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Two parts

I. Stable reconstruction of coefficients in linear and weakly nonlinear

coupled systems.
Joint works with A. Benabdallah, L. De Teresa, P Gaitan, H. Ramoul

and M. Yamamoto (Aix-Marseille, Kemchela, Mexico, Tokyo)
[I. Determination of multi coefficients in a system with strong nonlinear

coupled parabolic models (Lotka Volterra ).
Joint work with L. Roques ( INRA France).
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Part |

Stable reconstruction of coefficients in linear and
weakly nonlinear coupled systems.
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Carleman Estimates and Inverse Problems

@ Bukhgeim, Klibanov, 81
Holder stability results with local Carleman estimates.

@ Imanuvilov, Yamamoto, 98

Lipschitz stability results with global Carleman estimates.
Parabolic problems.
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Carleman Estimates and Inverse Problems

Imanuvilov-Yamamoto (98) : Sources (or potentials) identification.

y'—Ay+q(x)y=1f in Qx(0,T),
y =0, on 02 x(0,T),
y(0) =)o in Q.

Let w C © a non empty subset,

3C >0, [1fla) < € (IV(+0) ey + IV 20,7020 )
In particular, if y(.,0) =0 :

112200y < ClIY I3 0,720
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B. 2 x 2 Reaction-Diffusion Systems

2 x 2 Reaction-Diffusion Systems J

Joint work with P. Gaitan and H. Ramoul
Inverse Problems (2006)
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Reaction-diffusion systems

@ Q C R" (n < 3) bounded domain. I' = 9.
@ T7>0,Qr=02x(0,T),Zr=Ix(0,T)

oiu= Au+ a(x)u+ b(x)v in Qr,

ov=Av+c(x)u+d(x)v in Qr,

u=g,v=nh on X,

u(0) =up et v(0) = v in Q,
o a, ba C, de A(R) = {CD € LOC(Q); ”d)”LOO(Q) < R}7

r>0,rn>0suchthata>ry, c>r, Up>r, Vo>,
b>0,¢>0,ar+b>0,c+dr>0andg>r, h>r.
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Observability estimate for reaction-diffusion systems

Recall
.
(7, q) = /0 /Q e 2(sp)™ " (101G + |AgP + (X0)°Val2 + (sAp)*[q) dix at.

e B(x) B 22K _ gAB(x)

with o(x, t) = m, n(x,t) = =1

BeC?Q), 8.8<0 on 8Q, VB #0 on Q\ w.
Then,

I(r.¢) < Go ( [ e o - ap axdt+ ¢ [[ (spyoe 2ol dxdr)
Qr wT

for every ¢ € L2(0, T; H}(R)), s and X sufficiently large.
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Linearized Inverse Problem

Let (u, v) and (u, v) be solutions to

U = Au+ au + bv inQr, 8¢l = AT + ali + bv in Qr,
Ov = Av + cu + dv in Qr, OtV = AV + cu + dv in Qr,
u=g,v=nh onXr, and U=g, v=nh onxr,
u(0) =ug and v(0) =vy inQ, u(0) =Ty and v(0) =Vvy inQ.

Denote U=u—0, V=v—V,y=08(u—10),z=08(v—V),v =b—b.
Then (y, z) is solution to

oy = Ay + ay + bz + y10v in Qr,
Ohz=Az+cy+dz in Qr,

y=z=0 onxr, (2)
y(0) = AU(0) + aU(0) + bV(0) + v ¥(0), in Q,

2(0) = AV(0) + cU(0) + dV(0) in Q.
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Global Carleman Estimate

T T
53)\4// 67257/803|y|2 dx dtS CS7)\8 // 67257/907‘2‘2 dx dt
0Jw 0Jw
Theorem

We assume a, b, ¢, d € A(R) and that exists ¢y > 0 such that ¢ > ¢,
inw. Then there exist \y = \(Q,w) > 1,81 =51(\,T)>1and a
positive constant C; = C1(Q,w, ¢y, R, T) such that, for any A > Ay and
any s > s, the following inequality holds:

