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ARTICLE INFO ABSTRACT

Keywords: A convergence theory for the hp-FEM applied to a variety of constant-coefficient Helmholtz problems was
Helmholtz equation pioneered in the papers [35], [36], [15], [34]. This theory shows that, if the solution operator is bounded
hp-FEM

polynomially in the wavenumber k, then the Galerkin method is quasioptimal provided that hk/p < C, and
p > C,logk, where C, is sufficiently small, C, is sufficiently large, and both are independent of k, 4, and p. The
significance of this result is that if hk/p=C, and p = C, logk, then quasioptimality is achieved with the total
number of degrees of freedom proportional to k%; i.e., the 1p-FEM does not suffer from the pollution effect.
This paper proves the analogous quasioptimality result for the heterogeneous (i.e. variable-coefficient) Helmholtz
equation, posed in R¢, d = 2,3, with the Sommerfeld radiation condition at infinity, and C* coefficients. We
also prove a bound on the relative error of the Galerkin solution in the particular case of the plane-wave
scattering problem. These are the first ever results on the wavenumber-explicit convergence of the hp-FEM
for the Helmholtz equation with variable coefficients.

High frequency
Pollution effect

1. Introduction %(x) —iku(x)=o (ﬁ) (1.2)
L.1. Context as r 1= |x| — oo, uniformly in £ := x/r [35, Lemma 3.5],

the Helmholtz exterior Dirichlet problem where the obstacle has
analytic boundary [36, Theorem 4.20],

the Helmholtz interior impedance problem where the domain is
Au+Ku=—f 1.1) either smooth (d =2,3) [36, Theorem 4.10], [34, Theorem 4.5], or
polygonal [36, Theorem 4.10], [15, Theorem 3.2].

Over the last 10 years, a wavenumber-explicit convergence theory
for the hp-FEM applied to the Helmholtz equation

was established in the papers [35], [36], [15], [34]. This theory is based
on decomposing solutions of the Helmholtz equation into two compo-

¢ This decomposition was then used to prove quasioptimality of the hp-
nents:

FEM applied to the standard Helmholtz variational formulation in [35],
[36], [15], and applied to a discontinuous Galerkin formulation in [34].
Indeed, for the standard variational formulation (defined for the full-
space problem in Definition 2.2 below) applied to the boundary value
problems above, if the solution operator of the problem is bounded
polynomially in k (see Definition 2.6 below), then there exist C,,C,,
and Cqo (independent of k, h, and p) such that if

(i) an analytic component, satisfying bounds with the same k-
dependence as those satisfied by the full Helmholtz solution, and

(i) a component with finite regularity, satisfying bounds with im-
proved k-dependence compared to those satisfied by the full
Helmbholtz solution.

Such a decomposition was obtained for
— <C; and p>GClogk 1.3)
+ the Helmholtz equation (1.1) posed in R¢, d = 2,3, with compactly-
supported f, and with the Sommerfeld radiation condition then the Galerkin solution uy exists, is unique, and satisfies
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u—u <C,, min |u—v 5

=l < oo i = ol

where V) is the hp approximation space and the norm || - || ;1 is the
k

standard weighted H'! norm (defined by (2.7) below). Since the total
number of degrees of freedom of the approximation space is propor-
tional to (p/h)?, the significance of this result is that it shows there is a
choice of 4 and p such that the Galerkin solution is quasioptimal, with
quasioptimality constant (i.e. Cy,) independent of k, and with the to-
tal number of degrees of freedom proportional to k?; thus, with these
choices of k and p, the hp-FEM does not suffer from the pollution effect
[2].

Over the last few years, there has been increasing interest in the
numerical analysis of the heterogeneous Helmholtz equation, i.e. the
Helmholtz equation with variable coefficients

V- (AVW) + KPnu=—f; (1.4)

see, e.g., [8], [3], [10], [18], [38], [21], [16], [29], [19]. However
there do not yet exist in the literature analogous results to those in
[35], [36], [15], [34] for the variable-coefficient Helmholtz equation.

1.2. Informal statement and discussion of the main results

The main results This paper considers the variable-coefficient
Helmholtz equation (1.4) with C*® coefficients posed in RY, d = 2,3,
with the Sommerfeld radiation condition at infinity. We obtain analo-
gous results to those obtained in [35] for this scenario with constant
coefficients. That is, we prove quasioptimality of the 4p-FEM under the
conditions (1.3) and provided that the solution operator is polynomially
bounded in k; see Theorem 3.4 below.

We obtain this result by decomposing the solution u to (1.4) into
two components:

ulg, =ugr +uy

where u;» € H*(Bg) and u, is analytic in By, where By denotes the
ball of radius R centred at the origin (and R is arbitrary); see Theo-
rem 3.1 below. This is exactly analogous to the decomposition obtained
in [35], except that now u satisfies the variable-coefficient equation
(1.4) instead of (1.1).

Overview of the ideas behind the decomposition and subsequent bounds
The idea in [35] was to decompose the data f in (1.1) into “low-” and
“high-” frequency components, with u 4 the Helmholtz solution for the
low-frequency component of f and uy> the Helmholtz solution for the
high-frequency component of f. The frequency cut-offs were defining
using the indicator function

1
g, (§) = {0

with 4 a free parameter (see [35, Equation 3.31] and the surrounding
text). In [35] the frequency cut-off (1.5) was then used with (a) the
expression for u as a convolution of the fundamental solution and the
data f, and (b) the fact that the fundamental solution is known explic-
itly when A =T and n = 1, to obtain the appropriate bounds on u 4 and
uy» using explicit calculation.

In this paper we use the same idea as in [35] of decomposing into
low- and high-frequency components, but apply frequency cut-offs to
the solution u as opposed to the data f. Then, given any cut-off function
that is zero for |{| > Ck, bounding the corresponding low-frequency
component u, is relatively straightforward using basic properties of
the Fourier-transform (namely the expression for the Fourier transform
of a derivative and Parseval’s theorem). Indeed, in Fourier space each
derivative corresponds to a power of the Fourier variable ¢, and the
frequency cut-off means that |{| < Ck for uy; i.e. every derivative of
u, brings down a power of k compared to u, (see §5.3 below). The

for [¢| < Ak,

(1.5)
for [{| > Ak,
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main difficulty therefore is showing that the high-frequency component
uyp satisfies a bound with one power of k improvement over the bound
satisfied by u.

The main idea of the present paper is that the high-frequency cut-off
can be chosen so that the (scaled) Helmholtz operator
P, =

—(k2V - (AV:) + 1) 1.6)

is semiclassically elliptic on the support of the high-frequency cut-off.
Furthermore, choosing the cut-off function to be smooth (as opposed to
discontinuous, as in (1.5)) then allows us to use basic facts about the
“nice” behaviour of elliptic semiclassical pseudodifferential operators
(namely, they are invertible up to a small error) to prove the required
bound on uy». (Recall that semiclassical pseudodifferential operators
are just pseudodifferential operators with a large/small parameter; in
this case the large parameter is k.)

We now discuss further the frequency cut-offs and the bound on u»
via ellipticity.

