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d̃jl(α).



Parametric estimation of translations 10

� �� �
	 � 	 �� � �� �� � 	 � � �� � �

α̂ = arg min
[0,T ]J



Mn(α) + λ2
n

J∑

j=1

|αj |





� �� � � � � � � 	 $ � � � � � �� � �  �� � �

∀l ∈ Z∗, set δl → 0 and define :

∀α ∈ RJ , Mn(α) =

n−1

2∑

l=−n−1

2

1

J

J∑

j=1

δ2l

|d̃jl −
1

J

J∑

j=1

d̃jl|2.

δl
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� �� �
	 � 	 �� � �� �� � 	 � � �� � �

α̂ = arg min
[0,T ]J



Mn(α) + λ2
n

J∑

j=1

|αj |





� �� � � � � � � 	 $ � � � � � �� � �  �� � � � 	 � � � � �
� & � � � � �
∀l ∈ Z∗, set δl → 0 and define :

∀α ∈ RJ , Mn(α) =

n−1

2∑

l=−n−1

2

1

J

J∑

j=1

δ2l

δ2l

|d̃jl −
1

J

J∑

j=1

d̃jl|2.

� � � �� � � �" � �

δl

�� � �� � �� � � �� � � � �" �� � � � � � � � � 	 � � � � �� � �� �� � � � � � � ��

� � 	 �� �	 �� � � � � �
� !� � � � � � �" � � � �� 	 � � �� �� �� &" � � � � � �" �� � �� � � � �� �

 � " � � !� � �
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� �� �
	 � 	 �� � �� �� � 	 � � �� � �

α̂ = arg min
[0,T ]J



Mn(α) + λ2
n

J∑

j=1

|αj |





� �� � � � � � � 	 $ � � � � � �� � �  �� � �

∀l ∈ Z∗, set δl → 0 and define :

∀α ∈ RJ , Mn(α) =

n−1

2∑

l=−n−1

2

1

J

J∑

j=1

δ2l |d̃jl −
1

J

J∑

j=1

d̃jl|2.

� � � �� � � �" � �

δl

�� � �� � �� � � �� � � � �" �� � � � � � � � � 	 � � � � �� � �� �� � � � � � � ��

� � 	 �� �	 �� � � � � �
� !� � � � � � �" � � � �� 	 � � �� �� �� &" � � � � � �" �� � �� � � � �� �

 � " � � !� � �

� � � �	 $ � �� � � � � � ∑

l |cl(f)|2 < +∞
∑

l

l2|δl|2 < +∞.
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“convergence” to a white noise 12

� �

α /∈ Q � � � � �#" � �	 � � � � � " � � � 	 T : X → X + α� � �

T

� �� �� �� � � � �� �

	 � �� � � λ �� � � � �� � �" � � � � � � � � � � � �

T

�� � � � � � � � � � $ � � � �
−→ ergodic theorem

T : [0, T ]J −→ [0, T ]J , (θ1, . . . , θJ) −→ (θ1 + α1, . . . , θJ + αJ)

empirical process : Zn(α) =
1√
n

n∑

l=−n
cos(lα)ξl

Var(Zn(α)) → κ

∫ 2π

0

cos2 θ dθ = σ2,

Cov(Zn(α)Zn(α
′

)) → κ

∫

[0,2π]2
cos θ1 cos θ2dθ1dθ2 = 0.

� �� � � � & � � � � � � � � � � 	 � & �� � �� �� �

white noise

(Zn(α1), . . . , Zn(αJ ))
L−→ NJ(0, σ2IdJ).

� � � � �  � � �� � �� � � � & � � � � ��  $ � � � � � �



Smoothed empirical contrast 13

Contrast : ∀α ∈ RJ , Mn(α) =

n−1

2∑

l=−n−1

2

1

J

J∑

j=1

δ2l |d̃jl −
1

J

J∑

j=1

d̃jl|2.

Theorem

� ��  δl � � � �� �" �� & �� � �	 $ � �� � � � � � � �� �
λ2
n → 0 � � & � �

Mn(α)
Pα∗−→ K(α, α∗) ∼ −

∫ T

0

| 1
J

J∑

j=1

f ∗ ψ(u+ θj − θ∗j )|2du

��  W (n, η) = sup{|Mn(α) −Mn(β)|, ‖α− β‖ ≤ η} � ��  �� " εk → 0 �� �

ηk → 0 � � � �� �

lim
n→∞

Pα∗ [W (n, ηk) > εk] = 0.

