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Our Main Achievements

Global Uniqueness by DN map
on arbitrary subboundary or disjoint
input and output subbnoundaries

Our results: the best possible
among the existing results
within smooth coefficients



1. Introduction
Ω ⊂ Rn: bounded domain{

div(γ∇u) = 0 in Ω
u|∂Ω = f

Λγ : f ∈ H
1
2 (∂Ω) −→ γ ∂u

∂ν
|∂Ω ∈ H−

1
2 (∂Ω)

Electrical Impedance Tomography:
Find γ from Λγ



Reduction to potential
determination

Electrical Impedance Tomography: div(γ∇u) = 0
=⇒
Determination of potential in

∆w + qw = 0, q = −
∆
√
γ

√
γ
, w =

√
γu



Works on uniqueness for whole
Cauchy data

Incomplete references

spatial dimension n ≥ 3:
• J. Sylvester - G. Uhlmann (1987): γ ∈ C2

• L. Päivärinta - A. Panchenko - G. Uhlmann
(2003): Lipschitz continuous γ



Uniqueness: whole Cauchy data
n = 2:
• A. Nachman (1996): γ ∈ C2

• R. Brown - G. Uhlmann (1997): less regular γ

• K. Astala - L. Päivärinta (2006): γ ∈ L∞

• A. Bukhgeim (2008)



Partial Cauchy data{
div(γ∇u) = 0 in Ω
u|∂Ω = f

Γ, Γ̃ ⊂ ∂Ω: subboundary
Λ̃γ : { f ∈ H

1
2 (∂Ω)| supp f ⊂ Γ} −→ γ ∂u

∂ν
|̃Γ



uniqueness by partial Cauchy data

Γ: input subboundary, Γ̃: output subboundary
n ≥ 3:
• V.Isakov (2006): Γ, Γ̃ ⊂ plane or sphere
• A. Bukhgeim - G. Uhlmann (2002):
Γ = ∂Ω, Γ̃ ⊃⊃ half of ∂Ω, γ ∈ C2

• K. Knudsen (2006): γ ∈ Cα+
3
2 , α > 0

• H. Heck - J.-N. Wang (2006): stability
• C.Dos Santos Ferreira - C.Kenig - J.Sjöstrand -

G. Uhlmann (2007): magnetic Schrödinger



• C. Kenig - J. Sjöstrand - G. Uhlmann (2007):
Γ ⊂ ∂Ω: arbitrary,
Γ̃ ⊃⊃ ∂Ω \ Γ



Open Problem
Open problem:
How is the uniqueness for Cauchy data on arbitrary

subboundary Γ?

Subboundaries for Dirichlet inputs and Neumann
outputs should be as small as possible.



Our Result⇒ One Answer



2. Determination of potentials
Joint work with
O. Imanuvilov (Colorado State University)

G. Uhlmann (University of California Irvine)

Ref: J. Amer. Math. Soc. (2010)



Γ̃ ⊂ ∂Ω: arbitrary,

qj ∈ C2+α(Ω) with α > 0, complex-valued

Cq j =

(u|̃Γ, ∂u
∂ν
|̃Γ
) ∣∣∣(∆ + q j)u = 0 in Ω, u|∂Ω\Γ̃ = 0,

u ∈ H1(Ω)


(if 0 is eigenvalue, Cq j contains the graph)
Theorem 1 : Cq1 = Cq2 =⇒ q1 ≡ q2



Main Result II
Theorem 2
Assume: γj > 0, ∈ C4+α(Ω), j = 1, 2 with α > 0.

Λγ1 u = Λγ2 u on Γ̃ for all u ∈ H
1
2 (Γ), supp u ⊂ Γ̃.

=⇒ γ1 = γ2.



Corollary 1
Γ: arbitrary subboundary of ∂Ω such that

Γ1 ⊃ ∂Ω \ Γ.

Ĉq j = {(u|Γ, ∂νu|Γ1 ); (∆ + qj)u = 0, u|∂Ω\Γ = 0}.