) _
Iy)+1(2) < Cy [sw* / / 6217|212 dx dit + / / =257 |9, 7[2 dx dt|
t() w Q m

(3)

for any solution (y, z) of (2).

v
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_________B.2x2ReactonDiffusion Systems |
Stability Theorem

We obtain the following stability result:

Theorem

Suppose there exists 6 € (0, T) such that u(,-) = u(b,-), v(6,-) = v(0,-). For
Uo, Vo, Uo, Vo in H?(RY), there exists a constant C > 0,

C=C(Quw,c,T,r,R)

such that

Ib = blifzq) < Cllorv — 0¢v]Z,

wr)
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C. 2 x 2 Reaction-Diffusion-Convection Systems

2 x 2 Reaction-Diffusion-Convection Systems J

Joint works with

@ A. Benabdallah, P. Gaitan, M. Yamamoto
Applicable Analysis, Vol 88 (5), 2009

@ A. Benabdallah, L. De Teresa, P. Gaitan
CRAS, 2010 and submission to MCRF, 2012
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2 x 2 Reaction-Diffusion-Convection Systems

@ Q c R" smooth bounded domain, w CcC Q subdomain, 6 € (0, T),
@ Qr:=Qx(0,T),Xr:=00x%x(0,T), wr:=wx(0,T).

(u, v) solution to

ou=Au+au+bv+A-Vu+B-Vv
ov=Av+cu+dv+C-Vu+D-Vv in Qr
u=hy,v=h on Xr,

u(0) =up, v(0) =vg in Q,

(4, v) solution to system where b, ¢ are replaced by b, C.
Inverse Problem
Determine b(x), c(x) from ul., and (u, v)|qax (s
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C. 2 x 2 Reaction-Diffusion-Convection Systems

Assumptions

@ All the coefficients are in C?(Q) (for simplicity)
® [|b]| 1o, ||B|| o, [|C]| Lo, |[€]| e < M fixed constant
° |[ull gy Vllo@ry: lullcsqury: Vllcawry <M
@ dwNIN=~,|y|#0

® [B(x) - v(x)| # 0 on v
v: unit outward normal to 92

® [U(-6)| > 5o > 0, [¥(-0)| > & > 0in Q.
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2 x 2 Reaction-Diffusion-Convection Systems - First
Result

@ y=u-U,z=v-Vv
@ f=(b-b)i,g=(c—c)V

(y, z) solution to
oy=Ay+ay+bz+A-Vy+B-Vz+f
0iz=Az+cy+dz+C-Vy+D-Vz+g in Qr

y=z=0 on Xg,
y(0)=y,2(0) =2y in Q,

Lz:=B-Vz+bz=0ty—Ay—ay—-A-Vy—f

Local estimate on w of z with respect to y
Carleman estimate for a first-order operator.
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Carleman Estimate for a First-Order Operator

Lemma
|IB(x)-v(x)|#0, xe~ and Lz:=B-Vz+bz.

Then, there exist positive constants A\ >0, sy >0and C = C(Q,w, T)
such that for all X > Xy and s > s

$PX2)1% . < ClIL22,

forz=0o0n~ C ow.
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Carleman estimate with data of one component

We denote

I(7, ) = /Q (sp)™~"e2sm ( ot + | Apl? + (sAp)? [Vl + (sAp)* | ) dx dt.
T

(X . 1 X
Nw(X, 1) 1= tle(—)Z‘) with  p(t) := o, (x) = e — M)

BeC?Q), 0,6<0 on 9Q, VB #0 on Q\w.
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Carleman estimate with data of one component

Theorem
There exist o, € C?(Q), > 0 (Q) and sy, x > 0 such that

(7,9) +1(7,2) < ()Y 21y + 1)
4o [ (spyen B (1P + gl
Qr

foralls > sy, 7 > 1 and

¥,z € L3(0, T; H3(Q) N H}(R)) N H'(0, T; L3(Q)).
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C. 2 x 2 Reaction-Diffusion-Convection Systems

