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1. Introduction. The present paper concerns a special case of complete integrability
of the motion of a rigid body around a fixed point — the so-called Gorjatchev-Tcha-
plygin top ["2]. Recently it was proved [>!] that the complex integral manifolds
of Kowalewski top may be completed into Abelian surfaces on which the flows are straight-
line motions, i. e. the system is algebraically completely integrable. It turns out that
the Gorjatchev-Tchaplygin top is not algebraically completely integrable. Nevertheless,
we prove that the complex integral manifolds are double covers of Jac(l)\D where D
is a divisor on Jac(l') and Jac(l') is the Jacobian of a hyperelliptic curve of genus two
I. The projection map induces flows on Jac(l) which are straight-line motions. This is
the main result reported in the paper and it is formulated in detail in Theorem 1. The
geometry of the pole divisor on Jac(I') is studied in 3. It should be noted that our
technique uses essentially (in contrast to [* ?]), the explicite solutions of the Gorjatchev-
Tchaplygin top [7]-

2. On the Geometry of the Integral Manifold. Consider the Euler-Poisson equations in
the Gorjatchev-Tchaplygin case [ ?].

mi = 3m' . m3
ry=—3m, . mz—2Y,
(1) thg= 27,
Yi=A4my . Ya—ma . Y5
Yo="my . Ya—4msy,
').’3:”11 «Yi— My - Ya
Further, the above system will be regarded as a system of complex differential equa-
tions. It possesses three integrals of motion
Hy=(m}+m3)[4+m35—,
Hy=my .y,+mg. Yo+ mz. Vs
Hy=1i+73+7;
and on the hypersurface {H,=0} there is a fourth integral of motion
Hy=mg.(m+md)+2m;. ¥s.

The complex' affine variety A where
A:{H].:[‘“ HQ“—_O, Hazl, H4=64}



is called an integral manifold (enventually singular) of the system (1). Let T': y?=d(x)
be a hyperelliptic curve of genus two where D(x)=x2—(x3-C, . x—C,/4)
p:I—Jac(T) be the Abel map [’} oot and co~ the two ‘infinite, points on T, @, =
= W)+ p(co*) and Oc_=p(oc™). Denote by A the discriminant of P(x). The following
theorem is our main result.

Theorem 1. If A<0 then A is a connected smooth complex manifold which is a
double cover of the manifold Jac(PN\ {©.., U©®w—_}. The projection map n:A—Jac(l') is
given explicitely as follows

(m;, Moy M3, Y1 Yoo Y3) % [for | R /3] €CP3

where
fo=1
fi="a+iY,
Jfa=(my+im,) .y,
£ fa=fo . my—2f, . (m3— Y1)+ iy}
fi=fi.7?
fs=11. fig

fo=f1- (m3—y,)
fr=Ffami— )+ fy . my
fs=2f . (2¢, Stl)—1?
Moreover, the flows on A (run with complex time) induce via the projection map
+ global flows on Jac(I') which are straight-line motions.

Further we give a sketch of the proof of Theorem 1, According to [7], the func-
oS fy, Fr, s fs may be - considered as meromorphic on Jac(l). We prove that
they form a basis of #(30.4) (for definition see [°] and hence, they provide an embedd-
ing of Jac(I') into CP% To prove that fo- fu -« » fy form a basis of Z(30..,), we

study the asymptotic expansions of the generic solutions of (1). A procedure, similar
to the one used by Adler a, van Moerbeke [4, leads to the following result

my=o . 72 ey,
My=geaf—3P+e) , 124,
my=e.t712—ek/3a+. . .
(2) _ Y1=—¢"2%/4—A%902—c /3 +. . .
To=—¢&.%4—eMY9a2 ¢, ¢, /3+. . .
Ta=A.&.t71%3a—22 g . AR/3¢3 4, .,
where €= 1/ and the parameters o and A satisfy the following equality
3) —216(15-{—27.6.q.a"+?2.t‘1.u3. A+ 32003 —6A2=0

Using the asymptotic expansions (2), one shows that the functions fi behave at worst
like 73 when e=/ and that they have no poles at #=0 when &= —1, As the solutions
of (1) blow up exactly at the points of O, (e=/ in (2)) and O, _ (e=—i in (2)), we
conclude that fi¢ #(30...). To prove that the functions £, are linearly independent we
compare the coefficients (which are rational functions on the curve (3)) of their Laurent
power series. At last we note that dim (3 Oq)=9 [9].
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Itis easy to see that these two mappings are locally inverse one to the other and
hence, A is locally biholomorphic to a smooth manifold, i. e. A itself is a smooth
manifold. Further, we see that degr=2 (n identifies the points (m, my, my, y,, Yar Ya)
and (—m,, —m,, M3 Yi Ya» —7s) and, consequently, A is a double cover of
Jac(F)\{®m+U®m_}. Of course, the aboye reasonings are correct only under the
assumption that the curve I' is non-degenerate, i. e. A0,

Remark 1. Our technique is also applicable to the Kowalewski top. In this way one
could obtain new proofs of some results of Lesfari [5, Adler & van Moerbeke [€].

Remark 2. A result analogous to Theorem 1 holds for the gyrostat of Sretenskij [¢]
Wwhich is the natural generalization of the Goriatchev-Tchaplygin top. It is interesting
to note that the Kowalewski top may be generalized also, Using the terminology of
[8] we suppose that A=B=2C=2 Yo=2y=h=ky=0, x,. M.g=1. In this case the
equations describing the motion of the gyrostat possess a fourth first integral

H4=(P2“9'5+V1)2+(2P¢+"2)2+ g.p.vy+ 2, (D7) . (r—1y).

3. On the geometry of the pole divisor. The divisor D=0, U0O.._ on which the
solution of (1) blow up is called a pole divisor [45], Consider the curve (3). It para-
metrizes the solutions which run through the pole divisor, As the solutions of (1) are

two-valued functions, the parameters o, A and —qg, —) determine one point on D,
The quotient of (3) by the involution (0A) — (—a, —A) is a new curve

(4) —216 x“+27.a.q.x3+72.cl.xﬂy+32y3—6y2=0

which is called also a pole divisor. As the curves 0. are isomorphic to I, then the
curve (4) is isomorphic to T. Explicitely we have

Lemma 1. The mapping

y=32.(lw+23—¢ .2—cy/4)/8
X=(lw+28—c,. Z2—cy/4)/4e
is an birational isomorphism between the curve I': w?=®(z) and the curve (4).

The proof is trivial,

Lemma 2. The divisor D on Jac(T') consists of two smooth curves (@.,, and )
both isomorphic to I. The only common point of O., and O._ is H(cot + co—)
which is a point of tangency. The induced flows on Jac(l') are tangent to D exactly
at W(2oo+), p(2c0—) and H(co* 4 co™) (see Fig.).
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