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Abstract. We define and investigate, via numerical analysis, a one

dimensional toy-model of a cloud chamber. An energetic quantum par-

ticle, whose initial state is a superposition of two identical wave packets

with opposite average momentum, interacts during its evolution and

exchanges (small amounts of) energy with an array of localized spins.

Triggered by the interaction with the environment, the initial super-

position state turns into an incoherent sum of two states describing the

following situation: or the particle is going to the left and a large number

of spins on the left side changed their states, or the same is happening

on the right side. This evolution is reminiscent of what happens in a

cloud chamber where a quantum particle, emitted as a spherical wave by

a radioactive source, marks its passage inside a supersaturated vapour-

chamber in the form of a sequence of small liquid bubbles arranging

themselves around a possible classical trajectory of the particle.

Keywords: Schrödinger equation, Quantum particle+environment

model, Multi-channel point interactions, Wilson cloud chamber, Trace for-

mation, Decoherence, Numerical discretization.

1. Introduction

In this paper we investigate numerically the dynamics of a quantum par-

ticle interacting with a quantum environment. More precisely, we consider

the semi-classical limit regime of the dynamics. With this we mean that the

average initial kinetic energy of the particle is assumed to be very large with

respect to the energy exchanged by the particle with the environment.

The paradigmatic physical system we have in mind is the Wilson cloud

chamber, the prototype of a tracking chamber for elementary particle detec-

tion. Inside the chamber, a very energetic α-particle, emitted in a radially

symmetric way by a radioactive source, ionizes atoms of a super-saturated

vapor. In turn, the ionized atoms become condensation nuclei, triggering

the formation of sequences of liquid drops. The tracks one observes in real

experiments look quite explicitly as classical particle trajectories.

1
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In the early days of quantum mechanics Darwin, Heisenberg and Mott

were the first to point out the seemingly paradoxical circumstance of an

initial radially symmetric quantum state evolving into wave packets concen-

trated around classical trajectories. In different ways, they suggested that

the problem could be faced taking into consideration that the wave function

does not evolve in real space, but rather in the configuration space of the

entire quantum system. This somehow obvious but extremely far-reaching

intuition, exploited by Mott in his seminal work ([Mo]), remained unnoticed

for decades.

More recently, researchers analyzed the cloud chamber problem focusing

on different aspects of the interaction of a microscopic quantum system with

a macroscopic one.

• Decoherence : the initial state of the α-particle can be seen as

a superposition of coherent states each one having a well localized

momentum direction. The superposition is initially strongly coher-

ent: in absence of any interaction with the environment, two co-

herent states might interfere in a double-slit experiment. On the

other hand, coherent states heading in different directions generate

macroscopic ionization in different regions of the environment. Due

to this particle-environment interaction, the state of the whole sys-

tem evolves into an incoherent superposition of states supported in

distant regions of the environment configuration space, in such a

way that any interference effect is prevented. For a general presen-

tation of the decoherence phenomenon see e.g. ([HS]) and references

therein. For details on collisional decoherence in a tracking chamber

we refer to the book ([FT]).

• Non demolition measure : a microscopic system (e.g. a quantum

particle) is said to undergo a non demolition measure if there is a ba-

sis of its states which are left unchanged by the interaction with the

probe (the measurement apparatus). At the same time, in order to

work as a measurement apparatus, the probe should evolve in differ-

ent final states for different particle states in the basis. Some authors

analyzed recently the effect of repeated non demolition measures and

its relation with the “collapse” of the wave function in a quantum

measurement ([BB]). In this language, the process described above

can be rephrased in the following way: each coherent state with a

well defined momentum direction is an element of the basis. For a

very high average initial energy (semi-classical conditions) each state

of the basis evolves almost freely in each weakly-inelastic scattering
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process, whereas the environment reacts in different ways according

to the average momentum direction of each coherent state. Repeated

scattering processes will bring to the collapse of the wave function

on one of the states in the superposition.

