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Antipode Preserving Cubic Maps:
the Fjord Theorem

A. Bonifant, X. Buff and John Milnor

ABSTRACT

This note will study a family of cubic rational maps which carry antipodal points of the Riemann
sphere to antipodal points. We focus particularly on the fjords, which are part of the central
hyperbolic component but stretch out to infinity. These serve to decompose the parameter plane
into subsets, each of which is characterized by a corresponding rotation number.
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1. Introduction.

By a classical theorem of Borsuk (see [3]):

There exists a degree d map from the n-sphere to itself carrying antipodal points to
antipodal points if and only if d is odd.

For the Riemann sphere, C=Cu {00} = S? the antipodal map is defined to be the
fixed point free map A(z) = —1/Z. We are interested in rational maps from the Riemann
sphere to itself which carry antipodal points to antipodal points T, so that 4o f = fo 4. If
all of the zeros g; of f lie in the finite plane, then f can be written uniquely as

d
z — Qj .
f@=ul|l — with lu| = 1.
jl;Il 1479,z
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T The proof of Borsuk’s Theorem in this special case is quite easy. A rational map of degree d has d + 1 fixed
points, counted with multiplicity. If these fixed points occur in antipodal pairs, then d + 1 must be even.
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FIGURE 1. The q-parameter plane.

FIGURE 2. On the left: The ¢%-plane. Here the colors code the rotation number,
not distinguishing between tongues and the Herman ring locus. On the right:
Image of the circled ¢®-plane under a homeomorphism [] — D
which shrinks the circled plane to the unit disk.

The simplest interesting case is in degree d = 3. To fix ideas we will discuss only the special
case ! where f has a critical fixed point. Putting this fixed point at the origin, we can take

T For a different special case, consisting of maps with only two critical points, see [14, §7] as well as [9].
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q1 = q2 = 0, and write g3 briefly as ¢. It will be convenient to take w = —1, so that the map
takes the form
24— %2
= = . ].
1) = 142) = 2 1)

(Note that there is no loss of generality in choosing one particular value for u, since we can
always change to any other value of u by rotating the z-plane appropriately.)

Figure 1 illustrates the g-parameter plane for this family of maps: (1).

e The central white region in Figure 1, resembling a porcupine, is the hyperbolic component
centered at the map fo(z) = —23. It consists of all ¢ for which the Julia set is a Jordan curve
separating the basins of zero and infinity. This region is simply-connected (see Lemma 3.1);
but its boundary is very far from locally connected. (See [2], the sequel to this paper.)

e The black region in Figure 1 is the Herman ring locus. For the overwhelming majority of
parameters ¢ in this region, the map f, has a Herman ring which separates the basins of zero
and infinity. (Compare Figure 4.) Every such Herman ring has a well defined rotation number
(again as seen from zero), which is always a Brjuno number. If we indicate these rotation
numbers also by color, then there is a smooth gradation, so that the tongues no longer stand
out. (Compare Figures 2.)

e The colored regions in Figure 1 will be called tongues, in analogy with Arnold tongues.
Each of these is a hyperbolic component, stretching out to infinity. Each representative map
fq for such a tongue has a self-antipodal cycle of attracting basins which are arranged
in a loop separating zero from infinity. (Compare Figure 3.) Each such loop has a well
defined combinatorial rotation number, as seen from the origin, necessarily rational with even
denominator. These rotation numbers are indicated in Figure 1 by colors which range from red
(for rotation number close to zero) to blue (for rotation number close to one).

e For rotation numbers with odd denominator, there are no such tongues or rings. Instead
there are channels leading out to infinity within the central hyperbolic component. (Compare
Figures 1, 2 and 5.) These will be called fjords, and will be a central topic of this paper.

e The gray regions and the nearby small white regions in Figures 1 and 2 represent capture
components, such that both of the critical points in C~\{0} have orbits which eventually land
in the immediate basin of zero (for white) or infinity (for gray).

Note that Figure 1 is invariant under 180° rotation. In fact each f; is linearly conjugate to
f-q(2) = —f,(=2). In order to eliminate this duplication, it is often convenient to use ¢* as
parameter. The ¢?-plane of Figure 2, could be referred to as the moduli space, since each
q? € C corresponds to a unique holomorphic conjugacy class of mappings of the form (1) with
a marked critical fixed point at the origin. f

DEFINITION 1.1. It is often useful to add a circle of points at infinity to the complex plane.
The circled complex plane

] = CU (circle at infinity)

will mean the compactification of the complex plane which is obtained by adding one point at
infinity, ooy € 1], for each t € R/Z; where a sequence of points wy € C converges to ooy if

T Note that we do not allow conjugacies which interchange the roles of zero and infinity, and hence
replace ¢ by §. The punctured g¢?-plane (with the origin removed) could itself be considered as a
parameter space, for example by setting z = w/q to obtain the family of linearly conjugate maps
Fpa(w) =qfq(w/q) = w?(g? — w)/(q% + |¢?|w), which are well defined for ¢2 # 0.
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2mit

and only if |wg| — oo and wy/|wg| — €*™*. By definition, this circled plane is homeomorphic

to the closed unit disk D under a homeomorphism [1] =5 D of the form

2mit

w=re — n(r)e%it

where 7 : [0, 00] — [0,1] is any convenient homeomorphism. (For example we could take

77(7“):7“/\/14—77“2

but the precise choice of 1 will not be important.)

In particular, it is useful to compactify the ¢2-plane in this way; and for illustrative purposes,
it is often helpful to show the image of the circled ¢2-plane under such a homeomorphism, since
we can then visualize the entire circled plane in one figure. (Compare Figure 2 left and right.)
The circle at infinity for the ¢?-plane has an important dynamic interpretation:

LEMMA 1.2. Suppose that ¢*> converges to the point ooy on the circle at infinity. Then
for any € > 0 the associated maps fi, both converge uniformly to the rotation z — €7z

throughout the annulus € < |z| < 1/e.

Therefore, most of the chaotic dynamics must be concentrated within the small disk |z] < ¢
and its antipodal image. The proof is a straightforward exercise. [

Outline of the Main Concepts and Results.

In Section 2 of the paper we discuss the various types of Fatou components for maps f,
with ¢ € C. In particular, we show that any Fatou component which eventually maps to a
Herman ring is an annulus, but that all other Fatou components are simply-connected. (See
Theorem 2.1.)

We give a rough classification of hyperbolic components (either in the g-plane or in the ¢?-
plane), noting that every hyperbolic component is simply-connected, with a unique critically
finite “center” point. (See Lemma 2.4.)

In Section 3 we focus on the study of the central hyperbolic component Hq in the ¢? plane.
We construct a canonical (but not conformal !) diffeomorphism between H, and the open
unit disk (Lemma 3.1). Using this, we can consider parameter rays (= stretching rays), which
correspond to radial lines in the unit disk, each with a specified angle ¥ € R/Z. We prove that
the following landing properties of the parameter rays R .

(Theorem 3.5.) If the angle ¥ € Q/Z is periodic under doubling, then the parameter ray
R either:
(a) lands at a parabolic point on the boundary 0H,,

(b) accumulates on a curve of parabolic boundary points, or

(c) lands at a point oot on the circle at infinity, where t = t(¢) can be described as the
rotation number of ¥ under angle doubling. (Compare §4.)

The proof of this Theorem makes use of dynamic internal rays %, which are contained
within the immediate basin of zero %, for the map f;. These are defined using the Bottcher
coordinate by, which is well defined throughout some neighborhood of zero in the z-plane
whenever g # 0.
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FIGURE 3. Rational rotation number with even denominator: Julia set for a point in
the (21/26)-tongue. Here the Riemann sphere has been projected orthonormally onto
the plane, so that only one hemisphere is visible. Zero is at the bottom and infinity at
the top. Note the self-antipodal attracting orbit of period 26, which has been marked.
The associated ring of attracting Fatou components separates the basins of zero and
infinity. (If the sphere were transparent, then we would see the same figure on
the far side, but rotated 180° and with light and dark gray interchanged.)

FIGURE 4. Irrational rotation number: two Herman rings on the Riemann sphere, projected
orthonormally. The boundaries of the rings have been outlined. Otherwise, every point z
maps to a point fq(z) of the same color. Left example: ¢ = 1 — 6¢, modulus ~ 0.2081.
Right example: ¢ = 3.21 — 1.8, modulus = 0.0063.
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FIGURE 5. Julia set for a point in the (5/11)-fjord. This is a Jordan curve, separating the
basins of zero and infinity. The left side illustrates the Riemann sphere version, and
the right side shows the view in the z-plane, with the unit circle drawn in.

The proof of this Theorem makes use of dynamic internal rays %, which are contained
within the immediate basin of zero %, for the map f,. These are defined using the Bottcher
coordinate b,, which is well defined throughout some neighborhood of zero in the z-plane
whenever g # 0.

In Section 4 we study, for ¢* € Ho, the set of landing points of dynamic internal rays %, .
More precisely, if ¢ € Ry with ¥ € R/Z, then the dynamic internal ray %, lands if and
only if # is not an iterated preimage of ¥ under doubling. In addition, the Julia set _#(f,) is
a quasicircle and there is a homeomorphism 7, : R/Z — 7 (f,) conjugating the tripling map
to fq:

n,(3z) = fq(n,(2)).

This conjugacy is uniquely defined up to orientation, and up to the involution z <> x4 1/2
of the circle. We specify a choice and present an algorithm which, given ¥ € R/Z and an
angle # € R/Z which is not an iterated preimage of ¥ under doubling, returns the base three
expansion of the angle x € R/Z such that n () is the landing point of % .

In Section 5 we define the dynamic rotation number t of a map f, for ¢*> € Ho~{0} as
follows: the set of points z € #(f,) which are landing points of internal and external rays (or
which can be approximated by landing points of internal rays and landing points of external
rays) is a rotation set for the circle map f,: _#(f;) = _#(f,;) and t is its rotation number.
The rotation number t only depends on the argument 19 of the parameter ray Ry C Ho
containing ¢%. The function ¥ — t is monotone and continuous of degree one, and the relation
between ¢ and t is the following. For each t € R/Z, there is a unique reduced rotation set
©¢ C R/Z which is invariant under doubling and has rotation number t. This set carries a
unique invariant probability measure .

o If t=m/(2n+1) is rational with odd denominator or if t is irrational, then 9 € Oy is
the unique angle such that pg([0,9]) = pe([9,1]). This angle is called the balanced angle
associated to t.
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e If t =m/2n is rational with even denominator, then there is a unique pair of angles ¥~
and 9% in ©¢ such that s ([0,97]) = pe([¥7,1]) = 1/2. The pair (9~,97) is called a
balanced pair of angles associated to t. Then, 9 is any angle in [¢, 19+].

We also present an algorithm which given t returns the base two expansion of ¥ (or of 9~
in the case t is rational with even denominator).

In Section 6 we study the set of points which are visible from zero and infinity in the case
that ¢? ¢ Ho . We first prove:

(Theorem 6.1.) For any map f, in our family, the closure %, of the basin of zero and the
closure %, of the basin of infinity have vacuous intersection if and only if they are separated
by a Herman ring. Furthermore, the topological boundary of such a Herman ring is necessarily
contained in the disjoint union 0%, L1 0%, of basin boundaries.

This allows us to extend the concept of dynamic rotation number to maps f, which do not
represent elements of Hy provided that they have locally connected Julia set. We also deduce
the following:

(Theorem 6.7.) If U is an attracting or parabolic basin of period two or more for a map f,
then the boundary OU is a Jordan curve. The same is true for any Fatou component which
eventually maps to U .

In Section 7, for each rational t € R/Z with odd denominator we prove the existence of an
associated fjord in the main hyperbolic component Hj .

(Theorem 7.1. Fjord Theorem.) If t is rational with odd denominator, and if ¥ is the
associated balanced angle, then the parameter ray R.¢ lands at the point ooy on the circle of
points at infinity.

As a consequence of this Fjord Theorem, we describe in Remark 7.5 the concept of formal
rotation number for all maps f, with ¢ # 0.

2. Fatou Components and Hyperbolic Components

We first prove the following preliminary result.

THEOREM 2.1. Let U be a Fatou component for some map f = f, belonging to our
family (1). If some forward image f°*(U) is a Herman ring, then U is an annulus; but
in all other cases U is simply-connected. In particular, the Julia set ¢ (f) is connected if and
only if there is no Herman ring.

Proof. First consider the special case where U is a periodic Fatou component.

Case 1. A rotation domain.

If there are no critical points in this cycle of Fatou components, then U must be either a
Herman ring (necessarily an annulus), or a Siegel disk (necessarily simply connected). In either
case there is nothing to prove. Thus we are reduced to the attracting and parabolic cases.

T A priori, there could be a cycle of Herman rings with any period. However, we will show in [2] that any
Herman ring in our family is fixed, with period one.
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Case 2. An attracting domain of period m > 2.

Then U contains an attracting periodic point zy of period m. Let & be the orbit of zg, and
let Uy be a small disk about zg which is chosen so that f°™(Up) C Up, and so that the boundary
0Uy does not contain any postcritical point. For each j > 0, let U; be the connected component
of f77(Up) which contains a point of &, thus f(U;) = U;_;. Assuming inductively that U
is simply connected, we will prove that U;;, is also simply connected. If U;;; contains no
critical point, then it is an unbranched covering of U;, and hence maps diffeomorphically onto
U;. If there is only one critical point, mapping to the critical value v € U;, then Uj11~f"1(v)
is an unbranched covering space of U;j~{v}, and hence is a punctured disk. It follows again
that Uj4, is simply connected. We must show that there cannot be two critical points in
Ujt1. Certainly it cannot contain either of the two fixed critical points, since the period is two
or more. If it contained both free critical points, then it would intersect its antipodal image,
and hence be self-antipodal. Similarly its image under f, would be self-antipodal. Since two
connected self-antipodal sets must intersect each other, it would again follow that the period
must be one, contradicting the hypothesis.

Thus it follows inductively that each U, is simply connected. Since the entire Fatou
component U is the nested union of the Uj,,, it is also simply connected. |

Case 3. A parabolic domain of period m.

Note first that we must have m > 2. In fact it follows from the holomorphic fixed point
formula T that every non-linear rational map must have either a repelling fixed point (and
hence an antipodal pair of repelling points in our case) or a fixed point of multiplier +1. But
the latter case cannot occur in our family since the two free critical points are antipodal and
can never come together.

The argument is now almost the same as in the attracting case, except that in place of a
small disk centered at the parabolic point, we take a small attracting petal which intersects all
orbits in its Fatou component.

