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Abstract

We define the ring of elliptic periods modulo an integern and give an elliptic version of
the AKS primality criterion.
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1 Introduction

Agrawal, Kayal and Saxena have proven [1] that primality of an integern can be tested in deter-
ministic polynomial time(log n)12+o(1). Their test, often called the AKS test, relies on explicit
computation in the multiplicative group of a well chosen free commutativeA-algebraB of finite
rank, whereA = Z/nZ. More precisely, they take forB the cyclic algebraA[x]/(xr−1) wherer
is a well chosen, and rather large, integer. Lenstra and Pomerance generalized this algorithm and
obtained the better deterministic complexity(logn)6+o(1). The main improvement in Lenstra and
Pomerance’s approach consists in using a more general construction for the free commutative al-
gebraB. As a consequence, the dimensionB is much smaller for a givenn, and this results in
a faster algorithm. A nice survey [14] has been written by Schoof. Berrizbeitia first [5] and then
Cheng [6] have proven that there exists a probabilistic variant of these algorithms that works in
time (logn)4+o(1) providedn − 1 has a divisord bigger than(log2(n))2 and smaller than a con-
stant times(log2(n))2. Avanzi and Mih̆ailescu [2] and independently Bernstein [4] explain how
to treat a general integern using a divisord of nf − 1 instead, wheref is a small integer. The
initial idea, due to Berrizbeitia and generalized by Cheng,consists in usingA-automorphisms
of B to accelerate the necessary calculations inB. In these variants, the free commutativeA-
algebraB has to be constructed in such a way that a non-trivialA-automorphismσ : B → B is
effectively given, and can be efficiently applied to any element inB.

All the aforementioned algorithms constructB as a residue ring modulon of a cyclotomic
or Kummer extension of the ringZ of integers. In this work we propose an AKS-like primality
criterion that relies on Kummer theory of elliptic curves inthe spirit of [7]. Our primality cer-
tificates can be constructed in heuristic and probabilistictime (log n)4+o(1). They can be verified
in rigorous deterministic time(logn)4+o(1). We stress that in order toprovethe primality ofn
one both has toconstructandchecka certificate. The space complexity is(log n)2+o(1). So we
obtain the first variant of the AKS test that has both time and space complexity similar to the
ECPP method.

In the next section 2 we describe a rather general variant of AKS primality certificates: they
consist of a freeA-algebraB of rank d together with anA-automorphismσ : B → B of
orderd. We recall how such certificates can be constructed from multiplicative Kummer theory
as in [5]. We also explain how such a big algebraB can be constructed step by step as a direct
product of smaller ones. The next four sections are devoted to the construction of such certificates
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using Kummer theory of elliptic curves. Section 3 is concerned with the explicit description of
isogenies between elliptic curves over fields, in the spiritof [17], [16] and [7]. In section 4 the
formulae of section 3 are extended to the case of elliptic curves over more general rings. In
section 5 we construct rings of elliptic periods modulo an integern. These are residue rings of
fibers of isogenies. We can provide a quite explicit and efficient expression for the multiplication
tensor in these rings. We use these rings of elliptic periodsto state a primality criterion in the
next section 6. The construction of elliptic certificates isdetailed in section 7. A refined primality
criterion is obtained in section 8.

Notation: If ~α = (αi)06i6d−1 and ~β = (βi)06i6d−1 are two vectors of lengthd we denote
by ~α ⋆j ~β =

∑

i αiβj−i the j-th component of the convolution product. We denote byσ(~α) =

(αi−1)i the cyclic shift of~α. We denote by~α ⋄ ~β = (αiβi)i the component-wise product and by
~α ⋆ ~β = (~α ⋆i ~β)i the convolution product.

Aknowledgements: We thank Preda Mih̆ailescu for pointing to us the importance of space
complexity of AKS tests.

2 Ring extensions and primality proving

In this section, we state a general primality criterion in terms of the existence of some commuta-
tive freeA-algebraB of finite rank fulfilling simple conditions. We rephrase the AKS primality
criterion in this slightly different and more general context. We also give a general recipe to
construct the ringB as a direct product of smaller ones.

Let n ≥ 2 be an integer and setA = Z/nZ. LetB be a finite free commutativeA-algebra of
rankd ≥ 1. ThenA can be identified to a subring ofB. Let σ : B → B be anA-automorphism
of B. Assumeσ has finite orderd. Let p be a positive prime divisor ofn and letj be an ideal of
B such thatj ∩ A = pA. SetR = B/j. This is a free commutative algebra of finite dimension
over the fieldFp. We assume that there is a cyclic subgroupH insideR∗ and an integere such
that every element inH can be writtenf mod j wheref is an element ofB satisfying the two
following identities:

fn = σ(f) mod j, (1)

f p = σe(f) mod j. (2)

Definition 1 Letn, A, B, d, σ, p, j, R,H, ande be as above. Assume#H is a positive multiple
of some integerS. Then we say thatn satisfies conditionC(p, d, S).

The following lemma is a key ingredient in all variants of theAKS primality test:

Lemma 1 (AKS criterion) Letn ≥ 2 be an integer. Letd andS be positive integers such that
S ≥ n⌊

√
d⌋. Letp be a positive prime divisor ofn. If n satisfies conditionC(p, d, S), thenn is a

power ofp.
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Indeed, setq = n/p. There exist four integersi, i′, j andj′ in {0, 1, . . . , ⌊
√
d⌋} such that

i(1 − ep) + jep is congruent toi′(1 − ep) + j′ep modulod. We deduce from equations (2) and
(1) that exponentiation byqipj andqi

′

pj
′

act similarly on the cyclic groupH. We deduce

qipj = qi
′

pj
′

mod #H (3)

We observe that both integersqipj andqi
′

pj
′

are bounded above byn⌊
√
d⌋ ≤ S ≤ #H. So

congruence (3) is an equality and we deduce thatn is a power of the primep. 2

Berrizbeitia constructsB asA[x]/(xd − a) whered dividesn − 1 anda is a unit inA. We
setn− 1 = dm andζ = am. We assumeζ has exact orderd in A∗. This meansζk − 1 is a unit
for every1 ≤ k < d. We define anA automorphismσ : B → B by settingσ(x) = ζx. Let
p be any prime divisor ofn andj a maximal ideal ofB containingp. Thenj ∩ A = pA. The
main computational step in Berrizbeitia test is to check, byexplicit calculation, that the following
congruence holds true inB:

(x+ 1)n = ζx+ 1 mod (n, xd − a).

Lettingσ repeatedly act on the identity above we deduce that

(x+ ζk)n = x+ ζk mod (n, xd − a)

for any0 ≤ k ≤ d− 1. We take forH ⊂ (B/j)∗ the subgroup generated by thex+ ζk mod j for
0 ≤ k ≤ d − 1. It is clear that condition (1) is satisfied. Condition (2) issatisfied also because
ζ mod p has multiplicative orderd. Degree considerations similar to those in the original paper
[1] show that the order ofH ⊂ R∗ is at least2d. This lower bound can be improved by several
means. See Voloch’s work [18] for example. In section 6 we shall adapt this construction to
the more general context of Kummer theory of elliptic curves. This way we shall get rid of the
condition thatd dividesn− 1.

The following lemma helps collecting information coming from different rings.

Lemma 2 (Glueing lemma) Let n ≥ 2 be an integer. Letp be a prime divisor ofn. Let
K ≥ 2 be an integer and letd1, d2, . . . , dK be pairwise coprime integers. For every integer
k in {1, 2, . . . , K} we assumedk ≥ 2 and n satisfies conditionC(p, dk, Sk) for some integer
Sk ≥ 2. Assume theSk are pairwise coprime. Thenn satisfies conditionC(p, d1 + d2 + · · · +
dK , S1S2 . . . SK).

