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Image Segmentation: Examples
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Image Segmentation: Principle

We look for a shape/set
Q* c{1,...,N}>

We solve
Q" € Argmingc (1 ny2 E(Q) + R(Q)

@ E enforces a prior on the segmented object.
Ex: If uis the image

E(Q) = Z |Um,n — c1]? + 2 Z |Um.n — C2f?

(m,n)eQ (m,n)ZQ

@ R enforces a prior on the shape.
Ex: R(Q) is the perimeter of Q
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Image Segmentation: The perimeter

We denote P = {1,..., N}2. Let
o:P— P(P)
be a notion of neighborhood. P(P) is the power set of P:
For any (m, n) € P, o(m,n) C P.

Examples :
@ Local neighborhoods:

> 4 connectivity : o(m,n) ={(m+1,n),(m—1,n),(mn—1),(m,n+1)}
» 8 connectivity : o(m,n) ={(m+1,n+1),(m+1,n),..,(m—1,n—1)}

@ Non-local neighborhood: If Uy, , is a small neighborhood surrounding (m, n)

a(m,n) ={(m',n") € P| |Un.n = Umw wl <7}
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Image Segmentation: The perimeter
Let Q C P, we define

o0 = {((m, n),(m',n')) € P?|(m',n") € o (m, n)

and (m,n) € Q and (m',n’) ¢ Q}.

® : Pixels in
| — : Connected neighbors
in 0
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Image Segmentation: The perimeter

Let Q C P, we define

00 = {((m, n), (m',n')) € P2|(m,n') € o (m, n)

and (m,n) € Q and (m',n’) ¢ Q}.

P@= > d(mn),(m,r),

((m;,n),(m’,n"))€0Q

where df ((m, n),(m’,n")) > 0 is some notion of length.
For simplicity, we assume for all ((m, n), (m’, n’)) € P?

dl ((m, n), (m', n")) = dI ((m', '), (m, n))
and extend
if (m',n")¢o(m,n) then dl((m,n),(m n"))=0.
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Image Segmentation: perimeter and total variation

With 4-connectivity and anisotropic TV

TV (1)

N
> [Vig(m, n)|

m,n=

N
Z [1io(m+1,n) — 1io(m, n)| + [Lio(m, n+ 1) — 1,o(m, n)]|

m,n=1
N

Z (1\(m,n)€§2 and (mi1,mza T Lj(mmea and (me1nen

m,n=1

1) mea and (mat1)ga T Lj(mmea and (m,n+1)e§2)

> 1

((m,n),(m’,n"))€0Q

£ insTinur
SEVATEMATIUES

Frangois Malgouyres (IMT) Mathematics for Image Processing Oct. 23-27 7/21



Image Segmentation: Mumford-Shah model

Given an image u, we look for

(Q*, w*) € Argmin E(Q, w)

where for Q@ C P and w € RV’
N
E(Q,w)=P(Q) + A Z |VWm,n|2 + pllw— “”%a
m,n=1
((m,n),(m+1,n))goQ
((m,n),(m,n+1))Z0Q

where A > 0, p > 0 are parameters. The model favors
@ u is smooth inside Q2
@ u has a large gradient on 0Q
@ Q is smooth
;E, ST WATiQUES

Frangois Malgouyres (IMT) Mathematics for Image Processing Oct. 23-27 8 /21



Image Segmentation: Chan-Vese model

Given an image u, we look for
(2%, ¢cf, c3) € Argmin E(Q, c1, &)
where for Q C P, ¢ and ¢; € R

E(Q, C1, C2) = P(Q) + w1 Z |um,n - C1|2 + w2 Z |um,n — Q& 27
(m,n)€Q (m,n)gZQ

where p3 > 0, pp > 0 are parameters. The model favors
@ u has a constant gray-level inside Q; a constant gray-level outside Q
@  is smooth

@ 0 is not particularly driven toward high contrast pixels
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Image Segmentation: Boykov-Jolly model
Given an image u, we look for

Q* € Argmin E(Q)
where for Q C P

EQ)=P@Q)+ > —log(P(umnl(m,n) € 0O))

(m,n)eQ

+ Z — log (P(um,n|(m, n) € F)),
(m,n)gZQ
where

@ P(c|(m, n) € O) is the probability density function of the probability that a
pixels of O has the gray level c.

@ P(c|(m,n) € F), same for the background F
and, for 7 > 0

dl ((m, n), (m/v "/)) = \/(me_ m/)zzT_:_ (n— n/)2' £ e
s
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Image Segmentation: Introduction to level sets

We consider an image ¢ € R” and let

Q={(mn)e{l,....N}? ¢m,>0}.

Instead of manipulating €2, we manipulate ¢ because it is in Euclidean space. We
let
1 ,ift>0,

1|~>°(t)_{ 0 ,ift<o.

