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Abstract

We define the ring of elliptic periods modulo an integeand give an elliptic version of
the AKS primality criterion.
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1 Introduction

Agrawal, Kayal and Saxena have proven [1] that primalityrofrdegern can be tested in deter-
ministic polynomial time(log n)'?*°(). Their test, often called the AKS test, relies on explicit
computation in the multiplicative group of a well choserefmmmutatived-algebraB of finite
rank, whered = Z/nZ. More precisely, they take fdB the cyclic algebrai[z]| /(=" —1) wherer

is a well chosen, and rather large, integer. Lenstra and Romoe generalized this algorithm and
obtained the better deterministic complexikyg )%+, The main improvement in Lenstra and
Pomerance’s approach consists in using a more generalgcinsh for the free commutative al-
gebraB. As a consequence, the dimensiBns much smaller for a given, and this results in

a faster algorithm. A nice survey [14] has been written byddthBerrizbeitia first([5] and then
Cheng [6] have proven that there exists a probabilisticaverof these algorithms that works in
time (logn)**°(") providedn — 1 has a divisorl bigger thanlog,(n))? and smaller than a con-
stant timeglog,(n))?. Avanzi and Mitailescu [2] and independently Bernstelin [4] explain how
to treat a general integerusing a divisord of nf — 1 instead, where is a small integer. The
initial idea, due to Berrizbeitia and generalized by Chemapsists in usingl-automorphisms
of B to accelerate the necessary calculation®inin these variants, the free commutatite
algebraB has to be constructed in such a way that a non-tridi@utomorphisny : B — B is
effectively given, and can be efficiently applied to any eterin B.

All the aforementioned algorithms construgtas a residue ring module of a cyclotomic
or Kummer extension of the ring of integers. In this work we propose an AKS-like primality
criterion that relies on Kummer theory of elliptic curvestive spirit of [{]. Our primality cer-
tificates can be constructed in heuristic and probabiliatie (log n)**°(). They can be verified
in rigorous deterministic timélogn)**°). We stress that in order farovethe primality ofn
one both has teonstructandchecka certificate. The space complexity(isg n)*™°™"). So we
obtain the first variant of the AKS test that has both time gpace complexity similar to the
ECPP method.

In the next sectiofl2 we describe a rather general variank@ primality certificates: they
consist of a freed-algebraB of rank d together with and-automorphisns : B — B of
orderd. We recall how such certificates can be constructed fromiptictitive Kummer theory
as in [5]. We also explain how such a big algelstaan be constructed step by step as a direct
product of smaller ones. The next four sections are devotdgbtconstruction of such certificates



using Kummer theory of elliptic curves. Sectigh 3 is coneermith the explicit description of

isogenies between elliptic curves over fields, in the spirfl7], [16] and [7]. In sectioll4 the

formulae of sectiof]l3 are extended to the case of elliptivesiover more general rings. In
sectiord we construct rings of elliptic periods modulo aegern. These are residue rings of
fibers of isogenies. We can provide a quite explicit and effitexpression for the multiplication
tensor in these rings. We use these rings of elliptic periodgate a primality criterion in the

next sectiofl6. The construction of elliptic certificatedasailed in sectiofil 7. A refined primality
criterion is obtained in sectidn 8.

Notation: If & = (o;)o<i<d—1 andﬁ = (B:)o<i<a—1 are two vectors of lengtd we denote
by a «; ﬁ = Y, a;3;_; the j-th component of the convolution product. We denotesiy) =
(cvi—1); the cyclic shift ofa’. We denote byi o 8= (cv;3;); the component-wise product and by
@ * [ = (@«; §); the convolution product.

Aknowledgements We thank Preda Midilescu for pointing to us the importance of space
complexity of AKS tests.

2 Ring extensions and primality proving

In this section, we state a general primality criterion imrs of the existence of some commuta-
tive free A-algebraB of finite rank fulfilling simple conditions. We rephrase th&38 primality
criterion in this slightly different and more general cotiteWe also give a general recipe to
construct the ring3 as a direct product of smaller ones.

Letn > 2 be an integer and set = Z/nZ. Let B be a finite free commutativé-algebra of
rankd > 1. ThenA can be identified to a subring &. Leto : B — B be anA-automorphism
of B. Assumer has finite orderl. Let p be a positive prime divisor of and letj be an ideal of
B suchthaj N A = pA. SetR = B/j. This is a free commutative algebra of finite dimension
over the fieldF,. We assume that there is a cyclic subgrdiipnside R* and an integee such
that every element it/ can be writtenf mod j where f is an element o3 satisfying the two
following identities:

f" = o(f) modj, (1)
fP= o%(f) modj. (@)

Definition 1 Letn, A, B, d, o, p,j, R, H, ande be as above. AssurgeH is a positive multiple
of some integef. Then we say that satisfies conditiod(p, d, S).

The following lemma is a key ingredient in all variants of kS primality test:

Lemma 1 (AKS criterion) Letn > 2 be an integer. Letl and S be positive integers such that
S > nlVdl Letp be a positive prime divisor of. If n satisfies conditio(p, d, 5), thenn is a
power ofp.



Indeed, sety = n/p. There exist four integers ', j andj’ in {0,1,...,[v/d]} such that
i(1 —e,) + je, is congruent ta’(1 — e,) + j'e, modulod. We deduce from equatiorid (2) and
(@) that exponentiation by'p’ andg”p’" act similarly on the cyclic groupl. We deduce

¢'v’ = q'p’ mod #H (3)
We observe that both integeyg’ andq”p’ are bounded above bylV¥ < § < #H. So
congruencel{3) is an equality and we deduce thiata power of the prime. a

Berrizbeitia construct® as A[z]/(z? — a) whered dividesn — 1 anda is a unit inA. We
setn — 1 = dm and¢ = a™. We assumé has exact ordef in A*. This meang* — 1 is a unit
for everyl < k < d. We define amA automorphisnv : B — B by settingo(z) = (z. Let
p be any prime divisor of: andj a maximal ideal ofB containingp. ThenjnN A = pA. The
main computational step in Berrizbeitia test is to checlkgkplicit calculation, that the following
congruence holds true iA:

(z+1)" = (r +1mod (n,7* — a).

Letting o repeatedly act on the identity above we deduce that

(z+ """ =2+ " mod (n, 2% — a)

forany0 < k < d — 1. We take fori C (B/j)* the subgroup generated by the- ¢* mod j for
0 <k <d-—1. Itis clear that conditior{1) is satisfied. Conditidh (2p&tisfied also because
¢ mod p has multiplicative orded. Degree considerations similar to those in the originakpap
[1] show that the order off C R* is at least?. This lower bound can be improved by several
means. See \oloch’s work[118] for example. In secfibn 6 welsltapt this construction to
the more general context of Kummer theory of elliptic curvébis way we shall get rid of the
condition thatd dividesn — 1.