Indeed for everyk we have a free algebraBk of dimensiondk overA = Z/nZ, anA-
automorphismσk : Bk → Bk of orderdk, an idealjk of Bk containingp. We set

B =
∏

1≤k≤K
Bk,

d =
∑

1≤k≤K
dk,
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σ =
∏

1≤k≤K
σk,

j =
∏

1≤k≤K
jk,

R =
∏

1≤k≤K
Rk,

H =
∏

1≤k≤K
Hk.

ClearlyB is a freeA-algebra of dimensiond, andH is a cyclic subgroup ofR∗. The order ofH
is a multiple of

∏

k Sk. 2

3 Trace computations

In this sectionK is a field with characteristicp andE/K is an elliptic curve given by a Weier-
strass equation

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 .

Following Vélu [17, 16] and Couveignes and Lercier [7] we state a few identities related
to a degreed separable isogenyE → E ′. We exhibit a normal basis for the field extension
K(E)/K(E ′) and we study the matrix of the trace form in this basis.

3.1 Some simple elliptic functions

If A is a point inE(K̄) we denote byτA : E → E the translation byA. Following [7, Section 2]
we setxA = x ◦ τ−A andyA = y ◦ τ−A. If A andB are two distinct points inE(K̄) we define the
functionuA,B as in [7, Section 2]. It has two simple poles: one atA and one atB. If A,B andC
are pairwise distinct points we setΓ(A,B,C) = uA,B(C). The following identities are proven
in [7, Section 2].

Γ(A,B,C) = (y(C − A)− y(A− B))/(x(C − A)− x(A− B)), (4)

Γ(A,B,C) = Γ(B,C,A) = −Γ(B,A,C)− a1 = −Γ(−A,−B,−C) − a1, (5)

uA,B + uB,C + uC,A = Γ(A,B,C)− a1, (6)

uA,BuA,C = xA + Γ(A,B,C)uA,C + Γ(A,C,B)uA,B

+a2 + xA(B) + xA(C), (7)

u2
A,B = xA + xB − a1uA,B + xA(B) + a2 . (8)

We further can prove in the same way
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xCuA,B = Γ(A,B,C)xC + xB(C)uC,B − xA(C)uC,A + yA(C)− yB(C), (9)

xAuA,B = yA + xB(A)uA,B − yB(A), (10)

xBuA,B = −yB − a1xB − a3 + xB(A)uA,B − yB(A). (11)

3.2 Vélu’s formulae

Let d ≥ 2 be an odd integer and lett ∈ E(K) be a point of orderd. For k an integer we set
xk = xkt , yk = ykt, Uk = ukt,(k+1)t anduk = aukt,(k+1)t + b wherea 6= 0 andb are scalars inK
such that

∑

k∈Z/dZ uk = 1. Such scalars always exist by [7, Lemma 4]. Fork andl distinct and
non-zero inZ/lZ we set

Γk,l = Γ(O, kt, lt). (12)

Following Vélu we set

x′ = x+
∑

1≤k≤d−1

[xk − x(kt)] andy′ = y +
∑

1≤k≤d−1

[yk − y(kt)] . (13)

We also set

b2 = a2
1 + 4a2 (14)

b4 = a1a3 + 2a4 (15)

b6 = a2
3 + 4a6 (16)

t =
∑

1≤k≤(d−1)/2

6x(kt)2 + b2x(kt) + b4 (17)

w =
∑

1≤k≤(d−1)/2

10x(kt)3 + 2b2x(kt)2 + 3b4x(kt) + b6 (18)

a′4 = a4 − 5t (19)

a′6 = a6 − b2t− 7w. (20)

We also set

a′1 = a1 eta′2 = a2 eta′3 = a3. (21)

Vélu proves the identity

(y′)2 + a′1x
′y′ + a′3y

′ = (x′)3 + a′2(x
′)2 + a′4x

′ + a′6. (22)

So the map(x, y) 7→ (x′, y′) defines a degreed isogenyI : E → E ′ whereE ′ is the elliptic
curve given by the above Weierstrass equation. The system(uk)k∈Z/dZ is a basis ofK(E) over
K(E ′). Forf a function onE we denote byTr(f) the sum

∑

k∈Z/dZ f ◦ τkt. It can be seen as a
function onE ′. Our goal in this section is to computeTr(uO,kt), Tr(ukul) andTr(ukx) as linear
combinations of1, x′ andy′.
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3.3 Traces of theuO,kt
For1 ≤ k ≤ d− 1 we set

ck = Tr(uO,kt). (23)

It is proven in [7, Section 4.2] that

c1 = Tr(uO,t) =
∑

1≤l≤d−2

Γl,l+1 − a1 .

Assumek andl andk + l are non-zero inZ/dZ. Then

Tr(uO,(k+l)t) = Tr(uO,kt) + Tr(uO,lt)− dΓk,k+l.

If k, l andk + l are non-zero inZ/dZ we thus have

ck+l = ck + cl − dΓk,k+l. (24)

3.4 Traces ofukul
Assume now thatk 6∈ {−1, 0, 1} soO, t, kt and(k + 1)t are pairwise distinct. Then

U0Uk = uO,t(uO,(k+1)t − uO,kt + Γk,k+1),

= x+ Γ1,k+1uO,(k+1)t − Γ1,k+1uO,t + x(t) + x((k + 1)t),

−x− Γ1,kuO,kt + Γ1,kuO,t − x(t)− x(kt) + Γk,k+1uO,t,

= Γ1,k+1(uO,(k+1)t − uO,t)− Γ1,k(uO,kt − uO,t) + x((k + 1)t)− x(kt) + Γk,k+1uO,t.

So

Tr(U0Uk) = Γ1,k+1(ck+1 − c1)− Γ1,k(ck − c1) + d(x((k + 1)t)− x(kt)) + Γk,k+1c1 . (25)

Fork = 0, we haveU2
0 = x+ xt − a1u0,t + x(t) + a2. And thus,

Tr(U2
0 ) = 2x′ + d(x(t) + a2)− a1c1 + 2

∑

1≤l≤d−1

x(lt). (26)

Fork = −1, we have

U0U−1 = uO,tu−t,O = −uO,tuO,−t − a1uO,t,

= −(x+ Γ1,−1uO,−t − Γ1,−1uO,t + a2 + x(t) + x(−t)),
= −x+ Γ1,−1(u−t,O + a1) + Γ1,−1uO,t − a2 − 2x(t).
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And thus

Tr(U0U−1) = −x′ + 2Γ1,−1c1 + d(a1Γ1,−1 − a2)− 2dx(t)−
∑

1≤l≤d−1

x(lt). (27)

Fork = 1, we have
Tr(U0U1) = Tr(U−1U0) = Tr(U0U−1). (28)

3.5 Traces ofxuk
Fork 6∈ {−1, 0}, we have

xUk = xOukt,(k+1)t

= Γk,k+1x+ x((k + 1)t)uO,(k+1)t − x(kt)uO,kt +

y((k + 1)t)− y(kt) + a1(x((k + 1)t)− x(kt)).

And thus,

Tr(xUk) = Γk,k+1(x
′ +

∑

1≤l≤d−1

x(lt)) + x((k + 1)t)ck+1 − x(kt)ck +

d(y((k + 1)t)− y(kt) + a1(x((k + 1)t)− x(kt))). (29)

Fork = 0, we have

xU0 = xOuO,t = y + x(t)uO,t + y(t) + a1x(t) + a3.

And thus,
Tr(xU0) = y′ + x(t)c1 + d(y(t) + a1x(t) + a3) +

∑

1≤l≤d−1

y(lt). (30)

Fork = −1, we have

xU−1 = xOu−t,O = −y +−a1x+ x(t)u−t,O + y(t) + a1x(t).

