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Abstract

We show how to transport descent obstructions from the category of covers to the category
of varieties. We deduce examples of curves havingQ as field of moduli, that admit models over
every completion ofQ, but have no model overQ.
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1 Introduction

In this article, we construct descent obstructions in the category of varieties. For example, we show
the following theorem:

Theorem 1.1 There exists a projective, integral and smoothQ-curve, havingQ as field of moduli,
which is defined over all the completions ofQ but not overQ itself.

The main idea is to start from a descent obstruction in the category of covers of curves, and to
transport it into various other categories: the category ofquasi-projective surfaces, the category of
projective surfaces, and finally the category of smooth curves. This process is summarized by the
following theorem:

Theorem 1.2 Let K be a field with characteristic zero and letKs be an algebraic closure ofK.
Let B be a projective, geometrically integral, and smoothK-curve and letϕ : C → B ⊗K Ks be
a connected, possibly ramified,Ks-cover havingK as field of moduli. There exists a projective,
integral, and smoothKs-curve havingK as field of moduli and having exactly the same fields of
definition as the initial coverϕ.

Examples of obstructions to descent have been mostly constructed in the categories ofG-covers
and covers [CH85, DF94, CG94] and in the category of dynamical systems [Sil95]. A key technical
point is that, in many cases, one can measure these obstructions in terms of the Galois cohomology of
a finite abelian group. As far as we know, no example of global obstructions was known for varieties.
Mestre gave some examples of local descent obstructions forhyperelliptic curves in [Mes91]. Dèbes
and Emsalem [DE99] give a criterion for a curve to be defined over its field of moduli. This criterion
involves a particular model for the quotient of the curve by its automorphism group. Dèbes and
Emsalem prove that the local-global principle applies to the descent problem for a curvetogether with
its automorphims. However they leave open the question of the local-global principle for a curve (and
a variety in general).

Global descent obstructions for covers have been constructed by Ros and Couveignes:

Theorem 1.3 (cf.[CR04], Corollaire 2) There exists a connected ramifiedQ-cover ofP1
Q havingQ

as field of moduli, which is defined over all the completions ofQ but which does not admit any model
overQ.

If we apply theorem 1.2 to these obstructions, we prove theorem 1.1.

1.1 Some categories with a Galois action

LetK be a field of characteristic zero. LetKs be an algebraic closure ofK. Call ΓK = Gal(Ks/K)
the absolute Galois group. By definition aK-variety V is a separated and geometrically integral
scheme of finite type overK. If f ∈ K(V) is a function onV andx ∈ K a scalar, we denote by
(f)x the positive part of the divisor off − x. We denote by(f)∞ the negative part of the divisor
of f . We consider various categories with a functorial action ofΓK , beginning with the category of
Ks-varieties. We also consider the full subcategories of smooth projective curves overKs, of smooth
quasi-projective surfaces overKs, of projective normal surfaces overKs. LetB be a smoothK-curve.
By a coverof B we mean a finiteK-morphismϕ : C → B whereC is a projective, geometrically
integral and smoothK-curve. In particular, we assumeC to be geometrically connected, but we do
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not assumeφ to be étale unless explicitly stated. We shall be interested in the category ofKs-covers
of B, that is the category of covers ofB ⊗K Ks. We shall be interested also in the full subcategory of
étale covers.

Let O → Spec(Ks) be an object in one of the preceding categories and takeσ in ΓK . The

object σO → Spec(Ks) is defined by the compositionO → Spec(Ks)
Spec(σ−1)
−→ Spec(Ks). This

gives a covariant functor also denoted byσ. The stabilizer inΓK of theKs-isomorphism class of an
object is a finite index subgroup. The subfield ofKs which is fixed by this subgroup is called thefield
of moduliof the object. LetL be a field such thatK ⊂ L ⊂ Ks. We say thatO is defined overL if it
isKs-isomorphic to the pullback of anL-objectO′ → Spec(L) by Spec(Ks) → Spec(L). We also
say thatL is afield of definitionof O or thatO′ → Spec(L) is amodel overL of O → Spec(Ks).
The field of moduli is contained in all the fields of definition.

The notions of field of moduli and of field definition are relative to the base fieldK. All the
above definitions make sense for an arbitrary fieldK. In this work, we always assume thatK has
characteristic zero. There are two main reasons for that: firstly we often use the fact thatK is infinite,
and secondly the proof of lemma 5.2 relies on the fact that theorder of a certain automorphisms group
is prime to the characteristic ofK.

1.2 Weil descent

A detailed treatment of all topics presented in this sectioncan be found in [Mil08, Chapter16].
LetO → Spec(Ks) be an object in one of the categories of paragraph 1.1. We denote byG (O,K)

the full subcategory whose objects are theσO for σ ∈ ΓK . This is a groupoid called thegroupoid of
conjugatesof the objectO. It is connected if and only ifK is the field of moduli ofO. Objects in
G (O,K) are parametrized by elements inΓK .

A Ks/K system of descentonO is a family(Iσ)σ∈ΓK
of isomorphismsIσ : σO → O satisfying

the cocycle condition:
∀σ, τ ∈ ΓK , Iσ ◦

σIτ = Iστ .

LetL be a subfield ofKs containingK. The system(Iσ)σ splits overL if there exists a modelOL →
Spec(L) of O and a morphismI : O → OL ⊗K Ks such thatIσ = I−1 ◦ σI for everyσ ∈ ΓK
fixing L.

A descent system is said to becontinuousif it splits over a finite extension ofK; such a system
is called adescent data. A descent data is calledeffectiveif it splits overK itself. Descent data
form a category denoted byD (O,K). A morphismbetween two descent data(Iσ)σ and(Jσ)σ is a
Ks-automorphismψ of O such that:

∀σ ∈ ΓK , ψ ◦ Iσ = Jσ ◦
σψ.

Since every morphism is an isomorphism,D (O,K) is a groupoid. For everyK-extensionL contained
in Ks, we define in the same way the categoryD (O, L) of descent data toL.

In all the categories we are interested in, descent data are always effective. This is a result of
Weil often calledWeil descent[Wei56, Mil08]. So the categoryD (O, L) is equivalent to the cate-
gory M (O, L) of L-models ofO, whose objects are the models overL of O and whose morphisms
areL-isomorphisms.

Let O1 andO2 be twoKs-objects and let us consider the categoriesG (O1,K), D (O1,K),
M (O1,K) andG (O2,K), D (O2,K), M (O2,K). Suppose that there exists a Galois equivariant
functorF from G (O1,K) to G (O2,K). Then ifG (O1,K) is connected, so isG (O2,K) andK is
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the field of moduli of both objects. Furthermore,F maps everydescent systemon O1 to a descent
systemonO2. Suppose that there exists moreover a finiteK-extensionL and adescent dataof O1 to
L which is mapped byF onto adescent dataof O2 toL. ThenF maps everydescent dataof O1 to a
finite extension ofK, to adescent dataof O2 to the same extension. In that situation we say that the
functorF is continuous.

Under this hypothesis,F induces a functor fromD (O1,K) toD (O2,K) and also fromM (O1,K)
toM (O1,K) since all descent data are effective. We obtain, the same way, a functor betweenM (O1, L)
andM (O2, L) for everyK-extensionL contained inKs. In particular, this implies that every field of
definition ofO1 is a field of definition ofO2.

We stress that the objectsO1 andO2 need not belong to the same category. They only have to
belong each to a fibered category over the étale site ofK where descent data are effective.

1.3 Strategy

All the descent obstructions contained in this work follow from the obstructions construct by Ros and
Couveignes in the category of covers of curves (see theorem 1.3 above).

In order to transport these descent obstructions for coversinto various other categories, we present
several constructions that build an object in a target category out of an object in a source category. Of
course these constructions must preserve fields of moduli and fields of definition. To this end, we use
the method described in paragraph 1.2: we construct continuous functors between the groupoids of
conjugates of two objects belonging to different categories.

In section 2, we start with aKs-coverϕ : C → B ⊗K Ks whereB is aK-curve and we construct
aK-curveB′ without any non-trivialKs-automorphism and aKs-coverC′ → B′ ⊗K Ks having the
same field of moduli and the same fields of definition asϕ.

In section 3, we start with aKs-coverϕ : C → B ⊗K Ks whereB is aK-curve and we construct
a quasi-projectiveKs-surface having the same field of moduli and the same fields of definition asϕ.
If the base curveB of ϕ has no non-trivialKs-automorphism, this surface is the complementary open
subset to the graph of the cover. Thanks to the result of section 2, one can reduce to this case.

In section 4, we start with aKs-coverϕ : C → B ⊗K Ks whereB is aK-curve. We assume that
the field of moduli of this cover isK and we construct a projective normalKs-surface havingK as
field of moduli and the same fields of definition asϕ. This projective surface is constructed as a cover
of C × (B ⊗K Ks) which is strongly ramified along the graph ofϕ.