The frequency cut-offs 1In contrast to (1.5), we choose y, € ngmp(Rd )
such that
1 for|¢| < k,
1 (K2E1P) = 1< Vi (1.7)
0 for |{|>+/2uk,

where the parameter y is chosen later in the argument. With the Fourier
transform and its inverse defined by

Fo((6) 5=/6Xp(—ix-§)(p(x)dx and

R4
Fly(x) 1= 2m)™ / exp (ix - £ )y (O dL, (1.8)
R4
we define the low-frequency cut-off I1; by
M6 1= 771 (7, (K21P) Po©), 1.9)
and the high-frequency cut-off IT;; by
1, v(x) :=r—1((1—;(”(k-2|¢|2))ru(c)), (1.10)

so that IT; +II, = I. We let ¢ € C° be equal to one on By, and vanish
outside Bg,,, and then

wy =], and g i=Tiy(eu)|, . (1.11)
R R

The bound on the high-frequency component u > via ellipticity Recall that
a PDE is elliptic if its principal symbol is non-zero. The concept of
ellipticity for semiclassical differential operators (or, more generally,
semiclassical pseudodifferential operators) is analogous, except that it
now involves the semiclassical principal symbol (see (4.17) below). The
semiclassical principal symbol of P, (1.6) is

(A&,&) —n, (1.12)

where (-,-) denotes the #2 inner product and & = k!¢ (see (4.12) below
and the surrounding text).

If the parameter y in the cut-off function Xy (1.7) is chosen to be a
certain function of A and n (see (5.7) below), then the symbol (1.12) is
bounded away from zero when k=2|¢|? > u, i.e. in the region of Fourier
space where Il is non-zero; one therefore describes P, as “microlo-
cally elliptic”, where the adjective “microlocal” indicates that we have
ellipticity on just a region of phase space (rather than on all of phase
space in the more familiar global ellipticity).

These ellipticity properties are then used with the standard microlo-
cal elliptic estimate for pseudodifferential operators, appearing in the
semiclassical setting in, e.g., [14, Appendix E], and stated in this setting
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as Theorem 4.3 below. The whole point is that a semiclassical pseudod-
ifferential operator that is elliptic in some region of phase space can be
inverted (up to some small error) in that region, and the norm of the
inverse is bounded uniformly in the large parameter (here k) as long as
one uses weighted norms (analogous to the familiar H ,1 norm (2.7)).

The result is that uy, satisfies a bound with one power of k im-
provement over the bound satisfied by u (compare (3.1) and (2.12)).
To give a simple illustration of how ellipticity can give this improved
k-dependence, we contrast the solutions of

Pu:=—(A+ku=f and Po:=—(A-k=f,

with both equations posed in R¢ with compactly-supported f, and with
u satisfying the Sommerfeld radiation condition (1.2) and v satisfying
boundedness at infinity. The L? — L? bounds that are sharp in terms of
k-dependence are

and

”M”LZ(BR) < k! ”f”LZ([Rd) ||U||1_2([Rd) b k2 ||f||L2(Rd) D

with the former given by Part (i) of Theorem 2.7, and the latter follow-
ing from the Lax-Milgram theorem. The operator P, is not semiclassi-
cally elliptic on all of phase space (its semiclassical principal symbol is
|£]? — 1), whereas ﬁk is semiclassically elliptic on all of phase space (its
semiclassical principal symbol is |£|? + 1); we therefore see that elliptic-
ity has resulted in the solution operator having improved k-dependence.
The proof of the bound on uy> is more technical, but the idea — that the
improvement in k-dependence comes from ellipticity — is the same.

The assumption that the solution operator is polynomially bounded in k We
need to assume that the solution operator is polynomially bounded in
k (in sense of Definition 2.6 below), both in proving the bound on uy>,
and in proving quasi-optimality of the Ap-FEM.

The k-dependence of the Helmholtz solution operator depends on
whether the problem is trapping or nontrapping. For the heterogeneous
Helmbholtz equation (1.4) posed in R? (i.e. with no obstacle), trapping
can be created by the coefficients A and #; see, e.g., [39]. If the problem
is nontrapping, then the Helmholtz solution operator (measured in the
natural norms) is bounded in k. However, under the strongest form of
trapping, the Helmholtz solution operator can grow exponentially in k&
[39]. Nevertheless, it has recently been proved that, if a set of frequen-
cies of arbitrarily small measure is excluded, then the solution operator
is polynomially bounded under any type of trapping [28]. Therefore,
the result that the hp-FEM is quasi-optimal holds for a wide class of
Helmholtz problems; see Corollary 3.5 below.

Why do we need C*® coefficients? As highlighted above, our proof of the
decomposition relies on standard results about semiclassical pseudodif-
ferential operators (recapped in §4). These results are usually stated for
C* symbols, and thus to fit into this framework A and » must be C*.
However, examining the results we use, we see that we only need the
symbol of the PDE to be in C* where L depends only on the dimension
d and on the exponent M appearing in the assumption that the solution
operator is polynomially bounded (see Definitions 2.5 and 2.6 below).
Therefore, while we consider A,n € C* to easily use results about semi-
classical pseudodifferential operators from [52], [14, Appendix E], our
results hold for A € CL and ne CL, where L = L(d, M).

Extending the decomposition result to the solution of other PDEs  Our proof
of the decomposition result only relies on the principal symbol of the
differential operator being bounded below at infinity (in the sense of
(3.8) below). Therefore, the decomposition result Theorem 3.1 is valid
for a much larger class of PDEs (and indeed pseudodifferential opera-
tors) than (1.4); see Remark 3.7 below for more details.

In the follow-up paper [27], we use the ideas of the present pa-
per combined with much more sophisticated tools of semiclassical
and microlocal analysis (namely the black-box scattering framework of
Sjostrand-Zworski [45], the Helffer-Sjostrand functional calculus [23],
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and associated results by Helffer, Robert, and Sjostrand [22], [40],
[44]) to prove analogous decompositions for a wide variety of scattering
problems (albeit with slightly weaker estimates on u4). In particular,
the main result of the present paper, Theorem 3.1, is rederived in this
more general context as [27, Theorem 1.16].

We also note that, as announced in the abstract [4], Bernkopf,
Chaumont-Frelet, and Melenk are also studying the question of k-
explicit convergence of the hp-FEM for the Helmholtz equation with
variable coefficients.

Outline of the paper §2 gives the definitions of the boundary-value
problem and the finite-element method. §3 states the main results.
84 recaps results about semiclassical pseudodifferential operators, with
[52] and [14, Appendix E] as the main references. §5 proves the result
about the decomposition u|p, =up2 +u, (Theorem 3.1). §6 proves the
result about quasioptimality of the hp-FEM (Theorem 3.4).

2. Formulation of the problem
2.1. The boundary value problem

Assumption 2.1 (Assumptions on the coefficients). A € C®(R¢,SPD)
(where SPD is the set of d x d real, symmetric, positive-definite ma-
trices) is such that supp(I — A) is compact in RY and there exist
0 < Apin < Apax < o0 such that, in the sense of quadratic forms,

Apin SAX) < Ay, forall x e RY. 2.1

n€ C®(RY,R) is such that supp(l — n) is compact in R? and there exist
0 < Hpin < Apax < o0 such that

min = "max

<n(x)<n for all x e RY. (2.2)

Mmin max

Let R> 0 be such that supp(I — A) U supp(l — n) € Bg, where By de-
notes the ball of radius R about the origin and € denotes compact
containment. Let y and 0, denote the Dirichlet and Neumann traces,
respectively, on 0By, where the normal vector for the Neumann trace
points out of By.