And thus,

Tr(xU−1) = −y′ − a1x
′ + x(t)c1 + d(y(t) + a1x(t))−

∑

1≤l≤d−1

(y(lt) + a1x(lt)). (31)
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3.6 The trace form

For anyk andl we have

Tr(ukul) = a2 Tr(UkUl) + b2d+ 2abc1. (32)

We set

ek = Tr(u0uk). (33)

The matrix(Tr(ukul))k,l = (el−k)k,l is circulant and its determinant is

D = |Tr(ukul)|k,l =
∏

0≤k≤d−1

∑

0≤l≤d−1

ζklel (34)

whereζ is a primitived-th root of unity.
We compute

∑

0≤l≤d−1

el =
∑

0≤l≤d−1

Tr(u0ul) = Tr(u0

∑

0≤l≤d−1

ul) = Tr(u0) = 1.

Using equations 25, 26, 27, and 28 we deduce thatD is a degreed− 1 polynomial inx′ with
leading coefficient

∏

1≤k≤d−1

(2− ζk − ζ−k) = d2.

The roots ofD are the abscissae of points in the kernel of the dual isogenyI ′ : E ′ → E and
they all have multiplicity two. We deduce

ψ2d
I (x)D(x′) = a2d−2ψ2

d(x), (35)

where

ψI(x) =
∏

1≤l≤(d−1)/2

(x− x(lt)). (36)

is the factor ofψd(x) corresponding to points in the kernel ofI.

4 Universal Weierstrass curves

All identities stated in section 3 still make sense and hold true for an elliptic curve over a commu-
tative ring under some mild restrictions. Some (but not all)of these identities are proven in this
general context in Vélu’s thesis [16] and Katz and Mazur’s book [9, Chapter 2]. In this section
we give an elementary proof for all the required identities.We construct a sort of universal ring
for Weierstrass curves with torsion. This ring beeing an integral domain, the identities hold true
in its fraction field. There only remains to check the integrality of all quantities involved. By
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inverting the determinant of formula (34) we define a localization of the universal ring where the
system(uk)k∈Z/dZ remains a basis for the function ring extension associated to the isogeny.

LetA4 andA6 be indeterminates and set∆ = −16(4A3
4 − 27A2

6). Set

A0 = Z[A4, A6,
1

6
,

1

∆
].

Let x andy be two more indeterminates. Set

Λ(A4, A6, x, y) = y2 − x3 −A4x− A6 ∈ A0[x, y].

LetEaff be the affine smooth plane curve overA0 with equationΛ(A4, A6, x, y) = 0. LetE
be the projective scheme overA0 with equationY 2Z −X3 −A4XZ

2 −A6Z
3. We denote byO

the section[0, 1, 0]. We haveEaff = E − O andE is an elliptic curve over (the spectrum of)A0

in the sense of [9].
For every integerk ≥ 1 we denote byψk(A4, A6, x, y) the functions inA0[x, y]/Λ defined

recursively as in [15, Exercise 3.7] or [8, Proposition 3.53]. These are inA0[x, y]/Λ but we can
see them as polynomials inA0[x, y] with degree0 or 1 in y. We set

φk(A4, A6, x, y) = xψ2
k − ψk+1ψk−1 (37)

ωk(A4, A6, x, y) =
ψk+2ψ

2
k−1 − ψk−2ψ

2
k+1

4y
. (38)

These are inA0[x, y]/Λ but we can see them as polynomials inA0[x, y] with degree0 or 1
in y. The ringA0[x, y]/Λ is an integral domain. We define the following elements of itsfield of
fractions:

gk = x− ψk+1ψk−1

ψ2
k

=
φk
ψ2
k

hk =
ψk+2ψ

2
k−1 − ψk−2ψ

2
k+1

4yψ3
k

=
ωk
ψ3
k

The following important relations [8, Propositions 3.52, 3.55] holds true in this field:

gk − gl = −ψk+lψk−l
ψ2
kψ

2
l

. (39)

We recall that multiplication byk onE − E[k] is given by(x, y) 7→ (gk, hk).

For k odd,ψk lies inA0[x], and as a polynomial inx, we haveψk = kx
k2
−1

2 + O(x
k2
−3

2 ).
Let d be an odd integer and let "x(t)" and "y(t)" be two more indeterminates. LetS be the
multiplicative subset inA0[x(t), y(t)] generated by allψk(x(t), y(t)) for 1 ≤ k ≤ d− 1. Let

A0[x(t), y(t),
1

S
]/Λ(A4, A6, x(t), y(t))
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be the ring of fractions ofA0[x(t), y(t)]/Λ(A4, A6, x(t), y(t)) with respect toS and letAd be
the quotient ring

Ad = A0[x(t), y(t),
1

S
]/(ψd(x(t)),Λ(A4, A6, x(t), y(t))).

This is an integral domain. We denote byKd its field of fractions. The pointt = (x(t), y(t))
defines a section ofEaff overAd. The curveE base changed toAd may be seen as the universal
reduced Weierstrass elliptic curve with a point of exact order d. For every integerk such that
1 ≤ k ≤ d−1 the pointkt defines a section ofE overAd. We callx(kt) andy(kt) its coordinates
and we havex(kt) = φk(A4,A6,x(t),y(t))

ψ2
k

(A4,A6,x(t),y(t))
andy(kt) = ωk(A4,A6,x(t),y(t))

ψ3
k

(A4,A6,x(t),y(t))
. We note that due to equation

(39) the differencex(lt)− x(kt) is aunit in Ad for anyk andl in Z/dZ such thatk, l, k + l and
k − l are not zero. If we base changeE toKd we obtain an elliptic curve over a field and we can
introduce all the scalars and functions of section 3 : theΓk,l, thexk, yk, Uk, x′, y′, σi, t, w, ck,
x(kt), y(kt) . . . The only divisions when defining these quantities occur in the definition of the
Γk,l. But the denominators are units inAd. So all these scalars (resp. functions) are inAd (resp.
Ad[x, y]/Λ(A4, A6, x, y)). There remains to choosea andb. We just takea = 1 andb = 1−c1

d
.

Then the functionsuk = aUk + b are inAd[x, y, 1
d
]/Λ(A4, A6, x, y). All equations from (12) to

(36) still hold true because they are true inKd(E) andAd[x, y, 1
d
]/Λ(A4, A6, x, y) embeds in the

later field. We recall thatD is the determinant

D(x′) = |Tr(ukul)|k,l . (40)

It is a degreed− 1 polynomial inAd[ 1
d
, x′] with leading coefficientd2. The ring

Ad[
1

d
,

1

ψd(x)
, x, y]/Λ(A4, A6, x, y)

is a free module of rankd over

Ad[
1

d
,

1

D(x′)
, x′, y′]/Λ(A′4, A

′
6, x
′, y′)

and(ul)1≤l≤d−1 is a basis for this module. We deduce the following theorem byspecialization.

Theorem 1 Let n be a positive and prime to6 integer and letA = Z/nZ. Let d be an odd
integer. Leta4, a6, x(t) andy(t) be elements inA such that

1. d is a unit inA,

2. ∆(a4, a6) is a unit inA,

3. ψd(a4, a6, x(t), y(t)) = 0,

4. ψk(a4, a6, x(t), y(t)) is a unit inA for any1 ≤ k ≤ d− 1.

11



Thent = (x(t), y(t)) is a point of exact orderd on the Weierstrass elliptic curve given by the
equationy2 = x3 + a4x + a6 overA. Seta = 1 and b = 1−c1

d
anduk = aUk + b. Then all

equations from (12) to (36) still make sense and hold true inA[x, y]/Λ(a4, a6, x, y). The ring

A[
1

ψd(x)
, x, y]/Λ(a4, a6, x, y)

is a free module of rankd over

A[
1

D(x′)
, x′, y′]/Λ(a′4, a

′
6, x
′, y′)

and(ul)1≤l≤d−1 is a basis for this module.