Finally, in section 5, we construct a projectiveKs-curve, havingK as field of moduli, and having
the same fields of definition as the initial coverϕ. This curve is a curve on the previous surface. It is
obtained by deformation of a stable curve chosen to have the same automorphism group as the surface.

So our construction goes in several steps and the key point isthat, at every step, we must carefully
control the automorphism groups of all the objects involved.

Acknowledgements: We thank Qing Liu for communicating to us a simple proof of lemma 6.7
below.

2 Cancellation of the automorphism group of the base curve

In this section,K is a field of characteristic zero,Ks an algebraic closure of it,L ⊂ Ks an algebraic
extension ofK, andB a smooth, projective, geometrically integralK-curve. We assume we are given
a geometrically connectedL-coverϕ : C → B ⊗K L havingK as field of moduli. We want to
construct other covers havingK as field of moduli and having the same fields of definition asϕ, and
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satisfying additional properties. In particular, we want to show that one can assume that the base curve
has no non-trivialKs-automorphism.

We first prove that the degree of the cover can be multiplied byany prime integer not dividing the
initial degree.

Lemma 2.1 LetB be a smooth projective geometrically integralK-curve and letϕ : C → B⊗KL be
anL-cover of degreed. The curveC is assumed to be geometrically integral. For every primep prime
to d, there exists a geometrically integralL-curveC′ and aL-coverϕ′ : C′ → B ⊗K L of degreepd,
having the same field of moduli and the same fields of definitionasϕ.

Proof — Let f ∈ K(B) be a non-constant function whose divisor is simple and does not meet the
ramification locus ofϕ. The equationY p = f defines a degreep extension ofK(B). We denote byB′

the smooth projective curve corresponding to this functionfield. This is a geometrically integralK-
curve which coversB by a degreep coverν; andν⊗KK

s is Galois. The function field extensionsL(C)
andL(B′) are linearly disjoint overL(B). LetC′ be the smooth projective curve corresponding to the
compositum ofL(C) andL(B′). By construction, this is a geometrically integralL-curve which
coversB ⊗K L by a coverψ of degreepd:

C′

wwoooooooo

$$HH
HH

HH
HH

ψ

��

B′ ⊗K L

ν ''NNNNNNN
C

ϕ{{vv
vv

vv
v

B ⊗K L

Since the functionf has been chosen inK(B), the above construction is Galois equivariant. Thus
we obtain aΓK-équivariant functor:

F : G (C ⊗L K
s ϕ
→ B ⊗K Ks,K) −→ G (C′ ⊗L K

s ψ
→ B ⊗K Ks,K)

which is continuous because the startingL-model (more precisely the descent data corresponding to
it) maps to anL-model (more precisely the descent data corresponding to it). Then the field of moduli

of C′ ψ
→ B ⊗K L is necessarily included in the one ofC

ϕ
→ B ⊗K L and each field of definition ofϕ

is a field of definition ofψ.
To prove the converse, we construct a functor the other way around. Indeed,F defines a one-to-

one correspondence between the objects of the two groupoidsof conjugates (because, in both cases,
the objects are parameterized byΓK). We denote byF−1 the inverse map on objects. This map
can be extended to a functor by defining the image of a morphism. Takeσ ∈ ΓK and consider the

objectσC′
σψ
→ B ⊗K Ks of the groupoidG (C′ ⊗L K

s ψ
→ B ⊗K Ks,K). Then the maximal subcover

which is unramified at the support off is nothing but the corresponding objectσC
σϕ
→ B ⊗K Ks in

the first groupoidG (C ⊗L K
s ϕ
→ B ⊗K Ks,K). Therefore, ifσ, τ ∈ ΓK , eachKs-isomorphismI ′

betweenτψ and σψ, induces auniqueKs-isomorphismI : τC → σC between the characteristic
subcoversτϕ andσϕ. In other words, the diagram:

τC′ I′
//

��

σC′

��
τC

��

I
// σC

��

B
Id

// B

5



commutes. SendingI ′ to I turnsF−1 into a functor. This functor is continuous since it mapsψ/L to

ϕ/L. Thus the field of moduli ofC′ ψ
→ B ⊗K L contains the one ofC

ϕ
→ B ⊗K L and every field of

definition ofψ is also a field of definition ofϕ. �

Next, we show that the base curve can be assumed to have genus greater than2.

Lemma 2.2 LetB be a smooth projective geometrically integralK-curve and letϕ : C → B⊗KL be
aL-cover of degreed. The curveC is assumed to be geometrically integral. Then there exists asmooth
projective geometrically integralK-curveB′ of genus greater than2 and aL-coverϕ′ : C′ → B′⊗KL
having the same field of moduli and the same fields of definitionasϕ.

Proof — We keep the notation of the preceding construction. We suppose that the chosen functionf
has degree at least3. We look at the coverϕ′ : C′ → B′⊗K L. Since the degree off is greater than3,
by Hurwitz genus formula, the curveB′ has a genus greater than or equal to2. With the same kind of
arguments as in the previous proof, one shows thatϕ andϕ′ share the same field of moduli and the
same fields of definition. �

Last, we prove that one can assume the base curve to have no non-trivial Ks-automorphism.

Lemma 2.3 LetB be a smooth projective geometrically integralK-curve and letϕ : C → B ⊗K L
be aL-cover of degreed. The curveC is assumed to be geometrically integral. Then there exists a
smooth projective geometrically integralK-curveB′ of genus greater that2 and such thatB′ ⊗K Ks

does not have any non-trivial automorphism and there existsa L-coverϕ′ : C′ → B′ ⊗K L having
the same field of moduli and the same fields of definition asϕ.

Proof — Thanks to lemma 2.2 , one can assume that the genus ofB is greater then2. Consequently,
the groupA of Ks-automorphisms ofB is finite.

Let p ≥ 3 be a prime integer. To begin with, we show that there exists a non-constant functionf ∈
K(B) which is non-singular above2, −2 and∞, of degree greater than2+4p(g(B)− 1)+2p2, such
that the setf−1({−2, 2}) is not invariant by any non-trivial automorphism ofB⊗KK

s, and such that
the set of singular values ofϕ does not meet the setf−1({2,−2,∞}).

The kernels of the linear formsa ± Id for a ∈ A \ {Id} are finitely many stricKs-subspaces of
theKs-vector spaceKs(B). So there exists non-constant functionf ∈ Ks(B) such thata(f) 6= ±f
for all a ∈ A \ {Id}. We now prove that this function can be chosen in order to be non singular above
infinity and such that its singular values do not meet the singular values ofϕ. We first need to point
out two easy facts concerning the linear spaceL(∆) associated to anyeffectiveandsimpledivisor ∆
on B: firstly this linear space is not contained in the kernel ofa + Id because1 6∈ Ker(a + Id);
and secondly if the degree of∆ is large enough then the functions ofL(∆) generate theKs-extension
Ks(B) and thusL(∆) is not contained in the kernela−Id. We choose such an effective simple divisor
with large enough degree∆. We can further assume that its support avoids the singular values ofϕ.
Then all the intersections ofL(∆) with the kernels of the linear functionsa ± Id are strict subvector
spaces ofL(∆): therefore there exists a non-constant functionf ∈ L(∆) avoiding all these kernels.
If the degree of∆ is large enough, the functions ofL(∆) of degree less than the degree of∆ are also
contained in a finite union of strict subvector spaces. So onecan assume thatdeg(f) = deg(∆). One
can also assume thatf ∈ K(B). We finally can assume that the degree of the divisor∆ is greater
than2 + 4p(g(B) − 1) + 2p2. Then so is the degree off .

By construction, the functionf2 does not have any non-trivial automorphism (in short one has
AutKs(f2)(K

s(B)) = {Id}). By lemma 6.3, we deduce that almost all the fibers off2 are non
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singular and not fixed by any non trivial automorphism ofA. In particular, there existsλ ∈ K∗ such
that the fiber off2 aboveλ2 is non singular, not fixed by any non-trivial automorphism inA and does
not meet the singular values ofϕ. The function2f/λ satisfies all the properties we want. Let us
denote it byf .

Now the equationXp +X−p − f = 0 defines a regular extension ofK(B), that becomes Galois
with Galois group equal to the dihedral groupDp when extending the scalars toKs. Let B′′ be the
smooth projective curve associated to this function field and µ : B′′ → B be the correspondingK-
cover of degree2p. TheKs-automorphism group ofµ is equal toDp. The set of singular values ofµ
is f−1({2,−2,∞}). We denote byw the automorphism ofB′′ given byw(X) = X−1 and byB′ the
quotientB′′/〈w〉. This is a smooth projectiveK-curve that coversB by aK-coverν : B′ → B of
degreep. This cover does not have any non-trivial automorphism since 〈w〉 is self-normalized inDp.

