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introduction

Grushin-type operators

Ω = (−1, 1)× (0, 1)
T > 0
ΩT = (0,T )× Ω

−1 1 x

Ω

1 y

0

γ > 0



∂tu −
(
∂2

x u + |x |2γ∂2
y u
)︸ ︷︷ ︸

Gγu

= f in ΩT

u(t ,±1, y) = 0 0 < y < 1
u(t , x , 0) = 0 = u(t , x , 1) −1 < x < 1
u(0, x , y) = u0(x , y) (x , y) ∈ Ω

u0 ∈ L2(Ω)

f ∈ L2(ΩT )
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introduction

hypoellipticity of Baouendi-Grushin operator

sum of squares of vector fields

Gγ = ∂2
x + |x |2γ∂2

y = X 2
1 + X 2

2

hypoelliptic

[X1,X2](x , y) =

(
0

γxγ−1

)
, [X1, [X1,X2]](x , y) =

(
0

γ(γ − 1)xγ−2

)
, . . .

satisfies Hörmander’s condition ∀γ ∈ N
related to almost riemannian structures
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introduction

associated diffusion process (γ = 1)

diffusion process {
dX (t) = dW1(t)dt , X (0) = x
dY (t) = X (t)dW2(t) , Y (0) = y

W1,W2 independent 1D Brownian motions

X (t , x , y) = x + W1(t) , Y (t , x , y) = y + xW2(t) +

∫ t

0
W1(s)dW2(s)

Cauchy problem for Kolmogorov equation{
∂tu −

(
∂2

x + x2∂2
y
)
u = 0 in (0,+∞)× R2

u(0, x , y) = u0(x , y) on R2

solved by transition semigroup

u(t , x , y) = E
[
u0
(
X (t , x , y),Y (t , x , y)

)]
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introduction

existence and uniqueness of solutions


∂tu −

(
∂2

x u + |x |2γ∂2
y u
)

= f in ΩT

u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1) in ∂Ω

u(0, x , y) = u0(x , y) (x , y) ∈ Ω

H = L2(Ω) and V = C∞0 (Ω) with respect to (f , g) =
∫

Ω

(
fx gx + |x |2γ fy gy

)
dxdy

D(A) = {f ∈ V : ∃ c > 0 such that |(f , h)| ≤ c‖h‖H ∀h ∈ V}
〈Af , g〉 = −(f , g) ∀g ∈ V

A : D(A) ⊂ H → H generator of a semigroup etA of contractions in H

Theorem

T > 0 , u0 ∈ L2(Ω) , f ∈ L2(ΩT )

=⇒ ∃! u ∈ C([0,T ]; L2(Ω)) : ∀t ∈ (0,T ) , φ ∈ C2([0,T ]× Ω)∫
Ω

[u(t)φ(t)− u(0)φ(0)] =

∫ t

0

∫
Ω

u(∂tφ+ ∂2
xφ+ |x |2γ∂2

yφ) + fφ
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controllability for Grushin control of uniformly parabolicoperators
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controllability for Grushin control of uniformly parabolicoperators

control of uniformly parabolic equations

ω ⊂⊂ Ω T > 0 A(x) =
(
aij (x)

)n
i,j=1 positive definite in Ω

uf ↔


∂tu − div(A(x)∇u) = χω(x)f (t , x) in ΩT = (0,T )× Ω

u(0, x) = u0(x) x ∈ Ω

u(t , ·) = 0 on Γ

f locally distributed control ( χω = characteristic function of ω)

����ω
'

&

$

%Ω

Γ

also of interest boundary control Γ1 ⊂ Γ

u(t , x) = g(t , x) (t , x) ∈ (0,T )× Γ1
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controllability for Grushin control of uniformly parabolicoperators

approximate controllability

uf ↔


∂tu − div(A(x)∇u) = χω(x)f (t , x) in ΩT = (0,T )× Ω

u(0, x) = u0(x) x ∈ Ω

u(t , ·) = 0 on Γ

approximately controllable in time T > 0

∀u0, u1 ∈ L2(Ω) ∀ε > 0 ∃f ∈ L2(ΩT ) : ‖uf (·,T )− u1‖ < ε

by duality equivalent to

unique continuation from (0,T )× ω{
∂tv + div(A(x)∇v) = 0 in ΩT

v(t , ·) = 0 on Γ

satisfies
v ≡ 0 on (0,T )× ω =⇒ v ≡ 0 in ΩT
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controllability for Grushin control of uniformly parabolicoperators

