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Abstract

We show how to transport descent obstructions from the oagenf covers to the category
of varieties. We deduce examples of curves ha¥ings field of moduli, that admit models over
every completion of), but have no model ove.
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1 Introduction

In this article, we construct descent obstructions in thegiay of varieties. For example, we show
the following theorem:

Theorem 1.1 There exists a projective, integral and smo@kcurve, havingQ as field of moduli,
which is defined over all the completions@fbut not overQ itself.

The main idea is to start from a descent obstruction in thegeay of covers of curves, and to
transport it into various other categories: the categorguasi-projective surfaces, the category of
projective surfaces, and finally the category of smooth esirvThis process is summarized by the
following theorem:

Theorem 1.2 Let K be a field with characteristic zero and Iéf* be an algebraic closure oK.
Let B be a projective, geometrically integral, and smodthcurve and letp : C — B ®x K* be

a connected, possibly ramifieds *-cover havingK as field of moduli. There exists a projective,
integral, and smoothi *-curve havingK as field of moduli and having exactly the same fields of
definition as the initial covep.

Examples of obstructions to descent have been mostly cmtstt in the categories @f-covers
and covers [CH85, DF94, CG94] and in the category of dyndmigstems [Sil95]. A key technical
point is that, in many cases, one can measure these obstraiatiterms of the Galois cohomology of
a finite abelian group. As far as we know, no example of globatroictions was known for varieties.
Mestre gave some examples of local descent obstructiorts/fmrelliptic curves in [Mes91]. Debes
and Emsalem [DE99] give a criterion for a curve to be defineat @ field of moduli. This criterion
involves a particular model for the quotient of the curve tsyautomorphism group. Debes and
Emsalem prove that the local-global principle applies sodbscent problem for a curtegether with
its automorphimsHowever they leave open the question of the local-glokbaktjgle for a curve (and
a variety in general).

Global descent obstructions for covers have been consttigt Ros and Couveignes:

Theorem 1.3 (cf.[CR04], Corollaire 2) There exists a connected ramifi@dcover ofP};2 havingQ
as field of moduli, which is defined over all the completionQ difut which does not admit any model
overQ.

If we apply theorem 1.2 to these obstructions, we prove tradt.1.

1.1 Some categories with a Galois action

Let K be a field of characteristic zero. L&t® be an algebraic closure &f. CallI'x = Gal(K*/K)
the absolute Galois group. By definitionfé-variety V is a separated and geometrically integral
scheme of finite type oveK. If f € K (V) is a function onV andx € K a scalar, we denote by
(f). the positive part of the divisor of — x. We denote by f)., the negative part of the divisor
of f. We consider various categories with a functorial actio gf beginning with the category of
K*-varieties. We also consider the full subcategories of smpmjective curves ovek'®, of smooth
quasi-projective surfaces ovEr, of projective normal surfaces ovar®. Let 3 be a smoothk -curve.

By a coverof B we mean a finite)-morphismy : C — B whereC is a projective, geometrically
integral and smootl-curve. In particular, we assungeto be geometrically connected, but we do



not assume to be étale unless explicitly stated. We shall be intetesteéhe category of<*-covers
of B, that is the category of covers Bf® i K*. We shall be interested also in the full subcategory of
étale covers.

Let O — Spec(K*®) be an object in one of the preceding categories and dakeI'x. The

object?@ — Spec(K*®) is defined by the compositio® — Spec(K?) Specto ™) Spec(K*®). This
gives a covariant functor also denoteddyThe stabilizer il i of the K*-isomorphism class of an
object is a finite index subgroup. The subfieldrof which is fixed by this subgroup is called tfield
of moduliof the object. Letl. be a field such thak’ C L. ¢ K*. We say that) is defined ovel if it

is K *-isomorphic to the pullback of ah-object®’ — Spec(L) by Spec(K*) — Spec(L). We also
say thatL is afield of definitionof O or that()’ — Spec(L) is amodel overL of O — Spec(K*).
The field of moduli is contained in all the fields of definition.

The notions of field of moduli and of field definition are relatito the base field(. All the
above definitions make sense for an arbitrary figld In this work, we always assume that has
characteristic zero. There are two main reasons for thatlyfive often use the fact thaf is infinite,
and secondly the proof of lemma 5.2 relies on the fact thabittier of a certain automorphisms group
is prime to the characteristic af.

1.2 Weil descent

A detailed treatment of all topics presented in this seat@m be found in [Mil08, Chaptel6].

Let O — Spec(K*®) be an object in one of the categories of paragraph 1.1. Weeey& (O, K)
the full subcategory whose objects are ft@@ for o € T'. This is a groupoid called thgroupoid of
conjugatesof the objectO. It is connected if and only i< is the field of moduli of®. Objects in
G (O, K) are parametrized by elementslig .

A K*/K system of descenoh O is a family (I, ),cr, 0f isomorphismd,, : 7O — O satisfying
the cocycle condition:

Vo, T € 'k, 1,01, = 1I,;.

Let L be a subfield of<* containingK . The systent!, ), splits overL if there exists a modeD; —
Spec(L) of © and a morphism? : O — O @k K* such thatl, = I~ 0] for everys € I'g
fixing L.

A descent system is said to bentinuousif it splits over a finite extension oK’; such a system
is called adescent data A descent data is calleeffectiveif it splits over K itself. Descent data
form a category denoted By (O, K). A morphismbetween two descent daté, ), and(J,), is a
K*-automorphismy of O such that:

VUGFKa ¢OIU:JUOG¢'

Since every morphism is an isomorphidin(O, K) is a groupoid. For everi -extension. contained
in K%, we define in the same way the categbry©, L) of descent data ta.

In all the categories we are interested in, descent datahaeys effective. This is a result of
Weil often calledWeil descenfWei56, Mil08]. So the categorP (O, L) is equivalent to the cate-
gory M (O, L) of L-models ofO, whose objects are the models oveof © and whose morphisms
are L-isomorphisms.

Let O; and O, be two K*-objects and let us consider the categoties0,, K), D (O, K),
M (O, K) andG (02, K), D (09, K), M (O3, K). Suppose that there exists a Galois equivariant
functorF from G (O, K) to G (09, K). Then if G (O;, K) is connected, so i& (09, K) andK is



the field of moduli of both objects. Furthermot®,maps everydescent systermn O, to adescent
systenon O,. Suppose that there exists moreover a fihit@xtension, and adescent dataf O, to
L which is mapped b¥ onto adescent dataf O, to L. ThenF maps evergescent dataf O, to a
finite extension off{, to adescent dataf O, to the same extension. In that situation we say that the
functorF is continuous

Under this hypothesig induces a functor frorfd (O;, K) toD (O2, K') and also fronM (O, K)
toM (O, K) since all descent data are effective. We obtain, the sameafagctor betweei (O, L)
andM (O, L) for every K -extensionL contained ink®. In particular, this implies that every field of
definition of O; is a field of definition of0s.

We stress that the objecf?; and O, need not belong to the same category. They only have to
belong each to a fibered category over the étale sif€ wfhere descent data are effective.

1.3 Strategy

All the descent obstructions contained in this work follaarh the obstructions construct by Ros and
Couveignes in the category of covers of curves (see theorgmhbve).

In order to transport these descent obstructions for cantryarious other categories, we present
several constructions that build an object in a target cayjegut of an object in a source category. Of
course these constructions must preserve fields of modulfiields of definition. To this end, we use
the method described in paragraph 1.2: we construct cantséunctors between the groupoids of
conjugates of two objects belonging to different categorie

In section 2, we start with &*-covery : C — B ® K* wherel5 is a K-curve and we construct
a K-curve B’ without any non-trivialK -automorphism and & $-coverC’ — B’ @ ¢ K* having the
same field of moduli and the same fields of definitiorpas

In section 3, we start with &*-covery : C — B ® K*® whereB is a K-curve and we construct
a quasi-projective(s-surface having the same field of moduli and the same fieldgefirfitdon asy.

