Parameter identification for a simplified model of the respiratory tract

M. Boulakia
LJLL and REO team, UPMC P6

25 June 2012, Toulouse Workshop

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract



@ Modeling of the respiratory tract
@ Introduction
o Modelling

@ !dentifiability

© A first stability result in dimension 2
o Statement
@ Sketch of the proof

O A stability result in any dimension
o Statement of the result
@ Sketch of the proof

© Conclusion

LJLL and REO team, UPMC P6 Parameter identifica

d model of the respiratory tract



Modeling of the respiratory tract

Introduction
Modelling

Introduction

Trachée

Zonede condiction

<2 Bronchioles
5]

Bronchioles|
Terminales
v £ Bronchiol
i ) —
o ALY 5
20 RN ‘ gL
20 T2 93 Iueolaes |
2T 3y
B3| 1 Sacs alvéolaires |5 §

Moulding of a human lung (Weibel)
Different compartments of the lung

Boulakia LJLL and REO team, UPMC P6 Parameter i i i d model of the respiratory tract



Modeling of the respiratory tract

potu+ p(u-V)u—puAu+Vp =

V-u =

u =
uVu-n—pn =
uVu-n—pn =

u(0) =
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0, in (0, T) x Q,

0, in (0, T) x £,

0, on (0, T) x Iy,

—Pen, on (0,T) X T,

—min, on (0, T)xT;, 1<i<N,
ug, in Q
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Modeling of the respiratory tract

Introduction
Modelling

potu+p(u-V)u—pAu+Vp = 0, in (0, T) x £,
V- ou = o, in (0, T) x ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = —Pen, on (0,T) x I,
uNVu-n—pn = —mjn, on (0, T)xT;, 1<i<N,

u(0) = up, in Q.

@ R; : resistance of each bronchial tube

@ P, : alveolar pressure (known)
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potu+p(u-V)u—pAu+Vp = 0, in (0, T) x £,
V- ou = o, in (0, T) x ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = —Pen, on (0,T) x I,
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u(0) = up, in Q.
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Modeling of the respiratory tract

Introduction
Modelling

potu+p(u-V)u—pAu+Vp = 0, in (0, T) x £,
V- ou = o, in (0, T) x ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = —Pen, on (0,T) x I,
,u,Vu~n+R,-/u~n—pn = —Pan, on(0,T)xl,1<i<N,
T
u(0) = up, in Q.

@ More complex model : coupling with the diaphragm
Grandmont, Maday, Maury (2005)
@ Same kind of model for the blood flow in the cardiovascular system
Quarteroni, Veneziani (2003), Vignon-Clementel, Figueroa, Jansen, Taylor (2006)

@ asthma : larger resistance

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract



Modeling of the respiratory tract

Introduction
Modelling

potu+p(u-V)u—pAu+Vp = 0, in (0, T) x £,
V- ou = o, in (0, T) x ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = —Pen, on (0,T) x I,
,u,Vu~n+R,-/u~n—pn = —Pan, on(0,T)xl,1<i<N,
T
u(0) = up, in Q

@ Mixed boundary conditions Dirichlet / Neumann / Robin
@ Not much regularity for the domain

o Energy estimate : boundary terms

ﬁ/r,.'“(“'”)*/re“'%”'”)
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Introduction
Modelling

potu+p(u-V)u—pAu+Vp = 0, in (0, T) x £,
V- ou = o, in (0, T) x ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = —Pen, on (0,T) x I,
,u,Vu~n+R,-/u~n—pn = —Pan, on(0,T)xl,1<i<N,
T
u(0) = up, in Q.