Because the ramification loci do not meet, the function fieldsKs(B′′) andKs(C) are necessarily
linear disjoint overKs(B). LetC′ etC′′ be the smooth projective curves corresponding to the compose
extension ofKs(C) with Ks(B′) andKs(B′′). We have the following diagram:

C′′

vvmmmmmmmmmm
〈w〉

((PPPPPPPPPPP

B′′ ⊗K Ks

yyrrrrrrr

((QQQQQQQQ
C′

ϕ′

wwnnnnnnnnnn

p ''OOOOOOOOO

B′′

〈w〉 &&LLLLLLLL B′ ⊗K Ks

vvmmmmmmmmmm

((PPPPPPPP
C ⊗L K

s

ϕ

wwoooooooo

B′

ν
p

((QQQQQQQQQQQQ B ⊗K Ks

vvmmmmmmmmmm

B

The coverC′′ → C⊗LK
s is again a Galois cover with Galois group equal toDp and the coverC′′ → C′

is of degree2.
We show that the coverϕ′ : C′ → B′ ⊗K Ks satisfies the conditions of the conclusion of lemma.

First of all, it has the same field of moduli and the same fields of definition asϕ. The proof goes
as in lemmas 2.2 and 2.3: the subcoverϕ : C ⊗L K

s → B ⊗K Ks of ν ◦ ϕ′ : C′ → B ⊗K Ks is
characterized as the maximal subcover unramified atf−1({2,−2,∞}).

Last we have to prove that the curveB′⊗KK
s does not have any non-trivial automorphism. Letb

′

be an automorphism ofB′ ⊗K Ks. The imageI of ν × (ν ◦ b
′) : B′ ⊗K Ks → (B × B) ⊗K Ks

stands betweenB′ ⊗K Ks andB ⊗K Ks. The bi-degree ofI is ≤ (p, p); so, by lemma 6.1, its
virtual arithmetic genus is less than1 + 2p(g(B) − 1) + p2. If I is not isomorphic toB ⊗K Ks

thenI is birationaly equivalent toB′ ⊗K Ks and thus its geometric genus is> 1
4 deg(f)p ≥ 1 +

2p(g(B) − 1) + p2 by Hurwitz genus formula. Contradiction. ThereforeI is a correspondence of
bi-degree(1, 1) which defines an automorphismb of B ⊗K Ks such thatb ◦ ν = ν ◦ b

′. Such an
automorphism preserves the ramification data ofν, the one of its galois closureµ and also the one of
the unique subcover of degree2 of µ. Since this last cover is exactly ramified abovef−1({−2, 2}),
we deduce thatb = Id and then thatb′ is aKs-automorphism of the coverν. Sinceν does not have
any non-trivial automorphism, necessarilyb

′ = Id. �
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3 Quasi-projective surfaces

LetK be a field of characteristic zero. In this section, we give a general process which associates to
eachKs-cover of curvesϕ : C → B, a smooth quasi-projective integralKs-surface with the same
field of moduli and fields of definition.

Theorem 3.1 LetK be a field of characteristic zero,B a smooth projective and geometrically integral
K-curve, andϕ : C → B ⊗K Ks a Ks-cover (C is assumed to be integral). There exists a smooth
quasi-projective integralKs-surface having the same field of moduli and the same fields of definition
asϕ.

3.1 Construction of the surface

First of all, by lemmas 2.2 and 2.3, one can assume that the base curveB ⊗K Ks has genus greater
than2 and has no non-trivialKs-automorphism.

We considerP = (B ⊗K Ks) × C the product of the two curves andG the graph ofϕ insideP.
Let U be the open complementary set ofG in P. We denote bypC : P → C andpB : P → B the
projections onto each components.

The surface we are looking for is nothing else than the open set U . We call it themark of the
cover(C, ϕ) and we now prove that is has the same field of moduli and the samefields of definition
asϕ.

3.2 Field of moduli and fields of definition

We need two lemmas.

Lemma 3.2 LetU andV be the marks of two non-trivial connectedKs-coversϕ : C → B ⊗K Ks

andψ : D → B ⊗K Ks, whereB is a smooth projective geometrically integralK-curve of genus
greater than2 and having no non-trivialKs-automorphism. Then every surjectiveKs-morphism
form U to V is equal toId × γ whereγ : C → D is aKs-morphism between the coversϕ : C →
B ⊗K Ks andψ : D → B ⊗K Ks.

Proof — A Ks-morphism between the covers(C, ϕ) and(D, ψ) is aKs-morphism of curvesγ : C →
D such thatψγ = ϕ. The product isomorphismId×γ from (B⊗KK

s)×C to (B⊗KK
s)×D maps

the graph ofϕ to the graph ofψ and also the markU to the markV.
Conversely, letυ be a surjectiveKs-morphism formU to V. Let c be a closedKs-point of C.

The restriction ofpD ◦ υ to ((B ⊗K Ks) × {c}) ∩ U is a constant function because the genus ofB is
less than the one ofD. We denote byγ(c) this constant; this defines a morphismγ : C → D which
cannot be constant sinceυ is surjective. The restriction ofpB ◦ υ to ((B ⊗K Ks) × {c}) ∩ U is a
morphismβc with values inB. LetF ⊂ C the set of closedKs-points ofC such that the morphismβc
is constant. This is a closed set; and a finite one becauseυ is surjective. For a closedKs-point c 6∈ F
the morphismβc induces an automorphism ofB, which is trivial sinceB does not have any non-
trivial automorphism. Thus we haveυ(b, c) = (b, γ(c)) for every closedKs-point b onB andc onC
with c 6∈ F and (b, c) ∈ U . Let b be a closedKs-point of B ⊗K Ks. The restriction ofpB ◦ υ
to ({b} × C) ∩ U is constant and equal tob on the non-empty open set({b} × (C − F )) ∩ U . So it is
a constant function. SoF is empty andυ is the restriction ofId × γ to U . ThusId × γ mapsU to V
and thereforeψγ = ϕ. �
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Lemma 3.3 LetU be the mark of a connectedKs-coverϕ : C → B⊗K K
s of degree greater than2,

whereB is a smooth projective geometrically integralK-curve of genus greater than2 and having no
non-trivial Ks-automorphism. Then:

1. the group ofKs-automorphisms ofU is equal to the group ofKs-automorphisms of the coverϕ :
C → B ⊗K Ks;

2. the field of moduli ofU (in the category of quasi-projective varieties) is the fieldof moduli of
the coverϕ : C → B ⊗K Ks;

3. an algebraic extension ofK is a field of definition ofU if and only if it is the field of definition
of the coverϕ : C → B ⊗K Ks.

Proof — Using lemma 3.2 withV = σU andψ = σϕ, we show that there exists an isomorphism of
groupoids fromF : G (C

ϕ
→ B ⊗K Ks,K) → G (U ,K). This functor and its inverse are moreover

Galois equivariant. The first two conclusions of lemma 3.3 result directly from the existence of this
isomorphism. To prove the third one, we must verify thatF andF−1 are continuous functors.

Let L ⊂ Ks be an finite extension ofK and let(Iσ)σ∈Gal(Ks/L) be a descent datum forϕ to L.
Since descent is effective, this datum splits overL itself: there exists anL-modelϕL : CL → B⊗K L
of ϕ andI : C → CL ⊗L K

s aKs-isomorphism between the coversϕ andϕL ⊗L K
s such thatIσ =

I−1 ◦ σI. We denote byUL the complementary in(B ⊗K L) × CL of the graph ofϕL. This is clearly
anL-model ofU . One checks that thisL-model splits the descent system(F(Iσ))σ∈Gal(Ks/L) for U
toL. So the image(F(Iσ))σ∈Gal(Ks/L) is a descent data forU toL. This proves thatF is continuous.
To conclude, let us notice that, by definition, the continuity of F−1 is equivalent to the continuity of
F. �

4 Projective normal surfaces

In this sectionK is a field of characteristic zero. We start from a cover of curves, havingK as field
of moduli, and we construct out of it, a projective normal integral surface overKs, having the same
field of moduli and the same fields of definition as the originalcover.

Theorem 4.1 LetK be a field of characteristic zero and letB be a smooth, projective and geomet-
rically integral curve overK. Letϕ : C → B ⊗K Ks be aKs-cover, havingK as field of moduli.
We assume thatC is integral. Then, there exists a projective, normal and integral surfaceS overKs,
havingK as field of moduli, and having the same fields of definition asϕ.

The proof of this theorem is given in the next two paragraphs.