If the base curvés of ¢ has no non-trivialK *-automorphism, this surface is the complementary open
subset to the graph of the cover. Thanks to the result ofwe2tione can reduce to this case.

In section 4, we start with &*-covery : C — B @k K* whereB is a K-curve. We assume that
the field of moduli of this cover ig{ and we construct a projective norm@&F-surface havings as
field of moduli and the same fields of definition@sThis projective surface is constructed as a cover
of C x (B ®x K*) which is strongly ramified along the graph of

Finally, in section 5, we construct a projecti#€’-curve, havingk as field of moduli, and having
the same fields of definition as the initial cover This curve is a curve on the previous surface. Itis
obtained by deformation of a stable curve chosen to haveathe sutomorphism group as the surface.

So our construction goes in several steps and the key pdhmtisat every step, we must carefully
control the automorphism groups of all the objects involved

Acknowledgements We thank Qing Liu for communicating to us a simple proof ohtea 6.7
below.

2 Cancellation of the automorphism group of the base curve

In this section K is a field of characteristic zerds ® an algebraic closure of if, C K an algebraic
extension of{, and5 a smooth, projective, geometrically integfglcurve. We assume we are given
a geometrically connectefi-covery : C — B ®g L having K as field of moduli. We want to
construct other covers havirg as field of moduli and having the same fields of definitiopaand



satisfying additional properties. In particular, we wanshow that one can assume that the base curve
has no non-triviall{ *-automorphism.

We first prove that the degree of the cover can be multipliedriyyprime integer not dividing the
initial degree.

Lemma 2.1 Let B be a smooth projective geometrically integfatcurve and letp : C — B®x L be
an L-cover of degred. The curveC is assumed to be geometrically integral. For every prinpgime
to d, there exists a geometrically integratcurveC’ and aL-covery’ : C' — B @ L of degreend,
having the same field of moduli and the same fields of defirdtgn

Proof — Let f € K (B) be a non-constant function whose divisor is simple and doésneet the
ramification locus ofr. The equatiory’” = f defines a degreeextension ofK (53). We denote bys’

the smooth projective curve corresponding to this funcfietd. This is a geometrically integrdt -
curve which coverss by a degree coverv; andv® i K* is Galois. The function field extensioigC)
andL(B') are linearly disjoint ovel(B). LetC’ be the smooth projective curve corresponding to the
compositum ofL(C) and L(B’). By construction, this is a geometrically integiaicurve which
coversB ®x L by a cover) of degreepd:

C/
B @K L (0 C

S A

Bk L

Since the functiory has been chosen i (5), the above construction is Galois equivariant. Thus
we obtain d’ i -équivariant functor:

F:GCoLK % Box K K) — G oK% Bog K°, K)

which is continuous because the startiiignodel (more precisely the descent data corresponding to
it) maps to anL-model (more precisely the descent data correspondind fohien the field of moduli

of ' 4 B ®k L is necessarily included in the one®f> B @ L and each field of definition ap
is a field of definition ofi).

To prove the converse, we construct a functor the other wayral. IndeedF defines a one-to-
one correspondence between the objects of the two groupbitmjugates (because, in both cases,
the objects are parameterized By). We denote byF~! the inverse map on objects. This map
can be extended to a functor by defining the image of a morphigakeos € I' and consider the

objectC’ “B ®x K* of the groupoidG (C' @, K* B @k K*, K). Then the maximal subcover
which is unramified at the support gfis nothing but the corresponding objeet —% B @ K* in
the first groupoidG (C ®;, K5 % B oy K*, K). Therefore, ifs, 7 € I'x, eachK *-isomorphism/’
between™y and 4, induces aunique K*-isomorphism/ : "C — “C between the characteristic
subcovers ¢ and?¢. In other words, the diagram:

TC/ I; O'C/

Vo

Tc_>ac

Vo

B——B
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commutes. Sendingf to I turnsF~! into a functor. This functor is continuous since it maj4l to

¢/ L. Thus the field of moduli of’ 4, B®y L contains the one & > B @y L and every field of
definition of¢ is also a field of definition op. O

Next, we show that the base curve can be assumed to have geater ghar®.

Lemma 2.2 Let B be a smooth projective geometrically integfétcurve and letp : C — B®x L be
a L-cover of degred. The curveC is assumed to be geometrically integral. Then there exists@oth
projective geometrically integrak -curve3’ of genus greater thadand aL-covery’ : ' — B'®g L

having the same field of moduli and the same fields of defiratign

Proof — We keep the notation of the preceding construction. We ssgfwat the chosen functigh
has degree at lea3t We look at the covep’ : ' — B’ ® i L. Since the degree ¢fis greater thas,

by Hurwitz genus formula, the cur& has a genus greater than or equa.tdVith the same kind of
arguments as in the previous proof, one shows ¢hahd o’ share the same field of moduli and the
same fields of definition. O

Last, we prove that one can assume the base curve to have fiovignk *-automorphism.

Lemma 2.3 Let 5 be a smooth projective geometrically integfdlcurve and letp : C — B®g L

be aL-cover of degreel. The curveC is assumed to be geometrically integral. Then there exists a
smooth projective geometrically integral-curve 3’ of genus greater that and such that3’ @ - K*
does not have any non-trivial automorphism and there esidtscovery’ : ' — B’ @k L having

the same field of moduli and the same fields of definitiop.as

Proof — Thanks to lemma 2.2 , one can assume that the genddfreater ther2. Consequently,
the groupA of K*-automorphisms oB is finite.

Letp > 3 be a prime integer. To begin with, we show that there existsnagonstant functiorf €
K (B) which is non-singular abov —2 andco, of degree greater tha-4p(g(B) — 1) + 2p?, such
that the seff ~*({—2, 2}) is not invariant by any non-trivial automorphism®f 5 K¢, and such that
the set of singular values ¢f does not meet the sgt ! ({2, —2, 0o}).

The kernels of the linear forms+ Id for a € A\ {Id} are finitely many strids<*-subspaces of
the K *-vector space<*(B3). So there exists non-constant functipre K°(5) such that(f) # +f
foralla € A\ {Id}. We now prove that this function can be chosen in order to Ipesirigular above
infinity and such that its singular values do not meet thewsargvalues ofp. We first need to point
out two easy facts concerning the linear spa¢A ) associated to angffectiveandsimpledivisor A
on B: firstly this linear space is not contained in the kernehof Id becausel ¢ Ker(a + Id);
and secondly if the degree &f is large enough then the functions©fA) generate thél *-extension
K*(B) and thusC(A) is not contained in the kernel-1d. We choose such an effective simple divisor
with large enough degrefs. We can further assume that its support avoids the singalaes of.
Then all the intersections df(A) with the kernels of the linear functionst Id are strict subvector
spaces ofZ(A): therefore there exists a non-constant functfoa £(A) avoiding all these kernels.
If the degree ofA is large enough, the functions 6{A) of degree less than the degree/ofire also
contained in a finite union of strict subvector spaces. Sacaneassume thaleg(f) = deg(A). One
can also assume thgte K(B). We finally can assume that the degree of the diviAds greater
than2 + 4p(g(B) — 1) + 2p?. Then so is the degree ¢f

By construction, the functiorf? does not have any non-trivial automorphism (in short one has
Autyes(p2)(K*(B)) = {Id}). By lemma 6.3, we deduce that almost all the fibersfdfare non



singular and not fixed by any non trivial automorphism4ofin particular, there exists € K* such
that the fiber off> above\? is non singular, not fixed by any non-trivial automorphismiand does
not meet the singular values g¢f The function2f/\ satisfies all the properties we want. Let us
denote it byf.

