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Outline

» Short Introduction on Fluid—Structure Systems

» Control as a swimming problem in collaboration with Jorge
San Martin (Chile) and Marius Tucsnak (Nancy)

» Boundary Stabilization in collaboration with Mehdi Badra
(Toulouse)



General Description

» Fluid:

» inviscid and incompressible
(particular case: potential fluid)

» viscous and incompressible,

» viscous and compressible, etc.

» Structure:

» rigid body,

» elastic solid,

» aquatic animals,
micro-organisms, etc.




Studied Problems

» Modeling (for instance: how to model a fish swimming 7)

» Theoretical Analysis (well-posedness, long time behavior,
collisions, etc .. .)

» Numerical Analysis (find numerical schemes, prove the
convergence, numerical implementation)

» Control Problems (Control of both fluid and structure,
self-propelled motions, etc ...)

» Inverse Problems (Detect a structure moving into a fluid,
identify its shape, etc ...)



Difficulties

> The equations of the fluid are non linear and usually
difficult to study even without structure (Navier—Stokes
equations, Euler equations, etc.). The equations of the
structure could also be difficult to solve.

» The equations of the fluid and the equations of the
structure are strongly coupled.

» The fluid domain is variable.

» The fluid domain depends on the position of the structure
which is part of the solution. The fluid domain is one of
the unknowns of the problem!



Control as a swimming problem

in collaboration with Jorge San Martin (Chile) and Marius
Tucsnak (Nancy)






Swimming Control results

» San Martin-T.-Tucsnak (motion of ciliate micro-organism)

» Alouges-De Simone-Lefebvre (motion of the three-balls
system in a Stokes fluid)

» Glass-Rosier (motion of a boat in an incompressible
inviscid fluid),

» Chambrion-Munnier (deformable structure in a potential
fluid)

» Lohéac-Scheid-Tucsnak (deformable ball in a Stokes fluid)



The Model

Cilium




The Model

—vAv+Vp=0

3
V.0 in R°\S, t>0,

v="he3s+u, ondS, t>0
lim v=0, t>0

|z|—o0

O——/ o(v,p)n dl’-es3, t>0
oS



The Model

N
i=1
The “control” wu is coming from the motion of the cilia:
U = Upey

and

8tX(t7§) = u@(t7X(t7§))’ X(Ové-) =¢.



The Model

N
Z '7aN(t))7

Bi(t)  (ie{l,...,N}),
=0, (0)_0,

& (t)
h(0)

Is it possible to have h(T) = hr, and o;(T) = 07
How to do it in an “efficient” way?



Feedback stabilization of a 1d fluid-structure system

in collaboration with Mehdi Badra (Toulouse)



Controllability results

v

1d: Doubova and Fernandez-Cara, 2005
Liu, T. and Tucsnak, 2012

2d: Imanuvilov and T., 2007, case of rigid ball
2d: Boulakia and Osses, 2008, rigid body with

geometrical properties
3d: Boulakia and Guerrero, 2011
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Stabilization results

» Raymond, 2009

» Lequeurre

Feedback Stabilization of a Fluid-Structure system (damped
Euler-Bernoulli beam)



1d Stabilization Problem

u(t)
J u(t, ) ‘ v(t, x)
[ \
-1 h(t)
» h = h(t) trajectory of the particle
» v = v(t,z) fluid velocity, defined in the fluid domain
(=L 1\ {A(®)}-
» u = u(t) control of the system, velocity of the fluid at
r=-1



Feedback stabilization

u(t)

|

| v(t, x)

v(t, x)

=1l

( vt—vm—i—vvw:fb

v(t,—1) = a® + u(t),




Feedback stabilization

u(t)

|

| o(t, ) v(t, x)

=1l

'vt_va;x"i_vva;:fs (t>07
o(t, h(t)) = h(t)  (t=0),

v(t,—1) = a® +u(t), v(t,1)=0°




Feedback stabilization

u(t)

v(t, x)

v(t, x)

Ut — /Ua:x"i_'m.)a;:fs
v(t, h(t)) = hi(t)

mh(t) = [v )t

t) +
v(t,—1) = a5 + u(t

);

h(t)
(t >0, [
nt  (t>0)
(t 1) =b°



Feedback stabilization

u(t)
J v(t, x) ‘ v(t, x) |
[ \ \
-1 h(t) 1
( vt_va:x"i_'m.)a;:fs (t>07 T e [_171]\{h(t>})7
v(t, h(t)) = h(t)  (t>0),
mh(t) = [vg](t, h(t)) + meS (t >0), ()

C 0(0,2) = vo(x)

v(t,—1) =a® +u(t), vt,1)=0° (t=0),
1(0) = ho,  1(0) = ha,

xz € [-1,1]\ {ho}.



