that u = 0 is a solution of (5.1), and the requirement D, R(0) = 0 ensures

that £ is the linearization of the vector field about w = 0, so that R represents the nonlinear terms which
2
are O(||ul|z).

Definition 5.2. A solution of the differential equation (5.1) is a function u : I — Z defined on an interval
I C R with the following properties:

1. the map u: I — Z is continuous;
2. the map u: I — X is continuously differentiable;

3. the equation (5.1) holds in X for allt € I.

Besides the fact that £ is a bounded linear operator from Z to X, we make two further assumptions

regarding its spectrum.
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Hypothesis 5.3 (Spectral decomposition). Consider the spectrum o(L) of the linear operator L, and
write:

o(L)=04(L)Uoo(L)Uo_(L),
in which
or(LYy={A€a(L) | RA>0}, oo(L)={r€a(L) | RA=0}, o_(L)={\NL) €| R\N<O0}.

We assume that:

(i) there exists a positive constant v such that

inf  (RN) >, sup  (RA) < —;
A€oy (L) Ao (L)

(ii) the set oo(L) consists of a finite number of eigenvalues with finite algebraic multiplicities.

As a consequence of Hypothesis 5.3(ii), we can define the spectral projection Py € Z(X), corresponding
to 09(L), by the Dunford integral formula

1
Py = — /()\Id — L)t
v

27

where T' is a simple, oriented counterclockwise, closed curve surrounding o((£) and lying entirely in
{Ae C | |R(\)| <~} The range of Py is finite-dimensional. We define the complementary projection

Prn=1d—Py € Z(X).
Next, we consider the spectral subspaces associated with these projections
Ey=rgPy=kerP, C Z, X :=r1rgP,=kerPyC X,
which provides a decomposition of X into invariant subspaces
X =& D X

We also set Z;, = Pp,Z C Z and Y, = PrY C Y and we denote by Ly and L, the restriction of £ to &
and Zj respectively,
Lo 63(50), Ly e.,%(Zh,Xh).

As already noticed, the space & is finite-dimensional, then Ly acts in a finite-dimensional space, such that
we can explicitly solve the linear ordinary differential equation

du
dito = Loup + f(t)

via the variation of constant formula
t
u(t) = e“otu(0) +/ e“0=9) £(5)ds.
0
Our next hypothesis concerns the analogue of this linear problem for the infinite-dimensional operator Ly,.
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Hypothesis 5.4 (Linear hyperbolic equation). For anyn € [0,7] and any f € €,(R, V) the linear problem
Orup = Lypup + f(t),

has a unique solution up, = Kpf € €,(R, 23). Furthermore, the linear map Ky, belongs to £(€,(R, V), 6,(R, Z4)),
and there exists a continuous map C : [0,v] — Ry such that

KR 2, .34 5y (R 21)) < C(0)-

Note that for a given Banach space X', we have used the following definition for %, (R, X)

6 (R, ) = {u € 6°R ) | Jullg a0 =510 (7 Ju(O)]) < 400}
teR
Theorem 5.1 (Center manifold theorem). Assume that hypotheses 5.1, 5.3 and 5.4 hold. Then there
exists a map U € €*(&y, Z3,), with
¥(0)=0, D,V¥(0)=0,

and a neighborhood O of 0 in Z such that the manifold:
Mo = {’LL() + W(ug) ‘ ug € 50} CcZz

has the following properties:

(i) My is locally invariant: if u is a solution of equation (5.1) satisfying u(0) € Mo N O and u(t) € O
for all t € [0,T], then u(t) € My for all t € [0,T].

(ii) Mo contains the set of bounded solutions of (5.1) staying in O for all t € R.

The manifold M is called a local center manifold of (5.1) and the map U is referred to as the reduction
function. Let u be a solution of (5.1) which belongs to M for t € I, for some open interval I C R. Then

u=up+ V(up) and ug satisfies:

d
% = Loug + PoR(up + ¥(up)). (5.2)

The reduction function W satisfies:

Du\IJ(U())(,Couo + PoR(uO + \I/(UO))) = [,h\I/(uo) + PhR(UO + \IJ(U())), Yug € &.

5.1 Proof of Theorem 5.1

Consider the differential equation (5.1), and assume that hypotheses 5.1, 5.3 and 5.4 hold. For any u € Z,
we set
u=ug+u, €2, ug="Pou€ &, up="Pru€Z.