Now the equationX? + X P — f = 0 defines a regular extension &f(3), that becomes Galois
with Galois group equal to the dihedral grodipp, when extending the scalars #6°. Let B” be the
smooth projective curve associated to this function field an B” — B be the corresponding -
cover of degre@p. The K*-automorphism group qf is equal toD,,. The set of singular values jof
is f~1({2, —2,00}). We denote byw the automorphism aB” given byw(X) = X! and byB’ the
quotient8” /(w). This is a smooth projectiv& -curve that cover®3 by a K-coverv : B — B of
degreep. This cover does not have any non-trivial automorphismesing is self-normalized irD,,.

Because the ramification loci do not meet, the function fiéld$53”) and K*(C) are necessarily
linear disjoint overK*(B3). LetC’ etC” be the smooth projective curves corresponding to the coenpos
extension ofK*(C) with K*(B’) and K*(B"). We have the following diagram:

/\

The covelC” — C®, K* is again a Galois cover with Galois group equaltpand the covef” — C’
is of degree.

We show that the covey’ : C' — B' @ x K* satisfies the conditions of the conclusion of lemma.
First of all, it has the same field of moduli and the same fielddedinition asy. The proof goes
as in lemmas 2.2 and 2.3: the subcoyer C ®;, K* — BRxg K of voy : C' — By K*is
characterized as the maximal subcover unramifigtt-af{2, —2, cc}).

Last we have to prove that the cur#és x K does not have any non-trivial automorphism. blet
be an automorphism d¥’ @ K*. The imageZ of v x (vob) : B @ K® — (B x B) @k K*
stands betweel8’ @ x K* andB ®x K*. The bi-degree of is < (p,p); so, by lemma 6.1, its
virtual arithmetic genus is less thant- 2p(g(B) — 1) + p?. If Z is not isomorphic toB @ K*
thenZ is birationaly equivalent t&8’ @ K* and thus its geometric genus:is % deg(f)p > 1+
2p(g(B) — 1) + p? by Hurwitz genus formula. Contradiction. Therefdfds a correspondence of
bi-degree(1, 1) which defines an automorphistnof B @ x K* such thatb o v = v o b’. Such an
automorphism preserves the ramification data,dhe one of its galois closuge and also the one of
the unique subcover of degréeof 1. Since this last cover is exactly ramified abgfe! ({—2,2}),
we deduce tha = Id and then thab’ is a K*-automorphism of the cover. Sincer does not have
any non-trivial automorphism, necessaitly= Id. O



3 Quasi-projective surfaces

Let K be a field of characteristic zero. In this section, we give rmegal process which associates to
eachK*-cover of curvesp : C — B, a smooth quasi-projective integral®-surface with the same
field of moduli and fields of definition.

Theorem 3.1 Let K be afield of characteristic zerds a smooth projective and geometrically integral
K-curve, andy : C — B®g K*® a K*-cover C is assumed to be integral). There exists a smooth
quasi-projective integrals¢-surface having the same field of moduli and the same fieldsfiiitibn
aso.

3.1 Construction of the surface

First of all, by lemmas 2.2 and 2.3, one can assume that thedwase3 ® i K° has genus greater
than2 and has no non-triviak*-automorphism.

We considerP = (B ®x K*) x C the product of the two curves agtthe graph ofp insideP.
Let U be the open complementary set®in P. We denote by : P — C andpg : P — B the
projections onto each components.

The surface we are looking for is nothing else than the opety saVe call it themark of the
cover(C, ¢) and we now prove that is has the same field of moduli and the §etde of definition
asp.

3.2 Field of moduli and fields of definition

We need two lemmas.

Lemma 3.2 Let/ and V be the marks of two non-trivial connectétf-coversy : C — B ®g K*°
andy : D — B ®k K9, whereB is a smooth projective geometrically integral-curve of genus
greater than2 and having no non-trivial *-automorphism. Then every surjecti¥&’-morphism
formif to V is equal told x v wherev : C — D is a K*-morphism between the covers: C —
Bog K°andy : D — By K°.

Proof — A K*-morphism between the coveis, ¢) and(D, ¢) is a K *-morphism of curves : C —
D such that)y = ¢. The product isomorphistl x ~ from (B®x K?®) x C to (B K*) x D maps
the graph ofp to the graph of) and also the marl/ to the marky.

Conversely, lety be a surjectivelX*-morphism formi/ to V. Let ¢ be a closed<*-point of C.
The restriction ofpp o v to ((B ®@x K*) x {c}) NU is a constant function because the genus &f
less than the one d@P. We denote byy(c) this constant; this defines a morphism C — D which
cannot be constant sineeis surjective. The restriction gfz o v to (B ®x K*) x {c}) NU is a
morphismg, with values inB. Let F' C C the set of closed(*-points ofC such that the morphisifi.
is constant. This is a closed set; and a finite one becaissurjective. For a closeR *-pointc ¢ F
the morphismg, induces an automorphism @, which is trivial since3 does not have any non-
trivial automorphism. Thus we haveb, ¢) = (b, v(c)) for every closeds *-pointb on 5 andc onC
with ¢ ¢ F and(b,c) € U. Letb be a closedk*-point of B @ x K*. The restriction ofpg o v
to ({b} x C) NU is constant and equal toon the non-empty open sgfb} x (C — F)) NU. Soiitis
a constant function. Sg'is empty andv is the restriction ofd x ~ to /. Thusld x v mapsi/ to V
and therefore)y = . O



Lemma 3.3 Letl/ be the mark of a connectdd®-covery : C — B ®§ K*° of degree greater tha®,
whereB3 is a smooth projective geometrically integi@tcurve of genus greater thahand having no
non-trivial K *-automorphism. Then:

1. the group ofK *-automorphisms @f is equal to the group ok *-automorphisms of the cover:
C— Beg K?;

2. the field of moduli of/ (in the category of quasi-projective varieties) is the fiefdnoduli of
the coverp : C — By K7,

3. an algebraic extension df is a field of definition of{ if and only if it is the field of definition
of the coverp : C — By K*.

Proof — Using lemma 3.2 with’ = ?U andy = “¢, we show that there exists an isomorphism of
groupoids fromF : G (C % B ok K*,K) — G (U, K). This functor and its inverse are moreover
Galois equivariant. The first two conclusions of lemma 3sutedirectly from the existence of this
isomorphism. To prove the third one, we must verify thandF ! are continuous functors.

Let L C K* be an finite extension ok and let(/,),ccai(xs/1) b€ a descent datum forto L.
Since descent is effective, this datum splits aketself: there exists afi-modelyr, : Cp, — BRg L
of pandl : C — C;, ®, K*® a K*-isomorphism between the covessandy;, ®;, K¢ such thatl, =
I710°]. We denote by/;, the complementary i3 @ L) x Cr, of the graph ofpy. This is clearly
an L-model oft/. One checks that this-model splits the descent systeif(/,)) cqai (ks /1) for U
to L. So the imageF (I,)),ccai(xs/r) IS @ descent data féf to L. This proves thaF is continuous.
To conclude, let us notice that, by definition, the contipait F~! is equivalent to the continuity of
F. ]

4 Projective normal surfaces

In this sectionkK is a field of characteristic zero. We start from a cover of eanhavingKk as field
of moduli, and we construct out of it, a projective normakinial surface oveK *, having the same
field of moduli and the same fields of definition as the origler.

Theorem 4.1 Let K be a field of characteristic zero and IBtbe a smooth, projective and geomet-
rically integral curve overK. Lety : C — B ®x K* be aK*-cover, havingK as field of moduli.
We assume thdt is integral. Then, there exists a projective, normal anegnal surfaceS over K*,
having K as field of moduli, and having the same fields of definitiop.as

The proof of this theorem is given in the next two paragraphs.