REMARK 2.2. In Cases 2 and 3, we will see in Theorem 6.7 that the boundary QU is always
a Jordan curve.

Case 4. An attracting domain of period one: the basin of zero or infinity.

As noted in Case 3, the two free fixed points are necessarily repelling, so the only attracting
fixed points are zero and infinity.

Let us concentrate on the basin of zero. Construct the sets U; as in Case 2. If there are no
other critical points in this immediate basin, then it follows inductively that the U; are all
simply connected. If there is another critical point ¢ in the immediate basin, then there will
be a smallest j such that U;;; contains c. Consider the Riemann-Hurwitz formula

x(Uj+1) =d - x(U;) —n,

where x(U;) =1, d is the degree of the map U;y1 — U;, and n = 2 is the number of critical
points in Uj4q. If d =3, then Uj;, is simply connected, and again it follows inductively
that the U; are all simply connected. However, if d = 2 so that U;;, is an annulus, then we
would have a more complicated situation, as illustrated in Figure 6. The two disjoint closed

annuli Uj41 and A(U,41) would separate the Riemann sphere it into two simply connected

t Compare [15, Corollary 12.7].
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regions plus one annulus. One of these simply connected regions F would have to share a
boundary with Uj41, and the antipodal region A(FE) would share a boundary with A(U;41).
The remaining annulus A would then share a boundary with both U,1; and A(Uj;41), and
hence would be self-antipodal. We must prove that this case cannot occur.

FIGURE 6. Three concentric annuli. (See Case 4.) The innermost annulus Uj11, with
emphasized boundary, contains the disk U;, while the outermost annulus A(U;41)
contains A(U;). The annulus A lies between these two. Finally, the innermost
region E and the outermost region A(FE) are topological disks.

Each of the two boundary curves of U;y1 (emphasized in Figure 6) must map homeomor-
phically onto 0U;. Thus one of the two boundary curves of A maps homeomorphically onto
0Uj, and the other must map homeomorphically onto A(OU;). Note that there are no critical
points in A. The only possibility is that A maps homeomorphically onto the larger annulus
A =C~ (Uj U/‘Zl(Uj)). This behavior is perfectly possible for a branched covering, but is
impossible for a holomorphic map, since the modulus of A’ must be strictly larger than the
modulus of A. This contradiction completes the proof that each periodic Fatou component is
either simply connected, or a Herman ring.

The Preperiodic Case.

For any non-periodic Fatou component U, we know by Sullivan’s nonwandering theorem
that some forward image f°F(U) is periodic. Assuming inductively that f(U) is an annulus
or is simply connected, we must prove the same for U. If f(U) is simply connected, then it is
easy to check that there can be at most one critical point in U, hence as before it follows that
U is simply connected. In the annulus case, the two free critical points necessarily belong to
the Julia set, and hence cannot be in U. Therefore U is a finite unbranched covering space of
f(U), and hence is also an annulus. This completes the proof of Theorem 2.1. O

The corresponding result in the parameter plane is even sharper.

LeEmMMA 2.3. Every hyperbolic component, either in the g¢-plane or in the
q?-plane, is simply connected, with a unique critically finite point (called its center).
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Proof. This is a direct application of results from [17]. Theorem 9.3 of that paper states
that every hyperbolic component in the moduli space for rational maps of degree d with marked
fixed points is a topological cell with a unique critically finite “center” point. We can also apply
this result to the sub moduli space consisting of maps with one or more marked critical fixed
points (Remark 9.10 of the same paper). The corresponding result for real forms of complex
maps is also true. (See [17, Theorem 7.13 and Remark 9.6].)

These results apply in our case, since we are working with a real form of the moduli space
of cubic rational maps with two marked critical fixed points. The two remaining fixed points
are then automatically marked: one in the upper half-plane and one in the lower half-plane.
(Compare the discussion below.) O

q

FIGURE 7.

We will need a more precise description of the four (not necessarily distinct) critical points
of f,. The critical fixed points zero and infinity are always present, and there are also two
mutually antipodal free critical points. For ¢ # 0 we will denote the two free critical points

by
colq) = (Cl_?)za ”P(a)> g, and cx(q) = (M) q, (2)

4

where a = |¢?| >0 and P(a) =9+ 10a +a? > 9. Thus ¢y = co(q) is a positive multiple of
q, and €y = Co(q) is a negative multiple of ¢. A straightforward computation shows that
(a—3+ /P(a)) < 4a, so co(q) is between 0 and ¢. As ¢ tends to zero, co(g) tends to zero,
and ¢ (q) tends to infinity. For ¢ # 0, it follows easily that the three finite critical points, as
well as the zero g € f;1(0) and the pole A(q), all lie on a straight line, with co(g) between
zero and ¢ and with A(q) between c(¢q) and zero, as shown in Figure 7.

Setting ¢ = x + iy, a similar computation shows that the two free fixed points are given
by

(@ =i(y=Vi?+1)  where  y=Tm(q). (3)

Thus &, (q) always lies on the positive imaginary axis, while its antipode £_(q) lies on the
negative imaginary axis. As noted in the proof of Theorem 2.1, both of these free fixed points
must be strictly repelling. One of the two is always on the boundary of the basin of zero, and
the other is always on the boundary of the basin of infinity. More precisely, if y > 0 then &, (q)
lies on the boundary of the basin of infinity and £_(g) lies on the boundary of the basin of
zero; while if y < 0 then the opposite is true. (Of course if ¢? € Hy, then both free fixed points
lie on the common self-antipodal boundary. In particular, this happens when y =0.)

We can now give a preliminary description of the possible hyperbolic components.

LEMMA 2.4. Every hyperbolic component in the q?-plane belongs to one of the following
four types:

e The central hyperbolic component H, (the white region in Figure 2). This is the
unique component for which the Julia set is a Jordan curve, which necessarily separates the
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basins of zero and infinity. T In this case, the critical point co(q) necessarily lies in the basin
of zero, and ¢, (q) lies in the basin of infinity. Compare Figures 5, 13 (left), and 15. The
corresponding white region in the g-plane (Figure 1) is a branched 2-fold covering space,
which will be denoted by H,.

e Mandelbrot Type. Here there are two mutually antipodal attracting orbits of period
two or more, with one free critical point in the immediate basin of each one. For an example
in the parameter plane with associated Julia set see Figure 9 (left and right).

e Tricorn Type. Here there is one self antipodal attracting orbit, necessarily of even period.
The most conspicuous examples are the tongues which stretch out to infinity. (These will be
studied in [2].) There are also small bounded tricorns. (See Figures 10 and 11.)

e Capture Type. Here the free critical points are not in the immediate basin of zero or
infinity, but some forward image of each free critical point belongs in one basin or the other.
(These regions are either dark grey or white in Figures 1, 2, 8, 9 (left), 10, according as the
orbit of cg(g) converges to co or 0.)

Proof of Lemma 2.4. This is mostly a straightforward exercise—Since there are only two
free critical points, whose orbits are necessarily antipodal to each other, there are not many
possibilities. As noted in the proof of Theorem 2.1, the two fixed points in C\{0} must be
strictly repelling. However, the uniqueness of Hg requires some proof. In particular, since ¢q(q)
can be arbitrarily large, one might guess that there could be another hyperbolic component
for which cg(g) lies in the immediate basin of infinity. We must show that this is impossible.

According to Lemma 2.3, for the center of such a hyperbolic component, the point
co(q) would have to be precisely equal to infinity. But as c¢o(q) approaches infin-
ity, according to Equation (2) the parameter ¢ must also tend to infinity. Since
f(¢) =0 and f(oco) = 0o, there cannot be any such well behaved limit.

Examples illustrating all four cases, are easily provided. (Compare the figures cited above.)

O

3. The Central Hyperbolic Component H .

As noted in Lemma 2.4, the central hyperbolic component in the ¢?-plane consists of all ¢
such that the Julia set of f; is a Jordan curve. The critical point cy(g) necessarily lies in the
basin of zero, and ¢ (g) in the basin of infinity.

LEMMA 3.1. The open set Hy in the q¢?-plane is canonically diffeomorphic to the open
unit disk D by the map

b:Hoi)D

which satisfies b(0) = 0 and carries each q* # 0 to the Béttcher coordinate ! by(co(q)) of the
marked critical point.

T Note that any fq having a Jordan curve Julia set is necessarily hyperbolic. There cannot be a parabolic point
since neither complementary component can be a parabolic basin; and no Jordan curve Julia set can contain a
critical point.

T A priori, the Béttcher coordinate bg(z) is defined only for z in an open set containing co(g) on its boundary.
However, it has a well defined limiting value at this boundary point. (Compare the discussion below Remark 3.6.)
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4/7

FIGURE 8. Crown at the head of the lower (1/2)-tongue in the q-plane,
showing the angles of several parameter rays.

FIGURE 9. On the left: Detail to the upper right of Figure 8 centered at q = .1476 — 1.927 i,
showing a small Mandelbrot set. An internal ray of angle 4/7 (drawn in by hand) lands at
the root point of this Mandelbrot set. Here H is the white region to the right— The other

white or grey regions are capture components. On the right: Julia set for the center of the
small Mandelbrot set of the picture to the left with some internal and external angles
labeled. (Compare Remark 7.4.) The unit circle has been drawn to fix the scale.
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FIGURE 10. Magnified picture of a tiny speck in the upper right of Figure 8, showing
a period six tricorn centered at q ~ 0.394 — 2.24¢. The white and grey regions are
capture components. (For a corresponding Julia set, see Figure 11.)

FI1GURE 11. Julia set corresponding to the small tricorn of Figure 10.

REMARK 3.2. It follows that there is a canonical way of putting a conformal structure
on the open set Hy. However, this conformal structure becomes very wild near the boundary
O0Hy. It should be emphasized that the entire ¢?-plane does not have any natural conformal

structure. (The complex numbers ¢ and ¢? are not holomorphic parameters, since the value
fq(2) does not depend holomorphically on ¢.)
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Proof of Lemma 3.1. The proof will depend on results from [17]. (See in particular
Theorem 9.3 and Remark 9.10 in that paper.) In order to apply these results, we must work
with polynomials or rational maps with marked fixed points.

First consider cubic polynomials of the form

pa(2) = 2° + az?

with critical fixed points at zero and infinity. Let 7—7801}’ be the principal hyperbolic component
consisting of values of a such that both critical points of p, lie in the immediate basin of zero.
This set is simply-connected and contains no parabolic points, hence each of the two free fixed
points can be defined as a holomorphic function v+ (a) for a in HE®Y | with v.(0) = £1. The
precise formula is

—a++Va2+4

Y(a) = 5

Similarly, let Hrat denote the principal hyperbolic component in the space of cubic rational
maps of the form

9 2+b
fbc()_ CZ+].

with critical fixed points at zero and infinity. This is again simply-connected. Therefore the
two free fixed points can be expressed as holomorphic functions &4(b,c) with £€4(0,0) = +1.

The basic result in [17] implies that H{** is naturally biholomomorphic to the Cartesian
product 7-lp°1y X 7—~l8°1y, where a given pair (pg,,Pa,) € ﬁgdy X ﬁgdy corresponds to the map
foe € HE i and only if:

(1) the map fp . restricted to its basin of zero is holomorphically conjugate to the map pg,
restricted to its basin of zero, with the boundary fixed point & (b,c) corresponding to
V+(a1); and

(2) the map fp . restricted to its basin of infinity is holomorphically conjugate to pa,
restricted to its basin of zero, with the boundary fixed point £, (b, c) corresponding to
V+(az).

Now let H5°Y be the moduli space obtained from H5°Y by identifying each p, with p_,.
According to [16, Lemma 3.6], the correspondence which maps p, to the Bottcher coordinate
of its free critical point gives rise to a conformal isomorphism between HgOIy and the open
unit disk. _ _

Note that our space H is embedded real analytically as the subspace of H{** consisting of
maps f; which commute with the antipodal map. Since f; restricted to the basin of infinity
is anti-conformally conjugate to f, restricted to the basin of zero, it follows easily that each
fq € Ho C ’Hmt must correspond to a pair of the form (p,,p+a) € ’dey X ’dey for some
choice of sign. In fact the correct sign is (pg,p—a). (The other choice of sign (pa,pa) would
yield maps invariant under an antiholomorphic involution with an entire circle of fixed points,
conjugate to the involution z +» Z.)

It follows that the composition of the real analytic embedding

7y yrat ~ qypoly ., qypoly
Ho = Ho" =Hy ™ x Hy

with the holomorphic projection to the first factor ﬁg‘)ly is a real analytic diffeomor-
phism Hy — HEY (but is not a conformal isomorphism). The corresponding assertion for
Ho — HEY =D follows easily. This completes the proof of Lemma 3.1. O

REMARK 3.3 (Mating). (Compare [18], [21] and [12].) Let f and g be (not necessarily
distinct) monic cubic polynomials. Each one has a unique continuous extension to the circled
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plane, such that each point on the circle at infinity is mapped to itself by the angle tripling map
oo¢ ++ 003;. Let [1] f W, be the topological sphere obtained from the disjoint union [1] ; LI[1],
of two copies of the circled plane by gluing the two boundary circles together, identifying
each point oot € d[l]  with the point co_¢ € d[t,. Then the extension of f to [, and the
extension of g to [], agree on the common boundary, yielding a continuous map f &g from
the sphere [, W[, to itself.

Now assume that the Julia sets of f and g are locally connected. Let K(f) 1L K(g) be the
quotient space obtained from the disjoint union K (F)U K(g) by identifying the landing point
of the t-ray on the Julia set 0K (f) with the landing point of the —t-ray on 0K (g) for each ¢.
Equivalently, K(F) LL K(g) can be described as the quotient space of the sphere [1]; W[, in
which the closure of every dynamic ray in [] ,~\K(f) orin [11,\K(g) is collapsed to a point.

In many cases (but not always), this quotient space is a topological 2-sphere. In these cases,
the topological mating f Ll g is defined to be the induced continuous map from this quotient
2-sphere to itself. Furthermore in many cases (but not always) the quotient sphere has a unique
conformal structure satisfying the following three conditions:

(1) The map f LL g is holomorphic (and hence rational) with respect to this structure.

(2) This structure is compatible with the given conformal structures on the interiors of
K(f) and K(g) whenever these interiors are non-empty.

(3) The natural map from [ ; W[, to K(f) LL K(g) has degree one.

When these conditions are satisfied, the resulting rational map is described as the conformal
mating of f and g¢.