Then: Ĉq1 = Ĉq2 implies q1 ≡ q2 in Ω.



Remark on Corollary 1
corresponding 3D result:
C. Kenig, J. Sjöstrand and G. Uhlmann, Ann. of
Math. (2007)
For Conductivity equation: Same uniqueness



Corollary 2: in domain with hole

Ω,D ∈ R2: smooth boundary domain such that

D ⊂ Ω.
V ⊂ ∂Ω: open set.

Let qj ∈ C2+α(Ω \ D) for some α > 0, j = 1, 2.

C̃q j := {(u|V , ∂νu|V ); (∆ + qj)u = 0 in Ω \ D,

supp f ⊂ V , u ∈ H1(Ω \ D)}

Then C̃q1 = C̃q2 =⇒ q1 ≡ q2.



Remark
For Conductivity equation: Same uniqueness



Anisotropic conductivity
σ = {σij}1≤i,j≤2: positive definite symmetric matrix

2∑
i,j=1

∂

∂xi

(
σi j
∂u
∂xj

)
= 0 in Ω, u|∂Ω = g.

Dirichlet-to-Neumann map:

Λσ(g) =
2∑

i,j=1

σijνi
∂u
∂xj
|∂Ω.



Uniqueness modulo transforms of x



Theorem 3 σk = {σ(k)
i j
}1≤i, j≤2 ∈ C7+α(Ω) for k = 1, 2

with some constant α > 0.

Γ̃ ⊂ ∂Ω: arbitrary relatively open subset.

Λσ1 (g)|̃Γ = Λσ2 (g)|̃Γ for all g ∈ H
1
2 (∂Ω), supp g ⊂ Γ̃.

Then ∃F : Ω → Ω: diffeomorphism, F|Γ̃ = I,

F ∈ C7+α(Ω), F∗σ1 = σ2.
Here F∗σ =

(DF)·σ·(DF)T ·F−1

|detDF| , DF: the differential of F.



3. General 2D second-order elliptic
systems

Joint with
O. Imanuvilov (Colorado State University)



∂

∂z
= 1

2 (∂x1 + i∂x2 ), ∂
∂z =

1
2 (∂x1 − i∂x2 )

Ω: smooth bounded domain in R2

Γ̃ ⊂ ∂Ω: arbitrary

L(x,D)u = ∆u + 2A∂zu + 2B∂z̄u + Qu = 0 in Ω

Here u = (u1, . . . , uN) and A,B,Q: N × N matrices
CA,B,Q =(u, ∂u

∂ν

) ∣∣∣∣∣∣∣∣
Γ̃

; L(x,D)u = 0, u|∂Ω\Γ̃ = 0, u|̃Γ = f





Theorem 4 Let Aj,Bj,Q j ∈ C6+α(Ω̄), j = 1, 2.
Suppose that CA1 ,B1 ,Q1 = CA2 ,B2 ,Q2 . Then

A1 = A2 and B1 = B2 on Γ̃,

2∂z(A1−A2)+B2(A1−A2)+(B1−B2)A1−(Q1−Q2) = 0

2∂z(B1−B2)+A2(B1−B2)+(A1−A2)B2−(Q1−Q2) = 0

in Ω.



Corollary

Corollary 4-1 Let Qj ∈ C4+α(Ω) and

(Aj,B j) ∈ C5+α(Ω). Then CA1 ,B1 ,Q1 = CA2 ,B2 ,Q2

implies A1 = A2, B1 = B2, Q1 = Q2 in Ω provided
that either A1 = A2 or B1 = B2 or Q1 = Q2 holds.

Partial Cauchy data uniquely determines any two
of A,B,Q in

∆u + 2A∂zu + 2B∂z̄u + Qu



Special Case: single equation
Joint with
O. Imanuvilov (Colorado State University)
G. Uhlmann (University of California Irvine)



Corollary 3
Let Ω: simply connected.
C(A1 ,B1 ,q1) = C(A2 ,B2 ,q2) ⇐⇒
∃η ∈ C5+α(Ω) such that η =

∂η

∂ν
= 0 on Γ̃,

L1(x,D) = e−ηL2(x,D)eη.

