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Grushin-type operators

Q:(7171)X(051)
T>0
Qr=(0,T) x Q
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E— U
Grushin-type operators

Q:(7171)X(051)
T>0 1Y
Qr=(0,T) x Q

—1 0 1

u— (Bu+ |x[Pdu) = f

—_———
Gyu
v>0 u(t,+1,y)=0

u(t,x,0) =0=u(t,x,1)

U(O,X,y) = UO(X,y)
@ w e L3(Q)
@ fel?Qr)

in Qr

O<y<i
—1<x<1
(x,y) e Q
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hypoellipticity of Baouendi-Grushin operator

@ sum of squares of vector fields

G, =05+ |x|78; = X + X2

@ hypoelliptic

0

el = (0

)+ b bl = (

satisfies Hormander’s condition Vy € N

@ related to almost riemannian structures

P. Cannarsa (Rome Tor Vergata)

Grushin-type operators

7(7—3))(7_2 ) T

June 28, 2012

MIE g,

4/4



associated diffusion process (y = 1)

diffusion process

{

dX(t) = dWi(f)dt,
ay(t) = X(t)dWa(t),

W;, W» independent 1D Brownian motions

X(0)
Y(0)

X
y

X(tx,y)=x+Wi(t), Y(t,x,y)=y+xWa(t)+ /i Wi (s)dWa(s)
Jo
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associated diffusion process (y = 1)

diffusion process

dX(t) = dWi(t)dt, X(0)
dY(t) = X(t)dWx(t), Y(0)
W;, W» independent 1D Brownian motions

X
y

X(tx,y)=x+Wi(t), Y(t,x,y)=y+xWa(t)+ /i Wi (s)dWa(s)
Jo

Cauchy problem for Kolmogorov equation

{&u— (B +x2R)u=0 in (0,+00) x R?

u(0,x,y) = uo(x; y) on R?

solved by transition semigroup

u(t,x,y) = E[uo(X(t,x,y), Y(t,x, y))}
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existence and uniqueness of solutions
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existence and uniqueness of solutions

o — (OFu+ |x[P5u) = f in Qr
u(t,£1,y) =0, u(t,x,0) =0=u(t,x,1) in9oQ
u(0,x,y) = to(x, ) (x,y) e
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o — (OFu+ |x[P5u) = f in Qr
u(t,£1,y) =0, u(t,x,0) =0=u(t,x,1) in9oQ
u(0,x,y) = to(x, ) (x,y) e

@ H=1[?*(Q)and V= Cs°(Q) with respect to (f,9) = [, (fgx + [x|*"f,gy) dxdy
@ D(A)={fe V:3c> 0suchthat|(f, h)| < cl|hlyVhe V}

(Af,g) =—(f,9) VgeV
@ A: D(A) C H — H generator of a semigroup e* of contractions in H

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012

6/41



existence and uniqueness of solutions

o — (OFu+ |x[P5u) = f in Qr
u(t,£1,y) =0, u(t,x,0) =0=u(t,x,1) in9oQ
u(0,x,y) = to(x, ) (x,y) e

@ H=1[?*(Q)and V= Cs°(Q) with respect to (f,9) = [, (fgx + [x|*"f,gy) dxdy
@ D(A)={fe V:3c> 0suchthat|(f, h)| < cl|hlyVhe V}

(Af,g) =—(f,9) VgeV
@ A: D(A) C H — H generator of a semigroup e* of contractions in H

Theorem

T>0, up € L?Q), fel?Qr)
— Jlue C([0, T]; L3(Q)) : Vte (0, T), ¢ € C3([0, T] x Q)

[ 1wao - uoyoo) = | t [ o6 + 2o+ 1x7050) + 10
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controllability for Grushin control of uniformly parabolicoperators
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e Controllability for Baouendi-Grushin operators
@ review of controllability for parabolic operators
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control of uniformly parabolicoperators
control of uniformly parabolic equations

.
=
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controllability for Grushin control of uniformly parabolicoperators

control of uniformly parabolic equations
wCccQ T>0 AXx) = (a’i(x)):/:1 positive definite in Q

oty — div(A(x)Vu) = xw(Xx)f(1, X)

u" = L u(0,x) = up(x)
u(t,-)=0

@ f locally distributed control

P. Cannarsa (Rome Tor Vergata)

in Qr=(0,T)xQ

xXeN
onl

( xw = characteristic function of w)

) a
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control of uniformly parabolicoperators
control of uniformly parabolic equations

wCccQ T>0 AXx) = (a,v,-(x))sz1 positive definite in Q

oty — div(A(x)Vu) = xw(Xx)f(1, X)

u" = L u(0,x) = up(x)
u(t,-)=0

@ f locally distributed control

xXeN
onl

in Qr=(0,T)xQ

( xw = characteristic function of w)

) a

@ also of interest boundary control 'y C T

u(t, x) = g(t, x) (t,x) € (0, T) x Iy

P. Cannarsa (Rome Tor Vergata)

Grushin-type operators

June 28, 2012

MIE g,

8/41



control of uniformly parabolicoperators
approximate controllability
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control of uniformly parabolicoperators
approximate controllability

oy — div(A(x)Vu) = xo (X)f(t,x) in Qr=(0,T) xQ
U e u(0, x) = uo(x) x e
u(t,)=0 onTl

@ approximately controllable intime T > 0

Y, th € LB(Q) Ve >0 3IFfel?(Qr) : |U'(,T)—wl| <e
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control of uniformly parabolicoperators
approximate controllability

oy — div(A(x)Vu) = xo (X)f(t,x) in Qr=(0,T) xQ
U e u(0, x) = uo(x) x e
u(t,)=0 onTl