4.1 Construction of the surfaceS and first properties

We start from a covep : C — B ®x L having K as field of moduli and defined over an algebraic
extension, ¢ K* of K. We may assume that the degegef ¢ is at least (otherwise the theorem
is trivial). According to lemma 2.3, we may assume that theugeof5 is at least2 and that3 has
no non-trivial automorphism ovek®. We shall construct a cover : D — B ®x L and a cover of
(B @k L) x D strongly ramified along the graph ¢f

To this end, we first choose a finite generating systém;<;<; of K (B) over K. We assume
that none of they; is a power ink*(B). We setl = 2.J and letlTl = []_, p; be the product of the

9



first I prime integers greater than the degieef ». We choose two distinct prime integersaandb,
both bigger tharl + 2(g(B) — 1)IT + II2. For everyl < j < .J we set :

fj = h?, and fj+J = h?

We can choose andb in such a way that none of the functiofis— X is ap;-th power in K*(B)
for A € K*andl < < I : thisis evident for\ = 0. If A £ 0 and ifh? — A = [Ty<peq_y (hi — CEAT)
is a power, ther; has at least distinct singular values. This is impossible if we choose: dnigger
than the number of singular valuesigf

We note also that théf;)1<i<r generate(B) over K. And they all have a degree greater than
1+2(g(B) — 1)II + I12. Let M (resp.m) be the maximum (resp. minimum) among the degrees of
the f;. Then:

V1<i<I, 14 2(g(B) = DI +11? < m < deg(f;) < M.

Let p be a prime integer bigger than(B) + I M )II1. We callD the L-curve and) : D — By L
the degreevd cover given by lemma 2.1. The genusfis bigger thanip > (¢(B) + IM)II and the
coversy andy have the same field of moduli and the same fields of definitior.al&0 check that
the functionf; o ) — X is not ap;-th power inK*(D), for anyA € K* andl < i < I (because this is
already true forf; — X\ and the degregd of v is prime top;).

We now define the functiop; on (B ®x L) x D as :

9i(P,Q) = fi(¥(Q)) — fi(P).
The negative party; )~ of the divisor ofg; is :
(9i)oo = (fi)oo X D+ B X (fi ©%)oo-
The positive partg;)o is denoted);. We have :
pged; (A;) =G,

whereg is the graph of).
Let L((B ®kx L) x D) be the field of functions of B @ x L) x D. We define a regular radicial
extension ofL((B ®k L) x D) by setting

yf = Yi-

We denote byS the normalization of B ® x L) x D in the later radicial extension.
The surfaceS is normal by construction. We denote Rythe ramified cover :

If we base changg to K° we obtain a Galois covey ® K*° with Galois groupl_[f:1 Z/p;Z.
We introduce a family of curves a8 that will help studying the group ok *-automorphisms of.
For any point) on D, we call&g the inverse image df x @ by x. We denote by : £g — B x Q
the restriction ofy to £y. If Q is the generic point o® ®, K*, then&y is a geometrically integral
curve andy, is a degredl, geometrically connected cover. The degree of the ramificativisor of
this cover is bounded above by the prodéf/ (wherel is the number of functions in the family
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(fi): andM is the maximum of the degrees of these functions). Therefoesgeometric genus &%,
can be upper-bounded :
9(&q) < (9(B) + IM)IL < (D). (1)

We also have a lower bound for the genus of any non-triviatsuér of x. Indeed, such a cover
has degree at leagt > 3 and its ramification divisor has degree at leasfwherem is the minimum
among the degrees of the functiofi3. So :

1+2(g(B) — 1)II+ II? < m < g(non-trivial subcover ofg : £g — B). )

Inequalities (1) and (2) will help computing the automogphigroup ofS.

4.2 The group of automorphisms ofS

We denote byA the group of*-automorphisms ofy. An element ind induces ak *-automorphism
of the surfacd B ® i L) x D, and this later automorphism can be lifted uniquely to anmatphism
of K*(S)/K* that fixes ally; and stabilized<*(B @k L x D). In the sequel we shall use the same
notation for an automorphism af, the induced automorphism 6B @ L) x D and its lift toS. In
other words A can be identified with a subgroup Afut k-« (S), the group ofK s-automorphisms af.

We know another subgroup éfut ks (S), namely the Galois group = [[, Z/p;Z of the exten-
sionK*(S)/K*((B®xk L) x D).

To summarize, an elementof A, seen as & *-automorphism of, makes the following diagram
commute :

S®p K* e S®r K*
x| |x

(Bekg L) x D)o K* - (B L) x D) @1, K*

while an elemeng of B makes the following diagram commute :

So K* 5 Sw. K*

x /

((B K L) X D) ®r K*

Itis clear thatA x B C Autg:(S). We now prove that this inclusion is an equality.
Lemma 4.2 The group ofK *-automorphisms af is equal toA x B.

Proof — Let a be aK*-automorphism o8.

First of all, let@ be the generic point dP ®; K*. We know from inequality (1) of section 4.1
thatg(£q) < g(D). We deduce that(Eg) = &, () Wherea is a K *-automorphism oD.

We now prove that the isomorphism betwegn and £, induced bya makes the following
diagram commute :

£ ——= &

XQL [XMQ)

Idxa

BxQ——Bxa(Q)

11



Indeed, the cartesian product of the magsandy () o a defines a morphism :

xQ X (Xa(@)°a)
- 7

&o B x B,

whose imageV is a divisor with bidegree< (1, IT). Using lemma 6.1 we deduce that the arithmetic
genus of\V is smaller than or equal to+2(g(B) — 1)IT+1I? . On the other hand, using the projection
on the first facto3 x B — B, we find that\/' is sandwiched betweefy, andB ® x K°. But we know
from inequality (2) of section 4.1 that such a subcovexgf: £9 — B @k K?, if non-trivial, has
geometric genus greater than or equatto- 1 + 2(g(B) — 1)II + II1?. We deduce that the image of
XQ X (Xa() © a) is K*-isomorphic toB and is therefore a correspondence of bidedie¢). Since

B has no non-trivialK *-automorphism we deduce that the above diagram can be cmdpiéh the
identity downstairs. Sq o a = (Id x «) o x.

We now prove thatr € A. To this end, we first notice thatdj is the generic point oP® ; K*, we
just showed that induces an isomorphism between the covgss &g — B andxqq) : €aq) — B-
Therefore these two covers have the same ramification dat&véryl < i < I the pointsP such
that f;(P) = fi(v(Q)) and those such thgt(P) = f;(v(«(Q))) are the same. Thus :

Vi,  [i($(Q)) = fi({(a(@Q)))

thereforey(Q) = ¥ (a(Q)), because thg; generatek (B) over K. Soy = ¢ o a, and a € A.
Thereforex,g) o a = (Id x @) o xg = Xa(g) © & We setf = ao a~! and we check that
Xa(Q) © B = Xa(q)- Sinceq) is generic andv surjective we deduce thato 3 = x thereforeg € B.
We conclude that = o € A x B as was to be shown. O

Remark 1 We have just proven something slightly stronger than lemiathe group of birational
K*-automorphisms of is A x B. We shall not need this stronger result.