Here Lj(x,D) = ∆ + 2Aj
∂
∂z + 2Bj

∂

∂z
+ qj



Magnetic Schr ödinger equation

Let Ã = (Ã1, Ã2), Ã( j) = (Ã( j)
1
, Ã( j)

2
).

LÃ,q̃ =

2∑
k=1

(
1
i
∂

∂xk
+ Ãk

)2

+ q̃.

Set of partial Cauchy data

C̃Ã( j) ,q̃( j) =

{
(u|̃Γ,

∂u
∂ν
|̃Γ)|LÃ( j) ,q̃( j) (x,D)u = 0 in Ω,

u|∂Ω\Γ̃ = 0, u ∈ H1(Ω)
}
.



Corollary 4

real-valued vector fields Ã(1), Ã(2) ∈ C5+α(Ω)
complex-valued potentials q̃(1), q̃(2) ∈ C4+α(Ω).
Then

C̃Ã(1) ,q̃(1) = C̃Ã(2) ,q̃(2)

=⇒ q̃(1) = q̃(2), rot Ã(1) = rot Ã(2)

Here: Ã = (Ã1, Ã2), rot Ã = ∂Ã2
∂x1
− ∂Ã1

∂x2



References on uniqueness
2D case
• Z.Sun (1993): with full Cauchy data for small

coefficient

• H.Kang-G.Uhlmann (2004): with full Cauchy
data for special magnetic Schrödinger equations



3D case
• G. Nakamura-Z.Sun-G. Uhlmann (1995):

full Cauchy data
• D. Dos Santos Ferreira-C. Kenig

-J.Sjöstrand-G.Uhlmann (2007):
partial Cauchy data



Diffusion-convection equation
partial Cauchy data

C̃a( j) ,b( j) =

{
(u|̃Γ,

∂u
∂ν
|̃Γ)|∆u + a(j)(x)

∂u
∂x1
+ b( j)(x)

∂u
∂x2

+q(x)u = 0 in Ω, u|∂Ω\Γ̃ = 0, u ∈ H1(Ω)
}
.

Corollary 5. Let α > 0, q given.

complex-valued (a( j), b( j)) ∈ C5+α(Ω) × C5+α(Ω)
Then C̃a(1) ,b(1) = C̃a(2) ,b(2) =⇒ (a(1), b(1)) ≡ (a(2), b(2))



References on uniqueness:
2D case: J. Cheng-M. Yamamoto (2004): full
Cauhcy data
3D case: J. Cheng-G. Nakamura-E. Somersalo

(2001): full data



General Second Order Operator

P(x,D)u = ∆g + A
∂u
∂z
+ B

∂u
∂z̄
+ q(x)u = 0.

Here ∆g denotes the Laplace-Beltrami operator

associated to the Riemannian metric g ∈ C7+α(Ω).
Let: g be positive definite in Ω and

∆g =
1√
detg

2∑
j,k=1

∂

∂xk
(
√

detg g jk ∂u
∂xj

),

where gij = g−1.



Assume that g ∈ C7+α(Ω̄),

(A,B, q), (Aj,B j, qj) ∈ C5+α(Ω)×C5+α(Ω)×C4+α(Ω),
j = 1, 2 for some α > 0 are complex-valued

functions.



Let Γ̃ ⊂ ∂Ω be a fixed non-empty open subset.
We define the set of Cauchy data

Cg,A,B,q =

(u|Γ̃,
∂u
∂ν

∣∣∣∣∣
Γ̃

)
| (∆g+2A

∂

∂z
+2B

∂

∂z̄
+q)u = 0

in Ω, u ∈ H1(Ω), u|∂Ω\Γ̃ = 0





Uniqueness for single general
equation

Theorem 5
Let Ω be a simply connected domain.
Then C(g,A,B,q) = C̃(g̃,Ã,B̃,q̃) ⇐⇒
P can be obtained from P̃ by change of varables
F : Ω → Ω which is a diffeomorphism such that
F|̃Γ = Identity and the gauge transformation

P̃ → e−ηP̃eη where η ∈ C6+α(Ω), η|̃Γ =
∂η

∂ν
|̃Γ = 0.