@ approximately controllable intime T > 0

Y, th € LB(Q) Ve >0 3IFfel?(Qr) : |U'(,T)—wl| <e

by duality equivalent to ‘

@ unique continuation from (0, T) x w

ov +div(A(x)Vv) =0 in Qr
v(t,:)=0 onrl

satisfies

MIE g,

v=0 on (0,T)Xxw = v=0in Qr
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control of uniformly parabolicoperators
null controllability
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control of uniformly parabolicoperators
null controllability

e — div(A(X)VU) = xo ()L, X) N Qr = (0,T) x Q
U e S u(0,x) = up(x) xXeQ
u(t,-)=0 onTl

@ null controllability in time T > 0
J(,T)=0

Yup € L3(Q) 3f e [3(Qr) : {f P < Cr [ 1P
Qr = T Jq IH0
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control of uniformly parabolicoperators
null controllability

e — div(A(X)VU) = xo ()L, X) N Qr = (0,T) x Q
U e S u(0,x) = up(x) xXeQ
u(t,-)=0 onTl

@ null controllability in time T > 0
J(,T)=0

Yup € L3(Q) 3f e [3(Qr) : {f P < Cr [ 1P
Qr = T Jq IH0

by duality equivalent to ‘

@ observability on (0, T) x w

{a,v+div(A(x)vV):o in Qr

v(t,)=0 onl
satisfies ;
/ V3(x,0) dx < Cr / / V3(x, 1) dxalt
Q 0Jw
Grushin-type operators June 28, 2012



control of uniformly parabolicoperators
roadmap to observability

@ Fattorini and Russell (1971), Russell (1978)
by a Riesz basis approach

@ Lebeau and Robbiano (1995)
by a combination of Riesz basis techniques and local Carleman estimates

@ Fursikov and Emanouilov (1996)
by a global Carleman estimate

ov +div(A(x)Vv) =0 in Qr
v(t,:)=0 onTl

satisfies for7 >> 0

.
/ / POV ) dt < 0 / / V2 dixdlt
Qr 0Jw

+76 t)\Dv|2+

() = g7=p
where { o(x.1 ire(t)[em)—ez”w”m} with  Dyp(x) #0in Q\ w
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control of degenerate operators
Outline

e Controllability for Baouendi-Grushin operators

@ controllability for degenerate parabolic operators
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control of degenerate operators
what needs to be changed
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control of degenerate operators
what needs to be changed

@ observability (= null controllability) may fail
(for violent degeneracies)
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control of degenerate operators
what needs to be changed

@ observability (= null controllability) may fail
(for violent degeneracies)

@ ¢ in Carleman must be adapted to degeneracy

@ Hardy’s inequality can be useful

/dﬁ*zwzdxg ca/dmvm?dx (a #1)
Q Q
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controllability for Grushin control of degenerate operators

what needs to be changed

@ observability (= null controllability) may fail
(for violent degeneracies)

@ ¢ in Carleman must be adapted to degeneracy

@ Hardy’s inequality can be useful

/dﬁ"zwz dx < Ca/d€‘|VW|2dx
Q Q

@ take advantage of dissipation
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control of degenerate operators
the simplest example of degeneracy

w=(ab)cc(0,1) a(x)=x*| (y>0)

2
u— (Xux) = xof, u(0, x) = uo(x)
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controllability for Grushin control of degenerate operators

the simplest example of degeneracy

w=(ab)cc(0,1) a(x)=x*| (y>0)

ur— (x*7ux), = xwf, (0, x) = tp(x)

Theorem (C — Martinez — Vancostenoble, 2008)

O fal >1
null controllability aise v =2
OQtrue 0<vy<1
T regional
(——
=
0 . 1 =
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control of degenerate operators
references
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control of degenerate operators
references

@ divergence form

o Martinez — Vancostenoble (2006)  u; — (a(x)ux), = xwf

o Alabau — C — Fragnelli (2006)  u; — (a(x)ux), + g(u) = xuf

o Flores —de Teresa (2010) u; — (xux), + x7b(x, t)ux = xwf
@ non-divergence form  C — Fragnelli — Rocchetti (2007, 2008)

U — a(X)uxx — b(X)ux = xuwf

@ degenerate/singular problems

e Vancostenoble — Zuazua (2008), Vancostenoble (2009)

ur— (xXPuy), — U= Yof

@ systems

o C—de Teresa (2009) cascade 2 x 2
o Maniaretal. (2011) general 2 x 2

@ higher dimension  d:u — div(a(t, x)Vu) + g(t, X, u) = xuf
e null controllability C — Marinez — Vancostenoble (CRAS, 2009)
e approximate controllability Wang (2009)
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control of Grushin-type operators
Outline

e Controllability for Baouendi-Grushin operators

@ controllability of Baouendi-Grushin operators
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controllability for Grushin control of Grushin-type operators

problem set-up

7 @

1

ol a b

1 X

A — (O5u + X7 9gu) = xw(x, Y)(t, X, y)

U(O’Xv}/) = UO(va)

@ u € L3(Q), fe L3Qr) control
@ wcC(ab)x(0,1) withdO<a<b<1

P. Cannarsa (Rome Tor Vergata)

Grushin-type operators

u <— u(t,+=1,y) =0, u(t,x,0) =0 = u(t, x,1)
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control of Grushin-typs operstors
problem set-up

7 @

—1 ola b 1~

au — (BFu + |x[*05u) = xw (X, Y)E(L, X, ¥)
u <— u(t,+=1,y) =0, u(t,x,0) =0 = u(t, x,1)
u(0, x,y) = to(X, y)

@ u € [3(Q), fe l3(Qr)control

@ wcC(ab)x(0,1) withdO<a<b<1
want to study

@ approximate controllability in time T > 0

@ null controllability in time T > 0
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controllability for Grushin control of Grushin-type operators

references

oo
el
=
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control of Grushin-type operators
references

@ Crocco-type equation ‘ o+ oxu — 9y (a(y)oyu) = xw(x, y)f(t, x,¥) ‘

e Martinez — Raymond — Vancostenoble (2003) (a= 1)
e C — Martinez — Vancostenoble (2005, 2008) (a = (1 — y)?)
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control of Grushin-type operators
references

@ Crocco-type equation ’ o+ oxu — 9y (a(y)oyu) = xw(x, y)f(t, x,¥) ‘

e Martinez — Raymond — Vancostenoble (2003) (a= 1)
e C — Martinez — Vancostenoble (2005, 2008) (a = (1 — y)?)