N
Z amn becomes Z am,n1).>0 (¢m,n)
0

(m,n)eQ m,n=
N
Z bmn  becomes Z bm,n (1 = 1).50 (¢m,n))
(mm) gD m.n=0
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Image Segmentation: Introduction to level sets
Remember
00 = {((m, n),(m',n")) € P?|(m’,n') € o (m,n)

and (m,n) € Q and (m', n") ¢ Q}

and
di ((m, n), (m',n')) i (m',n") & o (m, n)
Therefore
S di((mn), (m,n)
((m,n),(m’,n"))€0Q
becomes

N N

Z Z dl ((ma n)v (m/a n/)) 1\20 (‘Pm,n) (1 - ll.ZO (‘pm’,n’)) °

m,n=0 m’,n’=0
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Image Segmentation: Introduction to level sets

The function
150
is
@ either not differentiable (if t = 0)
@ or has a null gradient (if t # 0)

So, we approximate

1IZO (@m,n)
by
Hs ((Pm,n)a
with
1 Lift > e,
Ho(t)=<{ 3(1+%+Lsin(Z)) ,if —e<t<e,
0 Jif t < —e.
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Image Segmentation:

Introduction to level sets

graphe de H pour epsilon = 0.1
= = =graphe de H pour epsilon = 1

12r graphe de H pour epsilon = 5
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Figure: Function H. for e = 0.1, 1, 5.
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Image Segmentation: Introduction to level sets
For ¢ = (¢m.n)1<mn<n € RV

Zamn SDmn

m,n=0
We have for ¢ and h € RV*N
N
E1(g0 + h) - El(SD) = Z am,n SDm n+hm n) — H: (QPm,n)) ,
m,n=0
N
= > amn(H (@mn) Bmn+ 0 (|Am,al)) ,
m,n=0

= Z am,nHz (¥m,n) Pm,n + 0 (||All2) ,

m,n=0

= (VEi(p), h) +o(|lhll2)

with
E H £ insTinur
\Y% 1(410) - (am,n é (‘Pm,n))lg m,n<N PSS Emanaves
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Image Segmentation: Introduction to level sets

We therefore have for

N

EQ((P) = Z bm,n (1 — H. (‘Pm,n))a

m,n=0

VEx(¢) = (—bm,nHL (@m,n))lgm,ngl\/-

Let
N N
E3(<‘O) = Z Z dl ((mv n), (m/, ”/)) HE (‘pm,n) (1 - HE (‘Pm’,n’)) .
m,n=0 m’,n’=0
We have
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Image Segmentation: Introduction to level sets

Es(¢ + h)
N N

Z Z dl ((mv n)a (m/a n/)) H. (‘Pm,n + hm,n)
m,n=0 m’ ,n’=0
(1 - Hs (‘Pm’,n’ + hm’,n’)),
N N

= XX di((mn).(m' ) [He (9mo) + H (2mn) B+ 0 (1A o])

m,n=0 m’,n’=0

(L = He (Pt o) = He (@) Bt + 0 (1 o)

= E3(¢) 4+ o(|lhl2) Z Z di ((m, n), (m’,n"))

m,n=0 m’ ,n’=0

|:_Hs (<Pm,n) H; (@m’,n’) hm’,n’ aF H; (‘Pm,n) hm,n(l - Hs (@m’,n’)>:| .
L,
2o
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Image Segmentation: Introduction to level sets

In first term, we switch variable names

N N

Z Z —dI ((m, n), (m', n")) He (¢m,n) He (@ ) Bt o =

m,n=0 m’ ,n’=0

N N
Z Z —dI ((m', n"), (m, n)) He (@) He (¢m,n) him,n

m’,n’=0 m,n=0
switch sums and use the symetry of d/ and get

Z Z —dl ((m, n),(m',n")) He (om,n) H; (Pmr ) By =

m,n=0 m’ ,n’=0
N N

Yo > —di((m,n), (m',n")) He (0mr w) HE (@min) B,

m,n=0 m’,n’=0
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Image Segmentation: Introduction to level sets

Finally, we get

N N

(VEs(¢), b= > > [=di((m.n), (', 1)) He (@m) HL (&mn) i

m,n=0 m’,n’=0
+ (a1 ((m, n), (' 1)) HL (@min) b (1 = He (@)

and deduce

VE (P)pmn = Z_ dl ((m, n), (m', n"))
(_Hs (‘Pm’,n’) H; (‘pm,n) + H; (‘Pm,n) (1 — H. (‘Pm’,n’))) )

N
Z dl ((m, n), (m', n")) HZ (¢m,n) (1 = 2H: (Pmr,)) -

m’,n’=0
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Algorithm for Chan-Vese model

(", e, c5) € Argmin p1 Ey (@, c1) + e Ex(e, ¢2) + E3(p)
with

dm,n = (Um,n - C1)2 and bm,n = (um,n - C2)2

Algorithm 1 Example for Chan-Vese model

Entry: u, p1, po
Output: Approximate minimizer described by: *

Initialize ¢
While Not converged Do
Compute the optimal ¢; and ¢ € R
Compute the images a and b
Compute d = 11 VEi(p, c1) + 112V Ex(¢p, c2) + VEs ()
Compute a step-size t > 0
Update: p ¢ — td

End while B
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To go further

@ Graph-cut technique provides an exact optimal solution (See "What energy
function can be minimized via graph-cut”, Kolmogorov, Zabih)

@ "Fast Marching” algorithm are very fast.
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