Besides the fundamental aspects mentioned before, other motivations for

understanding the dynamics of decoherence come from several technologi-

cal applications exploiting quantum coherence, such as quantum computers,

electron spin resonance, nuclear magnetic resources and so on. Efforts are

hence made in order to try to curb the destructive role of decoherence in

such applications.

To model and give rigorous mathematical results concerning the dynamics

of a quantum particle in a many body quantum environment is a difficult

task. In the second half of the last century, few attempts to define simplified

solvable particle-environment models were made, starting from the seminal

papers ([Hep]) and ([JZ]). See also ([JZKGKS]). More recent investigations

on the same line are ([DFT1], [DFT2], [CCF2], [FigT], [FT], [RT], [Te],

[AHN]). In all these models the environment is made of either two or more

level “atom”-arrays (spins or oscillators) or of a gas of light particles.

In the following, we present a simple one dimensional model of a cloud

chamber. The environment consists of an array of two level quantum sys-

tems (sometimes referred to as atoms or spins) kept in fixed positions. The

particle initial state is made of two identical wave packets concentrated in

the origin (where a radioactive source is located) and moving away from

the origin with opposite average momentum. All the atoms are initially

in their ground state. The interaction particle-environment is modelled by

multi-channel point potentials ([CCF]), allowing energy exchanges between

the particle and the atoms.

This is one of the simplest particle-environment model, permitting a rea-

sonable numerical study of the decoherence phenomenon. Numerical sim-

ulations of the whole system evolution will be presented and confirm that

after the interaction process has taken place, the solution, apart for negli-

gible terms, has the form of an incoherent sum of three states describing

alternative histories of the environment: either no significative atom excita-

tion has taken place or only atoms on one side of the origin are found in an

excited state. Furthermore, the numerical results show that the higher the

number of environment constituents is (spins or atoms), the more effective is

the environment induced decoherence. This is a new and important achieve-

ment of the present work. A different model has been investigated in [AHN]
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to study the decoherence effects induced by successive two-body heavy-light

particle interactions. The model presented here is somehow more realistic,

as it examines the real dynamics of the whole system, where simultaneous

particle-environment interactions are allowed.

The paper is organized as follows. Section 2 contains a concise introduc-

tion of the particle-environment model presented in ([CCF2]). In section 3

we give details on the space-time discretization of the above model, used in

the numerical computation of the wave-function solutions. The results of

the numerical simulations are presented in section 4. Comments on these

results and achievable future extensions of this work are presented in the

final section.

2. Multi-channel point interactions

In the present section we introduce a simple mathematical model of a one

dimensional quantum gas inside a Wilson-chamber. We analyze the dynam-

ics of the wave-function Ψ(t, x) representing the whole quantum-mechanical

system, made of an α-particle and its environment, which has the role of

detecting the particle passage. The interaction particle-environment is mod-

eled via multi-channel point interactions.

2.1. The model. We consider a quantum particle moving on a line and

interacting with an array of N localized spins. In mathematical terms, the

time evolution of this toy model is given by the Schrödinger equation







i ~ ∂tΨ = H Ψ

Ψ(0, ·) = Ψ0 ,
(1)

where Ψ is the wave-function describing the whole quantum system, ~ is the

Planck constant and H : D(H) ⊂ H → H is the Hamiltonian whose domain

and action will be defined later on.

The space of the system state is the Hilbert-space H = L2(IR)⊗SN . Here,

SN = C
2 ⊗ · · · ⊗ C

2
︸ ︷︷ ︸

N times

is the configuration space of the environmental spins,

whereas L2(IR) is the configuration space of the α-particle. The N spins are

assumed to be localized in the positions Y = {y1, · · · , yN} with yj ∈ IR for

all j ∈ J := {1, . . . , N}.

Let us denote by σ̂(3) =

(

1 0

0 −1

)

the third Pauli matrix. The j-th spin state

space C
2 can be viewed as the complex linear span of the spin eigenstates
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χσj
corresponding to the eigenvalues σj = ±1 of σ̂(3), and representing the

“spin up” and “spin down” states.