@ Beauchard — Zuazua (2009) ’ Ot + yoxu — 05u = xw (X, Y)(t, X, ¥) ‘

Kolmogorov-type equation proving null controllability for suitable b.c.
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control of Grushin-type operators
references

@ Crocco-type equation ’ o+ oxu — 9y (a(y)oyu) = xw(x, y)f(t, x,¥) ‘

e Martinez — Raymond — Vancostenoble (2003) (a= 1)
e C — Martinez — Vancostenoble (2005, 2008) (a = (1 — y)?)

@ Beauchard — Zuazua (2009) ’ Ot + yoxu — 05u = xw (X, Y)(t, X, ¥) ‘

Kolmogorov-type equation proving null controllability for suitable b.c.
@ Boscain — Laurent (2011)
Laplace-Beltrami on a 2D compact manifold showing that solution of

Au — Bu — |x[Pu+ %u:O (y>1,xeR,y €T)

is supported in Ry x T if so is u(0)
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control of Grushin-type operators
references

@ Crocco-type equation ’ o+ oxu — 9y (a(y)oyu) = xw(x, y)f(t, x,¥) ‘

e Martinez — Raymond — Vancostenoble (2003) (a= 1)
e C — Martinez — Vancostenoble (2005, 2008) (a = (1 — y)?)

@ Beauchard — Zuazua (2009) ’ Ot + yoxu — 05u = xw (X, Y)(t, X, ¥) ‘

Kolmogorov-type equation proving null controllability for suitable b.c.

@ Boscain — Laurent (2011)
Laplace-Beltrami on a 2D compact manifold showing that solution of

Au — Bu — |x[Pu+ %u:O (y>1,xeR,y €T)

is supported in Ry x T if so is u(0)

@ Beauchard — C — Guglielmi (2012) ’ dwu — 0zu — |X[P' U = xw(x, y)f(t, X, y]

positive and negative controllability results (depending on ~)
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control of Grushin-type operators
approximate controllability
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control of Grushin-type operators
approximate controllability

’approximate controllability <= unique continuation

1] Y
2 | @
X
—1 0 1
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control of Grushin-type operators
approximate controllability

’approximate controllability <= unique continuation

4

2 | ©

Proposition

LetT >0,v>0,letw C (0,1) x (0,1), and let v be a solution of

oV —95v—|xTFv=0 (t,x,y)€(0,T)xQ
v(t,x,y)=0 (t,x,y) € (0,T) x 9Q

Ifv=00n(0,T) xw,thenv=00n(0,T) x Q.

P. Cannarsa (Rome Tor Vergata) Grushin-type operators
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control of Grushin-type operators
Fourier decomposition
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control of Grushin-type operators
Fourier decomposition

v — v — [x|795v =0
v(t,£1,y) =0, v(t,x,0) =0=v(t,x,1)
v(0,x,y) = vo(x,y)
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control of Grushin-type operators
Fourier decomposition

v(t,£1,y) =0, v(t,x,0) =0=v(t,x,1)

{ v — v — [x|795v =0
v(0,x,y) = vo(x,y)

oo

@ v(tx,y)= Z va(t, X)en(y) with en(y) := v2sin(nry)

n=1

where va(t,x) := [) v(t,X,y)en(y)dy satisfies

Vao(t, 1) =0 te(0,7)

OV — 02 + (nm)2|x|P'va =0 (t,x) € (0, T) x (—1,1)
vn(0, X) = vo,n(X) x e (—1,1)

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012
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control of Grushin-type operators
Fourier decomposition

v(t,£1,y) =0, v(t,x,0) =0=v(t,x,1)

{ v — v — [x|795v =0
v(0,x,y) = vo(x,y)

oo

@ v(tx,y)= Z va(t, X)en(y) with en(y) := v2sin(nry)

n=1

where va(t,x) := [) v(t,X,y)en(y)dy satisfies

Vao(t, 1) =0 te(0,7)

OV — 02 + (nm)2|x|P'va =0 (t,x) € (0, T) x (—1,1)
vn(0, X) = vo,n(X) x e (—1,1)

o0 1
° /|V(T,x,y)\2dxdy:Z/ [va(T, x)|?x
Q 'y J —1

)
/ Vit xp)Faxdy = 3 [t 0Pax
w=(a,b)x(0,1) n—1va
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controllability for Grushin control of Grushin-type operators

unique continuation

oo
el
=
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control of Grushin-type operators
unique continuation
Q= (071) X (051)

v=0 (0,T)xw = v=0 (0,7)xQ4

1] Y
: Q.
X
—1 0 1
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control of Grushin-type operators
unique continuation
Q= (071) X (051)

v=0 (0,T)xw = v=0 (0,7)xQ4

1] Y
®"
—1 0 1 X
v(t,X,y)=> vi(t,X)en(y) => va=0 (0,T)x(0,1) Vn>1
n=1
Grushin-type operators June 28, 2012



control of Grushin-type operators
unique continuation
Q= (071) X (051)

v=0 (0,T)xw = v=0 (0,T)xQ,

1] Y
®"
—1 0 1 X
v(t,X,y)=> vi(t,X)en(y) => va=0 (0,T)x(0,1) Vn>1
n=1
with
OtV — O2vn + (Nm)?|X|P'va =0 (£,x) € (0, T) x (—1,1)
Va(t,£1) =0 te(0,T)
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control of Grushin-type operators
unique continuation
Q= (071) X (051)