4. Disjoint input and output
subboundaries

Joint with
O. Imanuvilov (Colorado State University)
G. Uhlmann (University of California Irvine)

Ref: Inverse Problems 2011

Cq = {(u|Γ+ , ∂νu|Γ− );

∆u + q(x)u = 0, u|∂Ω\Γ+ = 0}



Theorem 6
Let Γ+, Γ−, Γ0 ⊂ ∂Ω , ∅ be relatively open s.t.

• ∂Ω = Γ+ ∪ Γ− ∪ Γ0

• Γ+ ∩ Γ− = Γ+ ∩ Γ0 = Γ− ∩ Γ0 = ∅
• Γ+ = ∪2

j=1
Γ+,j, Γ− = ∪2

j=1
Γ−,j, Γ0 = ∪4

k=1
Γ0,k

• Γ±, j, Γ0,k, , ∅, are relatively open connected
subsets of ∂Ω and mutually disjoint.

• Γ−,1, Γ0,2, Γ+,1, Γ0,3, Γ−,2, Γ0,4, Γ+,2 in clockwise

Then Cq1 (Γ, Γ̃) = Cq2 (Γ, Γ̃) for q1, q2 ∈ C2+α(Ω)
implies q1 = q2.





5. Less regular potentials
Joint with
O. Imanuvilov (Colorado State University)
SIAM Math. Anal.



Schrödinger equation with potential q:

(∆ + q)u = 0 in Ω.

Let Γ̃ ⊂ ∂Ω: arbitrary relatively open subset,

Cq =

(u,
∂u
∂ν

)
|̃Γ; (∆ + q)u = 0,

u|∂Ω\Γ̃ = 0, u|̃Γ = f

.



Theorem 7
Let q1, q2 ∈ Cα(Ω) for some α ∈ (0, 1) if Γ̃ = ∂Ω
Let q1, q2 ∈ W1

p(Ω) for some p > 2 if Γ̃ is arbitrary.
Then Cq1 = Cq2 implies q1 = q2



References in 2D case
Γ̃; arbitrary
• Imanuvilov, Uhlmann and Yamamoto (2010): for

q ∈ C2+α(Ω)

• Guillarmou and Tzou (2011): for C2+α(Ω).
Γ̃ = ∂Ω

• Astala and Päivärinta (2006): L∞-conductivity
• Blasten (2011): potential in piecewise W1

p(Ω),
p > 2

• Bukhgeim (2008)



6. Lamé equations
Joint with
O. Imanuvilov (Colorado State University)

Ref: J. Inverse and Ill-posed Problems (2011)



Isotropic Lamé system:

Lλ,µu ≡
 2∑

j,k,l=1

∂

∂xj

(
C1 jkl

∂uk

∂xl

)
,

2∑
j,k,l=1

∂

∂x j

(
C2 jkl

∂uk

∂xl

)
in 2D domain Ω. Here:

Ci jkl = λ(x)δijδkl + µ(x)(δikδjl + δilδjk),

1 ≤ i, j, k, l ≤ 2, δij: Kronecker delta.

Assume that

µ > 0, λ + µ > 0 on Ω



Set:

Λλ,µ( f ) =

 2∑
j,k,l=1

ν jC1 jkl
∂uk

∂xl
,

2∑
j,k,l=1

νjC2 jkl
∂uk

∂xl

 ,
with ν = (ν1, ν2): the outward unit normal vector to
∂Ω.