The state space SN of the entire spin array will be the complex linear span

of the basis vectors χσ = χσ1 ⊗ · · · ⊗ χσN
, where σ := (σ1, . . . , σN ) ∈ S :=

{±1}N denotes one of the M := 2N possible spin configurations.

With this notation, the system consisting of the quantum particle and the

N spins is described by the wave-function

Ψ =
∑

σ∈S

ψσ ⊗ χσ , Ψ ∈ H , (2)

where the sum runs over all possible spin configurations of σ ≡ (σ1, · · · , σN ).

In this decomposition each ψσ ∈ L2(IR) represents the wave function of the

particle when the spin configuration is σ.

Alternatively, in the following we will use for the state of our quantum

system the vectorial notation

Ψ = (ψσ1
, · · · , ψσM

)t = (ψσ)σ∈S ∈ (L2(IR))M .

Correspondingly the Hamiltonian in (1) will then take the form of a M ×M

matrix.

The dynamics of the system is governed by the total Hamiltonian

H = H0 +HI , (3)

which is decomposed into two distinct parts, H0 describing the free inde-

pendent evolution of the particle and of the spins, and HI describing the

particle-environment interaction. Furthermore, the interaction Hamilton-

ian HI will be decomposed into two parts: a zero range interaction HD,

supported by the set of the spin positions, and a particle-spin interaction

HF .

A rigorous characterization of the spin-dependent point interaction Hamil-

tonian we are going to use in the following, is given in ([CCF], Theorem 1).

Here we shall limit ourselves to recall the statement of the theorem in the

one-dimensional case.

Let α := (α1, . . . , αN ) with αj ∈ IR+ ∀j ∈ J be any multi-index of non-

negative real numbers; let β, ρ be two non-negative real numbers, and let us

define α · σ :=
∑N

j=1 αjσj.
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The operator H : D(H) ⊂ H → H with domain

D(H) =






Ψ =

∑

σ∈S

ψσ ⊗ χσ ∈ H | ψσ ∈ H2(R\Y ) ∀σ ∈ S;

ψσ(y
+
j ) = ψσ(y

−

j ) = ψσ(yj) , ∀σ ∈ S , ∀j ∈ J

ψ′
σ(y

+
j )− ψ′

σ(y
−

j ) = βψσ(yj)− 2 iσj ρψσ′(yj) , ∀σ, σ′ ∈ S such that

σj 6= σ′j , σk = σ′k ∀k 6= j ,
}

(4)

and action

HΨ :=
∑

σ∈S

(

−
~
2

2m
△+ α · σ

)

ψσ ⊗ χσ x ∈ R\Y, (5)

is a selfadjoint operator.

In (4) we made use of the standard notation to specify the limit from the

left or from the right, i.e. limy→y±
j
ψσ(y) =: ψσ(y

±

j ).

Few relevant properties of the dynamics generated by the Hamiltonian

(4)-(5) are worthy of remark:

• The evolution of the particle wave packet is free outside the points

where the spins are located;

• The quantity 2αj represents the difference in energy between two

spin configurations differing only in the value of the j− th spin. For

simplicity reasons we will use in the following αj = α ∀j ∈ J with

α ∈ IR+;

• The parameter β represents the strength of the point interaction in

any point yj ∈ Y ;

• The parameter ρ is a measure of the interaction allowing an exchange

of energy between particle and spins;

• The interaction Hamiltonian has non vanishing matrix elements only

between states whose spin configurations are equal or differ in one

point only. This implies, at first order in perturbation theory, that

only transitions of this kind have non zero probability.

Finally, let us precise the initial condition of the Cauchy problem (1). We

assume that the α-particle and the environment are initially decoupled, i.e.

Ψ(0) = (ψσ1
, 0, · · · , 0)t , ψσ1

= ψ−−...−− , (6)

with the quantum particle initial wave packet given by

ψ−−...−−(0, x) := c[f(x)e−i
p0
~
x + f(x)ei

p0
~
x] , (7)

where c > 0 is a normalization constant, p0 is the particle average momen-

tum and
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f(x) :=







e−
|x|2

4σ2 , x ∈ (−a, a) , a, σ ∈ (0,∞) ,

0 , elsewhere .