=⇒ α̂n = arg min
α∈[0,T ]J



Mn(α) + λ2
n

J∑

j=1

|αj |




Pα∗−→ α∗.

�� � � �� � � � �" � � � � � $ � � � � �� � � � � �� � �	 � �� 



Proof of consistency 14

Mn(α) =
∑n−1

2

l=−n−1

2

1
J

∑J
j=1 δ

2
l |d̃jl − 1

J

∑J
j=1 d̃jl|2 =

determinist term + stochastic term.

� � � ξxl � ξyl

�� �� � N (0, 1), �� �
κ1, κ2, κ3

�� � � � �� � � � � � � � � � �

κ1
1

n

n−1

2∑

l=−n−1

2

δ2l
1

J

J∑

j=1

(|ξxl |2 + |ξyl |2) → constant
�" � � ��

κ2
1√
n

n−1

2∑

l=−n−1

2

δ2l |cl|ξxl
Pα∗−→ 0 ‖∑l δ

2
l cl(f)ξxl ‖2

2 <∞,

f

κ3
1

n

n−1

2∑

l=−n−1

2

1

J2

J∑

j,k=1

δ2l cos(l[αj + αk])ξ
x
jlξ

y
kl

Pα∗−→ 0

δl

−→
α̂n = arg minα∈[0,T ]J

(

Mn(α) + λ2
n

∑J
j=1 |αj |

)
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1

n

n−1

2∑

l=−n−1

2

δ2l
1

J

J∑

j=1

(|ξxl |2 + |ξyl |2) → constant
�" � � ��

κ2
1√
n

n−1

2∑

l=−n−1

2

δ2l |cl|ξxl
Pα∗−→ 0 � �
� � � ‖∑l δ

2
l cl(f)ξxl ‖2

2 <∞,

� � � ��

 � & � � � � �" �� � � � � �� � � � � f �

κ3
1

n

n−1

2∑

l=−n−1

2

1

J2

J∑

j,k=1

δ2l cos(l[αj + αk])ξ
x
jlξ

y
kl

Pα∗−→ 0

δl

−→
α̂n = arg minα∈[0,T ]J

(

Mn(α) + λ2
n

∑J
j=1 |αj |

)
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Mn(α) =
∑n−1

2

l=−n−1

2

1
J

∑J
j=1 δ

2
l |d̃jl − 1

J

∑J
j=1 d̃jl|2 =

determinist term + stochastic term.

� � � ξxl � ξyl

�� �� � N (0, 1), �� �
κ1, κ2, κ3

�� � � � �� � � � � � � � � � �

κ1
1

n

n−1

2∑

l=−n−1

2

δ2l
1

J

J∑

j=1

(|ξxl |2 + |ξyl |2) → constant
�" � � ��

κ2
1√
n

n−1

2∑

l=−n−1

2

δ2l |cl|ξxl
Pα∗−→ 0 � �
� � � ‖∑l δ

2
l cl(f)ξxl ‖2

2 <∞,

� � � ��

 � & � � � � �" �� � � � � �� � � � � f �
κ3

1

n

n−1

2∑

l=−n−1

2

1

J2

J∑

j,k=1

δ2l cos(l[αj + αk])ξ
x
jlξ

y
kl

Pα∗−→ 0

� � � �� �� � � � � �� � � �� �

�� � � �� � � � � �

δl
�� & � �� �� � ��  	 � �" � � � � � �� � � � & � � ����

−→ � � � $ � � � � �� � � � � �� � �	 � �� 

α̂n = arg minα∈[0,T ]J

(

Mn(α) + λ2
n

∑J
j=1 |αj |

) �� �� � � � & � � � �



Asymptotic Normality 15

� � � � � �  �� � � � � � � & �� � � ��  J ≥ 3�

� "  �" ��  � � � � $ �� � �� � � � & � � �

Theorem

� � � � � � � � �� � �	 $ � �� � � � � � √nλ2
n → 0 � � � & � � � � � �� " 	 $ �� � � �

� �  	 � � � �" � �

α̂n �

√
n(α̂n − α∗)

L−→ N (0,Γ) ,

� � � �

Γ =
(J − 1)

∑

l∈Z
l2δ2l

J6(J − 2)2(
∑

l∈Z
δll2|cl(f)|)2V (J).

