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Our Main Achievements

Global Uniqueness by DN map
on arbitrary subboundary or disjoint

Input and output subbnoundaries

Our results: the best possible
among the existing results
within smooth coefficients



1. Introduction
Q) Cc IR": bounded domain

{ div(yVu)

ulyo

0in Q
f

A, :fe€HI(Q) — Y| € H2(3Q)
Electrical Impedance Tomography:
Find y from A,



Reduction to potential

determination

Electrical Impedance Tomography: div(yVu) = 0

—
Determination of potential in

A
Aw+qw=0, g=- ‘/‘/_7,7,0= \/;u
)4




Works on uniqueness for whole
Cauchy data

Incomplete references

spatial dimension n > 3:

e J. Sylvester - G. Uhlmann (1987): y € C?
e L. Paivarinta - A. Panchenko - G. Uhlmann

(2003): Lipschitz continuous y



Uniqueness: whole Cauchy data

n=>2:

A. Nachman (1996): y € C?

R. Brown - G. Uhlmann (1997): less regular y
K. Astala - L. Paivarinta (2006): y € L

A. Bukhgeim (2008)



Partial Cauchy data

{ div(yVu)

ulyo

0in Q
f

I, T c 0Q: subboundary
A, {f € H%(aﬂ)lsuppf cl} — Yaﬁ'f



unigueness by partial Cauchy data

I': input subboundary, T: output subboundary

n 2= 3.

e V.Isakov (20006): I[,T C plane or sphere

e A. Bukhgeim - G. Uhlmann (2002):
I =0Q, T 5> half of 9Q, y € (2

e K. Knudsen (2006): y € Co‘*%, a >0

e H. Heck - J.-N. Wang (2006): stability

e C.Dos Santos Ferreira - C.Kenig - J.Sjostrand -
G. Uhlmann (2007): magnetic Schrodinger



e C. Kenig - J. Sjostrand - G. Uhlmann (2007):
I' € 0Q: arbitrary,
T >0 9Q\T



Open Problem

Open problem:
How Is the uniqueness for Cauchy data on arbitrary
subboundary I'?

Subboundaries for Dirichlet inputs and Neumann
outputs should be as small as possible.



Our Result = One Answer



2. Determination of potentials

Joint work with

O. Imanuvilov (Colorado State University)
G. Uhimann (University of California Irvine)

Ref: J. Amer. Math. Soc. (2010)



T c 0Q: arbitrary,
q; € C***(Q) with & > 0, complex-valued

Cq]- — {(ulf/ g_zlf) ‘(A =+ q])u =0 in Q, u|8g\f = U,

u € Hl(Q)}

(If 0 Is eigenvalue, C,; contains the graph)
Theorem1l:C, =C;, = g1 = 92



Main Result ||

Theorem 2 a
Assume: y; > 0,€ C**(Q), j = 1,2 with & > 0.

Ayu=A,u onT for all u € Hz(I), suppu C T.

=>)/1 = 7Y2.



Corollary 1

I': arbitrary subboundary of dQ such that
I DJ0Q\T.

C,; = {ulr, dyulr,); (A+g)u =0, ulsg\r = 0}.

—

Then: C,;, = qu implies g1 = g, In Q.



Remark on Corollary 1

corresponding 3D result:

C. Kenig, J. Sjostrand and G. Uhlmann, Ann. of
Math. (2007)

For Conductivity equation: Same uniqueness



Corollary 2: in domain with hole

Q, D € R?*: smooth boundary domain such that
Dc Q.

V c 9dQ: open set.

Let g; € C***(Q \ D) forsome & > 0, j = 1,2.

—~

Cq]. = {(ulv, dyulv); (A + g)u=0in Q\ D,

supp f ¢ V, u € H(Q \ D)}

Then qu = qu = g1 = q>.