Baffico, Grandmont, Maury (2010)
@ angle % between I'; and I} and between e and I
e dimension 2 or 3

@ existence and uniqueness of solution defined locally in time
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A linear model

Otu — pAu+Vp = 0, in (0, T) x Q,
N = 0, in(0,T)xQ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = g on (0, T) x I,
uNVu-n—pn+qu = 0, on (0, T) x I,
u(0) = u, inQ.

q does not depend on time
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Introduction
Modelling

A linear model

Otu — pAu+Vp = 0, in (0, T) x Q,
V-u = 0, in (0, T) x Q,
u = 0, on (0, T) x Iy,
uNVu-n—pn = g on (0, T) x I,
uNVu-n—pn+qu = 0, on (0, T) x I,
u(0) = wup, inQ

q does not depend on time

Objective : evaluate g from measurements of u and p on le.
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Introduction
Modelling

A linear model

Otu — pAu+Vp = 0, in (0, T) x Q,
V. u = 0, in(0,T)xQ,
u = 0, on (0, T) x Iy,
uNVu-n—pn = g on (0, T) x I,
uNVu-n—pn+qu = 0, on (0,T) x g
u(0) = up, inQ.

q does not depend on time

Let (u1, p1) be the solution for g = g1 and (u2, p2) be the solution for g = go.
o Identifiability:
up = up on a part of e = g1 = @27
o Stability:
uy ~ up on a part of e = g1 ~ @27
e Stability inequality:
llar — q2ll < £(||ur — wellr, + llpr — p2(Ir.)
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Identifiability

Identifiability

For s >0 and p > 1, we define Bs ,(R?) = {w € S'(R?)/(1 + |£[2)5/2% € LP(RY)}.
q1, G2 € B151(Mo), g € H(0, T; HY/2(T¢)) non identically null

Oruj — plAu; +Vp; = 0, in(0,T) X £,

V. oy = 0, in(0,T)xQ,

i=1,2, u; = 0, on(0,T)xTly,
uNVui-n— pin = g, on(0,T)xTe,
uVui-n—pin+qu; = 0, on(0,T)xTo

We assume that uy = wp on (0, T) X K, K Crle.
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Identifiability

Identifiability

q1, G2 € By51(lo), g € H(0, T; HY/2(T¢)) non identically null

Oruj — plAu; +Vp; = 0, in(0,T) X £,

V. oy = 0, in(0,T)xQ,

i=1,2, u; = 0, on(0,T)xTIy,
uNVui-n— pin = g, on(0,T)xTle,
uVui-n—pin+qup = 0, on(0,T)xTo

We assume that uy = wp on (0, T) X K, K CTe. We define u=u; —uz, p= p1 — p2. Then

Oru—pAu+Vp = 0, in(0,T)xQ,
V-u = 0, in(0,7)x9Q,
uVu-n—pn = 0, on(0,T)XK,
u = 0, on(0,T)XK,

Unique continuation property (Fabre, Lebeau (1996)): v =0 and p=0in (0, T) X Q. Thus

(g1 — g2)ur =0 on (0, T) x Ip.
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Identifiability

q1, G2 € By51(lo), g € H(0, T; HY/2(T¢)) non identically null

Oruj — plAu; +Vp; = 0, in(0,T) X £,

V. oy = 0, in(0,T)xQ,

i=1,2, u; = 0, on(0,T)xTIy,
uNVui-n— pin = g, on(0,T)xTle,
uVui-n—pin+qup = 0, on(0,T)xTo

(q1 — qz)ul =0 on (07 T) X r().
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Identifiability

Identifiability

q1, G2 € By51(lo), g € H(0, T; HY/2(T¢)) non identically null

Oruj — plAu; +Vp; = 0, in(0,T) X £,

V. oy = 0, in(0,T)xQ,

i=1,2, u; = 0, on(0,T)xTIy,
uNVui-n— pin = g, on(0,T)xTle,
uVui-n—pin+qup = 0, on(0,T)xTo

(q1 — qz)ul =0 on (07 T) X r().