5 The ring of elliptic periods modulo n

In this section we give a recipe for constructing a ring extension ofZ/nZ using an elliptic curve
overZ/nZ and a degreed isogenyE → E ′. The resulting ring will be called a ring of elliptic
periods. It will be a free algebra of rankd over Z/nZ. We just adapt the construction of [7,
Section 4] to the case where the base ring is no longer a field. So in this section,n is a positive
and prime to6 integer andA = Z/nZ. We assume we are in the conditions of theorem 1.
We have an elliptic curveE → Spec(A) overA given by the reduced Weierstrass equation
y2 = x3 + a4x + a6. We have a sectiont = (x(t), y(t)) ∈ E(A) of exact orderd onE whered
is a prime to2n integer andx(t), y(t) are inA. We denote byE ′ the elliptic curve overA given
by equation (22). We callI : E → E ′ the isogeny given by equations (13). LetD(x′) = |el−k|k,l
be the polynomial inA[x′] defined by equations (34) and (35). CallL theA-module generated
by theuk for 0 ≤ k ≤ d− 1.

We further assume we are given a sectiona = (x′(a), y′(a)) ∈ E ′(A) of E ′aff → Spec(A).
We assume thatD(x′(a)) is a unit inA. Geometrically, this means that the sectiona does not
intersect the kernel of the dual isogenyI ′ : E ′ → I. This is equivalent to the circulant matrix
(el−k(x

′(a)))k,l beeing invertible. For everyk in Z/dZ we write ek = ek(x
′(a)). This is an

element ofA. Saying that the circulant matrix is(el−k)k,l is invertible means that the vector
~e = (ek)k∈Z/dZ is invertible for the convolution product⋆ onAd. We denote by−→e (−1) the inverse
of ~e for the convolution product. The ideal(x′−x′(a), y′−y′(a)) ofA[x, y, 1

ψd(x)
]/Λ(a4, a6, x, y)

is denotedFa. We callB = A[x, y, 1
ψd(x)

]/(Λ(a4, a6, x, y),Fa) the residue ring of the fiber
I−1(a). We say thatB is a ring of elliptic periods. ThenB is a freeA-module with basis
Θ = (θk)0≤k≤d−1 whereθk = uk mod Fa. We need an explicit description of the multiplication
tensor in this basis. We note that reduction moduloFa defines an isomorphism ofA-modulesn :

L // B

f �

// f mod Fa

12



We assume we are given a sectionR = (x(R), y(R)) of Eaff → Spec(A) such that the image
S = I(R) of R by I is a section(x′(S), y′(S)) of E ′aff → Spec(A) andD(x′(S)) is a unit inA.
So the residue ring atI−1(S) is a freeA-module of rankd and the evaluation map

L // Ad

f �

// (f(R + kt))0≤k≤d−1

is a bijection. Also the vector

−→uR = (u0(R + kt))k∈Z/dZ (41)

is invertible for the convolution product inAd. We call−→uR(−1) its inverse. We denote by~xR the
vector

~xR = (x(R + kt))k∈Z/dZ (42)

We noteξk = xk mod Fa for everyk ∈ Z/dZ. SinceB is free overA andΘ is a basis for
it, there exist constants(ιk)k in A such thatξ0 =

∑

k∈Z/dZ ιkθk. So−→ι = (ιk)k is the coordinate

vector ofξ0 in the basisΘ. We similarly call
−→̂
ι = (ι̂k)k the coordinates vector ofξ0 in the dual

basisΘ̂ of Θ for the trace form. We need to compute these constants.
If k is neither0 nor−1 in Z/dZ then we deduce from formula (29) that

ι̂k = a



Γk,k+1(x
′(a) +

∑

1≤l≤d−1

x(lt)) + x((k + 1)t)ck+1 − x(kt)ck + d(y((k + 1)t)− y(t))





+b(x′(a) +
∑

1≤l≤d−1

x(lt)). (43)

Fork = 0 we deduce from formula (30) that

ι̂0 = a



y′(a) + x(t)c1 + dy(t) +
∑

1≤l≤d−1

y(lt)



+ b(x′(a) +
∑

1≤l≤d−1

x(lt)). (44)

Fork = −1 we deduce from formula (31) that

ι̂−1 = a



−y′(a) + x(t)c1 + dy(t)−
∑

1≤l≤d−1

y(lt)



+ b(x′(a) +
∑

1≤l≤d−1

x(lt)). (45)

The coordinate vectors in the basisΘ andΘ̂ are related by the relation

−→̂
ι = ~e ⋆−→ι . (46)
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We can now give the multiplication tensor forB in the basisΘ. Let α, β andγ be three
elements inB such thatγ = αβ. Let−→α = (αk)k∈Z/dZ be the coordinate vector ofα in the basis

Θ. Define
−→
β and−→γ in a similar way. Using an argument similar to the one of [7, Section 4.3]

we obtain the following theorem.

Theorem 2 With the above notation the multiplication tensor in theA-basisΘ of the freeA-
algebraB is given by

−→γ = (a2−→ι ) ⋆
(

(~α− σ(~α)) ⋄ (~β − σ(~β))
)

+

−→uR(−1) ⋆
(

(−→uR ⋆ ~α) ⋄ (−→uR ⋆ ~β)− (a2~xR) ⋆
(

(~α− σ(~α)) ⋄ (~β − σ(~β))
))

6 A primality criterion

In this section we state and prove a primality criterion involving elliptic periods. Assume we are
given a prime to6 positive integern. We setA = Z/nZ and letE be a Weierstrass elliptic curve
overA as in section 5. We keep the same notation. Againd ≥ 2 is a prime to2n integer and
t ∈ E(A) is a section of exact orderd. The quotient by〈t〉 isogenyI : E → E ′ is given by
Vélu’s formulae. We are given a sectiona ∈ E ′aff(A) and we call

Fa = (x′ − x′(a), y′ − y′(a))

the ideal ofI−1(a) in A[x, y, 1
ψd(x)

]/Λ(a4, a6, x, y). We assume thatD(x′(a)) is a unit inA.
Let

B = A[x, y,
1

ψd(x)
]/(x′ − x′(a), y′ − y′(a))

be the residue ring ofA[x, y, 1
ψd(x)

]/Λ(a4, a6, x, y) at I−1(a).
Let p be a prime factor ofn. SetC = B/pB. Let σ : B → B be the automorphism induced

onB by the translationτ−t :

σ : B // B

f mod Fa
�

// f ◦ τ−t mod Fa.

We also denote byσ : C → C the induced map on the quotientC = B/p. Let b ∈ E(F̄p)
be a geometric point onE mod p such thatI(b) = a mod p. Let m ⊃ p be the corresponding
maximal ideal ofB:

m = {f mod Fa|f(b) = 0}

14



Let K = B/m = Fp(b) be the residue field atb. Callφ : E mod p→ E mod p the Frobenius
endomorphism ofE mod p. There existsep ∈ Z/dZ such thatφ(b) = b − ep × (t mod p).
The residual degreedeg(K/Fp) is the order ofep in the additive groupZ/dZ. So for every
f ∈ A[x, y, 1

ψd(x)
]/Λ(a4, a6, x, y) we have

f p mod m = f(b)p = f(φ(b)) = f(b− ept) = σep(f mod Fa) mod m. (47)

Assume now the following equality holds true in the ringB:

(θ0)
n = (u0 mod Fa)

n = u1 mod Fa = θ1.