Stability Result

Theorem

Under the previous assumptions and if (u, v)(.,0) = (u, v))(., ), then
there exists a constant k > 0 such that

1b = bl 2y + llc — €z

< 5 (100 = D)l gz + 18 = Ul

Here
HUHWm,g(Q - > 10507 ull gz
2 T Jal+2an<m
«: multi-index
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2 x 2 Reaction-Diffusion-Convection Systems -
Second Result

ou=V-(HyVu)+au+bv+A-Vu+B-Vv+f in Qr,
ov=V-(HoVv)+cu+dv+C-Vu+D-Vv+g in Qr,

u(t)y=v(,t)=0 on X,
u(-,0) = uo(-), v(-,0) = v (") in Q.
(4)
hj € W'(Q), hj(x) = hj(x) a.e.in Q, and Z hl(x)&igj > hol€[?, V€ € R™.
ij=1

1<i<j<n

/(T,w):/Q (sp)” 'e 2 <|¢r|2+ > )35,%,-@
T

+ (sMp)? [Veol® + (shp)* lwz) dx
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New Carleman estimate

Theorem
For|m — 12| < 1, the following Carleman estimate holds :

I(r1, 1) + (2, V) < c( / e 25 (5p*)"" |ufPdx ot
wT
+/ =25 (sp)%* 2| Qf|2dx dit
wT
b [ oo IR + (sn)*lgPyok et
Qr

for all s > sg, 7" = 412 — 371 + 15 and Q is a bounded operator in L?(w).

n*=maxn, 7n-=minny, a=4n-—3n", p"=maxp
Q Q Q
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Stability Result

Theorem

Under the previous assumptions and if (u, v)(.,0) = (u, v))(.,#) and b
is known in w, then there exists a constant x > 0 such that

16 = bl 2 + lIe = Cllizi) < KllU = Ullpr (0,712
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3 x 3 Reaction-Diffusion Systems - First Result

otu=Au+ayu+apv+azw+f in Qr,
OtV =AV+ arU+amnVv+asw+g in Qr,
oW = AW + azqU + apV +assw+h in Qr,
u=v=w=0 on Xr

@ change of function z = ajov + ai3w

@ Carleman estimate for a 2 x 2 reaction-diffusion-convection
system
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Carleman Estimate

Theorem

1(0, u) + 1(0, v) + 1(0, w)
< iU,y + 11120y + 190y + )

s / (1P + g2 + |hR)e 2" et
Qr

forall s > sg.
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D. 3 x 3 Reaction-Diffusion Systems

3 x 3 Reaction-Diffusion Systems - Second Result

ot = de(H1VU) +ajiu+av+azw+f
OV = diV(HgVV) + aioU + asoV + azpow + g
ow = div(HoVw) + ajgu + aogv + agsw + h
u=v=w=0

U('70) = U, V('70) = Vo, W(~,O) = Wo,

Michel Cristofol
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Assumptions

@ w C Qis a non-empty subdomain of class C? with 0w N 9Q =
and |y # 0,

@ There exists j € {2,3} such that |g;1(x,t)| > C > 0 forall x € wr

and for k; = ?

Ay
|Ho (Vak,1 - a,'1V3j1> -v| #0, onnyr,
j

Q Let Hy|.,, € (W3(wr))™.
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New Carleman Estimate

Theorem
Under the previous Assumption the following Carleman estimate holds

I(r,u) + (7, v) + I(1, W) <
C()\SZ // S(T+33)(p*)'r+31 e(—4so¢+28n)(‘u|2 + |f|2)dth
wT

o / / e " (sp)°*"(|Qg[? + |Qh[?)dxdit
wT

s [ [ sy e +1a + |h|2)dxdt>.
Qr

for s > sy and all (u, v, w) solution of the previous system, and Q is a bounded
operator, o = 4n_ — 3", n" = maxn, n— = minn and p* = max p.
Q Q Q
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Stability Result