null controllability

uf ↔


∂tu − div(A(x)∇u) = χω(x)f (t , x) in ΩT = (0,T )× Ω

u(0, x) = u0(x) x ∈ Ω

u(t , ·) = 0 on Γ

null controllability in time T > 0

∀u0 ∈ L2(Ω) ∃f ∈ L2(ΩT ) :

uf (·,T ) ≡ 0∫
ΩT
|f |2 ≤ CT

∫
Ω
|u0|2

by duality equivalent to

observability on (0,T )× ω{
∂tv + div(A(x)∇v) = 0 in ΩT

v(t , ·) = 0 on Γ

satisfies ∫
Ω

v2(x , 0) dx ≤ CT

∫ T

0

∫
ω

v2(x , t) dxdt
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controllability for Grushin control of uniformly parabolicoperators

roadmap to observability

Fattorini and Russell (1971), Russell (1978)
by a Riesz basis approach

Lebeau and Robbiano (1995)
by a combination of Riesz basis techniques and local Carleman estimates

Fursikov and Emanouilov (1996)
by a global Carleman estimate{

∂tv + div(A(x)∇v) = 0 in ΩT

v(t , ·) = 0 on Γ

satisfies for τ >> 0∫∫
ΩT

τ 3θ3(t)v2︸ ︷︷ ︸
+τθ(t)|Dv|2+···

e2τφ(x,t) dxdt ≤ C
∫ T

0

∫
ω

v2 dxdt

where

{
θ(t) = 1

t(T−t)

φ(x , t) = θ(t)
[
eψ(x) − e2‖ψ‖∞

]
with Dψ(x) 6= 0 in Ω \ ω
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controllability for Grushin control of degenerate operators

Outline

1 Introduction to Baouendi-Grushin parabolic operators

2 Controllability for Baouendi-Grushin operators
review of controllability for parabolic operators
controllability for degenerate parabolic operators
controllability of Baouendi-Grushin operators

3 Inverse source problem for Baouendi-Grushin operators

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 12 / 41



 

controllability for Grushin control of degenerate operators

what needs to be changed

observability (⇒ null controllability) may fail
(for violent degeneracies)

φ in Carleman must be adapted to degeneracy

Hardy’s inequality can be useful∫
Ω

dα−2
Γ w2 dx ≤ Cα

∫
Ω

dαΓ |∇w |2 dx (α 6= 1)

take advantage of dissipation
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controllability for Grushin control of degenerate operators

the simplest example of degeneracy

ω = (a, b) ⊂⊂ (0, 1) a(x) = x2γ (γ > 0)

ut −
(
x2γux

)
x = χωf , u(0, x) = u0(x)

Theorem (C – Martinez – Vancostenoble, 2008)

null controllability

{
false γ ≥ 1
true 0 ≤ γ < 1

0 ω 1

T regional r
r

r
r
r
r

r
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controllability for Grushin control of degenerate operators

references

divergence form
Martinez – Vancostenoble (2006) ut −

(
a(x)ux

)
x = χωf

Alabau – C – Fragnelli (2006) ut −
(
a(x)ux

)
x + g(u) = χωf

Flores – de Teresa (2010) ut −
(
xθux

)
x + xσb(x , t)ux = χωf
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controllability for Grushin control of Grushin-type operators

problem set-up

−1 1 x

Ω ωn
1 y

0 a b

uf ←→


∂tu −

(
∂2

x u + |x |2γ∂2
y u
)

= χω(x , y)f (t , x , y)

u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)

u(0, x , y) = u0(x , y)

(G)

u0 ∈ L2(Ω), f ∈ L2(ΩT ) control

ω ⊂ (a, b)× (0, 1) with 0 < a < b < 1

want to study

approximate controllability in time T > 0

null controllability in time T > 0
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controllability for Grushin control of Grushin-type operators

approximate controllability

approximate controllability ⇐⇒ unique continuation

−1 1 x

Ω ωn
1 y

0

Proposition

Let T > 0, γ > 0, let ω ⊂ (0, 1)× (0, 1), and let v be a solution of{
∂tv − ∂2

x v − |x |2γ∂2
y v = 0 (t , x , y) ∈ (0,T )× Ω

v(t , x , y) = 0 (t , x , y) ∈ (0,T )× ∂Ω

If v ≡ 0 on (0,T )× ω, then v ≡ 0 on (0,T )× Ω.
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controllability for Grushin control of Grushin-type operators