Sinceσ(θk) = θk+1 for everyk ∈ Z/dZ we deduce that

(θk)
n = σ(θk) = θk+1

for everyk ∈ Z/dZ. LetG ⊂ C∗ consist of all unitsu in C such thatun = σ(u). In other words
G = Ker(n − σ) ⊂ C∗. This is a subgroup ofC∗. We just provedθk mod p ∈ G for every
k ∈ Z/dZ.

LetH ⊂ K
∗ be the image ofG by the reduction map modulom. Let f mod (Fa, p) be a unit

in G ⊂ C∗. Then

fn mod m = σ(f mod Fa) mod m. (48)

We now bound#H from below. We first observe that#H = #G because the reduction map
modulom is a bijection fromG to H. Indeed, letf mod (Fa, p) ∈ G ⊂ C∗ be such thatf =
1 mod m. Thenfn = 1 mod m. From formula (48) we deduce thatσ(f mod Fa) = 1 mod m.
So

f − 1 ∈ ∩0≤k≤d−1σ
k(m) = {0} ⊂ C.

There remains to bound the order of#G from below. To every subsetS of Z/dZ we associate
the function

fS =
∏

k∈S
uk

We note thatfS mod (Fa, p) =
∏

k∈S(θk mod p) belongs toG ⊂ C∗. Let S1 andS2 be two
subsets of

{0, 2, 4, . . . , d− 3} ⊂ Z/dZ.

Let l1 andl2 be two integers that are prime top. Thenl1fS1
6= l2fS2

mod (Fa, p) unlessS1 = S2

andl1 = l2 mod p. Indeed, ifl1fS1
= l2fS2

mod (Fa, p) thenl1fS1
− l2fS2

mod p is a function
onE mod p with divisor≥ −∑k∈Z/dZ[kt] and it cancels on the degreed divisorI−1(a) mod p.
So l1fS1

= l2fS2
mod p. Therefore these two functions have the same poles. We deduce that

S1 = S2. Thereforel1 = l2 also. There are2
d−1

2 subsets of{0, 2, 4, . . . , d− 3}.
We deduce the following lemma:

15



Lemma 3 (Elliptic partial certificate) Letn be a prime to6 integer and letE be a Weierstrass
elliptic curve overA = Z/nZ. Let t ∈ E(A) be a section of exact orderd whered is a prime to
2n integer. LetE ′ be the quotientE/〈t〉 given by Vélu’s formulae. Leta ∈ E ′aff(A) be a section
such that the vector~e = (ek(x

′(a)))k defined by equation (33) is invertible for the convolution
product⋆ onAd. Assume the congruence

(θ0)
n = θ1

holds true in the ring of elliptic periodsB = A[x, y, 1
ψd(x)

]/(x′ − x′(a), y′ − y′(a)).
Then for every prime divisorp of n, there exists an integerS depending onp such that

• S divides(pd − 1)/(p− 1) = 1 + p+ p2 + · · ·+ pd−1,

• S ≥ 2
d−1

2 ,

• n satisfies conditionC(p, d, S).

In that case, we say that(d, E, t, a) is a partial elliptic certificateof degreed for n.

We recall that the condition that the vector~e be invertible means that the sectiona does not
cross the kernel of the dual isogenyI ′ : E ′ → E.

The above lemma can be used as a building block for a primalitycertificate. We can use it
in conjunction with lemma 1 and lemma 2. Indeed, assume we successively apply lemma 3 to
K different rings of elliptic periods with pairwise coprime dimensionsd1, . . . , dK . For every
1 ≤ k ≤ K, the integerSk given by lemma 3 divides1 + p+ · · ·+ pdk−1. So theS1, S2, . . . ,SK
are pairwise coprime. In order to prove thatn is a power ofp we just have to check the inequality

2
d1+d2+···+dK−K

2 ≥ n
√
d1+d2+···+dK

and apply the glueing lemma 2 and the AKS criterion 1.

Theorem 3 Letn be a prime to6 integer and letK be a positive integer. Assume that for every
1 ≤ k ≤ K we are given an odd positive integerdk and a degreedk elliptic partial certificate
for n. Assume further that thedk are pairwise coprime and

2
d1+d2+···+dK−K

2 ≥ n
√
d1+d2+···+dK . (49)

Thenn is a prime power.

7 Construction of elliptic certificates

In this section we explain how to construct elliptic (partial) certificates of primality for a given
integern using theorem 3. We are given a prime to6 integern and we want to construct a ring
of elliptic periods modulon with degreed. If d is large enough, a single certificate will suffice to
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prove thatn is prime. But we may equaly construct several partial certificates of pairwise prime
degrees and apply theorem 3 in its full generality.

The construction of the certificate is probabilistic and relies on several heuristics. The number
n under consideration in this section is very likely to be prime: it already passed many pseudo-
primality tests. Also we shall allow ourselves to use algorithms that are only proven to work
under the condition thatn is prime. This is not an issue since we do not claim to prove anything
here. We setA = Z/nZ. We want to construct an elliptic curveE overA with a section
t ∈ E(A) of exact orderd in the sense of [9, Chapter 1, 1.4]. We should not be too much
demanding aboutd. We may fix an interval[dmin, dmax] and accept anyd that belongs to this
interval. We have to collect enough partial certificates to satisfy inequation (49). We may choose
a largedmin. Then we need few different degrees. For example, ifdmin ≥ 4(log2 n)2 + 2 then
a single partial certificate will suffice. Checking the certificate will require time(logn)4+o(1)

and memory(logn)3+o(1). We may on the contrary choose a smalldmax. Then we shall have to
collect many partial certificates. A reasonable choice would be to takedmin = 2 + ⌈log2 n⌉ and
dmax = (dmin)1+o(1). We shall then need no more than⌈4 log2 n⌉ partial certificates. Checking
all the certificate will require time(logn)4+o(1) and memory(logn)2+o(1). We use complex
multiplication theory to produce elliptic partial certificates.

The first step of the algorithm selects quadratic imaginary orders.

We look over the maximal quadratic imaginary ordersO for decreasing fundamental dis-
criminants−∆. We start with−∆ = −7. For each orderO we first look for a square rootδ of
−∆ modulon using the algorithm of Legendre. Sincen is expected to be prime, the algorithm
will succeed in probabilistic time(logn)2+o(1). For a givenn, such a square root exists for one
quadratic order over two. If we fail to find such a square root,we go to the next quadratic order.

Once we know a square rootδ of −∆ modulon, we calln the ideal(n,
√
−∆ − δ) in O

and we look for an element with normn in n. We use fast Cornachia’s algorithm. It runs in
deterministic time(logn)1+o(1) and finds such an elementφ ∈ O when it exists. We then set
t = Tr(φ) = φ+ φ̄ and look for integersd that satisfie the following conditions

1. d ∈ [dmin, dmax],

2. d is prime ton(n− 1)(n+ 1),

3. there exists anǫ ∈ {1,−1} such thatd divides(n+ 1− ǫt) and is prime to(n+ 1− ǫt)/d,

4. d is prime to all the degrees we have selected before.

If there is no such factor, we go to the next fundamental discriminant−∆. We stop when we
have collected enough pairwise degrees to satisfy inequation (49). We note that the search for
split discriminants can be accelerated using the same technique as in the J.O. Shallit fast-ECPP
algorithm [11, 12].

If we choosedmin ≥ (log n)2 + 2 and look for a single quadratic order, we expect to find
it in time (log n)2+o(1). We also expect the values of∆ to be(log n)o(1). If we choosedmin =
2 + ⌈log2 n⌉ anddmax = (dmin)1+o(1), we expect to find the⌈log2 n⌉ necessary quadratic orders
in time (logn)3+o(1). In that case, we expect the values of∆ to be(logn)2+o(1). In either cases,
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the time spent in finding the necessary fundamental discriminants is negligible compared to the
overall complexity of the algorithm. This makes a big difference with the ECPP test. The reason
is that, while the ECPP algorithm is looking for curves with order having a single large prime
divisor, the elliptic AKS test only requires the existence of a small divisor of this order. This is a
much milder condition. The proportion of useful curves in the ECPP algorithm is(logn)−1+o(1).
The proportion of useful curves in the elliptic AKS algorithm is (log n)o(1). Needless to say,
these estimates are heuristic.