 � �� � � �� � � � � $ � � �� � � � � � � �� � � � � �
δl, l ∈ Z∗ �� � � � �� � � �� �  � � � � � �� � �� �

√

nIn(f)(α̂n − α∗)
L−→ N (0, V (J))

� � � � In(f) =
∑

l l
2cl(f)2 = ‖f ′‖2 �� � � � �� � � � δl ≈ cl(f)�

�� � � � �� � �	 $ � �� � � � � δl
� � � �� �� ∑

l l
2cl(f)2 < +∞



Outline of proof : general Lemmas 16

∂

∂αk

Mn(α) =
∑

l

lδl(Vl +Wl) =
2(J − 1)

J2

n−1

2∑

l=−n−1

2

l Im
[

d̂l(α)d̃kl(α)
]

.

Lemma

�

A

� � � � " 	 � �  � � 	 � �  �� � � � � � � � � I − 2A > 0

log E(e<t,X>+X
′

AX) =
1

2
‖(I − 2A)−

1

2 t‖2 − 1

2
log det(I − 2A)

Proposition

� � � � cl, l ∈ Z∗ � ∑
l ‖cl‖2 < +∞� � � � Y1, . . . , Yn

� � �� �� �� �

� �	 $ � �� �

Y � � � � � � � �  �� �� 	 � � � � � � � � Bl ∈ Mk×k(R) � � " 	 � �  � � 	 � �  ��

� � � � � � � �

E(X
′

BlX) = 0, ∀l� � � � Tn =
(
∑n

l=1 < cl, Yl >,
1√
n

∑n
l=1 Y

′

l BlYl

)′

�

� � & � � �

Tn
L−→ N2 (0, V ) where,

V ∈M2×2(R) � V12 = V21 = 0 � V11 =
∑∞

l=1 |cl|2 � V22 =
∑∞

l=1 E(X
′

BlX)2 �



Outline of the proof : using the Lemmas 17

Wl =
J∑

j=1

sin[l(α∗
k − α∗

j )](w
x
klw

x
jl + wyklw

y
jl) + cos[l(α∗

k − α∗
j )](w

y
klw

x
jl − wxklw

y
jl)

= Y
′

BlY = Y
′ Bl +B

′

l

2
︸ ︷︷ ︸

Bs
l

Y

� � � �

Y = (wx1l . . . w
x
Jl w

y
1l . . . w

y
Jl)

′ �� �

B
� � � � � � �" � �� � !� B = (L1, . . . , L2J)

′

Lk =

(sin(l(α∗
k − α∗

1)), . . . , sin(l(α∗
k − α∗

J)),− cos(l(α∗
k − α∗

1)), . . . ,− cos(l(α∗
k − α∗

J )))

Lk+J =

(cos(l(α∗
k − α∗

1)), . . . , sin(l(α∗
k − α∗

1)), . . . , sin(l(α∗
k − α∗

J)), . . . , cos(l(α∗
k − α∗

J )))

Proof of Theorem � � � � v ∈ R

� � � � � � � � I − 2v√
n
Bsl > 0, ∀l ∈ Z∗ � � � �

W = (u, v)
′

log E
(
e<W,Tn>

)
=

1

2

n∑

j=1

‖(I − 2v√
n
Bsl )

−1/2ucl‖2 − n

2

∑

l

log det(I − 2
2v√
n
Bsl )
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� � � � � � � � � � � � � �� � � � � � � � " 	 � �  ��� � �� � � �� � � � � � � � � � & � � 	 � �� �� Bsl , l ∈ Z∗

Trace(Bsl ) = (J − 1)lδ2l , ρ(Bsl ) ≤ 2Jlδ2l

� � � �� � $ $ �" � � � $ �� �� �� � � 	 	 �� ��

T
′

n =

(
n∑

l=1

< lδ2l cl, Yl >,
1√
n

n∑

l=1

Y
′

l B
s
l Yl

)

�� � & � � � � � �� � �� � �
� & �� " 	 $ �� � � � � � � �� �� �

Tn
L−→ N2



0,





∑

l l
2δ4l |cl|2 0

0 σ2(J − 1)
∑

l lδ
2
l









��  � � � � � �� � � � � �� � � �� � � � & � � �

∂2

∂αj∂αk
Mn(α) =

J − 1

J3

n−1

2∑

l=−n−1

2

2l2δ2l Re(eil(αk−αj)d̄jldkl).
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� � � 	 � �� � � � �#" �

n−1

2∑

l=−n−1

2

l2δ2l |cl|2 cos[l(αk − α∗
k + α∗

j − αj)]

n−1

2∑

l=−n−1

2

l2δ2l cos[l(αk − αj)]ε
x
jlε

x
kl =

1

n

n−1

2∑

l=−n−1

2

l2δ2l cos[l(αk − αj)]ξ
x
jlξ

x
kl

n−1

2∑

l=−n−1

2

l2δ2l c
x
l cos(lα∗

j )ε
x
kl =

1√
n

n−1

2∑

l=−n−1

2

l2δ2l c
x
l cos(lα∗

j )ξ
x
kl.