If there exists xp € Iy such that qi(xo0) # g2(x0) on g, then, 3k C g such that |1 — g2| > 0 on
k. Soup =0o0n (0, T) X x and thus :

Otu; — plAu; +Vpr = 0, in (07 T) x Q,
V- = 0, in(0,T)x%Q,
uNVuy-n—pin = 0, on(0,T)Xk.
uy = 0, on(0,T)Xk.

Unique continuation: uy1 =0, pr =0 in (0, T) X Q and thus g = 0. Absurd : g1 = qo.
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A first stability result in dimension 2

© A first stability result in dimension 2
o Statement
@ Sketch of the proof
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A first stability result in dimension 2 Sketch of the proof

Stability result

Q C R? bounded connected open set of class C31, Q = e U Ty with Te Ny = 0.

—uAu+ Vp = 0O in Q,

V- u = 0, in Q,
uNVu-n—pn = g, onlg,
puNVu-n—pn+qu = O, on [p.

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract



Statement

A first stability result in dimension 2 Sketch of the proof

Stability result

Q C R? bounded connected open set of class C3:1, 9Q = ' U Ty with Te N Ty = 0.

—uAu+ Vp = 0O in Q,
V- u = 0, in Q,
uNVu-n—pn = g, onlg,
puNVu-n—pn+qu = O, on [p.

Hypotheses :
o g e H%2(T,), gl /2,y < My, g non identically null
° q1, @2 € Bs21(N0), [|91lls;, 1 (ro): 1921185 5 4 () < M2 and 1,92 > >0 on To

Let K be a compact set of I such that |u1| > m > 0 on K. Then

C(m, My, M, @)

llar — @2l (k) <

1
In G :
i —w2ll 2 ) +IV (w1 —w2)-nll 2 g2 +llPr=pP2ll 2 ) HIV (P1=P2)-1ll 2,

M.B., A.-C. Egloffe, C. Grandmont, submitted
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Stability result

Q C R? bounded connected open set of class C3:1, 9Q = ' U Ty with Te N Ty = 0.

—uAu+ Vp = 0O in Q,

V- u = 0, in Q,
uNVu-n—pn = g, onlg,
puNVu-n—pn+qu = O, on [p.

Hypotheses :
o g e H%2(T,), gl /2,y < My, g non identically null
° q1, @2 € Bs21(N0), [|91lls;, 1 (ro): 1921185 5 4 () < M2 and 1,92 > >0 on To

Let K be a compact set of I such that |u1| > m > 0 on K. Then

C(m, My, Mz, @)

lar — q2ll2k) < T
C. 2
In 1
(I\Ul—uzHLz(re)HIPl—PzHLz(re>+|\V(Pl—Pz)‘ﬂlle(re)))

M.B., A.-C. Egloffe, C. Grandmont, submitted

Remark : same result for the Laplace equation Cheng, Choulli, Lin (2008)
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A first stability result in dimension 2 Sketch of the proof

Sketch of the proof

On T, (g2 — q1)u1 = g2(u1 — u2) + V(ur — w2) - n— (p1 — p2)n.

Thus, if we set u = u; — up, p = p1 — p2,

llar — q2ll 2y < C(m, M2)(llulli2(rgy + V- nll 2(rg) + PRIl 2(r))

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract
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A first stability result in dimension 2 Sketch of the proof

Sketch of the proof

On I, (g2 — q1)ur = q2(ur — u2) + V(ur — w2) - n — (p1 — p2)n.

Thus, if we set u = u; — up, p = p1 — p2,
a1 — @2lli2ky < C(m, M2)(llull 2(rg) + IV - All 2y + llPll2(rg))

Lemma (Bukhgeim (1993)) : let ¥ € C?(Q). For u and p € H3(Q)

/(A\Il\u|2+(A\ll71)|Vu|2)ew < / |Au|2e‘”+/ YV - n(|u)? + [Vul? + 2|07 |Vul?])e?.
Q Q o0

[@awipl+ @ -DvpP)e? < [ 18pPe + [ TV n(lpP + (VP +2i0: [Vp)e".
Q Q o

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract
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A first stability result in dimension 2 Sketch of the proof

Sketch of the proof

On I, (g2 — q1)ur = q2(ur — u2) + V(ur — w2) - n — (p1 — p2)n.