@ 3 x 3 Systems

We obtain a Lipschitz stability estimate for three coefficients
(one in each equation) by the observation of only one component
on w assuming the knowledge of these coefficients on w for any
subset w of Q.
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Generalization

@ n x n Systems

We fix three components (e.g. y1, yo, ¥3) , the three first
associated equations and three coefficients inside to recover.
Assuming the knowledge of these three coefficients on the set of
observation w, we derive a stability estimate for n coefficients,
one in each equation, by the observation of only n — 2
components (y1, and (y;)i>3)-
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E. 2 x 2 Reaction-Diffusion Systems with non-linear terms

2 x 2 Reaction-Diffusion Systems with non-linear termj

Joint work with P. Gaitan, H. Ramoul and M. Yamamoto
Applicable Analysis (2011)
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E. 2 x 2 Reaction-Diffusion Systems with non-linear terms

Reaction-Diffusion Systems with non-linear terms

We consider the following 2 x 2 reaction-diffusion system:

8tU:AU+a11(X)U+ 312(X)V+a13(X)f(U, V) in  Q,

otV = AV + ax(x)U + axa(x)V in  Qq, (5)
U(X7 t):k1(X, t)? V(X7 t) :k2(X> t) on %o,
U(x,0) =Uy and V(x,0)= VWV in  Q,
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Hypothesis

Q a,-j,é13 and 521 € /\(R) fori = 1,2,j =1,2,3.
@ There exist constants r; > 0 and g, > 0 such that
Uo>r, Vo >0, ajgr + a2V + ass f(ry, Vo) > 0,
ay > ap, ax > ap, inQ
ki > rp and ko > 0on X.
Q e Wh=(R?).
© There exists a constant r, > 0 such that f(U, V)(T’,x) >r >0,
x € Q.
Q of(U(x,1), V(x,1)) € L3(0, T; H?(Q)).
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Global Carleman estimate

We assume that ay1, @12, a1, a2 € A(R), a21 > ap > 0 and we
consider the following system:

81Y:AY+311(X)Y+312(X)Z+ Hi, in  Qq,
ohZ = AZ + aoy (X)Y—l— aQQ(X)Z +H, in Qq, (6)
Y(x,t)=2Z(x,t)=0 on Xy,

where H; and H, are arbitrary functions.
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E. 2 x 2 Reaction-Diffusion Systems with non-linear terms

Global Carleman estimate

Theorem

There exist \{ = \(Q,w) > 1, 51 = s1(\1, T) > 1 and a positive
constant Cy = C1(Q,w, R, T, ay) such that, for any A > \y and any
s > sy and e > 0 fixed, the following estimate holds:

AHEI(=3, V) + (0, Z) < Crstatte / / e-251,4 Z2 dx at
Q

w

e [33)\‘”5 / / e 25158 | Hy 2 dx dif + A2 / / e 25 |Hy 2 dx at| .
Q Q
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E. 2 x 2 Reaction-Diffusion Systems with non-linear terms

Stability estimate

Theorem
Let w be a subdomain of a bounded domain 2 in R". Under the
previous assumptions and if we assume that

(U, V)(-, T") = (U, V)(-, T'") in Q and that Uy, V, in H3(Q). Then there
exists a constant C = C(Q,w, ag, ty, T, r1, r2, R) > 0 such that

a2t — @21ll 20 + |13 — A1all2q) < ClIOV — 8 V| 2(q.)-
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Part Il

Determination of multi coefficients in a system with
strong nonlinear coupled parabolic equations
(models : Lotka Volterra ).
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The problem of data

t'

(a) different type of data

In , data required by the previous methods involving Carleman
estimates. In red, data needed by the forthcoming techniques.
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G. How to minimize the data

The inverse problem of determining several coefficient
in a nonlinear Lotka-Volterra system j

