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Main objectives of sensitivity analysis

Variables to be fixed in order to obtain the largest reduction (or a
fixed reduction) of the output uncertainty

A purely mathematical variable ordering

Most influent variables in a given output domain
== if reducibles, then R&D prioritization
— else, modification of the system

determination of the non-influent variables, that can be fixed without
consequences on the output uncertainty

building a simplified model, a metamodel
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Sensitivity analysis notions

for example aY/aXi

Donne une idée de la maniére dont peut répondre la réponse en fonction de
des facteurs

oY
for example —— o (X,
ample o (Xi)

|
Permet de déterminer le d'une variable d'entrée (ou groupe de variables)
sur l'incertitude de la variable d'intérét (la sortie)
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Overall classification of sensitivity analysis meth ods

(quantity of interest = variability of the output)

Three types of answers: " s
1. Screening : ) % %
- classical design of experiments, . ¢ . &
- numerical designh of experiments (Morris, sequential bifurca¥ion) @
2.  Quantitative measures of global influence : Yorneede
- correlation/regression on values/ranks y /\‘ m

- statistical tests,

X1
- functional variance decomposition (Sobol), S‘“

- other measures : entropy, distribution distances

X3

YA
3. Deep exploration of sensitivities i X
2

- smoothing techniques (param./non parametric) X
- metamodels %/ !
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Screening with n < p (supersaturated designs)

Many inputs (p >> 10) and cpu time costly computer code
Objective: less computations than number of inputs
Hypotheses:
- Number of influent inputs <« total number of inputs
- Monotony of the model, no interaction between inputs
- Knowledge of the direction of the output variation / each input

Example: method of sequential bifurcations

2 runs
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Screening with n < p (supersaturated designs)

Many inputs (p >> 10) and cpu time costly computer code
Objective: less computations than number of inputs
Hypotheses:
- Number of influent inputs <« total number of inputs
- Monotony of the model, no interaction between inputs
- Knowledge of the direction of the output variation / each input

Example: method of sequential bifurcations

2 runs 1 run
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Screening with n < p (supersaturated designs)

Many inputs (p >> 10) and cpu time costly computer code
Objective: less computations than number of inputs
Hypotheses:
- Number of influent inputs <« total number of inputs
- Monotony of the model, no interaction between inputs
- Knowledge of the direction of the output variation / each input

Example: method of sequential bifurcations
2 runs 1 run

@ y- @\/@

si Y*#Y siyYl~Y+ . . A few
“‘ y- @ 0 / \ @ influent X;
)

===  Number of runs: n~p/ 2
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Screening without hypothesis on function: Morris’ m ethod

X2 : A : « Discretization of input
space

* Needs p+1 experiments

‘ * OAT (One-at-A-Time)
» computation of one
4‘ elementary effect for each
input
X1
_ f(P3)—f(P2) _ f(P2)—f(P1)
dx, = A — dx 2 A
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Morris’ method

x2 | - OAT design is repeated R times
T @‘ (total: n = R*(p+1) experiments)
O © o ® - It gives an R-sample for each
2 @ elementary effect
O ® O ® -
(%
_ 7
! 1 ‘@ 1 {dXQ}izl...R
® R - Sensitivity measures:
Xl i = E(ldx.

o, = o(dx,)
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Morris: sensitivity measures

nr =E(|dx,]) is a measure of the sensitivity:

Important value - important effects (in mean)
- sensitive model to input variations

o; = o(dx,) is a measure of the interactions
and of the non linear effects:

important value > different effects in the R-sample
> effects which depend on the value:
» of the input X; => non linear effect
» or of the other inputs => interaction
(the distinction between the two cases is impossible)
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Morris . example
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I Xgﬂ
X1 X10 ~X8

20 factors
210 simulations
X5 > Graph (mu*, sigma)

X3

R X7
X4 X2

X1 Distinction between 3
groups:

X6
Negligible effects
Linear effects
Non linear effects

wh =

I
0.0

| | | | and/or with
0.1 0.2 0.3 0.4 interactions

7,

Cas test : non monotonic function of Morris
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Overall classification of sensitivity analysis meth ods
(quantity of interest = variability of the output)

. Xs
Three types of answers é s
. X
1.  Screening : N @ % =
- classical design of experiments, E ¢ . &

- numerical design of experiments (Morris, sequential bifurcation) @

Variance de ¥

2. Quantitative measures of global influence :
. . X1
. corrglq‘rnon/regressnon on values/ranks m/\‘ m
- statistical tests,
- functional variance decomposition (Sobol), S‘“

- other measures : entropy, distribution distances

X3

. i vy X3
3. Deep exploration of sensitivities i X
- smoothing techniques (param./non parametric) ?