The initial condition (6)-(7) expresses the fact that at time zero all spins

are in the “down” state while the particle state is the superposition of two

identical gaussian wave-packets moving in opposite directions with average

momentum ±p0. Because of the presence of the Hamiltonian HI this ini-

tial fully decoupled condition state will evolve into an entangled state which

cannot be any longer written in product form.

Note that the initial condition belongs to the operator domain D(H)

(more precisely, it differs slightly from functions in the domain, due to the

truncation of the gaussian). As a consequence, the state of the quantum

system evolves remaining constantly in D(H). In particular, the boundary

conditions in (4) are satisfied at any time.

3. Numerical discretization

Let us now present in this section the numerical scheme we used in order

to simulate the evolution of the system described in Section 2, in other words

to resolve the Schrödinger equation (1) associated with (4)-(7). The results

obtained with this scheme will be presented and analyzed in Section 4.

At this point, we would like to emphasize the difficulties in simulating

the decoherence phenomenon. The first challenge comes from the limited

numerical resources (memory) available in order to take into account for

a multi-body quantum environment, in particular more than N = 14 spin-

detectors becomes prohibitively expensive, with the scheme we shall present.

To deal with the physically interesting case N → ∞, one has to think

of a different manner of modeling the Wilson-chamber, or to work out an

analytical model to investigate the asymptotic dynamics of the system as

N → ∞. We plan to come back to this subject in future work. Here we

limit ourselves to present preliminary results for N ≤ 14.

Moreover, the study of the decoherence process relies strongly on the specific

system-environment interaction mechanism. In fact, the physical parameters

of our model have to be chosen with care, in order to be able to estimate

numerically the dynamical evolution of decoherence. In the same sense,

even the discretization parameters (∆t, ∆x) have to be chosen carefully: on

one hand, large enough to have tractable numerical simulations, and on the
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other hand small enough to be sure to get correct physical results. The

choice of all these parameters will be discussed in Section 4.

3.1. Space-time discretization. For numerical simulations, we had to

truncate the space domain from IR to Ω := (−L,L), L > 0, and impose

boundary conditions in x = ±L. For simplicity reasons homogeneous Neu-

mann boundary conditions are chosen in the following and the simulation

domain as well as the simulation time are set such that the α-particle is

not reaching the border, in order to avoid reflection effects coming from the

boundaries. In this manner, one can think of the α-particle as evolving on

the whole IR-line.

Let us now discretize the simulation domain [0, T ] × Ω in the following

homogeneous manner

−L =: x1 ≤ · · · ≤ xi ≤ · · · xNx := L , xi := −L+(i−1)∆x , ∆x :=
2L

Nx − 1
,

0 =: t0 ≤ · · · ≤ tk ≤ · · · tK := T , tk := k∆t , ∆t := T/K .

Starting from the known initial condition Ψ(0, ·) : [−L,L] → C
M , where

M := 2N is the number of possible spin configurations, we are searching

at each time step tk, k = 1, · · · ,K, for an approximation of the vectorial

unknown Ψ(tk, xi) ∈ C
M in each point xi ∈ [−L,L], i = 1, · · · , Nx, meaning

Nx ∗M scalar unknowns. This approximation shall be denoted simply by

Ψk
i ∈ C

M .

For the points far away from the detectors one can discretize the Schrödinger

equation, associated with the Hamiltonian given by (5), via the second-order,

unconditionally stable Crank-Nicolson scheme

i ~
Ψk+1

i −Ψk
i

∆t
= −

~
2

4m

(

Ψk+1
i+1 − 2Ψk+1

i +Ψk+1
i−1

(∆x)2
+

Ψk
i+1 − 2Ψk

i +Ψk
i−1

(∆x)2

)

+Dα
Ψk+1

i +Ψk
i

2
,

(8)

where i = 1, · · · , Nx such that xi /∈ Y . Here Dα ∈ IRM×M is a diagonal

matrix whose entries correspond to the different energy levels of the spin-

channels and are given by

Dα,σ := α

N∑

j=1

σj , ∀σ ∈ S .