In order to study matings which commute with the antipodal map of the Riemann sphere, the
first step is define an appropriate antipodal map &/ from the intermediate sphere [i] ; w[i],
to itself. In fact, writing the two maps as z+— f(z) and w > g(w), define the involution
o [y« [, by

Az w=—Z.

Evidently 7 is well defined and antiholomorphic, with no fixed points outside of the common
circle at infinity. On the circle at infinity, it sends z = ooy to w = —o0_¢ . Since each z = ooy
is identified with w = oco_y¢, this corresponds to a 180° rotation of the circle, with no fixed
points.

Now suppose that the intermediate map f g from [iI] ; W], to itself commutes with o7,

A o(fYg)=(fgg)od.

It is easy to check that this is equivalent to the requirement that

9(=z) = —f(2),
or that g(z) = —f(—%). In the special case f(z) = 23+ az?, it corresponds to the condition
that

g(z) = 25 —a2?.

Next suppose that the topological mating f 1l g exists. Then it is not hard to see that </
gives rise to a corresponding map 2/’ of topological degree —1 from the sphere K(f) W K(g)
to itself. If &/’ had a fixed point x, then there would exist a finite chain C' of dynamic rays in
[1; @[], leading from a representative point for x to its antipode. This is impossible, since it
would imply that the union C'U .7 (C) is a closed loop separating the sphere [1] ; & [1], which
would imply that the quotient K(f) W K(g) is not a topological sphere, contrary to hypothesis.

 This last condition is needed only when K(f) and K(g) are dendrites.
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Finally, if the conformal mating exists, we will show that the fixed point free involution
&' is anti-holomorphic. To see this, note that the invariant conformal structure ¥ can be
transported by &' to yield a new complex structure <7/ (3) which is still invariant, but has the
opposite orientation. Since we have assumed that ¥ is the only conformal structure satisfying
the conditions (1), (2), (3), it follows that <7/(X) must coincide with the complex conjugate
conformal structure Y. This is just another way of saying that 7’ is antiholomorphic.

In fact, all maps f, in Ho can be obtained as matings. Furthermore, Sharland [20] has
shown that many maps outside of H, can also be described as matings. '

DEFINITION 3.4. Using this canonical dynamically defined diffeomorphism b, each internal
angle ¥ € R/Z determines a parameter ray *

Ro =b"({re”™;0 < r <1}) C Ho~{0}.

(These are stretching rays in the sense of Branner-Hubbard, see [4], [5] and [22]. In particular,
any two maps along a common ray are quasiconformally conjugate to each other.)

THEOREM 3.5. If the angle 9 € Q/Z is periodic under doubling, then the parameter ray
Re either:

(a) lands at a parabolic point on the boundary dH,,
(b) accumulates on a curve of parabolic boundary points, or

(c) lands at a point ooy on the circle at infinity, where t can be described as the rotation
number of ¥ under angle doubling. §

Here Cases (a) and (c) can certainly occur. (See Figures 9 and 23.) For Case (b), numerical
computations by Hiroyuki Inou suggest strongly that rays can accumulate on a curve of
parabolic points without actually landing (indicated schematically in Figure 8). This will be
studied further in [2]. For the analogous case of multicorns see [11].

REMARK 3.6. In case (b), we will show in [2] that the orbit is bounded away from the
circle at infinity. If the angle 9 is rational but not periodic, then we will show that Ry lands
on a critically finite parameter value.

The proof of Theorem 3.5 will make use of the following definitions.

Let %, be the immediate basin of zero for the map f,. In the case ¢*> ¢ Ho, note that the
Bottcher coordinate is well defined as a conformal isomorphism b, : B, — D satisfying

by (£4(2)) = (b4(2))”.

 For example, the landing points described in Theorem 3.5(a) are all matings. (Compare Figure 9 (left) in the
g-plane, and (right) for an associated picture in the dynamic plane.)

t Note that every parameter ray R in the ¢? plane corresponds to two different rays in the g-plane: one in
the upper half-plane and one in the lower half-plane, provided that ¢ # 0.

§ Compare the discussion of rotation numbers in the Appendix.
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Radial lines in the open unit disk D then correspond to dynamic internal rays
Hq0:10,1) — AB,, where 0 is the internal angle in D. As in the polynomial case every periodic
ray lands on a periodic point.

However, for the moment we are rather concerned with the case ¢? € Ho~{0}. In this case,
b, is defined only on a open subset of %,. More precisely, b, is certainly well defined as a
conformal isomorphism from a neighborhood of zero in %, to a neighborhood of zero in D.
Furthermore the correspondence z + |b,(z)|? extends to a well defined smooth map from %,
onto [0,1). The dynamic internal rays can then be defined as the orthogonal trajectories
of the equipotential curves |b,(2)|*> = constant. The difficulty is that this map z — |b,(2)|?
has critical points at every critical or precritical point of f;; and that countably many of the
internal rays will bifurcate off these critical or precritical points. However, every internal ray
outside of this countable set is well defined as an injective map %, : [0,1) — %,, and has a
well defined landing point in 0%, = _7(f,).

The notation %" will be used for the open subset of %, consisting of all points which are
directly visible from the origin in the sense that there is a smooth internal ray segment from
the origin which passes through the point. The topological closure #ys will be called the set
of visible points.

For ¢* € Ho~{0}, the map b, sends the set of directly visible points ,93(‘1“5 univalently
onto a proper open subset of D which is obtained from the open disk by removing countably
many radial slits near the boundary. (See Figure 12.) These correspond to the countably many
internal rays from the origin in %, which bifurcate off critical or precritical points.

Proof of Theorem 3.5. Suppose that 9 has period n > 1 under doubling. Let {g?} be a
sequence of points on the parameter ray R C Hy, converging to a limit g2 € OHg in the finite
q?-plane. Choose representatives q; = :I:\/g , converging to a limit ¢. Since ¥ is periodic and
q® € Ho, the internal dynamic ray %, ¢ lands on a periodic point z, = fq"(2q) - 1f this landing
point were repelling, then every nearby ray %, s would have to land on a nearby repelling
point of f,, . But this is impossible, since each %, ¢ must bifurcate. Thus z; must be a
parabolic point.

FIGURE 12. On the left: the basin %, . In this example, ¢ > 0 so that the critical
point co(q) is on the positive real axis. Points which are visible from the origin are
shown in dark gray, and the two critical points in 9, are shown as black dots.
On the right: a corresponding picture in the disk of Bottcher coordinates. Note
that the light grey regions on the left correspond only to slits on the right.
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Since the ray ;¢ landing on z, has period n, we say that this point z, has ray period n.
Equivalently, each connected component of the immediate parabolic basin of z, has exact
period n. If the period of z;, under f, is p, note that the multiplier of fJ? at z, must
be a primitive (n/p)-th root of unity. (Compare [10, Lemma 2.4].) The set of all parabolic
points of ray period n forms a real algebraic subset of the ¢?-plane. Hence each connected
component is either a one-dimensional real algebraic curve or an isolated point. Since the set of
all accumulation points of the parameter ray Ry is necessarily connected, the only possibilities
are that it lands at a parabolic point or accumulates on a possibly unbounded connected subset
of a curve of parabolic points. (In fact, we will show in [2] that this accumulation set is always
bounded.)

Now suppose that the sequence {q,zc} converges to a point on the circle at infinity. It will be
convenient to introduce a new coordinate u = z/q in place of z for the dynamic plane. The
map f,; will then be replaced by the map

(ug)  Pu*(l—u)

u fa = .
q 1+ |g?|u

Dividing numerator and denominator by |¢?|u, and setting A\ = ¢?/|¢?| and b= 1/|¢?|, this
takes the form
Au(l —w)

w gaolu) = 1+b/u’

with |A| =1 and b > 0. The virtue of this new form is that the sequence of maps g, b,
associated with {¢7} converges to a well defined limit Py(u) = Au(1 —u) as b — 0, or in other
words as |¢?| — oo. (Compare Figure 13.) Furthermore, the convergence is locally uniform for
u € C~{0}. Note that u =0 is a fixed point of multiplier A for Py. A quadratic polynomial
can have at most one non-repelling periodic orbit. (This is an easy case of the Fatou-Shishikura
inequality.) Hence it follows that all other periodic orbits of P\ are strictly repelling.

FIGURE 13. On the left: Julia set for a map f, on the 2/7 ray. The limit of this Julia
set as we tend to infinity along the 2/7 ray, suitably rescaled and rotated, would be the
Julia set for the quadratic map w ~ e?™w(1 — w), as shown on the right. Here t = 1/3

is the rotation number of 2/7 under angle doubling. In this infinite limit, the
unit circle (drawn in on the left) shrinks to the parabolic fixed point.
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Since ¥ is a periodic angle, the external ray of angle 9 for the polynomial Py must land at
some periodic point. In fact, we claim that it must land at the origin. For otherwise it would
land at a repelling point. We can then obtain a contradiction, just as in the preceding case.
Since the maps ¢y, p, converge to Py locally uniformly on C~{0} the corresponding Bottcher
coordinates in the basin of infinity also converge locally uniformly, and hence the associated
external rays converge. Hence it would follow that the rays of angle ¥ from infinity for the
maps ga,,», would also land on a repelling point for large k. But this is impossible since, as
in the previous case, these rays must bifurcate.

This proves that the external ray of angle 9 for the quadratic map Py lands at zero. Since
|A\| =1, the Snail Lemma then implies that the map Py is parabolic, or in other words that
A has the form 2™ for some rational t. It follows that the angle ¥ has a well defined rotation
number, equal to t, under angle doubling. Now recalling that A\, — A where \x = ¢2/|q3], it
follows that g7 must converge to the point oot as k — oco. If the ¥-ray has no accumulation
points in the finite plane, then it follows that this ray actually lands at the point oog. This
completes the proof of Theorem 3.5. |

The following closely related lemma will be useful in §7.

LEMMA 3.7. If ¢*> € OH, is a finite accumulation point for the periodic parameter ray Ry
with 9 of period n under doubling, then the dynamic internal ray of angle ¥ in %, lands at
a parabolic point of ray period n.

Proof. This follows from the discussion above. O

4. Visible Points for Maps in H,.

If ¢> € Ho, then, f, is in the same hyperbolic component as fo(z) = —23. It follows that
fq on its Julia set is topologically conjugate to fy on its Julia set (the unit circle). As
a consequence, there is a homeomorphism n, : R/Z — 7 (fy) conjugating the tripling map
m3 :z+— 3z to fy:

n,omz = f,omn, on R/Z.
This conjugacy is uniquely defined up to orientation, and up to the involution x <> x + 1/2 of
the circle. Note that the two fixed points 2 = 0 and x = 1/2 of the tripling map correspond to
the two fixed points n,(0) and n,(1/2) on the Julia set. We will always choose the orientation
so that n,(x) travels around the Julia set in the positive direction as seen from the origin as
x increases from zero to one.
Assume ¢? € Ry and set

Ao ={0 €R/Z; Ym >0, 20 £ 9}.

If 6 € Ay, the dynamic ray %, ¢ is smooth and lands at some point ¢,(0) € 7 (f,). If 0 & Ay,
the dynamic ray %, bifurcates and we define

¢ () =lim¢, (0 +c) as e\,0 with +eceAy.

The limit exists since _#(f,) is a Jordan curve and ¢ o, breserves the cyclic ordering.

t See for example [15].
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We will choose n, : R/Z — _#(f,) so that
1,(0) = ¢,(0) when ¥ #0 and n,(0) = ¢, (0) when 9 = 0.

REMARK 4.1. For each fixed 6, as ¢ varies along some stretching ray R, the angle
n;l(cq(ﬁ)) does not change (and thus, only depends on ¥ and ¢). Indeed, n, depends
continuously on ¢. In addition, 6 is periodic of period p for the doubling map msy : 6 — 26
if and only if ¢,(0) is periodic of period p for fy, so if and only if n;l (Cq(G)) is periodic of
period p for ms. The result follows since the set of periodic points of ms and the set of non
periodic points are both totally disconnected.

Let ¥, C _Z(fq) be the closure of the set of landing points of smooth internal rays. This is
also the set of visible points in _# (f;). Our goal is to describe the set

Vo =n,"' (%) CR/Z
in terms of ¥ and compute, for ¢> € Ry,
Gol®) =m0 C,(6) i ey
P5(0) =m0 C(0) if 0¢ Ay

We will prove the following:

THEOREM 4.2. Given ¥ € [0,1), set Opin = min(9¥,1/2) and Opax = max(¥,1/2), so that
0 S omin S emax < 1.
o If 9 € Ay, then

po0)= 24 T2 Ty

where x,, takes the value 0, 1, or 2 according as the angle 2™6 belongs to the interval
[0, Omin) ;s [Pmin, Omax) OF [Pmax, 1) modulo Z.

e If 0 ¢ Ay, the same algorithm yields ¢} (0), whereas

—(f) = 2L 422 4 73 4 ..
where x), takes the value 0, 1, or 2 according as the angle 2™6 belongs to the interval
(0, 0min]; (Omin, Omax] 0r (Omax, 1] modulo Z. In addition
_ 1
<P$(9) —py(0) = Z gm+L
{m ; 2mo=9}

The set Vg is the Cantor set of angles whose orbit under tripling avoids the critical gap
Gy = (pg(9),05(9)). The critical gap Gy has length

(o) = 1/3 when 9 is not periodic for my and
~|3r71/(3? —1) € (1/3,1/2]  when 9 is periodic of period p > 1.

REMARK 4.3. It might seem that the expression for ¢, should have a discontinuity
whenever 20 = 1/2, and hence 2"0 = 0 for n > m, but a brief computation shows that the
discontinuity in w,,/3™ is precisely canceled out by the discontinuity in 2,,1/3™"1 +---.
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COROLLARY 4.4. The left hand endpoint a(¥) = ¢4 (¥) of Gy is continuous from the left
as a function of ¥. Similarly, the right hand endpoint b(9) = @} () is continuous from the
right. Both a(9¥) and b(¥) are monotone as functions of 9.

Proof. This follows easily from the formulas in Theorem 4.2. |

Proof of Theorem 4.2. In the whole proof, we assume ¢? € Ry. If an internal ray %,
lands at ¢,(0), then the image ray %420 lands at ¢,(20) = f, 0 ¢,(0). It follows that the set
of landing points of smooth rays is invariant by f;, and so the set Vy is invariant by ms.

A connected component of (R/Z)\Vy is called a gap.

LEMMA 4.5. The gaps are precisely the open interval

Gy = (901;(9)7¢1+9(6))7 0 ¢ Ay.