4.3 Field of moduli and fields of definition ofS

¢ From the definition of we deduce the existence of a Galois equivarfatietween the groupoids
Gy @ K* K)andG (S @1 K* K). This already implies that is also the field of moduli
of S ®;, K*. The functorF is continuous because the initistmodel (the associated descent datum)
is mapped onto ai-model (the associated descent datum). Therefore, evéalyofielefinition of )
is a field of definition ofS. B

In order to prove the converse, we construct a continuoustdut from G (S @, K*, K) to
G (v ®1 K*, K) such thaff o F = Id'. We observe thdF induces a bijection between the objects of
either groupoids: these objects are parameterizddibin either cases. We denote Bythe reciprocal
bijection. In order to turf into a functor, there remains to define the image of a morphism

So takes and T in 'k and considef S and”S the associated objects & (S @1, K°, K). Let
v be a morphism fronfS to ”S. Since the group of<{*-automorphisms of the surface has a
unigue subgroup of orddf, the same holds true f6iS et”S. And these two subgroups are mapped
onto each other by. Quotienting out by these two subgroups we obtaili‘aisomorphism.’ from
(Bekg L x D) to (B ®k L x D). This isomorphism’ maps the graph ofy into the graph
of "¢ (because these graphs can be characterized using the adimifidata of the quotient covers).
Therefore’ sends the mark ¢fi) into the mark of ). We denote b¥(¢) : ¢ — 1) the isomorphism
of covers associated to this isomorphism of marks by lemma 3.

This is the best we can hope, becalise not fully faithful.
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We thus construct a functd which is continuous becaudgis continuous. It is clear thdt o F
is the identity functor. We deduce that any field of definitars is a field of definition ofy also.

According to lemma 2.1, there exists an equivariant isofmsm between the groupoi@ () ®1,
K*, K) and the groupoid> (p®;, K*, K') associated to the initial cover. We deduce thandS have
the same field of modules and the same fields of definition. fifiiges the proof of theorem 4.1.

5 Curves

In this sectionk is a field of characteristic zero. We start from a cover of eanhavingk as field of
moduli, and we construct out of it, a projective normal imgggurve overK*, having the same field
of moduli and the same fields of definition as the original coVéis will prove theorem 1.2.

We shall make use of the surfaSeconstructed in section 4. So we keep the notation of section 4
We know thatS has field of modulix” and the same fields of definition as the initial coyerC/L —
B &k L (orequivalently) : D/L — B®g L).

The main idea is to draw afi a singular (but stable) curve inheriting the field of modulddields
of definition of S; then to deform it to obtain a smooth projective curve.

5.1 Two stable curves

We go on with the notation of section 4.1. In particular, weehaonstructed a covey : S —
(B®g L) x D strongly ramified along the graph ¢f For any pointP on B3, we call p the inverse
image of P x D by x andyxp : Fp — P x D the correstriction of to P x D. We calll" the union
of the supports of all divisors of the functiogs It contains the ramification locus of the cover

Lemma 5.1 There exist two non-constant functiofiyy € K (B) such that :
e the divisor((f)o + (f)) x D crosses transversally ;
e the divisor(B®@x L) x ((go 1)+ (9 01)x) crosses transversally U [((f)o + (f)oo) X DJ;

e any K*-automorphism oD that stabilizes the fibefy o 1) is an automorphism of the cover
(note that the preceding condition implies that this fibesimaple);

e for any zeroP of f, the coversp := g o1 o xp : Fp — P! has no automorphism other than
the elements ot x B :

Autgs(gotoxp) =Autgs(poxp) = A X B.

Proof — Let f € K(B) be a non-constant function. We apply lemma 6.2toB3, D, T et f.
We deduce that there exist two distinct scalamndy in L such that(f), x D and(f), x D cross
transversally". We even can chooseandy in K and such that for every poidtin f~1(z) or f ~1(y),
the fiber of every functiorf; € K (B) abovef;(P) does no meet the singular values/gfthat is :

VPe f N z)ufty), £ Nfi(P)) N {singular values o))} = (. (3)

We replacef by (f — x)/(f — y) and the first condition is fulfilled.
Now, for every zeraP of f, we see thafp is smooth and geometrically integral, beca(gg x D
crosses transversally the ramification loc¢usf x. We now prove that

Autgs(poxp) = A x B.

13



Indeed the function field{*(Fp) is the compositum :

K*(Fp)

S T

K*(D) K3 (B) € K5 ((f; — fi(P)7 1 <i <)

pk%

K*(B)

where8’ — B is an abelian cover with Galois grodp= Hle Z/p;Z. TheK*(B)-extensionds* (D)
andK¢(B’) are linearly disjoint (their degrees are coprime and onkaftis Galois) and condition (3)
implies that the extensioA*(D)/K*(B) is not ramified above the zeros of the functighs- f;(P).

Now, any subcover a8’ — B is ramified above the zeros of at least one of the functfprg’;(P).
The same is true for any subcover 8 — D. We deduce thaD — B is the maximal subcover
of Fp — B that is not ramified above the zeros of the functighs- f;(P). Therefore anyk*(5)-
automorphism of*(Fp) stabilizesK*(D). Thus :

Autges 5y (K°(Fp)) = Autes ) (K°(D)) x Autges () (K*(B')),

as was to be shown.

Next we look for a functiory in K (5) such thaty o ) has noK *-automorphism but elements of
A and, for every zerd of f, the coversp = g o 9 o xp has noK*-automorphism but elements of
Autgs (1o xp) = A x B. According to lemma 6.4, the functions Ki(B) that do not fulfill all these
conditions lay in a finite union of strict siib-algebras. Therefore there exists such a funcion

According to lemma 6.2, the scalarén K such thafgot)),. does not crosBU[((f)o+(f)oo) X D]
transversally, are finitely many.

According to lemma 6.3, the in K such that(g o ¥),, has aK*-automorphism not ir4, are
finitely many.

Therefore there exist two distinct scalarsandy in K such that(g o ), and (g o %), cross
TUI((f)o+ (f)eo) x D] transversally andg o ), has no automorphism but thoseAn We replace
g by (¢ —x)/(g — y) and the last three conditions are satisfied. O

Now let 7, be the curve oriB ® x L) x D with equation :
F(P)x gouh(Q) =0.
We can control the automorphism groupgf.
Lemma 5.2 The curve’ is stable andAut g« (Jy) ~ A.

Proof — The curve[, is geometrically reduced because the zerog ahdg o i) are simple. The
singular points on/, are the couple$P, Q) on (B @ x K*) x D such thatf(P) = g o ¢(Q) = 0.
These are ordinary double points. Therefgigis semistable. It is geometrically connected also. Its
irreducible components (ovés®) are isomorphic t& or D. So they all have genus 2. Therefore7,
is a stable curve.

We now prove thatAutgs(J7y) ~ A : the group ofK*-automorphisms off; is the groupA
of K*-automorphisms of). It is clear thatA is included inAutgs(J). Conversely, lela be a
K*-automorphism of7,. Thena permutes the irreducible components 6f @ x K°. Some of
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these components are isomorphicBAm x K*, and the others are isomorphicTdb®; K. Since
B and D are notK*-isomorphic,a stabilizes the two subsets of components. If we restritd

a component isomorphic t8 then compose with the projection d® we obtain a non-constant
K*-morphism fromp to itself. This morphism must be the identity becaudséas no non-trivial
K*-automorphism. Therefore stabilizes each component isomorphic?az;, K*. The singular
points on such a component are the zerog ofiy). The set of these zeroes is stabilized byt
automorphism o> but those ofy. So the restriction ofi to any component isomorphic ® ®; K*

is an element imM. If we composer with some well chosen element iy we may assume thatis
trivial on one component isomorphic o®;, K¢. Thereforen stabilizes every component isomorphic
to By K*. Since these components have no non-trivial automorphistts trivially on them. Now
let P x (D ®1, K*) be a component affy isomorphic toD ®;, K*. The restriction of to it is an
automorphism that fixes the singular points. These poirgtas zeros ofj o 1. Soa restricted to
P x (D ®r K?)is an element off. But A acts faithfully on the set of zeros gfo 1. We deduce that
a acts trivially on every component isomorphicfox;, K. O

Let Ky be the inverse image Qfy by x. This is singular curve ovek. The next lemma 5.3 is
concerned with the stability and the automorphism grouphisf ¢urve. Controlling the full group
of K*-automorphisms seems difficult to us. So we shall be intedeist the subgroup consisting of
deformableautomorphisms. This subgroup is denoﬁédt??!(lco). We now explain what we mean
by a deformable automorphism.