v=0 (0,T)xw = v=0 (0,T)xQ,

1Y
®"
—1 0 1 X
v(t,X,y)=> vi(t,X)en(y) => va=0 (0,T)x(0,1) Vn>1
n=1
with
OtV — O2vn + (Nm)?|X|P'va =0 (£,x) € (0, T) x (—1,1)
Va(t,£1) =0 te(0,T)
then
vi=0 (0,T)x(-1,1) Yn>1 = v=0 (0,T)xQ
Grushin-type operators June 28, 2012



control of Grushin-typs operstors
null controllability

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 22/41



control of Grushin-typs operstors
null controllability

Ot — 05U — [x[P B u = xw (X, Y)(t, X, )
u(t,£1,y) =0, u(t,x,0) =0 = u(t, x, 1) (Q)
u(0,x,y) = uo(x,y)
1Y
2 ||
—1 ola b 1%

adjoint problem

v(t,£1,y) =0, v(t,x,0) =0=v(tx,1) (G")

{ v — v — |x|793v =0
v(0,x,y) = w(x,y)
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control of Grushin-typs operstors
null controllability

Ot — 05U — [x[P B u = xw (X, Y)(t, X, )
u(t,£1,y) =0, u(t,x,0) =0 = u(t, x, 1) (G)
u(0,x,y) = uo(x,y)
1Y
2 ||
—1 ola b 1%

adjoint problem

v(t,£1,y) =0, v(t,x,0) =0=v(tx,1) (G")

{ v — v — |x|793v =0
v(0,x,y) = vo(x,y)

observable in [0, T] x w 3ICr > 0 such that Vvy € L2(Q) E=
r =
[T x.y)Pady < Cr [ [ vitxy)Paray =
Q 0 Jw
Grushin-type operators June 28, 2012 22/41



control of Grushin-type operators
uniform observability

{ v — 9%v — |x|2195v =0

(0, T) x
V(t,+1,y) =0, v(t,x,0)= 0= v(t,x,1) te (0,
v(0,x,y) = w(x,Y) (x,y) €
1Y
Q ;
—1 ola b 1%
OtV — 02vp + (N)B|X[P'va =0 (t,x) € (0, T) x (—1
Vo(t,£1) =0 te(0,7)
Vn(0, X) = Vo,n(X) x€(-1,1)

P. Cannarsa (Rome Tor Vergata) Grushin-type operators

)
€Q

1)

June 28, 2012
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control of Grushin-type operators
uniform observability

v — 9%v — |x|2195v =0 (0, T) x
v(t,+£1,y) =0, v(t,x,0) =0 = v(t,x,1) te(O ) (G*)
v(0,x,y) = vo(x,y) (x,¥)€Q
11 Y
Q 7

—1 ola b 1%
OV — B2V + (Nm)?|x|P'va =0 (t,x) € (0,T) x (=1,1)
Va(t,£1) =0 te(0,T) (Gr)
va(0, X) = vo,n(X) x e (—1,1)

observability for (G*) inw <= uniform observability for (Gj) in (a, b)

MIE g,

1 T rb
/ Ivn(T,x)lzdx§C// alt, )Pt ¥ > 1
—1 0Ja
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control of Grushin-{ype operstors
dissipation rate
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control of Grushin-{ype operstors
dissipation rate

@ define G, ,:D(G,.) C L3(—1,1) = L[3(—1,1) by
D(Gyn) = HENH(—1,1),  Gynp = =" + (mm)*x[Pe
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control of Grushin-{ype operstors
dissipation rate

@ define G, ,:D(G,.) C L3(—1,1) = L[3(—1,1) by
D(Gyn) = HENH(—1,1),  Gynp = =" + (mm)*x[Pe

@ )\, > 0 the first eigenvalue of G,,, so that

OV — 2o+ (Mm)|x|P'va =0 (t,x) € (0, T) x (—1,1)
Va(t, £1) = 0 te(0,7)
satisfies
1 1
/ va(T, X)Pax < e—MT—')/ valt, X)Pdx Vit € [0, T] (Dy)
—1 —1
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controllability for Grushin control of Grushin-type operators

dissipation rate

@ define G,n: D(G,,n) C L3(—1,1) — L*(—1,1)

D(Gyn) i= H N Hy(=1,1),  Gynp = —¢" + (mm)*|x|¥p
@ )\, > 0 the first eigenvalue of G,,, so that
OV — 2o+ (Mm)|x|P'va =0 (t,x) € (0, T) x (—1,1)
va(t,£1) =0 t )
satisfies
1 1
/ Vol T, X) 2l < e—MT—’)/ a(t,X)Pdx VE€[0,T]  (Dn)

—1 —1

Lemma (dissipation rate)

(ub) Vy >0 3Fc* >0 suchthat |\, < c*n%

(Ib) Yy €(0,1] 3Je. >0 suchthat | X, > c*n%

Grushin-type operators June 28, 2012 24/ 41



control of Grushin-type operators
negative results: v > 1 and v =1
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control of Grushin-type operators
negative results: v > 1 and v =1

v — v — |x|79Fv =0 (0,T) xQ
v(t,+1,y) =0, v(t,x,0) =0=v(t,x,1) te(0,T) (G")
V(O7X7Y):V0(X>y) (va)eQ

Theorem

@ y>1 = (G") notobservable
@ y=1 — 37" >2a°/2 suchthat (G*) notobservable VT < T~
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control of Grushin-type operators
negative results: v > 1 and v =1

v — v — |x|79Fv =0 (0,T) xQ
v(t,+1,y) =0, v(t,x,0) =0=v(t,x,1) te(0,T) (G")
V(O7X7Y):V0(X>y) (va)eQ