Remark moreover that the homogeneous Neumann boundary conditions im-

pose for the ghost points Ψk
0 = Ψk

2 as well as Ψk
Nx+1 = Ψk

Nx−1 for all

k ∈ {1, · · · ,K}. This discretization yields Nx − N vector-equations for
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the wave-function Ψ(tk, xi) ∈ C
M with xi /∈ Y . Missing are now N vector

equations.

In the points where the detectors are located, i.e. xi = yj, one has to take

into account for the effects of the point interaction as well as of the possibility

of a crossing to the different channels corresponding to the flipped spin (see

(4)). In the following, we shall denote by ij ∈ {1, · · · , Nx} the index of the

detector yj ∈ Y , i.e. yj = xij for all j ∈ J . To discretize the particle-

environment dynamics in a detector-point yj ∈ Y , let us integrate the free

Schrödinger equation in the two intervals around this point (yj −∆x/2, yj)

and (yj, yj +∆x/2) and sum up the results. This leads to

i ~ ∂t

∫ yj

yj−∆x/2
Ψ dx ≈ (∆x/2) i ~ ∂tΨ(yj)

≈ −
~
2

2m

[

∂xΨ(y−j )− ∂xΨ(yj −∆x/2)
]

+
∆x

2
DαΨ(yj) ,

i ~ ∂t

∫ yj+∆x/2

yj

Ψ dx ≈ (∆x/2) i ~ ∂tΨ(yj)

≈ −
~
2

2m

[

∂xΨ(yj +∆x/2)− ∂xΨ(y+j )
]

+
∆x

2
Dα Ψ(yj) .

Summing up these formulae, yields for all j ∈ J

(∆x) i ~ ∂tΨij = −
~
2

2m

[

∂xΨ(yj +∆x/2)− ∂xΨ(yj −∆x/2)− ∂xΨ(y+j )

+∂xΨ(y−j )
]

+ (∆x)Dα Ψij .

Using now the boundary conditions on the detector positions, we get for

each j ∈ J and each spin-configuration pair σ, σ′ ∈ S verifying σj 6= σ′j, and

σk = σ′k for all k 6= j,

i ~ ∂tψσ,ij = −
~
2

2m

[
ψσ,ij+1 − ψσ,ij

(∆x)2
−
ψσ,ij − ψσ,ij−1

(∆x)2
−

β

∆x
ψσ,ij

+2 i
σjρ

∆x
ψσ′,ij

]

+ Dα,σ ψσ,ij ,

(9)

yielding after the semi-discretization in time (Crank-Nicolson) the missing

N vector-equations. Let us remark here that the discretization (9) is very

similar to (8), in particular for β = 0 and ρ = 0 one gets exactly the free

evolution discretization (8), which is somehow consistent. The terms related

to β, ρ and α express the fact that there is an energy exchange between the

different spin-channels. Note furthermore that the Crank-Nicolson scheme

has the essential property of preserving the discrete || · ||2 norm, which is a

considerable advantage in the present case.
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The discretization (8)-(9) gives rise to a sparse matrix, consisting of M

tridiagonal blocks, corresponding to the discretization of the Hamiltonian

part H0 + HD, and N values per bloc localized outside the blocs and dis-

tributed in a well-defined manner, corresponding to the discretization of the

particle-detectors interaction part HF . The resolution of this sparse linear

system ((3Nx − 2)M + N M non-zero elements) has been performed by

means of the direct MUMPS solver (LU-decomposition). In the case one

wants to increase the number of environmental spins above N = 14, more

performant solvers have to be used, as for example the iterative Krylov

solver, based on preconditionner techniques.

4. Numerical results

Aim of the present section is to use the previously introduced numerical

scheme in order to study the creation of “tracks” in our simplified Wilson-

chamber model. As mentioned earlier, the meaning of a pattern formation in

the present model is the following: a track is defined as the ionization (spin

flip) of more than one atom/spin on only one side of the initial α-particle

position x0 = 0.