The following lemma helps collecting information comingrm different rings.

Lemma 2 (Glueing lemma) Let n > 2 be an integer. Lep be a prime divisor ofn. Let

K > 2 be an integer and let;, ds, ..., dx be pairwise coprime integers. For every integer
kin{1,2,..., K} we assumel, > 2 andn satisfies conditiorC(p, di, Si) for some integer
Sk > 2. Assume thé&), are pairwise coprime. Then satisfies conditio€(p, d; + ds + - - - +
dr,S15...5k).

Indeed for everyk we have a free algebr8; of dimensiond, over A = 7Z/nZ, an A-
automorphisnw,, : B, — By, of orderd,,, an idealj, of B, containingp. We set

B = H Bk7

1<k<K

d = Z dku

1<k<K



o= II o
1<k<K

)= H ke,
1<k<K

R = H Rku

1<k<K

1<k<K

Clearly B is a freeA-algebra of dimensiod, andH is a cyclic subgroup oR*. The order ofHf
is a multiple ofT];, Sk. O

3 Trace computations

In this sectiornK is a field with characteristip and £/K is an elliptic curve given by a Weier-
strass equation

Y2Z 4+ a1 XY Z +asY Z* = X2 + ayX*Z + ay X Z* + ag Z° .

Following Vélu [17,[16] and Couveignes and Lercigr [7] wetsta few identities related
to a degreel separable isogenfyy — E’. We exhibit a normal basis for the field extension
K(F)/K(E') and we study the matrix of the trace form in this basis.

3.1 Some simple elliptic functions

If AisapointinE(K) we denote by, : £ — E the translation byl. Following [4, Section 2]
wesetry =xo7_,andy, = yor7_,. If AandB are two distinct points irE(I_{) we define the
functionu,  as in [1, Section 2]. It has two simple poles: oneland one ai3. If A, B andC
are pairwise distinct points we sBtA, B, C) = ua g(C). The following identities are proven
in [IZ, Section 2].

I'(A,B,C) = (W(C—-A)-y(A-B))/(x(C - A) —x(A- B)), (4)

I'(A,B,C) = I'(B,C,A)=-I'(B,A,C) —a; = —-I'(-A,—B,-C) — a1, (5)

uap+upc+tuca = I'(A B,C)—ay, (6)
uapuac = Ta+1(A B,Cluac+T(A C, B)uap

+ag + 2a(B) +2a(C), (7)

Ui,B = ZTa+xp—aruap+xa(B)+ay. (8)

We further can prove in the same way



zouap = I'(A, B,C)rc+2p(Clucs — xa(Cluca +ya(C) —ys(C), 9)
zauap = ya+axp(Auas—ys(A4), (10)
rpuap = —Yyp—amrp— a3+ xp(A)uap —ys(A). (11)

3.2 Veélu's formulae

Let d > 2 be an odd integer and lete E(K) be a point of orderi. Fork an integer we set
Tk = Tkt » Yk = Ykt U, = Uk, (k+1)t anduk = Ut (k+1)t + b wherea 7£ 0 andb are scalars ik
such that,cz,qz ur = 1. Such scalars always exist by [7, Lemma 4]. Fand! distinct and
non-zero inzZ/IZ we set

L, =T(0, kt,lt). (12)
Following Vélu we set
d=a+ Y [lme—a(kt)] andy' =y + D [yr —y(kt)]. (13)
1<k<d—1 1<k<d—1
We also set
by = a?+4ay (14)
b4 = a1a3 + 2(14 (15)
be = a;+ 4ag (16)
t = > 6x(kt)? + bax(kt) + by (17)
1<k<(d—1)/2
w = > 10z(kt)? + 2byx(kt)? + 3bsz(kt) + be (18)
1<k<(d—1)/2
ay = a4— 5t (19)
ag = ag— bat — Tw. (20)
We also set
a; = ay eta, = ay etay = as. (21)
Vélu proves the identity
(W) + ay2'y + azy’ = (2')° + ay(a')* + a2’ + ag. (22)

So the mafz,y) — (2/,y’) defines a degreéisogeny! : £ — E’ whereF' is the elliptic
curve given by the above Weierstrass equation. The sy&igiiz, .z is a basis ofK(E) over
K(E'). For f afunction onE we denote bylr(f) the sumy",.y 4z f o 71 It can be seen as a
function onE’. Our goal in this section is to comput&(uo k), Tr(ukw) andTr(u,x) as linear
combinations ofl, 2 andy/’.



3.3 Traces of theup i
Forl <k <d-—1we set

Cr = TI"(UOV/“). (23)
It is proven in [7, Section 4.2] that

(1= TI"(UO,t) = Z Ly —ar.

1<i<d—2

Assumek and! andk + [ are non-zero ifZ./dZ. Then

Tr(uo,(k+iye) = Tr(vwore) + Tr(uou) — dlk i
If k&, [ andk + [ are non-zero ifZ/dZ we thus have

Chpt = € + ¢ — dl% gy (24)

3.4 Traces ofuu,
Assume now that ¢ {—1,0,1} soO, t, kt and(k + 1)t are pairwise distinct. Then

UoUr = uo(uo g1yt — U0t + Tis1),
T+ Uy 1o, (e11)t — Diprrvos + 2(t) + 2((k + 1)),
—z — Iy puo e + Diguoys — 2(t) — 2(kt) + Ui pp1uoy,
= [ipgi(uo,gesry — vor) — D'ip(vore — uoy) + (k4 1)t) — x(kt) + Ty py1vos

So

Tr(UOUk) = Fl,k+1(ck+1 — Cl) - Fl,k(ck - C1) + d(ZL‘((/{? + 1)t) — :L‘(k?t)) + Fk:,k-i—lcl . (25)

Fork = 0, we havelU§ = z + x; — ajug; + z(t) + az. And thus,
Tr(Ug) = 22" + d(z(t) + ao) —arer +2 Y, x(lt). (26)
1<i<d-1
Fork = —1, we have

UU_y = UOtU—t,0 = —UOLUO,—t — A1UQ, ¢,
= —(v+T1uo— — T —quoy + as + x(t) + x(—t)),
= —x+I11(u—ro+a1) + T 1uor — as — 22(t).
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And thus

TI'(U()U_l) = —l’, + 2F1’_1C1 + d(alfl,_l — ag) — le’(t) — Z l’(lt)

Fork =1, we have
TI'(UoUl) = TI'(U,on) = TI'(Uonl).

3.5 Traces ofzuy,
Fork ¢ {—1,0}, we have
rUr = ToUkt(kt1)t

= D1+ 2((k + Dt)uo g1y — 2(kt)uow +
y((k+ 1)t) — y(kt) + a1 (x((k + 1)t) — z(kt)).

And thus,

Tl"(fL’Uk) = Fk’/ﬁ_l(l’, + Z ZL‘(lt)) + ZL‘((/{? + 1)t)tk+1 - fL’(k’t)Ck; +

1<i<d—1

dy((k+1)t) — y(kt) + a1 (x((k + 1)t) — x(kt))).