Fourier decomposition

 ∂tv − ∂2
x v − |x |2γ∂2

y v = 0
v(t ,±1, y) = 0 , v(t , x , 0) = 0 = v(t , x , 1)
v(0, x , y) = v0(x , y)

(G∗)

v(t , x , y) =
∞∑

n=1

vn(t , x)en(y) with en(y) :=
√

2 sin(nπy)

where vn(t , x) :=
∫ 1

0 v(t , x , y)en(y)dy satisfies ∂tvn − ∂2
x vn + (nπ)2|x |2γvn = 0 (t , x) ∈ (0,T )× (−1, 1)

vn(t ,±1) = 0 t ∈ (0,T )
vn(0, x) = v0,n(x) x ∈ (−1, 1)

(G∗n )

∫
Ω

|v(T , x , y)|2dxdy =
∞∑

n=1

∫ 1

−1
|vn(T , x)|2dx∫

ω=(a,b)×(0,1)

|v(t , x , y)|2dxdy =
∞∑

n=1

∫ b

a
|vn(t , x)|2dx
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controllability for Grushin control of Grushin-type operators

unique continuation
Ω+ = (0, 1)× (0, 1)

v ≡ 0 (0,T )× ω =⇒ v ≡ 0 (0,T )× Ω+

−1 1 x

ω
Ω+n

1 y

0

v(t , x , y) =
∞∑

n=1

vn(t , x)en(y) =⇒ vn ≡ 0 (0,T )× (0, 1) ∀n ≥ 1

with {
∂tvn − ∂2

x vn + (nπ)2|x |2γvn = 0 (t , x) ∈ (0,T )× (−1, 1)
vn(t ,±1) = 0 t ∈ (0,T )

then
vn ≡ 0 (0,T )× (−1, 1) ∀n ≥ 1 =⇒ v ≡ 0 (0,T )× Ω
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controllability for Grushin control of Grushin-type operators

null controllability ∂tu − ∂2
x u − |x |2γ∂2

y u = χω(x , y)f (t , x , y)
u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)
u(0, x , y) = u0(x , y)

(G)

−1 1 x

Ω ωn
1 y

0 a b

adjoint problem  ∂tv − ∂2
x v − |x |2γ∂2

y v = 0
v(t ,±1, y) = 0 , v(t , x , 0) = 0 = v(t , x , 1)
v(0, x , y) = v0(x , y)

(G∗)

observable in [0,T ]× ω ∃CT > 0 such that ∀v0 ∈ L2(Ω)∫
Ω

|v(T , x , y)|2dxdy ≤ CT

∫ T

0

∫
ω

|v(t , x , y)|2dxdy (O)
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controllability for Grushin control of Grushin-type operators

uniform observability
 ∂tv − ∂2

x v − |x |2γ∂2
y v = 0 (0,T )× Ω

v(t ,±1, y) = 0 , v(t , x , 0) = 0 = v(t , x , 1) t ∈ (0,T )
v(0, x , y) = v0(x , y) (x , y) ∈ Ω

(G∗)

−1 1 x

Ω ω

1 y

0 a b ∂tvn − ∂2
x vn + (nπ)2|x |2γvn = 0 (t , x) ∈ (0,T )× (−1, 1)

vn(t ,±1) = 0 t ∈ (0,T )
vn(0, x) = v0,n(x) x ∈ (−1, 1)

(G∗n )

observability for (G∗) in ω ⇐⇒ uniform observability for (G∗n ) in (a, b)∫ 1

−1
|vn(T , x)|2dx ≤ C

∫ T

0

∫ b

a
|vn(t , x)|2dxdt ∀n ≥ 1
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controllability for Grushin control of Grushin-type operators

dissipation rate

define Gγ,n : D(Gγ,n) ⊂ L2(−1, 1)→ L2(−1, 1) by

D(Gγ,n) := H2 ∩ H1
0 (−1, 1) , Gγ,nϕ := −ϕ′′ + (nπ)2|x |2γϕ

λn > 0 the first eigenvalue of Gγ,n so that{
∂tvn − ∂2

x vn + (nπ)2|x |2γvn = 0 (t , x) ∈ (0,T )× (−1, 1)
vn(t ,±1) = 0 t ∈ (0,T )

satisfies ∫ 1

−1
|vn(T , x)|2dx ≤ e−λn(T−t)