Joint work with L. Roques
Accepted for publication in Inverse Problems (2012)
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An exemple of biological background

Consider a single-species model:

2y
ou D(‘)

5= 82+r1()u—a11(x)u2,fort>0,xe(a,b)CR

D; > 0, the intrinsic growth rate r; belongs to C%"([a, b)), n € (0, 1].
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An exemple of biological background

Consider a single-species model:

2y
ou D8

5= 82+r1()u—a11(x)u2,fort>0,xe(a,b)CR

D; > 0, the intrinsic growth rate r; belongs to C%"([a, b)), n € (0, 1].
Assume that a second species enters in competition with species 1.
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____________H Aninversproblom |
An exemple of biological background

Consider a single-species model:

ou 5%u

5= 82+r1()u—a11(x)u2,fort>0,xe(a,b)CR

D, > 0, the intrinsic growth rate ry belongs to C%([a, b]), n € (0, 1].
Assume that a second species enters in competition with species 1.
The two-species system can be modelled by the Lotka-Volterra
competition model:

{

Michel Cristofol (LATP) http://www.cmi.univ-mrs.fr/ cristo 39/58
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=D ZY+ru—anu?—apuv

2 " 27 fort>0,xe(ab)CR
:D28X2+r2v—ag1uv—a22v,

SIS



An exemple of biological background

D, > 0 : diffusion coefficient of the second species,

r, € C%"([a, b]) : 2nd species intrinsic growth rate

a»» > 0 : 2nd species intraspecific competition coefficient

(a2 € C%([a, b))).

Competitive system — aqo, a»1 > 0.

We assume ay» is constant and axy € C%"([a, b]).

These two coefficients respectively measure the impact of species 2
upon species 1 (resp. of species 1 upon species 2).
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Initial and boundary conditions

the boundary conditions:

ou

aqu(t,a) — 61 (t a)=0, ~u(t, b)+516 (t,b) =0,
v fort > 0,
azV(t, a) —Bza( a) =0, "2v(t,b)+ 25 (,b) =0,

with
o? 4+ 42 >0andé? ++2 >0, fori=1,2.

These general boundary conditions include the classical Dirichlet case
(8 = 6; =0, fori =1,2) and Neumann case («; =~; =0, fori =1, 2).

U, Vo € C*"([a, b)),

plus compatibilities conditions.
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Main questions

For system of the type:

8U_D

55 1 9x2 +I’1U a11u — ajp uv,

gt fort >0, x € (a,b)CR
{7‘;_D28x2 + NV — asy UV—&22V

@ Can the coefficients ajz, r2(x), a1 (x), az2(x) be uniquely
determined from partial measurements of u(t, x) ?

@ Is it possible to obtain a good approximation of the coefficients
given such measurements ?

Partial measurements are measurements of u(t, x) or v(t, x) over a
subset of (a, b).
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I. A sharper uniqueness result

Uniqueness of several coefficients from pointwise

measurement
Assumptions

Consider three couples of initial conditions (ug, vd), (u3, v@), (u3, v3)
ud, ug, u3, va, va, v > 0in (a,b),
and
(1§ — u§) (VG — vo) — (v§ — V&) (u§ — 1) # O in (a,b).

For all x € (a, b), the points (u, v§)(x), (u3, v&)(x) and (u3, v3)(x)
belong to the positive quadrant and are misaligned.
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I. A sharper uniqueness result

Uniqueness of several coefficients from pointwise

measurement
Assumptions

Consider three couples of initial conditions (ug, vd), (u3, v@), (u3, v3)
ud, ug, u3, va, va, v > 0in (a,b),
and
(1§ — u§) (VG — vo) — (v§ — V&) (u§ — 1) # O in (a,b).

For all x € (a, b), the points (u, v§)(x), (u3, v&)(x) and (u3, v3)(x)
belong to the positive quadrant and are misaligned.