Theorem

@ y>1 = (G") notobservable
@ y=1 — 37" >2a°/2 suchthat (G*) notobservable VT < T~

u(t,+£1,y) =0, u(t,x,0) =0=u(t,x,1) (G)

{ Ot — Ozu — [x[P1 95U = xw (X, Y) (L, X, y)
u(0,x,y) = to(x,y)

Theorem

@ y>1 = (G) notnull controllable
@ y=1 = 3T >a°/2 suchthat (G) not null controllable ¥ T < T*

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 25/41




control of Grushin-type operators
proof of negative results
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control of Grushin-type operators
proof of negative results

@ take eigenfunctions ¢, of G,,, associated with A,

{ - + [(nm)?|x[27 = An] ¢n(x) = O x e (-1,1)
¢n(i1) 0, =0, |¢nllz-11)=1
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control of Grushin-type operators
proof of negative results

@ take eigenfunctions ¢, of G,,, associated with A,

{ —én(X) + [(n)?|X[2Y — An] én(x) = O xe(—1,1)
n(£1) =0, ¢n >0, |¢nllz—14)=1

@ v,(t,x) := e *'gn(x) solution to

OV — O2Vp + (nm)2|x[P'va =0 (t,x) € (0, T) x (—1,1)
Va(t,£1) =0 te(0,T)
Grushin-type operators June 28, 2012



control of Grushin-type operators
proof of negative results

@ take eigenfunctions ¢, of G,,, associated with A,
—én(X) + [(n)?|X[2Y — An] én(x) = O xe(—1,1)
{ n(£1) =0, ¢n >0, |¢nllz—14)=1
@ v,(t,x) := e *'gn(x) solution to
{ OtV — B2V + (NT)2|X|P'vn =0 (8, %) € (
Va(t, £1) = 0 te(0,T

@ (UO) fails if can provide upper bound such that

fOT]‘:'Vn(ty X)|2dth _ e2

A 71/,, .
n(X dX*)O n— oo
f; [Va(T, x)|2dx 2Xn : |pn(X)] ( )

technical because (n7)?|x|?” — A, changes sign in [—1,1]
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control of Grushin-type operators
comparison argument

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 27 /41



control of Grushin-type operators
comparison argument

{ —¢n(X) + [(nm)?|x[*7 — An] ¢n(x) = 0 xe(-1,1)
on(£1) =0, ¢ >0, |¢nll—1,1) =1
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control of Grushin-type operators
comparison argument

{ —¢n(X) + [(nm)?|x[*7 — An] ¢n(x) = 0 xe(-1,1)
on(£1) =0, ¢ >0, |¢nll—1,1) =1

1

@ restrict to [xp, 1] with x, := ((nAT”)z) ® 50asn—
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control of Grushin-type operators
comparison argument

{ —¢n(X) + [(nm)?|x[*7 — An] ¢n(x) = 0 xe(-1,1)
on(£1) =0, ¢ >0, |¢nll—1,1) =1

1
2y

@ restrict to [xp, 1] with x, := ( A ) —0asn— oo

(nm)2

@ equation yields upper bound |¢n(Xn)| < v/XnAn
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control of Grushin-type operators
comparison argument

{—qs’n’ x) + [(nm)?|x[2" — Xn] én(x) = 0 x e (=1,1)
¢n(i1) 0, ¢n=>0, ||<f>n||L2(—1,1):‘I

@ restrict to [xp, 1] with x, := ((nfj)z) % —0asn— oo

@ equation yields upper bound |¢n(Xn)| < v/XnAn
@ by comparison argument
{ — Wy (X) + [(nm)2X®Y — Xa] Wh(x) >

Wh(1) >0, =>/ P5dx < /Wzdx
Wr;(xn) < _\/)Tn)\n
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control of Grushin-type operators
comparison argument

{ —¢n(X) + [(nm)?|x[*7 — An] ¢n(x) = 0 xe(-1,1)
on(£1) =0, ¢ >0, |¢nll—1,1) =1

@ restrict to [xp, 1] with x, := ((nfj)z) % —0asn— oo

@ equation yields upper bound |¢n(Xn)| < v/XnAn

@ by comparison argument
—WY () + [(nm)2x® — Ap]Wa(x) >
Wh(1) >0, =>/ P5dx < / W3 dx
Wr;(xn) < _\/)Tn)\n

@ construct C, > 0 such that| W,(x) := Coe~ %™ | satisfies

22T b 2AnT b )
!/ (énf2x < & / \WoPax < (33 7-6) R(n)
2)\{1 a 2>\n a N~
rational
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control of Grushin-type operators
comparison argument

{ —¢n(X) + [(nm)?|x[*7 — An] ¢n(x) = 0 xe(-1,1)
on(£1) =0, ¢ >0, |¢nll—1,1) =1

@ restrict to [xp, 1] with x, := ((nfj)z) % —0asn— oo

@ equation yields upper bound |¢n(Xn)| < v/XnAn

@ by comparison argument
—WY () + [(nm)2x® — Ap]Wa(x) >
Wh(1) >0, =>/ P5dx < / W3 dx
Wr;(xn) < _\/)Tn)\n

@ construct C, > 0 such that| W,(x) := Coe~ %™ | satisfies

oAnT b 22T b

e —1 2 e 2 2n(227-C,)

. < W, < n v) R
N /a |pn|“dx < N /a |Wh|“dx < e (n

7T-C) 0 because of dissipation speed A\, < ¢*n+

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012
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control of Grushin-{ype operstors
* 2
why T* > a°/2 fory =17
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control of Grushin-{ype operstors
* 2
why T* > a°/2 fory =17

{ =0 (X) + [(nm)?[X[*7 — An] pn(x) = 0 xe(=1,1)

¢n(£1) =0, >0, |¢nllz_1q1y)=1

Lemma

An ~ N

y=1 = /b ) g anm asn— oo
Pn(X)"dx ~
a

2amy/n

P. Cannarsa (Rome Tor Vergata) Grushin-type operators
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control of Grushin-{ype operstors
* 2
why T* > a°/2 fory =17