The image by ms of a gap of length less £ < 1/3 is a gap of length 3(. The gap Gy is the
unique gap of length ¢ > 1/3; in addition ¢ < 2/3.

Proof. Assume G = (a,b) is a gap. If the length of G is less than 1/3, then mjs is injective
on G. Since a and b are in Vy and since Vy is invariant by ms, we see that the two ends
of m3(G) are in Vy. To prove that ms3(G) is a gap, it is therefore enough to prove that
mg(G) N Vﬂ = @ .

First, n,(a) and n,(b) can be approximated by landing points of smooth rays. So, there
is a (possibly constant) non-decreasing sequence (6, ) and a non-increasing sequence (6;7) of
angles in Ay such that ¢ (6, ) converges to n,(a) and {,(6,5) converges to n,(b). Then, the
sequence of angles a, = @y4(0,,) € Vi is non-decreasing and converges to a, and the sequence
of angles b, = p4(0;") € Vi is non-increasing and converges to b.

Now, choose n large enough to that the length of the interval I,, = (ay,b,) is less than
1/3 and let A be the triangular region bounded by the rays %q o+ » together with 1,(In)
(see Figure 14). Then f; maps A homeomorphically onto the trlangular region A’ which is
bounded by the internal rays of angle 3? g% together with n, (m3( )) fq (nq( )) In fact
fq clearly maps the boundary dA homeomorphlcally onto JA’. Since f, is an open mapping,
it must map the interior into the interior, necessarily with degree one.

We can now prove that mg3(G)NVy = 0. Indeed, if this were not the case, then A’
would contain a smooth ray landing on n,(ms(G)) = f,(n,(G)). Since f,: A — A’ is a
homeomorphism, A would contain a smooth ray landing on n,(G), contradicting that
G N Vg = 0. This completes the proof that the image under ms of a gap of length £ < 1/3 is
a gap of length 3¢.

We can iterate the argument until the length of the gap mf*(G) is 3™¢ > 1/3. So, there is
at least one gap G, of length ¢, > 3. If there were two such gaps, or if ¢, > 2/3, then every
point z in R/Z would have two preimages in G, , contradicting the fact that every point in
Z (fq) which is the landing point of a smooth internal ray %49 (except the ray %429 which
passes through the critical value) has two preimages which are landing points of the smooth
internal rays %9/2 and Zq.9/211/2- So, there is exactly one gap G, of length £, > 1/3 ; we
have ¢, < 2/3 and the gaps are precisely the iterated preimages of G, whose orbit remains in
(R/Z)\Gy until it lands on G,.

To complete the proof of the lemma, it is enough to show that G, is the critical gap:
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To see this, we proceed by contradiction. If ¢z (9) = ¢} (9) or if the length of the interval
(g (D), 5 () were less than 1/3, then as above, we could build a triangular region A
containing the bifurcating ray %, s and mapped homeomorphically by f, to a triangular
region A’. This would contradict the fact that the critical point ¢g(g) is on the bifurcating
ray Zq.9, therefore in A. O

b(6)

FIGURE 14. Schematic picture after mapping the basin 98, homeomorphically onto the unit
disk, showing three internal rays. Here the middle internal ray of angle € bifurcates from a
critical or precritical point. The gap Gy = (g (0), ¢4 (0)) has been emphasized.

We have just seen that the gaps are precisely the iterated preimages of Gy whose orbit
remains in (R/Z)\Gy until it lands on Gy. In other words, Vy is the Cantor set of angles
whose orbit under mg avoids Gg. We will now determine the length of Gy .

LEMMA 4.6. If ¥ is not periodic for mo, then the length of Gy is 1/3. If 9 is periodic of
3p-t

3r—1°

period p for ms, then the length of Gy is

Proof. Let £ be the length of the critical gap Gg. According to the previous lemma,
1/3<€<2/3.

If ¥ is not periodic for my, then the internal ray %429 lands at a point z which has three
preimages z1, z2 and z3 in _Z(f,). The ray %, 9412 lands at one of those preimages, say
2o, and the ends of the gap Gy are n;l(zl) and "’;1(22). In particular, mg maps the two
ends of Gy to a common point, so that £ =1/3.

If ¥ is periodic of period p for my, then the internal ray %, 29 bifurcates and there is a
gap Gag. The image of the gap Gy by mg covers the gap Gag twice and the rest of the circle
once. In particular, the length of Gy is 3¢ — 1. In addition, mgp_l(Gw) = Gy, which implies
that
R

31

3P (30-1) =1, hence ¢

O

REMARK 4.7. The length of an arbitrary gap Gy is equal to the length of the critical gap
Gy divided by 3™, where m is the smallest integer with 2™ = 9 € R/Z. Whether or not ¥
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is periodic, we can also write

UGo) = h(0) — ()= > 1/3mF
{m ; 2m0=29}
to be summed over all such m. In all cases, the sum of the lengths of all of the gaps is equal
to +1. In other words, Vy is always a set of measure zero.

REMARK 4.8. The map vy : R/Z — R/Z defined by

wﬂ(l‘)ze lfxchﬂ(ﬁ) and
1/’19(56):9 if(L‘Eég.

is continuous and monotone; it is constant on the closure of each gap; it satisfies

Pgomz=mpohy on Vy.

We finally describe the algorithm that computes the value of ¢4(8) for 6 € Ay. To fix our
ideas, let us assume that 1 # 0. Then exactly one of the two fixed points of m3 must be
visible. T One of them is the landing point of the ray %, and we normalized 7, so that this
fixed point is 1,(0). The other fixed point, n,(1/2) is not visible since the map my has only
one fixed point. So, 1/2 must belong to some gap. If this gap had length ¢ < 1/3, it would be
mapped by mj to a gap of length 3¢ still containing 1/2 (because m3(1/2) = 1/2). This is
not possible. Thus, 1/2 must belong to the critical gap Gy .

Since the three points 0,1/3,2/3 € R/Z all map to 0 under mg and since 0 € Vy, it follows
that

e cither both 1/3 and 2/3 are in the boundary of the critical gap Gy and are mapped to

9=1/2,

e or one of the two points 1/3 and 2/3 belongs to Vy and is mapped by 14 to 1/2 ; the

other is in the critical gap Gy and is mapped to 9.

To fix our ideas, suppose that 1/3 belongs to Gy so that 2/3 € V. It then follows easily
that

Omin = 0 = ¥5(1/3) < 95(2/3) = 1/2 = Opax.
Fix 6 € Ay and set @ = py(0) = 21/3 + x2/9 + x3/27+ - - - . A brief computation shows that

T x1+1
— < <
3 =773

Hence ¢p4(x) = 0 belongs to the interval
[0,9) or [9¥,1/2) or [1/2,1) mod Z

according as x; takes the value 0, 1 or 2. Similarly, ¢4(3™x) = 2™6 belongs to one of these
three intervals according to the value of z,,41. The corresponding property for ¢, follows
immediately.

Further details will be left to the reader. |

As in the appendix, if I C R/Z is an open set, we denote by X4(I) the set of points in R/Z
whose orbit under multiplication by d avoids I. Lemma A.5 asserts that if I C R/Z is the

T In the period one case the critical gap is (0,1/2), and both fixed points 1,(0) and n,(1/2) are visible
boundary points. (This case is illustrated in Figure 12. However note that these Julia set fixed points are near
the top and bottom of this figure—not at the right and left.) In this case, the set V is a classical middle third
Cantor set.
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union of disjoint open subintervals Iy, I, -+, I;_1, each of length precisely 1/d, then X4(I)
is a rotation set for multiplication by d.

If the angle ¥ is not periodic under doubling, so that the critical gap Gy has length 1/3,
then the set Vy is equal to X3(I), taking I to be the critical gap Gy . In the periodic case,
where Gy has length 3771/(37 — 1) > 1/3, we can take I to be any open interval of length
1/3 which is compactly contained in the critical gap.

LEMMA 4.9. Let I be an open interval of length 1/3 which is equal to Gy or compactly
contained in Gg. Then the set Vy is equal to the set X3(I).

Proof. 1t is enough to observe that the orbit of any point that enters Gy eventually enters
I.1If I = Gy, there is noting to prove. So, assume [ is compactly contained in Gy. Let H be
either one of the two components of Gg~I. Then,

=t 1

Length(H) < Length(Gy) — Length(I) = 22— — 3 33 —1)

and therefore

(37 — 1)Length(H) < - = Length([).

1
3
It follows that

Length(mS”(H)) = 3”Length(H) < Length(H) + Length(I).
Since the boundary points of Gy are periodic of period p, this implies that

mP(H) C HUI.

Since mg” multiplies distance by 37, the orbit of any point in H under m3” eventually enters

I, as required. ]

5. Dynamic Rotation Number for Maps in Hg

We now explain how to assign a dynamic rotation number to every parameter ¢> on the
parameter ray R .

As previously, we denote by 7; the set of points z € _#(f;) which are visible from the origin.
In the previous section, we saw that 7, =mn,(Vs) where Vy is the set of angles whose orbit
under mg never enters the critical gap Gy. The set of points z € #(f,) which are visible
from infinity is

A(Yq) = ny(1/2 + V).

So, the set of doubly visible points, that is those which are simultaneously visible from zero
and infinity, is simply

’I’]q(Xg) with XﬁZVgﬂ(l/Q—ﬁ-Vg).

Note that X, is the set of angles whose orbit under mg avoids Gy and 1/2+ Gy.

Since the length of Gy is at most 3°/(3! — 1) = 1/2, the intervals Gy and 1/2+ Gy are
disjoint. Let Iy C Gy be an open interval of length 1/3, either equal to Gy, or compactly
contained in Gy. Set Io =1/2+1; and I =1; Uls. It follows from Lemma 4.9 that Xy is
equal to the set X3(I) of points whose orbit never enters I. According to Lemma A.5, Xy is
a rotation set for mgs.
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REMARK 5.1. If we only assume that Iy C Gy without assuming that it is compactly
contained, and set I = I; U (1/2 + I1), then the set X3(I) is still a rotation set containing Xy
but it is not necessarily reduced. In any case, the rotation number of Xs5(I) is equal to the
rotation number of X .

Visible from infinity

FIGURE 15. The Julia set of a map f, with dynamic rotation number 1/4. There are four
points visible from both zero and infinity. The white points are not visible from either zero
or infinity. The angles of the rays from infinity, counterclockwise starting from the top,
are 1/15,2/15,4/15 and 8/15, while the corresponding rays from zero have angles
4/15,8/15,1/15 and 2/15. The heavy dots represent the free critical points.

DEFINITION 5.2 (Dynamic Rotation Number). For any parameter ¢? € Ry, the
rotation number t = p(¥) associated with the set

Xo=Von(1/2+Vy) CR/Z,

representing points in the Julia set which are doubly visible, will be called the dynamic
rotation number T of the map f, or of the point ¢ in moduli space.

Consider the monotone degree one map ¥y : R/Z — R/Z defined Remark 4.8. It is a
semiconjugacy between

m;:Vy —Vy and my:R/Z— R/Z.

Restricting 1,4 to the mg-rotation set X,y C Vi, the image 1,4(Xy) is an my-rotation set,
with rotation number equal to t = p(9). In fact, this rotation set is reduced. According to
Goldberg (see Theorem A.12), there is a unique such rotation set Oy. If ¢> € Ry, then Oy is
the set of internal angles of doubly visible points.

t This definition will be extended to many points outside of Ho in Remark 6.6. (See also Remark 7.5.)
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The entire configuration consisting of the rays from zero and infinity with angles in Oy,
together with their common landing points in the Julia set, has a well defined rotation number
t under the map f,. For example, in Figure 15 the light grey region is the union of interior
rays, while the dark grey region is the union of rays from infinity. These two regions have four
common boundary points, labeled by the points of X. The entire configuration of four rays
from zero and four rays from infinity maps onto itself under f, with combinatorial rotation
number t equal to 1/4.

LEMMA 5.3. The dynamic rotation number t is continuous and monotone ( but not strictly
monotone) as a function p(¥) of the critical angle . Furthermore, as ¥ increases from zero
to one, the dynamic rotation number also increases from zero to one.

Proof. Setting Gy = (a(9),b(8)), and setting Iy = (a(9),a(d) +1/3) C Gy, we have
p(¥) =rot(X2(Iy)) where Xs(Iy) is the set of points whose orbit never enters Iy under
iteration of msy. Hence continuity from the left follows from Corollary 4.4 together with
Remark A.6. Continuity from the right and monotonicity follow by a similar argument. |

We will describe the function ¥ — t = p(¥) conceptually in Theorem 5.6, and give an
explicit computational description in Theorem 5.8. (For a graph of this function see Figure 16.)
We first need a preliminary discussion.

Tt

1

751

57

251

; 9,

FIGURE 16. Graph of the dynamic rotation number t as a function of the critical angle 9.

PrOPOSITION 5.4. If t is rational and 9 is not periodic with rotation number t under
ms, then Xy consists of a single cycle for ms. However, if t is rational and 9 is periodic with
rotation number t under ms , then Xy may consist of either one or two cycles for ms.

As examples, in Figure 18 , the angle ¢ = 2/7 has rotation number 1/3 under ms; and in
fact Xy is the union of two cycles, both with rotation number 1/3. On the other hand, in
Figures 17 and 15, ¥ can be any angle between 2/15 and 4/15, but can never be periodic
with rotation number 1/4. In this case the set Xy is a single cycle of rotation number 1/4.
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Proof of Proposition 5.4. Assume t is rational. Then Oy is a finite set consisting of a single
cycle for ms.

On the one hand, if ¥ does not belong to O, then ¥4 : Xy — O is a homeomorphism. In
that case, Xy consists of a single cycle for mj.

On the other hand, if ¥ belongs to ©, then 1/:1;1((%) NV is the union of two cycles,
namely the orbits of the two boundary points of the critical gap Gy . Either

o Y35 (0r) =1/2+ 15" (6;) and Xy contains two periodic cycles, or

o 3 (01) #1/2+ 15" (6¢) and Xy contains a single periodic cycle.
O

DEFINITION 5.5 (Balance). For each t € R/Z, let ©; be the unique reduced rotation
set with rotation number t under the doubling map my (see the appendix). If t is rational
with denominator p > 1, then the points of © can be listed in numerical order within the
open interval (0,1) as 6; <0y < --- < 6,. If p is odd, then there is a unique middle element
O(p+1)/2 in this list. By definition, this middle element will be called the balanced angle in
this rotation set. (For the special case p = 1, the unique element 0 € O will also be called
balanced.)