For k = 0, we have

xUy = zoupy =y + x(t)uos + y(t) + a1z(t) + as.

And thus,
Tr(zUp) =y +z(t)er + d(y(t) + arz(t) +az) + > y(lt).

1<i<d—1
Fork = —1, we have

aU_1 = 2ou—0 =~y + —a1x + x(t)u_ro0 + y(t) + a1z(t).
And thus,

Te(zU_y) = —y — a2’ + 2(t)er + d(y(t) + az(t)) — Y (y(it) + arz(it)).

1<i<d—1

(27)

(28)

(29)

(30)

(31)



3.6 The trace form

For anyk andl we have

Tr(upw;) = a® Tr(UpU;) + b2d + 2abc;. (32)
We set

er, = Tr(uouy). (33)

The matrix(Tr(ugw,)), ; = (e1-), IS circulant and its determinant is

D =|Tr(uw)l,, = [ > Ma (34)
0<k<d—10<i<d—1
where( is a primitived-th root of unity.
We compute
Z ¢ = Z Tr(upu;) = Tr(ug Z uy) = Tr(ug) = 1.
0<i<d-1 0<i<d-1 0<i<d-1

Using equations 25, 26,27, and 28 we deduce fhiata degreel — 1 polynomial inz’” with
leading coefficient

II e-¢¢-¢h=d
1<k<d—1

The roots ofD are the abscissae of points in the kernel of the dual isogeny’ — E and
they all have multiplicity two. We deduce

7(x)D(a") = a® 29 (x), (35)
where
vr(z) = I (z—az(it)). (36)
1<I<(d—1)/2

is the factor of),(x) corresponding to points in the kernel bf

4 Universal Weierstrass curves

Allidentities stated in sectidd 3 still make sense and hald for an elliptic curve over a commu-
tative ring under some mild restrictions. Some (but not@iihese identities are proven in this
general context in Vélu's thesis [16] and Katz and Mazur'skof8, Chapter 2]. In this section
we give an elementary proof for all the required identitd& construct a sort of universal ring
for Weierstrass curves with torsion. This ring beeing aegral domain, the identities hold true
in its fraction field. There only remains to check the intdéigyaf all quantities involved. By



inverting the determinant of formulE{[34) we define a loalian of the universal ring where the
system(uy,)rez/qz F€Mains a basis for the function ring extension associatéiuetisogeny.
Let A, andAq be indeterminates and s&t= —16(4A3 — 27A%). Set

1

=7Z|A4, A —1.
AO [47 6 7A]

| =

Let x andy be two more indeterminates. Set

A(Ay, Ag,z,y) =y — 2° — Ay — Ag € Aoz, 9]

Let E,¢ be the affine smooth plane curve ovég with equationA (A4, Ag, xz,y) = 0. Let E
be the projective scheme ovdg with equationy?Z — X3 — A, X 72 — AgZ3. We denote by)
the sectior|0, 1, 0]. We haveE,s = £ — O andE'is an elliptic curve over (the spectrum of),
in the sense of [9].

For every integek > 1 we denote by (A4, Ag, x,y) the functions in4, |z, y] /A defined
recursively as in[[15, Exercise 3.7] @i [8, Proposition 3.9hese are ind,[z, y|/A but we can
see them as polynomials iy [z, y] with degree) or 1 in y. We set

¢k(A47 A67 x, y) = xwz - warlwk*l (37)

2 2
on(As Agyayy) = et teoatie, 38)

These are indy[z, y]/A but we can see them as polynomialsAdg[z, y] with degree) or 1
in y. The ringAq[z, y]/A is an integral domain. We define the following elements ofiés of
fractions:

(o
g kHlEk=l Pk

gk = =
Ui Ui

I Uk g — Un—2Viy _ wk
Ay i

The following important relation$ [8, Propositions 3.53% holds true in this field:

1/% lwkfl
Ik — g1 = —W- (39)
We recall that multiplication by on £ — E[k]| is given by(x,y) — (g, hx)-
For k odd, v lies in Ao[z], and as a polynomial in, we havey;, = kz" = + O(z" 7).
Let d be an odd integer and let:(?)" and "y(¢)" be two more indeterminates. Lét be the
multiplicative subset ind,[x(¢), y(¢)] generated by alb, (x(¢),y(t)) for 1 < k < d — 1. Let

Aol (1), (1), /A (As, As, (1), ()

10



be the ring of fractions ofdo[x(t), y(t)]/A(A4, Ag, 2(t), y(t)) with respect taS and let.A,; be
the quotient ring

Aa = Aolx(t), y(t), ]/(wd( (), A(Ag, Ag, 2(t), y(t)))-

This is an integral domain. We denote Ky its field of fractions. The point = (x(¢), y(t))
defines a section df, over.4,. The curveF base changed td, may be seen as the universal
reduced Weierstrass elliptic curve with a point of exacteortl For every integek such that
1 < k < d—1the pointkt defines a section of over.A,. We callz(kt) andy(kt) its coordinates

and we have(kt) = iggﬁiﬁzﬁggg; andy (kt) = z’giﬁi o We note that due to equation

39) the difference:(it) — z(kt) is aunitin A, for anyk andl in Z/dZ such that;, [, k + [ and

k — [ are not zero. If we base chan@gto K, we obtain an elliptic curve over a field and we can
introduce all the scalars and functions of secfibn 3 :Ithe thexy, v, Uk, 2/, v/, 0s, t, w, ¢y,
x(kt), y(kt) ... The only divisions when defining these quantities ocouhe definition of the
I't;. But the denominators are units.iy. So all these scalars (resp. functions) arelin(resp.
Aglz,y]/A(As, Ag, z,y)). There remains to chooseandb. We just takes = 1 andb = =%,
Then the functions,, = alUy + b are inAy[z,y, 2]/A(As, As, 2, y). All equations from[[IR) to
(38) still hold true because they are truekip(E') and. Az, y, 2]/ A(As, Ag, 2, y) embeds in the
later field. We recall thab is the determinant

D(2) = |Tr(upw)ly,, - (40)
It is a degreel — 1 polynomial mAd[é 'l with leading coefficient/>. The ring
A2 g A (As, A, 2, )
d d7wd(x)7l‘7y 4,6, T, Y
is a free module of rank over
A [1 ; / /]/A(Al A/ / /)
dd’D(l',)’x ?J 45 6,.77,3/

and(u;)1<;<4—1 IS a basis for this module. We deduce the following theorerag®cialization.