∫ 1

−1
|vn(t , x)|2dx ∀t ∈ [0,T ] (Dn)

Lemma (dissipation rate)

(ub) ∀γ > 0 ∃c∗ > 0 such that λn ≤ c∗n
2

1+γ

(lb) ∀γ ∈ (0, 1] ∃c∗ > 0 such that λn ≥ c∗n
2

1+γ
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controllability for Grushin control of Grushin-type operators

negative results: γ > 1 and γ = 1

 ∂tv − ∂2
x v − |x |2γ∂2

y v = 0 (0,T )× Ω
v(t ,±1, y) = 0 , v(t , x , 0) = 0 = v(t , x , 1) t ∈ (0,T )
v(0, x , y) = v0(x , y) (x , y) ∈ Ω

(G∗)

Theorem

γ > 1 =⇒ (G∗) not observable

γ = 1 =⇒ ∃T ∗ > a2/2 such that (G∗) not observable ∀T < T ∗

 ∂tu − ∂2
x u − |x |2γ∂2

y u = χω(x , y)f (t , x , y)
u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)
u(0, x , y) = u0(x , y)

(G)

Theorem

γ > 1 =⇒ (G) not null controllable

γ = 1 =⇒ ∃T ∗ > a2/2 such that (G) not null controllable ∀T < T ∗
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controllability for Grushin control of Grushin-type operators

proof of negative results

take eigenfunctions φn of Gγ,n associated with λn{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

vn(t , x) := e−λn tφn(x) solution to{
∂tvn − ∂2

x vn + (nπ)2|x |2γvn = 0 (t , x) ∈ (0,T )× (−1, 1)
vn(t ,±1) = 0 t ∈ (0,T )

(UO) fails if can provide upper bound such that∫ T
0

∫ b
a |vn(t , x)|2dxdt∫ 1
−1 |vn(T , x)|2dx

=
e2λnT − 1

2λn

∫ b

a
|φn(x)|2dx → 0 (n→∞)

technical because (nπ)2|x |2γ − λn changes sign in [−1, 1]
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controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

comparison argument
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

restrict to [xn, 1] with xn :=
(

λn
(nπ)2

) 1
2γ → 0 as n→∞

equation yields upper bound |φ′n(xn)| 6
√

xnλn

by comparison argument −W ′′n (x) + [(nπ)2x2γ − λn]Wn(x) > 0
Wn(1) > 0 ,
W ′n(xn) < −

√
xnλn

=⇒
∫ b

a
φ2

ndx 6
∫ b

a
W 2

n dx

construct Cn > 0 such that Wn(x) := Cne−Cγnxγ+1
satisfies

e2λnT − 1
2λn

∫ b

a
|φn|2dx ≤ e2λnT

2λn

∫ b

a
|Wn|2dx ≤ e2n(λn

n T−Cγ) R(n)︸ ︷︷ ︸
rational

conclude e2n(λn
n T−Cγ) → 0 because of dissipation speed λn ≤ c∗n

2
1+γ

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 / 41



 

controllability for Grushin control of Grushin-type operators

why T ∗ > a2/2 for γ = 1?
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

Lemma

γ = 1 =⇒


λn ∼ nπ∫ b

a
φn(x)2dx ∼ e−a2nπ

2aπ
√

n

as n→∞

proof by comparison with

ψn(x) =
4
√

nπU(
√

nπx)− 4
√

ne−
nπ
2 θ(x)

Cn

obtained localizing the first eigenvector

U(x) :=
e−

x2
2

4
√
π

of
{
−U ′′(x) + x2U(x) = U(x) x ∈ R∫
R U(x)2dx = 1

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 28 / 41



 

controllability for Grushin control of Grushin-type operators

why T ∗ > a2/2 for γ = 1?
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

Lemma

γ = 1 =⇒


λn ∼ nπ∫ b

a
φn(x)2dx ∼ e−a2nπ

2aπ
√

n

as n→∞

proof by comparison with

ψn(x) =
4
√

nπU(
√

nπx)− 4
√

ne−
nπ
2 θ(x)