Remark

For Conductivity equation: Same unigueness



Anisotropic conductivity
0 = {0ij}1<i j<2: POSItive definite symmetric matrix

2

%, u .
O; =0 InQ, ulyg=2g.
Z ox; ( jax]) oo = 8

i,j=1

Dirichlet-to-Neumann map:

2
0
As(g) = Z Gijvia_ulaﬂ-

i,i=1 Xj



Uniqueness modulo transforms of x



Theorem 3 o, = {agf’}lsi,,-sz e C™**(Q) fork = 1,2
with some constant a > 0.
T c 9Q: arbitrary relatively open subset.

A, (D= = Ay, ()= forall g € H2(99Q), supp g C T.

Then AF : Q — Q. diffeomorphism, Fl|z = 1,
F € C7+a(ﬂ), P*O'l — O».

Here F.o = ‘DF"l"d'(DP’T'P_l, DE: the differential of F.
etDF]|




3. General 2D second-order elliptic
systems

Joint with
O. Imanuvilov (Colorado State University)



— %(8x1 + iaxz), 8% — %(axl - iaxz)

- smooth bounded domain in R?
I' € 0Q: arbitrary

l DSJIIQ’

L(x,D)u = Au + 2A0.u +2Bo:u+ Qu =0 in Q

Here u = (u4,...,uyn) and A, B, Q: N X N matrices
CA,B,Q —

{(u, g—z) s L(x, D)u = 0, ulyjor =0, ulg = f

~

I}



Theorem 4 Let Aj, B;, Q; € C***(Q), j = 1, 2.
Suppose that Ca, 8,0, = Ca,,B,,0,- ThEN

A;=A, and B;=B, onT,
20,(A1—A3)+By(A1—Ay)+(B;—B)A;1—(Q1—Q,) =0
20,(B1—B3)+A(B1—By)+(A1—A3)B,—(Q1—Q») =0

In Q.



Corollary

Corollary 4-1 Let Q; € C***(Q) and

(A], B]) c C5+a(ﬂ). Then CAerlrQl = CAZ:Berz
implies A; = A,, By = By, Q1 = Q, In Q provided
that either A; = A, or By = B, or Q; = Q, holds.

Partial Cauchy data uniquely determines any two
of A, B, Q In

Au + 2A0.u + 2BJ:u + Qu



Special Case: single equation

Joint with
O. Imanuvilov (Colorado State University)
G. Uhlmann (University of California Irvine)



Corollary 3
Let Q2: simply connected.

Ciar B = Cls Brgn)
dn € C°**(Q) such that n = 2 =ponT,

ov
Li(x,D) = e 1L,(x, D)e".

Here Lj(x, D) = A + 24,5 + 2B; = + ¢



Magnetic Schr odinger eguation

Let A = (gllgz), A = (Aij),ﬁj))-

2

Set of partial Cauchy data

du
Cx A 5) = {(Ml‘f, 8_IF)ILA(]) i x,D)u =0 In Q,
1%

Ulyo\F = 0,u € Hl(Q)}.



Corollary 4
real-valued vector fields AP, A® e C5++(Q)
complex-valued potentials g, g'? € C**(Q).

Then
C (1) “(1) — C (2) “(2)

= 70 =32, rotA® =rotA®

Here: A (Al,Az) rotA = 22 _ 24

dxq dxa



References on unigueness

2D case

e Z.5un (1993): with full Cauchy data for small
coefficient

e H.Kang-G.Uhlmann (2004): with full Cauchy
data for special magnetic Schrodinger equations



3D case

e G. Nakamura-Z.Sun-G. Uhimann (1995).
full Cauchy data

e D. Dos Santos Ferreira-C. Kenig
-J.Sjostrand-G.Uhlmann (2007):
partial Cauchy data



Diffusion-convection eguation

partial Cauchy data

- o NN, N
C.o o = {(urf, a—Z|f)|Au + a¥ (x)% + pY (x)%
1 2

+q(x)u =0In Q, ulyo 7 =0,u € Hl(Q)}.