The second step of the algorithm constructs a partial elliptic certificate for every selected
couple(−∆, d).

Once we have found enough quadratic ordersO, we compute the associated Hilbert class
polynomials. ComputingHO(X) requires quasi-linear time in the size of this polynomial. This
polynomial has degree∆1/2+o(1) and height∆1/2+o(1), where−∆ is the discriminant ofO. So
HO(X) can be computed in time∆1+o(1). Finding a rootj of HO(X) modulon is achieved in
probabilistic time

∆1/2+o(1)(logn)2+o(1).

So the total time for finding these roots will be(logn)2+o(1) for a single large degree and
(log n)4+o(1) for many small ones.

Once computed a root of the modular polynomial, we constructan elliptic curveE over
Z/nZ having modular invariantj. We then construct a randomA-sectionP onE. We expect
one and only one among[n+ 1− t]P and[n+ 1 + t] to be equal to the zero sectionO. If this is
not the case, we pick another pointP . Let ǫ ∈ {−1, 1} be such thatd dividesn + 1− ǫt. If we
have found a sectionP such that[n+ 1− ǫt]P 6= O then we replaceE by the its quadratic twist.
And we start again with this new curve. If we have found a pointP such that[n+ 1− ǫt]P = O
and[n+ 1 + ǫt]P 6= O, then we multiplyP by (n+ 1− t)/d and obtain a sectiont that we hope
has exact orderd. We can test thatt has exact orderd by checking thatψk(x(t)) is a unit inA for
every strict divisork of d. If this condition does not hold, we pick another sectionP onE.

Once we have found at of exact orderd we construct the quotient isogenyI : E → E ′

using Vélus’s formulae. We look for aA-sectiona onE ′ having exact orderd. This finishes the
construction of our certificate. We expect to findt anda as above in time(log n)1+o(1)(logn+d)
for each certificate of degreed and(log n)3+o(1) for all certificates.

8 A stronger criterion

In this section, we improve on the primality test described above, at the expense of some more
geometry and combinatorics. If we come back to the proof of lemma 3 we find ourselves with
an elliptic curveE over a fieldK = Fp. We are given a pointt of odd orderd ≥ 3 and the
corresponding automorphismσ of the field of functions
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σ : K(E) // K(E)

f �

// f ◦ τ−t.

We also are given a functionu0 onE. We have a divisorT = [O]+ [t]+ [2t]+ · · ·+[(d−1)t]
and the associated linear spaceL(T ) of dimensiond insideK(E). We consider theZ[σ]-module
U generated byu0 insideK(E)∗. The essential point is that the intersectionU ∩ L(T ) is large:
the quotient(U ∩ L(T ))/K∗ has cardinality at least2

d−1

2 . All the functions in this intersection
have degree≤ d.

We want to replaceu0 by a slightly different function and obtain an even larger set of func-
tions with small degree in the corresponding monogenousZ[σ]-module. The section is organized
as follows. Paragraph 8.1 studies the structure of theZ-moduleU = K[E− < t >]∗ of units in
K[E− < t >]. We show that the quotient moduleU/K∗ is monogenous as aZ[σ]-module and
we exhibit a generator for it. The determinant computation needed in paragraph 8.1 is postponed
to paragraph 8.4. Paragraph 8.2 gives a lower bound for the number of functions with degree
≤ (d − 1)/2 in U/K∗. The resulting strengthened primality criterion (theorem4) is stated in
paragraph 8.3. It is asymptotically twenty five times fasterthan the test resulting from theorem
3. Paragraph 8.6 proves a combinatorial lemma. Paragraph 8.5 proves a simple lower bound for
binomial coefficients that is useful in paragraph 8.6.

8.1 A group of elliptic units

Let K be a field andE an elliptic curve overK. Let d ≥ 3 be an odd integer and lett be a point
of orderd in E(K). Let σ : K(E)→ K(E) be the automorphism that sendsf to f ◦ τ−t.

In this paragraph, we are interested in the groupU of functions inK(E) having no zeros nor
poles outside the group< t > generated byt. There is a unique multiplêt of t such thatt = 2t̂.
For everyk in Z/dZ we defineuk as in section 3.2. This is a function having two simple poles :
one atkt and one at(k+1)t. If l = 2k mod dwe set̂ul = uk−u0(t̂) = uk−uk(kt+t̂) = û0◦τ−lt̂.
Its divisor is

(ûl) = −[kt] + 2[t̂+ kt]− [(k + 1)t] = −[lt̂] + 2[(l + 1)t̂]− [(l + 2)t̂].

It is clear that

∏

k∈Z/dZ

ûk ∈ K
∗.

We want to prove that thêuk generate the latticeU/K∗, or equivalently that(ûk)0≤k≤d−2 is a
Z-basis for it. LetV be the sublattice ofZd consisting of vectors(ek)k such that

∑

k∈Z/dZ ek =
0. Let W be the sublattice ofV consisting of vectors(ek)k such that

∑

k∈Z/dZ ek = 0 and
∑

k∈Z/dZ kek = 0 mod d. The index ofW in V is d. We construct a bijection
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V : U/K∗ →W (50)

by associating to every unitu the vector(vkt̂(u))k consisting of its valuations at all pointskt̂ for
k ∈ Z/dZ. In order to prove that(ûk)0≤k≤d−2 is aZ-basis forU/K∗ we consider the following
(d− 1)× d matrix:

























−1 2 −1 0 · · · 0 0
0 −1 2 −1 · · · 0 0

0 0 −1
. . . . . .

...
...

...
...

...
. . . 2 −1 0

0 0 0 · · · −1 2 −1
−1 0 0 · · · 0 −1 2

























We stress that thed−1 lines in this matrix are the imagesV (ûk) of theûk by V , for 0 ≤ k ≤
d− 2. We want to show that these lines form a basis ofW. We call themWk for 0 ≤ k ≤ d− 2.
From equation (54) below, we deduce that the determinant of the rightmost minor in the above
matrix isd. So the index of the lattice generated by the(Wk)0≤k≤d−2 insideV is a divisor ofd.
This implies that this lattice is equal toW.

Lemma 4 Let U ⊂ K(E)∗ be the group of functions having no zero nor pole outside the sub-
group< t > generated byt. ThenU/K∗ is a freeZ-module and(ûk)0≤k≤d−2 is a basis for it. As
a Z[σ]-module,U/K∗ is monogenous and̂u0 is a generator for it.

8.2 Elliptic units with small degree

In this paragraph we are interested in the subsetT of U consisting of functions inU having
degree≤ (d − 1)/2. Recall the definitions ofV andW given in paragraph 8.1. LetI be the
subset of the latticeV consisting of vectors havingL1-norm≤ d − 1. LetJ be the intersection
of I andW. The setT /K∗ is mapped bijectively ontoJ by the mapV defined in formula (50).
We want to bound from below the cardinality ofJ .

For everyk andl in Z/dZ, the mapκk,l : V → V is defined to be the map that increments
thek-th coordinate and decrements thel-th one. There ared(d − 1) + 1 such maps. We fix an
arbitrary total order on the set consisting of thesed(d − 1) + 1 maps. For every vector−→v in I,
there is at least one mapκk,l such thatκk,l(

−→v ) is inJ :

• if −→v is zero, we apply the identityκ0,0 to−→v ;

• if −→v = (vm)m∈Z/dZ is non zero, we assume for example that thel-th coordinate is positive.
We setk = l−∑m∈Z/dZ mvm and we check thatκk,l(

−→v ) is inW and its norm is not bigger
than the norm of−→v .