Thus, if we set u = u; — up, p = p1 — p2,
a1 — @2lli2ky < C(m, M2)(llull 2(rg) + IV - All 2y + llPll2(rg))

Lemma (Bukhgeim (1993)) : let ¥ € C?(Q). For u and p € H3(Q)

/(A\Il\u|2+(A\ll71)|Vu|2)ew < / \vp|2e“’+/ YV - n(|u)® + [Vul? + 2|07 | Vul?|)e¥
Q Q o0

[ (@VIpP + (@0 DIV < [ un(pl? + Vol +200- (V6 e

We take W such that AW =\, A > 2.

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract
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A first stability result in dimension 2 Sketch of the proof

Sketch of the proof

/ V- n(Jul? + [Vul + 210, V| + |p + |Vpl? +210-Vp]) e > 0
o0

We choose W = W; + sW,. After some computations, we get, for s > 0,

(1P + 1Vl + 162 + V612) < €(e /r (102 + 19 + 1 + V) + 2)

To
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Sketch of the proof

/ V- n(Jul? + [Vul + 210, V| + |p + |Vpl? +210-Vp]) e > 0
o0

We choose W = W; + sW,. After some computations, we get, for s > 0,

. (1 19 410 +1V6) < € (e [ (1o + 196l + 151" + [95) + )

To
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A first stability result in dimension 2 Sketch of the proof

Sketch of the proof

/ V- n(Jul? + [Vul + 210, V| + |p + |Vpl? +210-Vp]) e > 0
o0

We choose W = W; + sW,. After some computations, we get, for s > 0,

. (1 19 410 +1V6) < € (e [ (1o + 196l + 151" + [95) + )

To

C

/ (|u‘2 ‘ V u‘2 ‘P|2 | ;P|2) <
r
’ G

[ (1P + 19 + 162 + V512)

e

In
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A first stability result in dimension 2 Sketch of the proof

Sketch of the proof

/ V- n(Jul? + [Vul + 210, V| + |p + |Vpl? +210-Vp]) e > 0
o0

We choose W = W; + sW,. After some computations, we get, for s > 0,

. (1 19 410 +1V6) < € (e [ (1o + 196l + 151" + [95) + )

To

C

/ (|U\2 + [Vul® + |p* + |VP|2) <
o
° Cl

[ (1P + 19 + 162 + V512)

e

In

Remarks
@ Bukhgeim inequality satisfied only in dimension 2
o We have to take u and p in H3(Q)

@ Same kind of result for the non-stationary problem with measurements in (0, +00)
Bellassoued, Cheng, Choulli (2008)
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Statement of the result
Sketch of the proof

A stability result in any dimension

O A stability result in any dimension
o Statement of the result
@ Sketch of the proof
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Statement of the result

A stability result in any dimension Shieticth 6 Ui (e

Stability result

Q C R? connected bounded open set, 9Q = e U T with Fe N T = 0.

—ulAu+ Vp = 0, inQQ,

V-u = 0, in€,
uNVu-n—pn = g, onlg,
uNVu-n—pn+qu = O, on [p.
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Statement of the result

A stability result in any dimension Shieticth 6 Ui (e

Stability result

Q C R? connected bounded open set, 9Q = e U T with Fe N T = 0.

—ulAu+ Vp = 0, inQQ,

V-u = 0, in€,
uNVu-n—pn = g, onlg,
uNVu-n—pn+qu = O, on [p.