Stationary states

For f%, ¢5, a® and b° given, find V° and H® such that

Vi + VIV =15 (ye(-1,1)\{H*}),
0= [VS1(HS) + mes, .
VS( )—aS VS()—bS ()
VS(H®) =0.



Feedback Stabilization result

Theorem
If
lvo = VNl 2(—1,1)) + [hal + [ho — H| <

then there exists a solution (v,h) with
o(t,—1) = + K (v(t, X) = VS(y), h(t), k(1))
and

[o(t) = VEll 210y + [2()] + |h(t) — H?|
< Ce™ (Jlvo = V5| 211y + el + |ho — HF) .



Change of variables

X(t,-): (-1,1) = (=1,1), with X(t,H®)= h(t)
and

V(t,y) == v(t, X (t,y)).

This leads to the stabilization of the nonlinear system
Z' = AZ + Bu+ F(Z), 7Z(0)=1Z" (6)

where

» A:D(A) C H — H compact resolvent in the real Hilbert
space H and generator of an analytic semigroup in H;

» B:R — [D(A")] is strictly relatively bounded.



Feedback stabilization of parabolic systems

Theorem

Assume the following unique continuation property

Ve € D(A"), VAeC
A*c =X and Bfe=0 = £=0.

Then there exists K € L(H;R) such that the solution Z of (6)
with uw = K7 satisfies for | Z°| small enough

I1Z(®)] < [1Z°)e".



Application to our case

Is it possible to find a non null solution to the following
problem?

{ VyS(O Y= Pyy — VS@Z/ =0, y€ (07 1)7 (*)



Application to our case

Is it possible to find a non null solution to the following
problem?

{ V2 (0)p — oy — Vi =0, y€(0,1), )
If we multiply by ¢, we obtain

1 1 1
1
VyS(O)/O |<p|2d>7+/0 Isoylgdy+2/0 V2 |p[?dy = 0.



Application to our case

Is it possible to find a non null solution to the following
problem?

{ VyS(O (p_‘Pyy_VSQOy =0, ye(0,1), (%)
If we multiply by ¢, we obtain

1 1 1 1
VyS(O)/O |<P|2d}’+/0 Isoylgdy+2/0 V2 |p[?dy = 0.

Using Poincaré inequality, we deduce

A= v < W= =202 sy | s
0



Conclusion

» We obtain the feedback stabilizability of a fluid-structure
problem in 1d, with only one boundary control, provided o
is not too large or there does not exist a solution to ().

{ V'ys(o)@ — Pyy — VSSOy = 0’ Y€ (07 1)7 (*)

» We are working on the same problem in several dimensions.






Fluid-Rigid body in 2d

@—F(U‘V)v—yAv%—Vp:fS

ot
V-v=0

in F(a,0), t>0,

v="L+w(x—a)t, ondS(a,h),
v="0"4+u, on dN.

MY = _/ o(v,p)n dU + M5, t>0
35 (a,0)
Iw’:—/ (a:—a)L-U(v,p)ndF—i—[kS, t>0,
35 (a,0)

ad=0 60=w t>0.



The result

Theorem
Assume (f5,05,k5,b%) is associated to a stationary solution. If

l0® = V3|l 2(0) + la® — a®| +16° — 6%] < (7)

and if

K
u(t,z) = Y u;t)v;(z)
j=1
with wj =1II;((vo X — VS lw,a—a®,0—0%))
then there exists a weak solution (v,p, ¢, w,a,0) satisfying

lo(t) = V3l 2(0) + la(t) — a®| +16(t) — 67
< C’e_gt (H’UO — VSHLQ(Q) + |(LO — CLS| + |90 — GSD o



Stationnay states

(VS - V)V —vAVS + VPS = 5

. S pS
V.S 0 in F(a”,07),

VS(x):O, me@S(aS,HS),
VS(z) =05, z €.