On the other hand, if p is even, then there is no middle element. However, there is a unique
pair {0,/2,014,/2} in the middle. By definition, this will be called the balanced-pair for this
rotation set, and the two elements of the pair will be called almost balanced.

Finally, if ¢ is irrational, then O is topologically a Cantor set. However, every orbit in
Oy is uniformly distributed with respect to a uniquely defined invariant probability measure.
By definition, the balanced point in this case is the unique 6 such that both ©¢ N (0,8)
and ©¢ N (0,1) have measure 1/2. (The proof that 6 is unique depends on the easily verified
statement that 6 cannot fall in a gap of ©y.)

Here is a conceptual description of the function t — 9.

THEOREM 5.6. If t is either irrational, or rational with odd denominator, then 9 is equal
to the unique balanced angle in the rotation set ©y. However, if t is rational with even
denominator, then there is an entire closed interval of corresponding -values. This interval is
bounded by the unique balanced-pair in Oy .

We first prove one special case of this theorem.

LEMMA 5.7. Suppose that the dynamic rotation number is t = m/n = m/(2k + 1), ratio-
nal with odd denominator. Then the corresponding critical angle ¥ is characterized by the
following two properties:

e The critical angle 9 is periodic under doubling with rotation number t.

e The critical angle ¥ is balanced. If k > 0 this means that exactly k of the points of
the orbit {29} belong to the open interval (0,9) mod 1, and k belong to the interval
(¥,1) mod 1.

(Compare Definition 5.5.) Figure 18 provides an example to illustrate this lemma. Here
¥ =2/7, and the rotation number is t =1/3. Exactly one point of the orbit of ¥ under
doubling belongs to the open interval (0,), and exactly one point belongs to (,1).
The critical gap Gy for points visible from the origin is the interval (6/26,15/26) of
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length 9/26. Similarly the critical gap 1/2 + Gy for points visible from infinity is the arc
from 19/26 = —7/26 to 2/26.

FIGURE 17. Schematic picture representing the Julia set by the unit circle. Here I, can
be any open interval (z,z + 1/3) with 3/16 <z <z +1/3<9/16, and I, = I, +1/2.
The associated rotation number is 1/4. The interior angles (in red) and the exterior
angles (in green) double under the map, while the angles around the Julia set
(in black) multiply by 3 . Heavy dots indicate critical points.

FIGURE 18. The circle in this cartoon represents the Julia set (which is actually a
quasicircle) for a map belonging to the 2/7 ray in Hg. The heavy dots represent the
three finite critical points. As in Figure 17, the interior angles (red) and exterior angles
(green) are periodic under doubling, while the angles around the Julia set are periodic
under tripling. ( The figure is topologically correct, but all angles are distorted.)
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Proof of Lemma 5.7. According to [7], there is only one my-periodic orbit with rotation
number t, and clearly such a periodic orbit is balanced with respect to exactly one of its points.
(Compare Remark A.10 and Definition 5.5.)

To show that 1 has these two properties, consider the associated mg-rotation set Xy.
Since Xy is self-antipodal with odd period, it must consist of two mutually antipodal periodic
orbits. As illustrated in Figure 18, we can map X, to the unit circle in such a way that ms
corresponds to the rotation z — €27z, If the rotation number is non-zero, so that k> 1,
then each of the two periodic orbits must map to the vertices of a regular (2k + 1)-gon. As
in Figure 18, one of the two fixed points 0 and 1/2 of mgs must lie in the interval Gy, and
the other must lie in 1/2 + Gy . It follows that 2k + 1 of the points of X lie in the interval
(0,1/2), and the other 2k + 1 must lie in (1/2,1). It follows easily that k of the points of the
orbit of ¥ must lie in the open interval (0,4) and k must lie in (¢, 1), as required.

The case of rotation number zero, as illustrated in Figure 12, is somewhat different. In this
case, the rotation set Xy for mg consists of the two fixed points 0 and 1/2. The corresponding
rotation set ©O¢ for my consists of the single fixed point zero, which is balanced by definition.

O
K2
0
G

FIGURE 19. Schematic diagram for any example with rotation number
t # 0 (with the Julia set represented as a perfect circle).

Proof of Theorem 5.6. The general idea of the argument can be described as follows. Since
the case t =0 is easily dealt with, we will assume that t # 0. Let Gy be the critical gap
for rays from zero, and let G’y = 1/2+ Gy be the corresponding gap for rays from infinity.
Then one component K of R/Z~(Gyg U G)is contained in the open interval (0,1/2) and the
other, K’ =1/2+ K, is contained in (1/2,1). (Compare Figure 19.) Thus any self-antipodal
set which is disjoint from Gg U Gy must have half of its points in K and the other half in K'.
However, all points of K correspond to internal angles in the interval (0, ), while all points of
K’ correspond to internal angles in the interval (9,1). (Here we are assuming the convention
that 0 € Gy and hence 1/2 € GJ;.) In each case, this observation will lead to the appropriate
concept of balance. First assume that t is rational.

Case 1. The Generic Case. If ¥ does not belong to O¢, then Xy consists of a
single cycle of mgs by Proposition 5.4. (This is the case illustrated in Figure 15.) This
cycle is invariant by the antipodal map, therefore has even period, hence t is rational
with even denominator. In addition, by symmetry, the number of points of Xy in K is
equal to the number of points of Xy in K’. Therefore the number of points in ©; in
(0,9) is equal to the number of points of O¢ in (9¥,1). (In other words, the set Xy
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is “balanced” with respect to ¥ in the sense that half of its elements belong to the
interval (0,79) and half belong to (9,1).) If {97,977} C ©; is the unique balanced pair
for this rotation number, in the sense of Definition 5.5, this means that 9~ <9 < 9T,
As an example, for rotation number 1/4 with ©¢ = {1/15,2/15,4/15,8/15}, the balanced
pair consists of 2/15 and 4/15. Thus in this case the orbit is “balanced” with respect to ¢ if
and only if 2/15 < ¥ < 4/15.

Case 2. Now suppose that ¥ belongs to Oy, and that the rotation set Xy consists of a single
periodic orbit under ms. Since this orbit is invariant under the antipodal map = <> z + 1/2,
it must have even period p. Furthermore p/2 of these points must lie in (0,1/2) and p/2 in
(1/2,1). The image of this orbit in ©y is not quite balanced with respect to 1 since one of the
two open intervals (0,9) and (¥, 1) must contain only p/2 — 1 points. However, it does follow
that ¥ is one of the balanced pair for ©. (Examples of such balanced pairs are {1/3,2/3}
and {2/15,4/15}.)

More explicitly, since ¥ is periodic of period p, it follows that both endpoints of the critical
gap Gy are also periodic of period p. However, only one of these two endpoints is also visible
from infinity, and hence belongs to Xy .

Case 3. Suppose that ¥ € O and that Xy contains more than one periodic orbit. According
to [7, Theorem 7], any mg-rotation set with more than one periodic orbit must consist of
exactly two orbits of odd period. Thus we are in the case covered by Lemma 5.7. (This case is
unique in that both of the endpoints of Gy or of Gl are visible from both zero and infinity.)

Case 4. Finally suppose that t is irrational. The set X carries a unique probability measure
w invariant by mg and the push-forward of p under 44 is the unique probability measure v
carried on Oy and invariant by my. By symmetry, pu(K) = pu(K') = 1/2. Therefore,

v[0,9] = v[9,1] =1/2.
By definition, this means that the angle ¥ is balanced. ]

For actual computation, it is more convenient to work with the inverse function.

THEOREM 5.8. The inverse function t — 9 = p~1(t) is strictly monotone, and is discon-
tinuous at t if and only if t is rational with even denominator. The base two expansion of its
right hand limit p~'(t*) = lim. o p~'(t + &) can be written as

= b
-1 0
o = () =Y 5o (1)
£=0

where

(5)

by e 0 if frac(1/2 +¢t) € [0,1 —t),
ST\ it frac(1/246t) € [1—t,1).

Here frac(z) denotes the fractional part of z, with 0<frac(z)<1 and with
frac(z) =2 mod Z.

REMARK 5.9. It follows that the “discontinuity” of this function at t, that is the
difference A9 between the right and left limits, is equal to the sum of all powers 27¢~2
such that 1/2+ ¢t =1 — t(mod Z). If t is a fraction with even denominator n = 2k, then this
discontinuity takes the value

A® = 2F71/(22k _ 1),

while in all other cases it is zero.
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The proof of Theorem 5.8 will depend on Lemma 5.7.

Proof of Theorem 5.8. It is not hard to check that the function defined by Equations (4)
and (5) is strictly monotone, with discontinuities only at rationals with even denominator, and
that it increases from zero to one as t increases from zero to one. Since rational numbers with
odd denominator are everywhere dense, it suffices to check that this expression coincides with
p~1(t) in the special case where t = m/n = m/(2k + 1) is rational with odd denominator. In
that case, each 1/2 + ft is rational with even denominator, and hence cannot coincide with
either 0 or 1—t. The cyclic order of the n =2k + 1 points t,:=1/2+ ¢t € R/Z must be
the same as the cyclic order of the n = 2k 4 1 points 6, := 29 € R/Z. This proves that ¥
is periodic under my, with the required rotation number. Since the arc (0,1/2) and (1/2,1)
each contain k of the points t,, it follows that the corresponding arcs (0,9) and (¢, 1) each
contain k of the points 6,.

6. Visible Points for Maps outside H .

Next let us extend the study T of “doubly visible points visible” to maps fq which do not
represent elements of Hy. Fixing some f;, let %y and %, be the immediate basins of zero
and infinity.

THEOREM 6.1. For any map f = f, in our family, either
(1) the two basin closures %y and %, have a non-vacuous intersection, or else

(2) these basin closures are separated by a Herman ring /. Furthermore, this ring has
topological boundary 0.9/ = 6y U €~ with €5 C 0By and G C 0B -

Proof. Assume %, N Ao, = (. Since C is connected, there must be at least one component
A of C\(%yU B,) whose closure intersects both %, and %.,. We will show that this
set A is necessarily an annulus. If A were simply connected, then the boundary 0A would
be a connected subset of %y U %, which intersects both of these sets, which is impossible.
The complement of A cannot have more than two components, since each complementary
component must contain either %y or LBy, . This proves that A is an annulus, with boundary
components Cy C By and Cu, C A . Evidently A is unique, and hence is self-antipodal.

Note that f(A) D A: This follows easily from the fact that f is an open map with
f(Cp) C 0%y and f(Cs) C 0Bwo -

In fact, we will prove that A is a fixed Herman ring for f. The map f that carries f=1(A)
onto A is a proper map of degree 3. The argument will be divided into three cases according
as f71(A) has 1, 2 or 3 connected components.

Three Components (the good case). In this case, one of the three components, say A’,
must be preserved by the antipodal map (because A is preserved by the antipodal map). Then
f: A" — A has degree 1 and is therefore an isomorphism. In particular, the modulus of A’
is equal to the modulus of A. Since the annuli A and A’ are both self-antipodal, they must
intersect. (This follows from the fact that the antipodal map necessarily interchanges the two
complementary components of A.) In fact A’ must actually be contained in A. Otherwise
A’ would have to intersect the boundary AA, which is impossible since it would imply that
f(A") = A intersects f(0A) C (%o U Bw). Therefore, using the modulus equality, it follows

T This subject will be studied more carefully in [2], the sequel to this paper.
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that A" = A. Thus the annulus A is invariant by f, which shows that it is a fixed Herman
ring for f.

Two Components. In this case, one of the two components would map to A with degree 1
and the other would map with degree 2. Each must be preserved by the antipodal map, which
is impossible since any two self-antipodal annuli must intersect.

One Component. It remains to prove that f~1(A) cannot be connected. We will use a
length-area argument that was suggested to us by Misha Lyubich.

In order to apply a length-area argument, we will need to consider conformal metrics and
the associated area elements. Setting z = z + iy, it will be convenient to use the notation
p=g(z)|dz|* for a conformal metric, with g(z) > 0, and the notation |u| = g(z)dz A dy for
the associated area element. If z — w = f(z) is a holomorphic map, then the push forward of
the measure |u| = g(z)dxAdy is defined to be the measure

_9(2)
flul= Y du A dv,
(i FEP

where w = u + iv. Thus, for compatibility, we must define the push-forward of the metric
p = g(z)|dz|? to be the possibly singular I metric

z
{z:f(z)=w}

We will need the following Lemma.

LEMMA 6.2. Let A and A’ be two annuli in C, U C A’ an open subset, and f: U — A a
proper holomorphic map. Suppose that a generic curve joining the two boundary components
of A has a preimage by f which joins the boundary components of A’. Then

mod A’ < mod A

with equality if and only if U = A’ and f: A’ — A is an isomorphism.

Here a curve will be described as “generic” if it does not pass through any critical value. We
must also take care with the word “joining”, since the boundary of A is not necessarily locally
connected. The requirement is simply that the curve is properly embedded in A, and that its
closure joins the boundary components of A.

Proof. Let u = g(z)|dz|? be an extremal (flat) metric on A’. Then

Areay, ,(A) = Area, U < Area, A’

Let v be a generic curve joining the two boundary components of A, and let 7/ be a preimage
of v by f joining the two boundary components of A’.

9(2) _
f(zz); 17 (2)? |dw| > LE% l9(2)| |d=| ©)

= Length,, 7, > \/Area, A’ - modA'.

Length; ,v = J
weEy

T This pushed-forward metric has poles at critical values, and discontinuities along the image of the boundary.
However, for the length-area argument, it only needs to be measurable with finite area. (See [1].)
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Therefore
(Lengthf*uv)2 - Area, A’ - mod A’
Areay ,A T Area, A’

Now let v vary over all conformal metrics on A. By the definition of extremal length,

2
Length
modA = sup,, inf, {M}
rea,

Length, ,A)?
Areay,, A
> mod(4").

= modA’ (7)

If mod(A) = mod(A’) then f,u is an extremal metric on A. For a generic curve v of minimal
length, Inequality (6) becomes an equality, so that 7{ is the only component of f~1(v). As
a consequence, f:U — A’ has degree 1 and f:U — A is an isomorphism. According to
the hypothesis of the Lemma, any curve v C U joining the two boundary components of U
also joins the two boundary components of A’, since 7' = f~1(f(7)) and f(v) joins the two
boundary components of A. So, U = A’ and f: U’ — U is an isomorphism. Thus f: A’ — A
is an isomorphism. |

In order to apply this lemma to the annulus A of Theorem 6.1, taking A = A’, we need the
following.