X
- metamodels %/ !
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Sensitivity analysis for one scalar output

Sample ( XOOP, ¥(X ) OO ) of size N > p
Preliminary step: graphical vizualisation (for ex: scatterplots)

Remark: it can be a Monte Carlo sample, a guasi-Monte Carlo sample or
any other designs
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Graphial representation : scatterplots

Measure the linear characher of the cloud Example :

N runs

Graphs Output with respect to each input
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: corrélation non linéaire

: absence de liaison en moyenne mais pas en dispersion
: corrélation lineaire

: absence de liaison
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Flood model - Scatterplots — Output S

Q = river flowrate ~ Gumbel on [500,3000]
Ks = friction coefficient ~ normal on [15,50]

Zv = downstream river bed heigth ~
triangular on [49 51]

Hd = dyke heigth ~ triangular on [7,9]
Cb = bank heigth ~ triangular on [55,56]

0.6
S=/Z,+H—-H;—C, avec H = Q@
Zim — Ly
DR/ Sop=
Monte Carlo sample - M= 100
g Ks Zv Hd Cb

i3 20 43 185 BOG o 4o 80
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Flood model - Scatterplots — Output Cp

1000
Cp = lss0+{0.2+08[1—exp(—1a2)]} Is<o Monte Carlo sample - N= 100
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Major drawback: only first order relations between inputs are analyzed
and not their interactions (=> needs of other data anlysis tools)
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Sensitivity analysis for one scalar output

Sample ( XOOP, ¥(X ) OO ) of size N > p
Preliminary step: graphical vizualisation (for ex: scatterplots)

Quantitative sensitivity analysis methodology

[Saltelli et al. 00, Helton et al. 06 ]

? Linear relation ?

p 4

< R%)

@ ? Monotonic relation ?

Sensitivity
indices

Linear
regression

between X _
Regression on Sobol’ indices

and Y
ranks

Regression
coefficients
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Sensitivity indices in case of linear inputs/output relation

Independent input variables X :(Xl,...,Xp)

Sample : n1 realizations of (X Y)
Y= &+Zﬁx

- SRC index: =f \/ \\/Zl:r((i'))

Sign of B, gives the direction of variation of Yin fct of X;

- SRC is similar to the linear correlation coefficient (Pearson)

- Validity of the linear model via Z(\?. _Yi)z
The residuals diagnostics and R? : R*=1-1

> (%-vf

p =
+ Wehave R®= ZSRCZ(Xi) => nice in’relr'pr'e’ra’rion of SRC
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Flood model - Output S

Monte Carlo sample - N= 100

a Ks Zv Hd Cb

485 BOG 0 anp 80

18% 29%
Sensitivity indices (SRC?)

31%

The model is linear (R2=0.99)
SRC coefficients are sufficient for the quantitative sensivity analysis
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Sensitivity analysis for one scalar output

Sample ( XOOP, ¥(X ) OO ) of size N > p
Preliminary step: graphical vizualisation (for ex: scatterplots)

Quantitative sensitivity analysis methodology
[Saltelli et al. 00, Helton et al. 06 ]

? Linear relation ?

y 4
@ ? Monotonic relation ?

< R%)

Linear
regression
Sensitivity| between X; |
indices and Y Regression on Sobol’ indices
ranks
Regression g = Var[E(Y|X))]
coefficients i Var(Y)
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Functional decomposition

y=f(X)= fo+i fi ()(I)+ZZ fij (Xi,Xj)+...+ f1,2 _____ p(xl’XZ""’Xp)

e
with f(X)OL*(x) x0O[01]°
Infinity of possible decompositions

BUT, unicity of decomposition if: j fi 5 (%X )dx, =0 Of =1y,

Properties ( x;~U[O,1] for i=1,..,p, the x;s are independent)

fo :I f(X) dx = E(y)
()= [ fedx, = f, =E(y]%) - f,
£ (%, x )= E(y%,x)—E(y|%)—E(y|x) + f,

Example: f(X,X%)=X+X, ;X% ~U[0]]; x, ~U[0]]

1 1
fo =1; fl(xl):Xl_E; fz(Xz)zxz_E; fo(%, %) =0
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Another example
f(X,%,)=4x+3X, .

X, % OU[-1/2,1/2]

1/2 £1/2

fo = E(y) :j

-1/2J-1/2
(%) = E(y %) - f = [ (42 +3x,)dlx, =4x? -
1(X1)— (ylxl) 0 _j—1/2( X ‘ Xz) X, =4X 5

08

N/
\/

=173
04

(4x7 +3x,)dx,dx, :§

f,(X) = E(Y[X,) = T, = 3%

[JRC 2010] f1, (%, %) =0
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Sensitivity indices without model hypotheses

Functional ANOVA [Efron & Stein 81] (hyp. of independent X;s) :

Var (Y) = TV, (Y) + 3V, () o + V., (Y)

<]

whereV,(Y) = Var E(Y|X; )]

V, :Var[E(Y\xixj)]—vi -V ...