4.1 Construction of the surfaceS and first properties

We start from a coverϕ : C → B ⊗K L havingK as field of moduli and defined over an algebraic
extensionL ⊂ Ks of K. We may assume that the degreed of ϕ is at least2 (otherwise the theorem
is trivial). According to lemma 2.3, we may assume that the genus ofB is at least2 and thatB has
no non-trivial automorphism overKs. We shall construct a coverψ : D → B ⊗K L and a cover of
(B ⊗K L) ×D strongly ramified along the graph ofψ.

To this end, we first choose a finite generating system(hj)1≤j≤J of K(B) overK. We assume
that none of thehj is a power inKs(B). We setI = 2J and letΠ =

∏I
i=1 pi be the product of the
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first I prime integers greater than the degreed of ϕ. We choose two distinct prime integersa andb,
both bigger than1 + 2(g(B) − 1)Π + Π2. For every1 ≤ j ≤ J we set :

fj = haj , and fj+J = hbj .

We can choosea andb in such a way that none of the functionsfi − λ is a pi-th power inKs(B)

for λ ∈ Ks and1 ≤ i ≤ I : this is evident forλ = 0. If λ 6= 0 and ifhai −λ =
∏

0≤k≤a−1(hi−ζ
k
aλ

1
a )

is a power, thenhi has at leasta distinct singular values. This is impossible if we choose ana bigger
than the number of singular values ofhi.

We note also that the(fi)1≤i≤I generateK(B) overK. And they all have a degree greater than
1 + 2(g(B) − 1)Π + Π2. LetM (resp.m) be the maximum (resp. minimum) among the degrees of
thefi. Then :

∀1 ≤ i ≤ I, 1 + 2(g(B) − 1)Π + Π2 < m ≤ deg(fi) ≤M.

Let p be a prime integer bigger than(g(B)+IM)Π. We callD theL-curve andψ : D → B⊗K L
the degreepd cover given by lemma 2.1. The genus ofD is bigger thandp > (g(B) + IM)Π and the
coversϕ andψ have the same field of moduli and the same fields of definition. We also check that
the functionfi ◦ ψ − λ is not api-th power inKs(D), for anyλ ∈ Ks and1 ≤ i ≤ I (because this is
already true forfi − λ and the degreepd of ψ is prime topi).

We now define the functiongi on (B ⊗K L) ×D as :

gi(P,Q) = fi(ψ(Q)) − fi(P ).

The negative part(gi)∞ of the divisor ofgi is :

(gi)∞ = (fi)∞ ×D + B × (fi ◦ ψ)∞.

The positive part(gi)0 is denoted∆i. We have :

pgcdi(∆i) = G,

whereG is the graph ofψ.
Let L((B ⊗K L) × D) be the field of functions of(B ⊗K L) × D. We define a regular radicial

extension ofL((B ⊗K L) ×D) by setting

ypi

i = gi.

We denote byS the normalization of(B ⊗K L) ×D in the later radicial extension.
The surfaceS is normal by construction. We denote byχ the ramified cover :

χ : S → (B ⊗K L) ×D.

If we base changeχ to Ks we obtain a Galois coverχ ⊗K Ks with Galois group
∏I
i=1 Z/piZ.

We introduce a family of curves onS that will help studying the group ofKs-automorphisms ofS.
For any pointQ onD, we callEQ the inverse image ofB×Q byχ. We denote byχQ : EQ → B×Q
the restriction ofχ to EQ. If Q is the generic point onD ⊗L K

s, thenEQ is a geometrically integral
curve andχQ is a degreeΠ, geometrically connected cover. The degree of the ramification divisor of
this cover is bounded above by the product2IM (whereI is the number of functions in the family
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(fi)i andM is the maximum of the degrees of these functions). Therefore, the geometric genus ofEQ
can be upper-bounded :

g(EQ) ≤ (g(B) + IM)Π < g(D). (1)

We also have a lower bound for the genus of any non-trivial subcover of χQ. Indeed, such a cover
has degree at leastp1 ≥ 3 and its ramification divisor has degree at leastm (wherem is the minimum
among the degrees of the functionsfi). So :

1 + 2(g(B) − 1)Π + Π2 < m ≤ g(non-trivial subcover ofχQ : EQ → B). (2)

Inequalities (1) and (2) will help computing the automorphism group ofS.

4.2 The group of automorphisms ofS

We denote byA the group ofKs-automorphisms ofψ. An element inA induces aKs-automorphism
of the surface(B ⊗K L)×D, and this later automorphism can be lifted uniquely to an automorphism
of Ks(S)/Ks that fixes allyi and stabilizesKs(B ⊗K L × D). In the sequel we shall use the same
notation for an automorphism ofψ, the induced automorphism of(B ⊗K L) × D and its lift toS. In
other words,A can be identified with a subgroup ofAutKs(S), the group ofKs-automorphisms ofS.

We know another subgroup ofAutKs(S), namely the Galois groupB =
∏
iZ/piZ of the exten-

sionKs(S)/Ks((B ⊗K L) ×D).
To summarize, an elementα ofA, seen as aKs-automorphism ofS, makes the following diagram

commute :
S ⊗L K

s α
//

χ
��

S ⊗L K
s

χ
��

((B ⊗K L) ×D) ⊗L K
s α

// ((B ⊗K L) ×D) ⊗L K
s

while an elementβ of B makes the following diagram commute :

S ⊗L K
s β

//

χ **UUUUUUUUUU
S ⊗L K

s

χttiiiiiiiiii

((B ⊗K L) ×D) ⊗L K
s

It is clear thatA×B ⊂ AutKs(S). We now prove that this inclusion is an equality.

Lemma 4.2 The group ofKs-automorphisms ofS is equal toA×B.

Proof — Let a be aKs-automorphism ofS.
First of all, letQ be the generic point ofD ⊗L K

s. We know from inequality (1) of section 4.1
thatg(EQ) < g(D). We deduce thata(EQ) = Eα(Q) whereα is aKs-automorphism ofD.

We now prove that the isomorphism betweenEQ andEα(Q) induced bya makes the following
diagram commute :

EQ
a

//

χQ

��

Eα(Q)

χα(Q)

��

B ×Q
Id×α

// B × α(Q)

11



Indeed, the cartesian product of the mapsχQ andχα(Q) ◦ a defines a morphism :

EQ
χQ×(χα(Q)◦a)
−−−−−−−−−→ B × B,

whose imageN is a divisor with bidegree≤ (Π,Π). Using lemma 6.1 we deduce that the arithmetic
genus ofN is smaller than or equal to1+2(g(B)−1)Π+Π2 . On the other hand, using the projection
on the first factorB×B → B, we find thatN is sandwiched betweenEQ andB⊗KK

s. But we know
from inequality (2) of section 4.1 that such a subcover ofχQ : EQ → B ⊗K Ks, if non-trivial, has
geometric genus greater than or equal tom > 1 + 2(g(B) − 1)Π + Π2. We deduce that the image of
χQ × (χα(Q) ◦ a) isKs-isomorphic toB and is therefore a correspondence of bidegree(1, 1). Since
B has no non-trivialKs-automorphism we deduce that the above diagram can be completed with the
identity downstairs. Soχ ◦ a = (Id × α) ◦ χ.

We now prove thatα ∈ A. To this end, we first notice that ifQ is the generic point onD⊗KK
s, we

just showed thata induces an isomorphism between the coversχQ : EQ → B andχα(Q) : Eα(Q) → B.
Therefore these two covers have the same ramification data: for every1 ≤ i ≤ I the pointsP such
thatfi(P ) = fi(ψ(Q)) and those such thatfi(P ) = fi(ψ(α(Q))) are the same. Thus :

∀i, fi(ψ(Q)) = fi(ψ(α(Q)))

thereforeψ(Q) = ψ(α(Q)), because thefi generateK(B) overK. Soψ = ψ ◦ α, and α ∈ A.
Thereforeχα(Q) ◦ α = (Id × α) ◦ χQ = χα(Q) ◦ a. We setβ = a ◦ α−1 and we check that
χα(Q) ◦ β = χα(Q). SinceQ is generic andα surjective we deduce thatχ ◦ β = χ thereforeβ ∈ B.
We conclude thata = βα ∈ A×B as was to be shown. �

Remark 1 We have just proven something slightly stronger than lemma 4.2: the group of birational
Ks-automorphisms ofS isA×B. We shall not need this stronger result.

4.3 Field of moduli and fields of definition ofS

¿From the definition ofS we deduce the existence of a Galois equivariantF between the groupoids
G (ψ ⊗L K

s,K) and G (S ⊗L K
s,K). This already implies thanK is also the field of moduli

of S ⊗L K
s. The functorF is continuous because the initialL-model (the associated descent datum)

is mapped onto anL-model (the associated descent datum). Therefore, every field of definition ofψ
is a field of definition ofS.