{ = (X) + [(nm)?|x[*" — Xn] én(x) = O xe(=1,1)
¢n(£1) =0, ¢n >0, ||¢>n||L2(—1,1) =1

Lemma

An ~ N

v = g &nm asn— oo
/ Pn(x 2a7rf

proof by comparison with

() = v/nmU( mrx)C: v/ne= 2 0(x)

obtained localizing the first eigenvector

e % f { U'(x)+2°U(X) = U(x) x€eR
Jr U(x)ax =1
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control of Grushin-type operators
positive results: : 0 <~y <1 andy =1
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control of Grushin-type operators
positive results: : 0 <~y <1 andy =1

O — B2u — |x[P70%u = xu(x, y)f(t, x, )
u(t,+1,y) =0, u(t,x,0) =0 = u(t,x,1) (G)
u(0,x, y) = uo(x,y)
11 Y
2 ||
—1 ola b 1 X
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control of Grushin-type operators
positive results: : 0 <~y <1 andy =1

O — B2u — |x[P70%u = xu(x, y)f(t, x, )
u(t,+1,y) =0, u(t,x,0) =0 = u(t,x,1) (G)
u(0,x, y) = uo(x,y)
11 Y
2 ||
—1 ola b 1 X

Theorem

° —s (G) null controllable VT >0
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control of Grushin-type operators
positive results: : 0 <~y <1 andy =1

O — B2u — |x[P70%u = xu(x, y)f(t, x, )
u(t,+1,y) =0, u(t,x,0) =0 = u(t,x,1) (G)
u(0,x, y) = uo(x,y)
11 Y
2 ||
—1 ola b 1 X

Theorem

° — (G) null controllable VT >0
®[y=1 & w=(ab)x(0,1)| = (G) nullcontrollable VT >T*>a*/2

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012 29 /41




control of Grushin-type operators
Carleman estimate
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control of Grushin-type operators
Carleman estimate

Theorem

Let|~ € (0,1] | and let w € C°([0, T]; L3(—1,1)) N L3(0, T; H{(—1,1))

ow — Bw + (nm)2|x|Pw =g (t,x)€(0,T)x (=1,1)
w(t,+1) =0 te(0,T)
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controllability for Grushin control of Grushin-type operators

Carleman estimate

Theorem
Let| v € (0,1] |and let w € C°([0, T]; L3(—1,1)) N L3(0, T; Hy(—1,1))

ow — Bw + (nm)2|x|Pw =g (t,x)€(0,T)x (=1,1)
w(t,£1) =0 te(0,7)

Then 33 € C'([-1,1]) positive and constants Cy,Co > 0 such that

3 nB(x
61/ / ( }de|2+ %IW\Z) e 0 dixat

T o _ MnB(x)
g/ / \g] e dxdz‘+/ / |W] e 10 dxdt
0 —

with
M, = Camax{T + T?;nT?}

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012
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control of Grushin-type operators
uniform observability
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control of Grushin-type operators
uniform observability

OV — O Vo + (N2 |X[P'va =0 (t,x) € (0,T) x (—1,1) (G)
Va(t, £1) = 0 te(0,T) !
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control of Grushin-type operators
uniform observability

OV — O Vo + (N2 |X[P'va =0 (t,x) € (0,T) x (—1,1) (G)
Va(t, £1) = 0 te(0,T) !

O<a<bgi

Theorem

@ |y€(0,1)] = 3IC>0 suchthat YT >0,n>1
! 2 2 H'T f
/vn(T,x) dx < CT e //vntx) dxadt
—1
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control of Grushin-type operators
uniform observability

OV — O Vo + (N2 |X[P'va =0 (t,x) € (0,T) x (—1,1) (G)
Va(t, £1) = 0 te(0,T) !

O<a<bgi

Theorem

@ |y€(0,1)] = 3IC>0 suchthat YT >0,n>1
! 2 2 H'T f
/vn(T,x) dx < CT e //vntx) dxadt
—1

y=1| = 3T >4&°/2 suchthat VT > T*

(Gp) is uniformly observable with respect to n on (a, b) in time T
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control of Grushin-type operators
uniform observability

OV — O Vo + (N2 |X[P'va =0 (t,x) € (0,T) x (—1,1) (G)
Va(t, £1) = 0 te(0,T) !

O<a<bgi

Theorem

@ |y€(0,1)] = 3IC>0 suchthat YT >0,n>1
! 2 2 H'T f
/vn(T,x) dx < CT e //vntx) dxadt
—1

y=1| = 3T >4&°/2 suchthat VT > T*

(Gp) is uniformly observable with respect to n on (a, b) in time T

— null controllability for

U — 02u — |x[P82u = x.f with w=(a,b) x (0,1)
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control of Grushin-type operators
null controllability for general w and 0 < v < 1

MIIE ,
L}
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controllability for Grushin control of Grushin-type operators

null controllability for general w and 0 < v < 1

apply technique by Benabdallah-Dermenjian-Le Rousseau (2007)
@ ey(y) :=+V2sin(nty) ye[0,1], n>1

recall

Proposition (Lebeau-Robbiano)

Letc,d € R be such thatc < d

There exists C > 0 such that, for every n > 1 and (bx)1<k<n € R,
n d

Zlbk'z < CeCn/

c

k=1

n
Zbkek(y)rdy
k=1

P. Cannarsa (Rome Tor Vergata) Grushin-type operators

June 28, 2012
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control of Grushin-type operators
approximation by closed subspaces

study observability for adjoint problem on finite dimensional subspaces

v(t,£1,y) =0, v(t,x,0) =0 = v(t,x,1) (GY)