Partial Cauchy data:

Cλ,µ = {(u,Λλ,µ( f ))|Γ̃; Lλ,µu = 0 in Ω,

u|∂Ω = f, supp f ⊂ Γ̃}



Theorem 8
Let Ω: simply connected smooth domain

µ1, µ2 be positive constants and λ1, λ2 ∈ C3(Ω).
Then Cλ1 ,µ1 = Cλ2 ,µ2 implies (λ1, µ1) = (λ2, µ2)



References: incomplete
• Akamatsu-Nakamura-Steinberg (1991):

2D, uniqueness of derivatives on ∂Ω
• Nakamura-Uhlmann (1993):

2D, uniqueness of λ and µ by full Cauchy data

near constants
• Eskin and Ralston (2002): 3D, uniqueness of
λ, µ by full Cauchy data near constant µ



7. Nonlinear elliptic equations
Joint with
O. Imanuvilov (Colorado State University)



P(x,D)u := −∆u + q(x)u + f (x, u) = 0 in Ω

Partial Cauchy data:

Cq, f = {(u, ∂νu)|̃Γ; −∆u + qu + f (x, u) = 0 in Ω,

u|∂Ω\Γ̃ = 0, u ∈ H1(Ω)}



Assumptions on nonlinear terms:

• f ∈ C2(Ω × R), f (x, 0) ≡ fy(x, 0) ≡ 0
• ∃p > 1,C1,C2, δ such that
| f (x, y)| ≤ C1|y|p, (x, y) ∈ Ω × [−δ, δ]
f (x, y)y ≥ C1|y|p+1 − C2, (x, y) ∈ Ω × R

• ∃p1 > 0, p2 > 0,C1 > 0 such that

| fy(x, y)| ≤ C1(1 + |y|p1 ),

| fyy(x, y)| ≤ C1(1 + |y|p2 ), (x, y) ∈ Ω × R



Theorem 9 (uniqueness of potentials)

Let q1, q2 ∈ C2+α(Ω).
Then Cq1 , f1 = Cq2 , f2 implies
q1 = q2 in Ω.



Theorem 10 (uniqueness of nonlinear terms)
Let C̃0, f1 = C̃0, f2 . Then ( f1 − f2)|O = 0
where

O = {(x, u(x, t)); 0 ≤ t ≤ 1, u(x, t) ∈ H2(Ω), t ∈ [0, 1],

u(x, 0) ≡ 0,

t → u(·, t) : [0, 1] → H2(Ω) is continuous,

−∆u(·, t) + f1(x, u) = 0 in Ω,

u(·, t)|∂Ω\Γ̃ = 0, 0 ≤ t ≤ 1}



8. Navier-Stokes equations
Joint with
O. Imanuvilov (Colorado State University)



Pµ(u, p) ≡
( 2∑

j=1

(−2∂ j(µ(x)ϵ1 j(u)) + uj∂ju1 + ∂1p,

2∑
j=1

(−2∂ j(µ(x)ϵ2j(u)) + u j∂ ju2 + ∂2p
)

Here ϵi j(u) = 1
2 (∂ jui + ∂iuj),

µ ∈ C4(Ω), µ > 0 on Ω



Fulll Cauchy data

Cµ = {(u, ∂νu, p)|∂Ω; Pµ(x,D)u = 0 in Ω,

div u = 0, u ∈ H2(Ω)}

Theorem 11
If Cµ1 = Cµ2 , then µ1 = µ2 in Ω.



9. Key to Proof
• u1 = u1(τ): τ - depending solution to
∆u1 + q1u1 = 0, u1|∂Ω\Γ̃ = 0

• u2 : ∆u2 + q2u2 = 0, u2|∂Ω = u1|∂Ω
DN maps are equal⇒ ∇u1 = ∇u2 on Γ̃

u = u1 − u2 =⇒∆u + q2u = −(q1 − q2)u1

u|∂Ω = 0,
∂u
∂ν
|̃Γ = 0

• v = v(τ): sol. ∆v + q2v = 0, v|∂Ω\Γ̃ = 0



0 =
∫
Ω

v(∆u + q2u)dx = −
∫
Ω

(q1 − q2)vu1dx

=⇒
∫
Ω

(q1 − q2)(x)v(τ)(x)u1(τ)(x)dx = 0 for all τ > 0
=⇒ q1 = q2?
How to choose u1(τ), v(τ)? ⇐
complex geometrical optics solutions→
which choices?