Theorem 1 Letn be a positive and prime t6 integer and letA = Z/nZ. Letd be an odd
integer. Letay, ag, (t) andy(t) be elements i such that

1. disaunitinA,

2. A(aq,a6) isaunitinA,

3. Yalas, ag, x(t),n(t)) =0,

4. Yp(aq,a6,1(t),n(t)) isaunitinAforanyl <k <d-—1.

11



Thent = (z(t), n(t)) is a point of exact ordeti on the Weierstrass elliptic curve given by the
equationy® = z* + a4z + as over A. Seta = 1 andb = =% andu;, = aU; + b. Then all
equations from[{12) td(36) still make sense and hold trué|in y]/A(a4, ag, x,y). The ring

t Joal/Afas . 9)

A

is a free module of rani over

1
A 1o A 1o 1o
[D(x,)vxvy]/ (a’47a67x7y)

and(u;)1<i<q4—1 IS @ basis for this module.

5 The ring of elliptic periods modulo »

In this section we give a recipe for constructing a ring estem of Z /nZ using an elliptic curve
overZ/nZ and a degred isogenyE — E’. The resulting ring will be called a ring of elliptic
periods. It will be a free algebra of rankoverZ/nZ. We just adapt the construction @i [7,
Section 4] to the case where the base ring is no longer a fieldh Bis sectiony is a positive
and prime to6 integer andA = Z/nZ. We assume we are in the conditions of theofém 1.
We have an elliptic curvéZ? — Spec(A) over A given by the reduced Weierstrass equation
y* = 23 + ayx + ag. We have a sectioh= (z(t),y(t)) € E(A) of exact order on E whered

is a prime t®2n integer andc(t), y(t) are in A. We denote by’ the elliptic curve overd given

by equation[(ZR). We call : E — E’ the isogeny given by equatiods]13). Letz') = |e;_x],

be the polynomial inA[z'] defined by equation§{B4) arld135). CAlthe A-module genera’ied
by theu, for0 < k < d—1.

We further assume we are given a sectios (2'(a),y'(a)) € E'(A) of Elg — Spec(A).
We assume thab(z'(a)) is a unit in A. Geometrically, this means that the sectiodoes not
intersect the kernel of the dual isogefly: £/ — I. This is equivalent to the circulant matrix
(e1-x(2'(a))),, beeing invertible. For every in Z/dZ we write e, = ¢, (2'(a)). This is an
element ofA. Saying that the circulant matrix i&;_x),,, is invertible means that the vector
€ = (ex)rez/az is invertible for the convolution produeton A¢. We denote bye’ -V the inverse
of ¢for the convolution product. The idegl’ —2'(a), v’ —3'(a)) of A[x, y, m]/A(% ag, T, y)
is denotedg,. We call B = Alzx,y, m]/(/\(a%a&x,y),&l) the residue ring of the fiber
I7'(a). We say thatB is a ring of elliptic periods. TherB is a free A-module with basis
© = (6k)o<k<d—1 Wheref, = u; mod F,. We need an explicit description of the multiplication
tensor in this basis. We note that reduction modgaefines an isomorphism gf-modulesn :

L

B

f—— fmod F,

12



We assume we are given a sectidn= (z(R), y(R)) of Ex — Spec(A) such that the image
S = I(R) of Rby I is asectionz'(S),y'(S5)) of Els — Spec(A) andD(2'(S)) is a unitinA.
So the residue ring dt ! (S) is a freeA-module of ranki and the evaluation map

Ad

fr—=(f(R+ kt))o<k<d

is a bijection. Also the vector

ug = (uo(R + kt))rezyaz (41)

is invertible for the convolution product iA?. We calluz Y its inverse. We denote by the
vector

fR = (l‘(R + k?t))k;eZ/dZ (42)
We note¢;, = z;, mod §, for everyk € Z/dZ. SinceB is free overA and© is a basis for
it, there exist constants;,), in A such that, = >";.cz/az tk0r. So 7 = (u)x is the coordinate

vector of&, in the basi®©. We similarly call_f = (ix)x the coordinates vector @f in the dual
basis© of © for the trace form. We need to compute these constants.
If & is neither) nor —1 in Z/dZ then we deduce from formul&{29) that

e = a(rk,k+1<x'<a>+ > x<n>>+x<<k+1>t>cm—x(kwwd(y((kmw—y(t»)

1<i<d—1

+b('(a) + D x(lt)). (43)

1<i<d—1
For k = 0 we deduce from formuld{BO0) that

ip=a (y'(a) + x(t)eq + dy(t) + Z y(lt)) +b(2'(a) + Z x(lt)). (44)

1<i<d—1

Fork = —1 we deduce from formuld(31) that

1<i<d—1 1<i<d—1

I1=a (—y’(a) + z(t)cy + dy(t) — Z y(lt)) +b(2'(a) + Z x(lt)). (45)

The coordinate vectors in the bagisand® are related by the relation

—

[ =ex 7 (46)
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We can now give the multiplication tensor fér in the basisO. Let a, 5 and~ be three
elements inB such thaty = a3. Let @ = (o) ez, az b€ the coordinate vector of in the basis

O. Defineﬁ> and™® in a similar way. Using an argument similar to the onelof [7GtRa 4.3]
we obtain the following theorem.

Theorem 2 With the above notation the multiplication tensor in theébasis© of the freeA-
algebraB is given by

6 A primality criterion

In this section we state and prove a primality criterion Imug elliptic periods. Assume we are
given a prime t@ positive integern. We setd = Z/nZ and letE' be a Weierstrass elliptic curve
over A as in sectio]5. We keep the same notation. Again 2 is a prime to2n integer and
t € E(A) is a section of exact ordet. The quotient by(¢) isogenyl : E — FE’is given by
Veélu's formulae. We are given a sectiare E/x(A) and we call

Sa = (2 = 2'(a),y' — ¥/ (a))
the ideal off ' (a) in Afz,y, ;-r51/Alas, as, 2, y). We assume thab(z'(a)) is a unit in A.
Let
1 /

B = Alz,y, 1/1d—(33)]/(x/ —2'(a),y

be the residue ring o[z, y, m]//\(az;, as, ,y) atlI~'(a).

Let p be a prime factor ofi. SetC = B/pB. Leto : B — B be the automorphism induced
on B by the translation_; :

—y'(a))

o B B

fmod §,+—— f o1 mod §,.

We also denote by : C' — C the induced map on the quotiefit= B/p. Letb € E(F),)
be a geometric point oA mod p such that/(b) = a mod p. Letm D p be the corresponding
maximal ideal ofB:

m = {f mod §,|f(b) = 0}
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LetK = B/m = F,(b) be the residue field &t Call ¢ : £ mod p — E mod p the Frobenius
endomorphism of mod p. There exists, € Z/dZ such thatp(b) = b — e, x (t mod p).
The residual degreéeg(K/F,) is the order ofe, in the additive grouZ/dZ. So for every
f e Alz,y, m]/A(cu, ag, r,y) we have

fPmodm = f(b)P = f(¢(b)) = f(b—ept) = o(f mod F,) mod m. (47)
Assume now the following equality holds true in the riBg

(00)" = (up mod §,)" = u; mod §, = 0.
Sinceo (0y) = 0y, for everyk € Z/dZ we deduce that

(Or)" = 0(0k) = Orsa

for everyk € Z/dZ. LetG C C* consist of all units; in C such that.” = o(u). In other words
G = Ker(n — o) C C*. This is a subgroup of*. We just provedd, mod p € G for every
k€ Z/dZ.