In order to prove the converse, we construct a continuous functor F̃ from G (S ⊗L K
s,K) to

G (ψ ⊗LK
s,K) such that̃F ◦ F = Id1. We observe thatF induces a bijection between the objects of

either groupoids: these objects are parameterized byΓK in either cases. We denote byF̃ the reciprocal
bijection. In order to turñF into a functor, there remains to define the image of a morphism.

So takeσ andτ in ΓK and considerσS andτS the associated objects inG (S ⊗L K
s,K). Let

ι be a morphism fromσS to τS. Since the group ofKs-automorphisms of the surfaceS has a
unique subgroup of orderΠ, the same holds true forσS et τS. And these two subgroups are mapped
onto each other byι. Quotienting out by these two subgroups we obtain aKs-isomorphismι′ from
σ(B ⊗K L × D) to τ (B ⊗K L × D). This isomorphismι′ maps the graph ofσψ into the graph
of τψ (because these graphs can be characterized using the ramification data of the quotient covers).
Thereforeι′ sends the mark ofσψ into the mark ofτψ. We denote bỹF(ι) : σψ → τψ the isomorphism
of covers associated to this isomorphism of marks by lemma 3.2.

1This is the best we can hope, becauseF is not fully faithful.
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We thus construct a functor̃F which is continuous becauseF is continuous. It is clear that̃F ◦ F

is the identity functor. We deduce that any field of definitionof S is a field of definition ofψ also.
According to lemma 2.1, there exists an equivariant isomorphism between the groupoidG (ψ ⊗L

Ks,K) and the groupoidG (ϕ⊗LK
s,K) associated to the initial cover. We deduce thatϕ andS have

the same field of modules and the same fields of definition. Thisfinishes the proof of theorem 4.1.

5 Curves

In this sectionK is a field of characteristic zero. We start from a cover of curves, havingK as field of
moduli, and we construct out of it, a projective normal integral curve overKs, having the same field
of moduli and the same fields of definition as the original cover. This will prove theorem 1.2.

We shall make use of the surfaceS constructed in section 4. So we keep the notation of section 4.
We know thatS has field of moduliK and the same fields of definition as the initial coverϕ : C/L→
B ⊗K L (or equivalentlyψ : D/L→ B ⊗K L).

The main idea is to draw onS a singular (but stable) curve inheriting the field of moduli and fields
of definition ofS; then to deform it to obtain a smooth projective curve.

5.1 Two stable curves

We go on with the notation of section 4.1. In particular, we have constructed a coverχ : S →
(B ⊗K L) ×D strongly ramified along the graph ofψ. For any pointP onB, we callFP the inverse
image ofP × D by χ andχP : FP → P × D the correstriction ofχ to P × D. We callΓ the union
of the supports of all divisors of the functionsgi. It contains the ramification locus of the coverχ.

Lemma 5.1 There exist two non-constant functionsf, g ∈ K(B) such that :

• the divisor((f)0 + (f)∞) ×D crosses transversallyΓ ;

• the divisor(B ⊗K L)× ((g ◦ψ)0 + (g ◦ψ)∞) crosses transversallyΓ∪ [((f)0 + (f)∞)×D];

• anyKs-automorphism ofD that stabilizes the fiber(g ◦ψ)0 is an automorphism of the coverψ
(note that the preceding condition implies that this fiber issimple);

• for any zeroP of f , the coverκP := g ◦ ψ ◦ χP : FP → P1 has no automorphism other than
the elements ofA×B :

AutKs(g ◦ ψ ◦ χP ) = AutKs(ψ ◦ χP ) = A×B.

Proof — Let f ∈ K(B) be a non-constant function. We apply lemma 6.2 toL, B, D, Γ et f .
We deduce that there exist two distinct scalarsx andy in L such that(f)x × D and(f)y × D cross
transversallyΓ. We even can choosex andy inK and such that for every pointP in f−1(x) orf−1(y),
the fiber of every functionfi ∈ K(B) abovefi(P ) does no meet the singular values ofψ, that is :

∀P ∈ f−1(x) ∪ f−1(y), f−1
i (fi(P )) ∩ {singular values ofψ)} = ∅. (3)

We replacef by (f − x)/(f − y) and the first condition is fulfilled.
Now, for every zeroP of f , we see thatFP is smooth and geometrically integral, because(f)0×D

crosses transversally the ramification locusΓ of χ. We now prove that

AutKs(ψ ◦ χP ) = A×B.
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Indeed the function fieldKs(FP ) is the compositum :

Ks(FP )

sssssss

WWWWWWWWWWWWWWW

Ks(D)

pd KKKKKKK
Ks(B′)

déf.
= Ks ((fi − fi(P ))

1
pi , 1 ≤ i ≤ I)

Q

i pigggggggggggggggg

Ks(B)

whereB′ → B is an abelian cover with Galois groupB =
∏I
i=1 Z/piZ. TheKs(B)-extensionsKs(D)

andKs(B′) are linearly disjoint (their degrees are coprime and one of them is Galois) and condition (3)
implies that the extensionKs(D)/Ks(B) is not ramified above the zeros of the functionsfi − fi(P ).

Now, any subcover ofB′ → B is ramified above the zeros of at least one of the functionsfi−fi(P ).
The same is true for any subcover ofFP → D. We deduce thatD → B is the maximal subcover
of FP → B that is not ramified above the zeros of the functionsfi − fi(P ). Therefore anyKs(B)-
automorphism ofKs(FP ) stabilizesKs(D). Thus :

AutKs(B)(K
s(FP )) = AutKs(B)(K

s(D)) × AutKs(B)(K
s(B′)),

as was to be shown.
Next we look for a functiong in K(B) such thatg ◦ ψ has noKs-automorphism but elements of

A and, for every zeroP of f , the coverκP = g ◦ ψ ◦ χP has noKs-automorphism but elements of
AutKs(ψ ◦χP ) = A×B. According to lemma 6.4, the functions inK(B) that do not fulfill all these
conditions lay in a finite union of strict subK-algebras. Therefore there exists such a functiong.

According to lemma 6.2, the scalarsx inK such that(g◦ψ)x does not crossΓ∪[((f)0+(f)∞)×D]
transversally, are finitely many.

According to lemma 6.3, thex in K such that(g ◦ ψ)x has aKs-automorphism not inA, are
finitely many.

Therefore there exist two distinct scalarsx andy in K such that(g ◦ ψ)x and (g ◦ ψ)y cross
Γ∪ [((f)0 + (f)∞)×D] transversally and(g ◦ψ)x has no automorphism but those inA. We replace
g by (g − x)/(g − y) and the last three conditions are satisfied. �

Now letJ0 be the curve on(B ⊗K L) ×D with equation :

f(P ) × g ◦ ψ(Q) = 0.

We can control the automorphism group ofJ0.

Lemma 5.2 The curveJ0 is stable andAutKs(J0) ≃ A.

Proof — The curveJ0 is geometrically reduced because the zeros off andg ◦ ψ are simple. The
singular points onJ0 are the couples(P,Q) on (B ⊗K Ks) × D such thatf(P ) = g ◦ ψ(Q) = 0.
These are ordinary double points. ThereforeJ0 is semistable. It is geometrically connected also. Its
irreducible components (overKs) are isomorphic toB orD. So they all have genus≥ 2. ThereforeJ0

is a stable curve.
We now prove thatAutKs(J0) ≃ A : the group ofKs-automorphisms ofJ0 is the groupA

of Ks-automorphisms ofψ. It is clear thatA is included inAutKs(J0). Conversely, leta be a
Ks-automorphism ofJ0. Thena permutes the irreducible components ofJ0 ⊗K Ks. Some of
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these components are isomorphic toB ⊗K Ks, and the others are isomorphic toD ⊗L K
s. Since

B andD are notKs-isomorphic,a stabilizes the two subsets of components. If we restricta to
a component isomorphic toB then compose with the projection onB, we obtain a non-constant
Ks-morphism fromB to itself. This morphism must be the identity becauseB has no non-trivial
Ks-automorphism. Thereforea stabilizes each component isomorphic toD ⊗L K

s. The singular
points on such a component are the zeros ofg ◦ ψ. The set of these zeroes is stabilized by noKs-
automorphism ofD but those ofψ. So the restriction ofa to any component isomorphic toD ⊗L K

s

is an element inA. If we composea with some well chosen element inA, we may assume thata is
trivial on one component isomorphic toD⊗LK

s. Thereforea stabilizes every component isomorphic
toB⊗KK

s. Since these components have no non-trivial automorphism,a acts trivially on them. Now
let P × (D ⊗L K

s) be a component ofJ0 isomorphic toD ⊗L K
s. The restriction ofa to it is an

automorphism that fixes the singular points. These points are the zeros ofg ◦ ψ. Soa restricted to
P × (D ⊗L K

s) is an element ofA. ButA acts faithfully on the set of zeros ofg ◦ψ. We deduce that
a acts trivially on every component isomorphic toD ⊗L K

s. �

Let K0 be the inverse image ofJ0 by χ. This is singular curve overL. The next lemma 5.3 is
concerned with the stability and the automorphism group of this curve. Controlling the full group
of Ks-automorphisms seems difficult to us. So we shall be interested in the subgroup consisting of
deformableautomorphisms. This subgroup is denotedAutdéf.