Key to proof
complex geometric optics solution by

Carleman estimate with suitable weight

• C. Kenig - J. Sjöstrand - G. Uhlmann (2007)
• O. Imanuvilov - G. Uhlmann - M. Yamamoto

(2008)



Preliminaries

i =
√
−1, z = x1 + ix2, z ↔ x = (x1, x2),

∂z =
1
2 (∂x1 − i∂x2 ), ∂z =

1
2 (∂x1 + i∂x2 ),

Φ(z) = φ(z) + iψ(z) ∈ C2(Ω): holomorphic in Ω, Im
Φ|∂Ω\Γ̃ = 0 (⇒ ∇φ · ν = 0 on ∂Ω \ Γ̃)

H = {z ∈ Ω|∂zΦ(z) = 0}

Assume: H ∩ ∂Ω ⊂ ∂Ω \ Γ̃, ∂2
zΦ(z) , 0 (z ∈ H )

(=⇒ H = {x̃1, ..., x̃ℓ})



First Step: Carleman estimate
Proposition 1
u ∈ H1

0
(Ω): real valued. Then for all large |τ|:

|τ|∥ueτφ∥2
L2(Ω)

+ ∥ueτφ∥2
H1(Ω)

+

∥∥∥∥∥∂u
∂ν

eτφ
∥∥∥∥∥2

L2(∂Ω\Γ̃)

+ τ2
∥∥∥∥∥∣∣∣∣∣∂Φ∂z

∣∣∣∣∣ ueτφ
∥∥∥∥∥2

L2(Ω)

≤ C
(
∥(∆u)esφ∥2

L2(Ω)
+ |τ|

∫
Γ̃

∣∣∣∣∣∂u
∂ν

∣∣∣∣∣2 e2τφdσ
)



Carleman estimate
Proposition 1 is:
• Carleman estimate with degenerate weight
• essential for constructing complex geometrical

optics solutions
• by Imanuvilov



Application of Carleman estimate
=⇒ Existence of τ-depending solutions to
Schrödinger equation with bounds:

∆u + qu = f in Ω, u|∂Ω\Γ̃ = g

Proposition 2 Let ∂Ω \ Γ̃ ⊂ {x ∈ ∂Ω; (ν · ∇φ) = 0}.
∃ τ0 > 0 such that for all |τ| > τ0 there exists a
solution such that

∥ue−τφ∥L2(Ω) ≤ C

∥ fe−τφ∥L2(Ω)

|τ| 12
+ ∥ge−τφ∥L2(∂Ω\Γ̃)





Second Step: construction of
complex geometrical optics

solutions

∂−1

z
g(z) = − 1

π

∫
Ω

g(ξ1, ξ2)

ξ1 + iξ2 − z
dξ1dξ2, ∂−1

z g = ∂−1

z
g

RΦ,τg := eτ(Φ(z)−Φ(z))∂−1

z
(geτ(Φ(z)−Φ(z)))

R̃Φ,τg := eτ(Φ(z)−Φ(z))∂−1
z (geτ(Φ(z)−Φ(z)))



Complex geometrical optics
solutions

∆u1 + q1u1 = 0 in Ω
u1|∂Ω\Γ̃ = 0
=⇒ Find

u1(x) = eτΦ(z)(a(z) + a0(z)/τ)

