Inverse problems for elliptic PDEs and Hardy
classes of generalized analytic functions

Juliette Leblond

y d

: informatiques g mathématiques

Sophia-Antipolis, France team APICS

From joint work with

L. Baratchart, Y. Fischer (INRIA Bordeaux), J.R. Partington (Univ. Leeds, UK)



Overview

Planar conductivity PDE and (pseudo-) holomorphic functions
(o-harmonic, generalized analytic)
Properties of associated Hardy spaces (review)

Consequences for direct and inverse PDE problems

Conclusion



Conductivity equation

Let Q C R? with smooth boundary I = 9Q (H8lder smooth)
Q ~disk D, I ~ circle T orannulus: Q ~ A, I ~TU T
~ conformally, simply or doubly connected (also with several holes) 0<eo<1

Conductivity coefficient o Lipschitz smooth function in Q

o known, 0 < c <o <C

Consider solutions u to (u):

’div(agradu):V.(UVU):O‘inQ (u)

second order elliptic PDE, distributional sense V.(6Vu)=Au+ V(logo).Vu=0

o = 1orcst: Au = 0, Laplace equation, u harmonic in



Geometries

Q=A,ICT, J=(T\/)UgT | =T, J=(T

u, Oyt

orQ=D,ICT, J=T\/

or conformally equivalent domains (conformal invariance)



Boundary value problems

- Dirichlet (direct) problem:

Given measures of u on I, recover u in Q (and 0Opu, on IN)
(n outer unit normal) well-posed for smooth Dirichlet data ¢ ~» ¢ € LHZR(I')?
- Ca Uchy (inVerse) problem: |1, [J] >0 partial overdetermined boundary data

Given measures u and 0 d,u on | C T of a solution u to (u),

(u): ‘V. (o Vu) :0‘ in recover u, 0 Opu on J =T \ [ (or o0

1 pair of Dirichlet-Neumann data (¢, ;) on I, ¢; € LI%{(I), Yy € W]Ril’z(l)? compatibility...

L? boundary data ~» smooth conductivity o, tradeoff

practically: pointwise corrupted boundary measurements



Other PDEs, other problems

(u): V. (cVu)=0inQCR?

Above boundary values problems also for

e Laplace: Au=0 from Cauchy dataon / C T,
recover J =T\ / (unknown geometry),
or Robin coefficient on J

° SCh rédinger: —AW + q w = 0 stationnary, for some potential g

Other related issues: unique continuation principles, density
(Runge) properties, stability estimates, free boundary problems



o-harmonic conjugation

Generalized Cauchy-Riemann equations: for @ =D
u solution to (u): V. (cVu)=0 < Jv such that in
Oxv = —ag0yu 1
x Y* and V. (=Vv ) =0
Oyv = c0xu o
Function v: o-conjugated to u v unique up to additive constant

Want solution u to (u) and o-conjugated v to have boundary
values (traces) on I', whence:

Opv = 00nhu
{ 8,1V = —O'agu on T

Og tangential derivative for Q@ = A: 3v if compatibility boundary condition



Generalized analytic functions
In Q~D cC R? ~ C complex plane
1 - 1
X=(oy)mz=xtiy, 0=0;= (0—id), §=0z=_(3x+id))

u solution to (u): V. (e Vu)=0 V~8,V.~Red

<~ f =u-+ iv Satisﬁes Beltrami equation conjugated B., pseudoholomorphic
of = vof (f)

l1-0¢

e Wh®(Q), |v|<k<1inQ
o

for v =

f solution to (f) <= u = Ref solution to (u)

(f) conformally invariant (R-linear, first order)
# C-linear Beltrami equation: dg = vdg, quasi-conformal map. f(z,z), u(x,y), v(x,y)

in Q ~ A, compatibility condition needed for <=



Harmonic and analytic functions

Generalization of homogeneous situations 0 =cst~ o =1, v =0
Holomorphic / complex analytic functions 0F =0 in D C C:

Q = D unit disc or Q ~ D conformally equivalent

1 _ 1
X=(oy)=z=x+iy, 0=0=_(0—18), 8=0;= (3 +id)

Laplace operator A =499 =408 = 85 + 85

F(z):ZI}kzk:ZIA-_krke"ke, z=reeD, r<1
k>0 k>0

(Fourier series, coefficients Fy) 5 F=0 (F h0|omorphic) S F=u + v

with harmonic v and conjugate function v satisfying
Cauchy-Riemann equations in ID:

{ Oxv = —0Oyu

Oyv = Oxu



Hardy spaces H? of analytic functions in D

R ) 2 ) d9
SRR = IR = ess sup/ F(re®)2Z < oo
>0 o<r<l Jo 2w

= F € H?(D): solutionsto 9F =0in D, ||F|, < oo

Hilbert space C L2(D) Parseval p = 2, also Q = A and Banach HP
~ L2 bOUndary values on T: tr H2(D) C L2(’I[‘) closed (traces, non tg lim)
~~ equivalent boundary L?(T) norm: 1Fllo = lItr Fll 2y

~~ Cauchy-Riemann equation in D, up to boundary T:
tr F=u+ivonT, where Oygv = Opu, Opv = —0Ogu
~> uniqueness and density results (stability)

also Poisson, Cauchy integral formulas, Hilbert-Riesz operator, L decomposition + further properties

~ results for o = 1, v = 0, Laplace equations (also in A, in R3)



Generalized Hardy space H?