Ks (K0). We now explain what we mean
by a deformable automorphism.

We first notice that the components ofK0 ⊗L K
s are of two different kinds. Some of them are

covers of some(B⊗K K
s)×Q whereQ is a zero ofg ◦ψ. We denote such a component byEQ. The

other components are covers of someP × (D⊗LK
s) whereP is aKs-zero off . Such a component

is denoted byFP . We callχP : FP → P × (D ⊗L K
s) andχQ : EQ → (B ⊗K Ks) × Q the

restrictions deχ to components ofK0. Now letT be a singular point onK0 such thatχ(T ) = (P,Q).
SoT lays in the intersection ofEQ andFP . The point onEQ corresponding toT is denotedR. The
point onFP corresponding toT is denotedS. SoχQ(R) = P andχP (S) = Q. And f ◦ χQ is a
uniformizing parameter forEQ atR, while g ◦ ψ ◦ χP is a uniformizing parameter forFP atS. Let
a be an automorphism ofK0 ⊗L K

s and letT ′ = (R′, S′) be the image ofT = (R,S) by a. We
write χ(T ′) = (P ′, Q′). We observe thatf ◦ χQ′ ◦ a is a uniformizing parameter forEQ atR and
g ◦ ψ ◦ χP ′ ◦ a is a uniformizing parameter forFP atS.

We say thata is adeformable automorphismof K0 if for every singular pointT of K0 we have

f ◦ χQ′ ◦ a

f ◦ χQ
(R) ×

g ◦ ψ ◦ χP ′ ◦ a

g ◦ ψ ◦ χP
(S) = 1 (4)

whereχ(T ) = (P,Q) andχ(a(T )) = (P ′, Q′).
The justification for this definition is given at paragraph 5.2. Deformable automorphisms form a

subgroup of the group ofKs-automorphisms ofK0.

Lemma 5.3 The curveK0 is stable andAutdéf.
Ks(K0) ≃ A×B.

Proof — First, it is clear thatA×B acts faithfully onK0⊗LK
s, and the corresponding automorphisms

are deformable.
The curveK0 is drought onS. The conditions imposed on functionsf andg imply thatK0 is a

stable curve. The intersection of(f) and(g) with the ramification locusΓ of χ, is simple. Therefore
every singular point onJ0 gives rise todeg(χ) singular points onK0; and all these singular points are
ordinary double points. To prove thatK0 ⊗L K

s is connected, we observe that the functiongi is not
a pi-th power because none of the functionsfi − λ, λ ∈ Ks is api-th power (and thefi ◦ ψ − λ are
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not either) as was shown in section 4.1. Also the irreduciblecomponents ofK0 ⊗L K
s correspond

bijectively to those ofJ0 ⊗L K
s.

Now let us prove thatAutdéf.
Ks (K0) ≃ A×B. The componentsFP andEQ have different genera.

Therefore noFP is Ks-isomorphic to someEQ. Thus anyKs-automorphisma of K0 stabilizes the
set of all componentsFP (and also the set of allEQ).

LetQ andQ′ be twoKs-zeros ofg ◦ ψ such thata(EQ) = EQ′ . As in the proof of lemma 4.2, we
notice that the image ofEQ in the productB×B, by the morphismχQ×χQ′◦a, has an arithmetic genus
smaller than or equal to1+2(g(B)−1)Π+Π2. Again, this implies that this image isKs-isomorphic
toB (otherwise, this image would have geometric genus bigger than1+2(g(B)−1)Π+Π2 by Hurwitz
formula). SinceB has noKs-automorphism, we deduce as before thata induces an isomorphism of
covers between the restrictionsχQ : EQ → B andχQ′ : EQ′ → B deχ. Thus

χQ = χQ′ ◦ a. (5)

This implies thata stabilizes every componentFP whereP is anyKs-zero off . Indeed, let us
start from a singular pointT = (R,S) ∈ EQ ∩ FP , whereP is aKs-zero off andQ is aKs-zero
of g ◦ψ. We thus haveχ(T ) = (P,Q) ∈ B×D. We know there existsP ′ ∈ B(Ks) andQ′ ∈ D(Ks)
such thata(T ) ∈ FP ′ ∩EQ′ . Soa(T ) ∈ EQ′ ∩ a(EQ) and d’oùa(EQ) = EQ′ . We find ourselves in the
situation of the last paragraph before the statement of lemma 5.3. Further :

P ′ = χQ′ ◦ a(T ) = χQ(T ) = P.

We conclude thatP = P ′ anda(FP ) = FP .
Now, we deduce from formulae (4) and (5) that :

g ◦ ψ ◦ χP ◦ a

g ◦ ψ ◦ χP
(S) = 1. (6)

Call aP the restriction ofa to FP . This is an automorphism ofFP . We prove thataP is the
restriction toFP of an element ofA×B. To this end, we introduce the functionκP = g ◦ ψ ◦ χP ∈
Ks(FP ). The degree ofκP is deg(g) × pd × Π and its zeros are all simple. These zeros are the
intersection points betweenFP and the other components ofK0. SinceaP permutes these zeros, the
functionsκP ◦ aP andκP have the same divisor of zeros. Therefore the only possible poles of the
function κP

κP ◦aP
− 1 are the poles ofκP . Thus the degree of κP

κP ◦aP
− 1 is smaller than or equal to

the degree ofκP . But according to(6), the zeros ofκP are also zeros of κP

κP ◦aP
− 1. So we just

proved that if the function κP

κP ◦aP
−1 is non-zero, it has the same divisor asκP . Therefore there exists

a constantc ∈ Ks such that :

κP
κP ◦ aP

− 1 = cκP or equivalently :
1

κP ◦ aP
=

1

κP
+ c.

SinceaP has finite ordere andK has characteristic zero, we deduce thatce = 0, then c = 0,
thenκP ◦aP = κP . In other words,aP is an automorphism of the coverκP = g◦ψ ◦χP : FP → P1.
Because of the hypothesis on the functiong, we deduce thataP is the restriction toFP of an element
in A × B. We replacea by a composed with the inverse of this element. So we now assume
that a acts trivially onFP . In particulara fixes every singular point onFP . Soa stabilizes every
componentEQ for Q any zero ofg ◦ ψ. The restrictionaQ of a to EQ is an automorphism ofχQ
according to (5). FurtheraQ fixes one point (and even every point) in the unramified fiber aboveP of
the Galois coverχQ : EQ → B. ThereforeaQ is the identity. We have proved thata is trivial on every
componentEQ.

16



To finish with, we now prove thata is also trivial on the componentsFP for any zeroP of f .
Remind we have already assumed this to be true for one of thesezeros. We callaP the restriction ofa
to FP ′ . We already proved thataP is the restriction of an element inA× B. FurtheraP fixes all the
singular points ofK0 laying onFP ′ . These points are the zeros ofg◦ψ ◦χP . So we just need to prove
that the action ofA×B on the set of zeros ofg ◦ψ ◦χP is free. This is certainly the case for elements
in B because the zeros ofg ◦ ψ are, by hypothesis, unramified in the Galois coverχP : FP → D.
This is true also for elements inA×B because the action ofA on the set of zeros ofg ◦ ψ is free.�

5.2 Deformations

In this paragraph we deform the two stable curvesJ0 andK0. If x ∈ Ks is a scalar, it is natural
to consider the curveJx drought on the surfaceI = (B ⊗K L) × D and defined by the equation
f(P ) × g(ψ(Q)) = x. We callKx the inverse image ofJx by χ. In this paragraph and in the next
one, we shall prove that for almost all scalarsx in K, the curveKx is smooth, geometrically integral,
with Ks-automorphism group equal toA×B, and with the same field of moduli and the same fields
of definition as the original coverϕ. To this end, we would like to consider the families(Jx)x and
(Kx)x as fibrations aboveP1. We should be careful however : the family(Jx)x has base points. So
we first have to blow upI = (B ⊗K L) ×D along

c = ((f)∞ × (g ◦ ψ)0) ∪ ((f)0 × (g ◦ ψ)∞).