{ oV — 9%v — |x|7195v =0
V(07X7y) = VO(va) € E/

@ Hy:=L3(-1,1)®e, (n=1)
@ E:=d,H (j20)
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controllability for Grushin control of Grushin-type operators

approximation by closed subspaces
study observability for adjoint problem on finite dimensional subspaces

oV — 9%v — |x|7195v =0
v(t,+£1,y) =0, v(t,x,0) =0=v(tx,1) (GY)
V(07X7y) = VO(X7y) € E/

@ Hy:=L3(-1,1)®e, (n=1)
® L=, (j>0)
by Carleman estimate and Lebeau-Robbiano lemma

Proposition

Lety € (0,1), andleta,b,c,d € R besuchthat0 <a<b<1and0<c<d<1
Then there exists C > 0 such that forevery T >0 and v, € E; (j > 1)

. _ A4y
2 C<2/+T 1*“{) T 2
/v(T, X,y) dxdy < e / / v(t, x, y) dxdyadt
Q 0 w

where w := (a, b) x (c, d)

v

P. Cannarsa (Rome Tor Vergata) Grushin-type operators

June 28, 2012 33/41



control of Grushin-type operators
construction of the control

u(t,£1,y) =0, u(t,x,0) =0=u(t,x,1)
u(0,x,y) = uo(x, y)
of|x0<p< TandletK = K(p)>0besuchthatKZ°°2”’—T
@ let T := K2~ fP and let (&;);en be defined by
a =0, aun=a+2T,

{ O — 05U — |X[P O5u = xu (X, Y)E(t, X, ¥)

@ on [a;, g + Tj] apply control f such that g u(a; + T;,-) = 0 and

HfHLZ(a/,ajJrT/;LQ(Q)) < Gillu(ay, )iz

5

. iy T

with ¢; == e°@+7 ) and lu(z; + T,z < ( 1+ VTSu(@; s
@ o control on [g + Tj, &js1] = [[U(@1, )2y < €

@ combining above inequalitie%/to conclude

lu(@+1, )2 < exp (Z [In(1 + VTiCk) —
k=1

2

B Tk} )HUOHLZ(Q)

——00 as j—oo

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012
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inverse source problem for Grushin-type operators
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inverse source problem for Grushin-type operators

—1 ola b 1%
du — (B5u+ X7 93u) = f(x. y)R(t, x)
—_—

O<’y<1 Gyu

u(t,£1,y) =0, u(t,x,0) =0 = u(t,x,1)
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_____________inverse source problem for Grushin _
inverse source problem for Grushin-type operators

—1 ola b 1%

du — (B5u+ X7 93u) = f(x. y)R(t, x)
0<y<1 R
u(t,£1,y) =0, u(t,x,0) =0 = u(t,x,1)
want to determine source term f(x, y) by
© locally distributed measurement over [To, Ti]

O full measurement at time T;

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012



-
the Lipschitz stability result

-4
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-
the Lipschitz stability result

Gyu

du — (B5u+ X7 97u) = f(x, y)R(t, x)
0<y<1 Y
u(t,£1,y) =0, u(t,x,0) =0 = u(t, x,1)

Qr=(0T)x2 Qr=(0T)x(-1,1) w=(ab)x(0,1)]

-4
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-
the Lipschitz stability result

Ou — (8Zu+ [x[P'82u) = f(x,y)R(L, x)
O0<y<1 G; u

u(t,£1,y) =0, u(t,x,0) =0 = u(t, x,1)

Qr=(0.T)x2 Qr=(0T)x(-1,1) w=(ab)x(0,1)]

Theorem (Beauchard — C — Yamamoto)

o [g<r=1)

@ R,8:Re C(Qr)and3r >, Ty € (0, T] such that R(Ty,x) > o Vx € [-1,1]

= VTo €0, Tq1)3Cy > 0 such that

Q Q
)\
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-
the Lipschitz stability result

Ou — (8Zu+ [x[P'82u) = f(x,y)R(L, x)
O0<y<1 G; u

u(t,£1,y) =0, u(t,x,0) =0 = u(t, x,1)

Qr=(0.T)x2 Qr=(0T)x(-1,1) w=(ab)x(0,1)]

Theorem (Beauchard — C — Yamamoto)

)

@ R,8:Re C(Qr)and3r >, Ty € (0, T] such that R(Ty,x) > o Vx € [-1,1]
= VTo €0, Tq1)3Cy > 0 such that

Q Q

same result for "y =1and 7,74 > T"
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Fourier decomposition
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Fourier decomposition

{

o — (0fu+ |x[295u) = f(x,y)R(t, X)
u(t,£1,y) =0, u(t,x,0) =0 = u(t, x,1)
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|
Fourier decomposition

o — (0fu+ |x[295u) = f(x,y)R(t, X)
u(t,£1,y) =0, u(t,x,0) =0 = u(t, x,1)

o {u(t,x,y) = 2021 Un(t, x)en(y) with es(y) := V2sin(nry)

H(x,y) = 2202 (X)en(y)

where
Btn — (85un — (nm)2x[Pun) = f(X)R(t,x) (t,x) € Qr
G~ ,n(un)
Un(t,£1) =0 te(0,T)
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|
Fourier decomposition

o — (0fu+ |x[295u) = f(x,y)R(t, X)
u(t,£1,y) =0, u(t,x,0) =0 = u(t, x,1)

o {u(t,x,y) = 2021 Un(t, x)en(y) with es(y) := V2sin(nry)

f(x,y) = 32521 fa(x)en(y)
where

Artn — (9zun — (n)|x[PVun ) = f(X)R(t,x) (t,x) € Qr

G~ ,n(un)
un(t,£1) = 0 te(0,T)

oo 1
° /]f|2dxdy:2/ |fa|? o
Q n— v —1

T o T b
0/ /|8,u|2dxdydt:Z/ / |Oeun|? dxalt
0 w n—1 Y0 a
s
° /Q]Gw(u)(T)]zdxdy:Z/1 |Gy ntin(T) 2 i
n=1"%"