Hilbert space H? = H?(D):

also Q ~ D or ~ A conformally; Banach spaces H,’:, 1<p<oo

- solutions f to (f) Of = vOf |in D

- bounded in Hardy norm in D Iflly, < o0
20 ) do
||FH§ = ess sup / \f(re's)\Z— < oo
0<r<1J0 271

(sup of L2 norms on circles in D)
2 2 _
HZ shares many properties of H H0

[Baratchart-L.-Rigat-Russ, 2010], [Fischer, 2011], [F.-L.-Partington-Sincich, 2011], [BFL, 2012]



Properties of H?

Generalize those of H? a=D
Theorem [sLry] f € H2(D) Of = vof, ||f|, < oo
- f admits a non tangential limit tr f € [?(T) on T r=T)
-trf=0ae. on/CT,|l| >0 implies that f = 0; if f # 0, then
its zeroes are isolated in D + Blaschke condition and log [tr | € L1(T)
- |Itr flli2¢ry is equivalent to ||f]|, on H>(DD) Hardy norm
- Closedness of traces: tr H2(D) is closed in L?(T)
- Retr f =0 a.e. on T implies that f =0 in D up to constant,

or whenever normalization on T, f € Hi’o(]D) ={fe Hi(]D)) s /11‘ Imtr f =0}

+ maximum principle in modulus alsoin Q= A, I = TU T [BFL,F], and in Hﬁ



Properties of tr H2(ID)

COFO”ary [BLRR] Dirichlet in HE(D), density

-V € LA(T), 3 f € Hy°(D) such that Retr f = ¢
moreover , Itr fll2ery < eoll9llizem)

- conjugation operator H,, bounded on L%(T)  HibertRiesz transtorm, £2(T)

tr u=Retr f = ¢ Jt, trv=Imtr f =H,¢p

fe HD) <= tr f = (I + iH,)¢, ¢ € LA(T)
- density (Runge): let / C T, J=T\/ such that |J| >0
then, restrictions to / of functions in tr H2(D) dense in L2(/)

however, if g € tr Hg converges to tr f in L2(/) while tr f & tr le’\l' then Hg,,HLz(J) — oo unstable

also H’%(D)‘QD dense in H2 (oD) alsoin HP, 1 < p < oo



Best constrained approximation in H?

Regularization: bounded extremal problems (BEP)

Let / CT,

I, |4 >0,e>0 Q=D =T J=T\!I
B— {f € tr H2, |Re ]|z < z—:} L),

Theorem [BFL, FLps] (BEP) well-posed v = 0: [BLP]

V function ® € L2(/), 3 unique f, € B such that
& = £ill 2y = min || — £l 2
Moreover, if ® ¢ B, then |[Ref| 2y =€

Proof: bounded conjugation, density result alsoinQ~ A, with/ CT, J=(T\/)U T

also in Hl’i, for Lp(l) data, or with other norm constraints



Constructive issues in H?

Computation algorithm, from ® € L?(/) Q =D, A (I C T) [AP,BFLFLPS]

L projection operator L2(I') — tr H20 : P,o = %(qﬁ—Fiqub)

vanishing mean on T

Solution to (BEP): given ® € L2(1), M >0 ToepitzHankel operators on +2
Pu(xif) = vPu(xuRefs) = P,(® Vv 0)

for | Lagrange parameter v < 0 s.t. Hf:kHL?(J) =M

mingey 2 19— FHLZ(,) + 7 |IRe fHLz(J) ~y % M smoothly decreasing
Complete families of solutions, for computations in H2(Q) and L2(T)
~~ Bessel/exponentials, toroidal harmonics [F] (w.r.t. o or v, and Q) polynomials?

v = 0: Fourier basis, polynomials



For related conductivity PDE

u solution to (u) in Q: Q~Dorh
V.(6Vu)=0 <« u=Ref with f solution to (f) in Q  «ie~n

- Dirichlet boundary value problems:

from prescribed boundary data ¢ € L3(I),
recover u in Q solution to (u) such thattru=¢ on I