We first notice that the components /6f @ K* are of two different kinds. Some of them are
covers of som¢B @i K*) x Q whereQ is a zero ofg o ¢». We denote such a component&y. The
other components are covers of soe (D @, K*¥) whereP is aK*-zero of f. Such a component
is denoted byFp. We callxp : Fp — P x (D®r K*) andxg : &g — (B®r K*) x Q the
restrictions de¢ to components of,. Now letT" be a singular point oy such thaty(7) = (P, Q).
SoT lays in the intersection dfg andFp. The point on€g corresponding td” is denotedR. The
point onFp corresponding td" is denotedS. Soxg(R) = P andxp(S) = Q. And f o xg is a
uniformizing parameter fofg at R, while g o ¢ o x p is a uniformizing parameter foFp at S. Let
a be an automorphism df, @, K¢ and let7T’ = (R’,S’) be the image of" = (R, S) by a. We
write x(7") = (P’,Q’). We observe thaf o x o a is a uniformizing parameter f&f, at R and
g o1 o xpr oais auniformizing parameter foFp at S.

We say that: is adeformable automorphisof X if for every singular poinf” of Iy we have

foxgoa v govoxpoa $) =1
foxq gotoxp
wherex(T') = (P, Q) andx(a(T)) = (P, Q").
The justification for this definition is given at paragrapB.5Deformable automorphisms form a
subgroup of the group ak *-automorphisms okg.

(4)

Lemma 5.3 The curvey is stable andAut‘}fi'(ICO) ~ A x B.

Proof — First, itis clear thatd x B acts faithfully onCy&, K¢, and the corresponding automorphisms
are deformable.

The curvel(y is drought onS. The conditions imposed on functiorfsandg imply that Iy is a
stable curve. The intersection ©f) and(g) with the ramification locu§® of y, is simple. Therefore
every singular point o gives rise taleg(x) singular points orCy; and all these singular points are
ordinary double points. To prove thi ®;, K*° is connected, we observe that the functigrs not
ap;-th power because none of the functiofis- A\, A € K* is ap;-th power (and thef; o ¢ — \ are
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not either) as was shown in section 4.1. Also the irredudibl@ponents ofy ®;, K* correspond
bijectively to those of7y @ K*.

Now let us prove thatut$ef(Xy) ~ A x B. The component§, and have different genera.
Therefore naFp is K*-isomorphic to som&g. Thus anyK °-automorphismu of Ky stabilizes the
set of all component&p (and also the set of adly).

Let @ andQ@’ be two K ®-zeros ofg o ¢ such that(Eg) = £y. As in the proof of lemma 4.2, we
notice that the image @l in the produci3 x 3, by the morphisnx g x x ¢ oa, has an arithmetic genus
smaller than or equal td + 2(g(B) — 1)I1+1II2. Again, this implies that this image IS *-isomorphic
to B (otherwise, this image would have geometric genus biggerith-2(g(B)—1)I1+11? by Hurwitz
formula). Since3 has noK *-automorphism, we deduce as before thaiduces an isomorphism of
covers between the restrictiong : £ — B andxq : £g — B dex. Thus

XQ = X' © 6. 5)

This implies thata stabilizes every componetiir where P is any K *-zero of f. Indeed, let us
start from a singular poirlt’ = (R, S) € &g N Fp, whereP is a K*-zero of f and( is a K*-zero
of got). We thus have(T) = (P, Q) € B x D. We know there exist®’ € B(K*®) andQ’ € D(K?®)
suchthau(7T") € FprNEq. Soa(T) € Egr Na(Eg) and d’'olia(Eg) = Eg. We find ourselves in the
situation of the last paragraph before the statement of lesud. Further :

P' = xg 0a(T) = xo(T) = P.

We conclude thaP = P’ anda(Fp) = Fp.
Now, we deduce from formulae (4) and (5) that :

gowoxrom g 4 ()
gooxp

Call ap the restriction ofa to Fp. This is an automorphism ofp. We prove thaiap is the
restriction toFp of an element ofA x B. To this end, we introduce the functienr = go v o xp €
K*(Fp). The degree ofp is deg(g) x pd x II and its zeros are all simple. These zeros are the
intersection points betweefp and the other components &f. Sinceap permutes these zeros, the
functionskp o ap andkp have the same divisor of zeros. Therefore the only possitliespof the
function H}ffap — 1 are the poles okp. Thus the degree ofmeﬁ‘P — 1 is smaller than or equal to
the degree ofip . But according ta(6), the zeros of:p are also zeros of "L — 1. So we just
proved that if the functio% — 1is non-zero, it has the same divisorsgs. Therefore there exists

a constant € K such that :

Kp . 1 1
—1=ckp or equivalently : =—+ec
Kpoap Kpoap Rp

Sinceap has finite ordere and K has characteristic zero, we deduce that= 0, thenc = 0,
thenkpoap = kp. In other wordsap is an automorphism of the covep = govoxp : Fp — P1.
Because of the hypothesis on the functigrnve deduce thaip is the restriction taFp of an element

in A x B. We replacea by a composed with the inverse of this element. So we now assume
that a acts trivially onFp. In particulara fixes every singular point offp. Soa stabilizes every
componentfy for @ any zero ofg o 1p. The restrictionag of a to &g is an automorphism of g
according to (5). Furtherg fixes one point (and even every point) in the unramified fibevald of

the Galois coveyg : £g — B. Thereforea is the identity. We have proved thats trivial on every
componenty,.
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To finish with, we now prove thai is also trivial on the component&p for any zeroP of f.
Remind we have already assumed this to be true for one of #eess. We caltip the restriction ot
to Fp,. We already proved thatp is the restriction of an element in x B. Furtherap fixes all the
singular points ofCy laying onFp:.. These points are the zerosgafy o x p. S0 we just need to prove
that the action ofd x B on the set of zeros afo v o x p is free. This is certainly the case for elements
in B because the zeros gfo ¢ are, by hypothesis, unramified in the Galois coyer: Fp — D.
This is true also for elements ih x B because the action of on the set of zeros af o v is free.[]

5.2 Deformations

In this paragraph we deform the two stable curygsand Cy. If 2 € K* is a scalar, it is natural
to consider the curveZ, drought on the surfacé = (B ®x L) x D and defined by the equation
f(P) x g(¥(Q)) = x. We callC, the inverse image aff, by x. In this paragraph and in the next
one, we shall prove that for almost all scalars K, the curvelC, is smooth, geometrically integral,
with K*-automorphism group equal 6 x B, and with the same field of moduli and the same fields
of definition as the original covep. To this end, we would like to consider the familieg, ), and
(K.). as fibrations abov®!. We should be careful however : the family, ). has base points. So
we first have to blow uff = (B ®x L) x D along

¢ =((f)oo X (go¥)o) U((fo x (g0 ¥)o)-

Note thatc is the union of2 x deg(f) x deg(g o ¥) simple geometric points. We denote by
Toooo C I = (B®g L) x D the complementary open set (ff )oo X D) U (B x (g 0 ¥)s) iN
(B®k L) x D. We similarly defin€Z o, Zy., Zoo,0- These four open sets coud$ @ L) x D.