Define DtN, : H'/2(dBg) — H~'/2(0Bg) to be the Dirichlet-to-
Neumann map for the equation Au+ k%u = 0 posed in the exterior of By
with the Sommerfeld radiation condition (1.2). The definition of DtN,
in terms of Hankel functions and polar coordinates (when d = 2)/spher-
ical polar coordinates (when d = 3) is given in, e.g., [35, Equations 3.7
and 3.10].

Definition 2.2 (Heterogeneous Helmholtz Problem on R?). Given A and
n satisfying Assumption 2.1, R > 0 such that supp(I — A) Usupp(l — n) €
Bg, k>0, and F € (H'(Bg))*, u € H'(By) satisfies the Heterogeneous
Helmbholtz Problem on R if u satisfies the variational problem

find u € H'(Bg) such that a(u,v)=F(v) forallve H'(Bg), (2.3)
where
a(u,v) := / ((AVu) -Vu-— kznuﬁ) - <DINk(yu),yv>aBR, (2.4)

Bg

where (-,-),p, denotes the duality pairing on dBy that is linear in the
first argument and antilinear in the second.

Lemma 2.3 (Helmholtz boundary value problems included in Defini-
tion 2.2).

@ If

F(v) :=/f§ (2.5)
Bg
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with f € L*(Bg), then the solution u to (2.3) equals u| By where u €
H] (RY) is the solution to
V.- (AVD) + k*nii=—f inR?,

and u satisfies the Sommerfeld radiation condition (1.2).
G 1If
F(v) := / (0,u" = DN, (yu")) 70 with u’(x) :=exp(ikx - a),

0Bg
(2.6)

where a € R? with |a| = 1, then the solution u to (2.3) equals ElBR,
where i € Hli)c(Rd ) is the solution of the Helmholtz plane-wave scat-
tering problem; i.e.

V- (AVD) + k*nii=0 inRY,

and oS =1 —u' satisfies the Sommerfeld radiation condition (1.2).

Part (i) of Lemma 2.3 is proved in, e.g., [20, Lemma 3.3]; the proof
of Part (ii) is similar.
Let the weighted H! norm, || - || HI(BR)? be defined by
k

21112
+ k7 |||

2 . 2
il = | Vul 2

H}(Bp) L2(Bg) @.7)
Lemma 2.4. The solution of the Heterogeneous Helmholtz Problem on R¢
(defined in Definition 2.2) exists, is unique, and there exists C(k,A,n, R) >0
such that

forall k> 0. (2.8)

leall 1) gy < € WE a1} 3+

Proof. Uniqueness follows from the unique continuation principle; see
[20, 8§11, [21, §2] and the references therein. Since a(-, -) satisfies a Gard-
ing inequality (see (6.4) below), Fredholm theory then gives existence
and the bound (2.8). W

Properties of DtN,, and a(-,-) We use later the following two properties
of DtN,: given kg, Ry > 0, there exists Cpy = Cpn(kgRy) such that, for
all k >k, and R> R,

}(DtNk(}’”),YUbBR >‘ < CD[N] ”u”H,:(BR) ”U”Hkl(BR) (2.9)
for all u,v € H'(Bg), and
—W(Dtquﬁ,qb)aBR >0 forall p € H'/?*(0Bp). (2.10)

For a proof of (2.9), see [35, Lemma 3.3]. For a proof of (2.10), see [37,
Theorem 2.6.4] (for d =3) and [7, Corollary 3.1] or [35, Lemma 3.10]
(for d =2,3).

Let Cyone = Ceont (A, 1, R, k) be the continuity constant of the sesquilin-
ear form a(-,-) (defined in (2.4)) in the norm || - ”Hk'<BR); ie.

a(u,v) < Coopy ”””Hk‘wm ”””Hk‘wm for all u,v € H'(Bg) and k > k.

By the Cauchy-Schwarz inequality and (2.9),

C

cont

<max{ A fmax } + Cpeni - (2.11)

2.2. The behaviour of the solution operator for large k

Definition 2.5 (C,,). Given f € L?(By), let u be the solution of the
heterogeneous Helmholtz equation (1.4) with the Sommerfeld radiation
condition (1.2) (i.e. u is the solution of the variational problem (2.3)
with F(v) given by (2.5)). Given k, > 0, let Cy, = Cy1(k, A, n, R, ky) >0
be such that

for all k > 0. (2.12)

”u”H,l(BR) < Csol ”f“LZ(BR)

C,

S

o1 exists by Lemma 2.4; indeed, with C given by (2.8), C,,, :=C/k.
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How C,, depends on k is crucial to the analysis below, and to
emphasise this we write C; = C,(k). Below we consider C,,, with dif-
ferent values of R, and we then write, e.g., C,(k; R) (as in the bound
(3.2) below).

A key assumption in the analysis of the Helmholtz hp-FEM is that

C,, (k) is polynomially bounded in k in the following sense.

Definition 2.6 (C, is polynomially bounded in k). Given k, and K C
[kg, ), Cy (k) is polynomially bounded for k € K if there exists C >0
and M > 0 such that

Cy1(k) < CkM for all k € K, (2.13)

where C and M are independent of k (but depend on k, and possibly
also on K,A,n,d, R).

There exist C* coefficients A and # such that Cy,(k;) > c; exp(c,k;)
for 0 <k, <k, <...with k; — oo as j — oo, see [39], but this exponential
growth is the worst-possible, since C,, (k) < c3 exp(c,k) for all k >k by
[5, Theorem 2]. We now recall results on when C, (k) is polynomially
bounded in k.

Theorem 2.7 (Conditions under which C,,(k) is polynomially bounded in
k).

(i) A and n are C* and nontrapping (i.e. all the trajectories of the Hamil-
tonian flow defined by the symbol of (1.4) starting in By leave By after
a uniform time), then Cg;(k) is independent of k for all k, i.e., (2.13)
holds for all k with M = 0.

(i) If n=1 and A is C%! then, given k, > 0 and & > 0 there exists a set
J C [kg, 00) with |J| < 6 such that
Cy (k) < Ck3d/2+1+e

for all k € [ky,0)\ J, 2.149)

for any € > 0, where C depends on é,¢,d,ky, and A. If A is C-° for
some o > 0 then the exponent is reduced to 5d /2 + ¢.

References for the proof. (i) is proved using either (a) the propaga-
tion of singularities results of [13] combined with either the parametrix
argument of [48, Theorem 3]/[49, Chapter 10, Theorem 2] or Lax—
Phillips theory [30], or (b) the defect-measure argument of [6, Theorem
1.3 and §3]. It has recently been proved that, for this situation, C,, is
proportional to the length of the longest trajectory in By; see [16, The-
orems 1 and 2, and Equation 6.32].

(ii) is proved in [28, Theorem 1.1 and Corollary 3.6]. W

2.3. The finite-element method

Let (Vy)%_, be a sequence of finite-dimensional subspaces of
H'(By) that converge to H!(Bp) in the sense that, for all v € H'(Bg),

min

dm (i o= onlnesy ) =0

Later we specialise to the triangulations described in [35, §5], which
allow curved elements and thus fit By exactly.