Corollary 5. Let & > 0, g given.
complex-valued (a”?, b") € C>**(Q) x C>**(Q)
Then Ea(l),b(l) = C,0 0 = (a?,b?) = (a®?, b'?)



References on unigueness:
2D case: J. Cheng-M. Yamamoto (2004): full

Cauhcy data
3D case: J. Cheng-G. Nakamura-E. Somersalo

(2001): full data



General Second Order Operator

P(x,D)u = A, +A3—u + Ba—u + g(x)u = 0.
0z 0z

Here A, denotes the Laplace-Beltrami operator

associated to the Riemannian metric g € C7+(Q).
Let: ¢ be positive definite in Q and




Assume that g € C7**(Q),

(A, B, q), (A}, Bj, q,) € C**(Q) x C>**(Q) x C**(Q),
j = 1,2 for some a > 0 are complex-valued
functions.



Let T c 9Q be a fixed non-empty open subset.
We define the set of Cauchy data

Ceapg = {(ulf, ou ) | (Ag+2Ai +ZBi_ +q)u =0

v i 0z 0z

I

nQ, ue€HY(Q),ulyn = o}



Unigueness for single general
eguation

Theorem 5

Let QQ be a simply connected domain.

Then Cgasyp = Cgisg =

P can be obtained from P by change of varables
F : Q — Q which is a diffeomorphism such that
Flz = Identity and the gauge transformation

P — e™"Pe where 7 € C**(Q), lz = 2|z = 0.



4. Disjoint input and output

subboundaries
Joint with

O. Imanuvilov (Colorado State University)
G. Uhlmann (University of California Irvine)

Ref: Inverse Problems 2011

Cq — {(u|r+, aVull"_);
Au + qg(x)u = 0, ulyo\r, = 0}



Theorem 6

LetI'., IT'_, Ty € 0Q # 0@ be relatively open s.t.

e 0Q =T, UI_UT,

eI . NI_=T, NIy =I_NI,=0

o |, = U?=1r+ri’ I_ = U?zll"_,]-, I'g = Uiﬂrﬂ,k

o I, Tox, # 0, are relatively open connected
subsets of Q2 and mutually disjoint.

o I'_ 1, Iy, T4, 10315 T4 Iy Inclockwise

Then C,,(T,T) = C,,(T,T) for g1, 4, € C***(Q)

implies g, = q».







5. Less reqgular potentials

Joint with
O. Imanuvilov (Colorado State University)
SIAM Math. Anal.



Schrodinger equation with potential g:

A+qgu=0 In Q.

Let T c 9Q: arbitrary relatively open subset,

C, ={(u, Z’_u) = (A + g)u =0,

v

ooy = 0, uly = f}



Theorem 7

Let g1, g> € C"‘(ﬁ) for some a € (0,1) if T = 0Q
Let g1, 42 € W(Q) for some p > 21if T is arbitrary.
Then C,, = C,, implies g, = ¢>



References In 2D case

I~

I'; arbitrary

¢ Imanuvilov, Uhlmann and Yamamoto (2010): for
= C2+a(Q))

e Guillarmou and Tzou (2011): for C2+"‘(§).

T =00

e Astala and Paivarinta (2006): L*-conductivity

e Blasten (2011): potential in piecewise W;(Q),
p > 2

e Bukhgeim (2008)



6. Lamé equations

Joint with
O. Imanuvilov (Colorado State University)

Ref: J. Inverse and lll-posed Problems (2011)



Isotropic Lamé system:

2 9 ol w— o
= 2 Cr 1 — 2 ~ lc,.

jk,1=1

In 2D domain Q. Here:

Ciikt = Ax)0;;011 + u(x) (001 + 010 1),

1<14jk1<2, 06;: Kronecker delta.
Assume that

u>0,A+u>0 onQ



Set:
2

2

8uk Buk

Apu(f) = z Vjcljkza—, Z , V]C2]kla
ik 1=1 X k=1 X

with v = (v1, v,): the outward unit normal vector to
0Q.