Assume that the admissible coefficients ajz, r2(X), a1 (x), azz2(x)
belong to:

peM:={y e C%([a,b]) such that ¢ is piecewise analytic on (a, b)}.
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I. A sharper uniqueness result

Uniqueness of 4 coefficients from pointwise
measurement

Consider for as2 € (0,00) and 7>, a1, a22 belonging to M, (U, V) be the
solution of:

90 — D, U4y {1 — agg U2 — A4p UV
g Toe TN ST TR fort >0, x € (a,b) CR,
W:D28X2+rgv—a21uv—a22v,

IS

<t~

with the initial conditions:

U(0,x) = up, v(0,x) = vp.
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I. A sharper uniqueness result

Uniqueness of 4 coefficients from a pointwise
measurements

Theorem

Let xy € (a,b) ande > 0. Assume that for each couple of initial
conditions (uf, v§), with k = 1,2, 3, we have:

{ (U’ V)(t,Xo) = (E’> \7)(1’,X0),

X 67(1")(0 Orax(tv)(O) = 7(t7XO)

ox
Then, é12 = ayo and 7’2 = I, é21 = do1, égg =ass in (a, b)

ou ou ov oV forall't € (0, ¢
(t7 XO) = )

Michel Cristofol (LATP) http://www.cmi.univ-mrs.fr/ cristo

45/58

~—




Uniqueness of 4 coefficients from a pointwise

measurements
Corollary

Let xog € (a,b) and ¢ > 0. Assume that for each couple of initial
conditions (uf, v§), with k = 1,2, 3, we have:

u(t,xo) = u(t xo),

ou ou

8X(l‘,Xo) = g%(-'(t’XO)’ forall t € (0,¢).
u ]

8X2(t7X0) = ﬁ(nXO))

Then, é12 = aq2 and 7’2 =/, é21 = ao1, égg = oo in (a, b)

Still valid if xo = aand (31, 62 # 0 (resp. xo = b and é4, do # 0) if :

uf, v are assumed to be positive in [a, b) (resp. (a, b)).
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Sketch of the proof

WesetU=u—u,V=v-v,R=r—1andA; = a; — &; for all
j.j € {1,2} (and (i.j) # (1,1)).

Whatever the initial condition (uf, v¥), with k = 1...3, the couple
(U, V) verifies:

{ D132 =U[n —an(u+0) — a2vl + a2V — Ajpuv,
— Dy 8% = Vo — 3p(V + V) — 8p1U] + 821 VU — v [R — Apyu — AV,

and U(0, x) = V(0,x) =0 for all x € (a, b).
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Sketch of the proof

We set:
Ay = {x > xo 8.t R(Y) = Api(y) = Aoo(y) = 0 forall y ¢ [xo,x]},

and
. sup (A;) if A4 is not empty,
L if A, is empty.

If xy = b, then R(y) = Ax1(y) = Az(y) =0o0n [xg, b]. If x; < b.
Step 1. Assume that x; < b. We prove that there exists an initial
condition (U™, v&"), with k* € {1,2,3} such that for ¢ € (0, T), and

Xo € (X1 , b) N
R(x) — Ax1(x) u(t, x) — Axa(x) v(t,x) # 0 for all (t, x) € [0, 6] x (xq, X2].
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Sketch of the proof

Step 2. We show that if (up, vo) = (U™, v&"), 3¢’ > 0 such that :
eitherU>0andV >0orU <0andV <0in(0,¢) x (xo, X2).
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Sketch of the proof

Step 2. We show that if (up, vo) = (U™, v&"), 3¢’ > 0 such that :
eitherU>0andV >0orU <0andV <0in(0,¢) x (xo, X2).

Step 3. Using Hopf's Lemma and assumption of theorem, we get a
contradiction with the assumption of Step 1.
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Sketch of the proof

Step 4. Conclusion.