The finite-element method for the variational problem (2.3) is the
Galerkin method applied to the variational problem (2.3), i.e.

find uy € Vi such that a(uy,vy)=F(vy) forall vy € Vy. (2.15)

3. Statement of the main results

Theorem 3.1 (Decomposition of the solution). Let A and n satisfy Assump-
tion 2.1 and let R > 0 be such that supp(I — A) U supp(l — n) € Bg. Given
f € L*(By), let u satisfy V - (AVu) + k*nu=—f in R? and the Sommerfeld
radiation condition (1.2).
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If Cyy (k) is polynomially bounded (in the sense of Definition 2.6) for
k € K C [k, o), then there exist C3,C,,Cs > 0 such that
ulg, =up2 +uy

where u,» € H>(Bg) with

||0aqu ||L2(BR) < C3kw_2 ”f”LZ(BR)
for all |a| <2 and for all k € K C [k, ), (3.1)

and u, € C®(Byg) with

18-
[ < ot 2 €500 U
for all p and for all k € K C [k, ), (3.2)

where C;,C,, and Cs depend on A, n,d, and k, but are independent of k,
f, a, and B.

Remark 3.2 (u is analytic). Since C, and Cs are independent of g, the
bound (3.2) implies that u 4 is in the class of analytic functions on By,
A(Bpg), defined by

A(Bg) 1= {ve ﬂ H"(Bg) : 3¢y, c; >0, independent of n,

neN

such that |ul gng,) < ¢ cyn! },

where |u|?,, := Zm‘:n ||a“u||2Lz. See, e.g., [11, §1.1.b], both for this def-
inition, and for how the definition implies convergence of the Taylor
series of elements of A(Bg) at every point in Bp.

Remark 3.3 (The bounds of Theorem 3.1 written with the notation V").
The analogous bounds to (3.1) and (3.2) in [35], [36] are written using
the notation

V"u(x)|2 =y Z_: a“u(x)‘z.

|a|=n
Since Z|a|:’l(n!/a!) =d",

€, (€)' for all « with |a] = n,
then [|V"ull 25, < €y (C,Vd)",

and so the bounds (3.1) and (3.2) can also be written as bounds on
||V"“H2||L2(BR> and ||V"“A||L2(BR) respectively.

if ||o” ”||L2(BR)

The following result about quasioptimality of the hp-FEM is then
obtained by combining Theorem 3.1, well-known results about the con-
vergence of the Galerkin method based on duality arguments (recapped
in Lemma 6.4 below), and results about the 4p approximation spaces in
[35, §5] (used in Lemma 6.5 below).

Theorem 3.4 (Quasioptimality of the hp-FEM if Cg, (k) is polynomially
bounded). Let d =2 or 3, and let ky > 0. Let MNNo be the piecewise-
polynomial approximation spaces described in [35, §5] (where, in par-
ticular, the triangulations are quasi-uniform), and let uy be the Galerkin
solution defined by (2.15).

If Cy, (k) is polynomially bounded (in the sense of Definition 2.6) for
k € K C [ky, o) then there exist C,,C, > 0, depending on A,n,R, and d,
and k, but independent of k, h, and p, such that if (1.3) holds, then, for all
k € K, the Galerkin solution exists, is unique, and satisfies the quasi-optimal
error bound

||”_“N||H ) (Bg) <quUm€19 ||u_UN||H,:(BR)’ (3.3)
with

2( max{Amax’ nmax} + C’DtN 1 )
Cyo i= " 3.4)

min
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Combining Theorem 3.4 with the results on C, (k) recapped in The-
orem 2.7, we obtain the following specific examples of coefficients A
and n when quasioptimality holds.

Corollary 3.5 (Quasioptimality under specific conditions on A and n). Let
d =2 or 3, and let ky > 0.

@) If A and n are nontrapping, then there exist C,,C, > 0, depending on
A,n, R, and d, and k, but independent of k, h, and p, such that if (1.3)
holds then, for all k > ki, the Galerkin solution exists, is unique, and
satisfies the quasi-optimal error bound (3.3) with C,, given by (3.4).

(ii) If Ais C* and n =1 then, given 5 > 0, thereextstaset.l with |J| <6
and constants C,,C, > 0, with all three depending on A,n, R, d, and
ko, but independent of k, and C, additionally depending on & and ki
such that, for all k € [k, o)\ J, if (1.3) holds (with C,,C, replaced by
5] s 52 ) then the Galerkin solution exists, is unique, and satisfies (3.3)
with Cyo given by (3.4).

For the plane-wave scattering problem (i.e. for F(v) given by (2.6)),
the regularity result

|M|H2(BR) osck”u”].] (BR) (35)

was recently proved in [29, Theorem 9.1 and Remark 9.10], where

C,.. depends on A,n,d, and R, but is independent of k. The polyno-
mial approximation bounds in [35, §B] imply that, for the sequence of
approximation spaces (Vy x=0 described in [35, §5],

kh
i = ol <62 (1452 ) il 36
where C; only depends on the constants in [35, Assumption 5.2] (which
depend on the element maps from the reference element). Using (3.6)
and (3.5) to bound the right-hand side of (3.3), we obtain the following
bound on the relative error of the Galerkin solution.

Corollary 3.6 (Bound on the relative error of the Galerkin solution). Let
the assumptions of Theorem 3.4 hold and, furthermore, let F(v) be given
by (2.6) (so that u is the solution of the plane-wave scattering problem). If
C,,1(k) is polynomially bounded (in the sense of Definition 2.6) for k € K C
[k, o), then there exists Cg > 0, independent of k, h, and p, such that if
(1.3) holds, then, for all k € K,

||“_“N||H1(BR)
W < CyoC6CoscC1(1+Cy), 3.7)
R

with Cy, given by (3.4); ie. the relative error can be made arbitrarily small

by making C, smaller.

Remark 3.7 (Theorem 3.1 is valid for solutions of a much larger class of
PDE;s). Inspecting the proof of Theorem 3.1 below, we see that the con-
clusion, i.e. the decomposition u=uy> +u with uy> and u 4 satisfying
the bounds (3.1) and (3.2) respectively, holds under much weaker as-
sumptions. Indeed, the conclusion still holds under the following three
assumptions only.

(i) P, is a family of properly-supported second-order pseudo-differen-
tial operators, with principal symbol p(x,¢),
(i) py(x,¢) is coercive at infinity in the sense that

liminf <k§) Pre(x, k&) > ¢ >0, (3.8)
|§]—>c0, xeR
where ¢ > 0 does not depend on k, and
(iii) the solution to P.u=—f, posed in RY with supp f C By and f €
L*(Bp), satisfies the bound

||u||L2(3R+2) < CkM ”f”Lz(BR)’
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with C and M independent of k, u, and f. (In fact, the 2 in the
R + 2 on the left-hand side of the bound can be replaced by any
number > 0.)

In particular, no assumption is made about lower-order terms of P,
or the behaviour of « at infinity (such as a radiation condition).

4. Recap of relevant results about semiclassical
pseudodifferential operators

The proof of Theorem 3.1 relies on standard results about semiclassi-
cal pseudodifferential operators. We review these here, with our default
references being [52] and [14, Appendix E]. Homogeneous — as opposed
to semiclassical — versions of the results in this section can be found in,
e.g., [47, Chapter 71, [41, Chapter 7], [25, Chapter 6].!