Partial Cauchy data:

C/\,y = {(u, A/\,y(f))lf‘; L/\,yu =0 InQ,
ulao = f, supp f C T}



Theorem 8
Let Q2: simply connected smooth domain

U1, 4p be positive constants and A4, A, € C3(Q).
Then Cy,,u, = Ca,,u, IMplies (Ay, yq) = (A, ys)



References: incomplete

e Akamatsu-Nakamura-Steinberg (1991):.
2D, unigueness of derivatives on 9dQ
e Nakamura-Uhlmann (1993).

2D, uniqueness of A and u by full Cauchy data
near constants

e Eskin and Ralston (2002): 3D, uniqueness of
A, u by full Cauchy data near constant u



/. Nonlinear elliptic equations

Joint with
O. Imanuvilov (Colorado State University)



Px,D)u := =Au + g(x)u + f(x,u) = 0in Q

Partial Cauchy data:

Cor =, d)l; —Au + qu + f(x,u) = 0in Q,
UlyoF =0, u € H(Q))



Assumptions on nonlinear terms:
e feCUQXR), fx,0) = f,(x,0) = 0
e dp > 1,4, C,, 0 such that
| (x, Y| < Cilyl?, (x, y) € Q x [-6, 0]
fe, )y = CGlylP™ = G, (x,y) € QxR
e dp; > 0,p, > 0,C; > 0 such that

1fy (x| < G+ [y]™),
I,y 0, )] < C1(1 + [ylP?), (x,y) € Q X R



Theorem 9 (unigueness of potentials)
Let g4, 9, € C2+(Q).

Then Gy, 5 = Cg, 5, IMplies

g1 = q» In Q.



Theorem 10 (unigueness of nonlinear terms)

Let E(),f1 — CO,fZ' Then (fl - fz)l() =0
where

O={lxulxt);0<t<1 ulxt) € H(Q), t €]0,1],
u(x,0) =0,
t = u(-, 1) :[0,1] » H*(Q) is continuous,
—Au(-, t) + f1(x,u) = 01n Q,
uC, Dlyor =0, 0<t<1)



8. Navier-Stokes equations

Joint with
O. Imanuvilov (Colorado State University)



2

Py(u, p) = (Z(—Zgj([.l(X)ey(u)) + ujajul + d1p,

=1

2
Y (=20, (p()er; ) + w0, + azp)

=1

Here €;;(u) = 3(0ju; + d;u;),
peECQ), p>00nQ



Fulll Cauchy data

Cy — {(u/ avur P)Lm; Py(x/ D)u =0 1In QI
divu =0, u € H*(Q)}

Theorem 11
It Cy, = Cy,, then yg = pp In Q.



9. Key to Proof

e 11, = u,(7): T - depending solution to
Auy + q1u1 =0, sl F =0

® U : Auy + qatt; =0, ws]oa = ui1lsa
DN maps are equal = Vu; = Vu, on T

u=u —u =>Au+ qu =—(g1 — g2)uq

e v =10(7): SOl. Av + v =0, ]y, =0



0= f v(Au + gou)dx = — f(ql — gy)oupdx
Q Q

= [ (g1 — 32) @0 (@) @) (D) (x)dx = 0 for all T > 0
= q1 = 27

How to choose u4(7), v(1)? &

complex geometrical optics solutions —

which choices?



Key to proof

complex geometric optics solution by
Carleman estimate with suitable weight

e C. Kenig - J. Sjostrand - G. Uhlmann (2007)
e O. Imanuvilov - G. Uhlmann - M. Yamamoto
(2008)



Preliminaries

1= ‘/—_1 z=x1+1x, 2 © x = (x1,x7),
0, = %(5’x1 — i0y,), 07 = %(&’x1 + id,,),

D(z) = p(2) +iP(z) € C2(Q): holomorphic in €, Im
@) =0 (= Ve -v=00n9Q\T)

H =z € EIBZCD(Z) = 0}

Assume: H N 0Q C 9Q \f, 8§CD(z) =0 (z € H)
(= 7-{ — {32-’1’ coey Fff})