For every vector−→v in I, we callκ(−→v ) the image of−→v by the smallest mapκk,l such that
κk,l(
−→v ) is in J . This way, we define a mapκ : I → J . Every element inJ has at most
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d(d − 1) + 1 preimages byκ. Therefore the sizes ofI andJ are related by the following
inequation

#J ≥ #I
d2
. (51)

We know from lemma 7 thatlog #I ≥ 1.74498× d if d ≥ 2001. We deduce thatlog #J ≥
(1.74498− 0.0076)× d in this case. Hence the following lemma.

Lemma 5 If d ≥ 2001 is an odd integer, the setT /K∗ consisting of elliptic units (modulo
constants) having degree≤ (d− 1)/2 has cardinality

#(T /K∗) ≥ exp(1.73738× d). (52)

8.3 Strong primality certificates

Assume we are in the situation of section 6. We are given a prime to6 positive integern. We set
A = Z/nZ and letE be a Weierstrass elliptic curve overA as in section 5. We keep the same
notation. Againd ≥ 2001 is a prime to2n integer andt ∈ E(A) is a section of exact orderd. We
call I : E → E ′ the quotient by〈t〉 isogeny as given by Vélu’s formulae. We are given a section
a ∈ E ′aff(A) and we call

Fa = (x′ − x′(a), y′ − y′(a))

the ideal ofI−1(a) in A[x, y, 1
ψd(x)

]/Λ(a4, a6, x, y). We assume thatD(x′(a)) is a unit inA.

We callB = A[x, y, 1
ψd(x)

]/(x′ − x′(a), y′ − y′(a)) the ring of elliptic periods. We define the

functions(ul)l∈Z/dZ as in section 5. There is a unique multiplet̂ of t such thatt = 2t̂. We set
η = u0(t̂) ∈ A. If l = 2k mod d we setûl = uk − η. We setθk = uk mod Fa andθ̂l = θk − η.

Assume now the following equality holds true in the ringB:

(θ̂0)n = θ̂1. (53)

Let p be a prime divisor ofn and letC = B/pB. Let σ̂ : A[E− < t >]→ A[E− < t >] be
the automorphism induced onA[E− < t >] by the translationτ−t̂ :

σ̂ : A[E− < t >] // A[E− < t >]

f �

// f ◦ τ−t̂.

We also denote bŷσ : B → B and σ̂ : C → C the induced map onB andC. Let G =
Ker(n− σ̂) ⊂ C∗. This is a subgroup ofC∗. From equation (53) we deduce thatθ̂0 mod p ∈ G.
We deduce that̂θk mod p ∈ G for everyk ∈ Z/dZ .
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Let −→v be a vector inJ ⊂ Z
d. Let (wk)0≤k≤d−2 be the coordinates of−→v in the ba-

sis (Wk)0≤k≤d−2 of W defined at the end of paragraph 8.1. Letf−→v =
∏

0≤k≤d−2 û
wk
k be the

unique multiplicative combination of thêuk such thatV (f−→v mod p) = −→v , whereV is the val-
uation map defined in formula (50). We note thatf−→v mod (Fa, p) =

∏

0≤k≤d−2(θ̂k mod p)wk

belongs toG ⊂ C∗. Since−→v is in J , we know thatf−→v mod p has degree≤ (d − 1)/2.
Let −→v 1 and−→v 2 be two distinct vectors inJ . Let l1 and l2 be two integers that are prime
to p. Then l1f−→v 1

6= l2f−→v 2
mod (Fa, p) unless−→v 1 = −→v 2 and l1 = l2 mod p. Indeed, if

l1f−→v 1
= l2f−→v 2

mod (Fa, p) then l1f−→v 1
− l2f−→v 2

mod p is a function onE mod p with degree
≤ d − 1 and it cancels on the degreed divisor I−1(a) mod p. Sol1f−→v 1

= l2f−→v 2
mod p. There-

fore f−→v 1
andf−→v 2

have the same divisor. We deduce that−→v 1 = −→v 2. Thereforel1 = l2 mod p
also. Using the lower bound in lemma 5 we deduce the followinglemma:

Lemma 6 (Strong elliptic partial certificate) Let n be a prime to6 integer and letE be a
Weierstrass elliptic curve overA = Z/nZ. Let t ∈ E(A) be a section of exact orderd where
d ≥ 2001 is a prime to2n integer. LetE ′ be the quotientE/〈t〉 given by Vélu’s formulae.
Let a ∈ E ′aff(A) be a section such that the vector~e = (ek(x

′(a)))k defined by equation (33) is
invertible for the convolution product⋆ onAd. Assume the congruence

(θ̂0)
n = θ̂1

holds true in the ring of elliptic periodsB = A[x, y, 1
ψd(x)

]/(x′ − x′(a), y′ − y′(a)).
Then for every prime divisorp of n, there exists an integerS depending onp such that

• S divides(pd − 1)/(p− 1) = 1 + p+ p2 + · · ·+ pd−1,

• S ≥ exp(1.73738× d),

• n satisfies conditionC(p, d, S).

In that case, we say that(d, E, t, a) is a strong partial elliptic certificateof degreed for n.

We deduce the following strengthened primality criterion.

Theorem 4 Letn be a prime to6 integer and letK be a positive integer. Assume that for every
1 ≤ k ≤ K we are given an odd positive integerdk ≥ 2001 and a degreedk strong elliptic
partial certificate forn. Assume further that thedk are pairwise coprime and

exp(1.73738× (d1 + d2 + · · ·+ dK)) ≥ n
√
d1+d2+···+dK .

Thenn is a prime power.
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8.4 A determinant

In this paragraph we compute a determinant that was useful inparagraph 8.1. For every integer
n ≥ 1 we defineDn to be the determinant

Dn =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 −1 0 0 · · · 0 0
−1 2 −1 0 · · · 0 0
0 −1 2 −1 · · · 0 0

0 0 −1
. . . . . .

...
...

...
...

...
. . . 2 −1 0

0 0 0 · · · −1 2 −1
0 0 0 · · · 0 −1 2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

In particularD1 = 2 andD2 = 3.
We develop the determinantDn along the first column and find that

Dn = 2Dn−1 −Dn−2

for anyn ≥ 3.
We deduce

Dn = n+ 1 (54)

for anyn ≥ 1.

8.5 Lower bounds for binomial coefficients

In this paragraph we compute effective lower bounds for binomial coefficients. These estimates
will be useful in the next paragraph 8.6. LetK ≥ 2 be an integer and let(dk)1≤k≤K be a family
of positive integers. We setd =

∑

1≤k≤K dk andαk = dk/d. We set−→α = (α1, . . . , αK) and
define the corresponding entropy to be

H(−→α ) = H(α1, . . . , αK) = −α1 logα1 − α2 logα2 − · · · − αK logαK .

We recall Robbins effective Stirling formula [13]. For every positive integerd

√
2πd

(

d

e

)d

exp(
1

12d+ 1
) ≤ d! ≤

√
2πd

(

d

e

)d

exp(
1

12d
).

We deduce

(2πd)
1−K

2 exp(d×H(α1, . . . , αK) +
1

13
− K

12
) ≤

(

d
d1d2 . . . dK

)

≤ (2πd)
1−K

2 exp(d×H(α1, . . . , αK) +
1

12
− K

13
).

We shall need the following definition.
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Definition 2 Let
−→
β = (βk)1≤k≤K be a family of reals in]0, 1[ such that

∑

1≤k≤K βk = 1. Letd
be a positive integer. We assumeβk > 1

d
for every1 ≤ k ≤ K. For every integerk such that

1 ≤ k ≤ K − 1 setdk = ⌊βkd⌋. We observe thatdk is positive. SetdK = d −∑1≤k≤K−1 dk. It

is positive also. The rounded multinomial coefficient associated tod and
−→
β is defined to be

(

d−→
β

)

=

(

d
d1, d2, . . . , dK

)

.