Note thatc is the union of2 × deg(f) × deg(g ◦ ψ) simple geometric points. We denote by
I∞,∞ ⊂ I = (B ⊗K L) × D the complementary open set of((f)∞ × D) ∪ (B × (g ◦ ψ)∞) in
(B ⊗K L) ×D. We similarly defineI0,0, I0,∞, I∞,0. These four open sets cover(B ⊗K L) ×D.

Let P1
L = Proj(L[X0,X1]) be the projective line overL. We setF = 1/f andG = 1/g.

Let J∞,0 ⊂ I∞,0 × P1
L the set of(P,Q, [X0 : X1]) such thatf(P )X0 = G(ψ(Q))X1. LetJ0,∞ ⊂

I0,∞×P1
L be the set of(P,Q, [X0 : X1]) such thatg(ψ(Q))X0 = F (P )X1. LetJ∞,∞ ⊂ I∞,∞×P1

L

be the set of(P,Q, [X0 : X1]) such thatf(P )g(ψ(Q))X0 = X1. LetJ0,0 ⊂ I0,0 × P1
L be the set of

(P,Q, [X0 : X1]) such thatX0 = F (P )G(ψ(Q))X1 . We glue together these four algebraic varieties
and obtain a varietyJ ⊂ I × P1

L. Let bI : J → I be the projection on the first factor and let
j : J → P1

L be the projection onP1
L. This is a flat, projective, surjective morphism.

LetK ⊂ S × P1
L be the inverse image ofJ by χ× Id whereId : P1

L → P1
L is the identity. This

is the blow up ofS alongχ−1(c). Note thatχ−1(c) is the union ofdeg(χ) × deg(f) × deg(g ◦ ψ)
simple geometrical points becauseχ is unramified abovec. Actually, K is the normalization ofJ
in L(P1)(S). We denote byχ : K → J the corresponding morphism. We callbS : K → S the
projection on the first factor. We callk : K → P1

L the projection on the second factor. This is the
composed morphismk = j ◦ χ. This is a flat, proper and surjective morphism.

Let A1
L ⊂ P1

L be the spectrum ofL[X] whereX = X1/X0. Using the fonctionX we identify
P1
L(Ks) andKs ∪ {∞}. If x is a point onP1(Ks) we denote byJx the fiber ofj abovex andKx

the fiber ofk abovex. The restriction ofbI toJx is a closed immersion. So we can seeJx as a curve
drought onI = B × D. Similarly, the restriction ofbS to Kx is a closed immersion. So we can see
Kx as a curve drought onS. In particular, the fiber ofj at0 is isomorphic bybI to the stable curveJ0

introduced in paragraph 5.1. Similarly, the fiber ofk at 0 is isomorphic bybS to the stable curveK0

introduced in paragraph 5.1.
We callJη the generic fiber ofj andKη the generic fiber ofk.
We now show thatJη/L(X) is geometrically connected and for almost everyx ∈ P1(Ks) the

curveJx is geometrically connected overL(x). According to Stein’s factorization theorem [Liu02,
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Chapter 5,Exercise 3.11], we can factorj : J /L → P1
L asjf ◦ jc wherejc has geometrically con-

nected fibers andjf is finite and dominant. The fiber ofjf above0 is trivial becauseJ0 is connected
and reduced. Therefore the degree ofjf is 1 according to [Liu02, Chapter 5,Exercise 1.25]. There-
fore jf is an isomorphism above a non-empty open set ofP1

L. The generic fiberJη is geometrically
connected overL(X) and for almost allx ∈ P1(Ks) the curveJx is geometrically connected over
L(x).

We now show thatJη is smooth (and therefore geometrically integral). Indeed,it is smooth
outside the points(P,Q) ∈ Jη ⊂ B × D wheredf(P ) = 0 andd(g ◦ ψ)(Q) = 0. Such points are
defined overKs. Therefore the functionf(P ) × g(ψ(Q)) cannot take the transcendental valueX at
these points.

The ramification locusΓ ⊂ I of χ cuts the fiberJ0 transversally. Therefore it cuts the generic
fiberJη transversally. SoKη is smooth and geometrically integral. Thus for almost everyx ∈ Ks the
fibersJx andKx are smooth and integral.

Finally, our knowledge ofAutdéf.
Ks (K0) enables us to show thatAutK(X)s(Kη) ≃ A×B. Indeed,

setR = Ks[[X]] the completed local ring atX = 0 of P1. The curveK̂ = K ⊗P1
L

Spec(R) is
stable over the spectrum ofR. According to [Liu02, Chapter 10,Proposition 3.38, Remarque 3.39]
the functor ”automorphism group”t 7→ Autt(K̂t) is representable by finite unramified scheme over
SpecR and the specialization morphismAutKs((X))(K̂η) → AutKs(K0) is injective. According to
lemma 6.6, the image of this morphism is included in the subgroup of deformableKs-automorphisms
of K0. SinceSpecR has no unramified cover, we deduce the following estimate of the automorphism
group of the generic fiber

A×B ⊂ AutK(X)s(Kη) ⊂ AutKs((X))(Kη) ⊂ Autdéf.
Ks (K0).

We have already seen that the rightmost group is equal toA×B. So queAutK(X)s(Kη) = A×B as
was to be proved.

5.3 Fields of moduli and fields of definition of fibers

We now prove the existence of fibersKx wherex ∈ A1(K), that are smooth, geometrically integral,
and have the same field of moduli (i.e.K) and the same fields of definition asS. RemindS has field
of moduliK and the same fields of definitions as the initial coverϕ : C → B ⊗K L.

Indeed, we proved in paragraph 5.2 that for almost allx ∈ A1(K), the fiberKx is smooth and
geometrically integral. Using lemma 6.7 on the specialization of the automorphism group in a family
of curves we deduce that for almost allx ∈ A1(K), the group ofKs-automorphisms of the fiberKx

is isomorphic to the group ofK(X)s-automorphisms of the generic fiber. Since the later group is
isomorphic to the automorphism groupA× B of the surfaceS, we deduce that, for almost allx, the
restriction map above is an isomorphism :

AutKs(S)
≃

−→ AutKs(Kx). (7)

Now letx ∈ K be such thatKx is smooth and geometrically integral andAutKs(Kx) = A× B.
We prove thatKx has all the expected properties.

The construction presented in paragraph 5.2 defines a functor Fx between the groupoidsG (S,K)
andG (Kx,K). As far as (iso)morphisms are concerned, this functor is defined by restriction. The
functorFx is continuous because it maps the initialL-model ofS onto theL-curveKx. Therefore the
field of moduli ofKx isK and any field of definition ofS is a field of definition ofKx.
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FurtherFx defines a bijection between the objects in either groupoids (these objects are parametrized
by ΓK on either sides). The identity (7) implies that the functorFx is fully faithful. ThereforeFx is a
continuous isomorphism of groupoids. Thus any field of definition ofKx is a field of définition ofS.

This finishes the proof of theorem 1.2. Theorem 1.1 is an immediate consequence of theorems 1.2
and 1.3.

6 Seven lemmas about curves and surfaces

In this section we state and prove seven lemmas that are needed in the proof of theorem 1.2.

6.1 About curves and products of two curves

Lemma 6.1 LetK be a algebraically closed field. LetB andC be two projective, smooth and integral
curves overK. Letβ be the genus ofB and letγ be the genus ofC. We fix a geometric pointP on
B. We fix a geometric pointQ onC. We identifyB andB ×Q. We identifyC andP × C. LetΓ be a
divisor onB × C. Let (b, c) be the bidegree ofΓ, i.e. b = B · Γ andc = C · Γ. The virtual arithmetic
genusπ of Γ is at most1+ bc+ c(β−1)+ b(γ−1). Whenb = c this bound reads1+2b(β−1)+ b2.

Proof — We follow the lines of Weil’s proof of the Riemann hypothesisfor curves (cf. [Har77,
Exercice V-1.10]).

The algebraic equivalence class of the canonical divisor oneB×C isK = 2(β−1)C+2(γ−1)B.
We deduce from adjunction formula thatπ = D·(D+K)

2 + 1 (cf. [Har77, Exercice V-1.3]). Thus :

π =
D · (D + 2(β − 1)C + 2(γ − 1)B)

2
+ 1 =

D ·D + 2c(β − 1) + 2b(γ − 1)

2
+ 1,

and we just need to bound the self intersectionD · D. We deduce from Castelnuovo’s and Severi’s
inequality (cf.[Har77, Exercice V-1.9]) thatD ·D ≤ 2bc. This finishes the proof of the lemma. �

Lemma 6.2 LetK be a field. LetB andC be two projective, smooth, geometrically integral curves
overK. Let Γ be an effective divisor without multiplicity on the surfaceB × C. Let f ∈ K(B)
be a non-constant function. For all but finitely many scalarsx in Ks, the divisor(f)x × C crosses
transversallyΓ, where(f)x is the positive part of the divisor off − x.