The parameters used for these simulations are summarized in Table 1. The

choice of the parameters is related to some physical constraints, correspond-

ing to the specific situation we want to describe. In particular, the spin-

detectors are divided into two groups, located around ±D, in a symmetric

way with respect to the origin of the spherical wave (x0 = 0). Furthermore,

we suppose that the parameters satisfy the following assumptions:

β ≪ 1/d d < σ ≪ D .

A small β denotes a very weak energy exchange between particle and en-

vironment guaranteeing the non demolition character of the interaction (in

fact in dimension 1 it could be put equal to zero). The wave packet initial

variance σ is chosen of the same order of magnitude of each spin cluster

size. This means that we are in a situation where the particle is interacting

simultaneously with the majority of the spins in each cluster. Moreover, the

last inequality implies that the support of the wave packet has negligible

intersection with the scatterer arrays until a finite flight-time, in which it

reaches the spin clusters, is elapsed. Till then, the flipping probability is

going to be negligible.

Finally, let us remark that the distances and simulation time have been

chosen in such a way that before the final time t∗ the α-particle has moved

over all spin-detectors, but has not reached the border of the domain, so
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that disturbing secondary effects (like reflections) related to the boundaries

are avoided.

L 3/2 Nx, ∆x 1000, 3 ∗ 10−3

t⋆ 0.065 Nt, ∆t 350, 1.8 ∗ 10−4

ε 10−1
~, m ε , 1

N 4, 6, 8, 10, 12, 14 yj ±D ± (2k + 1) d/2 , k = 0, 1, 2, · · ·

D L/3 d ε/N

x0 0 p0 4/3ε

σ ε/4 β ε4

ρ r ε−2, r ∈ [0.25, 0.75] α ε4

Table 1. Parameters used in the numerical simulations.

Starting our simulations with the initial condition given in (7), which cor-

responds to a situation with all spin-detectors in a “down”-position, we are

firstly interested in the probabilities of some specific spin configurations, at

the final time t⋆ = 0.065. The aim is to observe if the configurations cor-

responding to the creation of a track have a larger probability than other

possible configurations. Some of these probabilities obtained with our nu-

merical simulations are summarized in Table 2 (for ρ = 50) and Figure 1

(for ρ = 60).

ρ = ε−2/2, N Left/Right Cumulative One spin Unchanged 2 ∗ LRC + OS + UC

4 0.0325685025765 0.275253381822 0.659609415084 0.9999998020590

6 0.0732817073769 0.459327397789 0.394108332939 0.9999991454818

8 0.136249083320 0.467653883264 0.259847521850 0.9999995717540

10 0.178222289956 0.431768410329 0.211787009757 0.9999999999980

12 0.211022969661 0.429493203402 0.148460857272 0.9999999999960

14 0.226597325639 0.417498227100 0.129307121622 1.0000000000000

Table 2. Sum of probabilities ||ψσ(t⋆)||
2
L2(Ω) according to specific

configurations σ ∈ S , the sum over all configurations σ ∈ S being equal

to one.

The quantities listed in Table 2 correspond to the following definitions:

• N is the number of spin-detectors distributed symmetrically with

respect to the wave-packet initial position (x0 = 0).

• Left/Right Cumulative (LRC) corresponds to the total proba-

bility of all configurations with flipped spins only on one side of x0

(either on the left or on the right), excluding the case of a single spin

flip, at final time t⋆.

• One spin (OS) corresponds to the total probability, at final time

t∗, of all the configurations, in which only one spin has flipped.
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• Unchanged (UC) is the probability of the configuration in which

nothing happened during the simulation time, i.e. all the spins re-

mained in the low energy state.

• Multiple tracks (MT) is the total probability of the configurations

in which spins on both side have moved to a configuration of higher

energy MT = 1− 2 ∗ LRC −OS − UC.

We considered independently the case where only one spin flipped with

respect of the initial condition (OS). In fact, for a small total number of spins,

the probability that only one spin have flipped is quite large. Nevertheless,

it would be misleading to consider this case as a sign of a track on a specific

side, taken into account that ”one” point is always on a single side with

respect of the origin. Notice however that with respect to the total number

of spins we are able to manage, ”one” is not a small percentage of points on

one side of the origin.