We can rewrite (5.1) as

d
% = Louo + PoR(w),

Owup, = Lpup + PhR(u)
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We introduce a cut-off function x : & — R of class €*° such that

1 for J|luglg, <1
= 0,1] f 11 &y.
X (uo) { 0 for ||U0”50 >9 x(uo) € [0,1] for all ug € &

We set
UuQ

R (u) = ( ) R(u) for all € € (0, ),

€
where €y > 0 is chosen such that

{u=uo+w | Julg, <20, llunllz, <e} V.

with V being the neighborhood of the origin given in Hypothesis 5.1. Then R€ is well defined in the closed
set
0° = & x BZn), BelZn) = {wn € 20 | Jwllz, <,

and satisfies
R(u) = R(u) for all u € O°, ||ugllg, < e

We consider the modified system

d
S Loug + PoR¢(u),

dt (5.4)
owup, = Lpup, + PR RE (u)
The nonlinear terms in the above system verify
do(e) =sup (PR (w)g, - [PAR (W), ) = O),
ueoe
51(0) = sup (IDaPOR W)l 2.80)» IDUPIR )l 22,3, ) = O
We replace system (5.4) by its integral reformulation
uo(t) = So.c(u,t,un(0)) := e£0tug(0) + [5 eI PYRE(u(s))ds, (5.5)
up(t) = Sp.e(u) := KpPrR(u). '

Here, uo(0) € & is arbitrary, and the exponential e“°! is well defined as & is finite-dimensional. The

second equation in (5.5) is obtained by using Hypothesis 5.4 with f = PR (u) € 6o(R, YV,). This integral
system is thus equivalent to (5.4) whenever

u = (’u,(), uh) € ng = (lf)&n(R, g()) X (go(R, Bg(Zh)),

with 0 <7 < and € € (0,¢). Notice that N, is a closed subspace of €,(R, Z), so that it is complete
when equipped with the norm of €, (R, Z).

Our aim is to show that (5.5) has a unique solution u = (ug,up) € N, for any ug(0) € &. For this, we
use a fixed point argument to the map

Se(ua UO(O)) = (SO,E(U7 t, ’LL(](O)), Sh,e(u)) ; SG('7 uO(O)) : N777€ - N777€'
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Step #1: The map Sc(-,uo(0)) is well-defined. First, our assumption on the spectrum of o(£) implies
that for any J > 0 there exists a constant c¢s > 0 such that

Lot 8|t
el ey < cse’™, VEER. (5.6)
Using this inequality with § = n, we get

sup <e—mt| Hecotuo(o)ugo) < ey [luo(0)]lg, »

which shows that the first term in Sp(u,-,uo(0)) belongs to €,(R, &) for any n > 0. Next, for any
u € N, ¢, we have the estimates

PR (u)llg, < do(€);  [[PaR (w)lly, < dole),

which gives that
2¢, /90
) < ¢;/200(€) sup <e 77|t/ [t— 8|2d3> < 77/2 o(€ )7
&o teR

sup | e~
teR
IR PRR ()l (8. (2,)) < C(0)do(e).

This shows that Se(u,uo(0)) € N, provided that C(0)do(e) < €, which holds for e sufficiently small as
So(€) = O(€?).

Step #2: The map S.(-,up(0)) is a contraction. First, we find that
IR (1) = RE(u2)llg, ) = sup (7 IR (wn (£)) = R (wa(8)) I )

< di()sup (e’"lt‘ [Jur (t) — U2(t)Hz>

< d1(e) [Jur — ug

¢
/ Lo =) Py RE (u(s))ds

0

and

€ R,2)

for any w1, us € Ny .. Now, using estimate (5.6) with § = 7/2 we obtain

t
_g|n
/6n8+|t S124s
0

“(R,2) -

1,017 00(0)) = So. . 10(0) 3. < /2 (€ sup <e—nt|

< 2077/2(50(6)

) lur — u2lle, (v, 2)

|ur — ug

Furthermore, we also have from Hypothesis 5.4 that

||Sh,€(u1) - Sh,e (u2)

ez < OO lur — a2

Since d1(e) = O(e) for any n € (0,], we can choose € small enough such that

1, 00(0)) — ez, w0 0)) g, 2 < 5

W(sz) :

Step #3: Fixed point theorem and first consequences. We can apply a fixed point theorem to
Se(-,up(0)) in N, to get the existence of a unique solution of (5.5)

u = ®(ug(0)) € N,
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for any ug(0) € &, for any n € (0, 7], and € sufficiently small. Clearly this is also a solution of (5.4). Next,
notice that the map
UO(O) — Soye(u, * uo(O))

is Lipschitz from & into €, (R, &), so that the map
uo(0) — Se(u, ug(0))

is also Lipschitz. As a consequence, ® is a Lipschitz map. In addition, the uniqueness of the fixed point
implies that
®(0) = 0.