LEMMA 6.3. A generic curve joining the two boundary components of A has a preimage
by f which joins both boundary components of A.

(Again a “generic” curve means one that does not pass through a critical value, so that each
of its three preimages is a continuous lifting of the curve.)

Proof. We may assume that 8, contains only one critical point, since the case where it
contains two critical points is well understood. (Compare §3.) Thus a generic point of %y has
two preimages in %y and a third preimage in a disjoint copy . Sumlarly a generic point
point in the closure %, has two preimages in %, and one preimage in 930 There is a similar
discussion for the antipodal set %,

A generic path v through A from some point of Cj to some point of Cy, has three preimages.
Two of the three start at points of %, and the third starts a point of 930 Similarly, two of the
three preimages end at points of %, and one ends at a point of ZBs . It follows easily that at
least one of the three preimages must cross from %, to %, necessarily passing through A.

O

This completes the proof of Theorem 6.1. |

COROLLARY 6.4. If the Julia set of f, is connected and locally connected, then there are
points which are visible from both zero and infinity.

Proof. 1If the free critical point ¢y = co(g) belongs to the basin of zero, then this statement
follows from the discussion at the beginning of §6, hence we may assume that ¢y € %,. Hence
the Bottcher coordinate defines a diffeomorphism from %, onto D. Following Carathéodory,
local connectivity implies that the inverse diffeomorphism extends to a continuous map from
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D onto %y . In particular, it follows that every point of 0%, is the landing point of a ray from
zero. Since _#(f,) is connected, there can be no Herman rings, and the conclusion follows
easily from the theorem. ]

DEFINITION 6.5. By a meridian in the Riemann sphere will be meant a path from zero to
infinity which is the union of an internal ray in the basin of zero and an external ray in the basin
of infinity, together with a common landing point in the Julia set. It follows from Corollary 6.4
that such meridians exist whenever the Julia set is connected and locally connected. Note
that the image of a meridian under the antipodal map is again a meridian. The union of two
such antipodal meridians is a Jordan curve ¥ which separates the sphere into two mutually
antipodal simply-connected regions.

REMARK 6.6 (The Dynamic Rotation Number for ¢> ¢ Hy). For any ¢ # 0 such
that there are Julia points which are landing points of rays from both zero and infinity, the
internal rays landing on these points have a well defined rotation number. The discussion in
Definition 5.2 shows that this is true when ¢ belongs to the principal hyperbolic component
Ho. For ¢*> € Ho the proof can be sketched as follows. Suppose that there are n meridians.
Then these meridians divide the Riemann sphere into n “sectors”. It is easy to see that the
two free fixed points (the landing points of the rays of angle zero from zero and infinity) belong
to opposite sectors. Let 6; and 6y be the internal angles of the meridians bounding the zero
internal ray, with 6; < 0 < 05; and let 6] < 6}, be the associated angles at infinity. We claim
that

0y — 6, >1/2, (8)

and hence by Theorem A.4 that the rotation number of the internal angles is well defined.
For otherwise we would have 26; < 01 < 0> < 205 with total length 205 — 26, < 1. It would
follow that the corresponding interval of external rays [0, 65] would map to the larger interval
[201,205] D [0}, 05]. Hence there would be a fixed angle in [0}, 6], contradicting the statement
that the two free fixed points must belong to different sectors.

For further discussion of this dynamic rotation number, see Remark 7.5.

Here is an important application of Definition 6.5.

THEOREM 6.7. If U is an attracting or parabolic basin of period two or more for a map
fq, then the boundary OU is a Jordan curve. The same is true for any Fatou component which
eventually maps to U.

Proof. The first step is to note the the Julia set _# (f,) is connected and locally connected.
In fact, since f; has an attracting or parabolic point of period two or more, it follows that
every critical orbit converges to an attracting or parabolic point. In particular, there can be
no Herman rings, so the Julia set is connected by Theorem 2.1. It then follows by Tan Lei and
Yin Yangcheng [23] that the Julia set is also locally connected.

Evidently U is a bounded subset of the finite plane C. Hence the complement C~\U of the
closure has a unique unbounded component V. Let U’ be the complement C~\V . We will first
show that U’ has Jordan curve boundary. This set U’ must be simply-connected. Choosing
a base point in U’, the hyperbolic geodesics from the base point will sweep out U’, yielding
a Riemann homeomorphism from the standard open disk D olnto U’. Since the Julia set is
locally connected, this extends to a continuous mapping D — U by Carathéodory. If two such
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FIGURE 20. Schematic picture, with U’ represented by the open unit disk.

gjlodesics landed at a single point of U/, then their union would map onto a Jordan curve in
U which would form the boundary of an open set U”, necessarily contained in U’. But then
any intermediate geodesic would be trapped within U”, and hence could only land at the same
boundary point. But this is impossible by the Riesz brothers’ theorem ' . Therefore, the pair
(U/, dU’) must be homeomorphic to (D, dD).

Thus, to complete the proof, we need only show that U = U’. But otherwise we could choose
some connected component Y of U'\U. (Such a set ¥ would be closed as a subset of U’,
but its closure Y would necessarily contain one or more points of dU’.) Note then that no
iterated forward image of the boundary dY can cross the self-antipodal Jordan curve % of
Definition 6.5. In fact any neighborhood of a point of Y must contain points of U. Thus if
f;’j (9Y) contained points on both sides of €', then the connected open set fqoj(U) would also.
Hence this forward image of U would have to contain points of € belonging to the basin of
zero or infinity, which is clearly impossible.

Note that the union Y U U is an open subset of U’. In fact any point of Y has a neighborhood
which is contained in Y UU. For otherwise every neighborhood would have to intersect
infinitely many components of U'\U , contradicting 1ocaloconnectivity of the Julia set.

We will show that some forward image of the interior Y must contain the point at infinity,
and hence must contain some neighborhood of infinity. For otherwise, since Y C 0U certainly
has bounded orbit, it would follow from the maximum principle that Y also has bounded orbit.
This would imply that the open set Y U U is contained in the Fatou set. On the other hand,
Y must contain points of U, which are necessarily in the Julia set, yielding a contradiction.

Similarly the forward orbit of }3 must contain zero. There are now two possibilities. First
suppose that some forward image f;j (Y') contains just one of the two points zero and infinity.
Then it follows that the boundary 0 f;’j (V) C f;j (0Y") must cross €, yielding a contradiction.

Otherwise, since an orbit can hit zero or infinity only by first hitting the preimage ¢ or
A(q), it follows that there must be some j > 0 such that f¢7(Y") contains both of ¢ and A(q),
but neither of zero and infinity. In this case, it is again clear that f£7(9Y’) must cross . This
contradiction completes the proof of Theorem 6.7. O

7. Fjords

Let t € R/Z be rational with odd denominator. It will be convenient to use the notation
¥ =Y € R/Z for the unique angle which satisfies the equation p(9¥) =t. In other words,
¥ is the unique angle which is balanced, with rotation number t under doubling. (Compare

T For the classical results used here, see for example [15, Theorems 17.14 and A.3].
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Theorem 5.8 and Lemma 5.7.) This section will sharpen Theorem 3.5 by proving the following
result.

THEOREM 7.1. With t and ¥ = ¥¢ as above, the internal ray in Hy of angle ¥ lands at
the point ooy on the circle of points at infinity.

(We will see in Corollary 7.8 that every other internal ray is bounded away from this
point.) Intuitively, we should think of the ¥ ray as passing to infinity through the t-fjord.
(Compare Figure 23.)

In order to prove this result, it is enough by Theorem 3.5 to show that the parameter ray
R has no finite accumulation point on dH (that is, no accumulation point outside of the
circle at infinity). In fact, we will show that the existence of a finite accumulation point would
lead to a contradiction. The proof will be based on the following.

Let 9 be any periodic angle such that the 9 parameter ray has a finite accumulation point
g% € OHo, and let {g?} be a sequence of points of this ray converging to ¢2 . In order to work
with specific maps, rather than points of moduli space, we must choose a sequence of square
roots g converging to a square root g, of g2 . For each gy, the internal dynamic ray K, 0
bifurcates at the critical point ¢g(gx). However, there are well defined left and right limit rays
which extend all the way to the Julia set _#(f,,). Intuitively, these can be described as the
Hausdorff limits

X + = lim %, 9
qr,9 =0 qr,9*e

as 9 +¢ tends to ¥ from the left or right. More directly, the limit ray %, 4+ can be
constructed by starting out along %, ¢ and then taking the left hand branch at every
bifurcation point, and %, - can be obtained similarly by talking every right hand branch.
(Compare Figure 12.) It is not hard to see that the landing points C;tk_ (9¥) of these left and
right limit rays are well defined repelling periodic points, with period equal to the period of
9. In the terminology of Remark A.6 these periodic landing points form the end points of
the “critical gap” in the corresponding rotation set. Their coordinates around the Julia set
F(fq.) =R/Z can be computed from Theorem 4.2.

basin of zero

—

basin of infinity

d-ray

® ZEro

FI1GURE 21. Schematic picture of the Julia set for Lemma 7.2. As the gap Iy shrinks
to a point, we will show that the two repelling points, which are the landing
points of the left and right limit rays, must converge to this same point.
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LEMMA 7.2. Let 9 be periodic under doubling, with odd period. Consider a sequence of
points g converging to a finite limit q.., where each q; belongs to the ¥ parameter ray, and
where ¢%, belongs to the boundary M. Then the corresponding left and right limit landing
points ¢, (9) € #(fy,) must both converge towards the landing point for the dynamic ray
Ry 9, which is a parabolic periodic point in _# (f,..) by Theorem 3.5.

For an illustration of the Lemma see Figure 21. (This statement is also true for most ¥ with
even period; but it is definitely false when 1 is almost balanced.) Assuming this lemma for
the moment, we can illustrate the proof of Theorem 7.1 by the following explicit example.

EXAMPLE 7.3. As in Figure 18, let f,, be maps such that ¢? € Ho belongs to the 9 = 2/7
ray, which has a rotation number equal to 1/3 under doubling. This angle is balanced, that
is, its orbit 2/7 — 4/7 +— 1/7 contains one element in the interval (0,2/7) and one element in
(2/7,1), hence the dynamic rotation number t = t(¢) is also 1/3. The dynamic ray of angle
2/7 bounces off the critical point ¢, but it has well defined left and right limits. These have
Julia set coordinates x = 6/26 and 15/26, as can be computed by Theorem 4.2. Evidently
these z-coordinates are periodic under tripling. Similarly, the internal ray of angle 2™ -2/7
bifurcates off a precritical point, and the associated left and right limit rays land at points on
the Julia set with coordinates 3™ - 6/26 and 3™ -15/26 in R/Z.

Now suppose that points q,% along this parameter ray accumulate at some finite point of
OHo, then according to Lemma 7.2 the two landing points with coordinates = = 6/26 and
15/26 must come together towards a parabolic limit point, thus pinching off a parabolic basin
containing c. Similarly, the points with « = 18/26 and 19/26 would merge, and also the points
with = 2/26 and 5/26, thus yielding a parabolic orbit of period 3.

Now look at the same picture from the viewpoint of the point at infinity (but keeping the
same parametrization of #(f,,)). (Recall that the action of the antipodal map on the Julia
set is given by = <>z +1/2 mod 1.) Then a similar argument shows for example, that the
points with coordinate = =19/26 and 2/26 should merge. That is, all six of the indicated
landing points on the Julia set should pinch together, yielding just one fixed point, which
must be invariant under the antipodal map. Since this is clearly impossible, it follows that
the parameter ray of angle 2/7 cannot accumulate on any finite point of dHy. Hence it must
diverge to the circle at infinity.

Proof of Theorem 7.1 (assuming Lemma 7.2). The argument in the general case is
completely analogous to the argument in Example 7.3. Let f;, be a map representing a point of
the ¥ parameter ray, where 9 is periodic under doubling and balanced. It will be convenient to
write the rotation number as t = m/(2n + 1), with period 2n + 1. Since the case t =n =0 is
straightforward, we may assume that 2n + 1 > 3. The associated left and right limit rays land
at period orbits @ of rotation number m/(2n + 1) in the Julia set. According to Goldberg (see
Theorem A.12), any periodic orbit @ which has a rotation number is uniquely determined by
this rotation number, together with the number N (&) of orbit points for which the coordinate
x lies in the semicircle 0 <z < 1/2. (Thus the number in the complementary semicircle
1/2 <z <1 is equal to 2n+1— N(0). Here 0 and 1/2 represent the coordinates of the
two fixed points.) Since 9 is balanced with rotation number t with denominator 2n +1 > 3,
it is not hard to check that N(&) must be either n or n+ 1. Now consider the antipodal
picture, as viewed from infinity. Since the antipodal map corresponds to x <+ x + 1/2, we see
that

N(OE)=2n+1—- N(0F) = N(6F),
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Therefore, it follows from Goldberg’s result that the orbit €% is identical with O .

Now consider a sequence of points qi belonging to the ¥ parameter ray, and converging
to a finite point ¢ € OHo, and choose square roots g converging to ¢.,. As we approach
this limit point, the right hand limit orbit 6’5” must converge to the left hand limit orbit
Oy which is equal to €% . In other words, the limit orbit must be self-antipodal. But this is
impossible, since the period of this limit orbit must divide 2n + 1, and hence be odd. Thus the
19 parameter ray has no finite accumulation points, and hence must diverge towards the circle
at infinity. |

REMARK 7.4. The requirement that 9 must be balanced is essential here. As an example
of the situation when the angle ¥ has no rotation number or is unbalanced, see Figure 9 (right)
In this example, the internal dynamic rays with angle 1/7, 2/7, 4/7 land at the roots points
of a cycle of attracting basins, and the corresponding external rays land at an antipodal cycle
of attracting basins. These are unrelated to the two points visible from zero and infinity along
the 1/3 and 2/3 rays.

Proof of Lemma 7.2. Let F, = f;" be the n-fold iterate, where n is the period of ¥. As
qr converges to ¢o, along the ¥ parameter ray, we must prove that the landing point C;I: (¥)
of the right hand dynamic limit ray %,, g+ must converge to the landing point zg of %Z,_ 4+
(The corresponding statement for left limit rays will follow similarly.)

First Step (Only one fixed point). Let B be the immediate parabolic basin containing
the marked critical point cy for the limit map Fj_ . First note that there is only one fixed
point in the boundary dB. Indeed, this boundary is a Jordan curve by Theorem 6.7. Since n
is odd, the cycle of basins containing B cannot be self-antipodal, hence ¢y must be the only
critical point of F,__ in B. It follows easily that the map f,_ restricted to OB is topologically
conjugate to angle doubling, with only one fixed point.