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012




-
uniform Lipschitz stability

P. Cannarsa (Rome Tor Vergata)

Grushin-type operators

June 28, 2012



-
uniform Lipschitz stability

suppose To=0, T;=T,

sothat R(T,:) > n

Atn — (O5un — (nm)?|x[Pun) = f(X)R(t,x) (t,x) € Qr

un(t,£1) =0

P. Cannarsa (Rome Tor Vergata)

G~ ,n(un)
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|
uniform Lipschitz stability
suppose To=0, T;=T, sothat R(T,-)>r
Bhtn — (OFun — (nm)?|x[Pun) = f(X)R(t,X) (1, X) € Qr

G~ ,n(un)
Un(t,£1) =0 te(0,7)

want uniform in n Lipschitz stability

gl T b 1
/ }fn\zdxgcr/ / ]&un\zdde—CT/ |Gy oin(T)|? i
—1 0 a -1
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|
uniform Lipschitz stability
suppose To=0, T;=T, sothat R(T,-)>r
Bhtn — (OFun — (nm)?|x[Pun) = f(X)R(t,X) (1, X) € Qr

G~ ,n(un)
Un(t,£1) =0 te(0,7)

want uniform in n Lipschitz stability

gl T b 1
/ }fn\zdxgcr/ / ]&un\zdde—CT/ |Gy oin(T)|? i
—1 0 a -1

) 1 5
° ro/ yfn|2dx<2/ ya,un(r)|2dx+2/ |Gy in(T)|? dx
J—1 —1 JQ
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|
uniform Lipschitz stability
suppose To=0, T;=T, sothat R(T,-)>r
Bhtn — (OFun — (nm)?|x[Pun) = f(X)R(t,X) (1, X) € Qr

G~ ,n(un)
Un(t,£1) =0 te(0,7)

want uniform in n Lipschitz stability

gl T b 1
/ }fn\zdxgcr/ / latun\zdde—CT/ |Gy oin(T)|? i
—1 0 a -1

S 1 .
° ro/ yfn|2dx<2/ ya,un(r)|2dx+2/ |Gy in(T)|? dx
J—1 =1l JQ
@ use Carleman inequality and decay estimate
1 2 T rb z
/ |0uun(T)[? dx < CTeCm—oMT / / B
—1 0 a
@\ 1 T
+C(T260n cA T_"_)\i%) /71 |fn| dx
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conclusions

Au — O5u — x| u = xu (X, y)f(X, ¥, t)

null controllability
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conclusions

Au — O5u — x| u = xu (X, y)f(X, ¥, t)

11y

1@

null controllability

ol a b

1

@ holds in any positive time when v € (0,1) and w C (0,1) x (0, 1)
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~______conclusions |
conclusions

Au — O5u — x| u = xu (X, y)f(X, ¥, t)
11 Y

1@

—1 ola b 1 X

null controllability
@ holds in any positive time when v € (0,1) and w C (0,1) x (0, 1)
@ holds in large time when v = 1 and w = (&, b) x (0, 1)
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~______conclusions |
conclusions

Au — O5u — x| u = xu (X, y)f(X, ¥, t)
11 Y

1@

—1 ola b 1 X

null controllability
@ holds in any positive time when v € (0,1) and w C (0,1) x (0, 1)
@ holds in large time when v = 1 and w = (&, b) x (0, 1)
@ does not hold when

@ degeneracy is too strong, i.e. v > 1
@ timeistoo short,i.e. y =1and T < &/2
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~______conclusions |
conclusions

AU — zu — |X[P705u = xw(x, Y) (X, ¥, 1)
11 Y

1@

—1 ola b 1 X

null controllability
@ holds in any positive time when v € (0,1) and w C (0,1) x (0, 1)
@ holds in large time when v = 1 and w = (&, b) x (0, 1)
@ does not hold when

@ degeneracy is too strong, i.e. v > 1
@ timeistoo short,i.e. y =1and T < &/2

approximate controllability, inverse source problem
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~______conclusions |
extensions

@ Lipschitz stability for

dru — (B5u+ [x[P'8%u) = f(x, y)R(t, x)
true with general w

1] Y
2 | |
X
—1 ol a b 1
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~______conclusions |
extensions

@ Lipschitz stability for

dru — (B5u+ [x[P'8%u) = f(x, y)R(t, x)
true with general w
1] Y

2 ||
—1 ola b 1%

@ null controllability and Lipschitz stability results can be extended to
multi-dimensional Grushin-type operators

G,u=Axu+ |xPAyu

with x € Q1 c RM, y € Q, ¢ R™ bounded and

o 0<y<1 w C 2y x Qo

o |lvy=1| w=wyxQ and T large enough
Grushin-type operators June 28, 2012
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e —
open problems

° \ i — 2u — |X|P 02U = v (X, Y)F(X, ¥, 1)

@ null controllability for v = 1 and more general w
@ sharp estimate of T* for y = 1 (T* = &?/2? Miller)
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e —
open problems

° \ i — 2u — |X|P 02U = v (X, Y)F(X, ¥, 1)

@ null controllability for v = 1 and more general w
@ sharp estimate of T* for y = 1 (T* = &?/2? Miller)

@ study
au—%u— xPRu+ Su=0 (0<vy<1)
t X y X2 - Y
Grushin-type operators

June 28, 2012



e —
open problems

o]au—aﬁpmﬂﬁxu=x4myyuyj)

@ null controllability for v = 1 and more general w
@ sharp estimate of T* for y = 1 (T* = &?/2? Miller)

@ study
Bmfﬁufuﬁﬁu+éu:0 0O<~y<1)

merci de voftre attention

P. Cannarsa (Rome Tor Vergata) Grushin-type operators June 28, 2012
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