Sobol indices definition:

V.

* First order sensitivity indices: S =——
" Var(y)

V.

* Second order sensitivity indices: §; = J
Var(Y)
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Another example

y = 1(X,%) :4)(12 +3X,

f.(x) =E(y[x) - f, =4X12 -

f,(%) =E(y|X) - f, =3X,

f,(X,%)=0

[JRC 2010]

Wl

X, Xy DU[_]/Z’]/Z]

5, =Varlhl)l_ 008 _ 0
% 0.838
S, _Var[f,(x,)| _ 075 _ Jaga

V 0.838
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Graphical interpretation

First order Sobol' indices measure the variability of conditional
expectations (mean trend curves in the scatterplots)
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Sobol’ indices properties

Z S<1 Always
Z S =1 Additive model

1- Z S Measure the degree of interactions between variables
i

Examples : p =4 gives 4 indices S, 6 indices S;;, 4 indices S, 1 indice S,

General case : 2P-1 indices to be estimated

Total sensitivity index: S; =S +> § +> S, +..=1-S,
j P

[ Homma & Saltelli 1996 ]
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Flood model
Sortie S - Indices 1er ordre Sortie S - Indices totaux
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Sobol indices computation

» Indices for X, (15* order and total) :

V.
S = Var(Y) nds; = _Var(Y)

- Formulations of the conditional variances:

Let X =(X; X_;) and X"anindependetcopyof X
Vi (Y) = Var[E(Y|X,)] = [ E*(V| X, JX —([ E(Y|X, )dxi)2 = CoVf (X, X_,), F (X, X))

V., (Y) = VarE(Y|X )] = Co f (X, X_,), f (X, X.,)|
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Direct estimation via Monte Carlo

2 i.i.d. samples : (Xi(j))i:l..,p:j=l..,n and (X'i(j))i:l..,p;j=l..,n

Variance (classical estimator): V(Y) :EZ f(X(") )2 ~ {2 avecf, :EZ f(X("))
n

k=1 Ni=

Conditional variances estimation:

V) =I3 £(X9, XG0, X9, X9, XO)E(X0 XWX © X W X0)- £2

Nz P
Indices 15t order : cost = n( p+1)
\zi(v):%z F(X, X9, X0 X B, LX) (XO X0, X0 X9 X©)- 2
k=1

Indices 15t order + total indices : cost = 7 ( p+2), by inverting

(Xi(j))izl..,p:j=l..,n and (X 'i(j))i:],..,p:J:l..,n inVA~i (Y)

In practice, n~ le4 => problem of the cost in terms of required model runs

O’rhir' rfor'mula (Jansen-Sobol estimator):
Vi==3% f(le?l),...,X,ﬁz))[f (X X X2 X X)) = f(xg%;,...,xk%)]

P
Nz
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The sampling-based approaches

Sample ( XOOP, ¥(X ) OO ) of size N > p

(R*)

Sensitivity
indices

Yes

Linear
regression
between X

and Y

Regression
coefficients

@ ? Monotonic relation ?

(R**)

Sobol indices

Regression on

? CPU time cost

ranks
of the model ?
“negligible

Monte Carlo /

N> 1000 p
Quasi-MC, Smoothing
FAST, RBD, Metamodel
N>100p N>10p
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Flood model — Output Cp

From the 100-size Monte Carlo sample, a Gaussian process metamodel is

fitted
Predictivity of the Gp metamodel : Q, = 99%

N=1eb Indices (en %) Q K. Z, H; G
S; métamodele 389 16.8 18.8 13.9 3.7
. S7. modéle 48.2 253 229 181 3.8

N x (p+2) x 100 = 7e7 evaluati :
(P ) 7e7 evaluations ST, métamodele 45.5 21.0 21.3 16.8 4.3
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Classification of sensitivity analysis methods

Calculations of all types of indices
(Sobol, distribution-based, ...)
+ main effects E(Y'| X;)

Complexity/regularity
of model 7 p Variance
‘ decomposition
Non :
monotonic Metamodel Sobol
. &
Monotonic
interactior /;%,:A:iam/%é@" ; i‘
i Monte-Carlo-sampling-—-———------
Monotonid 0
without // i i
interaction / Rank fegression |
Linear 15" V/ Linear'i regression
degree | : '
0 p 2p 10p 10000 Number of
model 7
( p = number of input variables ) evaluations
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