Let P} = Proj(L[Xo, X1]) be the projective line ovef.. We setF’ = 1/f andG = 1/g.
Let Joo0 C Zoo0 X P1 the set of( P, Q, [ X : X1]) such thatf(P)Xo = G(¢(Q))X1. Let T C
Zo.00 <P} bethe setof P, Q, [ Xy : X1]) such thay(v(Q))Xo = F(P)X1. Let T 0o C Zoo,coxPL
be the set of P, Q, [Xp : X1]) such thatf(P)g(v(Q))Xo = X1. Let Jo0 C Zoo x P} be the set of
(P,Q,[Xo : X1]) such thatXy = F(P)G(¢(Q))X:. We glue together these four algebraic varieties
and obtain a variety7 C Z x P}. Letbs : J — Z be the projection on the first factor and let
j + J — P1 be the projection o} . This is a flat, projective, surjective morphism.

Let K C S x P! be the inverse image of by x x Id whereld : P} — P! is the identity. This
is the blow up ofS alongx~!(c). Note thaty~!(c) is the union ofdeg(x) x deg(f) x deg(g o ¥)
simple geometrical points becaugds unramified above. Actually, X is the normalization of7
in L(P1)(S). We denote by : K — J the corresponding morphism. We cal : K — S the
projection on the first factor. We cali : K — P1 the projection on the second factor. This is the
composed morphisrh = j o x. This is a flat, proper and surjective morphism.

Let Al C P! be the spectrum of[X] whereX = X;/Xy. Using the fonctionX we identify
Pl (K?®)andK*® U {oo}. If z is a point onP! (K *) we denote by7, the fiber ofj abovezr andC,
the fiber ofk abovezr. The restriction obs to 7, is a closed immersion. So we can Ségas a curve
drought onZ = B x D. Similarly, the restriction obs to I, is a closed immersion. So we can see
K, as a curve drought ofi. In particular, the fiber of at0 is isomorphic byb7 to the stable curves
introduced in paragraph 5.1. Similarly, the fiberkoat 0 is isomorphic bybs to the stable curvél,
introduced in paragraph 5.1.

We call 7,, the generic fiber of and/C, the generic fiber of.

We now show that7,/L(X) is geometrically connected and for almost everg P!(K*) the
curve 7, is geometrically connected ovér(z). According to Stein’s factorization theorem [Liu02,
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Chapter 5,Exercise 3.11], we can facjor 7/L — P} asjs o j. wherej. has geometrically con-
nected fibers angl; is finite and dominant. The fiber gf above0 is trivial because7, is connected
and reduced. Therefore the degregjpfs 1 according to [Liu02, Chapter 5,Exercise 1.25]. There-
fore j; is an isomorphism above a non-empty open s@pf The generic fiber7, is geometrically
connected over,(X) and for almost al: € P!(K*) the curve7, is geometrically connected over
L(x).

We now show that7, is smooth (and therefore geometrically integral). Indeeds smooth
outside the point$P, Q) € J, C B x D wheredf(P) = 0 andd(g o ¢)(Q) = 0. Such points are
defined over®. Therefore the functiorf (P) x g(¢(Q)) cannot take the transcendental vaKiet
these points.

The ramification locu§® c 7 of y cuts the fiber7, transversally. Therefore it cuts the generic
fiber 7, transversally. S&C, is smooth and geometrically integral. Thus for almost evegy K° the
fibers 7, and K, are smooth and integral.

Finally, our knowledge oA ut?¢"(K,) enables us to show thatut - x)s (K;) ~ A x B. Indeed,
setR = K*[[X]] the completed local ring ak = 0 of P!. The curvek = K ®p1 Spec(R) is
stable over the spectrum &. According to [Liu02, Chapter 10,Proposition 3.38, Renuar@.39]
the functor "automorphism groug” — Autt(lét) is representable by finite unramified scheme over
Spec R and the specialization morphistth((X))(ICn) — Autgs(Kp) is injective. According to
lemma 6.6, the image of this morphism is included in the soilpgiof deformables *-automorphisms
of Ky. SinceSpec R has no unramified cover, we deduce the following estimathe&titomorphism
group of the generic fiber

Ax BC AUtK(X)S(ICn) C Auth((X))(lCn) C Aut‘}?ﬁ'(lco).

We have already seen that the rightmost group is equaltaB. So queAuty x)s(K,) = A x B as
was to be proved.

5.3 Fields of moduli and fields of definition of fibers

We now prove the existence of fibets wherez € A'(K), that are smooth, geometrically integral,
and have the same field of moduli (i.&) and the same fields of definition & RemindS has field
of moduli K and the same fields of definitions as the initial coyerC — B @ L.

Indeed, we proved in paragraph 5.2 that for aimost-atl A'(K), the fiberiC, is smooth and
geometrically integral. Using lemma 6.7 on the specialirabf the automorphism group in a family
of curves we deduce that for aimost ale A!(K), the group ofK $-automorphisms of the fibet,
is isomorphic to the group ok (X)*-automorphisms of the generic fiber. Since the later group is
isomorphic to the automorphism groupx B of the surfaceS, we deduce that, for almost all the
restriction map above is an isomorphism :

Aut s (S) — Autgs(K,). (7)

Now letz € K be such thafC, is smooth and geometrically integral aAait 5« (K,) = A x B.
We prove thaiC, has all the expected properties.

The construction presented in paragraph 5.2 defines a fufigtoetween the groupoids (S, K)
andG (K,, K). As far as (iso)morphisms are concerned, this functor isddfby restriction. The
functorF,, is continuous because it maps the initiamodel ofS onto theL-curve/C,.. Therefore the
field of moduli of IC,, is K and any field of definition of is a field of definition offC,.
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FurtherF,, defines a bijection between the objects in either groupdiedsé objects are parametrized
by I on either sides). The identity (7) implies that the fundfgris fully faithful. ThereforeF, is a
continuous isomorphism of groupoids. Thus any field of definiof /C,, is a field of définition ofS.

This finishes the proof of theorem 1.2. Theorem 1.1 is an iniatedonsequence of theorems 1.2
and 1.3.

6 Seven lemmas about curves and surfaces

In this section we state and prove seven lemmas that aredhé@ettee proof of theorem 1.2.

6.1 About curves and products of two curves

Lemma 6.1 Let K be a algebraically closed field. L&tandC be two projective, smooth and integral
curves overK. Let s be the genus o8 and lety be the genus af. We fix a geometric poin® on
B. We fix a geometric poir onC. We identifyl3 and B x ). We identifyC and P x C. LetT" be a
divisor onB x C. Let(b, c) be the bidegree df, i.e.b = B-T'andc = C - I'. The virtual arithmetic
genusr of I" is at mostl + bc+c(3 —1) +b(y — 1). Whenb = ¢ this bound reads + 2b(3 — 1) + b2,

Proof — We follow the lines of Weil's proof of the Riemann hypothe$is curves (cf. [Har77,
Exercice V-1.10]).
The algebraic equivalence class of the canonical divis@B®x Cis K = 2(8—1)C+2(y—1)B.

We deduce from adjunction formula that= 2-25) | 1 (cf. [Har77, Exercice V-1.3]). Thus :

__D-D+2A3-1C+20-1B) | D-D+2(B-)+2(-1)

2 2 ’

and we just need to bound the self intersection D. We deduce from Castelnuovo’s and Severi's
inequality (cf.[Har77, Exercice V-1.9]) thd? - D < 2bc. This finishes the proof of the lemma. O

Lemma 6.2 Let K be a field. Let3 andC be two projective, smooth, geometrically integral curves
over K. LetI' be an effective divisor without multiplicity on the surfaBex C. Let f € K(B)

be a non-constant function. For all but finitely many scalars K°, the divisor(f), x C crosses
transversallyl’, where( f),. is the positive part of the divisor ¢f — z.