+ eτΦ(z)(a(z) + a1(z)/τ) + eτφu11 + eτφu12



Let polynomials M1(z) and M3(z) satisfy

∂ j
z(∂−1

z
(aq1) −M1(z)) = 0, z ∈ H , j = 0, 1, 2

∂ j

z
(∂−1

z (aq1)(z) −M3(z)) = 0, z ∈ H , j = 0, 1, 2

e1, e2 ∈ C∞(Ω): e1 + e2 ≡ 1 on Ω, e2 vanishes in a
neighborhood ofH \ ∂Ω, e1 vanishes in a

neighborhood of ∂Ω.
SetΦ = φ + iψ



Choice of a, a0, a1:

a, a0, a1 ∈ C2(Ω), ∂za = ∂za0 = ∂za1 ≡ 0

Re a|∂Ω\Γ̃ = 0, a = ∂za = 0 onH ∩ ∂Ω

(a0(z) + a1(z))|∂Ω\Γ̃ =
(∂−1

z
(aq1) −M1(z))

4∂zΦ

+
(∂−1

z (a(z)q1) −M3(z))

4∂zΦ



Choice of u11:

u11 = −
1
4

eiτψR̃Φ,τ(e1(∂−1

z
(aq1) −M1(z)))

− 1
4

e−iτψRΦ,−τ(e1(∂−1
z (a(z)q1) −M3(z)))

− eiτψ

τ

e2(∂−1

z
(aq1) −M1(z))

4∂zΦ

− e−iτψ

τ

e2(∂−1
z (a(z)q1) −M3(z))

4∂zΦ



Apply Proposition 2.
We have to verify

(∇φ · ν) = 0 on ∂Ω \ Γ̃

⇐ ImΦ = 0 on ∂Ω \ Γ̃ and C-R equations
Therefore Γ̃ can be arbitrary!



Proposition 2 =⇒ Find u12 such that

∆(u12eτφ) + q1u12eτφ = −q1u11eτφ + h1eτφ in Ω,

u12|∂Ω\Γ̃ =
1
4

R̃Φ,τ(e1(∂−1

z
(a(z)q1) −M1(z)))

+
1
4

RΦ,−τ(e1(∂−1
z (a(z)q1) −M3(z)))

∥u12∥L2(Ω) = o
(1
τ

)
, τ → ∞



Here:

h1 = eτiψ∆

 e2(∂−1

z
(a(z)q1) −M1(z))

4τ∂zΦ


+ e−τiψ∆

 e2(∂−1
z (a(z)q1) −M3(z))

4τ∂zΦ


−

a0q1

τ
eiτψ −

a1q1

τ
e−iτψ



Similarly:

∆v + q2v = 0 in Ω, v|∂Ω\Γ̃ = 0

Construct solution v of the form

v(x) = e−τΦ(z)(a(z) + b0(z)/τ)

+ e−τΦ(z)(a(z) + b1(z)/τ) + e−τφv11 + e−τφv12



v11 = −
1
4

e−iτψR̃Φ,−τ(e1(∂−1
z

(q2a(z)) −M2(z)))

− 1
4

eiτψRΦ,τ(e1(∂−1
z (q2a(z)) −M4(z)))

+
e−iτψ

τ

e2(∂−1
z

(aq2) −M2(z))

4∂zΦ

+
eiτψ

τ

e2(∂−1
z (a(z)q2) −M4(z))

4∂zΦ

Here

∂
j
z(∂−1

z
(aq2) −M2(z)) = 0, z ∈ H , j = 0, 1, 2,



∂
j

z
(∂−1

z (aq2)(z) −M4(z)) = 0, z ∈ H , j = 0, 1, 2

b0, b1: holomorphic functions such that

(b0 + b1)|∂Ω\Γ̃ = −
(∂−1

z
(aq2) −M2(z))

4∂zΦ

−
(∂−1

z (a(z)q2) −M4(z))

4∂zΦ



v12: solution to

∆(v12e−τφ)+q2v12e−τφ = −q2v11e−τφ −h2e−τφ in Ω

v12|∂Ω\Γ̃ =
1
4

R̃Φ,−τ(e1(∂−1

z
(a(z)q2) −M2(z)))

+
1
4

RΦ,τ(e1(∂−1
z (a(z)q2) −M4(z)))