Cn

obtained localizing the first eigenvector

U(x) :=
e−

x2
2

4
√
π

of
{
−U ′′(x) + x2U(x) = U(x) x ∈ R∫
R U(x)2dx = 1

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 28 / 41



 

controllability for Grushin control of Grushin-type operators

why T ∗ > a2/2 for γ = 1?
{
−φ′′n (x) +

[
(nπ)2|x |2γ − λn

]
φn(x) = 0 x ∈ (−1, 1)

φn(±1) = 0 , φn ≥ 0 , ‖φn‖L2(−1,1) = 1

Lemma

γ = 1 =⇒


λn ∼ nπ∫ b

a
φn(x)2dx ∼ e−a2nπ

2aπ
√

n

as n→∞

proof by comparison with

ψn(x) =
4
√

nπU(
√

nπx)− 4
√

ne−
nπ
2 θ(x)

Cn

obtained localizing the first eigenvector

U(x) :=
e−

x2
2

4
√
π

of
{
−U ′′(x) + x2U(x) = U(x) x ∈ R∫
R U(x)2dx = 1

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 28 / 41



 

controllability for Grushin control of Grushin-type operators

positive results: : 0 < γ < 1 and γ = 1

 ∂tu − ∂2
x u − |x |2γ∂2

y u = χω(x , y)f (t , x , y)
u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)
u(0, x , y) = u0(x , y)

(G)

−1 1 x

Ω ωn
1 y

0 a b

Theorem

0 < γ < 1 =⇒ (G) null controllable ∀T > 0

γ = 1 & ω = (a, b)× (0, 1) =⇒ (G) null controllable ∀T > T ∗ > a2/2
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controllability for Grushin control of Grushin-type operators

Carleman estimate

Theorem

Let γ ∈ (0, 1] and let w ∈ C0([0,T ]; L2(−1, 1)) ∩ L2(0,T ; H1
0 (−1, 1)){

∂tw − ∂2
x w + (nπ)2|x |2γw = g (t , x) ∈ (0,T )× (−1, 1)

w(t ,±1) = 0 t ∈ (0,T )

Then ∃β ∈ C1([−1, 1]) positive and constants C1, C2 > 0 such that

C1

∫ T

0

∫ 1

−1

(
Mn

t(T − t)
∣∣∂x w

∣∣2 +
M3

n

(t(T − t))3

∣∣w∣∣2) e−
Mnβ(x)
t(T−t) dxdt

6
∫ T

0

∫ 1

−1

∣∣g∣∣2e−
Mnβ(x)
t(T−t) dxdt +

∫ T

0

∫ b

a

M3
n

(t(T − t))3

∣∣w∣∣2e−
Mnβ(x)
t(T−t) dxdt

with
Mn = C2 max{T + T 2; nT 2}
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controllability for Grushin control of Grushin-type operators

uniform observability
{
∂tvn − ∂2

x vn + (nπ)2|x |2γvn = 0 (t , x) ∈ (0,T )× (−1, 1)
vn(t ,±1) = 0 t ∈ (0,T )

(G∗n )

0 < a < b 6 1

Theorem

γ ∈ (0, 1) =⇒ ∃C > 0 such that ∀T > 0, n > 1

∫ 1

−1
vn(T , x)2dx 6 CT 2e

C

(
1+T
− 1+γ

1−γ

) ∫ T

0

∫ b

a
vn(t , x)2dxdt

γ = 1 =⇒ ∃ T ∗ > a2/2 such that ∀T > T ∗

(G∗n ) is uniformly observable with respect to n on (a, b) in time T

=⇒ null controllability for

∂tu − ∂2
x u − |x |2γ∂2

y u = χωf with ω = (a, b)× (0, 1)
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controllability for Grushin control of Grushin-type operators

null controllability for general ω and 0 < γ < 1

apply technique by Benabdallah-Dermenjian-Le Rousseau (2007)

en(y) :=
√

2 sin(nπy) y ∈ [0, 1] , n > 1

recall

Proposition (Lebeau-Robbiano)