Let H C K* be the image of7 by the reduction map modute. Let f mod (§,, p) be a unit
inG C C*. Then

f" mod m = o(f mod §,) mod m. (48)

We now bound# H from below. We first observe thgt H = #G because the reduction map
modulom is a bijection fromG to H. Indeed, letf mod (F,,p) € G C C* be such thaff =
1 mod m. Thenf™ = 1 mod m. From formula[(4B) we deduce thatf mod §,) = 1 mod m.
So

f—1€Nychca10™(m) = {0} C C.

There remains to bound the order€; from below. To every subsétof Z/dZ we associate
the function

fs =11 ux

kesS

We note thatfs mod (Fa,p) = [lres(fx mod p) belongs toG C C*. Let S; and.S; be two
subsets of

{0,2,4,...,d -3} C Z/dZ.

Let/, andl, be two integers that are prime o Thenl; fs, # l2fs, mod (§,, p) unlessS; = Sy
andl; = I, mod p. Indeed, ifl; fs, = lofs, mod (F,,p) thenl; fs, — lofs, mod p is a function
on £ mod p with divisor> — 37, .54 [kt] and it cancels on the degréalivisor I~*(a) mod p.
Solifs, = lafs, mod p. Therefore these two functions have the same poles. We ddatat
S; = Ss. Therefore; = [, also. There are“s subsets 0{0,2,4,...,d — 3}.

We deduce the following lemma
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Lemma 3 (Elliptic partial certificate) Letn be a prime t® integer and letF be a Weierstrass
elliptic curve overA = Z/nZ. Lett € E(A) be a section of exact orderwhered is a prime to
2n integer. LetE’ be the quotienty/(¢) given by Vélu's formulae. Let € E/z(A) be a section
such that the vectof = (e;(2'(a))), defined by equatiodi{B3) is invertible for the convolution
productx on A¢. Assume the congruence

(60)" = 01

holds true in the ring of elliptic period® = A[z, v, wdl(m)]/(x/ —2'(a),y — v/(a)).

Then for every prime divisgr of n, there exists an integef depending omp such that

o Sdivides(p? —1)/(p—1)=1+p+p*+---+p* 1,
e 5> 2%,
e 1 satisfies conditiod(p, d, S).

In that case, we say thétl, £, ¢, a) is a partial elliptic certificateof degreed for n.

We recall that the condition that the vectobe invertible means that the sectiemoes not
cross the kernel of the dual isogefly: £/ — E.

The above lemma can be used as a building block for a primaditifficate. We can use it
in conjunction with lemm&ll and lemnia 2. Indeed, assume weess/ely apply lemmid 3 to
K different rings of elliptic periods with pairwise copriménkensionsdy, ..., dx. For every
1 < k < K, the integerS;, given by lemma13 divides + p + - - - + p%~1. So theS;, Ss, ..., Sk
are pairwise coprime. In order to prove thas a power o we just have to check the inequality

2% > pVaFdFFdic
and apply the glueing lemnia 2 and the AKS critefibn 1.

Theorem 3 Letn be a prime ta integer and letK” be a positive integer. Assume that for every
1 < k < K we are given an odd positive integér and a degreel,. elliptic partial certificate
for n. Assume further that th@, are pairwise coprime and

dy+do+-tdg—K VIR T
2732 — >np di+da2+ +dK. (49)

Thenn is a prime power.

7 Construction of elliptic certificates
In this section we explain how to construct elliptic (pdjtzertificates of primality for a given

integern using theorenl3. We are given a primestintegern and we want to construct a ring
of elliptic periods modula: with degreed. If d is large enough, a single certificate will suffice to
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prove thatn is prime. But we may equaly construct several partial cediés of pairwise prime
degrees and apply theoré&in 3 in its full generality.

The construction of the certificate is probabilistic aniaebn several heuristics. The number
n under consideration in this section is very likely to be pint already passed many pseudo-
primality tests. Also we shall allow ourselves to use altjonis that are only proven to work
under the condition that is prime. This is not an issue since we do not claim to proverang
here. We setd = Z/nZ. We want to construct an elliptic curvE over A with a section
t € E(A) of exact orderd in the sense of |9, Chapter 1, 1.4]. We should not be too much
demanding aboui. We may fix an intervald,,i,, dmax] and accept any that belongs to this
interval. We have to collect enough partial certificatesatis$y inequation[{49). We may choose
a larged,;,. Then we need few different degrees. For examplé,.if > 4(log,n)* + 2 then
a single partial certificate will suffice. Checking the déctite will require time(log n)*+o(
and memorylog n)3+°(Y), We may on the contrary choose a smill,. Then we shall have to
collect many partial certificates. A reasonable choice e to takel,,;, = 2 + [log,n| and
dmax = (dmin)*T°Y. We shall then need no more thhlog, n] partial certificates. Checking
all the certificate will require timélogn)**°(\) and memory(logn)*°"). We use complex
multiplication theory to produce elliptic partial certidites.

The first step of the algorithm selects quadratic imaginadecs.

We look over the maximal quadratic imaginary ordérdor decreasing fundamental dis-
criminants—A. We start with—A = —7. For each orde© we first look for a square roat of
—A modulon using the algorithm of Legendre. Singds expected to be prime, the algorithm
will succeed in probabilistic timélog n)2+°(Y), For a givem, such a square root exists for one
quadratic order over two. If we fail to find such a square ra@t,go to the next quadratic order.

Once we know a square roétof —A modulon, we calln the ideal(n, v—A — §) in O
and we look for an element with normin n. We use fast Cornachia’s algorithm. It runs in
deterministic timg(logn)'*t°™ and finds such an elementc O when it exists. We then set
t = Tr(¢) = ¢ + ¢ and look for integerd that satisfie the following conditions

1- d € [dmin7 dmax];
2. disprimeton(n — 1)(n+ 1),
3. there exists anc {1, —1} such thatl divides(n + 1 — et) and is prime tdn + 1 — et) /d,

4. dis prime to all the degrees we have selected before.

If there is no such factor, we go to the next fundamental adisoant—A. We stop when we
have collected enough pairwise degrees to satisfy inemu@dd). We note that the search for
split discriminants can be accelerated using the sameitpehas in the J.O. Shallit fast-ECPP
algorithm [11]12].