First Step: Carleman estimate

Proposition 1
U € H;(Q): real valued. Then for all large |z}

ou
ITl|lue™ 1>, + |lue™||> —e'?
L2(Q) H1(Q) ov [2(90\T)
oD 2
+ T2 ue™®
82 12(Q)
S 2 au 2 2T
CllI(Au)e®?|] N kd —| e " Pdo
L=(Q) ‘11’ av




Carleman estimate

Proposition 1 is:

e Carleman estimate with degenerate weight

e essential for constructing complex geometrical
optics solutions

e by Imanuvilov



Application of Carleman estimate

— EXistence of 7-depending solutions to
Schrodinger eqguation with bounds:

Au+qu=finQ, ulnz=g

Proposition 2 Let 0Q2 \f C {x € 0Q; (v- V) = 0}.
A 7, > 0 such that for all |T| > T, there exists a
solution such that

1 fe " ?|lr2q)
lue "2 < C - + |lge T(P”Lz(ag\f)
7|2




Second Step: construction of
complex geometrical optics
solutions

(&, &) -
9g(z) = —— f sy, 07 = o8

z TJdaé1 +ié—2z
Rq) g = eT(CD(z)—CD(z))a—l (geT(CD(z)—(D(z)))
’ z
3 — ST(D(2)-D(z)) )1 T(D(2)—-D(2))
Rop.g:=c¢e J; (ge )



Complex geometrical optics

solutions
Au1 + q1u1 = 0 InQ

”1|an\f =
—> FInd

1 (x) = e"®?(a(z) + ay(2)/7)

+ "9 (a(z) + a4(2) [T) + e Pu + e Puqpp




Let polynomials M;(z) and M;(z) satisfy

/(0 " (aq) - M1(2)) =0, z€H,j=0,1,2
(07 (ag))(z) —M3(2) =0, zeH, j=0,1,2

e1,6; € C°(Q): e +e, =10n 5 e, vanishes in a
neighborhood of H \ 0Q, e; vanishes in a
neighborhood of 0Q.

SetdD = @ + iy



Choice of a, ay, a;:

a, a,, a1 € C2(Q), d-a =dzay = dza; =0

Re alyo\ 7 =0, a = d.a = 0on H N JQ

(0~'(aq1) — M;(2))
40, D

(a0(2) + 611(2))|ag\‘f =

(0" a(2)g1) — M5(2))

+

40,D



Choice of uqq:

1 . .~
U = —ZelecD,r(el(a;(aqﬂ — M;(z2)))

1 _, p
— Ze_wlI)Rq),_T(€1(az_l(a(z)(/h) — M;(2)))

iy €209 (agn) = Mi(2)

T 40, D
o=t €2(97 (a(z)gqq) — M;(2))
T

40,D



Apply Proposition 2.
We have to verify

(Vo -v) =0 ondQ\T

& Im® =00ndQ\T and C-R equations
Therefore T can be arbitrary!



Proposition 2 = Find u4, such that

A(u2e™®) + qrupe™ = —quupe™ + hie™  in Q,
1~ -1
ulzlag\‘f — ZR(D,T(el(aE (a(Z)éh) — M;(z2)))

' i Ra,—- (€107 (a(2)g1) — M5 ()

1
”u12”L2(Q) — 0(;), T — 00



Here:

470, D

e2(0-"(a(z)gq1) — M;(2))
hl — eTi‘/’A -

| {ez(agl(fz)ql) - Ms(z))}
+ e "YA

4710, D




Similarly:
Av+q0=0 InQ, vs=0
Construct solution v of the form

v(x) = 7" PP(a(2) + by(2)/7)

+ "9 (a(z) + by(2) [T) + e P + e P



011 = —ie'”‘l’ﬁcp,-z(e1 0~ (g2a(2)) — M2(2)))