Let c, d ∈ R be such that c < d
There exists C > 0 such that, for every n > 1 and (bk )16k6n ∈ Rn,

n∑
k=1

|bk |2 6 CeCn
∫ d

c

∣∣∣ n∑
k=1

bk ek (y)
∣∣∣2dy
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controllability for Grushin control of Grushin-type operators

approximation by closed subspaces
study observability for adjoint problem on finite dimensional subspaces ∂tv − ∂2

x v − |x |2γ∂2
y v = 0

v(t ,±1, y) = 0 , v(t , x , 0) = 0 = v(t , x , 1)
v(0, x , y) = v0(x , y) ∈ Ej

(G∗)

Hn := L2(−1, 1)⊗ en (n > 1)

Ej := ⊕n62j Hn (j > 0)

by Carleman estimate and Lebeau-Robbiano lemma

Proposition

Let γ ∈ (0, 1), and let a, b, c, d ∈ R be such that 0 < a < b < 1 and 0 < c < d < 1
Then there exists C > 0 such that for every T > 0 and v0 ∈ Ej (j > 1)

∫
Ω

v(T , x , y)2dxdy 6 e
C

(
2j +T

− 1+γ
1−γ

) ∫ T

0

∫
ω

v(t , x , y)2dxdydt

where ω := (a, b)× (c, d)
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controllability for Grushin control of Grushin-type operators

construction of the control
 ∂tu − ∂2

x u − |x |2γ∂2
y u = χω(x , y)f (t , x , y)

u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)
u(0, x , y) = u0(x , y)

(G)

fix 0 < ρ < 1−γ
1+γ

and let K = K (ρ) > 0 be such that K
∑∞

j=1 2−jρ = T

let Tj := K 2−jρ and let (aj )j∈N be defined by

a0 = 0 , aj+1 = aj + 2Tj

on [aj , aj + Tj ] apply control f such that ΠEj u(aj + Tj , ·) = 0 and

‖f‖L2(aj ,aj +Tj ;L2(Ω)) 6 Cj‖u(aj , ·)‖L2(Ω)

with Cj := eC
(

2j +T
− 1+γ

1−γ
j

)
and ‖u(aj + Tj , ·)‖L2(Ω) 6 (1 +

√
TjCj )‖u(aj , ·)‖L2(Ω)

no control on [aj + Tj , aj+1] ⇒ ‖u(aj+1, ·)‖L2(Ω) 6 e−λ2j Tj ‖u(aj + Tj , ·)‖L2(Ω)

combining above inequalities to conclude

‖u(aj+1, ·)‖L2(Ω) 6 exp
( 2j∑

k=1

[
ln(1 +

√
TkCk )− C(2k )

2
1+γ Tk

]
︸ ︷︷ ︸

→−∞ as j→∞

)
‖u0‖L2(Ω)
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inverse source problem for Grushin

inverse source problem for Grushin-type operators

−1 1 x

Ω ω

1 y

0 a b

0 < γ 6 1


∂tu −

(
∂2

x u + |x |2γ∂2
y u
)︸ ︷︷ ︸

Gγu

= f (x , y)R(t , x)

u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)

want to determine source term f (x , y) by

locally distributed measurement over [T0,T1]

full measurement at time T1
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the Lipschitz stability result

0 < γ 6 1


∂tu −

(
∂2

x u + |x |2γ∂2
y u
)︸ ︷︷ ︸

Gγu

= f (x , y)R(t , x)

u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1)

ΩT = (0,T )× Ω QT = (0,T )× (−1, 1) ω = (a, b)× (0, 1)

Theorem (Beauchard – C – Yamamoto)

0 < γ < 1

R, ∂tR ∈ C(QT ) and ∃r0 >,T1 ∈ (0,T ] such that R(T1, x) > r0 ∀x ∈ [−1, 1]

=⇒ ∀T0 ∈ [0,T1) ∃C0 > 0 such that∫
Ω

|f |2 dxdy ≤ C0

∫ T1

T0

∫
ω

∣∣∂tu
∣∣2 dxdxydt + C0

∫
Ω

|Gγu(T1)|2 dxdy

same result for γ = 1 and T ,T1 > T ∗
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∫ T1