While the use of homogeneous pseudodifferential operators in nu-
merical analysis is well established, see, e.g., [41], [25], there has
been less use of semiclassical pseudodifferential operators. However,
these are ideally-suited for studying the high-frequency behaviour of
Helmholtz solutions. Indeed, semiclassical pseudodifferential operators
are just pseudodifferential operators with a large/small parameter, and
behaviour with respect to this parameter is then explicitly kept track of
in the associated calculus.

The semiclassical parameter h = k~' Instead of working with the pa-
rameter k and being interested in the large-k limit, the semiclassical
literature usually works with a parameter 4 := k! and is interested
in the small-A limit. So that we can easily recall results from this lit-
erature, we also work with the small parameter k~!, but to avoid a
notational clash with the meshwidth of the FEM, we let # := k™! (the
notation # comes from the fact that the semiclassical parameter is re-
lated to Planck’s constant, which is written as 2z#; see, e.g., [52, §1.2],
[14, Page 82], [32, Chapter 1]). In this notation, the Helmholtz equa-
tion V - (AVu) + k%nu = — f becomes

Pou= hzf, where

P, :=—h?V - (AV-)—n. 4.1

While some results in semiclassical analysis are valid in the limit 7
small, the results we recap in this section are valid for all 0 < < A,
with A, < oo arbitrary.

The semiclassical Fourier transform F;, The semiclassical Fourier trans-

form is defined for 2 > 0 by
Fpg(©) 1= / exp (—ix - &/h)p(x)dx,
R4

and its inverse by

Pt s=@an [ exp (ix- ¢/n)uds .2)
R4
see [52, §3.3]. Then
Pi((—in0)"9) =& Fut 4.3)
and
1
ol 2wy = Qi [Fadll 2ga) - 4.4

1 The counterpart of “semiclassical” involving differential/pseudodifferential
operators without a small parameter is usually called “homogeneous” (owing
to the homogeneity of the principal symbol) rather than “classical.” “Classi-
cal” describes the behaviour in either calculus in the small-7 or high-frequency
limit respectively, where commutators of operators become Poisson brackets of
symbols, hence classical particle dynamics replaces wave motion.
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Semiclassical Sobolev spaces In the same way that it is convenient to
work with the weighted H'! norm (2.7) when studying the Helmholtz
equation with parameter k, it is convenient to use norms weighted with
7 when studying (4.1). Therefore on the space
H®RY) = {u e LXRY), (EY'Fpue LZ(R”’)},

where (&) :=(1 + €)%, seR,

we use the norm

e KGRI TG 4.5)
R4

see [52, §8.3], [14, 8E.1.8]. We abbreviate H;([R”) to H; and L2(RY)
to L2.

We record for later the fact that, by (4.3) and (4.4), for multiindices
a’
Lt
2rzh)d/2

1 p
< W”(f)' ' Fud

Al 0%l = ”( —iha)ad)HLz = 16" Fabll 2

(4.6)

=Pl 11 -
2 '

Phase space The set of all possible positions x and momenta (i.e.
Fourier variables) ¢ is denoted by T*RY; this is known informally as
“phase space”. Strictly, T*R? := R¢ x (R?)*, but for our purposes, we
can consider T*R? as {(x,&) : xe R4, £ e R?}.

To deal with the behaviour of functions on phase space uniformly
near ¢ = oo (so-called fiber infinity), we consider the radial compactifica-
tion in the ¢ variable of T*R?. This is defined by

T'RY ;=R x B,

where B¢ denotes the closed unit ball, considered as the closure of the
image of R under the radial compactification map

RC:&m /(148

see [14, 8E.1.3]. Near the boundary of the ball, |£|"lo RC™! is a
smooth function, vanishing to first order at the boundary, with
(J&]7ToRC™!, EoRC™!) thus giving local coordinates on the ball near its
boundary. The boundary of the ball should be considered as a sphere
at infinity consisting of all possible directions of the momentum vari-
able. More generally, we denote T X := X x BY for X c R?, and where
appropriate (e.g., in dealing with finite values of ¢ only), we abuse
notation by dropping the composition with RC from our notation and
simply identifying R¢ with the interior of B?.

Symbols, quantisation, and semiclassical pseudodifferential operators A
symbol is a function on T*R¢ that is also allowed to depend on %, and
thus can be considered as an #-dependent family of functions. Such a
family a = (@p)o<n<hy> with a;, € C®(T*R?), is a symbol of order m, writ-
ten as a € S"™(RY), if for any multiindices a, §

|aga§a(x,.§)| <Cp (&Y™ 1 for all (x,£) € T*R? and for all 0 < 7 < hy,
(4.7)

where C, ; does not depend on #, x, or &; see [52, p. 2071, [14, §E.1.2].
In this paper, we only consider these symbol classes on R?, and so we
abbreviate S™(R?) to S™.

For a € §™, we define the semiclassical quantisation of a, Opj(a) :
SRY) - S(RY), by
(4.8)

(Opp(@)v)(x) := (27rh)’d//exp (iCx = y) - &/n) a(x, &)v(y) dydé

R4 R4

for v € S(RY); [52, §4.1] [14, Page 543]. The integral in (4.8) need not
converge, and can be understood either as an oscillatory integral in the
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sense of [52, §3.6], [24, §7.8], or as an iterated integral, with the y
integration performed first; see [14, Page 543].

Conversely, if A can be written in the form above, i.e. A =Opj(a)
with a € S™, we say that A is a semiclassical pseudo-differential operator of
order m and we write A € ¥'. We use the notation a € ' S™ if i™'a € S™;
similarly A € 2P} if i/ A € W)

Theorem 4.1 (Composition and mapping properties of semiclassical pseudo-
differential operators [52, Theorem 8.10], [14, Proposition E.17 and Propo-
sition E.19]). If A € ‘I";:‘ and B € ‘P;"z, then

(i) ABew,"™™,
(i) [A.B]:=AB-BA€h¥,""™",
(iii) For any s € R, A is bounded uniformly in i as an operator from H; to
S—m
Hh '
Residual class We say that A = O(h*)y- if, for any s >0 and N > 1,
there exists C; > 0 so that

IAll sy < v 2™ 4.9)

i.e. A€ ¥;* and furthermore all of its operator norms are bounded by
any algebraic power of 7.

Principal symbol 6, Let the quotient space S™/AS™~! be defined by
identifying elements of S that differ only by an element of 7.5™~!. For
any m, there is a linear, surjective map

o W s /psmL
called the principal symbol map, such that, for a € S™,

ol (Opp(@)) =a mod hS™"; (4.10)

see [52, Page 213], [14, Proposition E.14] (observe that (4.10) implies
that ker(c}") = ¥y~).

When applying the map o}’ to elements of ¥}', we denote it by o,
(i.e. we omit the m dependence) and we use 6,(A) to denote one of the
representatives in S (with the results we use then independent of the
choice of representative). Key properties of the principal symbol that
we use below are that

6,(AB) = c,(A)oy,(B),

o5 (Py) = (AS, &) —n,

where (-,-) denotes the #? inner product on R?. The property (4.11)
is proved in [14, Proposition E.17], (4.12) follows from (4.10) since
P, =0p,((A&,&) —n—ihé,0,A,,) (where we sum over the indices j and
£).