Hypotheses (for d = 2 or 3):
o Q of class C*°

o g € H3/2(T,), l&ll3/2(r,) < My, g non identically null

° q1, @2 € By21(No). llanlls; , 4 (ro)» 19255, 4 () < M2 and 1,92 > a>0o0n T
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Statement of the result

A stability result in any dimension Shieticth 6 Ui (e

Stability result

Q C R? connected bounded open set, 9Q = e U T with Fe N T = 0.

—uAu+ Vp = 0O in Q,
V- u = 0, in Q,
uNVu-n—pn = g, onlg,
uNVu-n—pn+qu = O, on [p.

Hypotheses (for d = 2 or 3):
o Q of class C*°

o g € H3/2(T,), l&ll3/2(r,) < My, g non identically null
° q1, @2 € By21(No). llanlls; , 4 (ro)» 19255, 4 () < M2 and 1,92 > a>0o0n T

Let K be a compact set of g such that [u;| > m > 0 on K. Then 3dy > 0, V3 € (0,1), Vd > db,
3C(m, My, Mp, a), Ci(m, My, My, @)

C(m, My, Mz, @)

dGy (Mg, My, )
In
”U1*U2HLZ(re)*’HFﬂ*p2”L2(|—e)+Hv(Pl*PZ)'”HLZ(re)

M.B., A.-C. Egloffe, C. Grandmont, in preparation

llar — @2l (k) <

b‘g
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Statement of the result

A stability result in any dimension Shieticth 6 Ui (e

REMEIS

Remarks
@ same result for the Laplace equation Bellassoued, Cheng, Choulli (2008)
@ The data are less regular than in the previous result
@ The power in the inequality depends on the regularity of the solution
@ Boundaries are very regular locally

@ Same kind of result for the non-stationary problem with measurements in (0, +00)

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract
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A stability result in any dimension Sketch of the proof

Sketch of the proof

On T, (g2 — g1)u1 = q2(u1 — u2) + V(ur — u2) - n — (p1 — p2)n.

Thus, if we set u = u; — up, p = p1 — p2, we have
lar = q2llizy < Cm, M2)(llull2gky + [IVu- nll 2y + llPli2(k))
< C(m, Mo)([[ull /25 + 1Pl r3(ey)

Then, since [ullya(g + 1Pl (@) < C,

las = @llizgry < COm Mo)(ulp g + 12110

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract



Statement of the result
A stability result in any dimension Sketch of the proof

Sketch of the proof: quantification of the unique continuation property

Theorem : Let Q be a bounded open set of class C°°.

There exists dyp > 0, Vy € (0,1), Vd > dy, Ic(M) > 0 such that

c(M)

lullr @y + 1Pl @) <
eyt el = " 7
HulILZ(Fe)Jer”L2(Fe)+”V”‘nHL2(F5)+”Vp‘nHL2(rs)

for all (u, p) € H3/2t¥(Q) x H3/2t7(Q) solution of

—uAu+Vp = 0, inQQ,
V.- u = in Q.

(=

such that
||UHH3/2+V(Q) + HPHH3/2+U(Q) <M

M. Boulakia LJLL and REO team, UPMC P6
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Statement of the result

A stability result in any dimension Sketch of the proof

Proof of the quantification of the unique continuation property

Phung (2003)

C
lullnzy + 1Pllincay < = (Nallnge + 1Pl ) + € (Il + Pl

lull prznay + 1Pl enay < €€ Ululliw) + 1Pl ) + P (llullorze0 () + 1Pl /240 ()
Hoérmander (1985), Lebeau, Robbiano (1995)

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract



Statement of the result

A stability result in any dimension S off e (e

Proof of the quantification of the unique continuation property

Phung (2003)

C
lullnzy + 1Pllincay < = (Nallnge + 1Pl ) + € (Il + Pl

lullpr@nay + 1Pl H @A) < ef(Hu”Hl(w) + 1Pl wy) + e'B(HU||H3/2+V(Q) + 1Pl /240 ()