T0

∫
ω

∣∣∂tu
∣∣2 dxdxydt + C0

∫
Ω

|Gγu(T1)|2 dxdy

same result for γ = 1 and T ,T1 > T ∗
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Fourier decomposition
{
∂tu −

(
∂2

x u + |x |2γ∂2
y u
)

= f (x , y)R(t , x)
u(t ,±1, y) = 0 , u(t , x , 0) = 0 = u(t , x , 1){

u(t , x , y) =
∑∞

n=1 un(t , x)en(y)

f (x , y) =
∑∞

n=1 fn(x)en(y)
with en(y) :=

√
2 sin(nπy)

where 
∂tun −

(
∂2

x un − (nπ)2|x |2γun︸ ︷︷ ︸
Gγ,n(un)

)
= fn(x)R(t , x) (t , x) ∈ QT

un(t ,±1) = 0 t ∈ (0,T )∫
Ω

∣∣f ∣∣2 dxdy =
∞∑

n=1

∫ 1

−1

∣∣fn∣∣2 dx

∫ T

0

∫
ω

∣∣∂tu
∣∣2 dxdydt =

∞∑
n=1

∫ T

0

∫ b

a

∣∣∂tun
∣∣2 dxdt

∫
Ω

∣∣Gγ(u)(T )
∣∣2 dxdy =

∞∑
n=1

∫ 1

−1

∣∣Gγ,nun(T )
∣∣2 dx
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uniform Lipschitz stability
suppose T0 = 0, T1 = T , so that R(T , ·) > r0

∂tun −
(
∂2

x un − (nπ)2|x |2γun︸ ︷︷ ︸
Gγ,n(un)

)
= fn(x)R(t , x) (t , x) ∈ QT

un(t ,±1) = 0 t ∈ (0,T )

want uniform in n Lipschitz stability∫ 1

−1

∣∣fn∣∣2 dx 6 CT

∫ T

0

∫ b

a

∣∣∂tun
∣∣2 dxdt + CT

∫ 1

−1

∣∣Gγ,nun(T )
∣∣2 dx

r0

∫ 1

−1

∣∣fn∣∣2 dx 6 2
∫ 1

−1

∣∣∂tun(T )
∣∣2 dx + 2

∫
Ω

∣∣Gγ,nun(T )
∣∣2 dx

use Carleman inequality and decay estimate∫ 1

−1

∣∣∂tun(T )
∣∣2 dx 6 CTeCn−cλnT

∫ T

0

∫ b

a

∣∣∂tun
∣∣2 dxdt

+ C
(

T 2eCn−cλnT +
1
λ2

n

)∫ 1

−1

∣∣fn∣∣2 dx
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conclusions

conclusions

∂tu − ∂2
x u − |x |2γ∂2

y u = χω(x , y)f (x , y , t)

−1 1 x

Ω ωn
1 y

0 a b

null controllability

holds in any positive time when γ ∈ (0, 1) and ω ⊂ (0, 1)× (0, 1)

holds in large time when γ = 1 and ω = (a, b)× (0, 1)

does not hold when

degeneracy is too strong, i.e. γ > 1
time is too short, i.e. γ = 1 and T < a2/2

approximate controllability, inverse source problem
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conclusions

extensions

Lipschitz stability for 0 < γ < 1

∂tu −
(
∂2

x u + |x |2γ∂2
y u
)

= f (x , y)R(t , x)

true with general ω

−1 1 x

Ω ωn
1 y

0 a b

null controllability and Lipschitz stability results can be extended to
multi-dimensional Grushin-type operators

Gγu = ∆x u + |x |2γ∆y u

with x ∈ Ω1 ⊂ RN1 , y ∈ Ω2 ⊂ RN2 bounded and

0 < γ < 1 ω ⊂ Ω1 × Ω2

γ = 1 ω = ω1 × Ω2 and T large enough
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conclusions

open problems

∂tu − ∂2
x u − |x |2γ∂2

y u = χω(x , y)f (x , y , t)

null controllability for γ = 1 and more general ω
sharp estimate of T ∗ for γ = 1 (T ∗ = a2/2? Miller)

study
∂tu − ∂2

x u − |x |2γ∂2
y u +

c
x2 u = 0 (0 < γ < 1)

merci de votre attention
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