What can be observed from the values in Table 2 and Figure 1 is that the

4 5 6 7 8 9 10 11 12 13 14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
Probabilities of different configurations for ρ=60

N

||ψ
σ||2 L2

 

 
LRC
OS
UC

Figure 1. Plot of the 2 ∗ LRC, OS and UC probabilities at final

time t⋆, as a function of N and for ρ = 60.

probability of observing a track on the right or on the left (2 ∗ LRC) is a

strictly increasing function with the number of spins N , and that for each

N this value is much larger than the probability to have no track formation

(MT). Let us also remark that the sensitivity of the “device” is increasing

with the number of the detectors, as it is clear from the fact that the prob-

ability of having no spin flip (UC) is strictly decreasing for increasing N . It

is also worth notice that the ”One-Spin” configuration is a non-monotone

function with respect to N . In particular, there is a threshold value for

N above which the probability OS starts to decrease. In fact, the num-

ber of configurations with more than one spin in the upper energy state on

each side of the origin increases much faster than N . As a consequence,

the probability that an almost unchanged wave packet (semi-classical con-

ditions) causes multiple “ionization” increases, whereas the probability of a
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single ionization is expected to go to zero for large N .

In order to understand better the influence of the most significant parame-

ters for the decoherence rate enhancement, we carried out other simulations,

firstly varying the ρ-values for fixed number of spin-detectors N . These re-

sults are presented in Table 3 as well as in Figures 2-3. We observe that

with increasing ρ the LRC-probability becomes larger, whereas the UC-

probability becomes smaller. This is rather consistent with the fact, that

larger ρ means a larger rotation in each spin state space so that the pat-

tern formation becomes more visible. The evolution of the OS-probability

shows that the threshold value of N , above which this probability starts to

decrease, changes with ρ. For larger ρ-values this threshold value diminishes.
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Figure 2. Plot of the 2 ∗ LRC and OS probabilities at final time

t⋆, as a function of N and for ρ = 50, 60, 75.
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Figure 3. Plot of the UC probability at final time t⋆, as a function

of N and for ρ = 50, 60, 75.

In a final study, we were interested in the time-evolution of some wave-

function components ψσ corresponding to a specific spin-configuration σ ∈
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N = 6, ρ Left/Right Cumulative One spin Unchanged 2 ∗ LRC + OS + UC

75 0.109622994819 0.541164020727 0.239589989614 0.999999999979

50 0.0732817073769 0.459327397789 0.394108332939 0.9999991454818

25 0.0103574748581 0.193411720705 0.785873329578 0.9999999999992

N = 8, ρ Left/Right Cumulative One spin Unchanged 2 ∗ LRC + OS + UC

75 0.197957193495 0.534889312125 0.0691963008808 0.9999999999958

50 0.13624939796 0.467653682229 0.25984752185 0.999999999999

25 0.0200483456577 0.234013722944 0.725889585739 0.9999999999984

N = 10, ρ Left/Right Cumulative One spin Unchanged 2 ∗ LRC + OS + UC

75 0.256357991502 0.396021737286 0.0912622797074 0.9999999999974

50 0.178222289956 0.431768410329 0.211787009757 0.999999999998

25 0.0315466612839 0.268722187965 0.668184489466 0.9999999999988

N = 12, ρ Left/Right Cumulative One spin Unchanged 2 ∗ LRC + OS + UC

75 0.260042860561 0.391267684323 0.0886465945538 0.9999999999988

60 0.247268176496 0.409755032396 0.095708614611 0.999999999999

50 0.210785027601 0.429140888943 0.149289055854 0.999999999999

N = 14, ρ Left/Right Cumulative One spin Unchanged 2 ∗ LRC + OS + UC

60 0.247778838994 0.416465157958 0.0879771640541 1.00000000000

50 0.226597325639 0.4174982271 0.129307121622 1.00000000000

40 0.171978609852 0.412352635451 0.243690144846 1.00000000000

Table 3. Sum of probabilities ||ψσ(t⋆)||
2
L2(Ω) according to specific

configurations σ ∈ S , for several ρ and N values. The sum of all config-

urations (for fixed ρ and N) is equal to one.