In order to find a nice lower bound for this coefficient, we setαk = dk/d for every1 ≤ k ≤
K. It is clear that

βk −
1

d
≤ αk ≤ βk,

for 1 ≤ k ≤ K − 1, and

βK ≤ αK ≤ βK +
K

d
.

We setµ = max(− log(min1≤k≤K(βk − 1
d
)) − 1, 1) and we notice that for any1 ≤ k ≤ K

the derivative ofz 7→ −z log z is bounded byµ in absolute value betweenαk andβk. Since

|βk − αk| ≤
1

d

if 1 ≤ k ≤ K − 1 and|βK − αK | ≤ K
d

, we deduce

|H(α1, α2, . . . , αK)−H(β1, β2, . . . , βK)| ≤ 2Kµ

d
.

So

1

d
log

(

d−→
β

)

≥ H(
−→
β )− 2Kµ

d
+

(1−K) log 2πd

2d
+

1

d
(

1

13
− K

12
). (55)

8.6 An enumeration problem

Let d ≥ 3 be an odd integer. We are interrested in the setSd of vectors~e = (e1, e2, . . . , ed) in Z
d

such that

1. the sum
∑

1≤k≤d ek of all coordinates is zero,

2. theL1-norm
∑

1≤k≤d |ek| of ~e is d− 1.

We look for a lower bound for the cardinality ofSd. To every vector~e in Sd we associate a
partition of{1, 2, . . . , d} in three setsE0,E+,E− corresponding to the indices with zero, positive
and negative coordinates respectively. The sum of positivecoordinates equals(d − 1)/2. The
sum of negative coordinates equals−(d− 1)/2.
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We fix a real numberβ ∈]0, 1
2
[ and define the subsetSd,β ⊂ Sd consisting of vectors inS

having exactly⌊βd⌋ positive coordinates and⌊βd⌋ negative coordinates. We assumeβd ≥ 1.
The number of elements inSd,β is

#Sd,β =

(

d
⌊βd⌋, ⌊βd⌋, d− 2⌊βd⌋

)(

d−1
2
− 1

⌊βd⌋ − 1

)(

d−1
2
− 1

⌊βd⌋ − 1

)

(56)

The first factor in the product above is the number of corresponding partitionsE0∪E+∪E−.
The second factor is the number of ways one can write(d − 1)/2 as a sum of⌊βd⌋ strictly
positive integers. The third factor is the number of ways onecan write−(d − 1)/2 as a sum of
⌊βd⌋ strictly negative integers.

We want to choose the realβ so as to make the product in formula (56) as big as possible.
The logarithm of this product divided byn tends toH(β, β, 1− 2β) +H(2β, 1− 2β) asn tends
to infinity. This expression is maximal forβ = 1

2+
√

2
and its value is then bigger than1.7627.

We setβ = 1
2+
√

2
and we look for an effective lower bound for every factor in formula (56).

We first apply inequality (55) forK = 3,
−→
β = (β, β, 1 − 2β), µ = 1, H(β, β, 1 − 2β) ≥

1.08439 andd ≥ 2001. We find that

1

d
log

(

d
⌊βd⌋, ⌊βd⌋, d− 2⌊βd⌋

)

≥ 1.08439− 0.00781 = 1.07658 (57)

We now notice that⌊βd⌋− 1 ≥ 1
2

(

d−1
2
− 1

)

and⌊β ′(d− 3)⌋ ≥ ⌊βd⌋− 1 providedβ
′

β
≥ d

d−3

which is guaranteed by settingβ ′ = 0.29334. So

(

d−1
2
− 1

⌊βd⌋ − 1

)

≥
(

d−3
2

⌊2β ′ d−3
2
⌋

)

. (58)

We now apply inequality (55) forK = 2,
−→
β = (2β ′, 1 − 2β ′), µ = 1, H(2β ′, 1 − 2β ′) ≥

0.678, andd ≥ 999. We find that

1

d
log

(

d

⌊2β ′d⌋

)

≥ 0.678− 0.0085 = 0.6695.

If we substituted by (d− 3)/2 in the above formula we obtain

1

d
log

(

d−3
2

⌊2β ′ d−3
2
⌋

)

≥ 0.6695× d− 3

2d
≥ 0.3342. (59)

for d ≥ 2001.
Combining inequations (56), (57), (58), and (59) we deduce the following lemma.

Lemma 7 Letd ≥ 2001 be an odd integer and letSd ⊂ Z
d be the set of vectors havingL1-norm

equal tod− 1 and the sum of all coordinates equal to0. We have the following lower bound for
#Sd:

1

d
log #Sd ≥ 1.74498
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9 First computational results

The annoucement below has been posted to the Number Theory list.

Object: A practical variant of the AKS primality test.

We are pleased to announce some progress on the AKS primality test
[AKS04]. We recently came to a variant of this test, no more

deterministic, but which is able to prove that an integer N is
prime with good asymptotic complexities,that is soft O(log^4 N)
in time and soft O(log^2 N) in space.

A first improvement consists in replacing the degree O(log^2 N)
extensions of the ring of integers used in previous AKS variants
[LP05, B07] by a direct product of O(log N) extensions of degree
O(log N). A second ingredient is that we can efficiently construct
such extensions, with a non trivial Z/NZ automorphism in the spirit
of [B02, C03], using Kummer theory of elliptic curves (cf. [CL07]).

In order to see how practical such an algorithm can be, since its
complexities are similar to the ones of the fastECPP test [M07],
we develop some pieces of software and launch it on integers of
various sizes. At the time of writing, our largest computation is
a primality proof for a 4096-bit integers, derived from the Pi
constant.

We are currently preparing an article about this, but some details
can already be found in [CEL08].

***

More precisely, we made use of the MAGMA computer algebra system
[MAGMA] to implement the first two steps of the algorithm:

_ The so-called CM step that consists in finding O(log N)
endomorphism rings of elliptic curves E_i with d_i-torsion points
and coprime d_i’s.

_ The so-called HILBERT step that consists in computing Hilbert
Class Polynomial and roots of these polynomials in order to get
an explicit model for the curves E_i.

Similar calculations are made when implementing the ECPP test, so
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we can easily make use of techniques developed to optimize
the ECPP test. However, the goal here is different:
instead of looking for one elliptic curve with a completely
factorized order, we look for numerous ones with small
torsion subgroups of coprime orders. This is much easier.
As a consequence, this step can be made negligible,
both assymptotically and practically.

We finally implemented the last phase of the algorithm in a
reasonably optimized C program that makes use of the FFTW library
[FFTW] and the ZEN library [ZEN]:

_ The so-called Elliptic AKS test that consists in checking that

( T_i,0 + cste ) ^ N = T_i,j + cste for some index j

once constructed an elliptic normal basis (T_i,j), j = 0..d_i,
for the elliptic degree d_i extension defined from E_i.

We measured CPU times (in (m)i(n)utes, (h)ours
and (d)ays) and space requirements (in (M)ega(b)ytes
or (G)iga(b)ytes) on a 1.67 GHz 64-bit Itanium CPU for proving
the primality of pseudo prime k-bit integers of the form

N := [2^(k-2)*Pi] + n, n is a as small as possible integer.

This yields the following table.

k bits : 1024 2048 4096
---------------------------------------------------------

CPU time (1 CPU) : 12h 2mn 7d 21h 164d 21h

Calendar time (32 CPUs) : 48 minutes 10 hours 5 days

Largest d_i : 4567 9497 19961

Space : 200 Mb 750 Mb 3 Gb
---------------------------------------------------------
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