� � � � � � � �� � �	 $ � �� � � � � � δl, l ∈ Z∗ �� �

cl, l ∈ Z∗ � �� � � � � �� � � �� � � �

� 	 $ � � � � � $ � � � � � & �� � �� � ��  	 �� � � � & � � � � �� �� �� � � � � � � � 	 � �� �� �



How to apply ? 20

� �� 	 � � � � � ( � � �
	 � � � �	 � � � � � � � � �  � � � � � �� � � � � � � ( � � �	 � 	 � � � �� � �	 � � �

	 �

J � � � � �� �� �

� � � � � � �� �	 � � � �� � �	 � � �  � � � �� 	 ��  � � � � � � � � �� � � � � �	 � � � � �

−→ �	  � �� � � � � � � �	 � � 	 � � �� �	 �� �� � � � � � � � � � � �	 � � � � ��

−→� 	 �� � � �� �� � � � J � � � � ��

# �� �� � � �� � �	 � �	 ��  �� � �� � � � � � � �
	 �

�	 � � � � � � � � � � � � � � � "� � � � � �� � � � � � �

� � � �� � � �� � " �� �� f = fj

) � �� � �� � �
	 � � � � �� � � � � � � � �� - �

� � � ��� � � � � �� � � �� �� � �	 �

� �� � � � � � � � � � � � � � �	 � � � �	 � � �  � �� � � � � �� �	 �� � � � � �� � � �� � �� � � �

	 � � � �� � � �� � � � � 	 �� 	 �� � � �� �� � �	 � � �� � � � � �� � � � ���

	 �	� � � � �

�	 � � �	 " � ��  �� � � 	 � �� � �� � � � � � �� 	 � �� � � � � �� � 	 � �� �� n < +∞) � �	 � �� �� � � � � � - � � � J = Jm → +∞�



simulations 21

t

f(
t)

-3 -2 -1 0 1 2 3

-5
0

5
10

15
(a)

•

•

•

•

•

•

•

•

•

•

parameters

es
tim

at
ed

 p
ar

am
et

er
s

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0
.6

-0
.2

0.
2

0.
6

(b)

t

f(
t)

-3 -2 -1 0 1 2 3

-5
0

5
10

15

(c)

t

f(
t)

-3 -2 -1 0 1 2 3

0
5

10
15

(d)



Application to road data 22

time (in hours)

sp
ee

d 
(in

 k
m

/h
)

5 10 15 20

20
40

60
80

10
0

(a)

•
•

•

•

•
•

•

•

•

•

parameter number

es
tim

at
ed

 p
ar

am
et

er
s

2 4 6 8 10

-0
.6

-0
.2

0.
2

(b)

time (in hours)

sp
ee

d 
(in

 k
m

/h
)

5 10 15 20

20
40

60
80

10
0

(c)

time (in hours)

sp
ee

d 
(in

 k
m

/h
)

5 10 15 20

20
40

60
80

10
0

12
0

(d)


	small sc Outline of the talk
	small Problem: structural estimation
	sc One velocicty curve
	sc examples of velocicty curves
	small sc Structural estimation of functions
	small sc Structural estimation of functions
	small sc Structural estimation of functions

	small sc Structural estimation: bibliography
	small sc Structural estimation: bibliography
	small sc Structural estimation: bibliography

	small sc Non parametric point of view
	small sc Non parametric point of view
	small sc Non parametric point of view

	small sc Parametric estimation of translations
	small sc Parametric estimation of translations
	small sc Parametric estimation of translations
	small sc Parametric estimation of translations

	small sc $M_0(alpha )$
and smoothed contrast
	small sc ``convergence'' to a white noise
	small sc Smoothed empirical contrast
	small sc Proof of consistency
	small sc Proof of consistency
	small sc Proof of consistency

	small sc Asymptotic Normality
	small sc Outline of proof: general Lemmas
	small sc Outline of the proof: using the Lemmas
	small sc Outline of the proofs 
	small sc Outline of the proof
	sc How to apply ?
	sc simulations 
	sc Application to road data