Step #4: Construction of ¥V and its properties. We define now the map ¥ : & — Z; through
(u0(0), ¥(uo(0))) := (up(0))(0), Vuo(0) € &,

that is by taking the component in Zj, of the fixed point ®(up(0)) at ¢ = 0. Since @ is a Lipschitz map, so
is . And since ®(0) = 0, we also have that

v(0) =0.
We now prove that ¥ has the properties (i) and (ii) of the theorem. First, we show that the manifold
Miye = {(uo, ¥(ug)) | uo € &}
is a global invariant manifold for the flow defined by (5.4). We define the shift operator ¢s through
(¢s - u)(t) =u(t + s) for all t,s € R.

Since system (5.4) is autonomous, it is equivariant under the action of ¢4 for any s € R, so that if u is a
solution of (5.4), then ¢, - u is also a solution of (5.4). Moreover, ¢, - u € N,  when u € N, .. Consider a
solution of (5.4) with u(0) = (uo(0), ¥(up(0))) for some uo(0) € &. Then u = P(up(0)) € N, and since
¢s - u € Ny e is also a solution, from the uniqueness of the fixed point we conclude that

¢s-u=P(up(s)) VseR.
Consequently,
u(s) = (up(s), ¥(up(s))) VseR,
which shows that M,  is globally invariant under the flow of (5.4). Since equation (5.3) coincides with
(5.4) in @, this proves part (i) of the theorem with Mg = M, and 0 = 0°.

Consider now a solution of (5.3) which belongs to ¢ = ¢° for all t € R. Then u € N, . and it is also a
solution of (5.4). As a consequence, u = ®(ug(0)), so that u(0) € M, . = My, which proves part (ii) of
the theorem.

Step #5: Regularity of V. So far we have proved that ¥ is a Lipschitz map using only the fact that R
is of class €. It remains to show that ¥ is €% when R is of class €*. The proof of such a result is beyond
the scope of these lectures, and once again we refer to [8, 9]. This concludes the proof of the theorem.
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5.2 Checking Hypothesis 5.4

From the proof of Theorem 5.1, we see that Hypothesis 5.4 was precisely what was needed in order to solve
the hyperbolic part of the equation. In practice, verifying Hypothesis 5.4 can be very challenging, this is
why we present sufficient conditions on the resolvent of £ for such an Hypothesis to be true. Throughout
this section, we assume that Hypotheses 5.1 and 5.3 are satisfied. Furthermore, we assume that Y ¢ X,
that is we are in the semilinear case.

Hypothesis 5.5 (Resolvent estimates). Assume that there exist positive constants wg > 0, ¢ > 0, and
a € [0,1) such that for all w € R, with |w| > wo, we have that iw belongs to the resolvent set of L, and

c

[ (iw — ﬁ)_ng(;«) = o]’ (5.7)
[ (iw - £)7 < — (5.8)

2.2) = i

Theorem 5.2 (Center manifold in the semilinear case). Assume that Hypotheses 5.1, 5.3 and 5.5 hold.
Then

o Hypothesis 5.4 is satisfied;
e the result in Theorem 5.1 holds.
Remark 5.6. When X, Y and Z are Hilbert spaces the second estimate (5.8) is not necessary.

Remark 5.7. When X, Y and Z are Hilbert spaces, and when L is a sectorial operator then Hypothesis 5.5
is satisfied.

The proof of the fact that Hypothesis 5.5 implies Hypothesis 5.4 can be found in [3] Appendix B2.

5.3 Extensions

5.3.1 Parameter-dependent center manifold

In the same frame as above, we consider parameter-dependent evolution equations of the form
Ou = Lu+ R(u, p), (5.9)

where the linear operator L is defined as previously and the nonlinear term R now depends on the parameter
1 € R™ which we assume to be small. We modify Hypothesis 5.1 accordingly.

Hypothesis 5.8 (Structure & Regularity). We assume that L and R in (5.9) have the following properties:
(i) L€ ZL(Z,X);

(it) for some k > 2, there exists a neighborhood V,, C Z of 0 and V,, C R™ of 0 such that R € EF(V, x
Vi, V) and
R(0,0) =0, D,R(0,0) = 0.
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Theorem 5.3 (Parameter-dependent center manifold theorem). Assume that hypotheses 5.8, 5.8 and 5.4
hold. Then there exists a map ¥ € €*(Ey x R™, Z},), with

v(0,0) =0, D,¥(0,0)=0,
and a neighborhood Oy of 0 in Z and O, of 0 in R™ such that for u € 0, the manifold:
Mo(p) = {uo + ¥(uo, p) | uo € &} C 2

has the following properties:

(i) Mo(p) is locally invariant: if u is a solution of equation (5.9) satisfying u(0) € Moy(u) N O, and
u(t) € Oy for allt € [0,T), then u(t) € Mo(u) for all t € [0,T].