If we choosed,,;,, > (logn)? + 2 and look for a single quadratic order, we expect to find
it in time (log n)?*°()). We also expect the values of to be (log n)°™M. If we choosed,,;, =
2 + [log,n] andd,a, = (duwin) 21, we expect to find thélog, n] necessary quadratic orders
in time (log n)**°(M. In that case, we expect the valuesto be (logn)**°M). In either cases,
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the time spent in finding the necessary fundamental disoants is negligible compared to the
overall complexity of the algorithm. This makes a big diéfiece with the ECPP test. The reason
is that, while the ECPP algorithm is looking for curves witldle having a single large prime
divisor, the elliptic AKS test only requires the existené¢@asmall divisor of this order. This is a
much milder condition. The proportion of useful curves ia BBCPP algorithm i§log n)~!+o(),
The proportion of useful curves in the elliptic AKS algorithis (logn)°("). Needless to say,
these estimates are heuristic.

The second step of the algorithm constructs a partial edlipertificate for every selected
couple(—A, d).

Once we have found enough quadratic ord8rswe compute the associated Hilbert class
polynomials. Computind»(X) requires quasi-linear time in the size of this polynomiatist
polynomial has degred!/?+°(1) and heightA!/2+°(1) where—A is the discriminant of). So
Hp(X) can be computed in tima'*+°(), Finding a rootj of Hy(X) modulon is achieved in
probabilistic time

A1/2+o(1) (lOg n)2+o(1) )

So the total time for finding these roots will ivyg n)>+°() for a single large degree and
(log n)**°(") for many small ones.

Once computed a root of the modular polynomial, we constancelliptic curveE over
Z/nZ having modular invarianf. We then construct a randorsectionP on E. We expect
one and only one amorjg + 1 — t|P and[n + 1 + t] to be equal to the zero sectién If this is
not the case, we pick another poifit Lete € {—1, 1} be such that/ dividesn + 1 — et. If we
have found a sectioR such thafn + 1 — et] P # O then we replacé’ by the its quadratic twist.
And we start again with this new curve. If we have found a péisuch thafn + 1 — et]P = O
and[n + 1+ €t] P # O, then we multiplyP by (n + 1 — t)/d and obtain a sectionthat we hope
has exact ordef. We can test thathas exact ordef by checking that),(z(t)) is a unitinA for
every strict divisork of d. If this condition does not hold, we pick another sectidoon E.

Once we have found aof exact orderd we construct the quotient isogedy: £ — E’
using Vélus’s formulae. We look for 4-sectiona on E’ having exact orded. This finishes the
construction of our certificate. We expect to fin@nda as above in timélog n)'*+°W (log n + d)
for each certificate of degrekand(log n)*+°(!) for all certificates.

8 A stronger criterion

In this section, we improve on the primality test describbdwe, at the expense of some more
geometry and combinatorics. If we come back to the proof winhel3 we find ourselves with
an elliptic curveE over a fieldK = F,. We are given a point of odd orderd > 3 and the
corresponding automorphistmof the field of functions
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o K(F)——=K(FE)

f——foT.

We also are given a functian, on E. We have a divisof’ = [O] + [t] +[2t] +- - -+ [(d — 1)]
and the associated linear spati@’) of dimensiond insideK (£). We consider thé&|c]|-module
U generated by, insideK(E)*. The essential point is that the intersectiém £(7) is large:
the quotientt/ N £(T"))/K* has cardinality at least™> . All the functions in this intersection
have degree d.

We want to replace,, by a slightly different function and obtain an even largdrafdunc-
tions with small degree in the corresponding monoge#asmodule. The section is organized
as follows. Paragragh8.1 studies the structure ofZtmeodulel/ = K[E— < t >]* of unitsin
K[E—- < t >]. We show that the quotient modul&/K* is monogenous asZ/s]-module and
we exhibit a generator for it. The determinant computatieeded in paragrafph 8.1 is postponed
to paragrapli8l4. Paragraphl8.2 gives a lower bound for thbauof functions with degree
< (d —1)/2 in U/K*. The resulting strengthened primality criterion (theoi)ms stated in
paragrapii8]3. It is asymptotically twenty five times fasiten the test resulting from theorem
3. Paragraph 8.6 proves a combinatorial lemma. Paragr&jr@ves a simple lower bound for
binomial coefficients that is useful in paragrdpH 8.6.

8.1 A group of elliptic units

Let K be a field and® an elliptic curve oveK. Letd > 3 be an odd integer and lebe a point
of orderd in E(K). Leto : K(F) — K(F) be the automorphism that senflo f o 7_;.

In this paragraph, we are interested in the griupf functions inK (£) having no zeros nor
poles outside the group ¢ > generated by. There is a unique multipleof ¢ such that = 21.
For everyk in Z/dZ we defineu,, as in section3]12. This is a function having two simple poles :
one atit and one atk+1)t. If | = 2k mod d we setil; = uy, —ug(f) = uy,—uy(kt+1) = GigoT ;.
Its divisor is

() = —[kt] + 2[t + kt] — [(k + 1)t] = —[lf] + 2[(1 + 1){] — [(I + 2)1].
It is clear that
H Uy, € K*.
kez/dZ.

We want to prove that thé, generate the latticd /K*, or equivalently thafiy)o<x<q—2 IS @
Z-basis for it. LetV be the sublattice o£ consisting of vectorge; ), such thal~icz/az ex =
0. Let W be the sublattice o¥’ consisting of vectorsey), such thaty", ., 4z er = 0 and
Ykezyaz ker = 0 mod d. The index oW in V' is d. We construct a bijection
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VUK — W (50)

by associating to every unitthe vector(v,;(u)); consisting of its valuations at all points for
k € Z/dZ. In order to prove thatix)o<r<a—2 IS aZ-basis for/ /K* we consider the following
(d — 1) x d matrix:

-1 2 -1 0 0 0
o -1 2 -1 0 0
0 0o -1

: : : .2 =1 0
0 0 o --- -1 2 -1
-1 0 o --- 0 -1 2

We stress that thé — 1 lines in this matrix are the imagé§4,,) of thed, by V, for0 < k <
d — 2. We want to show that these lines form a basi\afWe call themiV,, for0 < k < d — 2.
From equation[{34) below, we deduce that the determinarteofightmost minor in the above
matrix isd. So the index of the lattice generated by thg;)o<.<4—> insideV is a divisor ofd.
This implies that this lattice is equal W.

Lemma4 Letd C K(E)* be the group of functions having no zero nor pole outside tile s
group< t > generated by. Then//K* is a freeZ-module and @y, )o<x<q—2 iS @ basis for it. As
aZlo]-module{ /K* is monogenous and, is a generator for it.