Second Step (Slanted rays). For ¢ on the ¥ parameter ray, it will be convenient to work
with slanted rays in 33}1’15, that is, smooth curves which make a constant angle with the
equipotentials, or with the dynamic rays. (Here we are following the approach of Petersen and
Ryd [19].) Let H be the upper half-plane. Using the universal covering map

exp : H—D~{0}, exp(w) = >,

and embedding %’;’is into D by the Béttcher coordinate by, as in Figure 12, the dynamic rays
in %’;’is correspond to vertical lines in H, and the slanted rays correspond to lines of constant
slope dv/du, where w = u + iv. (See Figure 22.)

Let 9 be a representative in R for 9 € R/Z. Fixing some arbitrary slope sy > 0 and some
sign #+, let ST be the sector consisting of all u + v in H with

o~

tu—9)>0 and v > s0.
lu— 9

If ¢ is close enough to g, along the ¥ parameter ray, then we will prove that the composition
w > bq_l (exp(w)) € 93;’18 is well defined throughout S*, yielding a holomorphic map

—1 . Qx vis
b, oexp:ST — A" (9)

To see this, we must show that the sectors S* C H are disjoint from all of the vertical line
segment in H which correspond to critical or precritical points in %, . If by(co) = exp(¥ + ih),
note that the critical slit has height h, which tends to zero as ¢ tend to the limit g, . For a
precritical point z with f;k(z) = cp, the corresponding slit height is h/27.
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FIGURE 22. Two slanted rays in the upper half-plane. Here the vertical dotted
line represents the ¥ dynamic ray, and the solid interval below it
represents the corresponding invisible part of %, .

First consider the n vertical slits corresponding to points on the critical orbit, together
with all of their integer translates. If the ST are disjoint from these, then we claim that they
are disjoint from all of the precritical slits. For any precritical point f2*(z) = ¢o, we can set
k =i+ jn with 0 <i<n and j > 0. Then the image f7"(z) will represent a point on the
vertical segment corresponding to the postcritical angle 2@, or to some integer translate of
this. Using the fact that f;" corresponds to multiplication by 2" modulo one, with 9 as a
fixed point, we see that the endpoint of the z slit must belong to the straight line segment
joining the point 9 € OH to the endpoint of the 209 slit, or to some integer translate of it.
Thus we need impose n inequalities on the slope sg. Furthermore, for fixed sqg > 0 all of these
inequalities will be satisfied for g sufficiently close to go -

Third Step (Landing). To study the landing of slanted rays, the following estimate will
be used. Given a bounded simply-connected open set U C C, let dy(29,21) be the hyperbolic
distance between any two points of U, and let 7(zg) be the Euclidean distance of zy from 9U .
Then

|21 — 20| < r(zo)(egd"(z“’zl) — 1). (10)

In particular, for any fixed hg, as z converges to a boundary point of U, the entire neighbor-
hood {z';dy(z,2") < ho} will converge to this boundary point. To prove the inequality (10),
note that the hyperbolic metric has the form p(z)|dz| where 2p(z)r(z) > 1. (See for example
[15, Corollary A.8].) If a is the hyperbolic arc length parameter along a hyperbolic geodesic,
so that da = p(z)|dz|, note that

r(21) #tdr J’zl |dz| J‘
1 = — < — <2 dz| = 2d
ow =] e | <] ool =20, 1),

and hence r(z;) < 7(z)e?™ (#0:21) or more generally

20 20

r(z) < T(ZO)BQ(G(ZF“(ZO)).
It follows that

|21 — 20| < J |dz| :J' da_ < QJ' r(zo)eQ(a(z)_a(z"))da.
zZ0 p(Z)

Since the indefinite integral of 2e%¢da is €*®, the required formula (10) follows easily.

We can now prove that a left or right slanted ray of any specified slope for f,; always
lands, provided that ¢ is close enough to g, along the 1 parameter ray. Note that the map
F, = f;" corresponds to the hyperbolic isometry w +— 2"w from S* onto itself. Furthermore,
the hyperbolic distance between w and 2"w is a constant, independent of w. Since the map
from S* to %, reduces hyperbolic distance, it follows that dg, (z, Fq(z)) is uniformly bounded

20 20
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as z varies. Hence as z tends to the boundary of %, the Euclidean distance |F,(z) — z| tends
to zero. It follows that any accumulation point of a slanted ray on the boundary OU must be
a fixed point of F,. Since there are only finitely many fixed points, it follows that the slanted
ray must actually land.

Note that the landing point of the left or right slanted ray is identical to the landing point of
the left or right limit ray. Consider for example the right hand slanted ray in Figure 22. Since
it crosses every vertical ray to the right of 4, its landing point cannot be to the right of the
landing point of the limit vertical ray. On the other hand, since the slanted ray is to the right
of the limit ray, its landing point can’t be to the left of the limit landing point.

Fourth Step (Limit rays and the Julia set). Now consider a sequence of points g on
the ¥ parameter ray converging to the landing point ¢.,. After passing to a subsequence, we
can assume that the landing points of the associated left or right slanted rays converge to some
fixed point of Fj_ . Furthermore, since the non-empty compact subsets of C form a compact
metric space in the Hausdorff topology, we can assume that this sequence of slanted rays qu
has a Hausdorff limit, which will be denoted by .#*. We will prove the following statement.

Any intersection point of /% with the Julia set 7 (F,_) is a fixed point of F,__ .

To see this, choose any ¢ > 0. Note first that the intersection point zg of .#* and ¢ (F,_)
can be e-approximated by a periodic point z; in _Z(f,. ). We can then choose ¢ close enough
to ¢oo so that the corresponding periodic point zo € #(fg,) is e-close to z;. On the other
hand, we can also choose ¢ close enough so that the ray Yqjk: is e-close to .+ . In particular,
this implies that there exists a point z3 € Yqjk? which is e-close to zg.

Then z3 is 3e-close to a point 29 € Z(fy,), so it follows from Inequality (10) that the
distance |Fy, (23) — 23| tends to zero as ¢ — 0. Since z3 is arbitrarily close to zy and Fy, is
uniformly arbitrarily close to Fy,__, it follows by continuity that Fy_(z0) = 2o, as asserted.

Fifth Step (No escape). Conjecturally there is only one parabolic basin B with root point
at the the landing point of dynamic ray %, ¢ . Assuming this for the moment, we will prove
that the Hausdorff limit ray .74 cannot escape from B. Since this limit ray intersects 0B
only at the root point by the Step 1 of this proof, it could only escape through this root point.
In particular, it would have to escape through the repelling petal P at the root point.

Let ®: P — R be the real part of the repelling Fatou coordinate, normalized so that
®(F,_(2)) =®(2) + 1. Thus ®(z) — —oco as z tends to the root point through P.

Let or:R — C be a parametrization of the slanting ray yqf, normalized so that
Fy, (o(7)) = ox(7 +1). Thus for g close to g, the composition 7 — ® (0 (7)) should satisfy

P(op(r+1)) = <I><Fqk (O'k(T))> ~ @(qu (O'k(T))) =®(ok(r)) +1
for suitable 7 with o (7) € P. In particular, the estimate
P(op(t+1)) > ®(ox(7))

is valid, provided that 7 varies over a compact interval I, and that |gx — goo| is less than some
€ depending on 1.

Now let us follow the slanted ray from the origin, with 7 decreasing from +oco. If the ray
enters the parabolic basin B, and then escapes into the petal P, then the function @(ak(T))
must increase to a given value ®( for the first time as 7 decreases. But it has already reached
a value greater than ®y for the earlier value 7+ 1. It follows easily from this contradiction
that the limit ray . can never escape from B

This completes the proof in the case that there is only one basin B incident to the root
point. If there are several incident basins Bi, ..., By, then a similar argument would show
that the limit ray cannot escape from B; U---U By, and the conclusion would again follow.
This completes the proof of Lemma 7.2 and Theorem 7.1. ]
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REMARK 7.5 (Formal rotation number: the parameter space definition). As a
corollary of this theorem, we can describe a concept of rotation number which makes sense for
all maps f, with ¢ # 0. (Compare the dynamic rotation number which is defined for points in
Ho in Definition 5.2, and for many points outside of Ho in Remark 6.6.)

Let I C R/Z be a closed interval such that the endpoints t; and to are rational numbers
with odd denominator, and let W(I) C [1] be the compact triangular region bounded by the
unique rays which join oog, and ocog, to the origin, together with the arc at infinity consisting
of all points oot with t € I. (Compare Figure 23.)

FIGURE 23. Unit disk model for the circled ¢?-plane, with two rays
from the origin to the circle at infinity sketched in.

For any angle t € R/Z, let W; be the intersection of the compact sets W(I) as I varies
over all closed intervals in R/Z which contain t and have odd-denominator rational endpoints.

LEMMA 7.6. FEach Wy is a compact connected set which intersects the circle at infinity only
at the point ooy . These sets Wy intersect at the origin, but otherwise are pairwise disjoint.
In particular, the intersections Wy N ([U\Hy) are pairwise disjoint compact connected sets.
(Here it is essential that we include points at infinity. )

Proof. The argument is straightforward, making use of the fact that Hy is the union of an
increasing sequence of open sets bounded by equipotentials. |

DEFINITION 7.7. Points in Wy~{0} have formal rotation number equal to t. It is
sometimes convenient to refer to these as points in the t-wake.

It is not difficult to check that this is compatible with Definition 5.2 in the special case
of points which belong to Hg. Furthermore, by Lemma 5.3 this formal rotation number is
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continuous as a map from [[]\{0} to R/Z (or equivalently as a continuous retraction of
[1~{0} onto the circle at infinity).

One immediate consequence of Lemma 7.6 is the following.

COROLLARY 7.8. For t rational with odd denominator, the ray R, of Theorem 7.1 is the
only internal ray in Hy which accumulates on the point ooy .

In fact, for any t’' #t the ray Ry, is contained in a compact set Wy which does not
contain ocoy. [

REMARK 7.9 (Accessibility and Fjords). A topological boundary point
@ € 0Ho C [

is said to be accessible from H, if there is a continuous path p : [0,1] — [i] such that p maps
the half-open interval (0,1] into Hg, and such that p(0) = ¢2. Define a channel to ¢ within
Ho to be a function ¢ which assigns to each open neighborhood U of ¢2 in [i] a connected
component ¢(U) of the intersection U N H satisfying the condition that

UDU = ¢U)DcU).

(If U; D Uy D - -+ is a basic set of neighborhoods shrinking down to g2, then clearly the channel
¢ is uniquely determined by the sequence ¢(U1) D ¢(Usz) D -- - . Here, we can choose the U; to
be simply connected, so that the ¢(U;) will also be simply connected.)

By definition, the access path p lands on ¢3 through the channel c¢ if for every neighborhood
U there is an € > 0 so that p(7) € ¢(U) for 7 <e. It is not hard to see that every access
path determines a unique channel, and that for every channel ¢ there exits one and only one
homotopy class of access paths which land at g3 through c.

The word fjord will be reserved for a channel to a point on the circle at infinity which is
determined by an internal ray which lands at that point.

REMARK 7.10 (Are there Irrational Fjords?). It seems likely, that there are uncount-
ably many irrational rotation numbers t € R/Z such that the ray Ry, C Ho lands at the
point oo on the circle at infinity. In this case, we would say that the ray lands through an
irrational fjord. What we can actually prove is the following statement.

LEMMA 7.11.  There exist countably many dense open sets W,, C R/Z such that, for any
t € (\W,, the ray R, accumulates at the point oot on the circle at infinity.

However, we do not know how to prove that this ray actually lands at ooy. The set of all
accumulation points for the ray is necessarily a compact connected subset of Wiy N dHg, but
it could contain more than one point. In that case, all neighboring fjords and tongues would
have to undergo very wild oscillations as they approach the circle at infinity.

Proof of Lemma 7.11. Let V, be the open set consisting of all internal angles 9 such
that the internal ray R contains points ¢ with |¢?| > n. A corresponding open set W,, of
formal rotation numbers can be constructed as follows. For each rational r € R/Z with odd
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denominator, choose an open neighborhood which is small enough so that every associated
internal angle is contained in V,,. The union of these open neighborhoods will be the required
dense open set W,,. For any t in (| W,,, the associated internal ray R, will come arbitrarily
close to the circle at infinity. Arguing as in Corollary 7.8, we see that ooy is the only point of
O[] where this ray can accumulate. O

If the following is true, then we can prove a sharper result. It will be convenient to use the
notation £ for the compact set [[]\Hp, and the notation L¢ for the intersection £ N Wk.
Thus L is the disjoint union of the compact connected sets L. (It may be convenient to refer
to Ly as the t-limb of L.)

CONJECTURE 7.12. If t is rational with odd denominator, then the set Ly consists of the
single point ooy .

Assuming this statement, we can prove that a generic ray actually lands, as follows. Let D,
be the disk consisting of all ¢*> € C with |¢?| < n, and let W/, C R/Z be the set consisting of
all t for which £; N ID,, = 0. The set W/ is open for all n, since £ is compact. Then W/ is
dense since it contains all rational numbers with odd denominator. For any t € (), W, the
set Ly evidently consists of the single point ooy, and it follows easily that the associated ray
R, lands at this point. O

Appendix A. Dynamics of monotone circle maps

DEFINITION A.1. Any continuous map ¢ : R/Z — R/Z will be called a circle map. For
any circle map, there exists a continuous lift, g : R — R, unique up to addition of an integer
constant, such that the square

R—2 >R

R/Z —L > R/Z

is commutative. Here the vertical arrows stand for the natural map from R to R/Z. This lift
satisfies the identity

gy +1)=g(y) +d,

where d is an integer constant called the degree of g. We will only consider the case of circle
maps of positive degree. The map ¢ will be called monotone if

y<y = gy < 3.
It is not hard to see that f has degree d if and only if it is homotopic to the standard map
my:R/Z —R/Z  defined by my(z) =dx.