∥v12∥L2(Ω) = o
(1
τ

)
:



h2 = e−τiψ∆

 e2(∂−1

z
(a(z)q2) −M2(z))

4τ∂zΦ


+ eτiψ∆

 e2(∂−1
z (a(z)q2) −M4(z))

4τ∂zΦ


−

b0(z)q2

τ
e−iτψ −

b1(z)q2

τ
eiτψ



Third Step: Stationary Phase

Key Theorem: Assume: F ∈ C0(R2),
{y ∈ supp F| ∇φ(x) = 0} = {y1, ..., yℓ},
det (∂i∂jφ)(yk) , 0

=⇒
∫
R2

eiτφ(y)F(y)dy

=
2π
τ

ℓ∑
k=1

eiτφ(yk)F(yk)

|det ∂i∂ jφ(yk)| 12
× e

iπ
4 sgn (∂i∂ jφ(yk))

+ o
(1
τ

)



Here:

sgn A :=# [positive eigenvalues of A]

− #[negative eigenvalues of A]



Result by stationary phase

Proposition 3 : Let {x̃1, . . . , x̃ℓ} be the set of critical
points of the function ImΦ. Then for any potentials

q1, q2 ∈ C2+α(Ω), α > 0 with the same
Dirichlet-to-Neumann maps and for any
holomorphic function a, we have

ℓ∑
k=1

(q1 − q2)|a|2(x̃k)Re e2iτImΦ(x̃k)

|(det ImΦ′′)(x̃k)| 12
+ R = 0, τ > 0

Here R is independent of τ:



R =
∫
Ω

(q1 − q2)(a(a0 + b0) + a(a1 + b1))dx

+ 1
4

∫
Ω

(q1 − q2)
(
a
∂−1

z
(aq2)−M2(z)

∂zΦ
+ a

∂−1
z (q2a)−M4(z)

∂zΦ

)
dx

− 1
4

∫
Ω

(q1 − q2)
(
a

(∂−1
z

(aq1)−M1(z))

∂zΦ
+ a

(∂−1
z (aq1)−M3(z))

∂zΦ

)
dx



Sketch of Proof of Proposition 3
• Take geometric optics solution u1 to
∆u1 + q1u1 = 0, u1|∂Ω\Γ̃ = 0

• u2 : ∆u2 + q2u2 = 0, u2|∂Ω = u1|∂Ω
DN maps are equal⇒ ∇u1 = ∇u2 on Γ̃

u = u1 − u2 =⇒∆u + q2u = −(q1 − q2)u1

u|∂Ω = 0,
∂u
∂ν
|̃Γ = 0

• Take geometric optics solution v to
∆v + q2v = 0, v|∂Ω\Γ̃ = 0



0 =
∫
Ω

v(∆u + q2u)dx = −
∫
Ω

(q1 − q2)vu1dx :

Stationary phase + estimates for u12 =⇒

2
ℓ∑

k=1

π((q1 − q2)|a|2)(x̃k)Re e2iτImΦ(x̃k)

|(det ImΦ′′)(x̃k)| 12
+ R = o(1) as τ → ∞

[left side] = almost periodic function in τ

Bohr’s theorem implies [left side] = 0 for all τ



Hint to Completion of Theorem 1
We can chooseΦ such that

ImΦ(x̃k) , ImΦ(x̃j), j , k

Let a(x̃k) , 0
Then Proposition 3 implies

q1(x̃k) = q2(x̃k)



10. Conclusion and Further Topics
Our proof:
Pointwise uniqueness by choice ofΦ =⇒
Given one pair of data yields uniqueness at one
point

=⇒ reconstruction



Future Topics
• Stability
• Completion for Lamé equations

• Sharp uniqueness
• Γ, Γ̃: arbitrary without ∂Ω \ Γ ⊂ Γ̃,

Cq =

(u|Γ,
∂u
∂ν
|̃Γ
) ∣∣∣(∆ + q)u = 0 in Ω,

u|Ω\Γ = 0, u ∈ H1(Ω)





Thank you very much!