(1) Mo(p) contains the set of bounded solutions of (5.9) staying in O, for all t € R.

5.3.2 Symmetries and reversibility

It is not difficult to extend Theorems 2.10 and 2.11 to the infinite-dimensional setting.

Hypothesis 5.9 (Equivariant equation). We assume that there exists a linear operator T € L (X)NZL(Z2),
which commutes with the vector field equation (5.1)

TLu=LTu, TR(u)=R(Tu).
We further assume that the restriction Ty of T to & is an isometry.

Theorem 5.4. Under the assumptions of Theorem 5.1 and the above equivariance hypothesis 5.9, then
one can find W in Theorem 5.1 which commutes with T, that is

TU(ug) = ¥ (Toug) for all ug € &,
and such that the vector field in the reduced equation (5.2) commutes with T.

Hypothesis 5.10 (Reversible equation). We assume that there exists a linear symmetry S € £ (X) N
Z(Z), with
S?2=1d, S+#Id,

and which anticommutes with the vector field equation (5.1)
TLu=—LTu, TR(u)=-R(Tu).

Theorem 5.5. Under the assumptions of Theorem 5.1 and the above reversible hypothesis 5.10, then one
can find W in Theorem 5.1 which commutes with S, that is

SU(ug) = W (Soup) for all uy € &,

where Sq is the restriction of S to &, and such that the vector field in the reduced equation (5.2) is
reversible, that is it anticommutes with Sy.
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5.4 Application to the Swift-Hohenberg equation

We consider the cubic Swift-Hohenberg equation (SHE) given in the introduction
Opu = —(1+3§)2u—|—,uu—u3, t>0, z€eR,

where 1 € R is a parameter. Notice that u = 0 is a solution of (SHE) and that the equation is invariant
under spatial translation, reflections z — —x and u — —u.

Linear stability analysis of u = 0. We first analyze the linear stability of the trivial solution v = 0 by

looking for solutions of the form
u(t,x) — eikx—i-/\t’

where k is a real number and A € C, of the linearized (SHE)
2\ 2
du=—(14087)" u+ pu.

We obtain the linear dispersion

Mk, p) = —(1— k)2 + 4.

The trivial solution is linearly stable (resp. unstable) with respect to the mode e*® if R(A(k, 1)) < 0 (resp.
R(A(k, 1)) > 0). The dispersion relation shows that A(k,p) is real for all k& and p. The modes e** for
which p = (1 — k?)? are the critical modes at the threshold of instability. Upon increasing p, the first
critical modes, k=+1 occur at i = 0. These modes correspond to 27-periodic solutions e*'* of the linearized
equation, at the threshold of linear instability. We therefore expect that 27-periodic solutions to play a
particular role in the dynamics of the equation, and we will restrict ourselves to this type of solutions in

our analysis.

Center manifold reduction. We write (SHE) with the operator £, depending upon the parameter p

by setting
L, :=—(1+ 83)2 +u, R(u) = —ud.
We choose the spaces
X=1L2,02r), YV=2Z=H,/02r).

L,, is a closed operator on X with dense domain Z. We also note that
3
IRz < Cllullz,

and that R € €*(2) for all k > 2.

Next, we compute the spectrum of £. We remark that the domain Z is compactly embedded in X such
that £ has a compact resolvent. Consequently the spectrum of £ consists of only isolated eigenvalues with
finite multiplicities. Since we work in spaces of 2w-periodic functions, we can use Fourier series to solve

the eigenvalue problem and we easily conclude that

o(Ly)={M=—-1-n*)*+pu|neN}.
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All these eigenvalues are real and there is a sequence of values of j, given by p, = (1 — n?)2, for which
A =0 is an eigenvalue. The smallest value is p; = 0, and it is the one where uv = 0 looses its stability when
1 is increased. As a consequence, we are going to apply the parameter-dependent center manifold theorem
for values of u close to 0.

First, we rewrite (SHE) as
Ou=Lou+ L, — Lo+ R(u).

=R(u,p)=pu—u?