(4.11)
(4.12)

Operator wavefront set WF, We say that (x,,&)) € T'R? is not in the
semiclassical operator wavefront set of A = Op,(a) € ¥}, denoted by
WF,, A, if there exists a neighbourhood U of (x,,&,) such that for all
multiindices a,f and all N > 1 there exists C, 5 ; y > 0 (independent of
h) so that, for all 0 < 2 < hy),

|aga§” a(x, &) < Cpy i (€)™ forall (x,RC() € U; (4.13)

i.e. outside its semiclassical operator wavefront set an operator van-
ishes faster than any algebraic power of both 7 and (£)~'; see [52, Page
194], [14, Definition E.27]. Three properties of the semiclassical oper-
ator wavefront set that we use below are

WF,(AB) C WF,, An'WF,, B (4.14)
(see [52, §8.41, [14, E.2.5]),
WEF, (Oph(a)) Csuppa (4.15)
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(since (suppa)® C (WF,(Op,(a)))© by (4.13)), and

WF, A= < A=00)p-w
(see [14, E.2.2]).

(4.16)

Compactly-supported operators We say that A is compactly supported if
its Schwartz kernel is compactly supported in some set K € RY x R,
for all 0 < i < hy. We recall that if DRY) := ngmp(Rd) (i.e. the set of
test functions) and D’(R¢) denote the set of linear functionals on D(RY)
(i.e. the set of distributions), given a bounded, sequentially-continuous
operator A : D — D' there exists a Schwartz kernel K, € D'(RY x RY)

such that

Av(x) = / K 4(x, y)o(y)dy,

R4
in the sense of distributions; see, e.g., [24, Theorem 5.2.1], [14, §A.7].
We use below the facts that

+ A is compactly supported iff there exist y;, y, € D such that A =
X141, thus

« if x|, ¥, € D are compactly supported functions, then y; Ay, is com-
pactly supported, and

« if P is a differential operator and y € D, then both y P and Py are
compactly supported.

Ellipticity We say that B € ¥} is elliptic on X C T R if there exists
¢ >0, independent of 7, such that

(f:)_m|0'h(B)(x, .{;)‘ >c¢, forall (x,RC(¢)) € X and for all 0 < 7 < Ay,
(4.17)

A key feature of elliptic operators is that they are microlocally in-
vertible; this is reflected in the following result.

Proposition 4.2 (Elliptic parametrix [14, Proposition E.32]). *Let A € ‘P;!"
and B € W, be such that B is elliptic on WF(A). Then there exist Q,Q' €
= such that

A=BO+ 0™ )y-x = Q' B+ O(A™ Jy-co.

Theorem 4.3 (Elliptic estimate [14, Theorem E.33]). *Let A € ‘I’;"‘, B, €
W2, and P € ¥4 be so that B, P is elliptic on WF,(A).

(i) Given s, N >0, and M >0, if v € D’ and B, Pv € H*"™~¢ then Av €
H*™™ and there exists C; >0, Cy p ;> 0 (independent of v and h)
such that

||AU||H2—m1 <G ||BiP|| s-m-e + Cn oy s M ol - (4.18)
h
(i) If, in addition, A and B, P are compactly supported, then there exists
7 €C®__ so that

comp

40l yr-m < Cy[| By Po ysmm-e + Civs M IZ0]] - (4.19)
h

Part (i) of Theorem 4.3 is proved by using Proposition 4.2 with
B=BPec \I":zw, applying the resulting operator equation to v, and
taking norms. The operator Q' € ‘P:‘_mz_f and the constant C; is then
1o’ ||H:,,,,2,f s—m; - The proof of Part (ii) is similar, using that, since A

. -

Cc®

comp

H
and B, P are both compactly supported, there exists y €
(A— B, P)uv=(A—- B, P)7v.

such that

2 We highlight that working in R¢ (as opposed to on a general manifold de-
fined by coordinate charts) allows us to remove the proper-support assumption
appearing in [14, Proposition E.32, Theorem E.33].
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5. Proof of Theorem 3.1

In the notation introduced in §4, Theorem 3.1 becomes the follow-
ing.

Theorem 5.1. Let A and n satisfy Assumption 2.1 and let R > 0 be such that
supp(I — A) U supp(l — n) € Bg. Given f € L*(By), let u satisfy Pyu=h*f
in RY and the Sommerfeld radiation condition (1.2). Assume that, given
ko >0, Cg, (k) is polynomially bounded (in the sense of Definition 2.6) for
k € K C [k, ). Given ko >0, let hy :=k;', and let H := {k™! : ke K} C
(0. 7).

Then there exist C3,Cy4, C5 > 0 such that

u|BR=qu+uA

where uy, € H2(Bg) with

“aaqu”Lz(BR) < Cyp2ll /1228

for all |a| <2 and for all h € H C (0, 7], (5.1)
and u 4, € C®(ByR) with
1-1pl
“aﬂuA HL2(BR) < Csol(ffl;R+ 2) ¢ <C£5> [ FAFEI7:)
for all p and for all h € H C (0, ], (5.2)

where C;,C,, and Cs depend on A,n,d, and h, but are independent of h,
f, a, and p.

5.1. Step 0: restatement of bounds on the solution operator in semiclassical
notation

The definition of C,; (Definition 2.5) implies that, in semiclassical
notation,
||u||H;(BR) ShCu(™ SNl 2p,, forall 2> 0. (5.3)

It is convenient to record here in semiclassical notation the bound on
the solution operator when C, is polynomially bounded.

Lemma 5.2 (Polynomial boundedness rewritten in terms of h). Given f €

LR, let ue H (R?) be the solution to
Pu=hf

satisfying the Sommerfeld radiation condition (1.2) (with k=h~").

If C,, (k) is polynomially bounded for k € K C [k, o) (in the sense of
Definition 2.6), then there exists M > 0 (independent of h) such that, given
X ECS, p(Rd ), there exists C > 0 (independent of h but dependent on y)
such that

lxull 2 <CR=M NIl

where by :=k;' and H :={k™! : k€ K}.

for he H C (0, Ry, (5.4)

The bound (5.4) also holds with || yu||;» replaced by || yul| 1, but we
h
only need it in the form (5.4) for what follows.

5.2. Step 1: the definitions of u, and uy»

The cut-off functions y and y, Let y € CS (R4;[0,1]) be such that

comp
1 inB
x= o (5.5)
0 outside B,.
For u >0, let
1) i=x (—) . (5.6)
u
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2
I35

WF;(Igy)
on(lly) =1
WEF(T1;)
op(Tlp) =1

Fig. 5.1. The locations of WF,,(Il;;) and WF,,(I1, ), the regions where the princi-
pal symbols of IT;, and IT; equal one, and the region where P, is elliptic.

We define yj = py(A, n) by

2”max
Ho(An) 1= <1 + ) . (5.7)
Amin
The reason for this definition is that it implies that
A
if |E>>p, then (&) 26,(P)> % > 0. (5.8)

Indeed, by (4.12),

. 2_
(§>_20'h(P) > Ammlél Pmax - A

_ min+ Amin
L+[¢? 2 2

|§|2 -1- 2nmax/Amin >

1+ &2 '
and (5.8) follows. The importance of the property (5.8) is explained at
the end of this subsection.