S. In particular one is interested in the comparison of the probabilities

with which the initial state ψσ1
with all spins in the low energy state

“down” (σ1 := {−}N ), transforms into some specific configurations, as for

example the Left/Right Cumulative configurations or the One-Spin con-

figurations. We represented in Figures 4-5 the time evolution of these

probabilities
∫ L
−L |ψσ(t, x)|

2 dx, for resp. N = 6, 8, 10, 12, 14 spin-detectors

and ρ = 60. As expected, the probabilities start to increase at the mo-

ment, where the α-particle reached the spin-detectors, ı.e. at approximately

t = D/p0 = 0.0375.
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Figure 4. Plot of the 2 ∗ LRC and OS probabilities as a function

of t, for ρ = 60 and several spin-detectors N .
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Figure 5. Plot of the UC probability as a function of t, for ρ = 60

and several spin-detectors N .

5. Conclusions

Aim of this paper was to give numerical results concerning the evolution

of a quantum particle in a quantum environment. We modeled the envi-

ronment as an array of N localized two level quantum systems interacting

with the particle via a multi-channel point interaction. We considered a

spatially one dimensional model where the N constituents of the environ-

ment are distributed symmetrically with respect to the origin: N/2 of them

on the right side of the origin and N/2 of them localized in symmetric po-

sitions on the the other side of the the origin. The interaction hamiltonian

was chosen in the family of the so called multi-channel point interaction

hamiltonians, extensively used, since decades, in applied quantum physics

([Lo],[DO],[SEPVS][CCF],[CCF3],[FT]).

The evolution of the whole system, made of the particle and of the spins,

is completely represented as a multi-channel wave function for the particle,

each channel corresponding to one of the 2N possible quantum states of the

array of spins. The initial state is chosen to belong to the channel where all

the spins are in the down state (the one with minimal energy). The interac-

tion hamiltonian allows crossing of channels when the particle has non zero

probability to be in the region occupied by the spins.

The numerical analysis we performed shows that, as expected, the state of

the whole system, after a short interaction time and apart from negligible

terms, is the sum of three wave packets corresponding to three “macroscop-

ically” different states:

(1) no significative change in the overall spin state of the array has taken

place and the particle is approximately in its initial state (no tracks),
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(2) a “substantial percentage” of spins on the right side of the origin

changed state and the particle is going to the right (a “track” on the

right of the origin),

(3) a “substantial percentage” of spins on the left side of the origin

changed state and the particle is going to the left (a “track” on the

left of the origin).

This corresponds quite well to what is observed in a Wilson cloud chamber

when a radioactive source emits an α−particle as a spherical wave state.

Our analysis suggests moreover that the probability of (1) is decreasing when

the number of constituents of the environment increases, whereas the prob-

ability of a track formation is increasing. Furthermore, the probability of

multiple spin flips on both sides of the origin is negligible at all times.

We plan to examine in further work some technical and fundamental open

problems in the evolution of a quantum particle in a quantum environment.

First of all, we would like to push the computation to the point where N is

sufficiently large to allow to specify rigorously the meaning of “macroscopic

change of the environment ” with respect to the initial condition. We then

would like to face the problem of analyzing the dependence of the results on

the basis we use to represent the initial state of the particle.

Last, but not least, we plan to analyze the problem in dimension larger

than one. For d = 2 and d = 3 a general definition of multi-channel point

interaction is available . The numerical study in those cases is probably

simplified considering the dynamical equations governing the singularities

of the wave functions on the points where the spins are localized (for details

see e.g [DFT]).
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Rodolfo Figari, Università Federico II di Napoli, Dipartimento di Fisica e

INFN Sezione di Napoli, MSA I-80126 Napoli, Italy.

E-mail address: figari@na.infn.it



18 R. CARLONE, R. FIGARI, C. NEGULESCU
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