From the above discussion, we see that £y and R (u, u) satisfy Hypothesis 5.8. Furthermore, Hypothesis 5.3
holds with

o0(Lo) = {0}, o1(Lo) =0, and 0_(Lo) = {—(1 —n?) | n € N*}.
Furthermore, A = 0 is an eigenvalue with geometric multiplicity two with corresponding eigenvectors e*%,
Let us verify that the algebraic multiplicity is also two. Let us assume that there exists u € Z such that

—(1+0%)%u =€

Multiplying the equation by e~ and integrating between 0 and 27, one gets on the one side

2w

27 27 2T
—/ (1 + 0?)*u(x)e @dx = —/ u(z)e ¥dx — 2 O2u(x)e dx + pu(x)e dx
0 0 0

0

_ /0 T (@)e T — (i) /0 T u@)emde — (i)’ /0 T u@)e e 0,

while on the right-hand side we have
27
/ e e dx = 2m.
0

Finally, it only remains to check Hypothesis 5.4. As X', ) and Z are Hilbert spaces, we only need to check
estimate (5.7). For that, let w > 0, then iw € p(Ly) and thus we have that for any f € X there exists a
unique u € Z solution of

iwu — Lou = f.

Multiplying both side of the equation by @ and integrating over 0 to 27, we get

2
R 2 _
(iw+1) HUH?\, -2 ||8xu||§( + H@iu”x = /0 f(z)u(z)dz.

Taking the imaginary part of both side, we get that

ol = ([ rwatr).

from which we deduce that

1
ully < = [1fllx
jwl
which is precisely estimate (5.7). As a consequence, we get the existence of a two-dimensional parameter-
dependent center manifold Mg (u) for all x4 small enough. Here, the center eigenspace is given by

&y = span {eix, e_ix} .
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Any solution on My(p) can be written

u(t,z) = At)e'® + A(t)e i + @ (A(t),m, ﬂ),

EZp
with A : R — C. The reduced equation reads

dA —
2 A4
dt g( ) MLL)’

together with the complex conjugate equation for A. One can check (let as an exercise) that the action

translation and the two reflections imply that the map ¢ € €* can be written
9(A, A, ) = Ah(JAP, ),
for some €*~! map h. Considering the Taylor expansion of h, we get that
9(A, A ) = ap A+ bA[AP + O (JA|(lul? +|A1Y)

for some complex coefficients a and b to be determined. It is a straightforward computation to see that
necessarily we have
a=1.

To compute b, we set = 0, and we Taylor expand the map ¥(A4, A4,0) as

V(A A,0) =) W, AP, Uy, € 2.
p,q

Here we further have that
\I/qp = TM, and \I/()() = \I’Ol = \Ifl() =0.

Furthermore, as a consequence of the equivariance with respect to u — —u of (SHE) we have that
U(—A,—A,0)=—-VU(A4,A,0),
for all A and thus ¥,,; = 0 when p + ¢ is even. Summarizing, we find the leading order expansion
U(A,A,0) = UgA® + U3A® + U1p AA” + Ty A2A + O(|APP).
Substituting the ansatz u = Ay + Ay + ¥(A, A,0) in (SHE) at u = 0, with (o(z) = €', one gets that
LoW(A, A,0) + R(AG + Aly + U(4,4,0),0) =(LoW30 — €¥7) A + (LoWo3 — 1) A"
+ (LoWyg — 3¢ ) AR + (LoTay — 36%)A2A + O(|AP).

Identifying terms of order A3 and A?A, we get that

EO\IJ;),O — €3i$ = 0,
LoWa — 36l = pel”.
i

Taking the inner product of the second equation with e™'*, we directly get that necessarily

b= -3,
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as [,Se_i’” = 0. As a consequence, we conclude that the flow on the center-manifold is described by the set
of ordinary differential equations

dA
o = A= BAJAR + O (JAI(lul” + 1A]9)

and the complex conjugate equation. This tells us that there exists a family (Aa)qcr\2+7 of stable equilibria
emerging from 0 as p crosses 0 and given by

Ay = \/geio‘ +0 (|,u|3/2) , p>0,

and the corresponding family of 27-periodic solutions of (SHE)

ta(r) = 2\/gcos(x ta)+ O (|M|3/2) .

These steady 2m-periodic solutions of the (SHE) are called roll solutions. Actually, such solutions exist for
a range of period close to 2w, for any sufficiently small p.

Remark 5.11. As b = —3, we have that LoW¥o1 = 0 and thus Vo1 € Eg N 2y, i.e. Yor = 0. On the other
hand LoUsg = €3 gives that

W3o(z) = _6%6?@ +((z), (€.

As W3g € 2y, we have that (W3q, (o) = (W30, (o) = 0 which implies that ¢ = 0.
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