The frequency cut-offs I1; and I1; We define I1; and IIj, the projec-
tions on low and high frequencies respectively, by (1.9) and (1.10).
The definition of the quantisation Op,, (4.8) and the change of variable
¢ =¢&/h imply that

I, =O0py, (1,(¢1») (5.9)
and
Oy =1-1. (5.10)

These definitions and the definition of ‘I/;Z"(Rd ) in 84 imply that I1; €
¥, (R?) and My, € ¥ (RY).

The locations of the wavefront sets of the frequency cut-offs, and the re-
gions where their symbols equal one In Fig. 5.1 we show, as functions
of |£|?, the locations of WF,(I1;;) and WF,(I1;), and the regions where
c,(Iy), and 6,(I1; ) equal one. These locations/regions are obtained us-
ing (4.15) and (4.10) respectively. For example, since 1 - z,(|¢ |?)=1 for
|€]? > 2u and =0 for |£|? < u, (4.10) and (4.15) imply that

and  WE,(Ily)c{¢ : & 2 u).
(5.11)

oply)=1on {¢ : |§° >2u}

We also record the following key consequence of the results summarised
in Fig. 5.1.

Lemma 5.3. If u > u, then P, is elliptic on WE,(I1 ).

This property is central to our proof of the bound (5.1) on uq2, i.e.,
the high-frequency component. It is a consequence of (5.8), and the
reason why we choose g, as in (5.7) is for this ellipticity result to hold.

The definitions of u, and uy> As described in §1.2, we choose ¢ €

Cf;’mp(Rd ) be equal to one on By, and vanish outside Bg,,. We then

let
w=qu
and we define

wgi= @), and u =),
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5.3. Step 2: proof of the bound (5.2) on u 4 (the low-frequency component)

Since I1; € W, *, Part (iii) of Theorem 4.1, together with Sobolev
embedding, gives IT; w € C*.

The definition of IT; (1.9) and Plancherel’s identity (4.4) for the
standard (i.e. non semiclassical) Fourier transform imply that

o (10} = 57 [P )],
= W H(')ﬂ)(,,(h2| . |2)Pw(')”1‘2 . (5.12)

The definitions of y (5.5) and y, (5.6) imply that y,(£) =0 for || > 24,
so

2, (W1E?) =0 for |¢]>V2un™".

Using this fact, and then (in this order) the fact that |y,| <1,
Plancherel’s identity for the standard Fourier transform, the fact that
@ =0 outside Bp,,, and the definition of Cy, (2.12), we find from

sol

(5.12) that
5 (QM)Iﬂ\/Z il ) 1
Ol el PAC R LACIO
2)181/2
S ExayTacm

<2071 | gul| 2
<@ C (B R+ 211 N 20, -

Since
Haﬂuf‘”Lz(Bm - Hdﬂ(nLW)“LZ(BR) < ”aﬂ(an)HLZ ’

the bound (5.2) then follows with C, :=+/2u and C5 :=+/2u.
5.4. Step 3: proof of the bound (5.1) on uy» (the high-frequency
component)

By the inequality (4.6), it is sufficient to prove that

Ty w|| 2 < C3P* 2, forall e H C (0, hy). (5.13)

It is instructive to first prove (5.13) under the assumption that
C,o1(k) £ 1 (which, by Theorem 2.7 is ensured if A and » are nontrap-
ping). Indeed, as discussed in §1.2, this proof only requires that P, is
elliptic on WF,,(Il); i.e., Lemma 5.3. Throughout the rest of this sec-
tion, therefore, we assume that y > y, so that the result of Lemma 5.3
holds.

5.4.1. Proof of (5.13) under the assumption that C,, (k) 5 1

We seek to apply Part (i) of Theorem 4.3 with A =11y (so m; =0),
B, =1 (so my=0), and P= P, (so £ =2). By Lemma 5.3, B, P is elliptic
on WF,,(A). We can therefore apply Theorem 4.3 and obtain that, given
N,N'>0,

HHHw| (5.14)

2 S|1Pawl| 2 + ' ||W||H;N R

where the omitted constant in $ depends on N and N'. Since P,u = h*f,

Pyw =[Py, plu+hopf,

where [-,-] is the standard commutator defined by [A,,A;] := A|A; —
A,A,, so that (5.14) becomes

|te]| o S NEPw @l 2 + 32 A1 2+ BN ol (5.15)
h

Direct calculation, using the fact that supp ¢ C Bg,,, implies that

|Proa],, SNl 1y, (5.16)

where the omitted constant depends on ¢, and hence on R.
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Combining (5.15) and (5.16), and recalling that supp ¢ C Bg,,, we
have

2 N’
HnHwHH;3 SNl g1y + P N N2+ 2 Ml o -
Choosing N =0 and N’ =1, and then using (5.3), we obtain

HHHM)HHZ < h2<1 n Csol(h—l)) . (5.17)
h

If C, (A=) S 1, then this implies (5.13). However, if C,,;(7~") > 1 (as

occurs when C; is polynomially bounded in the sense of Definition 2.6

with M > 0) then (5.17) is a weaker bound than (5.13).

5.4.2. Proof of (5.13) under the assumption that C, (k) is polynomially
bounded

Inspecting the argument in §5.4.1, we see that the assumption that
Cy1(k) $1 is needed to get a good bound on the commutator term
[Py, @lu. To remove this commutator term, one idea is to use the elliptic
estimate in Part (i) of Theorem 4.3, using the fact that P, is elliptic on
WEF,,(ITy; ), and apply the estimate with v : = u. However, the error term
would not be compactly supported and we would be unable to control
it using the polynomial bound on the solution operator (5.4). We there-
fore introduce additional spatial cut-offs on the left of I1;;¢ and P, to
create compactly-supported operators and have a compactly-supported
error term thanks to Part (ii) of Theorem 4.3.

To this end, let ¢, ¢, € ngmp(R") be such that ¢, =1 on supp ¢ and
@, =1 on supp ¢,; we then write

Nyeu=~1-@)yeu+ @Il eu. (5.18)

Since 1 — ¢, =0 on supp ¢, using (4.14) and (4.15), we obtain that

WEF,, ((1 = )M ) CT (supp(l — @) N T (supp ) =,

Hence, by (4.16), (1 — @)l ¢ = O(h*®)y-», and, by the definition of
the residual class (4.9), for any N > 1 there exists Cy > 0 so that

(1= @My @ull 2 =10 = @)y @@ ull 2 < CnhN llgyull 2, (5.19)

were we used the fact that ¢, =1 on supp ¢ in the first equality.
It therefore remains to control ¢,I1 @u; to do this, we use the ellip-
tic estimate of Theorem 4.3.

Lemma 5.4. ¢, P, is elliptic on WF,(¢,I1;; ¢).