Step 3— X1 = b— R(y) = A21 (y) = A22(y) =0o0n [Xo, b]
Setting:

A= {x < xo 8.4 R(Y) = As1(y) = Asa(y) = Oforall y ¢ [x,xo]},
and

] inf(A-) if A_ is not empty,
= Xo if A_ is empty,

we prove (by applying the same arguments as above) that y; = a and
R(y) = A21(y) = A22(y) =00on [a, Xxo].

Finally,
R(y) = A21(y) = A(y) =0o0n [a,b].
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J. Numerical reconstruction of aqz, ra(x), a1 (x), o (X)

Reconstruction of four coefficients

We fixed :

D;=01,D,=02;y =a11 =1and

(U, vE) = (0.1;0.5); (0.5;0.2); (0.9; 0.5).

The solution is measured at the point xo = 2/3 for t € (0,0.3).
We look for ajz, ra(X), a1 (x), az2(x) as the minimum of :

G(ay2, r2(x), @21(x), aze(x)) =

3 ~k

k- auk ol
Z <||(Uk7 V) (, Xo) — (T, Vk)(':X0)||(L2(o,g))2 + ||W("Xo) o ('»XO)L2(0,5)>

k=1

We obtain the following average values for 30 samples:
llr2 — ’2*||L2(o,1) =0.1, ||az1 — &3, HL2(0,1) =02, |lag - 352”@(071) =0.2,and
|ayp — aly| =3-107°,
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J. Numerical reconstruction of aq», r>(x), a1 (x), aso(x)

Reconstruction of four coefficients

Figure: Plain lines: functions ra(x) (red line), asy (x) (blue line), ax(x) (green line) and a2
(black line) in E. Crosses: the functions ry (x) (in red), a3, (x) (in blue), a3, (x) (in green) and aj,
(in black). In this particular example, we have ||r; — r2*||L2(0,1) =0.2, |lax1 — a3 lli2(0,1) = 03,

llaz2 — @l 2(0,1) = 0-2, and |ar — af,| = 4-107°.
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J. Numerical reconstruction of aqz, ra(x), a1 (x), o (X)

Numerical stability issue

lllesll]

In (Gr,(T; +€:))

Figure: Scatter plot of the couples (In (Gr,(T'; + <)), |||il]]), for i = 1,...,10%
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Counter-example

Counter-example : Number of measurements smaller than 3 or "initials conditions
aligned".

Assume:
@ All the coefficients are constant and exists A such that
rr = A\ry, &2 = A1 and ass = A\aj»
@ Neumann boundary conditions.
Take for k = 1,2,3, (uf, v{) constants and positive initial conditions
aligned on the straight line {(x, y), | @11 x + aj2y = r1 }. Then they are

stationary solutions of the problem studied associated to the
coefficients ry, a1, @iz, Iz, a1, aoo:

k k\2 k \,k
r uo—aﬁ(uo) — a2 Uy vV =0,
ra v§ — apy US VE — apo (V)2 =0,
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Counter-example

Counter-example : Number of measurements smaller than 3 or "initials conditions
aligned".

Let X > O verify X # )\, and take /> = A ry, @1 = Aay1 and 2 = \ aq».
Again, the three couples (ug, Vé‘) verify the system:

2 ug — aiy (u(’)‘) — agp Uk v0 0,
[ v0 — 31 u0 v0 — 3o (v0 =0,

The assumptions of our theorem and corollary are fulfilled at any point
Xo € (a,b) and for all ¢ > 0.

However, 72 7& ra, é21 75 a1 and 5122 75 aoso.
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L. Conclusion

Conclusion

@ Here, contrarily to previous results, there are some regions in
(a, b) where u is never measured
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L. Conclusion

Conclusion
@ Here, contrarily to previous results, there are some regions in
(a, b) where u is never measured
@ The subset M of C°%?[a, b] made of piecewize analytic functions is
much larger than the set of analytic functions on [a, b]. It indeed
contains some functions which regularity is not higher than C%7,
and some functions which are constant on some subsets of [a, b]
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L. Conclusion

Perspectives J

@ Time dependant coefficients . ..
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L. Conclusion

Thank you for attention J
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