0:—/ o(VS, P%)n dl + M 1%,
98 (as,09)

0:—/ (y —a®)t - o(VS, PS)n dl + TkS.
98 (as,05)

(8)



Change of variables

X(t,y) =y+n(y) [a(t) + (Rowy — I2)y] and Y(t,-) == X(t,)""

We define

o(t,y) == Cof (VX (t,y))"v(t, X(t,y), B(t,y)=pE X(tv)),



The system after change of variables

(K9] — v[Ld] + [M#] + [N] + [Gp] = 5 in (0,T) x F,

o=0 in (0,T)x F,
o=0+ayt on (0,T) x 08,
o=b"+u in (0,T) x €,

M[Ryl) = —/ o(,p)n dU, t >0,
O,
L.o(®,p)n dl, t>0,

l, t>0,
0=, t>0.



The system after of change of variables

We write
o=+ VS p=q+P°
so that
[Koyb] — v[La] — v[LVS] + [Mw@] 4+ [MV?]
+ [N(@ + V)] + [Gg + [GPT] = f5.
We can rewrite the above equation as
Dy — vAW — v[LVI] + [MVF] + [N(@ + V)] + V§ + [GP7]
= 5+ [1d —K)8yw] + v[(L — A)d] — [M@] + [(V — G)q.



The system after of change of variables

After some calculation, we deduce
O —vAD+T[ad Lo +w-VVS + V5. Vo + V§
=F(Z) in (0,00) x F,
w=0 in (0,00) % F,
w="0+oyt on (0,00) x IS,
w=u in (0,00) x Q,

MC(t)=— | o(w,§)n dl + Mey(Z), t>0,
oS
IS (t) = —/ yt - o(w,§)n dT, t >0,
oS R
a =40 t>0,
0=, t>0.



In the above system, we have set
Z=[a, q l o a o,
and

T[a 8 ¢ Q)" = a1 + ol + T3 4 01Ty + foT'5 + 6T,



Feedback stabilization of parabolic systems

X'=AX + Bu in [D(4%)], X(0)=X", (22)
where
» A:D(A) C H — H compact resolvent in the real Hilbert
space H and generator of an analytic semigroup in H;
» B:U — [D(A*)] is strictly relatively bounded.

There is a finite number of “unstable” modes: for any
prescribed ¢ > 0, there are only N eigenvalues of A with real
part strictly greater than —o: \g, k=1,..., N (N depending
on o).



General Theorem for Feedback stabilization

Theorem
Assume the following unique continuation property

Ve e D(AY), Vke{l,...,N}
A*¢ =g and B*'e=0 = e=0.

Then there exists I1 € L(H;RX) such that A+ BB*II is
exponentially stable of order —o: the solution X of (22) with
u = KX satisfies

IX @] < I1Xfle".

K can be chosen as the the maximum of the geometric
multiplicities of the \g, k € {1,...,N}.



Unique continuation

and

Ao = V@ +Vr + (VV)'p = V5. Vp =0,

/Fl'SOdy

F

/FZ'SOdy
F

Io)\C+/ yJ-.g(gp,w)ndIW—/I‘g.@dy_ﬁ_o’
a8 F

mAer/ o(p,mn dl + y—
oS
(23)
Ab+/r4.<pdy:o,

f

/\H+/F5'gody:0_
F

o(p,m)n =0 on 0. (24)



Fixed Point Argument

F— X

where
PX' = AgPX + PF,
(I —P)X = (I — P)DB*II(X),
X(0) = X°.

X=[wlwal.
F(Z) = [(Id —K)8s] + v[(L — A)w] + [(V — G)d] + ...
Fixed point in
LA(D(Af{%) N HY(D((AY?)*)) n BC(H), (25)

and in

L2(D(An)) N HL(H) 0 BCy(D(A{?)). (26)



Conclusion

» We obtain the feedback stabilizability of a fluid-structure
problem in 1d, with only one boundary control, provided o
is not too large or there does not exist a solution to ().

» We obtain the feedback stabilizability of a fluid-structure
problem in 2d for “mild solutions” provided the initial
position and the final position of the rigid body is the same.

» We obtain the feedback stabilizability of a fluid-structure
problem in 2d and 3d for “strong solutions” with
dynamical controllers.