8.2 Elliptic units with small degree

In this paragraph we are interested in the sulfSetf ¢/ consisting of functions i/ having
degree< (d — 1)/2. Recall the definitions o¥ andWV given in paragraph8.1. Léf be the
subset of the lattic® consisting of vectors having'-norm< d — 1. Let 7 be the intersection
of Z andW. The setZ /K* is mapped bijectively ont’ by the mapl” defined in formulal{30).
We want to bound from below the cardinality gt

For everyk and! in Z/dZ, the mapsy, : V — V is defined to be the map that increments
the k-th coordinate and decrements thth one. There aré(d — 1) + 1 such maps. We fix an
arbitrary total order on the set consisting of thééé — 1) + 1 maps. For every vector in Z,
there is at least one map ; such thakm(?) isinJ:

e if " is zero, we apply the identity, o to v';

o if U = (Vm )mez,az 1S NON Zero, we assume for example that/thie coordinate is positive.
We setk = [ —3,,c7/4z mvm and we check that, ;(@) is in W and its norm is not bigger
than the norm ofv’.

For every vectorv in Z, we callx(7") the image ofv” by the smallest map,,; such that
ki (0) isin J. This way, we define a map : Z — J. Every element in7 has at most

20



d(d — 1) + 1 preimages by. Therefore the sizes df and 7 are related by the following
inequation

4T
#J > R

We know from lemm@l7 thdbg #Z > 1.74498 x d if d > 2001. We deduce thdbg #.7 >
(1.74498 — 0.0076) x d in this case. Hence the following lemma.

(51)

Lemma5 If d > 2001 is an odd integer, the sef /K* consisting of elliptic units (modulo
constants) having degree (d — 1)/2 has cardinality

#(T/K*) > exp(1.73738 x d). (52)

8.3 Strong primality certificates

Assume we are in the situation of sectidn 6. We are given agtirfi positive integern. We set

A = Z/nZ and letE be a Weierstrass elliptic curve ovdras in sectiofi5. We keep the same
notation. Again/ > 2001 is a prime t2n integer and € E(A) is a section of exact order We

call I : E — E' the quotient by(t) isogeny as given by Vélu’s formulae. We are given a section
a € Elz(A) and we call

8o = (2" = 2'(a), ¥ — ¥/ (a))
the ideal of7~'(a) in Alz,y, m]/A(a4,a6,x,y). We assume thab(2'(a)) is a unit in A.
We call B = Alzx, y, wdl(z)]/(x’ —2'(a),y" — y/(a)) the ring of elliptic periods. We define the
functions(u;)cz/q4z as in sectiol5. There is a unique multiplef ¢ such thatt = 2¢. We set
n = up(t) € A. If | = 2k mod d we setiy; = u;, — 1. We setd), = u;, mod , andd, = 6, — .
Assume now the following equality holds true in the riBg

(00)" = b1 (53)

Let p be a prime divisor ofi and letC' = B/pB. Lets : A[E— <t >] - A[E— <t >] be
the automorphism induced off E— < t >] by the translation_; :

5 A[E— <t>]—=A[E— <t >]
f——=foT,
We also denote by : B — B andé : C' — C the induced map o®® andC'. LetG =

Ker(n — &) C C*. This is a subgroup af"*. From equatior[{33) we deduce thigtmod p € G.
We deduce that;, mod p € G for everyk € Z/dZ .
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Let @ be a vector in7 C Z. Let (wy)o<k<a_o be the coordinates ot in the ba-
Sis (Wi)o<k<d—2 Of W defined at the end of paragraphl8.1. Llfgt = [[y<x<q o4~ be the
unique multiplicative combination of th&, such thafi’(f+ mod p) = v, whereV is the val-
uation map defined in formul&(b0). We note thfat mod (F.,p) = Hogkgd_Q(ék mod p)"k
belongs toG ¢ C*. Sincew is in J, we know thatf- mod p has degree< (d — 1)/2.
Let v, and v, be two distinct vectors in7. Let !, andl, be two integers that are prime
to p. Thenlifw, # lofw, mod (Fa,p) unlessv’; = v, andl; = Iy mod p. Indeed, if
Lfw, = lofw, mod (8., p) thenl, f+, — o f, mod p is a function onE mod p with degree
< d — 1 and it cancels on the degréelivisor I ! (a) mod p. Sol; f+, = lf=, mod p. There-
fore f+, and f+, have the same divisor. We deduce that = v'. Thereforel; = I, mod p
also. Using the lower bound in lemrila 5 we deduce the followengma:

Lemma 6 (Strong elliptic partial certificate) Let n be a prime to6 integer and letE be a
Weierstrass elliptic curve ovet = Z/nZ. Lett € E(A) be a section of exact ordetwhere
d > 2001 is a prime to2n integer. LetE’ be the quotient¥/(t) given by Vélu's formulae.
Leta € Elx(A) be a section such that the vectdr= (e;(2'(a))), defined by equatiod(B3) is
invertible for the convolution produston A?. Assume the congruence

(60)" = 61
holds true in the ring of elliptic period® = Az, v, m]/(x’ —2'(a),y — v/(a)).
Then for every prime divisgr of n, there exists an integef depending om such that

e Sdivides(p? —1)/(p—1)=1+p+p?+---+pi L,
o 5> exp(1.73738 x d),

e 1 satisfies conditiod(p, d, S).

In that case, we say that, £, ¢, a) is a strong partial elliptic certificatef degreel for n.

We deduce the following strengthened primality criterion.
Theorem 4 Letn be a prime ta integer and letk” be a positive integer. Assume that for every
1 < k < K we are given an odd positive integéf > 2001 and a degreel, strong elliptic
partial certificate forn. Assume further that thé, are pairwise coprime and

exp(1.73738 x (dy + dp + - - - + dg ) > nV+det+de

Thenn is a prime power.
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8.4 A determinant

In this paragraph we compute a determinant that was usefdragrapii8l1. For every integer

n > 1 we defineD,, to be the determinant

2 -1 0 0 0 0
-1 2 -1 0 0 0
0o -1 2 -1 0 0
D,=| 0 0 -1 :
: : : 2 -1 0
0o 0 0 -1 2 -1
0o 0 0 0o -1 2

In particularD, = 2 and D, = 3.
We develop the determinant, along the first column and find that

D, =2D,_ 1 — Dy_»

foranyn > 3.
We deduce

D,=n+1
foranyn > 1.

8.5 Lower bounds for binomial coefficients

(54)

In this paragraph we compute effective lower bounds for iiab coefficients. These estimates
will be useful in the next paragraph B.6. Lt > 2 be an integer and I€tl;),<x<x be a family

of positive integers. We set = >~y dr anda;, = d;/d. We seta = (ay, ...

define the corresponding entropy to be

H(W) = H(ay,..
We recall Robbins effective Stirling formula13]. For eyquositive integer!

2déd ( ! )<d'<\/2dc—id (i)
T\ ) SR/ =@ = Vemal o] P

We deduce

Lk 1 K d
(271-d) 2 eXp(dXH(Oé1,---,OéK)+1_3__) < (dldg..-dK>

1—

(27Td)TK exp(d x H(ay, ...