(o]
el ey + Pl A () < < (||U||H1(re) + el + VU - all2r,) + Ve "HLZ(re))
+e (lull i) + 1Pl (e))-
Hoérmander (1985), Lebeau, Robbiano (1995)
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Statement of the result

A stability result in any dimension S off e (e

Proof of the quantification of the unique continuation property

Phung (2003)

C
lullnzy + 1Pllincay < = (Nallnge + 1Pl ) + € (Il + Pl

lullpr@nay + 1Pl H @A) < ef(H“”/—/l(w) + 1Pl wy) + e'B(HU||H3/2+V(Q) + 1Pl /240 ()

(o]
el ey + Pl A () < < (||U||H1(re) + el + VU - all2r,) + Ve "HLZ(re))
+e (lull i) + 1Pl (e))-
Hoérmander (1985), Lebeau, Robbiano (1995)

llull i) + 1Pl ) < ec (IIUHHl(I'e) + Pl + VU nll2¢,y + Ve nHLZ(Fs))
+e (llull gy + 1Pl (a))-

M. Boulakia LJLL and REO team, UPMC P6 Parameter identification for a simplified model of the respiratory tract



Statement of the result

A stability result in any dimension S off e (e

Proof of the quantification of the unique continuation property

Phung (2003)

C
lullnzy + 1Pllincay < = (Nallnge + 1Pl ) + € (Il + Pl

lullpr@nay + 1Pl H @A) < ef(H“”/—/l(w) + 1Pl wy) + e'B(HU||H3/2+V(Q) + 1Pl /240 ()

(o]
el ey + Pl A () < < (||U||H1(re) + el + VU - all2r,) + Ve "HLZ(re))
+e (lull i) + 1Pl (e))-
Hoérmander (1985), Lebeau, Robbiano (1995)

c(M)

llull () + Pllp) < =
®@ =7 o)
H”“L2(re)+HPHL2(re)+”V”‘"HL2(re)+”V"‘”HL2(rE)
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Statement of the result

A stability result in any dimension S off e (e

Proof of the quantification of the unique continuation property

Phung (2003)

C
lullnzy + 1Pllincay < = (Nallnge + 1Pl ) + € (Il + Pl

lullpr@nay + 1Pl H @A) < ef(H“”/—/l(w) + 1Pl wy) + e'B(HU||H3/2+V(Q) + 1Pl /240 ()

(o]
el ey + Pl A () < < (||U||H1(re) + el + VU - all2r,) + Ve "HLZ(re))
+e (lull i) + 1Pl (e))-
Hoérmander (1985), Lebeau, Robbiano (1995)

c(M)

llull () + Pllp) < =
®@ =7 o)
H”“L2(re)+HPHL2(re)+”V”‘"HL2(re)+”V"‘”HL2(rE)

Remark: K compact set of Q

Nl gy + Pl gy < CUIullizgryy + P2, +HV“'”HLZ(re)+||VP'”||L2(re))B
(K) (K) (Te) (Te)
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Conclusion

C

/ (Iu\2+\Vu\2+\pl2+|Vpl2) <
A
0 G

[ (1P + vl + 162 + V512)

e

In

Bad estimate from the numerical point of view

Cauchy problem is ill-posed for the Stokes equation

If we assume that g is piecewise constant, we get Lipschitz estimate
A.-C. Egloffe, article in preparation, poster in the next session
Lipschitz stability in the general case ?

Alessandrini, Del Piero, Rondi (2003), Chaabane, Fellah, Jaoua, Leblond (2004),
Sincich (2007), Cornilleau-Robbiano (2011)
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Conclusion

Perspectives

@ Domain regularity.
Alessandrini, Beretta, Rosset, Vessela (2000) Bourgeois-Dardé (2010)
@ Logarithmic inequality with mixed conditions Dirichlet/Neumann/Robin ?
Regularity of the solution ?
Other types of boundary conditions on g :

(wVu-n—pn+qu)-n =0
u-7=0
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