— ieiﬂ’bR(I),T(el (8;1 (qZE) — M4(E)))

ity e2(0~"(aq2) — M2(2))

+
T 40, D
AT ez(az_l(ﬁqz) — My(2))
+
t 40, D
Here

/(0 Mag) - Mx(2) =0, z€H, j=0,1,2,



8;(8;1(Eq2)(z) ~Ms(2) =0, zeH, j=0,1,2
b, b1: holomorphic functions such that
@;(aqz) — M, (2))
40, D

(bo + Zl)lag\f - =

(0 a(2)g2) — My (2))

40, D



v1>. Solution to

A(v1267"?) + gov12e™ " = —qov1167" Y —hye™®  In Q
1=~ -1
lelag\f — ZR(D,—T(el(a_ (11(2)6]2) — M,(2)))

1 — —
+ 2R (e19; (a(2)g) — My(2)))

1
||U12||L2(Q) =N (—) .
T



[32((9:1(61(2)6]2) - Mz(Z))]
hz — B_Th’bA -
470, D
| [ez(aj(ﬂqz) - M4(E))]
+ e"YA
4710, D

bo(2)g, b1(2)q> .
Yo g2 it _ 1\2)q> iy
T T




Third Step: Stationary Phase

Key Theorem: Assume: F € C°(IR?),

{y € supp F|Vp(x) = 0} = {y4, ..., y¢},
det (0;0;p)(yx) £ 0

= e'""YF(y)dy
R2

-z

k=1 det 8,8,(p(yk)| 2

(1
4+ o0l -
T

iT(P(yk)F
(Y) % o ZSON @0ty




ere.

sgn A :=* [positive eigenvalues of A]
— *[negative eigenvalues of A]



Result by stationary phase

Proposition 3 : Let {x3,...,x,} be the set of critical
points of the function Imd. Then for any potentials
g1, q> € C2+"‘(5), a > 0 with the same
Dirichlet-to-Neumann maps and for any
holomorphic function a, we have

A (611 qz)|a|2(x )Re 321T|m(D(xk)
) +R=0,7>0

k=1 |(det ImD’’) (x1.)] 2

Here R Is Independent of t:



R = fg(ql — q2)(alay + by) + a(a; + by))dx

3:1 (agq2)—M;(2) —o1 (qzz) —My (z)
+3 fg(ql — q2) (“ e ta= 9, )dx
. (a;(mn)—Ml(z)) _(B;I(qu)—M3(E))) P
~1 Jo\d1 — q2) (a 0 D Ta 0. D *



Sketch of Proof of Proposition 3

e Take geometric optics solution u4 to
Au1 + qi1U1 = 0, ullag\f =0

o uy : Auy, + qou, =0, uzloo = uiloo
DN maps are equal = Vu; = Vu, on T

u=u —uy =>Au+ qu = —(q1 — q2)uq
du
ulaﬂ — Ol —IKF=0
v
e Take geometric optics solution v to

Av+q,0=0, v|)F=0



0= f v(Au + gu)dx = — f(ql — gy)oupdx :
Q Q

Stationary phase + estimates for u;, =

) Z[‘ ﬁ((ql
=1 |(det ImCI)")(xk)l 2

+R_0(1) as T = oo

g2)|a]?) Fi)Re 1M

[left side] = almost periodic function in T
Bohr’s theorem implies [left side] = 0 for all T



Hint to Completion of Theorem 1

We can choose d such that

Im®(x;) # ImD(x)), j # k

Let a(xy) #0
Then Proposition 3 implies

q1(567<) = qz(ﬁ)



10. Conclusion and Further Topics

Our proof:

Pointwise uniqueness by choice of ® =
Given one pair of data yields unigueness at one
point

— reconstruction



Future Topics

Stability

Completion for Lamé equations
Sharp uniqueness

I,T: arbitrary without 9Q \ T c T,

v

C, = {(ulr, g—ulf) ‘(A + qgu =01n Q,

ulowr =0, u € Hl(ﬂ)}



Thank you very much!