We shall need the following definition.
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Definition 2 Letﬁ = (Br)1<k<k be a family of reals in0, 1[ such thaty", ., x 5 = 1. Letd
be a positive integer. We assurig > é for everyl < k < K. For every integek such that
1 <k <K —1setd, = |frd]. We observe that;, is positive. Setlx = d — > << 1 di. It

is positive also. The rounded multinomial coefficient agged tod andﬁ> is defined to be

AN d
(3)= (o)

In order to find a nice lower bound for this coefficient, we sgt= d;/d for everyl < k <
K. ltis clear that

1
ﬁk—gé&kﬁﬁm

forl1 <k<K-1,and

K
BKSCKKSBKﬂLE-

We sety = max(—log(mini<z<x (6x — 3)) — 1, 1) and we notice that forany < k < K
the derivative ot — —zlog z is bounded by in absolute value between. andj;. Since

QU=

|8k — au| <

if 1<k <K-—1and|fx —ax| <L, we deduce

2K
|H(a17a27"'7aK)_H(ﬁhﬁ%"'aﬁK”STM-
So
1 d —. 2Kp  (1—-K)log2nd 1,1 K
- > — (= — ).
d1°g<ﬁ>—H(ﬁ) a 2d MESTIT) (53)

8.6 An enumeration problem

Letd > 3 be an odd integer. We are interrested in theeif vectorse' = (eq, ea, ..., ¢e4) IN Vi
such that

1. the sund>, ., e, Of all coordinates is zero,
2. theL'-norm>_, ;. |ex| Of €isd — 1.

We look for a lower bound for the cardinality ;. To every vectog' in S; we associate a
partition of{1, 2, ..., d} inthree set&, £, , E_ corresponding to the indices with zero, positive
and negative coordinates respectively. The sum of positiedinates equalgl — 1)/2. The
sum of negative coordinates equal&l — 1)/2.
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We fix a real numbep €0, 1| and define the subsé}, 5 C S, consisting of vectors i
having exactly 3d| positive coordinates andid| negative coordinates. We assupme> 1.
The number of elements if}, s is

#&ﬂ:<L&%U%fd—ﬂ&ﬂ)(@@ii>Q;@:i> (50)

The first factor in the product above is the number of corradpw partitionsFy U E, UFE_.
The second factor is the number of ways one can write- 1)/2 as a sum ofl 3d| strictly
positive integers. The third factor is the number of ways caye write—(d — 1)/2 as a sum of
| 3d] strictly negative integers.

We want to choose the reglso as to make the product in formul@al56) as big as possible.
The logarithm of this product divided bytends toH(ﬁ, B,1—208)+ H(26,1—20) asn tends
to infinity. This expression is maximal fgr = [ [ [

We setf = - f and we look for an effective Iower bound for every factor imfoila L5:6)

We first apply inequality[{35) folX = 3, B = (6,8,1=206),p=1,H(B,6,1-28) >
1.08439 andd > 2001. We find that

110< d
&\ 18dl, 3d),d —2|8d|

We now notice that3d| — 1 > § (43* — 1) and|8'(d — 3)| > |3d] — 1 providedZ > ;2
which is guaranteed by settintj = 0 29334. So

i) ( o) 9

We now apply inequalityf(85) foK = 2, 5 = (25’ 1-20"),u=1, H?2p,1-25") >
0.678, andd > 999. We find that

) > 1.08439 — 0.00781 = 1.07658 (57)

1
~log < ) > 0.678 — 0.0085 = 0.6695.
[26'd]

If we substitutel by (d — 3)/2in the above formula we obtain

3 > 0.3342. (59)

for d > 2001.
Combining inequation$ (56}, (67),1(58), andl(59) we dedhedadllowing lemma.

Lemma 7 Letd > 2001 be an odd integer and |&f; C Z¢ be the set of vectors havidg-norm
equal tod — 1 and the sum of all coordinates equaloWe have the following lower bound for

#Sd:

1
S log #8, > 1.74498
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9 First computational results
The annoucement below has been posted to the Number Thsory li

(bject: A practical variant of the AKS primality test.

We are pleased to announce sonme progress on the AKS primality test

[ AKSO4]. W recently canme to a variant of this test, no nore
determ nistic, but which is able to prove that an integer Nis
prime with good asynptotic conplexities,that is soft QI og"4 N)
intime and soft Olog”"2 N) in space.

A first inprovenent consists in replacing the degree (1 0g"2 N)
extensions of the ring of integers used in previous AKS variants

[ LPO5, BO7] by a direct product of Ol og N) extensions of degree
O(log N. A second ingredient is that we can efficiently construct
such extensions, with a non trivial Z/ NZ autonorphismin the spirit
of [B02, 03], using Kummer theory of elliptic curves (cf. [CLO7]).

In order to see how practical such an algorithmcan be, since its
conplexities are simlar to the ones of the fastECPP test [M7],
we devel op sone pieces of software and | aunch it on integers of
various sizes. At the tinme of witing, our |largest conputation is
a primality proof for a 4096-bit integers, derived fromthe Pi
const ant .

We are currently preparing an article about this, but sone details
can already be found in [ CELO8].

* k%

More precisely, we nmade use of the MAGVA conputer al gebra system
[ MMGVA] to inplenent the first two steps of the algorithm

_ The so-called CMstep that consists in finding (log N)
endonmorphismrings of elliptic curves Ei with d_i-torsion points
and coprinme d_i’s.

_ The so-called H LBERT step that consists in conputing Hil bert
Cl ass Pol ynom al and roots of these polynomals in order to get
an explicit nodel for the curves E i.

Simlar cal cul ati ons are made when i nplenenting the ECPP test, so
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we can easily nmake use of techni ques devel oped to optim ze
the ECPP test. However, the goal here is different:
i nstead of |ooking for one elliptic curve wth a conpletely
factorized order, we |ook for nunmerous ones with snal
torsi on subgroups of coprime orders. This is nmuch easier.
As a consequence, this step can be nmade negli gi bl e,
both assynptotically and practically.
We finally inplenmented the | ast phase of the algorithmin a
reasonably optim zed C programthat nakes use of the FFTWIi brary
[ FFTW and the ZEN library [ZEN|

_ The so-called Elliptic AKS test that consists in checking that

( Ti,0+cste) N=T.i,] + cste for sone index j

once constructed an elliptic normal basis (T_.i,j), j =0..d_i,
for the elliptic degree d_i extension defined fromE_i.

We neasured CPU tinmes (in (mi(n)utes, (h)ours

and (d)ays) and space requirenents (in (Mega(b)ytes

or (Giga(b)ytes) on a 1.67 GHz 64-bit Itanium CPU for proving

the primality of pseudo prine k-bit integers of the form
N:=[2"k-2)*Pi] + n, nis a as small as possible integer.

This yields the follow ng table.

CPU tinme (1 CPU) . 12h 2mm 7d 21h 164d 21h
Calendar tinme (32 CPUs) : 48 mnutes 10 hours 5 days

Largest d_i X 4567 9497 19961
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