Proof. By (4.14) and (4.15), WF,(¢,T1y9) C T (supp@,) N WF, I1,,.
Since ¢, =1 on suppg,;, the result is a direct consequence of
Lemma 5.3. W

By the facts about compactly-supported operators recalled in §4,
@119 and @, P, are compactly supported. Therefore, by Lemma 5.4,
we can apply Part (ii) of Theorem 4.3 with A = ¢, I1 ¢, B, = ¢,, P =P,

m; =0, my =0, £ =2. This result implies that there exists y € C&‘)’mp, and,
for any N’ > 1, there exists Cy, > 0 such that
Iy~
||¢1HH(PM||H§ S lpa Paull 2 + Cor BN || 7l 2
1~
=12y f Nl g2 + Cor 2N Nl 7l 2. (5.20)

Collecting (5.18), (5.19), (5.20), using (5.4), and choosing N = N’ =
M + 1, we obtain (5.13).

6. Proof of Theorem 3.4
The two ingredients for the proof of Theorem 3.4 are

* Lemma 6.4, which is the standard duality argument giving a condi-
tion for quasi-optimality to hold in terms of how well the solution
of the adjoint problem is approximated by the finite-element space
(measured by the quantity 5(Vy) defined by (6.3)), and

+ Lemma 6.5 that bounds 7(Vy) using the decomposition from Theo-
rem 3.1.
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Regarding Lemma 6.4: we recall that this argument came out of ideas
introduced in [43], was then formalised in [42], and has been used
extensively in the analysis of the Helmholtz FEM; see, e.g., [1,26,33,42,
35,36,51,50,12,9,31,10,17,21,16].

Before stating Lemma 6.4 we need to introduce some notation.

Definition 6.1 (The adjoint sesquilinear form a*(-,-)). The adjoint
sesquilinear form, a*(u, v), to the sesquilinear form a(-, -) defined in (2.4)
is given by

@ (u,0) = ao,w) = / ((AVu) Vo- kznu5> — (yu DN, G0)) 5

Bg

A key role is played by the solution operator of the adjoint varia-
tional problem with data in L?(By); we therefore introduce the follow-
ing notation.

Definition 6.2 (Adjoint solution operator S*). Given f € L*(Bg), let S* f

be defined as the solution of the variational problem

find S*f € HI(BR) such that

a*(S*f,u):/fE for all v e H'(Bg). 6.1)
Bg

Green'’s second identity applied to solutions of the Helmholtz equa-
tion satisfying the Sommerfeld radiation condition (1.2) implies that
<DtNkW’$>oBR = (DtquS,W)dBR (see, e.g., [46, Lemma 6.13]); thus
a(v,u) = a(u,v) and so the definition (6.1) implies that

a(S*f.v)=(f.v) 12 By forallve H'(By). (6.2)

Definition 6.3 (n(Vy)). Given a sequence of finite-dimensional spaces
VYo (as described in §2.3), let

ls*f - ”N”Hkl(BR)

”f“LZ(BR)

Lemma 6.4 (Conditions for quasi-optimality). If

Amin
2 (nmax + Amin )

then the Galerkin equations (2.15) have a unique solution which satisfies

2C,
u—u S cont (
|| h ||Hk1(BR> A

n(Vy) := sup min (6.3)

0#f€L2(Bg) "NEVN

1
kn(Vy) < —
VI(N)_C

cont

U;“Ei{}N flu— UN”Hkl(BR)) :
Proof. Using the inequality (2.10), we see that a(-, ) satisfies the Gard-
ing inequality

R(a(®,v)) = Ay 0112

—2k*(n, .+ A l0)1?
H‘l(BR) ( max mln)” ”

12(Bg) (6.4)

and the result follows from, e.g., the account [46, Theorem 6.32] of the
standard duality argument with (in the notation of [46]) a = A,,;, and
Cy =2k Ny + Apin)- M

Lemma 6.5 (Bound on n(Vy) using the decomposition from Theorem 3.1).
Let A and n satisfy Assumption 2.1 and let R > 0 be such that supp(I — A) U
supp(l — n) € Bg. Let (Vy)%_, be the piecewise-polynomial approximation
spaces described in [35, §5]. There exists Cg,Cy,0 > 0, all independent of
k, h, and p, such that

kn(VN)scﬁq% <1+ %)

hk

e () (1) () (2

)

(6.5)
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The constants Cg and o only depend on the constants in [35, Assumption
5.2] defining the element maps from the reference element; C, depends on
these constants, and additionally on Cs.

Proof. This proof is very similar to the proof of [35, Theorem 5.5].
Indeed, [35, Theorem 5.5] proves a bound very similar to (6.5) starting
from bounds almost identical to the bounds (3.1) and (3.2) (recalling
Remark 3.3 about notation). The only difference is that the bound (3.2)
contains C,, which depends on k (whereas in [35] C,, ~ 1), and so we
now need to keep track of how C,, enters the proof of [35, Theorem
5.5].

From the definition (6.3), it is sufficient to show that, given f €
L*(Bp), there exists wy € Vyy such that

||S*f_wN||H,:(BR)Scllf”LZ(BR), (6.6)

where C is the right-hand side of (6.5) divided by k. Let v := S*f; by
(6.2) and Part (i) of Lemma 2.3, v satisfies the assumptions of Theo-
rem 3.1 with f replaced by 7, and so the bounds (3.1) and (3.2) hold
with u replaced by v.

By [35, First equation on Page 1896] (which uses [35, Theorem
B.4]), the bound (3.6) holds, and thus there exists w(l\ll) € Vy such that

(1)” h kh
w <Ce— 1+ — ) |v]s2
Nl Br) 6p p 0l (BR)

Hqu -
and so
1) h kh
”u,,z —w'l HH;wR) <Gy <1 + 7) Gl N2 sy 6.7)
by (3.1).

For the approximation of v 4, the only change to the argument in
[35] is that a multiplicative factor of (C,,)> must be included on the
right-hand side of [35, Equation 5.8]. Then [35, Equations 5.8 and 5.9]
implies that there exists C; and wf,) € Vy such that

-]
k ”UA Wy H\(BR)

< C,Co (k) [(#)” (1+ hk

kh\’ (1 kh
+k| — -+ —
h+a) (ap) (p o’p)] ”f”LZ(BR)

(6.8)

(observe that this equation is identical to [35, Last equation on Page
1896] except for the factor C,, on the right-hand side).

Let wy := w(l\? + w(]i). By the triangle inequality, the decomposition
v=vg2 + v, on Bg, and the inequalities (6.7) and (6.8), the inequality
(6.6) holds with C the right-hand side of (6.5) and the proof is com-

plete. W

Corollary 6.6 (Conditions under which kn(Vy) is arbitrarily small). Let
the assumptions of Lemma 6.5 hold. Given € > 0 and k, > 0, there exists
C,,C, >0, depending only on €,C;,Cg, Cy,0, and k, such that if

"7" <¢, and pZCz(l+10gk+10g(Csol(k))),
then
kn(Vy)<e forall k> k.

Proof. This proof is essentially identical to the proofs of [35, Corollary
5.6] and [36, Theorem 5.8]. First choose C, sufficiently small such that
C, <o and

£
céc3cl(1+cl)<5

From the bound on kn(Vy) (6.5), it is then sufficient to show that

crcan (25 (1+ 72

22 (5) G5))

(6.9)
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can be made < ¢/2. Let

_h
h+o

so that (6.9) is bounded by

2o (5)]
o p o

c
0, =L
o

0, : and

C; Cyo1 (k) [(91)” (1 +

the result then follows since 6,6, < 1.

Proof of Theorem 3.4. This follows by combining Lemma 6.4 and
Corollary 6.6. W
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