In this appendix, we will study some compact subsets of R/Z which are invariant under m.
If I C R/Z is an open set, we define

Xq(I) = {z € R/Z such that m}(z) € I for all n > 0}.
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A.1. Degree one circle maps

We first review the classical theory of rotation numbers for monotone degree one circle maps.
It is well known that for any monotone circle map ¢ of degree d =1, we can define a
rotation number rot(g) € R/Z, as follows. Choose some lift §. We will first prove that the
translation number
" (z) — x

transl(g) = lim eR

n— o0 n
is well defined and independent of xz. For any circle map of degree one, setting
a,, = min, (¢°"(z) — z), the inequality a,, ., > a,, +a, is easily verified. It follows that
Apmin = kay, + a, . Dividing by h =km +n and passing to the limit as £ — oo for fixed
m > n, it follows that liminf a,/h > a,,/m. Therefore the lower translation number

transl(g) = nlgr;o a,/n=supa,/n
n

is well defined. Similarly, the upper translation number
transl(g) = lim @,/n =infa,/n
n—oo n

is well defined, where @, = max, (:c}O” (z) — x) Finally, in the monotone case it is not hard
to check that 0 <@, —a, <1, and hence that these upper and lower translation numbers
are equal. By definition, the rotation number rot(g) is equal to the residue class of
transl(g) modulo Z.

REMARK A.2. Note that the rotation number is rational if and only if g has a periodic
orbit. First consider the rotation number zero case. Then the translation number transl(g)
for a lift g will be an integer. The periodic function x — g(z) — x — transl(g) has translation
number zero. We claim that it must have a zero. Otherwise, if for example its values were all
greater than ¢ > 0, then it would follow easily that the translation number would be greater
than or equal to €. The class modulo Z of any such zero will be the required fixed point of g.

To prove the corresponding statement when the rotation number is rational with denominator
n, simply apply the same argument to the n-fold iterate ¢°". Each fixed point of ¢°™ will be a
periodic point of g. In addition, the cyclic order of each cycle T around the circle is determined
by the rotation number. Indeed, if §: R — R is a lift with translation number m/n € Q, then
the map

1= (w km)
Y (-t
n & n
descends to a monotone degree one map ¢ : R/Z — R/Z which conjugates g to the rotation

of angle m/n on periodic cycles of g.

In the irrational case, one obtains much sharper control. It is not hard to see that g has
irrational rotation number t if and only if there is a degree one monotone semiconjugacy
Y :R/Z — R/Z satisfying

Three points x1,z2,73 € R/Z are in positive cyclic order if we can choose lifts Z; € R so that

i
T1 <ZTo<ZT3<Z1+1.
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More precisely, § : R — R is a lift with translation number t € R\Q if and only if the sequence
of maps

1 n—1 - ok
v = 3 (3 ) - 70)
k=0
converges uniformly to a semiconjugacy 1Z between g and the translation by t.

A.2. Rotation sets

DEFINITION A.3 (Rotation Sets). Fixing some integer d > 2, let X C R/Z be a non-
empty compact subset which is invariant under multiplication by d in the sense that
my(X) C X, where

my:R/Z—R/Z is the map my(z) = dx.

Then X will be called a rotation set if the map my restricted to X extends to a continuous
monotone map gx : R/Z — R/Z of degree 1. The rotation number of X is then defined to
be the rotation number of this extension gx . It is easy to check that this rotation number does
not depend on the choice of gx since the lifts of two extensions to R may always be chosen
to coincide on the lift of X.

Here is a simple characterization of rotation sets.

THEOREM A.4. A non-empty compact set X D mg(X) is a rotation set if and only if the
complement (R/Z)\X contains d — 1 disjoint open intervals of length 1/d.

The proof will depend on two lemmas.

LEMMA A.5. Let I CR/Z be an open set which is the union of disjoint open subintervals
I, Iy, - ,I;_1, each of length precisely 1/d. Then X4(I) is a rotation set for mg.

Proof. The required monotone degree one map g = g, will coincide with m, outside of
I, and will map each subinterval I; to a single point: namely the image under my of its two
endpoints. The resulting map g, is clearly monotone and continuous, and has degree one since
the complement (R/Z)~I has length exactly 1/d. It follows easily from Remark A.2 that the
set X4(I) is non-empty. In fact, if g; has an attracting periodic orbit, then it must also have
a repelling one, which will be contained in X4(I); while if there is no periodic orbit, then the
rotation number is irrational, and there will be uncountably many orbits in Xg(I). |

Thus the rotation number of X4(I) is well defined. If the rotation number is non-zero, note
that each of the d — 1 intervals I; must contain exactly one of the d — 1 fixed points of mg.

REMARK A.6. If we move one or more of the intervals I; to the right by a small distance ¢,
as illustrated in Figure A.1, then it is not hard to check that for each = € R/Z the image g(z)
increases by at most ed. Hence the rotation number rot (Xd(I )) also increases by a number in
the interval [0, ed].
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1
Ficure A.1. A typical graph for g, in the case d = 3.

By a gap G in X will be meant any connected component of the complement (R/Z)~X.
The notation 0 < ¢(G) <1 will be used for the length of a gap. The multiplicity of a gap
G is defined as the integer part of the product d¢(G), denoted by

mult(G) = floor(d{(G)).

If this multiplicity is non-zero, or in other words if £(G) > 1/d, then G will be called a major
gap.

LEMMA A.7. Suppose that X D my(X) is a non-empty compact set. Then X is a rotation
set if and only if it has exactly d — 1 major gaps, counted with multiplicity. f

Proof. First note that every rotation set must have measure zero. This follows from the
fact that the map myg is ergodic, so that almost every orbit is everywhere dense. Let {¢;} be
the (finite or countably infinite) sequence of lengths of the various gaps. Thus > ¢; = 1. The
i-th gap must map under gx either to a point (if the product d¥¢; is an integer), or to an
interval of length equal to the fraction part

frac(d¢;) = d¢; — floor(d?;).
It follows easily that > frac(d¢;) = 1. Therefore

D li=1=> (dt;)— ) floor(dl;),
which implies that > floor(d¥¢;) = d — 1. This proves Lemma A.7; and Theorem A.4 follows
easily. ]

DEFINITION A.8 (Reduced Rotation Sets). A rotation set X will be called reduced
if there are no wandering points in X, that is, no points with a neighborhood U such that
U N X is disjoint from all of its iterated forward images under mg .

For any rotation set X, the subset X,.q C X consisting of all non-wandering points in
X, forms a reduced rotation set with the same rotation number. (In particular, X,.q is

T Compare [6]
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always compact and non-vacuous.) Here is an example: If we take d =2 and I =(1/2,1)
in Lemma A.5, then the rotation set X = X5(I) is given by

X ={1/2,1/4,1/8,1/16,...,0}.

The associated reduced rotation set is just the single point X;.q = {0}.

LEMMA A.9. For any rotation set X with rational rotation number, the associated reduced
set Xyeq is a finite union of periodic orbits. In the irrational case, X,eq is a Cantor set, and is
minimal in the sense that every orbit is dense in X, eq -

Proof. First consider the case of zero rotation number. Then X necessarily contains a fixed
point, which we may take to be zero. (Compare the proof of Lemma A.5.) Then the associated
monotone circle map gx can be thought of as a monotone map from the interval [0,1] onto
itself. Clearly the only non-wandering points of gx are fixed points, so it follows that Xieq
contains only fixed points under the map my . For any rotation set with rotation number m/n,
we can apply this same argument using the n-fold iterate myn» , and conclude that the reduced
set X,eq must be a finite union of periodic orbits.

Now suppose that the rotation number t is irrational, and that X = X,¢q is reduced. Then
X can have no isolated points, since an isolated point would necessarily be wandering. Hence
it must be a Cantor set. Now form a topological circle X/~ by setting x ~ y if and only if
2 and y are the endpoints of some gap. Then the map my|x gives rise to a degree one circle
homeomorphism ¢ : X/~— X/~ with the same irrational rotation number. As in Remark A.2,
there is a monotone degree one semiconjugacy h : X/~— R/Z satisfying h(g(x)) = h(z) +t.
In fact h must be a homeomorphism. For if some open interval I C X/~ maps to a point,
then all of the points in I would be wandering points for g, and hence all of the associated
points of X would also be wandering points. Thus every orbit in X/~ is dense, and it follows
easily that every orbit in X is dense. |

REMARK A.10 (Rotation Sets under Doubling). This construction is particularly
transparent in the case d = 2. In fact, let I. be the interval (¢,c+ 1/2) in R/Z. According to
Remark A.6, the correspondence

¢ rot(Xs(1.)) € R/Z

can itself be considered as a monotone circle map of degree one. Hence for each t € R/Z the
collection of ¢ with rot (X2 (Ic)) =t is non-vacuous: either a point or a closed interval. Let X
be a reduced rotation set with rotation number t. If t is rational with denominator n, then
each gap in X must have period n under the associated monotone map gy . Since there is
only one major gap there can be only one cycle of gaps, hence X must consist of a single orbit
of period n. If 4y is the shortest gap length, then the sum of the gap lengths is

L=4lo(1+2+2% 4 +2"71) = (2" = 1)4,.

It follows that the shortest gap has length £y = 1/(2™ — 1); hence the longest gap has length
2n=l/(2m —1).

For each rational t € R/Z there is one and only one periodic orbit X = X; which has
rotation number t under doubling. In fact we can compute X; explicitly as follows. Evidently
each point = € Xy is equal to the sum of the gap lengths between z and 2z. But we have
computed all of the gap lengths, and their cyclic order around the circle is determined by the
rotation number t.

Note that an interval I. of length 1/2 has rotation number t if and only if it is contained
in the longest gap for Xy which has length 27~1/(2" — 1) > 1/2, where n is the denominator
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of t. Thus the interval of allowed c-values has length equal to

on-1 1
&*2n—17§’2@n—n' (A1)

One can check I that the sum of this quantity f; over all rational numbers 0 <t = k/n < 1
in lowest terms is precisely equal to +1. It follows that the set of ¢ for which rot (XQ(IC)) is
irrational has measure zero.

Since the function ¢+ rot(Xs(1.)) is monotone, it follows that for each irrational t there
is exactly one corresponding c-value. In particular, there is just one corresponding rotation set
Xi¢. In the irrational case, it is not difficult to check that X; has exactly one gap of length
1/2% for each i > 1.

REMARK A.11 (Classifying Reduced Rotation Sets). Goldberg [7] has given a
complete classification of reduced rotation sets with rational rotation number, and Goldberg
and Tresser [8] have given a similar classification in the irrational case. For our purposes, the
following partial description of these results will suffice. First let X be a reduced rotation
set under multiplication by d with rational rotation number (so that X is a finite union of

g J+1
d—1"d-1
the endpoints of these intervals are the d — 1 fixed points of my. Define the deployment
sequencet of X to be the (d — 1)-tuple (ng,n1,...,n4-2) , where n; > 0 is the number of

g J+1
d—l’d—l)'

periodic orbits). Divide the circle R/Z into d — 1 half-open intervals { , where

points in X N [

THEOREM A.12 (Goldberg). A reduced rotation set X with rational rotation number
is uniquely determined by its deployment sequence and rotation number. Furthermore, for
. . . o . . (n+d—2)!
rotation sets comnsisting of a single periodic orbit of period n, every one of the W

nl(d — 2)!
possible deployment sequences with n; > 0 and Z n; = n actually occurs.

J

Note that a finite union of periodic orbits &7 U --- U O}, all with the same rotation number,
is a rotation set if and only if the &; are pairwise compatible, in the sense that any gap in one
of these orbits contains exactly one point of each of the other orbits. Caution: Compatibility
is not an equivalence relation. ¥ For example, the orbit {1/4,3/4} under tripling is compatible
with both {1/8,3/8} and {5/8,7/8}, but the last two are not compatible with each other.

In fact, Goldberg gives a complete classification of such rational rotation sets with more than
one periodic orbit. In particular, she shows that at most d — 1 periodic orbits can be pairwise
compatible.

T Note that 20; = 1/2" +1/22" 41/23" 4 ... where n is the denominator of t. In other words, we can
write 20y as the sum of 1/2% over all integers k > 0 for which the product j = kt is an integer. Therefore
23 0<t<1 b = Dks0 2o<j<k 1/2F = > k>0 k/2% . But this last expression can be computed by differentiating
the identity Shsozk = 1/(1 —z) to obtain Y ka*~1 =1/(1 —2)2, then multiplying by x, and setting
equal to 1/2.

f This is a mild modification of Goldberg’s definition, which counts the number of points in [0,5/(d—1)).

§ Similarly, compatibility between humans is clearly not an equivalence relation.
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In the case of irrational rotation number t, a slightly modified definition is necessary. Note
that any irrational rotation set X has a unique invariant probability measure. The semi-
conjugacy

h:X —>R/Z satisfying h(mg(z)) = h(z) + t,

of Remark A.2 is one-to-one except on the countable subset consisting of endpoints of gaps.
(Compare the proof of Lemma A.9.) Therefore Lebesgue measure on R/Z can be pulled back
to a measure on X which is invariant under mg|x . The deployment sequence can now be
defined as (po,p1,--.,Pd—2), where p; > 0 is the measure of X N [j/(d -1),(j+1)/(d- 1))

THEOREM A.13 (Goldberg and Tresser ' ). A reduced irrational rotation set is uniquely
determined by its rotation number and deployment sequence. Furthermore, for any irrational
rotation number, any (po,...,pp—2) with p; >0 and ) p; =1 can actually occur.

A.3. Semiconjugacies

By a semiconjugacy from a circle map g to a circle map f we will always mean a monotone
degree one map h satisfying foh(z) =hog(z) for all . Whenever such a semiconjugacy
exists, it follows that f and g have the same degree. As an example, if ¢ is any monotone
circle map of degree d > 1, and if zg is a fixed point of g, then it is not hard to show that
there is a unique semiconjugacy from ¢ to mp which maps zg to zero: the monotone degree
one map induced by

h= nll)r-&r-loo hn  with  h,(x) = dinﬁ(’”(x),
where §: R = R is a lift of g : R/Z — R/Z fixing a point above z.

Lemmas A.5 and A.7 have precise analogs in the study of semiconjugacy. For example, if T
is a disjoint union of ¢ disjoint open intervals of length exactly 1/d, then there is a unique
circle map g, of degree d — § which agrees with m, outside of I but maps each component of
I to a point. Hence, as noted above, there exists a semiconjugacy from the map g, to mgy_s,
unique up to d — 1 choices.

Similarly, let X C R/Z be any nonempty compact mg-invariant set. Then there exists
a monotone continuous map gx : R/Z — R/Z of lowest possible degree which satisfies
9x (r) = mg(x) whenever € X . Thus any gap in X of length ¢ must map to an interval (or
point) of length equal to the fractional part of d¢. If ¢ is the number of gaps, counted with
multiplicity as in Lemma A.7, then it is not hard to see that gx has degree d —§.
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