From Dirichlet theorem in HE’O(Q): Q ~ A: + hyp. on ¢
3! v in L3(Q) solution to (u) such that tr u = ¢

trf—g4 /r 0Opu = 6+ M6, [ulla = [Itr vl iz = 16l

- Unique continuation properties isolated critical points of u in Q

Bounded conjugation operator ~~ stability properties for (u)... Dirichlet-Neumann map: A¢ = 99 Hy ¢



For related conductivity PDE

- Cauchy inverse problems, | C T Q=Dor A

Given ¢[ and ¢[ in leR(I)’ from Cauchy data, J = 0Q \ /
recover u solution to (u) in Q such that tr u = ¢y, 00,u =1, on |

Let ® = ¢, + if, W€ L2(1)\ (tr H3)|,; from density results:
Juy = Re fi solution to (u) in Q [tr uk = &1l 2y — O
199 Mot — 41l 2y — 0 but [|tr ukHL2(J) —

~> ill-posed for non compatible boundary data ¢;, ¥; on /

~ look for tr u ~ ¢, 0O,u >~ 1; on |  with tr u bounded on J...

~~ solve bounded extremal problems (BEP) for & in tr H2

interpolation (ill-posed) ~~ best constrained approximation, regularization (Lavrentiev, Tikhonov)



Plasma equilibrium model in a tokamak

In 2D poloidal sections, poloidal magnetic flux u:

1 1
V. <XVU> =V .(ocVu) =0 in the vacuum Q, conductivity o = >

Maxwell equations, axisymmetric assumption, cylindrical coordinates (x, y) = (R, Z) (¢ = cte)

Q~AgCR? annular domain between plasma and chamber

r — I_e U I_p limitor [ C Q inside plasma, Grad-Shafranov equation, control

From pointwise magnetic data
on outer boundary re (poloidal magnetic field)

1 1
u, B,=—=0tu, By = —0hu
X X

2(m)

recover plasma boundary [,

outermost level line tangent to I’}

i 15 2 25 3 35 4 free boundary problem



Application to plasma shaping in a tokamak

Tore Supra
(CEA-IRFM Cadarache)

magnetic field B, flux u

Polaidal Plasma
field electric current

Toroidal
field \

Resultant helical field
(Pitch exaggerated)




Plasma in tokamak

From measurements of u, 0d,u on outer boundary I, find level
line ', of associated solution u to (u), tangent to limitor [,

Take a first such [ expand u on T (toroidal harmonics), compute max u = cp on T
Data transmission ['e ~ 'y o:

u, c0puon | =Te~ u, 00uon Jy=Tp0, uin Qo

Cauchy boundary inverse problem in g solve (BEP)

u, By~ &), Be = dgv = 0du ~ v, ~> Cauchy data ® on I,

< M small, ¢ constant

constraint ||Re fi, — CoHL2(JD) =

Free boundary problem I'p: u, OpuonTy~ Ty {u= maxp, u = ca}

iterate 1st step ~» [, last closed level line tangent to I’ with shape optimization [BFP]



Plasma boundary recovery

Poloidal section of tokamak Tore Supra

16 18 2 22 24 26 28 3 3.2

Reconstruction of plasma boundary I, from measurements o of
poloidal flux v and x of poloidal magnetic field on I,

with series of toroidal harmonics (18 terms)



Other applications

Inverse problems for Laplace equations Au = 0 in planar domains,

from given Cauchy dataon |/ C T = 0Q Q=A
Robin coefficient recovery data transmission
on inner boundary J of A on circles
(I = T outer boundary) (for sources localisation)
Robin on sT (eD =m Poles location (ARL2)
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Other applications

Geometry recovery, J C T (using conformal maps)

Given Cauchy data on /| C T, recover J such that 0,u =0 on J




Conclusion

Work in progress: .. or to be done?

e More about generalized Hardy classes HY

factorization, operators, density of traces for Q = A reproducing kernel in H2? HE, p = 1, 00?
- extremal problems minimize also w.r.t. ¢ in constraint ||Re f — cl|
- solutions w = e5F to related Ow = aw o = dlog ot/
e Other elliptic operators (and relat-ed/-ing PDEs) + time €7

Schradinger Aw ~ |a|2w + (da)W 3D Laplace + symmetry properties ~ 2D conductivity (u)
e Unique continuation principles for (u) and (w)

stability, energy estimates Runge density properties ~s EIT issues?
e Non smooth boundary geometry I other tokamaks, Jet, ITER: X point

with geometrical issues: Bernoulli type (free boundary) problems

e Other classes of conductivities o (or coefficients v, a)?

non smooth? (up to now, R-valued Halder smooth o, r > 2, in H2(Q), p > r/(r — 1))

anisotropic (matrix-valued)? in R3?
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