Proof — We callpg : B x C — B the projection on the first factor. Léf be the set of points
in B(K*) such that at least one of the following condition holgg (P) contains a singular point
onT, or p;'(P) contains a ramified point of the morphispg : I' — B, or the fiberp,'(P) is
contained i. The setE is finite. For allz € K¢ but finitely many, the fibef ~!(z) avoidsE and it
is simple. O

Lemma 6.3 Let K be a field. Let3 be a projective, smooth, geometrically integral curve oler
Assume the genus Bfis at least2. Let f € K(B) be a non-constant function. We nd@tethe group
of K*-automorphisms of. This is the set of alk*-automorphisms of B such thatf o a = f. For
anyz € PY(K*®), we note(f), = f~!(x) the fiber abover and G, the group ofK *-automorphisms
of B that stabilizes the set df *-points of(f),.

For all z in P*(K*) but finitely many we havé,, = G.
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Proof — The groupH = Autgs(B) of K*-automorphisms oB is finite because the genus Bfis
at least two. Let: be an automorphism i/ \ G and letz € P'(K*). Assume that thé{*-points
n (f), are permuted by. Let P be one of them. Thelfi o a(P) = f(P) = z. SOoP is a zero of
the non-zero functiorf o a — f. For eachu there are finitely many such zeros. And thare finitely
many. So the images hfyof suchP’s are finitely many also. O

Lemma 6.4 Let K be afield. Lef3 be a projective, smooth, geometrically integral curve aiferLet

L C K* be an algebraic extension éf. LetC be a projective, smooth, geometrically integral curve
over L. We assumé has genus at leat. Lety : C — B ®x L be a non-constanfL-morphism.
Call G the group ofK®-automorphisms ap. This is the set of{*-automorphisms of C such that
poa = . If fisany function inK*(B) we denote by7; = Autg:(f o ¢) the groupe off*-
automorphisms of o ¢. We haveG C Gy. LetV C K(B) be the set of functiong such that
Gt # G. The set/ is contained in a finite union of stridk -subalgebras of<(B).

Proof — The statement to be proven concerns the three function figlélsf) ¢ K*(B) c K*(C)
and the groups involved are the following ones :

G = Autgs(p) = Autges(p) (K*(C)),
Gf = Auth(f ) AUth f)(KS( ))7 = GcC Gf C A
A = Autgs(C) = Autgs(K*(C)),

Now, the set” can be described as follows :

v( U KS(C)“HKS(B)) NKB)= |J K*(C)*nK(B).

ac A\G ac A\G

This is a union of sets indexed by elements in the finitedsetz (remind A is finite because the genus
of C is at least2). Sincea ¢ G, eachK*(C)® N K*(B) is a strict subfield of<*(5) containingk®.
ThereforeK*(C)* N K(B) C K(B). O

6.2 Deformation of an automorphism of a nodal curve

In this paragraph we givergecessarygondition for extending an automorphism of a nodal curve to a
given deformation of this curve.

Let R be a complete discrete valuation ring. lzebe a uniformizing parameter and lete the
residue field. We assumieis algebraically closed. Lef be a semi-stable curve ovBpec(R). We
noteC,, the generic fiber anély the special fiber. We assunkg, is smooth over the fraction field of
R. LetT be a singular point oky. According to [Liu02, Chap 10, Corollaire 3.22], the contjua
of the local ring ofKC atT" takes the form :

Ox.r = RI[f,g)l/{fg - 7°)

wheree is a positive integer. This integer is called thécknessof I atT. We also say thaf andg
form a coordinate system fa€ at7. If we reduce moduler, we obtain the completion of the local
ring of KCp atT :

O = Oxr/{m) = KI[f. 911/ (F3),
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wheref = f mod 7 andg = g mod 7. Becauséd is an ordinary double poink’, has two branches
F andgG atT. These correspond to the two irreducible components ofdhgptetion atl". Be careful
that these two branches may lay on the same irreducible coamp@f/Cy. Anyway, the functionsf
andg are the uniformizing parameters of either branches. WeRahd @ the points ofF andgG
aboveT'.

Now letT’ be another singular point &, and letf’, ¢, ¢/, 7', andG’ the corresponding data.

Let a be an automorphim of over R such thata(7) = 7" anda(F) = F', a(G) = G'. One
easily checks that the function®$ o a andg’ o a form a coordinate system fd€ at 7. We deduce
thate’ = e and that bothf’ o a/f andg’ o a/g are units inOx ¢ (indeed, in either fraction, the
numerator and denominator have the same Weil divisor).eSfne ¢ = 7¢ = f'oa x ¢’ o a, we
have%‘(T) X %(T) = 1. We reduce this identity module and obtain the following identity
where the first factor is a function af evaluated at” while the second factor is a function ¢h
evaluated af) :

(@) =1 (8
This leads us to the following definition.

Definition 6.5 Let R be a complete discrete valuation ring. Assume that the uesfgldk is alge-
braically closed. Lef be a semi-stable curve ovBpec(R). The generic fiber of is assumed to be
smooth. Assume we are given a coordinate system at eacHasipgint of the special fibekCy. Let
a be an automorphism of the special fitiég. We say tha is deformable irlC/ Spec(R) if for every
singular pointT" of Ky, the imagea(7") has the same thickness @sin K, and if equality (8) holds
true.

We have just proved the following lemma.

Lemma 6.6 With the notation of definition 6.5, the set of automorphisis, that are deformable
in K/ Spec(R) form a subgroup ofAuty(Kp). If a is and automorphism of over Spec(R), its
reductiona = a mod 7 is an automorphism df, and is deformable i’C/ Spec(R).

One may compare this statement with [Wew99, Theorem 3.1hHr&vthe deformation of mor-
phisms between two distinct curves is studied.

It must be pointed out that the converse of lemma 6.6 is net frar example, consider the elliptic
curve £ with modular invariantj = 0 (or 1728). Every automorphism oF is deformable because
there are no singular points on the curve (the condition fimiien 6.5 is empty). However, the only
automorphisms that can be extended to the generic ellipticecare the identity and the involution.

6.3 Automorphisms of curves in a family

In this section we state and prove a lemma of specializatidiheoautomorphism group of curves in a
family.

Lemma 6.7 Let K be afield and let/ be a smooth affine curve geometrically integral oferLet X
be a quasi-projective, smooth, geometrically integraface overK . Letw : X — U be a surjective,
projective, smooth morphism of relative dimensionAssume that for any point of I/, the fiber
X, atz is geometrically integral. We cal} the generic point of/ and X,, = X, @k w) KU)® the
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generic fiber, seen as a curve over the algebraic closureedfithction field of the basig. We assume
the genus o, is at least2.

There exists a non-empty open subgedf I/ over K such that for any geometric poinrt €
V(K*) the group of K*-automorphisms of the fiber atis equal to the groupAutK(u)s(Xn) of
automorphisms ok,

The following proof was communicated to us by Qing Liu.

Proof — This is a consequence of a general result by Deligne-Mumfdret X — S be a flat
projective morphism over a noetherian schethd he functorl’ — Autr(X7) from the category of
S-schemes to the category of groups is representable by p gotiemeAut y, s overS. See [Kol96,
Exercise 1.10.2] for example.

WhenX — S is a stable curve with genus at le@stDeligne and Mumford [DM69, Thm 1.11]
prove that the schemgut y /s is finite and unramified oves.

In our lemma,S is a smooth affine curni@, geometrically integral over a field. ReplacingS by
a non-empty open subset, we may assumeAhal s is finite étale ovels. At the expense of a finite
surjective base chandgé — S, we may assume that the generic fiberfoft ;¢ — S consists of
rational points. Sa\utx,s — S is now a disjoint union of étale sections and the fibers havstant
degree. In particular, the fibers are constant and the djzeion mapsAuts(X) = Autx/g(S) —
Auts(Xs) = Autx,5(k(s)) are isomorphisms. O
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