Proof — We call pB : B × C → B the projection on the first factor. LetE be the set of points
in B(Ks) such that at least one of the following condition holds:p−1

B (P ) contains a singular point
on Γ, or p−1

B (P ) contains a ramified point of the morphismpB : Γ → B, or the fiberp−1
B (P ) is

contained inΓ. The setE is finite. For allx ∈ Ks but finitely many, the fiberf−1(x) avoidsE and it
is simple. �

Lemma 6.3 LetK be a field. LetB be a projective, smooth, geometrically integral curve overK.
Assume the genus ofB is at least2. Letf ∈ K(B) be a non-constant function. We noteG the group
ofKs-automorphisms off . This is the set of allKs-automorphismsa of B such thatf ◦ a = f . For
anyx ∈ P1(Ks), we note(f)x = f−1(x) the fiber abovex andGx the group ofKs-automorphisms
ofB that stabilizes the set ofKs-points of(f)x.

For all x in P1(Ks) but finitely many we haveGx = G.
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Proof — The groupH = AutKs(B) of Ks-automorphisms ofB is finite because the genus ofB is
at least two. Leta be an automorphism inH \ G and letx ∈ P1(Ks). Assume that theKs-points
in (f)x are permuted bya. Let P be one of them. Thenf ◦ a(P ) = f(P ) = x. SoP is a zero of
the non-zero functionf ◦ a − f . For eacha there are finitely many such zeros. And thea are finitely
many. So the images byf of suchP ’s are finitely many also. �

Lemma 6.4 LetK be a field. LetB be a projective, smooth, geometrically integral curve overK. Let
L ⊂ Ks be an algebraic extension ofK. LetC be a projective, smooth, geometrically integral curve
overL. We assumeB has genus at least2. Letϕ : C → B ⊗K L be a non-constantL-morphism.
Call G the group ofKs-automorphisms ofϕ. This is the set ofKs-automorphismsa of C such that
ϕ ◦ a = ϕ. If f is any function inKs(B) we denote byGf = AutKs(f ◦ ϕ) the groupe ofKs-
automorphisms off ◦ ϕ. We haveG ⊂ Gf . Let V ⊂ K(B) be the set of functionsf such that
Gf 6= G. The setV is contained in a finite union of strictK-subalgebras ofK(B).

Proof — The statement to be proven concerns the three function fieldsKs(f) ⊂ Ks(B) ⊂ Ks(C)
and the groups involved are the following ones :





G = AutKs(ϕ) = AutKs(B)(K
s(C)),

Gf = AutKs(f ◦ ϕ) = AutKs(f)(K
s(C)),

A = AutKs(C) = AutKs(Ks(C)),

⇒ G ⊂ Gf ⊂ A.

Now, the setV can be described as follows :

V =




⋃

a∈A\G

Ks(C)a ∩Ks(B)


 ∩K(B) =

⋃

a∈A\G

Ks(C)a ∩K(B).

This is a union of sets indexed by elements in the finite setA\G (remindA is finite because the genus
of C is at least2). Sincea 6∈ G, eachKs(C)a ∩ Ks(B) is a strict subfield ofKs(B) containingKs.
ThereforeKs(C)a ∩K(B) ( K(B). �

6.2 Deformation of an automorphism of a nodal curve

In this paragraph we give anecessarycondition for extending an automorphism of a nodal curve to a
given deformation of this curve.

Let R be a complete discrete valuation ring. Letπ be a uniformizing parameter and letk be the
residue field. We assumek is algebraically closed. LetK be a semi-stable curve overSpec(R). We
noteKη the generic fiber andK0 the special fiber. We assumeKη is smooth over the fraction field of
R. Let T be a singular point ofK0. According to [Liu02, Chap 10, Corollaire 3.22], the completion
of the local ring ofK atT takes the form :

ÔK,T = R[[f, g]]/〈fg − πe〉

wheree is a positive integer. This integer is called thethicknessof K atT . We also say thatf andg
form a coordinate system forK atT . If we reduce moduloπ, we obtain the completion of the local
ring of K0 atT :

ÔK0,T = ÔK,T /〈π〉 = k[[f , g]]/〈fg〉,
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wheref = f mod π andg = g mod π. BecauseT is an ordinary double point,K0 has two branches
F andG atT . These correspond to the two irreducible components of the completion atT . Be careful
that these two branches may lay on the same irreducible component ofK0. Anyway, the functionsf
andg are the uniformizing parameters of either branches. We callP andQ the points ofF andG
aboveT .

Now letT ′ be another singular point ofK0, and letf ′, g′, e′, F ′, andG′ the corresponding data.
Let a be an automorphim ofK overR such thata(T ) = T ′ anda(F) = F ′, a(G) = G′. One

easily checks that the functionsf ′ ◦ a andg′ ◦ a form a coordinate system forK at T . We deduce
that e′ = e and that bothf ′ ◦ a/f and g′ ◦ a/g are units inÔK,T (indeed, in either fraction, the
numerator and denominator have the same Weil divisor). Since f × g = πe = f ′ ◦ a × g′ ◦ a, we
have f ′◦a

f (T ) × g′◦a
g (T ) = 1. We reduce this identity moduloπ and obtain the following identity

where the first factor is a function onF evaluated atP while the second factor is a function onG
evaluated atQ :

f
′
◦ a

f
(P ) ×

g′ ◦ a

g
(Q) = 1. (8)

This leads us to the following definition.

Definition 6.5 LetR be a complete discrete valuation ring. Assume that the residue fieldk is alge-
braically closed. LetK be a semi-stable curve overSpec(R). The generic fiber ofK is assumed to be
smooth. Assume we are given a coordinate system at each singular point of the special fiberK0. Let
ā be an automorphism of the special fiberK0. We say that̄a is deformable inK/Spec(R) if for every
singular pointT of K0, the imagēa(T ) has the same thickness asT in K, and if equality (8) holds
true.

We have just proved the following lemma.

Lemma 6.6 With the notation of definition 6.5, the set of automorphismsof K0 that are deformable
in K/Spec(R) form a subgroup ofAutk(K0). If a is and automorphism ofK over Spec(R), its
reductionā = a mod π is an automorphism ofK0 and is deformable inK/Spec(R).

One may compare this statement with [Wew99, Theorem 3.1.1] where the deformation of mor-
phisms between two distinct curves is studied.

It must be pointed out that the converse of lemma 6.6 is not true. For example, consider the elliptic
curveE with modular invariantj = 0 (or 1728). Every automorphism ofE is deformable because
there are no singular points on the curve (the condition in definition 6.5 is empty). However, the only
automorphisms that can be extended to the generic elliptic curve are the identity and the involution.

6.3 Automorphisms of curves in a family

In this section we state and prove a lemma of specialization of the automorphism group of curves in a
family.

Lemma 6.7 LetK be a field and letU be a smooth affine curve geometrically integral overK. LetX
be a quasi-projective, smooth, geometrically integral surface overK. Letπ : X → U be a surjective,
projective, smooth morphism of relative dimension1. Assume that for any pointx of U , the fiber
Xx at x is geometrically integral. We callη the generic point ofU andX̄η = Xη ⊗K(U) K(U)s the
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generic fiber, seen as a curve over the algebraic closure of the function field of the basisU . We assume
the genus ofXη is at least2.

There exists a non-empty open subsetV of U over K such that for any geometric pointǫ ∈
V(Ks) the group ofKs-automorphisms of the fiber atǫ is equal to the groupAutK(U)s(X̄η) of
automorphisms of̄Xη.

The following proof was communicated to us by Qing Liu.

Proof — This is a consequence of a general result by Deligne-Mumford. Let X → S be a flat
projective morphism over a noetherian schemeS. The functorT → AutT (XT ) from the category of
S-schemes to the category of groups is representable by a group schemeAutX/S overS. See [Kol96,
Exercise 1.10.2] for example.

WhenX → S is a stable curve with genus at least2, Deligne and Mumford [DM69, Thm 1.11]
prove that the schemeAutX/S is finite and unramified overS.

In our lemma,S is a smooth affine curveU , geometrically integral over a fieldK. ReplacingS by
a non-empty open subset, we may assume thatAutX/S is finite étale overS. At the expense of a finite
surjective base changeT → S, we may assume that the generic fiber ofAutX/S → S consists of
rational points. SoAutX/S → S is now a disjoint union of étale sections and the fibers have constant
degree. In particular, the fibers are constant and the specialization mapsAutS(X) = AutX/S(S) →
Auts(Xs) = AutX/S(k(s)) are isomorphisms. �
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[DE99] Pierre Dèbes and Michel Emsalem. On fields of moduli of curves. Journal of Algebra,
211:42–56, 1999.
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